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Jèma 1 : Na lujoÔn oi parak�tw SDE a' t�xhc:

(i) (1 + x2)y′ = xey (1 m.) (ii) xy′ + 3y =
sin x

x2
, x > 0. (1,5 m.)

Jèma 2 : Na lujoÔn oi parak�tw grammikèc SDE b' t�xhc:

(i)

y′′ + y =
1

cosx
.

[Upìdeixh: BreÐte eidik  lÔsh me th mèjodo Lagrange.] (1,5 m.)

(ii)
y′′ + 6y′ + 9y = (x+ 1)e−3x.

[Upìdeixh: Anazht ste eidik  lÔsh thc morf c ym(x) = (Ax3+Bx2)e−3x,

A,B ∈ R.]
(1,5 m.)

Jèma 3 : E�n z = f(x, y) kai

x = eu+w, y = euw,

na deÐxete ìti
zu − zw
u − w

= −yfy.

(1,5 m.)
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Jèma 4 : (i) Na breÐte thn exÐswsh tou efaptìmenou epipèdou (Π) thc
epif�neiac

S : x2 + y2 + z2 = xyz + 2

sto shmeÐo M0(1, 1, 0). (1,5 m.)

(ii) Na deÐxete ìti h efaptomènh thc kampÔlhc

γ : x = cos t− t, y = et, z = t2, t ∈ R

sto shmeÐo M0 brÐsketai p�nw sto epÐpedo (Π). (1 m.)

Jèma 5 : Na melet sete th sun�rthsh

f(x, y) = x3 + y3 + 3x2 − 3y2

wc proc ta topik� akrìtata kai ta sagmatik� shmeÐa. (1,5 m.)

Jèma 6 : Na upologÐsete to diplì olokl rwma

∫ ∫
D

ex
2+y2dxdy, ìpou

D o daktÔlioc pou perikleÐetai apì touc kÔklouc

x2 + y2 = 1, x2 + y2 = 4.

(Upìdeixh: Na qrhsimopoi sete polikèc suntetagmènec.) (1,5 m.)

SUNOLO MONADWN: 12,5
KALH EPITUQIA
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LUSEIS:

Jèma 1: (i) H D.E. gr�fetai :

(1 + x2)
dy

dx
= xey ⇔ e−ydy =

x

1 + x2
dx ⇔

∫
e−ydy =

∫
x

1 + x2
dx+ c

kai telik�

−e−y =
1

2
ln(1 + x2) + c.

H teleutaÐa eÐnai to Genikì Olokl rwma thc D.E.

(ii) Diair¸ntac kai ta dÔo mèlh thc d.e. me x > 0 porkÔptei h d.e.

y′ +
3

x
y =

sin x

x3
.

JewroÔme th sun�rthsh

φ(x) = e
∫
p(x)dx,

ìpou p(x) =
3

x
.

'Eqoume ∫
p(x)dx = 3

∫
1

x
dx = 3 lnx,

opìte

φ(x) = e3 lnx = (elnx)3 = x3.

Pollaplasi�zontac kai dÔo mèlh thc D.E. me φ(x) = x3, h D.E. gr�fetai

[ y(x)x3 ]′ = φ(x)
sin x

x3
= x3 · sin x

x3
= sin x,
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y(x)x3 =

∫
sin xdx+ c = − cosx+ c ⇔ y(x) =

− cosx+ c

x3
, x > 0.

Jèma 2: (i) H qarakthristik  exÐswsh thc antÐstoiqhc omogenoÔc eÐnai

λ2 + 1 = 0 ⇔ λ = ±i,

opìte h Genik  LÔsh thc antÐstoiqhc omogenoÔc eÐnai

yo(x) = c1 cosx+ c2 sin x.

Gia thn eÔresh eidik c lÔshc thc mh omogenoÔc akoloujoÔme thn parak�tw
diadikasÐa (mèjodoc Lagrange):

UpologÐzoume tic orÐzousec

W (x) =

∣∣∣∣∣∣
y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣∣ , W1(x) =

∣∣∣∣∣∣
0 y2(x)

h(x) y′2(x)

∣∣∣∣∣∣ , W2(x) =

∣∣∣∣∣∣
y1(x) 0

y′1(x) h(x)

∣∣∣∣∣∣ ,
ìpou

y1(x) = cosx, y2(x) = sinx, h(x) =
1

cosx
.

'Eqoume

W (x) =

∣∣∣∣∣∣
cosx sin x

− sin x cosx

∣∣∣∣∣∣ = cos2 x+ sin2 x = 1,

W1(x) = −y2(x)h(x) = − sin x

cosx
, W2(x) = y1(x)h(x) = 1.

Mia eidik  lÔsh thc mh omogenoÔc eÐnai

ym(x) = c1(x) cos x+ c2(x) sin x,
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c1(x) =

∫
W1(x)

W (x)
dx = −

∫
sinx

cosx
= ln | cosx|,

c2(x) =

∫
W2(x)

W (x)
dx =

∫
dx = x .

Epomènwc,

ym(x) = (ln | cosx|) cos x+ x sin x

kai �ra, h Genik  LÔsh thc mh omogenoÔc eÐnai

y(x) = yo(x) + ym(x) = c1 cosx+ c2 sin x+ (ln | cosx|) cos x+ x sin x.

(ii) H qarakthristik  exÐswsh thc antÐstoiqhc omogenoÔc eÐnai

λ2 + 6λ+ 9 = 0 ⇔ (λ+ 3)2 = 0 ⇔ λ = −3(dipl ),

opìte h Genik  LÔsh thc antÐstoiqhc omogenoÔc eÐnai

yo(x) = c1e
−3x + c2xe

−3x.

H mh omogen c gr�fetai se telestik  morf  wc ex c:

(D2 + 6D + 9)y(x) = (x+ 1)e−3x ⇔ (D + 3)2y(x) = (x+ 1)e−3x,

ìpou D = d/dx o telest c diafìrishc.
Antikajist¸ntac sthn parap�nw ìpou y thn

ym(x) = (Ax3 +Bx2)e−3x,

paÐrnoume
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(D + 3)2[ (Ax3 +Bx2)e−3x ] = (x+ 1)e−3x

⇔ e−3x(D + 3− 3)2[ (Ax3 +Bx2) ] = (x+ 1)e−3x

⇔ (Ax3 +Bx2)′′ = x+ 1

kai telik�

6Ax+ 2B = x+ 1 ⇔ ( 6A = 1, 2B = 1) ⇔ (A = 1/6, B = 1/2).

'Ara,

ym(x) =

(
x3

6
+

x2

2

)
e−3x .

H Genik  LÔsh thc mh omogenoÔc eÐnai

y(x) = yo(x) + ym(x) = c1e
−3x + c2xe

−3x +

(
x3

6
+

x2

2

)
e−3x

= e−3x

(
c1 + c2x+

x3

6
+

x2

2

)
.

Jèma 3: Apì ton kanìna thc alusÐdac paÐrnoume:

zu =
∂z

∂u
=

∂f

∂x

∂x

∂u
+

∂f

∂y

∂y

∂u
,

zw =
∂z

∂w
=

∂f

∂x

∂x

∂w
+

∂f

∂y

∂y

∂w
.

All�,

∂x

∂u
= eu+w · ∂

∂u
(u+ w) = x,

∂y

∂u
= euw · ∂

∂u
(uw) = wy
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kai

∂x

∂w
= eu+w · ∂

∂w
(u+ w) = x,

∂y

∂w
= euw · ∂

∂w
(uw) = uy.

Epomènwc,

zu = xfx + wyfy, zw = xfx + uyfy

⇒ zu − zw = yfy(w − u)

⇒ zu − zw
u − w

= −yfy.

Jèma 4: (i) H exÐswsh thc epif�neiac S gr�fetai

F (x, y, z) = 0,

ìpou
F (x, y, z) = x2 + y2 + z2 − xyz − 2.

'Eqoume

Fx = 2x − yz, Fy = 2y − xz, Fz = 2z − xy.

'Ena di�nusma k�jeto sthn S sto shmeÐo M0(1, 1, 0) eÐnai h klÐsh

∇F (M0) = (Fx(M0), Fy(M0), Fz(M0)) = (2, 2,−1).

H exÐswsh tou efaptìmenou epipèdou thc S sto M0 eÐnai

(2, 2,−1) · (x− 1, y − 1, z − 0) = 0 ⇔ 2x+ 2y − z = 4.

(ii) ArkeÐ na deÐxoume ìti to di�nusma thc taqÔthtac thc kampÔlhc sto
shmeÐo M0 eÐnai k�jeto sto di�nusma klÐshc ∇F (M0).

Apì tic parametrikèc exis¸seic thc kampÔlhc èqoume
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x′(t) = − sin t− 1, y′(t) = et, z′(t) = 2t.

To di�nusma thc taqÔthtac thc γ sto M0(1, 1, 0) = γ(0) eÐnai

−→v = (x′(0), y′(0), z′(0)) = (−1, 1, 0).

Epomènwc,

−→v · ∇F (M0) = (−1, 1, 0) · (2, 2,−1) = 0

kai �ra −→v ⊥∇F (M0).

Jèma 5: EÐnai

fx = 3x2 + 6x = 3x(x+ 2), fy = 3y2 − 6y = 3y(y − 2).

Ta krÐsima shmeÐa thc f eÐnai oi lÔseic tou sust matoc

fx = 0, fy = 0

ap� ìpou paÐrnoume

[x = 0   x = −2] kai [y = 0   y = 2].

ProkÔptoun 4 krÐsima shmeÐa:

O(0, 0), A(−2, 2), B(0, 2) C(−2, 0).

Sth sunèqeia ja qarakthrÐsoume ta krÐsima shmeÐa me to krit rio thc
deutèrac parag¸gou.

'Eqoume
fxx = 6x+ 6, fyy = 6y − 6, fxy = 0.

H Essian  orÐzousa eÐnai

∆ =

∣∣∣∣∣∣
fxx fxy

fxy fyy

∣∣∣∣∣∣ = fxxfyy − f 2
xy = (6x+6)(6y− 6)− 02 = 36(x+1)(y− 1).



9

• ∆(0, 0) = ∆(−2, 2) = −36 < 0, opìte h f parousi�zei sta shmeÐa
O,A sagmatikì shmeÐo.

• ∆(0, 2) = 36 > 0, fxx(0, 2) = 6 > 0, opìte h f parousi�zei sto shmeÐo
B topikì el�qisto.

• ∆(−2, 0) = 36 > 0, fxx(−2, 0) = −6 < 0, opìte h f parousi�zei sto
shmeÐo C topikì mègisto.

Jèma 6: E�n (r, φ) oi polikèc suntetagmènec enìc tuqaÐou shmeÐou (x, y)
tou daktulÐou D, tìte

x = r cosφ, y = r sinφ, x2 + y2 = r2, 1 ≤ r ≤ 2, 0 ≤ φ ≤ 2π.

To diplì olokl rwma gr�fetai

I =

∫ ∫
D′
er

2

rdrdφ =

∫ 2π

0

(∫ 2

1

rer
2

dr

)
dφ.

'Eqoume ∫ 2

1

rer
2

dr =
1

2

[
er

2
]2
1
=

1

2
(e4 − e),

opìte

I =
1

2
(e4 − e)

∫ 2π

0

dφ = π(e4 − e).


