
1��ANWTERA MAJHMATIKA II��I. S.D.E. A' TAXHSDid�skwn: G. Smurl Orismì 1: Sun jh Diaforik  Ex�swsh (SDE) a' t�xh e�nai mia ex�swsh me�gnwsto mia pragmatik  sun�rthsh y = y(x) kai h opo�a (ex�swsh) perièqei opwsd potethn pr¸th par�gwgo y0 = y0(x) th �gnwsth sun�rthsh. Dhl. mia SDE a' t�xh e�naimia ex�swsh th morf  F (x; y; y0) = 0; (1)ìpou F (x; y; z) pragmatik  sun�rthsh tri¸n metablht¸n orismènh se èna anoiktì uposÔ-nolo tou D tou R3 .Shm. ìti gia lìgou pou dieukolÔnoun thn ep�lush mia SDE a' t�xh, ant� twn ìrwny(x); y0(x) gr�foume apl� y; y0.To x sthn ex�swsh (1) onom�zetai anex�rthth metablht  kai to y �gnwsth su-n�rthsh   exarthmènh metablht .Par�deigma : Oi exis¸sei(y0)2 + xy = ex; y0 + y2 = x; y0 = ey; (y0)2 = exe�nai SDE a' t�xh (parathr ste ìti sthn proteleuta�a le�pei to x kai sthn teleuta�a toy), en¸ h ex�swsh y2 + x2 = 1den e�nai SDE.Orismì 2: LÔsh th SDE (1) onom�zoume k�je pragmatik  sun�rthsh y(x) ori-smènh kai paragwg�simh se èna anoiktì di�sthma I � R kai tètoia ¸ste gia k�je x 2 I,(x; y(x)) 2 D; F (x; y(x); y0(x)) = 0:Parade�gmata:(i) H SDE y0 = 0 d�nei ap� euje�a y = , ìpou  auja�reth pragmatik  stajer�. Dhl.oi lÔsei th e�nai ìle oi stajerè pragmatikè sunart sei.(ii) H SDE y0 = 2x me olokl rwsh kai twn dÔo mel¸n d�neiy = x2 + ;ìpou  auja�reth pragmatik  stajer�. Oi lÔsei th SDE e�nai ìle oi sunart sei pouèqoun thn parap�nw morf .



2(iii) H SDE yy0 = x gr�fetai2yy0 = 2x, (y2)0 = 2xkai me olokl rwsh, y2 = x2 + ;ìpou  auja�reth pragmatik  stajer�.Shme�wsh: Gia èna di�sthma I � R isqÔei h isodunam�a[ y0 = f(x); x 2 I ℄ , [ y = Z f(x)dx+ ; x 2 I ℄:Akolouj¸nta di�fore teqnikè ep�lush sun jw prospajoÔme na apale�youme thnpar�gwgo y0 apì th SDE (1), opìte se aut  thn per�ptwsh katal goume se mia ex�swshth morf  G(x; y; ) = 0; (2)ìpou G(x; y; z) pragmatik  sun�rthsh tri¸n metablht¸n kai  auja�reth pragmatik  sta-jer�.H ex�swsh (2) lègetai genikì olokl rwma th (1).P.q. sto parap�nw par�deigma (iii), h ex�swsh y2 = x2+  e�nai to genikì olokl rwmath SDE yy0 = x.Sthn per�ptwsh pou mporoÔme na lÔsoume thn (2) w pro y = y(x) p�nw se ènaanoiktì di�sthma I, pa�rnoume mia ex�swsh th morf y = '(x; ); x 2 I (3)ìpou ' : I � R ! R sun�rthsh kai  auja�reth pragmatik  stajer�.H ex�swsh (3) lègetai genik  lÔsh th (1).P.q. sta parade�gmata (i),(ii) br kame th genik  lÔsh th SDE.



3A. SDE a' t�xh qwrizomènwn metablht¸n.Mia SDE a' t�xh onom�zetai qwrizomènwn metablht¸n an e�nai th morf y0 = f(x)g(y); (4)th opo�a to deÔtero mèlo apotele�tai apì dÔo par�gonte ek twn opo�wn o èna exar-t�tai mìno apì to x kai o �llo mìno apì to y.H (4) gr�fetai dydx = f(x)g(y) , dyg(y) = f(x)dxkai me olokl rwsh kai twn dÔo mel¸n pa�rnoume to genikì olokl rwma th (4)Z dyg(y) = Z f(x)dx + :Parade�gmata:(i) Na luje� h SDE x2y0 = y.LÔsh: H SDE e�nai qwrizomènwn metablht¸n kai gr�fetaix2 dydx = y , dyy = x�2dx , Z dyy dy = Z x�2dx+ , ln jyj = x�1�1 +  = �1x + , jyj = e�1=x + (h teleuta�a e�nai to genikì olokl rwma th SDE.).(ii) Na luje� h SDE yy0 = (y2 + 1)(x+ 1).LÔsh: H SDE e�nai qwrizomènwn metablht¸n kai gr�fetaiy dydx = (y2 + 1)(x+ 1) , yy2 + 1dy = (x+ 1)dx , Z yy2 + 1dy = Z (x+ 1)dx+ , 12 Z (y2 + 1)0y2 + 1 dy = Z (x + 1)dx+ 



4, 12 ln(y2 + 1) = (x+ 1)22 + , ln(y2 + 1) = (x + 1)2 + 2, y2 + 1 = e(x+1)2 + 2(h teleuta�a e�nai to genikì olokl rwma th SDE).(iii) Na luje� h SDE y0 = ex+y.LÔsh: H SDE e�nai qwrizomènwn metablht¸n kai gr�fetaidydx = ex � ey , e�ydy = exdx , Z e�ydy = Z exdx+ , �e�y = ex + (h teleuta�a e�nai to genikì olokl rwma th SDE).(iv) Na luje� h SDE (x2 + 1)y0 = y.LÔsh: H SDE e�nai qwrizomènwn metablht¸n kai gr�fetai(x2 + 1)dydx = y , dyy = dxx2 + 1 , Z dyy dy = Z dxx2 + 1 +  , ln jyj = Artanx + , jyj = eArtanx + (h teleuta�a e�nai to genikì olokl rwma th SDE.).(v) Na luje� h SDE y0ex = x os2 y.LÔsh: H SDE e�nai qwrizomènwn metablht¸n kai gr�fetaidydxex = x os2 y , dyos2 y = xe�xdx , Z dyos2 y = Z xe�xdx+ :E�nai Z dyos2 y = tan y;



5en¸ efarmìzonta paragontik  olokl rwsh sto olokl rwma tou b' mèlou èqoumeZ xe�xdx = � Z x(e�x)0dx = �xe�x+Z (x)0e�xdx = �xe�x+Z e�xdx = �xe�x�e�x = �(x+1)e�x:Sunep¸, to genikì olokl rwma th SDE e�naitan y = �(x + 1)e�x + :(vi) Na luje� h SDE y0 sin y = x2 os y.LÔsh: H SDE e�nai qwrizomènwn metablht¸n kai gr�fetaidydx sin y = x2 os y , sin yos ydy = x2dx, Z sin yos ydy = Z x2dx + , � Z (os y)0os y dy = x33 + , � ln j os yj = x33 + , j os yj = e�x3=3 � (h teleuta�a e�nai to genikì olokl rwma th SDE).



6B. Grammikè SDE a' t�xh.Mia SDE th morf  y0 + p(x)y = q(x) (5)ìpou p(x); q(x) suneqe� sunart sei p�nw se èna di�sthma I � R, onom�zetai grammik SDE a' t�xh.Gia thn ep�lush th (5) anazhtoÔme mia sun�rthsh '(x) me thn ex  idiìthta: anpollaplasi�soume kai ta dÔo mèlh th (5) me '(x), na prokÔyei h ex�swsh[ '(x)y(x) ℄0 = '(x)q(x); x 2 I: (6)Dhl. mia tètoia sun�rthsh ja ikanopoie�'(x)[ y0 + p(x)y ℄ = [ '(x)y(x) ℄0  '(x)y0 + '(x)p(x)y = '0(x)y + '(x)y0  '(x)p(x)y = '0(x)y:Arke� loipìn na ikanopoie�'0(x) = '(x)p(x), '0(x)'(x) = p(x), Z '0(x)'(x) dx = Z p(x)dx +  , ln j'(x)j = Z p(x)dx + , j'(x)j = eR p(x)dx + :Mia sun�rthsh pou ikanopoie� thn teleuta�a, opìte kai thn (6), e�nai h'(x) = eR p(x)dx: (7)Sthn pr�xh, gia na lÔsoume thn (5), jewroÔme ex� arq  th sun�rthsh ' pou d�netaiapì thn (7). Pollaplasi�zonta kai ta dÔo mèlh th (5) me ' pa�rnoume ap� euje�a thn(6), ap� ìpou me olokl rwsh prokÔptei'(x)y(x) = Z '(x)p(x)dx +   y(x) = 1'(x) �Z '(x)p(x)dx+ � :H teleuta�a e�nai h genik  lÔsh th (5).



7Parade�gmata:(i) Na luje� h SDE y0 � xy = �x.LÔsh: H SDE e�nai grammik  me p(x) = �x kai q(x) = �x. SÔmfwna me th jewr�a,gr�fetai isodÔnama [ '(x)y(x) ℄0 = �x'(x);ìpou '(x) = eR p(x)dx = e� R xdx = e�x2=2:Epomènw,[ y(x)e�x2=2 ℄0 = �xe�x2=2 , y(x)e�x2=2 = � Z xe�x2=2dx+ = Z (�x2=2)0e�x2=2dx+ = e�x2=2+;  y(x) = 1 +  ex2=2pou e�nai h genik  th lÔsh.Parat rhsh: H parap�nw SDE e�nai tautìqrona kai qwrizomènwn metablht¸n! (Naluje� kai me aut  th mèjodo).(ii) Na luje� h SDE y0 + 2xy = os xx2 ; x > 0:LÔsh: H SDE e�nai grammik  me p(x) = 2=x kai q(x) = os x=x2. SÔmfwna me thjewr�a, gr�fetai isodÔnama [ '(x)y(x) ℄0 = '(x)os xx2 ;ìpou '(x) = eR p(x)dx = eR 2x dx = e2 lnx = x2:Epomènw,[ x2y(x) ℄0 = x2 � os xx2 = os x , x2y(x) = Z os x dx+  = sin x+ kai sunep¸ h genik  lÔsh th SDE sto di�sthma (0;+1) e�naiy(x) = sinx + x2 ; x > 0:



8(iii) Na luje� h SDE y0 � 3xy = 3x2 ; x > 0:LÔsh: H SDE e�nai grammik  me p(x) = �3=x kai q(x) = 3=x2. SÔmfwna me thjewr�a, gr�fetai isodÔnama [ '(x)y(x) ℄0 = 3x2'(x);ìpou '(x) = eR p(x)dx = e� R 3xdx = e�3 lnx = x�3:Epomènw, [ y(x)x�3 ℄0 = x�3 � 3x2 , y(x)x�3 = 3 Z x�5dx+  = 3x�4�4 +   y(x) = x3 � 34x; x > 0;pou e�nai h genik  th lÔsh sto di�sthma (0;+1).(iv) Na luje� h SDE y0 + (1 + 2x)y = e�x2.LÔsh: H SDE e�nai grammik  me p(x) = 1 + 2x kai q(x) = e�x2 . SÔmfwna me thjewr�a, gr�fetai isodÔnama [ '(x)y(x) ℄0 = '(x)e�x2 ;ìpou '(x) = eR p(x)dx = eR (1+2x)dx = ex+x2 :Epomènw,[ ex+x2y(x) ℄0 = ex+x2 � e�x2 = ex � ex2 � e�x2 = ex , ex+x2y(x) = Z ex dx+  = ex + ;  y(x) = e�x2(1 + e�x);pou e�nai h genik  lÔsh th SDE.



9(v) Na luje� h SDE xy0 + (1 + x)y = e�x; x > 0.LÔsh: H SDE e�nai grammik  all�, gia na efarmìsoume th gnwst  mèjodo ep�lush,ja prèpei o suntelest  tou ìrou y0 na e�nai 1. Diair¸nta kai ta dÔo mèlh me x > 0prokÔptei h SDE y0 + �1x + 1� y = e�xxpou èqei th gnwst  morf  me p(x) = 1x + 1; q(x) = e�xx :SÔmfwna me th jewr�a, gr�fetai isodÔnama[ '(x)y(x) ℄0 = '(x)e�xx ;ìpou '(x) = eR p(x)dx :E�naiZ p(x)dx = Z dxx + Z dx = lnx+ x) '(x) = eR p(x)dx = elnx � ex = xex;opìte [ xexy(x) ℄0 = xex � e�xx = 1 , xexy(x) = Z dx +  = x + ;  y(x) = e�x �1 + x� ; x > 0;pou e�nai h genik  lÔsh th SDE.



10G. Pl rei SDE a' t�xh.Mia SDE pou mpore� na grafe� sth morf P (x; y)dx + Q(x; y)dy = 0; (8)ìpou P (x; y); Q(x; y) suneqe� sunart sei dÔo metablht¸n p�nw se èna anoiktì sÔno-lo D � R2 , lègetai pl rh   akrib    olikoÔ diaforikoÔ sto D, e�n up�rqeidiafor�simh sun�rthsh dÔo metablht¸n F (x; y) p�nw sto D tètoia ¸ste�F�x = P (x; y); �F�y = Q(x; y); (x; y) 2 D: (9)E�n broÔme mia sun�rthsh F pou ikanopoie� thn (9) tìte to a' mèlo th (8) taut�zetaime to olikì diaforikì dF th F kai h (8) gr�fetaidF = 0() F (x; y) = ;ìpou  auja�reth pragmatik  stajer�. H ex�swshF (x; y) = e�nai to genikì olokl rwma th (8).H parak�tw prìtash ma d�nei ikan  kai anagka�a sunj kh gia to pìte h SDE (8) e�naipl rh kai tautìqrona ma d�nei kai to genikì th olokl rwma.Prìtash: Upojètoume ìti oi sunart sei P; Q kai oi merikè tou par�gwgoi Px ; Py ; Qx ; Qye�nai suneqe� sto apl� sunektikì qwr�o D (dhl. to D e�nai anoiktì qwr�o pou den èqei��trÔpe��). H SDE (8) e�nai pl rh an kai mìno anPy(x; y) = Qx(x; y) ; gia ìla ta (x; y) 2 D:S� aut  thn per�ptwsh, to genikì olokl rwma th (8) sto D d�netai apì th sqèshZ xx0 P (t; y) dt + Z Q(x0 ; y) dy =  ; (x; y) 2 D(to x0 epilègetai tuqa�a ¸ste na or�zontai oi P; Q kai na aplopoioÔntai oi upologismo�).



11Parade�gmata: Gia ti parak�tw SDE na de�xete ìti e�nai pl rei kai na ti lÔsete.(i) (2x+ y)dx + (x+ 2y)dy = 0.LÔsh: Jètoume P (x; y) = 2x+ y; Q(x; y) = x + 2ykai èqoume Py = 1 = Qx :Sunep¸, h SDE e�nai pl rh me genikì olokl rwmaZ x0 P (t; y)dt+ Z Q(0; y)dy =  , Z x0 (2t+ y)dt+ Z 2ydy = , Z x0 2tdt+ Z x0 ydt+ y2 = , x2 + y(x� 0) + y2 =  , x2 + xy + y2 = :(ii) (ey + y)dx + x(ey + 1)dy = 0.LÔsh: Jètoume P (x; y) = ey + y; Q(x; y) = x(ey + 1)kai èqoume Py = ey + 1 = Qx :Sunep¸, h SDE e�nai pl rh me genikì olokl rwmaZ x0 P (t; y)dt+ Z Q(0; y)dy = , Z x0 (ey + y)dt+ Z 0dy = , x(ey + y) = :(iii) (ex sin y + os x)dx + (ex os y + 3e3y)dy = 0.LÔsh: JètoumeP (x; y) = ex sin y + os x; Q(x; y) = ex os y + 3e3ykai èqoume Py = ex os y = Qx :Sunep¸, h SDE e�nai pl rh me genikì olokl rwma



12Z x0 P (t; y)dt+ Z Q(0; y)dy =  , Z x0 (et sin y + os t)dt+ Z (os y + 3e3y)dy = , sin y Z x0 etdt+ Z x0 os tdt+ Z os ydy + Z 3e3ydy = , sin y(ex � 1) + sin x+ sin y + e3y = , ex sin y + sin x+ e3y = :(iv) �x2y � y2x � dx� � x33y2 + 2y lnx� dy = 0; x > 0:LÔsh: JètoumeP (x; y) = x2y � y2x ; Q(x; y) = � x33y2 � 2y lnxki èqoume Py = �x2y2 � 2yx ; Qx = �x2y2 � 2yx =) Py = Qxkai �ra h SDE e�nai pl rh. To genikì th olokl rwma e�naiZ x1 P (t; y)dt+ Z Q(1; y)dy =  , Z x1 � t2y � y2t � dt� Z 13y2dy = , 1y Z x1 t2 dt � y2 Z x1 1t dt + 13y = , x3 � 13y � y2 lnx + 13y = , x33y � y2 lnx = :(v) (lnx+ 2xy3)dx+ 3x2y2dy = 0.LÔsh:Jètoume P (x; y) = lnx + 2xy3; Q(x; y) = 3x2y2



13kai èqoume Py = 6xy2; Qx = 6xy2;dhl. Py = Qxkai sunep¸ h SDE e�nai pl rh me genikì olokl rwmaZ x1 P (t; y)dt+ Z Q(1; y)dy =  , Z x1 (ln t+ 2ty3)dt+ Z 3y2dy = , Z x1 ln t dt+ y3 Z x1 2tdt+ Z 3y2dy = :'Eqoume Z x1 2tdt = x2 � 1; Z 3y2dy = y3:Gia ton upologismì tou oloklhr¸matoZ x1 ln tdtefarmìzoume paragontik  olokl rwsh kai pa�rnoumeZ x1 ln tdt = Z x1 (t)0 ln tdt = [t ln t℄x1 � Z x1 t(ln t)0dt = x lnx � Z x1 t � 1t dt= x lnx � Z x1 dt = x lnx � x + 1:Epomènw, to genikì olokl rwma e�naix lnx� x+ 1 + y3(x2 � 1) + y3 =  , x lnx� x + y3x2 = 1(jèsame 1 = � 1).



14PROTEINOMENES ASKHSEIS GIA LUSH'Askhsh 1: Na lÔsete ti parak�tw S.D.E. me th mèjodo tou qwrismoÔ twn meta-blht¸n:(i) y0 = ye�x (ii) (1 + x2)y0 = yx (iii) y0 = (2x� 1)yx(iv) xex+y = yy0 (v) y0 = x os yex sin y (vi) yy0 = (y2 + 1)(x2 + 1).'Askhsh 2: Na lÔsete ta parak�tw P.A.T. (Probl mata Arqik¸n Tim¸n):(i) y0 = (x2 + 2)(y + 1)xy ; y(1) = pe� 1(ii) y0 = ye�x; y(0) = e(iii) y0 = y3 + 2yx2 + 3x; y(1) = 1.'Askhsh 3: Na lÔsete ti parak�tw grammikè SDE:(i) y0 + (1 + 2x)y = e�x2 (ii) y0 + y = e�x(iii) y0 � (tan x)y = 1os3 x(iv) xy0 � 2y = x3 os x (v) y0 � y = (2x� 1)ex2 (vi) (1 + x2)y0 + 2xy = 4x3 .'Askhsh 4: Na lÔsete ta parak�tw P.A.T. (Probl mata Arqik¸n Tim¸n):(i) y0 + 2xy = x; y(0) = 1(ii) y0 + y = sin x; y(0) = 1(iii) y0 � y = (2x� 1)ex2; y(0) = 2(iv) (1 + x2)y0 + 2xy = 4x3; y(0) = �1(v) xy0 � y = px; y(4) = 0



15'Askhsh 5: Gia ti parak�tw S.D.E. na de�xete ìti e�nai pl rei kai na ti lÔsete:(i) eydx+ (xey + 2y)dy = 0 (ii) (2xy + 1)dx+ (x2 + y2)dy = 0(iii) (x2 � y2)dx+ (y3 � 2xy)dy = 0 (iv) yxdx+ (y3 + lnx)dy = 0(v) (7x� 2 os y)dx+ 2x sin ydy = 0(vi) (ex sin y � 2y sin x)dx + (ex os y + 2 osx)dy = 0.


