
��MAJHMATIKA II��FULLADIO IIMerikè par�gwgoi � Kanìna th alus�daDid�skwn: G. Smurl Merikè par�gwgoi mia sun�rthsh f dÔo   perissotèrwn metablht¸n e�nai autè poupa�rnoume diathr¸nta ìle ti metablhtè stajerè, ektì apì m�a w pro thn opo�aparagwg�zoume thn f .'Estw z = f(x; y) sun�rthsh orismènh sto anoiktì sÔnolo D kai (x0 ; y0) 2 D.KinoÔmenoi p�nw sthn euje�a y = y0, h sun�rthsh f g�netai mia metablht  z = f(x; y0)kai h par�gwgì th sto x0 or�zetai ìpw sun jw:limx!x0 f(x; y0)� f(x0; y0)x� x0 ;me dedomèno bèbaia ìti to parap�nw ìrio e�nai pragmatikì arijmì. Se aut  thn per�-ptwsh to parap�nw ìrio lègetai merik  par�gwgo th f w pro x sto shme�o(x0 ; y0) kai sumbol�zetai me �f�x (x0 ; y0)  me fx(x0 ; y0):KinoÔmenoi t¸ra p�nw sthn euje�a x = x0, h sun�rthsh f g�netai p�li mia metablht z = f(x0; y) kai h par�gwgì th sto y0 or�zetai ìpw sun jw:limy!y0 f(x0; y)� f(x0; y0)y � y0 ;me dedomèno bèbaia ìti to parap�nw ìrio e�nai pragmatikì arijmì. Se aut  thn per�-ptwsh to parap�nw ìrio lègetai merik  par�gwgo th f w pro y sto shme�o(x0 ; y0) kai sumbol�zetai me �f�y (x0 ; y0)  me fy(x0 ; y0):An�loga or�zontai kai oi merikè par�gwgoi w pro x; y; z mia sun�rthsh tri¸nmetablht¸n f(x; y; z) sto shme�o (x0 ; y0 ; z0):



fx(x0 ; y0; z0) = �f�x (x0 ; y0 ; z0) = limx!x0 f(x; y0; z0)� f(x0; y0; z0)x� x0 ;fy(x0 ; y0; z0) = �f�y (x0 ; y0 ; z0) = limy!y0 f(x0; y; z0)� f(x0; y0; z0)y � y0 ;fz(x0 ; y0; z0) = �f�z (x0 ; y0 ; z0) = limz!z0 f(x0; y0; z)� f(x0; y0; z0)z � z0 :Sqìlio: H Ôparxh twn merik¸n parag¸gwn se k�poio shme�o den exasfal�zei thsunèqeia th f sto shme�o autì (bl. par�deigma (i) parak�tw).Parade�gmata :(i) D�netai h sun�rthshf(x; y) = 8><>: xyx2 + y2 ; (x; y) 6= (0; 0)0; (x; y) = (0; 0) :Na upolog�sete ti merikè parag¸gou fx(0 ; 0); fy(0 ; 0) (e�n up�rqoun). E�nai h fsuneq  sto (0; 0)?LÔsh: 'Eqoume f(x; 0)� f(0; 0)x� 0 = x�0x2+02x = 0; gia x 6= 0;opìte limx!0 = f(x; 0)� f(0; 0)x� 0 = 0kai �ra fx(0 ; 0) = 0.Epiplèon, f(0; y)� f(0; 0)y � 0 = 0�y02+y2y = 0; gia y 6= 0;opìte limy!0 = f(0; y)� f(0; 0)y � 0 = 0kai �ra fy(0 ; 0) = 0.H f den e�nai suneq  sto (0; 0). Gia thn akr�beia, den up�rqei to ìrio th f sto (0; 0).Pr�gmati,



� kat� m ko tou drìmou y = 0 èqoume f(x; y) = 0! 0 , kaj¸ x! 0.� kat� m ko tou drìmou y = x èqoume f(x; y) = x2x2 + x2 = 1=2 ! 1=2, kaj¸x! 0.Br kame dÔo diaforetikè oriakè timè kai �ra to ìrio den up�rqei.(ii) Na upolog�sete ti merikè parag¸gou fx ; fy th sun�rthsh f(x; y) = x2y +sin(xy).LÔsh: Gia ton upologismì th fx jewroÔme to y san stajer� kai paragwg�zoume wpro x, efarmìzonta tou gnwstoÔ kanìne parag¸gish gia sunart sei mia metablh-t . 'Etsi èqoumefx = ��x [x2y + sin(xy)℄ = ��x (x2y) + ��x [sin(xy)℄ = 2xy + y os(xy):An�loga,fy = ��y [x2y + sin(xy)℄ = ��y (x2y) + ��y [sin(xy)℄ = x2 + x os(xy):(iii)Na upolog�sete ti merikè parag¸gou fx ; fy th sun�rthsh f(x; y) = xyx2 + y2 ;se k�je shme�o (x; y) 6= (0; 0).LÔsh: Gia (x; y) 6= (0; 0) èqoumefx = ��x � xyx2 + y2� = y ��x � xx2 + y2� = y ��x(x)(x2 + y2)� x ��x(x2 + y2)(x2 + y2)2= yx2 + y2 � x � (2x)(x2 + y2)2 = y y2 � x2(x2 + y2)2kai fy = ��y � xyx2 + y2� = x ��y � yx2 + y2� = x ��y (y)(x2 + y2)� y ��y (x2 + y2)(x2 + y2)2= xx2 + y2 � y � (2y)(x2 + y2)2 = x x2 � y2(x2 + y2)2 :



(iv) Na upolog�sete ti merikè parag¸gou fx ; fy ; fz th sun�rthsh f(x; y; z) =ex ln(x2 + y2 + z2) se k�je shme�o (x; y; z) 6= (0; 0; 0).LÔsh :Gia (x; y; z) 6= (0; 0; 0) èqoumefx = ��x(ex) ln(x2 + y2 + z2) + ex ��x [ln(x2 + y2 + z2)℄= ex ln(x2 + y2 + z2) + ex 1x2 + y2 + z2 ��x(x2 + y2 + z2) = ex ln(x2 + y2 + z2) + ex 2xx2 + y2 + z2 ;fy = ex ��y ln(x2 + y2 + z2) = ex 1x2 + y2 + z2 ��y (x2 + y2 + z2) = ex 2yx2 + y2 + z2kaifz = ex ��z ln(x2 + y2 + z2) = ex 1x2 + y2 + z2 ��z (x2 + y2 + z2) = ex 2zx2 + y2 + z2Kanìna th alus�daGia sunart sei mia metablht  upenjum�zoume ton kanìna parag¸gish sÔnjethsun�rthsh: e�n y = f(x) mia paragwg�simh sun�rthsh mia metablht  x kai h metablht x e�nai me th seir� th paragwg�simh sun�rthsh th metablht  t, tìte h pro t par�gwgoth sun�rthsh y(t) = f(x(t)) isoÔtai medydt = dfdx � dxdt :O parap�nw kanìna epekte�netai me kat�llhlo trìpo kai se sunart sei dÔo   perisso-tèrwn metablht¸n, ìpw perigr�fetai sti parak�tw peript¸sei:I. Sun�rthsh dÔo metablht¸n z = f(x; y) me suneqe� merikè parag¸gou fx ; fy kaioi x = x(t); y = y(t) e�nai paragwg�sime w pro t.Se aut  thn per�ptwsh h sun�rthsh z(t) = f(x(t); y(t)) e�nai paragwg�simh w pro tkai isqÔei dzdt = �f�x � dxdt + �f�y � dydt :



II. Sun�rthsh tri¸n metablht¸n w = f(x; y; z) me suneqe� merikè parag¸goufx ; fy ; fz, ìpou oi x = x(t); y = y(t); z = z(t) e�nai paragwg�sime w pro t.Se aut  thn per�ptwsh h sun�rthsh w(t) = f(x(t); y(t); z(t)) e�nai paragwg�simh wpro t kai isqÔei dwdt = �f�x � dxdt + �f�y � dydt + �f�z � dzdt :III. Sun�rthsh dÔo metablht¸n z = f(x; y) me suneqe� merikè parag¸gou fx ; fy,ìpou oi x = x(u; v); y = y(u; v) èqoun merikè parag¸gou w pro ti metablhtè u; v.Tìte kai h sun�rthsh z(u; v) = f(x(u; v); y(u; v)) èqei merikè parag¸gou w prou; v pou d�nontai apì ti sqèsei:�z�u = �f�x � �x�u + �f�y � �y�u;�z�v = �f�x � �x�v + �f�y � �y�v :Eidik  per�ptwsh: y = f(x); x = x(u; v). Tìte,�y�u = dfdx � �x�u; �y�v = dfdx � �x�v :III. Sun�rthsh tri¸n metablht¸n w = f(x; y; z) me suneqe� merikè parag¸goufx ; fy ; fz, ìpou oi x = x(u; v); y = y(u; v); z = z(u; v) èqoun merikè parag¸gou wpro ti metablhtè u; v.Tìte kai h sun�rthsh w(u; v) = f(x(u; v); y(u; v); z(u; v)) èqei merikè parag¸gou wpro u; v pou d�nontai apì ti sqèsei:�w�u = �f�x � �x�u + �f�y � �y�u + �f�z � �z�u;�w�v = �f�x � �x�v + �f�y � �y�v + �f�z � �z�v :



Me b�sh ta parap�nw mporoÔme na epekte�noume ton kanìna th alus�dakai se �lle peript¸sei.P.q.IV. E�n z = f(x; y) kai x = x(u; v; s); y = y(u; v; s), èqoume�z�u = �f�x � �x�u + �f�y � �y�u;�z�v = �f�x � �x�v + �f�y � �y�vkai �z�s = �f�x � �x�s + �f�y � �y�s :Parade�gmata:(i) E�n z = f(x; y) = x2 + xy + y2 kai x = et; y = ln(1 + t), na upolog�sete thnpar�gwgo dzdt sth jèsh t = 0.LÔsh: Efarmìzonta thn per�ptwsh I tou kanìna th alus�da èqoumedzdt = �f�x � dxdt + �f�y � dydt = (2x+ y)et + (x + 2y) 11 + t :Gia t = 0 e�nai x = 1; y = 0, opìte h par�gwgo dzdt sth jèsh t = 0 isoÔtai me 3.(ii) E�n w = f(x; y; z) = xy+yz+xz kai x = t os t; y = t sin t; z = t, na upolog�setethn par�gwgo dwdt sth jèsh t = �=2.LÔsh: Efarmìzonta thn per�ptwsh II tou kanìna th alus�da èqoumedwdt = �f�x � dxdt + �f�y � dydt + �f�z � dzdt= (y + z)(os t� t sin t) + (x+ z)(sin t + t os t) + (x + y):Gia t = �=2 ; e�nai x = 0; y = z = �=2 kai h zhtoÔmenh par�gwgo isoÔtai me(�=2 + �=2)(0� �=2) + (0 + �=2)(1 + 0) + (0 + �=2) = � � �2=2.



(iii) E�n z = f(x; y) kai x = u� v; y = v � u, na de�xete ìti�z�u + �z�v = 0:LÔsh: Efarmìzonta thn per�ptwsh III tou kanìna th alus�da èqoume�z�u = �f�x � �x�u + �f�y � �y�u = �f�x � 1 + �f�y � (�1);�z�v = �f�x � �x�v + �f�y � �y�v = �f�x � (�1) + �f�y � 1kai prosjètonta pa�rnoume eÔkola thn apodeiktèa.(iv) E�n z = f(x; y) kai x = u2 + v2; y = 2uv; na de�xete ìti��z�u + �z�v�2 = 4(x+ y)��f�x + �f�y�2 :LÔsh: Efarmìzonta thn per�ptwsh III tou kanìna th alus�da èqoume�z�u = �f�x � �x�u + �f�y � �y�u = �f�x � 2u+ �f�y � 2v;�z�v = �f�x � �x�v + �f�y � �y�v = �f�x � 2v + �f�y � 2ukai prosjètonta pa�rnoume�z�u + �z�v = 2(u+ v)��f�x + �f�y� :Epomènw, ��z�u + �z�v�2 = 4(u+ v)2��f�x + �f�y�2kai epeid  (u+ v)2 = u2 + v2 + 2uv = x + y, èpetai h apodeiktèa.



(v) E�n w = f �y � xxy ; z � xxz � ; na de�xete ìtix2�w�x + y2�w�y + z2�w�z = 0:LÔsh: Jètoume u = y � xxy ; v = z � xxz :Efarmìzonta ton kanìna th alus�da ( per�ptwsh IV ) sth sun�rthsh w = f(u; v) (mekat�llhlh prosarmog  sto sumbolismì) èqoume�w�x = �f�u � �u�x + �f�v � �v�x; �w�y = �f�u � �u�y + �f�v � �v�y ; �w�z = �f�u � �u�z + �f�v � �v�z :E�nai u = 1x � 1y ; v = 1x � 1z ;opìte �u�x = � 1x2 ; �u�y = 1y2 ; �u�z = 0kai �v�x = � 1x2 ; �v�y = 0 ; �v�z = 1z2 :Sunep¸, �w�x = �f�u � �� 1x2�+ �f�v � �� 1x2� = �fu + fvx2 ;�w�y = �f�u � 1y2 + �f�v � 0 = fuy2 ;�w�z = �f�u � 0 + �f�v � 1z2 = fvz2kai �ra x2�w�x + y2�w�y + z2 �w�z = �(fu + fv) + fu + fv = 0:



Ask sei.1. D�netai h sun�rthsh f(x; y) = 8>><>>: xx2 � y2x2 + y2 ; (x; y) 6= (0; 0)0; (x; y) = (0; 0) :Na upolog�sete ti merikè parag¸gou fx(0 ; 0); fy(0 ; 0) (e�n up�rqoun). E�nai hf suneq  sto (0; 0)?2. Na bre�te ti merikè parag¸gou fx ; fy th sun�rthsh f(x; y), ìpou:(i) f(x; y) = ex os y + ey sinx(ii) f(x; y) = ln( x + y +px2 + y2 ) ; (x; y) 6= (0; 0)(iii) f(x; y) = xypx2 + y2 ; (x; y) 6= (0; 0)(iv) f(x; y) = yx3 + x4 + x2 + y2 + x+ y(v) (x2 + y2)ex2+y2(vi) sin2(xy) + os2(x2 � y2)3. Na bre�te ti merikè parag¸gou fx ; fy ; fz th sun�rthsh f(x; y; z), ìpou:(i) f(x; y; z) = x2e2y+3z os z(ii) f(x; y; z) = ln(x2 + y2 + z2 ) ; (x; y; z) 6= (0; 0; 0)(iii) f(x; y; z) = xyzpx2 + y2 + z2 ; (x; y; z) 6= (0; 0; 0)(iv) f(x; y; z) = x3ey os z + y3ex os z(v) f(x; y; z) = z sin2(xy) + y os2(xz)4. E�n z = f(x; y) = e3x+2y kai x = os t; y = t2, na upolog�sete thn par�gwgo dzdtsth jèsh t = 0.5. E�n z = sin(x� y); x = u � v; y = u� v; na brejoÔn oi merikè par�gwgoi �z�u ; �z�vsunart sei twn u; v.



6. E�n w = ln(x2 + y2 + 2z); x = r+ s; y = r� s; z = 2rs; na bre�te ti parag¸gou�w�r ; �w�s sth jèsh (r; s) = (1; 1).7. E�n z = f(x; y) kai x = u os a � v sin a; y = u sina + v os a (a stajer�); nade�xete ìti ��z�u�2 + ��z�v�2 = ��z�x�2 + ��z�y�2 :8. E�n z = yf(u) kai u = xy, na de�xete ìtiy�z�y � x�z�x = z:9. E�n z = f(u) kai u = xyx2 + y2 ; na de�xete ìtix�z�x + y�z�y = 0:10. E�n z = f(x; y) kai x = u2 + v2uv ; y = u2 � v2uv ;na de�xete ìti u�z�u + v�z�v = 0 :11. E�n w = x3f (u; v) kai u = yx ; v = zx , na de�xete ìtix�w�x + y�w�y + z�w�z = 3w:12. E�n w = f (u; v; s) kai u = x� yxy ; v = y � zyz ; s = z � xxz , na de�xete ìtix2�w�x + y2�w�y + z2�w�z = 0:


