
ÌÜèçìá 2Áí�ßó�ñïöïò ìå�áó÷çìá�éóìüòLaplae
2.1 Ïñéóìüò êáé âáóéêÜ èåùñÞìá�áÅßíáé Þäç ãíùó�ü áðü �ï ÌÜèçìá 1 Èåþñçìá 1.1 �ï ðáñáêÜ�ù èåþñçìáýðáñîçò �ïõ ìå�áó÷çìá�éóìïý Laplae:Èåþñçìá 2.1 - 1. ¸ó�ù ç óõíÜñ�çóç f(t) ðïõ åßíáé ïñéóìÝíç ãéá êÜèåt ∈ [0;+∞). Áí ç f åßíáéi) êá�Ü �ìÞìá�á óõíå÷Þò óå êÜèå ðåðåñáóìÝíï äéÜó�çìá �çò ìïñöÞò [0; á]üðïõ á > 0,ii) åêèå�éêÞò �Üîçò, äçëáäÞ õðÜñ÷ïõí ó�áèåñÝò , t0 êáé Ì ìå t0; Ì > 0,Ý�óé þó�å

|f(t)| ≤ Me t ãéá êÜèå t ∈ [0;+∞); (2.1 - 1)�ü�å ï ìå�áó÷çìá�éóìüò Laplae �çò f(t) õðÜñ÷åé ãéá êÜèå s > .
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2 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïòÁðü �ï Èåþñçìá 2.1 - 1 ðñïêýð�ïõí:�áñá�Þñçóåéò 2.1 - 1i) áí ç óõíÜñ�çóç f(t) åßíáé óõíå÷Þò Þ �ìçìá�éêÜ óõíå÷Þò ó�ï [0;+∞)êáé åêèå�éêÞò �Üîçò, �ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae L[f(t)].ii) ¸ó�ù ü�é f(t); g(t) äýï óõíá�Þóåéò ïñéóìÝíåò ó�ï [0;+∞). Ôü�å,áí õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae �çò f(t) êáé áí ç óõíÜñ�çóçg(t) äéáöÝñåé áðü �ç f(t) óå ðåðåñáóìÝíï ìüíï ðëÞèïò óçìåßùí �ïõ
[0;+∞), �ü�å õðÜñ÷åé êáé ï ìå�áó÷çìá�éóìüò Laplae �çò g(t) êáééó÷ýåé L[f(t)] = L[g(t)], üðùò áõ�ü ðñïêýð�åé áðü �ï ðáñáêÜ�ù ðáñÜäåéãìá.�áñÜäåéãìá 2.1 - 1¸ó�ù ü�é f(t) = e−2t ìå L[f(t)] = 1s+3 êáég(t) = 





0 áí t = 1e−2t áí t ∈ [0;+∞)− {1}; ìå L[g(t)] = 1s+ 3
;äçëáäÞ L[f(t)] = L[g(t)], åíþ ðñïöáíþò f(t) 6= g(t).Áðü �çí �áñá�Þñçóç 2.1 - 1 (ii) ðñïêýð�åé ü�é, áí L[f(t)] = F (s) êáéõðÜñ÷åé ç áí�ßó�ñïöç óõíÜñ�çóç f(t) �çò L−1F (s), �ü�å ç f(t) äåí åßíáéðÜí�ï�å ìïíïóÞìáí�á ïñéóìÝíç.Ôï ìïíïóÞìáí�ï �ïõ áí�ßó�ñïöïõ ìå�áó÷çìá�éóìïý L−1 åîáóöáëßæå�áéìå �ï ðáñáêÜ�ù èåþñçìá.Èåþñçìá 2.1 - 2. ¸ó�ù ü�é ç f(t) åßíáé ìéá ðñáãìá�éêÞ, óõíå÷Þò Þ �ìçìá�é-êÜ óõíå÷Þò, åêèå�éêÞò �Üîçò óõíÜñ�çóç ãéá êÜèå t ∈ [0;+∞). Áí ãéá�ï ìå�áó÷çìá�éóìü Laplae éó÷ýåé ü�é L[f(t)] = F (s), �ü�å ï áí�ßó�ñïöïòìå�áó÷çìá�éóìüò L−1[F (s)] = f(t) ïñßæåé ìïíïóÞìáí�á �çí f(t).Ó�ï åîÞò èá èåùñåß�áé ü�é ïé óõíáñ�Þóåéò ðëçñïýí �éò õðïèÝóåéò �ïõ ÈåùñÞìá�ïòÈåþñçìá 2.1 - 2, ïðü�å ç áí�ßó�ñïöç óõíÜñ�çóç �ïõ ìå�áó÷çìá�éóìïý Laplaeèá åßíáé ìïíïóÞìáí�á ïñéóìÝíç.Ïé éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý Laplae éó÷ýïõí áíÜëïãá êáé ãéá �ïíáí�ßó�ñïöï ìå�áó÷çìá�éóìü Laplae. Ïé óçìáí�éêü�åñåò áðü áõ�Ýò äßíïí�áéó�ç óõíÝ÷åéá.



Ïñéóìüò êáé âáóéêÜ èåùñÞìá�á 3Èåþñçìá 2.1 - 3 (ãñáììéêÞ éäéü�ç�á). Áí L[f(t)] = F (s) êáé L[g(t)] =G(s), �ü�å áí k; � ∈ ℜ éó÷ýåé
L−1[kF (s) + �G(s)] = kL−1[F (s)] + �L−1[G(s)]

= kf(t) + �g(t): (2.1 - 2)�áñÜäåéãìá 2.1 - 2¸ó�ù f(t) = e−3t êáé g(t) = et. Ôü�å
L
[e−3t] = 1s+ 3

= F (s) êáé L
[et] = 1s− 1

= G(s);ïðü�å óýìöùíá ìå �ï Èåþñçìá 2.1 - 3 Ý÷ïõìå
L−1[2F (s) + 5G(s)] = 2L−1[F (s)] + 5L−1[G(s)] = 2 e−3t + 5 et:Èåþñçìá 2.1 - 4. Áí L−1[F (s)] = f(t), �ü�å

L−1[F (ks)] = 1k f ( tk) ìå k > 0: (2.1 - 3)�áñÜäåéãìá 2.1 - 3¸ó�ù f(t) = cos 4t; ïðü�å L[f(t)] = ss2 + 16
= F (s):Óýìöùíá ìå �ï Èåþñçìá 2.1 - 4, ü�áí k = 2, Ý÷ïõìå

L−1[F (2s)] = L−1
[ 2s
(2s)2 + 16

]

=
12 cos

(

4
t2) =

1

2
cos 2t:Èåþñçìá 2.1 - 5 (ðñïðïñåßáò). Áí L−1[F (s)] = f(t), �ü�å

L−1[F (s+ a)] = e−atf(t); ü�áí s+ a > 0 êáé a > 0: (2.1 - 4)



4 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 2.1 - 4¸ó�ù f(t) = sin 2t, ïðü�å F (s) = 2s2+4 . Ôü�å óýìöùíá ìå �ï Èåþñçìá 2.1- 5 Ý÷ïõìå
L−1

[
2

(s− 1)2 + 4

]

= L−1








2

(s+ (−1)
︸ ︷︷ ︸a=−1

)2 + 4







= e−(−1) t sin 2t = et sin 2t:Ôï Èåþñçìá 2.1 - 6 êáé �ï �áñÜäåéãìá 2.1 - 5 íá ðáñáëåéöèïýí óå ðñþ�çáíÜãíùóç.Èåþñçìá 2.1 - 6 (õó�Ýñçóçò). Áí L−1[F (s)] = f(t), �ü�å

L−1 [e−asF (s)] = 





f(t− a) áí t > a
0 áí t < a; ü�áí a > 0: (2.1 - 5)�áñÜäåéãìá 2.1 - 5¸ó�ù f(t) = cos t, ïðü�å F (s) = ss2+1 . Ôü�å óýìöùíá ìå �ï Èåþñçìá 2.1 -6 Ý÷ïõìå

L−1






e−s a=�=3

︷︸︸︷�=3 F (s)

= L−1

[s e−�s=3s2 + 1

]

=







cos(t− �=3) áí t > �=3
0 áí t < �=3:Èåþñçìá 2.1 - 7. Áí L−1[F (s)] = f(t), �ü�å

L−1
[F (n)(s)] = (−1)n tnf(t): (2.1 - 6)�áñÜäåéãìá 2.1 - 6¼ìïéá Ýó�ù f(t) = cos t, ïðü�å F (s) = ss2+1

. Ôü�å óýìöùíá ìå �ï Èåþñçìá2.1 - 7 Ý÷ïõìå
L−1

[F (2)(s)] = L−1
( ss2 + 1

)(2)

= (−1)2 t2 cos t = t2 cos t:Ï áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò �ùí ÈåùñçìÜ�ùí 1:2−6 êáé 1:2−7 �ïõÌáèÞìá�ïò 1 ðáñáëåßðå�áé.



ÌÝèïäïé õðïëïãéóìïý 52.2 ÌÝèïäïé õðïëïãéóìïýÄßíïí�áé �þñá ïé óçìáí�éêü�åñåò ìÝèïäïé ðñïóäéïñéóìïý �çò áí�ßó�ñïöçòóõíÜñ�çóçò ãéá ìïñöÝò �çò F (s), ðïõ êýñéá åìöáíßæïí�áé ó�éò åöáñìïãÝò.Ìå áíáöïñÜ ó�ïí �ßíáêá 2.2 - 1�áñÜäåéãìá 2.2 - 1¸ó�ù F (s) = 1s3ðïõ ãéá åõêïëßá ãñÜöå�áé êáéF (s) = 1s2+1
=

1

2 !

2 !s2+1
:Ôü�å ç F (s) óýìöùíá ìå �ïí �ýðï 3 �ïõ �ßíáêá 2.2 - 1 êáé �ç ãñáììéêÞéäéü�ç�á 2.1 - 3 äßíåé óáí áí�ßó�ñïöç óõíÜñ�çóç �çíf(t) = L−1[F (s)] = t2

2
:�áñÜäåéãìá 2.2 - 2¸ó�ù F (s) = 2s2 + 4

=
2s2 + 22

:¼ìïéá ìå �ïí �ýðï 4 �ïõ �ßíáêá 2.2 - 1 åßíáéf(t) = L−1[F (s)] = sin 2t:�áñÜäåéãìá 2.2 - 3¸ó�ù F (s) = 5s2 + 2s+ 37ðïõ ãñÜöå�áé êáé F (s) = 5

6

6

(s+ 1
︸︷︷︸a=1

)2 + ( 6
︸︷︷︸!=6

) 2
:Ôü�å ï �ýðïò 5 �ïõ �ßíáêá 2.2 - 1 äßíåé óáí áí�ßó�ñïöç óõíÜñ�çóç, �çíf(t) = L−1[F (s)] = 5

6
e−t sin 6t:



6 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò
�ßíáêáò 2.2 - 1: �ùí êõñéü�åñùí ìå�áó÷çìá�éóìþí Laplaeá/á f(t) F (s) á/á f(t) F (s)

1 A As 11 ebt sinh at a
(s− b)2 − a2

2 eat 1s− a 12 t sinùt 2ùs
(s2 + ù2)2

3 tn; n = 1; 2; : : : n !sn+1
13 t2 sinùt 2ù (

3s2 − ù2
)

(s2 + ù2)3

4 sinùt ùs2 + ù2
14 t cosùt s2 − ù2

(s2 + ù2)2

5 e−at sinùt ù
(s+ a)2 + ù2

15 t2 cosùt 2s (s2 − 3ù2
)

(s2 + ù2)3

6 cosùt ss2 + ù2
16 u(t− a) e−ass

7 e−at cosùt s+ a
(s+ a)2 + ù2

17 ä(t− a) e−as
8 sinh at as2 − a2 18 ä′(t) s
9 ebt cosh at s− b

(s− b)2 − a2 19 ä′′(t) s2
10 cosh at ss2 − a2 20 sin att tan−1

(as)



ÌÝèïäïé õðïëïãéóìïý 7Óçìåéþóåéò 2.2 - 1i) ¼�áí ó�ïí ðáñïíïìáó�Þ õðÜñ÷åé óáí ðáñÜãïí�áò �ñéþíõìï ìå ñßæåòìéãáäéêÝò (∆ < 0) Þ åéäéêÞ ðåñßð�ùóç öáí�áó�éêÝò, �ü�å ï ðáñáíïìáó�Þòìå�áó÷çìá�ßæå�áé óå Üèñïéóìá �å�ñáãþíùí óýìöùíá ìå �ïí �ýðïax2 + bx+  = a(x+
b
2a)2

− b2 − 4a
4a : (2.2 - 1)ii) Ç ðåñßð�ùóç (i) åöáñìüæå�áé ìüíïí, ü�áí ï áñéèìç�Þò åßíáé âáèìïýìéêñü�åñïõ �ïõ ðáñïíïìáó�Þ.�áñÜäåéãìá 2.2 - 4¸ó�ù F (s) = 2s + 1s2 + 4s+ 5

:ÅðåéäÞ ç äéáêñßíïõóá �ïõ ðáñïíïìáó�Þ åßíáé ∆ = 42−20 = −6 < 0 óýìöùíáìå �ç Óçìåßùóç 2.2 - 1 (i) ï ðáñïíïìáó�Þò ãñÜöå�áé:s2 + 4s+ 5 = (s+ 2)2 + 12:Áñ÷éêÜ äçìéïõñãåß�áé ó�ïí áñéèìç�Þ �ï s+ 2 ùò åîÞò:F (s) =
2s+ 1s2 + 4s+ 5

=
2s+ 1

(s+ 2)2 + 12
=

2s+ 4 { 4+ 1

(s+ 2)2 + 12

=
2s+ 4

−3
︷ ︸︸ ︷

−4 + 1

(s+ 2)2 + 12
= 2

s+ 2

(s+ 2)2 + 12
− 3

1

(s+ 2)2 + 12
:¢ñá ï áí�ßó�ñïöïò ìå�áó÷çìá�éóìüò èá åßíáé óõíäõáóìüò �ùí �ýðùí 5 êáé

7 �ïõ �ßíáêá 2.2 - 1, äçëáäÞf(t) = L−1[F (s)] = 2 e−2t cos 2t− 3 e−2t sin t = e−2t (2 cos 2t− 3 sin t) :



8 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò¢óêçóçÍá õðïëïãéó�ïýí ïé áí�ßó�ñïöåò �ùí ðáñáêÜ�ù óõíáñ�Þóåùí F (s)1i) 2s4 vii) 6

(s+ 1)4ii) 1

(s+ 3)2
viii) 1

9s2 + 4iii) 2(s+ 2)s2 + 4
ix) s− 1

4s2 + 9iv) s− 1s2 − 9
x) 1s2 + 4s+ 4v) 1s2 + 8s+ 17
xi) 4s+ 1s2 + 2s+ 1vi) ss2 − 2s+ 1
xii) ss2 + s+ 1

:Ìå áíÜëõóç óå áðëÜ êëÜóìá�á¸ó�ù ü�é ç óõíÜñ�çóç F (s) åßíáé ñç�Þ, äçëáäÞ åßíáé �çò ìïñöÞò F (s) = P (s)Q(s) ,üðïõ P (s) êáé Q(s) åßíáé áêÝñáéá ðïëõþíõìá �ïõ s. Ôü�å, áí ï âáèìüò �ïõðïëõùíýìïõ P (s) åßíáé:É) ìéêñü�åñïò áðü �ï âáèìü �ïõ ðïëõùíýìïõ Q(s), ç óõíÜñ�çóç F (s)áíáëýå�áé êá�Ü �á ãíùó�Ü óå Üèñïéóìá áðëþí êëáóìÜ�ùí.�áñÜäåéãìá 2.2 - 5¸ó�ù F (s) = s− 1s2 + 3s+ 2ìå ñßæåò �ïõ ðáñïíïìáó�Þ �éò −1 êáé −2. Ôü�ås− 1

(s+ 1)(s + 2)
=

As+ 2
+

Bs+ 1
:1(i) t3

3
, (ii) t e−3t, (iii) 2(cos 2t + sin 2t), (iv) 2e−3t

3
+ e3t

3
, (v) e−4t sin t, (vi) et(1 + t),

(vii) t3e−t, (viii) 1

6
sin

(
2t
3

), (ix) 1

4
cos

(
3t
2

)
− 1

6
sin

(
3t
2

), (x) t e−2t, (xi) (4− 3 t) e−t,
(xii) − 1

3
e−t=2 [−3 cos

(√
3t
2

)

+
√
3 sin

(√
3t
2

)].



ÌÝèïäïé õðïëïãéóìïý 9�ïëëáðëáóéÜæïí�áò êáé �á äýï ìÝëç ìå �ï (s+ 1)(s+ 2), Ý÷ïõìås− 1 = (A+B)s+ (A+ 2B):Åîéóþíïí�áò �ïõò óõí�åëåó�Ýò �ùí ßóùí äõíÜìåùí �ïõ s, ðñïêýð�åé �ïóýó�çìá A + B = 1A + 2B = −1; 




ïðü�å A = 3 êáé B = −2:Ôü�å F (s) = 3s+ 2

− 2s+ 1
:¢ñá f(t) = L−1[F (s)] = 3e−2t − 2e−t:�áñÜäåéãìá 2.2 - 6¼ìïéá, Ýó�ù F (s) = 1s (s2 + 9)

:ÈÝ�ïí�áò
1s (s2 + 9)

=
As +

Bs+ Cs2 + 9êáé óýìöùíá ìå �çí ðáñáðÜíù äéáäéêáóßá, �åëéêÜ ðñïêýð�åéF (s) = 1

9

1s − 1

9

ss2 + 9
;ïðü�å f(t) = L−1[F (s)] = 1

9
− 1

9
cos 3t:�áñÜäåéãìá 2.2 - 7¼ìïéá F (s) = 1

(s− 1)(s + 2)2
:



10 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïòÏ ðáñïíïìáó�Þò Ý÷åé ðñù�ïâÜèìéï üñï õøùìÝíï óå äýíáìç, ïðü�å ó�çíðåñßð�ùóç áõ�Þ ç áíÜëõóç óå áðëÜ êëÜóìá�á Ý÷åé �çí ðáñáêÜ�ù ìïñöÞ2
1

(s− 1)(s + 2)2
=

As− 1
+

áí�ßBs+C
︷︸︸︷B

(s+ 2)2
+

Cs+ 2
;ïðü�å �åëéêÜ ðñïêýð�åéF (s) = 1

9

1s− 1
− 1

3

1

(s+ 2)2
− 1

9

1s+ 2
:¢ñá f(t) = L−1[F (s)] = 1

9
e−2t (−1− 3t+ e3t) :�áñÜäåéãìá 2.2 - 8¼ìïéá F (s) = 1s3 (s2 + 4)

:¸÷ïõìå óýìöùíá ìå �çí áíÜëõóç �ïõ �áñáäåßãìá�ïò 2.2 - 7 ü�é
1s3 (s2 + 4)

=
As +

Bs2 +
Cs3 +

Ds+Es2 + 4
;ïðü�å F (s) = − 1

16

1s +
1

4

1s3 +
1

16

ss2 + 4
:¢ñá f(t) = L−1[F (s)] = 1

16

(

−1 + 2t2 + cos 2t) :ÉÉ) Ìåãáëý�åñïò Þ ßóïò áðü �ï âáèìü �ïõ Q(s), �ü�å ãßíå�áé ðñþ�á çäéáßñåóç �ùí ðïëõùíýìùí, ïðü�å ç ðåñßð�ùóç áõ�Þ áíÜãå�áé �åëéêÜó�çí ðñïçãïýìåíç3.2ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ Êåö. 7.3Ç ðåñßð�ùóç áõ�Þ ðáñáëåßðå�áé.



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 11¢óêçóçÍá õðïëïãéó�åß ç óõíÜñ�çóç f(t) = L−1[F (s)], ü�áí ç F (s) åßíáé ßóç ìå4i) 1s (s2 − 4)
v) 1s3 + 8ii) 1s3 − s vi) ss4 − 1iii) 1s (s2 − 4s+ 4)

vii) s+ 1s3 − 1iv) 1s (s2 + �2) viii) s
(s+ 2) (s2 + 1)

:
2.3 ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí2.3.1 �ñáììéêÞ 1çò �Üîçò ìå ó�áèåñïýò óõí�åëåó�ÝòÇ ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóçò 1çò �Üîçò ìå ó�áèåñïýò óõí�åëåó�ÝòÝ÷åé �ç ìïñöÞ y′ + ay = r(x); (2.3 - 1)ü�áí á ó�áèåñÜ, y = y(x) ìå x ∈ (á; â) ⊆ ℜ. Ç áí�ßó�ïé÷ç ïìïãåíÞò åßíáéy′ + ay = 0: (2.3 - 2)¸ó�ù ü�é ïé óõíáñ�Þóåéò y; r ∈ DL êáé ïñßæïí�áé ãéá êÜèå x ≥ 0.Èåùñþí�áò �ï ìå�áó÷çìá�éóìü Laplae �çò ìç ïìïãåíïýò åîßóùóçò (2:3 −
1) Ý÷ïõìå L (y′ + ay) = L[r(x)], ðïõ óýìöùíá ìå ãíùó�Ýò éäéü�ç�åò �ïõ4(i) − 1

4
+ e−2t

8
+ e2t

8
, (ii) − 1 + e−t

2
+ et

2
, (iii) 1

4
− e2t

4
+ 1

2
t e2t , (iv) 1�2 − cos �t�2 ,

(v) e−2t
12

− 1

12
et cos (√3t)+ et sin(

√
3t)

4
√

3
(vi) e−t

4
+ et

4
− cos t

2
, (vii) 2 et

3
− 2

3
e−t=2 cos

(√
3 t
2

) ,
(viii) − 2

5
e−2t + 2 cos t

5
+ sin t

5
.



12 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïòìå�áó÷çìá�éóìïý Laplae5 ãñÜöå�áésL(y) − y(0) + áL(y) = L[r(x)]:ÈÝ�ïí�áò Y (s) = L(y) ìå y(0) = y0 áñ÷éêÞ óõíèÞêç êáé ëýíïí�áò áëãåâñéêÜùò ðñïò Y (s), �åëéêÜ Ý÷ïõìå �ïí ðáñáêÜ�ù �ýðï õðïëïãéóìïý �çò ìå�áó÷çìá�é-óìÝíçò óõíÜñ�çóçò Y (s) �çò ìåñéêÞò ëýóçò �çò (2:3− 1)Y(s) = L[r(x)]s+ a +
y0s+ a ìå s+ a > 0: (2.3 - 3)Ôü�å áðü áðü �çí (2:3− 3) ðñïêýð�åé ç ìåñéêÞ ëýóç �çò (2:3 − 1) ùò åîÞò:y(x) = L−1[Y (s)]:�áñá�Þñçóåéò 2.3 - 1Ç ìÝèïäïò �ïõ ìå�áó÷çìá�éóìïý Laplae:i) åöáñìüæå�áé êõñßùò, ü�áí æç�åß�áé ç ìåñéêÞ ëýóç �çò (2:3− 1), äçëáäÞÝ÷ïõí äïèåß êáé ïé áñ÷éêÝò óõíèÞêåò �ïõ ðñïâëÞìá�ïò Þ ü�áí ç åßóïäïòr(x) åßíáé ðåñéïäéêÞ, ìïíáäéáßá êñïýóç, ê.ëð.6,ii) äåí åöáñìüæå�áé óõíÞèùò, ü�áí ç f(x) äåí åßíáé ó�áèåñÜ êáé ãåíéêü�åñáäåí åöáñìüæå�áé óå ìç ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò.Ôï êýñéï ðëåïíÝê�çìá �çò ìåèüäïõ óå ó÷Ýóç ìå �çí áí�ßó�ïé÷ç êëáóéêÞìÝèïäï åßíáé ü�é ç äéáöïñéêÞ åîßóùóç ëýíå�áé ìå áëãåâñéêü �ñüðï êáé åéóÜãïí�áéó�ç ëýóç Üìåóá, ÷ùñßò íá ÷ñåéÜæå�áé åðß ðëÝïí õðïëïãéóìüò, ïé áñ÷éêÝòóõíèÞêåò �ïõ ðñïâëÞìá�ïò.5ÂëÝðå ÌÜèçìá 1: Ìå�áó÷çìá�éóìüò LaplaeÈåþñçìá 1.2-1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áí ê; ë ∈ ℜ éó÷ýåé

L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]:Èåþñçìá 1.2-6 (ðáñáãþãïõ 1çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé ç ðñþ�çò �ÜîçòðáñÜãùãïò �çò f êáé åßíáé óõíå÷Þò óõíÜñ�çóç Þ êá�Ü �ìÞìá�á óõíå÷Þò ãéá êÜèå t ≥ 0,�ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae �çò ðáñáãþãïõ f ′ êáé éó÷ýåé
L
[f ′(t)] = sL[f(t)]− f(0) ìå s > a > 0:6ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [1℄ Êåö. 1.
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Ó÷Þìá 2.3 - 1: �áñÜäåéãìá 2.3 - 1: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçò y(x) =e−3x (−1 + ex), ü�áí x ∈ [0; 3]�áñÜäåéãìá 2.3 - 1Íá ëõèåß äéáöïñéêÞ åîßóùóçy′ + 2y = e−3x; ü�áí y(0) = 0: (1)Ëýóç. ¸ó�ù ü�é ç (1) ïñßæå�áé ãéá êÜèå x ≥ 0. Åßíáé r(x) = e−3x, ïðü�åóýìöùíá ìå �ïí �ýðï 2 �ïõ �ßíáêá 2.2 - 1 èá åßíáé
L
[e−3x] = 1s+ 3

; ü�áí s+ 3 > 0:¸ó�ù y(x) ç ìåñéêÞ ëýóç �çò (1). ÅðåéäÞ óýìöùíá ìå �çí (1) åßíáé a = 2,èÝ�ïí�áò Y (s) = L(y) ìå y(0) = y0 = 0 ó�çí (2:3− 3) êáé ìå�Ü �çí áíÜëõóçóå áðëÜ êëÜóìá�á �ïõ äåîéïý ìÝëïõò, ðñïêýð�åéY (s) =
1s+3s+ 2

+
0s+ 2

=
1

(s+ 2)(s + 3)

=
1s+ 2

− 1s+ 3
; ü�áí s+ 2 > 0:¢ñá ç ìåñéêÞ ëýóç åßíáé (Ó÷. 2.3 - 1)y(x) = L−1[Y (s)] = e−2x − e−3x = e−3x (−1 + ex) :
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Ó÷Þìá 2.3 - 2: �áñÜäåéãìá 2.3 - 2: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçò y(x) =e−x (−1 + x), ü�áí x ∈ [−0:2; 3]�áñÜäåéãìá 2.3 - 2Íá ëõèåß äéáöïñéêÞ åîßóùóçy′ + y = e−x ü�áí y(0) = −1: (2)Ëýóç. ¼ìïéá õðïèÝ�ïõìå ü�é ç (2) ïñßæå�áé ãéá êÜèå x ≥ 0. Åßíáé r(x) =e−x, ïðü�å óýìöùíá ìå �ï ìå �ïí �ýðï 2 �ïõ �ßíáêá 2.2 - 1 èá åßíáé L [e−x] =
1s+1 , ü�áí s+ 1 > 0. ¸ó�ù y(x) ç ìåñéêÞ ëýóç �çò (2). ÅðåéäÞ óýìöùíá ìå�çí (2) åßíáé a = 1, èÝ�ïí�áò Y (s) = L(y) ìå y(0) = y0 = −1 ó�çí (2:3 − 3)ðñïêýð�åéY (s) = 1s+1s+ 1

+
−1s+ 1

=
1

(s+ 1)2
− 1s+ 1

; ü�áí s+ 1 > 0:¢ñá ç ìåñéêÞ ëýóç åßíáé (Ó÷. 2.3 - 2)y(x) = L−1[Y (s)] = x e−x − e−x = e−x (−1 + x) ;�áñÜäåéãìá 2.3 - 3¼ìïéá íá ëõèåß äéáöïñéêÞ åîßóùóçy′ + y = sin 2x; ü�áí y(0) = 0: (3)
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Ó÷Þìá 2.3 - 3: �áñÜäåéãìá 2.3 - 3: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçò y(x) =
2
5 e−x + 1

5 (−2 cos 2x+ sin 2x), ü�áí x ∈ [−�=3; 10�]Ëýóç. ¼ìïéá Ýó�ù ü�é ç (3) ïñßæå�áé ãéá êÜèå x ≥ 0. Åßíáé r(x) = sin 2x,ïðü�å óýìöùíá ìå �ïí �ýðï 4 �ïõ �ßíáêá 2.2 - 1 èá åßíáé L [sin 2x] = 2s2+4 .Áí y(x) ç ìåñéêÞ ëýóç �çò (3), �ü�å a = 1, ïðü�å èÝ�ïí�áò Y (s) = L(y) ìåy(0) = y0 = 0 ó�çí (2:3 − 3) ðñïêýð�åéY (s) =
1s+1
2s2+4

=
2

(s+ 1) (s2 + 4)

=
2

5

1s+ 1
− 2

5

s− 1s2 + 4

=
2

5

1s+ 1
− 2

5

ss2 + 22
+

1

5

2s2 + 22
; ü�áí s+ 1 > 0:¢ñá üìïéá (Ó÷. 2.3 - 3)y(x) = L−1[Y (s)] = 2

5
e−x + 1

5
(−2 cos 2x+ sin 2x) ;Áðü �ç ëýóç ðñïêýð�ïõí �á åîÞò:i) lim x→−∞ y(x) = +∞,ii) ü�áí x ≥ � ï üñïò e−x ðñáê�éêÜ ìçäåíßæå�áé, ïðü�å ç ëýóç ãñÜöå�áé7y(x) ≈ 1

5
(−2 cos 2x− sin 2x) = √

22 + 12

5
sin(2x+ �)7ÂëÝðå ÌÜèçìá 3: ÓåéñÜ Fourier - �ñáììéêÜ öÜóìá�á.
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≈ 0:45 sin(2x + �); ü�áí � = arctan(−2) ≈ −1:107 rad;äçëáäÞ åê�åëåß ìéá áìåßù�ç ðåñéïäéêÞ �áëÜí�ùóç ðëÜ�ïõò 0:45.¢óêçóçÍá ëõèïýí ïé ðáñáêÜ�ù ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò8i) y′ + y = x; y(0) = −1 v) y′ + 3y = e−x sin 2x; y(0) = 0ii) y′ + 4y = e−3x; y(0) = 0 vi) y′ + y = sin2 x; y(0) = −1iii) y′ + y = x e−x; y(0) = 0 vii) y′ + 4y = 1− sinhx; y(0) = 0iv) y′ + y = sin 2x; y(0) = 0 viii) y′ + y = sinx cos 2x; y(0) = 0.2.3.2 ÄéáöïñéêÝò åîéóþóåéò 2çò �Üîçò ìå ó�áèåñïýò óõí�åëåó�ÝòÏìïãåíÞò ãñáììéêÞ 2çò �ÜîçòÇ ãåíéêÞ ìïñöÞ �çò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò �Üîçò ìå ó�áèåñïýòóõí�åëåó�Ýò åßíáé y′′ + ay′ + by = 0; (2.3 - 4)ü�áí a; b ó�áèåñÝò, y = y(x) ìå x ∈ (á; â) ⊆ ℜ êáé õðÜñ÷ïõí ïé y′(x) êáéy′′(x) ãéá êÜèå x ∈ (á; â).Áí y ∈ DL, �ü�å áðü �çí (2:3 − 4) Ý÷ïõìå L [y′′ + ay′ + b] = 0, ðïõóýìöùíá ìå ãíùó�Ýò éäéü�ç�åò9 �ïõ ìå�áó÷çìá�éóìïý Laplae ãñÜöå�áés2L(y)− sy(0) − y0′(0) + a[sL(y)− y(0)] + bL(y) = 08(i) y(x) = −1 + x +  e−x, ìåñéêÞ:  = 0, (ii) y(x) = e−3x +  e−4x, ìåñéêÞ: = −1, (iii) y(x) = 1

2
x2e−x +  e−x, ìåñéêÞ:  = 0, (iv) y(x) =  e−x +

1

2
(−2 cos 2x+ sin 2x), ìåñéêÞ:  = 2

5
, (v) y(x) =  e−3x + e−x

13
(−3 cos 3x+ 2 sin 3x),ìåñéêÞ:  = − 1

13
, (vi) y(x) =  e−x + 1

10
(5− cos 2x− sin 2x), ìåñéêÞ:  = − 14

10
,

(vii) y(x) =  e−4x − 1

60

(
10− 15ex + 6e2x), ìåñéêÞ:  = − 19

60
, (viii) y(x) =  e−x +

1

20
(5 cosx− 3 cos 3x− 5 sin x+ sin 3x), ìåñéêÞ:  = − 1

10
.9ÂëÝðå ÌÜèçìá 1: Ìå�áó÷çìá�éóìüò LaplaeÈåþñçìá 2.3 - 1 (ãñáììéêÞ éäéü�ç�á). ¸ó�ù f; g ∈ DL. Ôü�å áí ê; ë ∈ ℜ éó÷ýåé

L[�f(t) + �g(t)] = �L[f(t)] + �L[g(t)]:



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 17ÈÝ�ïí�áò L(y) = Y (s) êáé y(0) = y0, y′(0) = y′0 (áñ÷éêÝò óõíèÞêåò), çðáñáðÜíù ó÷Ýóç, áí ëõèåß ùò ðñïò Y (s), �åëéêÜ äßíåéY(s) = (s+ a)y0 + y0′s2 + as+ b (2.3 - 5)Ôü�å ç ãåíéêÞ ëýóç �çò (2:3 − 4) èá äßíå�áé áðü �ç ó÷Ýóçy(x) = L−1[Y(s)]: (2.3 - 6)Åßíáé öáíåñü ü�é ç ãåíéêÞ ëýóç (2:3 − 6) åîáñ�Ü�áé áðü �ï åßäïò �ùí ñéæþí�ïõ ðáñïíïìáó�Þ s2+ás+â ó�çí (2:3−5). Ïé �áñá�çñÞóåéò 2.3 - 1 éó÷ýïõíáíÜëïãá êáé ó�çí ðåñßð�ùóç áõ�Þ.�áñÜäåéãìá 2.3 - 4Íá ëõèåß ç äéáöïñéêÞ åîßóùóçy′′ + 5y′ + 6y = 0; ü�áí y0 = 0 êáé y′0 = 1:Ëýóç. Óýìöùíá ìå �çí (2:3− 5) åßíáéY (s) =
(s+ 5) · 0 + 1s2 + 5s+ 6

=
1s2 + 5s+ 6

=
1

(s+ 3)(s + 2)

=
As+ 3

+
Bs+ 2

= − 1s+ 3
+

1s+ 2ìå�Ü �çí áíÜëõóç óå áðëÜ êëÜóìá�á.¢ñá (Ó÷. 2.3 - 4)y(x) = L−1[Y (s)] = −e−3x + e−2x:Ç ëýóç ó�çí ðåñßð�ùóç áõ�Þ åßíáé ãíùó�Þ óáí åëåýèåñç áñìïíéêÞ �áëÜí�ùóçìå éó÷õñÞ áðüóâåóç.Èåþñçìá 2.3 - 2 (ðáñáãþãïõ 1çò êáé 2çò �Üîçò). Áí f ∈ DL êáé õðÜñ÷åé ç ðñþ�çòêáé ç äåý�åñçò �Üîçò ðáñÜãùãïé �çò f êáé åßíáé óõíå÷åßò Þ êá�Ü �ìÞìá�á óõíå÷åßòóõíáñ�Þóåéò ãéá êÜèå t ≥ 0, �ü�å õðÜñ÷åé ï ìå�áó÷çìá�éóìüò Laplae �ùí ðáñáãþãùíf ′; f ′′ êáé éó÷ýåé
L
[f ′(t)] = sL[f(t)]− f(0);

L
[f ′′(t)] = s2L[f(t)]− sf(0) − f ′(0); ü�áí s > a > 0:
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Ó÷Þìá 2.3 - 4: �áñÜäåéãìá 2.3 - 4: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçò y(x) =
−e−3x + e−2x, ü�áí x ∈ [−0:1; 2].�áñÜäåéãìá 2.3 - 5¼ìïéá ç åîßóùóçy′′ − 4y′ + 4y = 0; ü�áí y0 = 1 êáé y′0 = 1:Ëýóç. Óýìöùíá ìå �çí (2:3 − 5) åßíáéY (s) =

(s− 4) · 1 + 1s2 − 4s+ 4

=
s− 3

(s− 2)2
=

As− 2
+

B
(s− 2)2

=
1s− 2

− 1

(s− 2)2
=

1s− 2
+

(
1s− 2

)′

=
1s− 2

− (−1)1
(

1s− 2

)′ :ÅðåéäÞ óýìöùíá ìå ãíùó�Þ éäéü�ç�á �ïõ ìå�áó÷çìá�éóìïý Laplae éó÷ýåéü�é, áí F (s) = L[f(x)], �ü�å L[x f(x)] = (−1)1 F ′(s), áðü �çí ðáñáðÜíùó÷Ýóç ðñïêýð�åé �åëéêÜ ü�é (Ó÷. 2.3 - 5)y(x) = L−1[Y (s)] = e2x(1− x):Ç ëýóç ðåñéãñÜöåé �çí êñßóéìç áðüóâåóç. ÅðåéäÞ e−2x 6= 0 ãéá êÜèå x ∈ ℜ,ç yh(x) = 0, ü�áí x0 = 1. Ôü�å �ï x0 åßíáé �ï óçìåßï ó�á�éêÞò éóïññïðßáò.
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Ó÷Þìá 2.3 - 5: �áñÜäåéãìá 2.3 - 5: �ï äéÜãñáììá �çò ìåñéêÞò ëýóçò y(x) =e−2x(1− x), ü�áí x ∈ [−0:2; 1:2]�áñÜäåéãìá 2.3 - 6¼ìïéá ç åîßóùóç
16y′′ + 8y′ + 17y = 0; ü�áí y0 = 1 êáé y′0 = 0:Ëýóç. Ç åîßóùóç ãñÜöå�áé y′′ + 1

2y′ + 17
16y = 0, ïðü�å óýìöùíá ìå �çí

(2:3− 5) åßíáéY (s) =
(s+ 1

2 ) · 1 + 0s2 + 1
2s+ 17

16

=
s+ 1

2s2 + 2 1
4s+ 16+1

16

=
s+ 1

2s2 + 2 1
4s+ 1

16 + 1

=
s+ 1

2
(s+ 1

4

)2
+ 1

=
s+ 1

4 + 1
4

(s+ 1
4

)2
+ 1

=
s+ 1

4
(s+ 1

4

)2
+ 12

+
1

4

1
(s+ 1

4

)2
+ 12

:¢ñá óýìöùíá ìå �ïõò �ýðïõò 5 êáé 7 �ïõ �ßíáêá 2.2-1 åßíáé (Ó÷. 2.3 -6) y(x) = L−1[Y (s)] = e−x=4 cos x+
1

4
e−x=4 sinx;Ç ëýóç ðåñéãñÜöåé ìéá åëåýèåñç áñìïíéêÞ �áëÜí�ùóç ìå áóèåíÞ áðüóâåóç.
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(b)Ó÷Þìá 2.3 - 6: �áñÜäåéãìá 2.3 - 5, ü�áí x ∈ [−�=10; 4�]:(a) �ï äéÜãñáììá�çò 1
4 e−x=4 ìðëå (áðüóâåóç) êáé �çò 4 cosx + sin x êüêêéíç êáìðýëç(áìåßù�ç �áëÜí�ùóç), åíþ ó�ï äéÜãñáììá (b) �çò ìåñéêÞò ëýóçò y(x) =

1
4 e−x=4(4 cos x + sin x). Ç áðüóâåóç ðñïêáëåß �åëéêÜ �ï ìçäåíéóìü �çòìåñéêÞò ëýóçò¢óêçóçÍá ëõèïýí ïé ðáñáêÜ�ù äéáöïñéêÝò åîéóþóåéò10i) y′′ + 4y′ + 5y = 0; y′0 = y0 = 1 iv) y′′ + 25y = 0; y′0 = y0 = 1ii) y′′ − y′ − 12y = 0; y′0 = 1; y0 = 0 v) y′′ + 2y′ + 4y = 0;y′0 = 1; y0 = 0iii) y′′ + 2y′ + 10y = 0; y′0 = 1; y0 = 0 vi) y′′ − 2y′ + y = 0;y′0 = −1; y0 = 1.Ìç ïìïãåíÞò ãñáììéêÞ 2çò �ÜîçòÇ ãåíéêÞ ìïñöÞ �çò ìç ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò �Üîçò ìå ó�áèåñïýòóõí�åëåó�Ýò åßíáé y′′ + ay′ + by = r(x) (2.3 - 7)ü�áí a; b ∈ ℜ, y = y(x), r(x) 6= 0 ìå x ∈ (á; â) ⊆ ℜ êáé õðÜñ÷ïõí ïé y′(x)êáé y′′(x) ãéá êÜèå x ∈ (á; â).10(i) e−2x (cos x+ 3 sin x), (ii) 1

7

(
−e−3x + e4x), (iii) 1

3
e−x sin 3x,

(iv) 1

5
(5 cos 5x+ sin 5x), (v) 1√

3
e−x sin

(√
3x), (vi) − ex (−1 + 2x).



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 21¸ó�ù y; r ∈ DL. Ôü�å, áíÜëïãá ìå �çí áí�ßó�ïé÷ç ëýóç �çò ïìïãåíïýò,èåùñþí�áò �ï ìå�áó÷çìá�éóìü Laplae �çò (2:3− 7), �åëéêÜ ðñïêýð�åéY(s) = L[r(x)]s2 + as+ b +
(s+ a)y0 + y0′s2 + as+ b ; (2.3 - 8)ïðü�å ç ãåíéêÞ ëýóç �çò ìç ïìïãåíïýò èá äßíå�áé áðü �ç ó÷Ýóçy(x) = L−1[Y(s)]: (2.3 - 9)�áñÜäåéãìá 2.3 - 7Íá ëõèåß ç äéáöïñéêÞ åîßóùóçy′′ − 3y′ + 2y = x; ü�áí y0 = y′0 = 0:Ëýóç. Åßíáé a = −3, b = 2 êáé L[r(x)] = L(x) = 1=s2. Áí�éêáèéó�þí�áòó�ïí �ýðï (2:3− 8) ìå�Ü êáé �çí áíÜëõóç óå áðëÜ êëÜóìá�á Ý÷ïõìåY (s) =

1s2 (s2 − 3s+ 2)
=

1s2(s− 1)(s− 2)

=
As +

Bs2 +
Γs− 1

+
∆s− 2

=
3

4s +
1

2s2 − 1s− 1
+

1

4(s− 2)
:¢ñá óýìöùíá ìå �çí (2:3 − 9) ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = 3

4
+
x
2
− ex + e2x

4
:�áñÜäåéãìá 2.3 - 8¼ìïéá �çò y′′ + 2y′ + y = e−2x; ü�áí y0 = y′0 = 0:



22 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïòËýóç. ¼ìïéá åßíáé a = 2, b = 1 êáé L[r(x)] = L(e−2x) = 1=(s + 2). Ôü�åáðü �ïí �ýðï (2:3− 8) Ý÷ïõìåY (s) =
1

(s+ 2) (s2 + 2s + 1)
=

1

(s+ 2)(s + 1)2

=
As+ 2

+
B

(s+ 1)2
+

Γs+ 1

=
1s+ 2

+
1

(s+ 1)2
− 1s+ 1

:¢ñá óýìöùíá êáé �çí (2:3 − 9) ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = e−2x + x e−x − e−x = e−2x (1 + x ex − ex) :�áñÜäåéãìá 2.3 - 9¼ìïéá ç y′′ + 4y = x; ü�áí y0 = y′0 = 0:Ëýóç. ¼ìïéá åßíáé a = 0, b = 4 êáé L[r(x)] = L(x) = 1=s2. Ôü�å áðü �ïí�ýðï (2:3 − 8) Ý÷ïõìåY (s) =
1s2 (s2 + 4)

=
As2 +

Bs +
Γs+∆s2 + 4

=
1

4

1s2 − 1

4

1s2 + 4

=
1

4

1s2 − 1

4 · 2
2s2 + 22ìå�Ü �çí êá�Üëëçëç �ñïðïðïßçóç �ïõ �åëåõ�áßïõ üñïõ ó�ï äåîéü ìÝëïò ó�çíðáñáðÜíù éóü�ç�á.¢ñá óýìöùíá ìå �çí (2:3− 9) ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = 1

4
x − 1

8
sin 2x:



ÅöáñìïãÝò ó�ç ëýóç Äéáöïñéêþí Åîéóþóåùí 23�áñÜäåéãìá 2.3 - 10¼ìïéá ç y′′ + 2y′ + 10y = 1; ü�áí y0 = y′0 = 0:Ëýóç. Åßíáé a = 2, b = 10 êáé L[r(x)] = L(1) = 1=s. Ôü�å áðü �ïí �ýðï
(2:3− 8) ðñïêýð�åé ü�éY (s) =

1s (s2 + 2s+ 10)(åðåéäÞ �ï s2 + 2s+ 2 Ý÷åé ñßæåò ìéãáäéêÝò äåí áíáëýå�áé)
=

As +
Bs+ Γs2 + 2s+ 10

=
1

10

1s − 1

10

s+ 2s2 + 2s + 10

=
1

10

1s − 1

10

s+ 2

(s+ 1)2 + 32

=
1

10

1s − 1

10

[ s+ 1

(s+ 1)2 + 32
+

1

3

3

(s+ 1)2 + 32

]ìå�Ü �çí �ñïðïðïßçóç �ïõ ðáñáíïìáó�Þ s2+2s+10 óå Üèñïéóìá �å�ñáãþíùí.¢ñá ç ìåñéêÞ ëýóç åßíáéy(x) = L−1[Y (s)] = 1

10
− 1

10

(e−x cos 3x+
1

3
e−x sin 3x) :

ÁóêÞóåéò1. Íá ëõèïýí ïé ðáñáêÜ�ù äéáöïñéêÝò åîéóþóåéò, ü�áí y = y(x) êáé y0 =y′0 = 011i) y′′ + 4y′ + 13y = e−x iv) y′′ + 2y′ + y = sin xii) y′′ + y = sin x v) y′′ + y′ = e−x sin xiii) y′′ + 3y′ + 2y = x vi) y′′ + 4y′ + 3y = 4 e−x.11(i) 1

30
e−2x (3ex − 3 cos 3x− sin 3x), (ii) 1

2
(−x cosx+ sin x), (iii) − 3

4
− e−2x

4
+e−x + x

2
, (iv) − 1

2
e−x (1 + x− ex cos ), (v) 1

2
e−x (−2 + ex + cosx− sin x),

(vi) e−3x (1− e2x + 2xe2x).



24 Áí�ßó�ñïöïò Ìå�áó÷çìá�éóìüò Laplae Êáè. Á. ÌðñÜ�óïò2. Äåßî�å ü�é ç äéáöïñéêÞ åîßóùóç y′′ +4y′ +13y = 2Æ(t), üðïõ y = y(x) êáéy0 = y′0 = 0, Ý÷åé ëýóç �çíy(x) = 2e−2x (cos 3x+ sin 3x) :
12

12Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.
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