
ÌÜèçìá 3ÓÅÉÑÁ FOURIER
Ïé ðåñéïäéêÝò óõíáñ�Þóåéò óõíáí�þí�áé óõ÷íÜ óå äéÜöïñá ðñïâëÞìá�á åöáñìï-ãþí. Ç ðñïóðÜèåéá íá åêöñáó�ïýí ïé óõíáñ�Þóåéò áõ�Ýò ìå üñïõò áðëþíðåñéïäéêþí óõíáñ�Þóåùí, üðùò åßíáé ïé óõíáñ�Þóåéò �ïõ çìé�üíïõ êáé �ïõóõíçìé�üíïõ, Ý÷åé ìåãÜëç óçìáóßá ó�ç ìåëÝ�ç �ùí óõíáñ�Þóåùí áõ�þí, ó�çëýóç äéÜöïñùí ìïñöþí äéáöïñéêþí åîéóþóåùí, óå ðñïâëÞìá�á ðñïóåããßóåùíê.ëð. Áðïäåéêíýå�áé ó�á ìáèçìá�éêÜ ü�é ó�çí ðåñßð�ùóç �ùí ðåñéïäéêþíóõíáñ�Þóåùí, ç ðñïóÝããéóç áõ�Þ åßíáé ç êáëý�åñç äõíá�Þ (best approxima-tion), äçëáäÞ ç ïðïéáäÞðï�å Üëëçò ìïñöÞò ðñïóÝããéóç �çò óõíÜñ�çóçò Ý÷åéìåãáëý�åñï óöÜëìá. Ç õëïðïßçóÞ �çò ðñïóðÜèåéáò áõ�Þò, ðïõ îåêßíçóå áðü�ïí Fourier, óõíå÷ßæå�áé áêüìá êáé óÞìåñá, óõìâÜëëïí�áò ó�ç ëýóç ðïëëþíðñïâëçìÜ�ùí áðü �éò ðáñáðÜíù ðåñéð�þóåéò 1.
3.1 ÅéóáãùãéêÝò ÝííïéåòÊñßíå�áé áðáñáß�ç�ï ó�ï óçìåßï áõ�ü íá ãßíåé ìéá õðåíèýìéóç ïñéóìÝíùíìáèçìá�éêþí åííïéþí áðáñáß�ç�ùí ó�á åðüìåíá.1Ï áíáãíþó�çò ãéá ðåñáé�Ýñù ìåëÝ�ç ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï âéâëßï Á.ÌðñÜ�óïò [1℄ Êåö. 2. 1



2 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïò3.1.1 �åñéïäéêÞ óõíÜñ�çóçÏñéóìüò 3.1.1 - 1 (ðåñéïäéêÞò óõíÜñ�çóçò). Ìéá óõíÜñ�çóç f(t) ìå ðåäßïïñéóìïý �ï ℜ ëÝãå�áé ðåñéïäéêÞ, ü�áí õðÜñ÷åé � ∈ ℜ ìå � 6= 0, Ý�óé þó�å íáéó÷ýåé f(t+ �) = f(t) ãéá êÜèå t ∈ ℜ: (3.1.1 - 1)Ï åëÜ÷éó�ïò èå�éêüò áñéèìüò � ãéá �ïí ïðïßï éó÷ýåé ç (3:1:1 − 1) ëÝãå�áéèåìåëéþäçò ðåñßïäïò êáé óõìâïëßæå�áé óõíÞèùò ìå T , åíþ ï áñéèìüò �ëÝãå�áé áðëÜ ðåñßïäïò.�áñÜäåéãìá 3.1.1 - 1Ç óõíÜñ�çóç f(t) = | sin!t| üðïõ ù > 0åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = �=ù, åíþ çf(t) = t; ü�áí − � ≤ t < � êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ ℜåßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = 2�.Ó�éò ðåñéð�þóåéò ðïõ ç óõíÜñ�çóç äåí ïñßæå�áé óå üëï �ï ℜ, ï ðáñáðÜíùïñéóìüò ãñÜöå�áé:Ïñéóìüò 3.1.1 - 2. Ìéá óõíÜñ�çóç f(t) ìå ðåäßï ïñéóìïý �ï D ëÝãå�áéðåñéïäéêÞ, ü�áí õðÜñ÷åé � ∈ ℜ ìå � 6= 0, Ý�óé þó�å íá éó÷ýåéf(t+ �) = f(t) ãéá êÜèå t; t+ � ∈ D:
Éäéü�ç�åò ðåñéïäéêþí óõíáñ�ÞóåùíÓ÷å�éêÜ ìå �éò ðåñéïäéêÝò óõíáñ�Þóåéò éó÷ýïõí:i) �ï äéÜãñáììá ìéáò ðåñéïäéêÞò óõíÜñ�çóçò óå ìßá ðåñßïäï ëÝãå�áé êýìáÞ êõìá�ïìïñöÞ,



ÅéóáãùãéêÝò Ýííïéåò 3ii) áí ç ìå�áâëç�Þ ìéáò ðåñéïäéêÞò óõíÜñ�çóçò óõìâïëßæåé �ï äéÜó�çìá,�ü�å ç ðåñßïäüò �çò ëÝãå�áé ìÞêïò êýìá�ïò êáé óõìâïëßæå�áé ìå ë,iii) êÜèå ðåñéïäéêÞ óõíÜñ�çóç f(t) ìå èåìåëéþäç ðåñßïäï T ãßíå�áé ðåñéïäéêÞìå èåìåëéþäç ðåñßïäï 2�, èÝ�ïí�áòt = 2ðT x ; (3.1.1 - 2)iv) áí T åßíáé ç èåìåëéþäçò ðåñßïäïò, �ü�å ïñßæå�áé ùò óõ÷íü�ç�á í ïáñéèìüò í =
1T (3.1.1 - 3)êáé ùò êõêëéêÞ óõ÷íü�ç�á ïù =
2ðT ; (3.1.1 - 4)Ïñéóìüò 3.1.1 - 3. Ïñßæå�áé óáí áñìïíéêÞ êÜèå óõíÜñ�çóç �çò ìïñöÞòf(t) = a cos(ùt+ è) Þ f(t) = a sin(ùt+ è): (3.1.1 - 5)Éäéü�ç�åò áñìïíéêÞò óõíÜñ�çóçòÓ÷å�éêÜ ìå �çí áñìïíéêÞ óõíÜñ�çóç éó÷ýïõí:a) �ï äéÜãñáììÜ �çò åßíáé ìßá çìé�ïíïåéäÞò êáìðýëç Þ, üðùò óõíÞèùòëÝãå�áé, áñìïíéêü êýìá,b) Ý÷åé êõêëéêÞ óõ÷íü�ç�á ù ìå èåìåëéþäç ðåñßïäï T = 2�=ù,) Ý÷åé ðëÜ�ïò a, ðïõ ðáñéó�Üíåé êáé �ç ìÝãéó�ç �éìÞ �çò f ,d) Ý÷åé öÜóç ùt+ è ìå áñ÷éêÞ ãùíßá è.Åðßóçò éó÷ýïõí ïé ðáñáêÜ�ù ðñï�Üóåéò.�ñü�áóç 3.1.1 - 1. Ôï Üèñïéóìá äýï Þ ðåñéóóï�Ýñùí áñìïíéêþí óõíáñ�Þóåùíìå �çí ßäéá êõêëéêÞ óõ÷íü�ç�á, Ýó�ù ù, åßíáé åðßóçò áñìïíéêÞ óõíÜñ�çóçìå �çí ßäéá êõêëéêÞ óõ÷íü�ç�á.



4 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 3.1.1 - 2Ôï Üèñïéóìá �ùí áñìïíéêþí óõíáñ�Þóåùí f(t) = sin t êáé g(t) =
√
3 cos t,üðïõ ù = 1, äßíåéh(t) = sin t+√

3 cos t = 2

(

1

2
sin t+ √

3

2
cos t) = 2cos

(t− �
6

) ;äçëáäÞ ìßá áñìïíéêÞ óõíÜñ�çóç ìå �çí ßäéá êõêëéêÞ óõ÷íü�ç�á ù.�ñü�áóç 3.1.1 - 2. Ôï Üèñïéóìá äýï Þ ðåñéóóü�åñùí áñìïíéêþí óõíáñ�Þóåùí,ðïõ ç êÜèå ìßá Ý÷åé êõêëéêÞ óõ÷íü�ç�á áêÝñáéï ðïëëáðëÜóéï ìéáò óõ÷íü�ç�áò,Ýó�ù ù0, åßíáé ìßá ðåñéïäéêÞ - ãåíéêÜ ìç áñìïíéêÞ - óõíÜñ�çóç ìå óõ÷íü�ç�á�ç ìéêñü�åñç óõ÷íü�ç�á �ùí áñìïíéêþí óõíáñ�Þóåùí.�ñü�áóç 3.1.1 - 3. Ôï Üèñïéóìá äýï Þ ðåñéóóü�åñùí áñìïíéêþí óõíáñ�Þóåùí,ðïõ ïé óõ÷íü�ç�Ýò �ïõò Ý÷ïõí áíÜ äýï ðçëßêï ñç�ü áñéèìü, åßíáé ðåñéïäéêÞ- ãåíéêÜ ìç áñìïíéêÞ - óõíÜñ�çóç.3.1.2 Ó�ïé÷åßá èåùñßáò óåéñþíÓåéñÜ ðñáãìá�éêþí áñéèìþíÕðåíèõìßæïí�áé �þñá ïé ðáñáêÜ�ù Ýííïéåò áðü �ç èåùñßá �ùí áêïëïõèéþí êáé�ùí óåéñþí2.¸ó�ù N �ï óýíïëï �ùí öõóéêþí áñéèìþí. Ôü�å:Ïñéóìüò 3.1.2 - 1 (áêïëïõèßáò). ÊÜèå ìïíïóÞìáí�ç áðåéêüíéóç �ïõ óõíüëïõN �ùí öõóéêþí áñéèìþí ó�ï óýíïëï �ùí ðñáãìá�éêþí áñéèìþí �çò ìïñöÞòa : N −→ ℜ : � −→ a(�) (3.1.2 - 1)ïñßæåé ìéá áêïëïõèßá �ùí ðñáãìá�éêþí áñéèìþí.Ó�çí (3:1:2−1) �á ðñü�õðá, äçëáäÞ ïé öõóéêïß áñéèìïß �, ëÝãïí�áé äåßê�åò,åíþ ïé åéêüíåò �ïõò a(�) üñïé �çò áêïëïõèßáò. Ç Ýêöñáóç a(�) óõìâïëßæå�áé2Ï áíáãíþó�çò ãéá ðåñáé�Ýñù ìåëÝ�ç ðáñáðÝìðå�áé ó�ç âéâëéïãñáößá êáé ó�ï âéâëßï Á.ÌðñÜ�óïò [2℄ Êåö. 5 ãéá �çí áêïëïõèßá êáé Êåö. 10 ãéá �éò óåéñÝò.



ÅéóáãùãéêÝò Ýííïéåò 5óõíÞèùò ìå a� êáé ëÝãå�áé ï �-ïó�üò Þ ï ãåíéêüò üñïò �çò áêïëïõèßáò, äçëáäÞa� = a(�) ãéá êÜèå � ∈ N. Ìéá áêïëïõèßá èá óõìâïëßæå�áé ìå (a�) ; � ∈ N Þáíáëõ�éêÜ a�; � = 1; 2; : : : :�áñÜäåéãìá 3.1.2 - 1¸ó�ù ç áêïëïõèßá ìå ãåíéêü üñïa� =
��2 + 1

:Äßíïí�áò ó�ï � äéáäï÷éêÜ �éò �éìÝò 1; 2; : : : ; �; : : : ðñïêýð�ïõí ïé ðáñáêÜ�ùüñïé �çò áêïëïõèßáò
1

2
; 1
5
; : : : ; ��2 + 1

; : : : :�áñá�çñÞóåéò 3.1.2 - 1i) ¢ìåóá ðñïêýð�åé ü�é ìßá áêïëïõèßá åßíáé ïñéóìÝíç, ü�áí äßíå�áé ïãåíéêüò �çò üñïò a� .ii) Ìßá áêïëïõèßá åßíáé åðßóçò ïñéóìÝíç, ü�áí äßíïí�áé åðáñêåßò üñïé �çòêáé Ýíáò áíáãùãéêüò �ýðïò Þ áíáäñïìéêÞ ó÷Ýóç, ðïõ åðé�ñÝðåé �ïíõðïëïãéóìü �ïõ üñïõ a� áðü �ïí a�−1 Þ ãåíéêü�åñá áðü ïñéóìÝíïõòðñïçãïýìåíïýò �ïõ.iii) Åßíáé äõíá�üí óå ïñéóìÝíåò ðåñéð�þóåéò ïé �éìÝò �ïõ äåßê�ç � íá áñ÷ßæïõíáðü �ï 0.Ïñéóìüò 3.1.2 - 2 (óåéñÜò). ¸ó�ù (a�); � ∈ N ìßá áêïëïõèßá ðñáãìá�éêþíáñéèìþí. Ôü�å ïñßæïí�áé åðáãùãéêÜ �á ðáñáêÜ�ù áèñïßóìá�ás1 = a1;s2 = a1 + a2 êáé ãåíéêÜs�+1 = s� + a�+1 ãéá êÜèå � = 1; 2; : : : :Ôá ðáñáðÜíù áèñïßóìá�á åßíáé ìïíïóÞìáí�á ïñéóìÝíá êáé ïñßæïõí ìßá íÝááêïëïõèßá, Ýó�ù (s�); � ∈ N, ðïõ åßíáé �á áèñïßóìá�á �ùí üñùí �çò áêïëïõèßáò
(a�); � ∈ N, ðïõ Ý÷åé óáí ãåíéêü üñï ó�çí ðåñßð�ùóç áõ�Þ �ïí s� =



6 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïòa1+a2+: : :+a�. Ç áêïëïõèßá (s�); � ∈ N, ðïõ èá óõìâïëßæå�áé ìå a1+a2+: : :Þ óõí�ïìü�åñá
+∞∑�=1

a� (3.1.2 - 2)èá ëÝãå�áé óåéñÜ �ùí ðñáãìá�éêþí áñéèìþí a�.ÊÜèå Üèñïéóìá s� èá ëÝãå�áé êáé ìåñéêü Üèñïéóìá Þ �ìÞìá �çò óåéñÜò
(3:1:2 − 2), åíþ ïé ðñáãìá�éêïß áñéèìïß a� üñïé �çò óåéñÜò. �ïëëÝò öïñÝò çáñßèìçóç �ùí üñùí �çò óåéñÜò áñ÷ßæåé áðü �ïí üñï ìå äåßê�ç 0, äçëáäÞ Ý÷ïõìå

+∞∑n=0

an = a0 + a1 + a2 + : : : :Ç óåéñÜ ∑+∞�=1 a� óå áí�ßèåóç ìå �á áèñïßóìá�á ∑100�=1 a� , ∑500�=1 a� , ê.ëð.äåí óõãêëßíåé ðÜí�ï�å, äçëáäÞ äåí ðñïêýð�åé ðÜí�ï�å áðü �çí Üèñïéóç Ýíáòðñáãìá�éêüò áñéèìüò. ÓõãêåêñéìÝíá éó÷ýïõí ïé ðáñáêÜ�ù ðåñéð�þóåéò.Ïñéóìüò 3.1.2 - 3. Ç óåéñÜ∑+∞�=1 an ëÝãå�áé ü�é óõãêëßíåé ó�ïí ðñáãìá�é-êü áñéèìü s êáé óõìâïëßæå�áé áõ�ü ìå ∑+∞�=1 a� = s �ü�å êáé ìüíïí, ü�áí çáêïëïõèßá �ùí ìåñéêþí áèñïéóìÜ�ùí s� óõãêëßíåé ó�ïí áñéèìü s, äçëáäÞ
+∞∑�=1

a� = s; ü�áí (3.1.2 - 3)
lim�→+∞

s� = lim�→+∞
(a1 + a2 + : : :+ a�) = lim�→+∞

�∑k=1

ak = s:Ï áñéèìüò s èá ëÝãå�áé êáé Üèñïéóìá �çò óåéñÜò.Ïñéóìüò 3.1.2 - 4. Ç óåéñÜ∑+∞�=1 a� ëÝãå�áé ü�é áðåéñßæå�áé èå�éêÜ, áí�ßó�ïé-÷á áñíç�éêÜ êáé óõìâïëßæå�áé áõ�ü ìå∑+∞�=1 a� = +∞, áí�ßó�ïé÷á∑+∞�=1 a� =

−∞ �ü�å êáé ìüíïí, ü�áí ç áêïëïõèßá �ùí ìåñéêþí áèñïéóìÜ�ùí s� áðåéñßæå�áéèå�éêÜ, áí�ßó�ïé÷á áñíç�éêÜ, äçëáäÞ
lim�→+∞

s� = lim�→+∞
(a1 + a2 + : : :+ a�)

= lim�→+∞

�∑k=1

ak = +∞; áí�ßó�ïé÷á −∞: (3.1.2 - 4)



ÅéóáãùãéêÝò Ýííïéåò 7Ó�çí ðåñßð�ùóç áõ�Þ ëÝãå�áé åðßóçò ü�é ç óåéñÜ óõãêëßíåé êá�' åêäï÷Þ.Ïñéóìüò 3.1.2 - 5. Ç óåéñÜ ∑+∞�=1 a� ëÝãå�áé ü�é áðïêëßíåé Þ êõìáßíå�áé�ü�å êáé ìüíïí, ü�áí ç áêïëïõèßá �ùí ìåñéêþí áèñïéóìÜ�ùí s� äåí óõãêëßíåéðñïò Ýíá óõãêåêñéìÝíï ðñáãìá�éêü áñéèìü, ïý�å áðåéñßæå�áé èå�éêÜ Þ áñíç�éêÜ.Äßíïí�áé ó�ç óõíÝ÷åéá ìåñéêÜ ãíùó�Ü ó�ïí áíáãíþó�ç ðáñáäåßãìá�áóåéñþí ìå �ï áí�ßó�ïé÷ï ìåñéêü Üèñïéóìá, üðïõ áõ�ü åßíáé äõíá�üí íá õðïëïãé-ó�åß, �ïíßæïí�áò ü�é ó�éò ðåñéóóü�åñåò ðåñéð�þóåéò ï õðïëïãéóìüò �ïõ ìåñéêïýáèñïßóìá�ïò åßíáé ðïëý äýóêïëïò Þ êáé áäýíá�ïò.�áñÜäåéãìá 3.1.2 - 21. ¸ó�ù ç óåéñÜ
+∞∑n=0

1

2 � =
+∞∑n=0

(
1

2

)� :�áñá�çñïýìå ü�é ïé üñïé �çò ïñßæïõí ìéá ãåùìå�ñéêÞ ðñüïäï (ãåùìå�ñéêÞóåéñÜ) ìå ëüãï ù = 1=2, ïðü�å �ï ÜèñïéóìÜ �çò èá éóïý�áé ìå
1

1− ù =
1

1− 1=2 = 2:�éá �ç ãåùìå�ñéêÞ óåéñÜ∑+∞�=0 ù� õðåíèõìßæå�áé ü�é �ï ìåñéêü ÜèñïéóìÜ�çò äßíå�áé áðü �ïí �ýðïs� =
1− ù�
1− ù ; ü�áí ù 6= 1:Ôü�å äéáêñßíïí�áé ïé ðáñáêÜ�ù ðåñéð�þóåéò:i) |ù| < 1, ç óåéñÜ óõãêëßíåé ó�ïí áñéèìü 1

1−ù (Ïñéóìüò 3.1.2 - 3),ii) ù ≥ 1, áðåéñßæå�áé èå�éêÜ, åðåéäÞ, üðùò áðïäåéêíýå�áé, ç áêïëïõèßá�ùí ìåñéêþí áèñïéóìÜ�ùí åßíáé áýîïõóá êáé ìç öñáãìÝíç (Ïñéóìüò3.1.2 - 4),iii) ù ≤ −1, áðïêëßíåé (Ïñéóìüò 3.1.2 - 5).



8 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïò2. Ç áñìïíéêÞ óåéñÜ
+∞∑�=0

1� = 1 +
1

2
+

1

3
+ : : :áðïäåéêíýå�áé ü�é áðåéñßæå�áé èå�éêÜ.3. Ç óåéñÜ

+∞∑�=0

(−1)� = 1− 1 + 1− : : :áðïêëßíåé Þ êõìáßíå�áé, åðåéäÞ äåí ïñßæå�áé ìïíïóÞìáí�á �ï ÜèñïéóìÜ�çò s (Ïñéóìüò 3.1.2 - 5). Åéäéêü�åñás = 





0 áí n = 2k
1 áí n = 2k + 1; ü�áí k ∈ N:Ï Ýëåã÷ïò �çò óýãêëéóçò Þ ìç ìéáò óåéñÜò êáé ü÷é ï õðïëïãéóìüò �ïõáèñïßóìá�üò �çò ðïõ åßíáé �éò ðåñéóóü�åñåò öïñÝò áäýíá�ïò, ãßíå�áé ìå �áëåãüìåíá êñé�Þñéá óýãêëéóçò ãéá �á ïðïßá ï áíáãíþó�çò ðáñáðÝìðå�áé ó�çâéâëéïãñáößá. Äßíå�áé üìùò ó�ï óçìåßï áõ�ü �ï ðáñáêÜ�ù èåþñçìá, ðïõ èá÷ñçóéìïðïéçèåß ó�á åðüìåíá.Èåþñçìá 3.1.2 - 1. Áí ç óåéñÜ óõãêëßíåé, �ü�å ï ãåíéêüò �çò üñïò ïñßæåéìéá ìçäåíéêÞ áêïëïõèßá, äçëáäÞ áí

+∞∑�=1

a� = a; �ü�å lim�→+∞
a� = 0:

Ôï áí�ßó�ñïöï �ïõ èåùñÞìá�ïò äåí éó÷ýåé ðÜí�ï�å, üðùò áõ�ü öáßíå�áé ó�çíáñìïíéêÞ óåéñÜ +∞∑�=1

1� üðïõ lim�→+∞

1� = 0, åíþ åßíáé Þäç ãíùó�ü ü�é +∞∑�=1

1� =

+∞ (�áñÜäåéãìá 3.1.2 - 2: - ðåñßð�ùóç 2).



ÅéóáãùãéêÝò Ýííïéåò 9ÓåéñÜ óõíáñ�Þóåùí¸ó�ù �þñá f�(x) ìå x ∈ D êáé � = 1; 2; : : : ìßá áêïëïõèßá óõíáñ�Þóåùí,äçëáäÞ Ýíá óýíïëï óõíáñ�Þóåùí �çò ìïñöÞò f1(x); f2(x); : : : ; f�(x); : : : ìåêïéíü ðåäßï ïñéóìïý D. Ôü�å óýìöùíá ìå �á ðñïçãïýìåíá ç óåéñÜ óõíáñ�Þ-óåùí
+∞∑�=1

f�(x) ãéá êÜèå x ∈ D; (3.1.2 - 5)åöüóïí óõãêëßíåé, ç ïñéáêÞ �çò �éìÞ, Ýó�ù f(x), èá ðñÝðåé íá åßíáé ìéáóõíÜñ�çóç ìå ðåäßï ïñéóìïý �ï D. ¢ñá ó�çí ðåñßð�ùóç áõ�Þ Ý÷ïõìå
+∞∑�=1

f�(x) = f(x) ãéá êÜèå x ∈ D: (3.1.2 - 6)Äßíïí�áé ó�ç óõíÝ÷åéá ìåñéêÜ ãíùó�Ü ó�ïí áíáãíþó�ç ðáñáäåßãìá�áóåéñþí óõíáñ�Þóåùí.�áñÜäåéãìá 3.1.2 - 3 (óåéñÜ Malaurin)ex = 1 + x+
x2
2 !

+
x3
3 !

+ : : :+ x�� ! + : : :
=

+∞∑�=0

x�� ! ;
sin x = x− x3

3 !
+

x5
5 !

− : : :+ (−1)�+1 x2�+1

(2� + 1) !
+ : : :

=
+∞∑�=0

(−1)�+1 x2�+1

(2� + 1) !
;

cos x = 1− x2
2 !

+
x4
4 !

− : : :+ (−1)�+1 x2�
(2�)! + : : :

=
+∞∑�=0

(−1)�+1 x2�
(2�) !ãéá êÜèå x ∈ ℜ.



10 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 3.1.2 - 4 (óåéñÜ Taylor)
ln x = x− 1− (x− 1)2

2
+

(x− 1)3

3
− : : :+ (−1) �−1 (x− 1)�� − : : :

=
+∞∑n=1

(−1) �−1 (x− 1)�� ìå êÝí�ñï x0 = 1:¼ìïéá, üðùò êáé ó�çí ðåñßð�ùóç �ùí óåéñþí ðñáãìá�éêþí áñéèìþí, ïÝëåã÷ïò �çò óýãêëéóçò ãßíå�áé ìå �á êñé�Þñéá óýãêëéóçò. Ó�çí ðåñßð�ùóçüìùò áõ�Þ ãéá íá åßíáé äõíá�Þ ç ìå�áâßâáóç éäéï�Þ�ùí �çò áêïëïõèßáò óõíáñ�Þ-óåùí f� ; � = 1; 2; : : : ; ó�çí ïñéáêÞ óõíÜñ�çóç f , üðùò ç óõíÝ÷åéá, çðáñáãþãéóç, ç ïëïêëÞñùóç ê.ëð., áðáé�åß�áé ìéá óýãêëéóç éó÷õñü�åñç �çòáðëÞò, ðïõ ëÝãå�áé ïìáëÞ (uniform) óýãêëéóç3.Ó�éò ðåñéð�þóåéò �çò ïìáëÞò óýãêëéóçò óåéñþí éó÷ýïõí:Èåþñçìá 3.1.2 - 2 (ïìáëÞ óýãêëéóç êáé óõíÝ÷åéá). ¸ó�ù ü�é ç áêïëïõ-èßá óõíáñ�Þóåùí f�; � = 1; 2; : : : óõãêëßíåé ïìáëÜ åðß �ïõ D ðñïò �ç óõíÜñ�ç-óç f . Áí êÜèå ìßá áðü �éò óõíáñ�Þóåéò f�; � = 1; 2; : : : åßíáé óõíå÷Þò óåÝíá óçìåßï x0 ìå x0 ∈ D, �ü�å êáé ç óõíÜñ�çóç f èá åßíáé óõíå÷Þò ó�ï x0.�áñá�çñÞóåéò 3.1.2 - 2i) Óýìöùíá ìå �ï Èåþñçìá 3.1.2 - 2 éó÷ýåé
limx→ x0 [ lim�→+∞

f�(x)] = limx→ x0 [f(x)] = f (x0)
= lim�→+∞

f� (x0) = lim�→+∞

[

limx→ x0 fn(x)] :ii) Ôï áí�ßó�ñïöï äåí éó÷ýåé ðÜí�ï�å.�üñéóìá 3.1.2 - 1. Áí ç óåéñÜ �ùí óõíáñ�Þóåùí ∑+∞�=1 f� óõãêëßíåé ïìáëÜðñïò ìßá óõíÜñ�çóç f åðß �ïõ D êáé êÜèå üñïò �çò óåéñÜò åßíáé ìßá óõíå÷ÞòóõíÜñ�çóç ó�ï óçìåßï x0 ìå x0 ∈ D, �ü�å êáé ç óõíÜñ�çóç f èá åßíáéóõíå÷Þò ó�ï x0.3ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜ�óïò [2℄ �áñÜãñáöïò 10.4.



ÅéóáãùãéêÝò Ýííïéåò 11�áñá�Þñçóç 3.1.2 - 1Ìßá Üìåóç óõíÝðåéá �ïõ ðáñáðÜíù ðïñßóìá�ïò åßíáé ç åéóáãùãÞ �ïõ óõìâüëïõ�ïõ ïñßïõ åí�üò �ïõ áèñïßóìá�ïò �çò óåéñÜò, äçëáäÞ
limx→x0 [ +∞∑�=1

f�(x) ] =
+∞∑�=1

limx→x0 f�(x) = +∞∑�=1

f� (x0) :Èåþñçìá 3.1.2 - 3 (ïìáëÞ óýãêëéóç êáé ïëïêëÞñùóç). ¸ó�ù ü�é ç áêïëïõèßá�ùí óõíå÷þí óõíáñ�Þóåùí f� ; � = 1; 2; : : : óõãêëßíåé ïìáëÜ åðß �ïõ D, üðïõD = [a; b ], ðñïò �ç óõíÜñ�çóç f . Ôü�å éó÷ýåé
lim�→+∞

b∫a f�(x) dx =

b∫a f(x) dx: (3.1.2 - 7)�áñá�Þñçóç 3.1.2 - 2Óýìöùíá ìå �ï Èåþñçìá 3.1.2 - 3 èá éó÷ýåé
lim�→+∞

b∫a f�(x) dx =

b∫a [

lim�→+∞
f�(x)] dx =

b∫a f(x) dx; (3.1.2 - 8)äçëáäÞ åðé�ñÝðå�áé ç åéóáãùãÞ �ïõ óõìâüëïõ lim �→+∞ åí�üò �ïõ óõìâüëïõ�çò ïëïêëÞñùóçò.�üñéóìá 3.1.2 - 2. Áí ç óåéñÜ ∑+∞�=1 f� �ùí óõíå÷þí óõíáñ�Þóåùí åðß �ïõD = [a; b ] óõãêëßíåé ïìáëÜ åðß �ïõ D ðñïò �ç óõíÜñ�çóç f(x), �ü�å
+∞∑�=1

b∫a f�(x) dx =

b∫a [
+∞∑�=1

f�(x) ] dx =

b∫a f(x) dx: (3.1.2 - 9)Èåþñçìá 3.1.2 - 4 (ïìáëÞ óýãêëéóç êáé ðáñáãþãéóç). Áí ìßá áêïëïõèßáóõíáñ�Þóåùí f�; � = 1; 2; : : : óõãêëßíåé óå Ýíá óçìåßï x0 ìå x0 ∈ D üðïõD = (a; b), õðÜñ÷åé ç ðáñÜãùãïò �ùí üñùí �çò áêïëïõèßáò ó�ï D êáé åðßðëÝïí ç áêïëïõèßá �ùí üñùí �çò óõãêëßíåé ïìáëÜ ðñïò ìßá óõíÜñ�çóç g(x)åðß �ïõ D, �ü�å



12 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïòi) ç áêïëïõèßá �ùí óõíáñ�Þóåùí f� ; � = 1; 2; : : : óõãêëßíåé ïìáëÜ ðñïòìßá óõíÜñ�çóç, Ýó�ù f ,ii) õðÜñ÷åé ç ðáñÜãùãïò f ′ �çò ïñéáêÞò óõíÜñ�çóçò êáé éó÷ýåéf ′(x) = g(x) ãéá êÜèå x ∈ D: (3.1.2 - 10)�áñá�Þñçóç 3.1.2 - 3Óýìöùíá ìå �ï Èåþñçìá 3.1.2 - 4 éó÷ýåé
[

lim�→+∞
f�(x)]′ = lim�→+∞

f� ′(x) = f ′(x): (3.1.2 - 11)�üñéóìá 3.1.2 - 3. Áíi) ç óåéñÜ ∑+∞�=1 f�(x) óõãêëßíåé ãéá Ýíá x0 ∈ D üðïõ D = (a; b),ii) õðÜñ÷åé ç ðáñÜãùãïò f ′�(x); � = 1; 2; : : : ãéá êÜèå x ∈ D,iii) ç óåéñÜ ∑+∞�=1 f ′�(x) óõãêëßíåé ïìáëÜ åðß �ïõ D,�ü�å ç óåéñÜ ∑+∞�=1 f�(x) óõãêëßíåé ïìáëÜ ðñïò ìßá óõíÜñ�çóç, Ýó�ù f(x)åðß �ïõ D, �çò ïðïßáò õðÜñ÷åé ç ðáñÜãùãïò f ′(x) êáé éó÷ýåé
+∞∑�=1

f ′�(x) = f ′(x) ãéá êÜèå x ∈ D: (3.1.2 - 12)Ç ó÷Ýóç (3:1:2 − 12) ãñÜöå�áéddx [ +∞∑�=1

f�(x)] =
+∞∑�=1

[ d f�(x)dx ] ãéá êÜèå x ∈ D (3.1.2 - 13)êáé áðï�åëåß ãåíßêåõóç ãéá óåéñÝò óõíáñ�Þóåùí �çò Þäç ãíùó�Þò ó÷Ýóçò ãéááèñïßóìá�á ddx [ k∑�=1

f�(x)] =
k∑�=1

d f�(x)dx : (3.1.2 - 14)



Ïñéóìüò �çò óåéñÜò 133.2 ÓåéñÜ Fourier3.2.1 Ïñéóìüò �çò óåéñÜòÏñéóìüò 3.2.1 - 1 (�ñéãùíïìå�ñéêÞ óåéñÜ). Ïñßæå�áé óáí �ñéãùíïìå�ñéêÞóåéñÜ êÜèå óåéñÜ �çò ìïñöÞòá0
2

+ (á1 cos t+ â1 sin t) + :::+ (án cosnt+ ân sinnt) + :::
=

á0
2

+
+∞∑n=1

(án cosnt+ ân sinnt) ; (3.2.1 - 1)ü�áí t ∈ ℜ êáé á0, ái, âi ∈ ℜ; i = 1; 2; : : : ïé óõí�åëåó�Ýò �çò óåéñÜò.Áðü �ïí Ïñéóìü 3.2.1 - 1 ðñïêýð�åé ü�é êÜèå üñïò �çò óåéñÜò åßíáé ìßáðåñéïäéêÞ óõíÜñ�çóç ìå èåìåëéþäç ðåñßïäï T = 2�. Ôü�å, áí ç óåéñÜ (3:2:1−
1) óõãêëßíåé ïìáëÜ ó�ï ℜ, èá ðñÝðåé óýìöùíá ìå �çí �áñÜãñáöï 1, ç éäéü�ç�á�çò ðåñéïäéêü�ç�áò íá ìå�áâéâÜæå�áé êáé ó�çí ïñéáêÞ óõíÜñ�çóç, Ýó�ù f(t),äçëáäÞ ç f(t) íá åßíáé üìïéá ìßá ðåñéïäéêÞ óõíÜñ�çóç ìå èåìåëéþäç ðåñßïäïßóç ìå T .Ôá âáóéêÜ åñù�Þìá�á ðïõ äçìéïõñãïýí�áé ó�éò ðåñéð�þóåéò áõ�Ýò åßíáé:i) ðïéåò óõíèÞêåò ðñÝðåé íá åðáëçèåýïí�áé, Ý�óé þó�å ìßá ðåñéïäéêÞ óõíÜñ�ç-óç íá áíáð�ýóóå�áé óå �ñéãùíïìå�ñéêÞ óåéñÜ,ii) ï õðïëïãéóìüò �ùí óõí�åëåó�þí �çò óåéñÜò (3:2:1 − 1).3.2.2 Õðïëïãéóìüò �çò óåéñÜòÁðïäåéêíýå�áé ü�é áí ç f(t) åßíáé ìßá ðåñéïäéêÞ óõíÜñ�çóç ìå èåìåëéþäçðåñßïäï T = 2� �Ý�ïéá, þó�å íá åßíáé äõíá�ü íá ðáñáó�áèåß ìå �ç ìïñöÞ�çò �ñéãùíïìå�ñéêÞò óåéñÜò (3:2:1 − 1), �ü�å åßíáé:á0 =

1� �∫
−� f(t)dt; (3.2.2 - 1)án =

1� �∫
−� f(t) cosnt dt; (3.2.2 - 2)
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1� �∫
−� f(t) sinnt dt (3.2.2 - 3)ãéá êÜèå n = 1; 2; : : : :Ïé �ýðïé (3:2:2− 1) - (3:2:2− 3), ðïõ äßíïõí �ïõò óõí�åëåó�Ýò �çò óåéñÜò

(3:2:1− 1), ëÝãïí�áé êáé �ýðïé �ïõ Euler. Ç óåéñÜ (3:2:1− 1) ëÝãå�áé �ü�åç óåéñÜ Fourier ãéá �çí ðåñéïäéêÞ óõíÜñ�çóç f ìå óõí�åëåó�Ýò Fourier �ïõò
(3:2:2 − 1) - (3:2:2 − 3).Ëüãù �çò ðåñéïäéêü�ç�áò �çò f �ï äéÜó�çìá ïëïêëÞñùóçò [−�; �] åßíáéäõíá�ü íá áí�éêá�áó�áèåß ìå êÜèå Üëëï äéÜó�çìá ðëÜ�ïõò 2�, üðùò [0; 2�],ê.ëð., ü�áí áõ�ü åîõðçñå�åß ó�ïí õðïëïãéóìü �ùí óõí�åëåó�þí �çò óåéñÜò.¸ó�ù �þñá ü�é ç óõíÜñ�çóç f(t) Ý÷åé ìßá �õ÷ïýóá èåìåëéþäç ðåñßïäï Têáé ðëçñïß �éò õðïèÝóåéò �ïõ ÈåùñÞìá�ïò 3.2.3 - 1. ÈÝ�ïí�áòt = T

2� x; äçëáäÞ x =
2�T têáé, õðïèÝ�ïí�áò ü�é t ∈ [−T

2 ; T2 ], èá åßíáé x ∈ [−�; �], åíþ ç f , ü�áí èåùñçèåßóáí óõíÜñ�çóç �ïõ x, èá åßíáé üìïéá ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï 2�, ï�ýðïò (3:2:2 − 1) ãñÜöå�áéá0 =
1� �∫
−� f [( T

2�) x] dx
=

1� T=2∫
−T=2 f(t)2�T dt = 2T T=2∫

−T=2 f(t) dt: (3.2.2 - 4)¼ìïéá áðïäåéêíýå�áé ü�é ïé �ýðïé (3:2:2 − 2) êáé (3:2:2 − 3) ãñÜöïí�áéán =
2T T=2∫
−T=2 f(t) cos(2nðT t) dt êáé (3.2.2 - 5)ân =

2T T=2∫
−T=2 f(t) sin(2nðT t) dt (3.2.2 - 6)ãéá êÜèå n = 1; 2; : : : :



Èåþñçìá óåéñÜò Fourier 15�áñá�çñÞóåéò 3.2.2 - 1
• Ëüãù �çò ðåñéïäéêü�ç�áò �çò f ó�ïõò ðáñáðÜíù �ýðïõò åßíáé äõíá�üííá ÷ñçóéìïðïéçèåß êÜèå äéÜó�çìá ïëïêëÞñùóçò, Ýó�ù D, ðëÜ�ïõò üóïç èåìåëéþäçò ðåñßïäïò T , üðùò [0; T ], ê.ëð.
• Ó�ï åîÞò ó�éò åöáñìïãÝò �ï äéÜó�çìá D èá �áõ�ßæå�áé ìå �ï äéÜó�çìáïñéóìïý �çò f ó�ç èåìåëéþäç ðåñßïäï.ÅðïìÝíùò óýìöùíá êáé ìå �éò �áñá�çñÞóåéò 3.2.2 - 1 ïé óõí�åëåó�ÝòFourier èá äßíïí�áé áðü �ïõò ðáñáêÜ�ù �ýðïõò:á0 =

2T ∫D f(t) dt;án =
2T ∫D f(t) cos(2nðT t) dt; ü�áí n = 1; 2; : : : (3.2.2 - 7)ân =
2T ∫D f(t) sin(2nðT t) dt; ü�áí n = 1; 2; : : :êáé èá ëÝãïí�áé åðßóçò �ýðïé �ïõ Euler ãéá �ïõò óõí�åëåó�Ýò �çò óåéñÜòFourier, ðïõ áí�éó�ïé÷åß ó�çí ðåñéïäéêÞ óõíÜñ�çóç f(t) ìå èåìåëéþäç ðåñßïäïT . Ó�çí ðåñßð�ùóç áõ�Þ ç óåéñÜ Fourier Ý÷åé �ç ìïñöÞf(t) = á0

2
+

+∞∑n=1

[án cos(2nðT t)+ ân sin(2nðT t)] : (3.2.2 - 8)3.2.3 Èåþñçìá óåéñÜò FourierÄßíå�áé �þñá ç áðÜí�çóç ó�ï ðñþ�ï åñþ�çìá ìå �ç âïÞèåéá �ïõ ðáñáêÜ�ùèåùñÞìá�ïò:Èåþñçìá 3.2.3 - 1 (óåéñÜò Fourier). ¸ó�ù f(t) ìßá ðåñéïäéêÞ óõíÜñ�çóçìå èåìåëéþäç ðåñßïäï T = 2� ðïõ åßíáé êá�Ü �ìÞìá�á óõíå÷Þò ó�ï äéÜó�çìá
[−�; �] êáé ãéá �çí ïðïßá õðÜñ÷ïõí �üóïí ç áñéó�åñÜ üóï êáé ç äåîéÜ ðëåõñéêÞðáñÜãùãïò óå êÜèå óçìåßï �ïõ äéáó�Þìá�ïò áõ�ïý. Ôü�å ç óåéñÜ Fourier
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(3:2:1 − 1), ðïõ ïé óõí�åëåó�Ýò �çò äßíïí�áé áðü �éò ó÷Ýóåéò (??) - (??),óõãêëßíåé ïìáëÜ ó�ï ℜ êáé �ï ÜèñïéóìÜ �çò åßíáé ç f(t), åê�üò áðü Ýíáóçìåßï, Ýó�ù t0, ðïõ ç f(t) åßíáé áóõíå÷Þò êáé ðïõ �ï ÜèñïéóìÜ �çò åßíáé ïìÝóïò üñïò �ïõ áñéó�åñïý êáé �ïõ äåîéïý ïñßïõ �çò ó�ï t0, äçëáäÞ

1

2

[

limt→ t0−0
f(t) + limt→ t0+0

f(t)] : (3.2.3 - 1)3.2.4 �áñáäåßãìá�á õðïëïãéóìïý �çò óåéñÜò Fourier�áñÜäåéãìá 3.2.4 - 1Íá áíáð�õ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñ�çóç (Ó÷. 3.2.4 - 1)f(t) = 





t; ü�áí 0 ≤ t < �
0; ü�áí � ≤ t < 2� êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ ℜ:Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 2�, åíþ óýìöùíá êáé ìå �éò �áñá�ç-ñÞóåéò 3.2.2 - 1 �ï äéÜó�çìá ïëïêëÞñùóçò åßíáé D = [0; 2�]. Ôü�å óýìöùíáìå �ïõò �ýðïõò (3:2:2 − 7) Ý÷ïõìå 4; 5á0 =
1� 2�∫

0

f(t) dt = 1� �∫
0

f(t) dt+ 1� 2�∫� f(t) dt = 1� �∫
0

t dt = �
2
;án =

1� 2�∫
0

f(t) cos(nt) dt = 1� �∫
0

t cos(nt) dt = 1� �∫
0

t [sin(nt)n ]′ dt
=

1n� t sin(nt)∣∣∣∣ �
0
− 1n� �∫

0

t′ sin(nt) dt
= 0− 1n� �∫

0

sin(nt) dt = 1n2� cos(nt)∣∣∣∣�
0
=

1n2� [(−1)n − 1] ;4�áñáãïí�éêÞ ïëïêëÞñùóç: ðåñßð�ùóç ãéíïìÝíïõ ðïëõùíýìïõ ìå �ñéãùíïìå�ñéêÞóõíÜñ�çóç, ïðü�å áñ÷éêÜ äçìéïõñãåß�áé ç ðáñÜãùãïò �çò �ñéãùíïìå�ñéêÞò óõíÜñ�çóçò.5Õðåíèõìßæå�áé ü�é: cos(n�) = (−1)n êáé sin(n�) = 0 ãéá êÜèå n = 1; 2; : : : :
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Ó÷Þìá 3.2.4 - 1: �áñÜäåéãìá 3.2.4 - 1: ç óõíÜñ�çóç f(t) ó�ç èåìåëéþäçðåñßïäï, äçëáäÞ ü�áí t ∈ [0; 2�]ân =
1� 2ð∫

0

f(t) sin(nt) dt = 1� �∫
0

t sin(nt) dt (üìïéá)
=

1� sin(nt)− nt cos(nt)n2

∣
∣
∣
∣

�
0
= − 1n cos(n�) = − 1n (−1)nãéá êÜèå n = 1; 2; : : : :¢ñá óýìöùíá ìå �çí (3:2:2 − 8) ç áí�ßó�ïé÷ç óåéñÜ Fourier åßíáéf(t) =

�
4
− 2� cos t+ sin t− 1

2
sin 2t− 2

2� cos 3t+ 1

3
sin 3t

−1

4
sin 4t− 2

25� cos 5t+ 1

5
sin 5t− 1

6
sin 6t

− 2

49� cos 7t+ 1

7
sin 7t− : : :

≈ 0:7854 − 0:6366 cos t+ sin t− 0:5 sin 2t
−0:0710 cos 3t+ 0:3333 sin 3t− 0:25 sin 4t
−0:0255 cos 5t+ 0:2 sin 5t− 0:1667 sin 6t
−0:0130 cos 7t+ 0:1429 sin 7t− : : : : (3.2.4 - 1)
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Ó÷Þìá 3.2.4 - 2: �áñÜäåéãìá 3.2.4 - 1: äéÜãñáììá �çò f(t) ó�ç èåìåëéþäçðåñßïäï (ìðëå), áèñïßóìá�ïò S5 êüêêéíç êáé S14 ðñÜóéíç êáìðýëçÓ�ï óçìåßï áóõíÝ÷åéáò t0 = � óýìöùíá ìå �ï Èåþñçìá 3.2.3 - 1 - �ýðïò
(3:2:3 − 1) - �ï Üèñïéóìá �çò óåéñÜò éóïý�áé ìåf (t0) = 1

2

[

limt→�−0
f(t) + limt→�+0

f(t)] = 1

2
(� + 0) =

�
2
: (3.2.4 - 2)Ó�ï Ó÷. 3.2.4 - 2 äßíå�áé �ï äéÜãñáììá �çò f(t) ó�ç èåìåëéþäç ðåñßïäï(Ýí�ïíç ìðëå êáìðýëç), �ï äéÜãñáììá �ïõ áèñïßóìá�ïò S5 �ùí 5 ðñþ�ùí üñùí�çò (3:2:4 − 1) - êüêêéíç êáìðýëç, üðïõS5(t) = 0:7854 − 0:6366 cos t+ sin t− 0:5 sin 2t− 0:0710 cos 3t

+0:3333 sin 3t− 0:25 sin 4t− 0:0255 cos 5t+ 0:2 sin 5têáé �ïõ áèñïßóìá�ïò S14 (ðñÜóéíç êáìðýëç). Áðü �ï Ó÷. 3.2.4 - 2 ðñïêýð�åéü�é, åíþ ãéá t ∈ (0; 2�) �ï äéÜãñáììá �ïõ áèñïßóìá�ïò �ùí n ðñþ�ùí üñùíðñÝðåé íá �åßíåé ó�ï äéÜãñáììá �çò f , ü�áí �ï n áõîÜíåé, ó�ï óçìåßï � -óçìåßï áóõíÝ÷åéáò - äçìéïõñãïýí�áé êýìá�á, ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõíêáé ü�áí �ï Üèñïéóìá �ùí üñùí �çò óåéñÜò áõîÜíåé. Ôï öáéíüìåíï áõ�ü åßíáéãíùó�ü óáí öáéíüìåíï Gibbs. Èá ðñÝðåé íá óçìåéùèåß ü�é �á äéáãñÜììá�á�ùí S5 êáé S14 äéÝñ÷ïí�áé áðü �ï óçìåßï (t0; f (t0) ), üðïõ ç f (t0) äßíå�áé áðü�çí (3:2:4 − 2).
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(b)Ó÷Þìá 3.2.4 - 3: �áñÜäåéãìá 3.2.4 - 2: (a) ç óõíÜñ�çóç e−t, ü�áí t ∈ ℜ, (b)ç óõíÜñ�çóç g(t) ó�ç èåìåëéþäç ðåñßïäï, äçëáäÞ ü�áí t ∈ [0; 2]�áñÜäåéãìá 3.2.4 - 2Íá áíáð�õ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñ�çóç (Ó÷. 3.2.4 - 3)g(t) = 





e−t; ü�áí 0 ≤ t < 1

0; ü�áí 1 ≤ t < 2
êáé g(t+ 2) = g(t) ãéá êÜèå t ∈ ℜ:Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 2, åíþ üìïéá óýìöùíá ìå �éò�áñá�çñÞóåéò 3.2.2 - 1 �ï äéÜó�çìá ïëïêëÞñùóçò åßíáé D = [0; 2]. Ôü�åóýìöùíá ìå �ïõò �ýðïõò (3:2:2 − 7) Ý÷ïõìå6á0 =

2

2

2∫

0

g(t) dt = 1∫

0

g(t) dt+ 2∫

1

g(t) dt = 1∫

0

e−t dt = e− 1e ;án =

1∫

0

g(t) cos(n�t) dt = 1∫

0

e−t cos(n�t) dt = Iüðïõ6�áñáãïí�éêÞ ïëïêëÞñùóç: ðåñßð�ùóç ãéíïìÝíïõ åêèå�éêÞò ìå �ñéãùíïìå�ñéêÞóõíÜñ�çóç. Åöáñìüæå�áé äýï öïñÝò ç ðáñáãïí�éêÞ ïëïêëÞñùóç, äçìéïõñãþí�áò ó�çíðñþ�ç ðáñáãïí�éêÞ �çí ðáñÜãùãï �çò åõêïëü�åñçò áðü �éò äýï óõíáñ�Þóåéò (ó�çíðåñßð�ùóç áõ�Þ �çò åêèå�éêÞò). Ôçò ßäéáò óõíÜñ�çóçò, äçëáäÞ åäþ �çò åêèå�éêÞò,äçìéïõñãåß�áé ç ðáñÜãùãïò êáé ó�ç äåý�åñç ðáñáãïí�éêÞ ïëïêëÞñùóç.
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1∫

0

e−t cos(n�t) dt = 1∫

0

[

− e−t]′ cos(n�t) dt
= − e−t cos(n�t)∣∣∣ 1

0
+

1∫

0

e−t [cos(n�t)]′ dt
= −

[e−1 cos(n�) − 1
]

− n� 1∫

0

e−t sin(n�t) dt
= −

[

(−1)n e−1 − 1
]

− n� 1∫

0

[

− e−t]′ sin(n�t) dt
= −

[

(−1)n e−1 − 1
]

+ n� e−t sin(n�t)∣∣∣ 1
0
− n� 1∫

0

e−t [sin(n�t)]′ dt
= −

[

(−1)n e−1 − 1
]

+ 0− n2�2

1∫

0

e−t cos(n�t) dt
= −

[

(−1)n e−1 − 1
]

+ 0− n2�2 I:¢ñá �åëéêÜ án =
e− (−1)ne (1 + n2�2)

ãéá êÜèå n = 1; 2; : : : :¼ìïéá ân =

1∫

0

g(t) sin(n�t) dt = 1∫

0

e−t sin(n�t) dt;ïðü�å ân =
n� [e− (−1)n]e (1 + n2�2)

ãéá êÜèå n = 1; 2; : : : :¢ñá óýìöùíá ìå �çí (3:2:2 − 8) ç áí�ßó�ïé÷ç óåéñÜ Fourier åßíáég(t) = 0:3161 + 0:1259 cos �t+ 0:3954 sin �t+ 0:0156 cos 2�t
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+0:0981 sin 2t+ 0:01522 cos 3�t+ 0:1435 sin 3�t
+0040 cos 4�t+ 0:0400 sin 4�t+ : : : : (3.2.4 - 3)Ó�ï óçìåßï áóõíÝ÷åéáò t0 = 1 óýìöùíá ìå �ï Èåþñçìá 3.2.3 - 1 - �ýðïò

(3:2:3 − 1) - �ï Üèñïéóìá �çò óåéñÜò éóïý�áé ìåg (t0) =
1

2

[

limt→ 1−0
g(t) + limt→ 1+0

g(t)] = 1

2

(e−1 + 0
)

=
e−1

2
≈ 0:1840: (3.2.4 - 4)Ó�ï Ó÷. 3.2.4 - 4 äßíå�áé �ï äéÜãñáììá �çò g(t), ü�áí t ∈ [0; 4] (Ýí�ïíçìðëå êáìðýëç), �ï äéÜãñáììá �ïõ áèñïßóìá�ïò S3 �ùí 3 ðñþ�ùí üñùí �çò

(3:2:4 − 3) - êüêêéíç êáìðýëç - êáé �ïõ S14 - ðñÜóéíç êáìðýëç. ¼ðùò êáéó�ï Ó÷. 3.2.4 - 2 áðü �ï Ó÷. 3.2.4 - 4 ðñïêýð�åé ü�é, åíþ ãéá t ∈ (0; 4)�ï äéÜãñáììá �ïõ áèñïßóìá�ïò �ùí n ðñþ�ùí üñùí ðñÝðåé íá �åßíåé ó�ïäéÜãñáììá �çò g, ü�áí �ï n áõîÜíåé, ó�á óçìåßá áóõíÝ÷åéáò ti = 0; 1; 2; 3; 4äçìéïõñãïýí�áé êýìá�á, ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõí êáé ü�áí �ï Üèñïéóìá�ùí üñùí �çò óåéñÜò áõîÜíåé (öáéíüìåíï Gibbs). Èá ðñÝðåé åðßóçò íá óçìåéùèåßü�é �á äéáãñÜììá�á �ùí S3 êáé S14 äéÝñ÷ïí�áé áðü �ï óçìåßï (t0; g (t0) ), ü�áít0 = 1 êáé g (t0) ≈ 0:1840 óýìöùíá ìå �çí (3:2:4 − 4). ¼ìïéá êáé áðü �áÜëëá óçìåßá áóõíÝ÷åéáò (ti; g (ti) ) ìå ti = 0; 2; 3; 4.�áñÜäåéãìá 3.2.4 - 3¼ìïéá ç ðåñéïäéêÞ óõíÜñ�çóç (Ó÷. 3.2.4 - 5)g̃(t) = e−t; ü�áí 0 ≤ t < 1 êáé g̃(t+ 1) = g̃(t) ãéá êÜèå t ∈ ℜ:Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 1, åíþ üìïéá �ï äéÜó�çìá ïëïêëÞñùóçòåßíáé D = [0; 1]. Ôü�å óýìöùíá ìå �ïõò �ýðïõò (3:2:2 − 7) êáé áíÜëïãïõòõðïëïãéóìïýò ìå áõ�ïýò �ïõ �áñáäåßãìá�ïò 3.2.4 - 2 �åëéêÜ Ý÷ïõìåá0 =
2

1

1∫

0

g̃(t) dt = 2

1∫

0

g̃(t) dt = 2

1∫

0

e−t dt = 2

(

1− 1e) ;
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Ó÷Þìá 3.2.4 - 4: �áñÜäåéãìá 3.2.4 - 2: äéÜãñáììá �çò g(t) ü�áí t ∈ [0; 4]ìðëå êáìðýëç, áèñïßóìá�ïò S3 êüêêéíç êáé S14 ðñÜóéíç
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(b)Ó÷Þìá 3.2.4 - 5: �áñÜäåéãìá 3.2.4 - 3: (a) ç óõíÜñ�çóç e−t, ü�áí t ∈ ℜ, (b)ç óõíÜñ�çóç g̃(t) ó�ç èåìåëéþäç ðåñßïäï, äçëáäÞ ü�áí t ∈ [0; 1]
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2

1

1∫

0

g̃(t) cos(2n�t) dt = 2

1∫

0

e−t cos(2n�t) dt
=

2 e−t [− cos(2n�t) + 2n� sin(2n�t)]
1 + 4n2�2

∣
∣
∣
∣
∣

1

0

=
2(e− 1)e (1 + 4n2�2)

;ân =
2

1

1∫

0

g̃(t) sin(2n�t) dt = 2

1∫

0

e−t sin(2n�t) dt
= − 2 e−t [2n� cos(2n�t) + sin(2n�t)]

1 + 4n2�2

∣
∣
∣
∣
∣

1

0

=
4n�(e− 1)e (1 + 4n2�2)ãéá êÜèå n = 1; 2; : : : :¢ñá óýìöùíá ìå �çí (3:2:2 − 8) ç áí�ßó�ïé÷ç óåéñÜ Fourier åßíáég(t) = 0:6321 + 0:0312 cos 2�t+ 0:1962 sin 2�t+ 0:0080 cos 4�t

+0:0100 sin 4t+ 0:0036 cos 6�t+ 0:0669 sin 6�t
+0020 cos 8�t+ 0:0502 sin 8�t+ : : : : (3.2.4 - 5)Ó�ï óçìåßï áóõíÝ÷åéáò t0 = 1 óýìöùíá ìå �ï Èåþñçìá 3.2.3 - 1 - �ýðïò

(3:2:3 − 1) - �ï Üèñïéóìá �çò óåéñÜò éóïý�áé ìåg̃ (t0) = 1

2

[

limt→ 1−0
g̃(t) + limt→ 1+0

g̃(t)] = 1

2

(e−1 + 0
)

=
e−1

2
≈ 0:1840:Ó�ï Ó÷. 3.2.4 - 6 äßíå�áé �ï äéÜãñáììá �çò g̃(t), ü�áí t ∈ [0; 3] (Ýí�ïíçìðëå êáìðýëç), �ï äéÜãñáììá �ïõ áèñïßóìá�ïò S3 �ùí 3 ðñþ�ùí üñùí �çò

(3:2:4 − 5) - êüêêéíç êáìðýëç - êáé �ïõ S9 - ðñÜóéíç êáìðýëç. Áðü �ïÓ÷. 3.2.4 - 6 üìïéá ðñïêýð�åé ü�é, åíþ ãéá t ∈ (0; 3) �ï äéÜãñáììá �ïõáèñïßóìá�ïò �ùí n ðñþ�ùí üñùí ðñÝðåé íá �åßíåé ó�ï äéÜãñáììá �çò g̃, ü�áí�ï n áõîÜíåé, ó�á óçìåßá áóõíÝ÷åéáò 0; 1; 2; 3 äçìéïõñãïýí�áé åðßóçò êýìá�á,ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõí êáé ü�áí �ï Üèñïéóìá �ùí üñùí �çò óåéñÜòáõîÜíåé (öáéíüìåíï Gibbs). Åðßóçò �á äéáãñÜììá�á �ùí S3 êáé S9 äéÝñ÷ïí�áéáðü �á óçìåßá áóõíÝ÷åéáò (ti; g (ti) ) ìå ti = 0; 1; 2; 3.



24 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïò

0.5 1.0 1.5 2.0 2.5 3.0
t

0.2

0.4

0.6

0.8

1.0

fHtL

Ó÷Þìá 3.2.4 - 6: �áñÜäåéãìá 3.2.4 - 3: äéÜãñáììá �çò g̃(t) ü�áí t ∈ [0; 3]ìðëå êáìðýëç, áèñïßóìá�ïò S3 êüêêéíç êáé S9 ðñÜóéíç�áñÜäåéãìá 3.2.4 - 4¼ìïéá ç ðåñéïäéêÞ óõíÜñ�çóç (Ó÷. 3.2.4 - 7)f̃(t) = 





sin t; ü�áí 0 ≤ t < �
0; ü�áí � ≤ t < 2� êáé f̃(t+ 2�) = f̃(t) ãéá êÜèå t ∈ ℜ(çìéáíüñèùóç).Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 2�, åíþ üìïéá �ï äéÜó�çìá ïëïêëÞñù-óçò åßíáé D = [0; 2�]. ¼ìïéá ìå �ïõò �ýðïõò (3:2:2−7) êáé ãíùó�ïýò �ýðïõò�çò Ôñéãùíïìå�ñßáò7 �åëéêÜ Ý÷ïõìå8á0 =

2

2� 2�∫
0

f̃ (t) dt = 1� �∫
0

f̃(t) dt = 1� �∫
0

sin t dt = 2� ;á1 =
2

2� 2�∫
0

f̃ (t) cos(2�t
2� ) dt = 1� �∫

0

sin t cos t dt = 0;72 sinA cosB = sin(A+B) + sin(A−B), 2 sinA sinB = cos(A−B)− cos(A+B).8¼�áí ó�ïõò �ýðïõò õðïëïãéóìïý �ùí óõí�åëåó�þí án êáé ân ðñïêýøïõí ðáñáó�Üóåéò,ðïõ äåí ïñßæïí�áé ãéá êÜðïéåò �éìÝò �ïõ n, �ü�å ï õðïëïãéóìüò �ùí áí�ßó�ïé÷ùíóõí�åëåó�þí ãßíå�áé ÷ùñéó�Ü áí�éêáèéó�þí�áò ó�ïõò �ýðïõò (3:2:2 − 7) �éò �éìÝò áõ�Ýò,üðùò ó�éò ðåñéð�þóåéò �ùí óõí�åëåó�þí á1 êáé â1.
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(b)Ó÷Þìá 3.2.4 - 7: �áñÜäåéãìá 3.2.4 - 4: (a) ç óõíÜñ�çóç sin t, ü�áí t ∈
[−2�; 4�], (b) ç óõíÜñ�çóç f̃(t) ó�ç èåìåëéþäç ðåñßïäï, äçëáäÞ ü�áí t ∈
[0; 2�] án =

2

2� 2�∫
0

f̃(t) cos(2n�t
2� ) dt = 1� �∫

0

sin t cos(nt) dt
=

cos t cos(nt) + n sin t sin(nt)� (n2 − 1)

∣
∣
∣
∣

�
0

= − 1 + (−1)n�� (n2 − 1)
ãéá êÜèå n = 2; 3; : : : ;â1 =

2

2� 2�∫
0

f̃(t) sin(2�t
2� ) dt = 1� �∫

0

sin2 t dt = 1

2
;ân =

2

2� 2�∫
0

f̃(t) sin(2n�t
2� ) dt = 1� �∫

0

sin t sin(nt) dt
=

−n sin t cos(nt) + cos t sin(nt)� (n2 − 1)

∣
∣
∣
∣

�
0

= 0 ãéá êÜèå n = 2; 3; : : : :¢ñá óýìöùíá ìå �çí (3:2:2 − 8) ç áí�ßó�ïé÷ç óåéñÜ Fourier åßíáéf̃(t) = 0:3183 + 0:5 sin t− 0:2122 cos 2t− 0:0424 sin 4t
−0:0182 cos 6t− 0:0101 cos 8t− : : : : (3.2.4 - 6)
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Ó÷Þìá 3.2.4 - 8: �áñÜäåéãìá 3.2.4 - 4: äéÜãñáììá �çò f̃(t) ü�áí t ∈ [−2�; 4�]ìðëå êáìðýëç, áèñïßóìá�ïò S3 êüêêéíç êáé S7 ðñÜóéíçÓ�ï Ó÷. 3.2.4 - 8 äßíå�áé �ï äéÜãñáììá �çò f̃ (t) ó�ï äéÜó�çìá [−2�; 4�](Ýí�ïíç ìðëå êáìðýëç), �ï äéÜãñáììá �ïõ áèñïßóìá�ïò S3 �ùí 3 ðñþ�ùí üñùí�çò (3:2:4 − 6) - êüêêéíç êáìðýëç - êáé �ïõ S7 - ðñÜóéíç êáìðýëç. Ç f̃ (t)äåí Ý÷åé óçìåßá áóõíÝ÷åéáò, ïðü�å äåí åìöáíßæå�áé �ï öáéíüìåíï Gibbs.3.2.5 �ñáììéêÜ öÜóìá�áÏ ãåíéêüò üñïò �çò óåéñÜò Fourier, ðïõ áí�éó�ïé÷åß óå ìßá ðåñéïäéêÞ óõíÜñ�çóçf(t) ìå èåìåëéþäç ðåñßïäï T , óýìöùíá ìå �ïí �ýðï (3:2:2 − 8) ãñÜöå�áéán cos(2nðT t)+ ân sin(2nðT t) = án cos(nùt) + ân sin(nùt) (3.2.5 - 1)üðïõ n = 1; 2; : : : êáé ù = 2�=T .¸ó�ù ân 6= 0 ãéá êÜèå n = 1; 2; : : : êáé tan ön = án=ân, ü�áí −� ≤ ön <�. ×ñçóéìïðïéþí�áò êá�Üëëçëïõò �ñéãùíïìå�ñéêïýò ìå�áó÷çìá�éóìïýò ó�çí
(3:2:5 − 1) Ý÷ïõìåán cos(nùt) + ân sin(nùt) = ân [ánân cos(nùt) + sin(nùt)]

= ân [tanön cos(nùt) + sin(nùt)]
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=

ân
cos ön [sinön cos(nùt) + cos ön sin(nùt)]

= ân√1 + tan2 ön sin (nùt+ ön)
=

√á2n + â2n sin (nùt+ ön) :9¸ó�ù Cn =
(á2n + â2n)1=2 ãéá êÜèå n = 1; 2; : : :, åíþ ãéá n = 0 èÝ�ïõìåC0 = |a0| =2. Ôü�å ç áí�ßó�ïé÷ç óåéñÜ Fourier �çò f(t) ãñÜöå�áéf(t) = á0

2
+

+∞∑n=1

Cn sin (nùt+ ön) (3.2.5 - 2)êáé ëÝãå�áé óåéñÜ �ïõ çìé�üíïõ.¼ìïéá èÝ�ïí�áò ó�ï ãåíéêü üñï üðïõ tan èn = ân=án ìå án 6= 0 ãéá êÜèån = 1; 2; : : : êáé −ð ≤ ön < ð, ðñïêýð�åé ç ðáñáêÜ�ù óåéñÜ �çò ff(t) = á0
2

+
+∞∑n=1

Cn cos (nùt− èn) (3.2.5 - 3)ðïõ ëÝãå�áé óåéñÜ �ïõ óõíçìé�üíïõ.Ôü�å |Cn sin (nùt+ ön)| ≤ Cn, áí�ßó�ïé÷á, |Cn cos (nùt− èn)| ≤ Cn ãéáêÜèå n = 0; 1; : : :, äçëáäÞ ïé óõí�åëåó�Ýò Cn äåß÷íïõí �ï ìÝãéó�ï ðëÜ�ïò�áëÜí�ùóçò êÜèå üñïõ �çò óåéñÜò. Ïé óõí�åëåó�Ýò áõ�ïß ëÝãïí�áé áñìïíéêïßðëÜ�ïõò êáé �ï äéÜãñáììÜ �ïõò ãñáììéêü öÜóìá ðëÜ�ïõò (line spetrum).Åßíáé ðñïöáíÝò �ü�å ü�é áðü �ç ìåëÝ�ç �ïõ ãñáììéêïý öÜóìá�ïò ðñïêýð�åéç �á÷ý�ç�á óýãêëéóçò �çò óåéñÜò ó�çí f . Ïé ãùíßåò ön, áí�ßó�ïé÷á, èn;n = 1; 2; : : : ïñßæïõí �ü�å �ïõò áñìïíéêïýò öÜóçò êáé �ï äéÜãñáììÜ �ïõòëÝãå�áé ãñáììéêü öÜóìá öÜóçò (phase spetrum).Óçìåßùóç 3.2.5 - 1�ñÝðåé íá �ïíéó�åß ó�ï óçìåßï áõ�ü ü�é, åöüóïí éó÷ýåé �ï Èåþñçìá 3.2.3 - 1,ïðü�å ç óåéñÜ Fourier óõãêëßíåé ó�çí f(t), �á ðëÜ�ç Cn ðñÝðåé íá ìåéþíïí�áéêáé �åëéêÜ íá óõãêëßíïõí ó�ï ìçäÝí, äéáöïñå�éêÜ óýìöùíá ìå �ï Èåþñçìá3.1.2 - 1 ç áêïëïõèßá Cn; n = 0; 1; : : : íá åßíáé ìçäåíéêÞ.9Éó÷ýåé ü�é: cos ön = 1=√1 + tan2 ön.
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Ó÷Þìá 3.2.5 - 1: �áñÜäåéãìá 3.2.5 - 1: �ï ãñáììéêü öÜóìá ðëÜ�ïõò (linearspetrum)�áñÜäåéãìá 3.2.5 - 1Áðü �ç óåéñÜ Fourier �çò ðåñéïäéêÞò óõíÜñ�çóçò �ïõ �áñáäåßãìá�ïò 3.2.4 -1 ìå ó�ñïããõëïðïßçóç �ùí áðï�åëåóìÜ�ùí ó�á 5 äåêáäéêÜ øçößá ðñïêýð�åéü�é ãéá �ïõò üñïõò ðåñé��Þò �Üîçò åßíáé:C0 =
|a0|
2

= 0:78540; C1 =
√a21 + b21 = 1:18545;C3 =

√a23 + b23 = 0:34076; C5 =
√a25 + b25 = 0:20161C7 =

√a27 + b27 = 0:14345; : : : ;åíþ ãéá �ïõò üñïõò Üñ�éáò �ÜîçòC2 =
√a22 + b22 = |b2| = 0:5; C4 = |b4| = 0:25; C6 = |b6| = 0:1667; : : : :Ôï áí�ßó�ïé÷ï ãñáììéêü öÜóìá ðëÜ�ïõò äßíå�áé ó�ï Ó÷. 3.2.5 - 1. Áðü �çìåëÝ�ç �ïõ äéáãñÜììá�ïò ðñïêýð�åé ü�é ç áí�ßó�ïé÷ç óåéñÜ Fourier óõãêëßíåéáñãÜ ðñïò �çí f . Åðßóçò äßíïí�áé �ï êõêëéêü äéÜãñáììá êá�áíïìÞò (piehart) ó�ï Ó÷. 3.2.5 - 2 êáé öÜóçò ó�ï Ó÷. 3.2.5 - 3.
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Ó÷Þìá 3.2.5 - 2: �áñÜäåéãìá 3.2.5 - 1: �ï äéÜãñáììá êá�áíïìÞò (pie hart)�ïõ ãñáììéêïý öÜóìá�ïò ðëÜ�ïõò
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Ó÷Þìá 3.2.5 - 3: �áñÜäåéãìá 3.2.5 - 1: �ï öÜóìá öÜóåùí (phase spetrum)
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Ó÷Þìá 3.2.5 - 4: �áñÜäåéãìá 3.2.5 - 2: �ï ãñáììéêü öÜóìá ðëÜ�ïõò (linearspetrum)�áñÜäåéãìá 3.2.5 - 2Áðü �ç óåéñÜ Fourier �çò ðåñéïäéêÞò óõíÜñ�çóçò �ïõ �áñáäåßãìá�ïò 3.2.4 -2 ìå ó�ñïããõëïðïßçóç �ùí áðï�åëåóìÜ�ùí ó�á 5 äåêáäéêÜ øçößá ðñïêýð�åéü�é ãéá �ïõò üñïõò ðåñé��Þò �Üîçò åßíáé:C0 =
|a0|
2

= 0:31606; C1 =
√a21 + b21 = 0:41490;C3 =

√a23 + b23 = 0:14433; C4 =
√a24 + b24 = 0:05014; : : : ;åíþ ãéá �ïõò üñïõò Üñ�éáò �ÜîçòC2 =

√a22 + b22 = 0:09935; C4 = 0:05014; C6 = 0:03349; : : : :Ôï áí�ßó�ïé÷ï ãñáììéêü öÜóìá ðëÜ�ïõò äßíå�áé ó�ï Ó÷. 3.2.5 - 4. Áðü �çìåëÝ�ç �ïõ äéáãñÜììá�ïò ðñïêýð�åé ü�é ç áí�ßó�ïé÷ç óåéñÜ Fourier óõãêëßíåéåðßóçò áñãÜ ðñïò �çí g.
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Ó÷Þìá 3.2.5 - 5: �áñÜäåéãìá 3.2.5 - 3: �ï ãñáììéêü öÜóìá ðëÜ�ïõò (linearspetrum)�áñÜäåéãìá 3.2.5 - 3¼ìïéá áðü �ç óåéñÜ Fourier �çò ðåñéïäéêÞò óõíÜñ�çóçò �ïõ �áñáäåßãìá�ïò3.2.4 - 3 ìå ó�ñïããõëïðïßçóç �ùí áðï�åëåóìÜ�ùí ó�á 5 äåêáäéêÜ øçößáðñïêýð�åé ü�é:C0 =
|a0|
2

= 0:63212; C1 =
√a21 + b21 = 0:19871;C2 =

√a22 + b22 = 0:10029; C3 =
√a23 + b23 = 0:06698;C4 =

√a24 + b24 = 0:05026; C5 =
√a25 + b25 = 0:04026; : : :ìå áí�ßó�ïé÷ï ãñáììéêü öÜóìá ðëÜ�ïõò ðïõ äßíå�áé ó�ï Ó÷. 3.2.5 - 5. Áðü �çìåëÝ�ç �ïõ äéáãñÜììá�ïò ðñïêýð�åé ü�é ç áí�ßó�ïé÷ç óåéñÜ Fourier óõãêëßíåéãñÞãïñá ðñïò �çí g̃.�áñÜäåéãìá 3.2.5 - 4¼ìïéá áðü �ç óåéñÜ Fourier �çò ðåñéïäéêÞò óõíÜñ�çóçò �ïõ �áñáäåßãìá�ïò3.2.4 - 4 ìå ó�ñïããõëïðïßçóç �ùí áðï�åëåóìÜ�ùí ó�á 5 äåêáäéêÜ øçößá
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Ó÷Þìá 3.2.5 - 6: �áñÜäåéãìá 3.2.5 - 4: �ï ãñáììéêü öÜóìá ðëÜ�ïõò (linearspetrum)Ý÷ïõìå:C0 =
|a0|
2

= 0:31831; C1 =
√a21 + b21 = 0:5;C4 =

√a24 + b24 = 0:04244; C6 =
√a26 + b26 = 0:01819;C8 =

√a28 + b28 = 0:01011; C10 =
√a210 + b210 = 0:00643; : : :ìå áí�ßó�ïé÷ï ãñáììéêü öÜóìá ðëÜ�ïõò ðïõ äßíå�áé ó�ï Ó÷. 3.2.5 - 6. Áðü �çìåëÝ�ç �ïõ äéáãñÜììá�ïò ðñïêýð�åé ü�é ç áí�ßó�ïé÷ç óåéñÜ Fourier óõãêëßíåéåðßóçò ãñÞãïñá ðñïò �çí f̃ .3.2.6 ÓåéñÜ Üñ�éùí êáé ðåñé��þí óõíáñ�ÞóåùíÅßíáé Þäç ãíùó�ü ó�ïí áíáãíþó�ç ü�é:Ïñéóìüò 3.2.6 - 1. Ìßá óõíÜñ�çóç f |D ëÝãå�áé Üñ�éá (even), ü�áí ãéáêÜèå t, −t ∈ D éó÷ýåé f(−t) = f(t): (3.2.6 - 1)



ÓåéñÜ Üñ�éùí êáé ðåñé��þí óõíáñ�Þóåùí 33�áñÜäåéãìá �Ý�ïéáò óõíÜñ�çóçò åßíáé ç cos t, (t2 + 1
)1=2 ê.ëð.Ïñéóìüò 3.2.6 - 2. Ìßá óõíÜñ�çóç f |D ëÝãå�áé ðåñé��Þ (odd), ü�áí ãéáêÜèå t, −t ∈ D éó÷ýåé f(−t) = −f(t): (3.2.6 - 2)�áñÜäåéãìá �Ý�ïéáò óõíÜñ�çóçò åßíáé ç t, sin!t ê.ëð.Áðü �éò éäéü�ç�åò �ùí óõíáñ�Þóåùí áõ�þí Ý÷ïõìå:i) �ï äéÜãñáììá ìéáò Üñ�éáò óõíÜñ�çóçò åßíáé óõììå�ñéêü ùò ðñïò �ïíÜîïíá yy′, åíþ ìéáò ðåñé��Þò óõììå�ñéêü ùò ðñïò �çí áñ÷Þ �ùí áîüíùí,ii) ü�áí ç f åßíáé Üñ�éá, �ü�åá∫

−á f(t)dt = 2

á∫
0

f(t) dt; (3.2.6 - 3)åíþ, ü�áí åßíáé ðåñé��Þ, á∫
−á f(t) dt = 0; (3.2.6 - 4)iii) �ï ãéíüìåíï ìéáò ðåñé��Þò ìå ìßá Üñ�éá åßíáé ðåñé��Þ óõíÜñ�çóç, åíþ �ïãéíüìåíï äýï Üñ�éùí Þ äýï ðåñé��þí óõíáñ�Þóåùí åßíáé Üñ�éá óõíÜñ�çóç.Ìå ÷ñÞóç �ùí ðáñáðÜíù éäéï�Þ�ùí (i)-(iii) áðü �ïõò �ýðïõò (3:2:2 − 4) -

(3:2:2 − 6) ðñïêýð�ïõí �á åîÞò:f Üñ�éáá0 =
2T (3:2:6−3)
︷ ︸︸ ︷T=2∫
−T=2 f(t) dt = 2 · 2T T=2∫

0

f(t) dt = 4T T=2∫
0

f(t) dt;
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án =

2T (3:2:6−3)
︷ ︸︸ ︷T=2∫
−T=2 f(t) cos(2nðT t)

︸ ︷︷ ︸Üñ�éá dt = 4T T=2∫
0

f(t) cos(2nðT t) dt;
ân =

2T (3:2:6−4)
︷ ︸︸ ︷T=2∫
−T=2 f(t) sin(2nðT t)

︸ ︷︷ ︸ðåñé��Þ dt = 0ãéá êÜèå n = 1; 2; : : : :f ðåñé��Þ á0 =
2T (3:2:6−4)
︷ ︸︸ ︷T=2∫
−T=2 f(t) dt = 0;

án =
2T (3:2:6−4)
︷ ︸︸ ︷T=2∫
−T=2 f(t) cos(2nðT t)

︸ ︷︷ ︸ðåñé��Þ×Üñ�éá : ðåñé��Þ dt = 0;
ân =

2T (3:2:6−3)
︷ ︸︸ ︷T=2∫
−T=2 f(t) sin(2nðT t)

︸ ︷︷ ︸ðåñé��Þ×ðåñé��Þ : Üñ�éá dt
=

4T T=2∫
0

f(t) sin(2nðT t) dtãéá êÜèå n = 1; 2; : : : :ÅðïìÝíùò Ý÷åé áðïäåé÷èåß �ï ðáñáêÜ�ù èåþñçìá.



ÓåéñÜ Üñ�éùí êáé ðåñé��þí óõíáñ�Þóåùí 35Èåþñçìá 3.2.6 - 1 (óåéñÜ Fourier Üñ�éùí-ðåñé��þí óõíáñ�Þóåùí).¸ó�ù f(t) ìßá ðåñéïäéêÞ óõíÜñ�çóç ìå èåìåëéþäç ðåñßïäï T ðïõ ðëçñïß�éò õðïèÝóåéò �ïõ ÈåùñÞìá�ïò 3.2.3 - 1. Ôü�å, áí ç f(t) åßíáé Üñ�éá, �ïáíÜð�õãìÜ �çò óå óåéñÜ Fourier åßíáéf(t) = á0
2

+
+∞∑n=1

án cos(2nðT t)üðïõ á0 =
4T T=2∫

0

f(t)dt êáéán =
4T T=2∫

0

f(t) cos(2nðT t) dt (3.2.6 - 5)ãéá êÜèå n = 1; 2; : : : ; åíþ, ü�áí åßíáé ðåñé��Þ,f(t) = +∞∑n=1

ân sin(2nðT t)üðïõ ân =
4T T=2∫

0

f(t) sin(2nðT t) dt (3.2.6 - 6)ãéá êÜèå n = 1; 2; : : : :�áñá�çñÞóåéò 3.2.6 - 1
• Óýìöùíá ìå �ï Èåþñçìá 3.2.6 - 1, ü�áí ç f åßíáé Üñ�éá, ðñÝðåé ân = 0ãéá êÜèå n = 1; 2; : : :, åíþ, ü�áí ç f åßíáé ðåñé��Þ, ðñÝðåé án = 0 ãéáêÜèå n = 0; 1; : : : ;
• �á Üêñá �ïõ ðåäßïõ ïñéóìïý �çò f ó�ç èåìåëéþäç ðåñßïäï ðñÝðåé íá åßíáéóõììå�ñéêÜ ùò ðñïò �ï 0.
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Ó÷Þìá 3.2.6 - 1: �áñÜäåéãìá 3.2.6 - 1: ç óõíÜñ�çóç f(t) ó�ç èåìåëéþäçðåñßïäï�áñÜäåéãìá 3.2.6 - 1Íá áíáð�õ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñ�çóç (Ó÷. 3.2.6 - 1)f(t) = 





0 áí −� < t ≤ −�
2

1 áí −�
2

< t ≤ �
2

0 áí �
2

< t < � êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ ℜ:Ëýóç. Ç f åßíáé ìßá Üñ�éá óõíÜñ�çóç ìå èåìåëéþäç ðåñßïäï T = 2�, ïðü�åân = 0 ãéá êÜèå n = 1; 2; :::. Ôü�å óýìöùíá ìå �ïõò �ýðïõò (3:2:6 − 5)ïëïêëçñþíïí�áò ó�ï äéÜó�çìá
[0; T=2] = [0; 2�=2] = [0; �] = [0; �=2] ∪ [�=2; �]Ý÷ïõìå á0 = 4T �=2∫

0

f(t)dt+ 4T �∫�=2 f(t)dt = 2� �=2∫
0

dt = 1êáé án =
2� �=2∫

0

cos(nt)dt = 2n� sin(nt)∣∣∣∣�=2
0

=
2nð sin

(n�
2

) :
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Ó÷Þìá 3.2.6 - 2: �áñÜäåéãìá 3.2.6 - 1: äéÜãñáììá �çò f(t) ó�ç èåìåëéþäçðåñßïäï, áèñïßóìá�ïò S5 êüêêéíç êáé S19 ðñÜóéíç êáìðýëçãéá êÜèå n = 1; 2; : : : :Ó�ï Ó÷. 3.2.6 - 2 äßíå�áé �ï äéÜãñáììá �çò f(t) ó�ç èåìåëéþäç ðåñßïäï(Ýí�ïíç ìðëå êáìðýëç), �ï äéÜãñáììá �ïõ áèñïßóìá�ïò S5 �ùí 5 ðñþ�ùíüñùí (êüêêéíç êáìðýëç) êáé �ïõ S19 (ðñÜóéíç êáìðýëç). Áðü �ï Ó÷. 3.2.6 -2 ðñïêýð�åé ü�é, åíþ ãéá t ∈ (−�=2; �=2) �ï äéÜãñáììá �ïõ áèñïßóìá�ïò �ùín ðñþ�ùí üñùí ðñÝðåé íá �åßíåé ó�ï äéÜãñáììá �çò f , ü�áí �ï n áõîÜíåé, ó�áóçìåßá áóõíÝ÷åéáò −�=2 êáé �=2 äçìéïõñãïýí�áé êýìá�á, ðïõ åîáêïëïõèïýííá õðÜñ÷ïõí êáé ü�áí �ï Üèñïéóìá �ùí üñùí �çò óåéñÜò áõîÜíåé. Ôï öáéíüìåíïáõ�ü åßíáé Þäç ãíùó�ü áðü �á �áñáäåßãìá�á 3.2.4 - 1 Ýùò êáé 3.2.4 - 3 óáíöáéíüìåíï Gibbs.�áñÜäåéãìá 3.2.6 - 2¼ìïéá ç ðåñéïäéêÞ óõíÜñ�çóç (Ó÷. 3.2.6 - 3)f(t) = t; ü�áí − � ≤ t < � êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ ℜ:Ëýóç. Ç f åßíáé ìßá ðåñé��Þ óõíÜñ�çóç ìå èåìåëéþäç ðåñßïäï T = 2�, ïðü�åán = 0 ãéá êÜèå n = 0; 1; : : : . Ôü�å óýìöùíá ìå �ïõò �ýðïõò (3:2:6 − 6)ïëïêëçñþíïí�áò üìïéá ó�ï äéÜó�çìá
[0; T=2] = [0; 2�=2] = [0; �]
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Ó÷Þìá 3.2.6 - 3: �áñÜäåéãìá 3.2.6 - 2: ç óõíÜñ�çóç f(t), ü�áí t ∈ [−�; �]Ý÷ïõìå ân =
2� �∫

0

t sin(nt) dt
= − 2nð t cos(nt)∣∣∣∣�

0
+

2nð �∫
0

cos(nt) dt
= −2(−1)nn :ÁíÜëïãï äéÜãñáììá ìå áõ�ü �ïõ Ó÷. 3.2.6 - 2 ãßíå�áé êáé ó�çí ðåñßð�ùóçáõ�Þ.



Åêèå�éêÞ ìïñöÞ �çò óåéñÜò Fourier 39¢óêçóçÍá áíáð�õ÷èïýí óå óåéñÜ Fourier êáé íá ãßíåé �ï ãñáììéêü öÜóìá �ùí ðáñáêÜ�ùðåñéïäéêþí óõíáñ�Þóåùí f(t), ðïõ ï ðåñéïñéóìüò �ïõò ó�ç èåìåëéþäç ðåñßïäïåßíáé:10; 11i) f(t) = 





−1 áí −� ≤ t < 0

1 áí 0 ≤ t < � v) f(t) = et ; 0 ≤ t < 1ii) f(t) = t ; −1 ≤ t < 1 vi) f(t) = t2 ; −� ≤ t < �iii) f(t) = t ; 0 ≤ t < 2� vii) f(t) = | sin t|iv) f(t) = 





sin 2t áí 0 ≤ t < �
0; áí � ≤ t < 2� viii) f(t) = 





−t ; −� ≤ t < 0t ; 0 ≤ t < �:3.2.7 Åêèå�éêÞ ìïñöÞ �çò óåéñÜò Fourier¸ó�ù ç ðåñéïäéêÞ óõíÜñ�çóç f(t) ìå èåìåëéþäç ðåñßïäï T , ðïõ �ï áíÜð�õãìÜ�çò óå óåéñÜ Fourier åßíáéf(t) = á0
2

+
+∞∑n=1

[án cos(nùt) + ân sin(nùt)] (3.2.7 - 1)üðïõ ù = 2�=T . Åßíáé ãíùó�ü ü�é áðü �çí �áõ�ü�ç�á e±iè = cos è ± i sin è,ðñïêýð�ïõí ïé �ýðïé �ïõ Euler
sin è =

ei è − e−i è
2i êáé cos è =

ei è + e−i è
2

: (3.2.7 - 2)10Ëýóç.11(i) ðåñé��Þ T = 2�; bn = (4=T ) �∫
0

sin(nt)dt = 2[1−(−1)n]n� ; n = 1; 2; : : : , (ii) áíÜëïãç�ïõ �áñáäåßãìá�ïò 3.2.6 - 2, T = 2, bn = − 2(−1)nn� ; n = 1; 2; : : : , (iii) a0 = 2� ; an =

0; bn = − 2n ; n = 1; 2; : : : :, (iv) âëÝðå �áñÜäåéãìá 3.2.4 - 4, (v) üìïéá �áñÜäåéãìá 3.2.4 -3, a0 = 2− 2e , an = 2(e−1)e(1+4n2�2)
, bn = 4n�(e−1)e(1+4n2�2)

; n = 1; 2; : : :, (vi) Üñ�éá a0 = 2�2

3
; an =

4(−1)nn2 ; n = 1; 2; : : :, (vii) T = �. ¼�áí t ∈ [0; �=2] åßíáé | sin t| = sin t (ç ëýóç üìïéá ìå�áñÜäåéãìá 3.2.4 - 4), a0 = 4� , an = 4�(1−4n2)
; n = 1; 2; : : :,

(viii) Üñ�éáT = 2�, a0 =
�∫
0

t dt = �, an = 2[−1+(−1)n]n2� ; n = 1; 2; : : : :



40 ÓåéñÜ Fourier Êáè. Á. ÌðñÜ�óïòÁí�éêáèéó�þí�áò ó�çí (3:2:7−1) �ïõò üñïõò �ïõ óõíçìé�üíïõ êáé �ïõ çìé�üíïõìå �éò (3:2:7 − 2) ç óåéñÜ äéáäï÷éêÜ ãñÜöå�áéf(t) =
á0
2

+
+∞∑n=1

[án einùt + e−inùt
2

+ ân einùt − e−inùt
2i ]

=
á0
2

+
+∞∑n=1

[
1

2
(án − iân) einùt + 1

2
(án + iân) e−inùt] :Áí 0 = á0

2
; n =

1

2
(án − iân) êáé −n =

1

2
(án + iân) ; (3.2.7 - 3)�ü�å f(t) = 0 + +∞∑n=1

(neinùt + −ne−inùt)
= 0 + +∞∑n=1

neinùt + −∞∑n=−1

ne−inùt;äçëáäÞ f(t) = +∞∑n=−∞

neinùt: (3.2.7 - 4)Ç (3:2:7 − 4) åßíáé ãíùó�Þ óáí ç åêèå�éêÞ Þ ìéãáäéêÞ ìïñöÞ �çò óåéñÜòFourier. Ïé óõí�åëåó�Ýò n ìå n = 0;±1;±2; : : : õðïëïãßæïí�áé Þ ìÝóù �ùí�ýðùí (3:2:7− 3), ü�áí åßíáé ãíùó�Ü �á án êáé ân Þ üðùò áðïäåéêíýå�áé áðü�çí f(t) óýìöùíá ìå �ïí �ýðïn =
1T T=2∫
−T=2 f(t)e−inùt dt ãéá êÜèå n = 0; ±1; ±2; : : : : (3.2.7 - 5)ÅðåéäÞ ç óõíÜñ�çóç f åßíáé ðñáãìá�éêÞ, áðü �çí (3:2:7−5) ðñïêýð�åé ü�éãåíéêÜ ïé óõí�åëåó�Ýò n åßíáé ìéãáäéêïß áñéèìïß, ãéá �ïõò ïðïßïõò óýìöùíáìå �ïõò �ýðïõò (3:2:7 − 3) éó÷ýåé:i) −n = n ãéá êÜèå n = 1; 2; : : : åíþ (3.2.7 - 6)



Åêèå�éêÞ ìïñöÞ �çò óåéñÜò Fourier 41ii) åðåéäÞ n = |n|eièn êáé −n = |n|e−ièn , ðñÝðåé
|n| = |−n| = 1

2

√á2n + â2n ãéá êÜèå n = 1; 2; : : : : (3.2.7 - 7)¼ðùò Ý÷åé Þäç áíáð�õ÷èåß ó�çí �áñÜãñáöï 3.2.5, åßíáé äõíá�üí êáé ãéá�çí åêèå�éêÞ ìïñöÞ �çò óåéñÜò Fourier íá ïñéó�åß �ï áí�ßó�ïé÷ï ãñáììéêüöÜóìá ðëÜ�ïõò, �ï ïðïßï üìùò ó�çí ðåñßð�ùóç áõ�Þ åê�åßíå�áé áðü �ï −∞ìÝ÷ñé �ï +∞, åðåéäÞ ïé �éìÝò �çò êõêëéêÞò óõ÷íü�ç�áò åßíáé êáé áñíç�éêÝò,äçëáäÞ ±ù, ±2ù, : : : ; üðùò åðßóçò êáé �ï öÜóìá �ùí öÜóåùí.�áñÜäåéãìá 3.2.7 - 1¸ó�ù ç ðåñéïäéêÞ óõíÜñ�çóçg̃(t) = e−t; ü�áí 0 ≤ t < 1 êáé g̃(t+ 1) = g̃(t) ãéá êÜèå t ∈ ℜ�ïõ �áñáäåßãìá�ïò 3.2.4 - 3 (Ó÷. 3.2.4 - 5) ìå èåìåëéþäç ðåñßïäï T = 1,äçëáäÞ ù = 2�. Ôü�å óýìöùíá ìå �ïí �ýðï (3:2:7 − 5) Ý÷ïõìån =
1

1

1∫

0

e−te−inùt dt = 1∫

0

e−te−2ðn i t dt
=

1∫

0

e−(1+2nð i) t dt = − e−(1+2nð i) t
1 + 2nð i ∣

∣
∣
∣
∣

1

0

=
1− e−1

1 + 2nð i = (

1− 1e) 1− 2nð i
1 + 4n2�2

(3.2.7 - 8)üðïõ e−2nð i = cos(2nð)− i sin(2nð) = 1. ¢ñá óýìöùíá ìå �çí (3:2:7− 4) çåêèå�éêÞ ìïñöÞ �çò óåéñÜò Fourier åßíáég̃(t) = (

1− 1e) +∞∑n=−∞

1− 2nð i
1 + 4n2�2

e2nð i t: (3.2.7 - 9)¼ìïéá, üðùò êáé ó�ï Ó÷. 3.2.4 - 6, ó�ï Ó÷. 3.2.7 - 1 äßíå�áé �ï äéÜãñáììá�çò g̃(t) ó�ç èåìåëéþäç ðåñßïäï (Ýí�ïíç ìðëå êáìðýëç), �ï äéÜãñáììá �ïõáèñïßóìá�ïòS3 =

(

1− 1e) 3∑n=−3

1− 2nð i
1 + 4n2�2

e2nð i t (êüêêéíç êáìðýëç)
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Ó÷Þìá 3.2.7 - 1: �áñÜäåéãìá 3.2.7 - 1: äéÜãñáììá �çò g̃(t) ü�áí t ∈ [0; 3]ìðëå êáìðýëç, áèñïßóìá�ïò S3 êüêêéíç êáé S9 ðñÜóéíçêáé �ïõ S9 (ðñÜóéíç êáìðýëç). �áñá�çñïýìå ü�é ó�á óçìåßá áóõíÝ÷åéáòåîáêïëïõèåß íá åìöáíßæå�áé �ï öáéíüìåíï Gibbs, åíþ �á äéáãñÜììá�á �ùíS3 êáé S9 äéÝñ÷ïí�áé áðü �á óçìåßá áóõíÝ÷åéáò (ti; g (ti) ) ìå ti = 0; 1; 2; 3.Áðü �çí (3:2:7 − 8), ü�áí n = 7, ðñïêýð�åé
|±7| = 0:01437; |±6| = 0:01676; |±5| = 0:02011;
|±4| = 0:02513; |±3| = 0:03349; |±2| = 0:05014;
|±1| = 0:09936; |0| = 0:63212: (3.2.7 - 10)Ôü�å áðü �ï áí�ßó�ïé÷ï ãñáììéêü öÜóìá ðëÜ�ïõò (Ó÷. 3.2.7 - 2), üðùòêáé ó�ï áí�ßó�ïé÷ï (Ó÷. 3.2.5 - 5), ðñïêýð�åé ç ãñÞãïñç óýãêëéóç �çò óåéñÜò

(3:2:7−9) ó�çí g̃(t). Åðßóçò ðáñá�çñïýìå ü�é ïé �éìÝò (3:2:7−10) åðáëçèåýïõí�éò (3:2:7 − 6) - (3:2:7 − 7).To Ó÷. 3.2.7 - 2 Ýãéíå ìå �éò åîÞò åí�ïëÝò �ïõ MATHEMATICA:Clear["n"℄;T = 1;n = Integrate[(1/T) Exp[-t℄*Exp[-I*n*2*Pi*t℄,{t,0,1}℄;m1 = Array[b1, {15, 1}℄;Do[n = i; x = N[Abs[n℄℄; m1[[i + 8℄℄ = x;Print["", i, "=", x℄, {i, -7, 7}℄;fgr1 = BarChart[m1, PlotLabel -> "Linear spetrum",
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Ó÷Þìá 3.2.7 - 2: �áñÜäåéãìá 3.2.7 - 1: �ï ãñáììéêü öÜóìá ðëÜ�ïõò (linearspetrum)Joined -> True,BarSpaing -> 1.50,AxesLabel->{"n", "|n|"},ChartLabels -> {"-7","-6","-5","-4","-3","-2","-1","0","1","2","3","4","5","6","7"}, ChartStyle->24, PlotRange -> All℄
¢óêçóçÍá õðïëïãéó�åß ç åêèå�éêÞ ìïñöÞ �çò óåéñÜò Fourier �ùí ðáñáêÜ�ù ðåñéïäéêþíóõíáñ�Þóåùí, ðïõ ï ðåñéïñéóìüò ó�ç èåìåëéþäç ðåñßïäï åßíáéi) f(t) = t ; −� ≤ t < � iii) f(t) = | sin t|ii) f(t) = t2 ; −� ≤ t < � iv) f(t) = 





−1 áí −� ≤ t < 0

1 áí 0 ≤ t < �:



44 Ìå�áó÷çìá�éóìüò Fourier Êáè. Á. ÌðñÜ�óïò3.3 Ìå�áó÷çìá�éóìüò Fourier3.3.1 Ïñéóìüò �ïõ ìå�áó÷çìá�éóìïý FourierÏñéóìüò 3.3.1 - 1 (ìå�áó÷çìá�éóìïý Fourier). ¸ó�ù ç óõíÜñ�çóç f | ℜêáé ù ∈ ℜ. Ôü�å ç ìéãáäéêÞ óõíÜñ�çóç F ðïõ ïñßæå�áé áðü �ï ãåíéêåõìÝíïïëïêëÞñùìá �ïõ 1ïõ åßäïõòF (ù) = F [f(t)] = +∞∫

−∞

f(t)e−iùtdt; (3.3.1 - 1)ü�áí áõ�ü õðÜñ÷åé, ïñßæåé �ï ìå�áó÷çìá�éóìü Fourier �çò f .Ïñéóìüò 3.3.1 - 2 (áí�ßó�ñïöïõ ìå�áó÷çìá�éóìïý Fourier). Ç óõíÜñ�çóç
F−1[F (ù)] = f(t), ü�áíf(t) = F−1[F (ù)] = 1

2ð +∞∫

−∞

F (ù)eiùtdù; (3.3.1 - 2)ïñßæåé �ïí áí�ßó�ñïöïò ìå�áó÷çìá�éóìü Fourier.¼�áí ç ìå�áâëç�Þ t óõìâïëßæåé �ï ÷ñüíï, �ü�å ç ù óõìâïëßæåé �ç óõ÷íü�ç�á.Áðïäåéêíýå�áé ü�é, ü�áí ç f íá åßíáé áðïëý�ùò ïëïêëçñþóéìç, äçëáäÞ
+∞∫

−∞

|f(t)dt| < +∞; (3.3.1 - 3)�ü�å ï ìå�áó÷çìá�éóìüò Fourier �çò f õðÜñ÷åé. Ç óõíèÞêç (3:3:1 − 3) åßíáééêáíÞ ü÷é üìùò êáé áíáãêáßá, äçëáäÞ åßíáé äõíá�ü íá õðÜñ÷ïõí óõíáñ�Þóåéò,ðïõ íá ìçí éêáíïðïéïýí �çí (3:3:1−3) êáé íá Ý÷ïõí ìå�áó÷çìá�éóìü Fourier.



Ìå�áó÷çìá�éóìüò Fourier 45�áñÜäåéãìá 3.3.1 - 1¸ó�ù ç óõíÜñ�çóçf(t) = 





1 áí |x| < á
0 áí |x| > á ìå á > 0:Ôü�å, áí ù 6= 0, åßíáéF (ù) = F [f(t)] = +∞∫

−∞

f(t)e−iùtdt = á∫
−á e−iùtdt = 2ù sin(ùá):�áñÜäåéãìá 3.3.1 - 2¼ìïéá, Ýó�ù f(t) = 





e−t áí t > 0

0 áí t < 0:Ôü�å F (ù) = F [f(t)] = +∞∫

0

e−(1+iù)tdt
=

1

1 + iù [ limt−>+∞
e−(1+iù)t − 1

]

=
1− iù
1 + ù2

:3.3.2 Éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïý FourierÅðåéäÞ eiùt = cosùt+ i sinùt ç óõíÜñ�çóç F (ù) ðïõ ïñßæå�áé áðü �ïí �ýðï
(3:3:1 − 1) åßíáé ãåíéêÜ ìßá ìéãáäéêÞ óõíÜñ�çóç, ðïõ ãñÜöå�áé áíáëõ�éêÜ ùòF (ù) = R(ù) + iX(ù) (3.3.2 - 1)üðïõ R(ù) = +∞∫

−∞

f(t) cos(ùt)dt (3.3.2 - 2)�ï ðñáãìá�éêü ìÝñïò êáéX(ù) = +∞∫

−∞

f(t) sin(ùt)dt (3.3.2 - 3)



46 Ìå�áó÷çìá�éóìüò Fourier Êáè. Á. ÌðñÜ�óïò�ï öáí�áó�éêü ìÝñïò �çò. Ç åêèå�éêÞ ìïñöÞ �çò F (ù) �ü�å åßíáéF (ù) = |F (ù)|eiö(ù) (3.3.2 - 4)üðïõ |F (ù)| �ï ìÝ�ñï êáé ö(ù) ç öÜóç �çò F . Èåùñþí�áò �þñá ü�é çóõíÜñ�çóç f(t) åßíáé ðñáãìá�éêÞ, áðïäåéêíýïí�áé ìå �ç âïÞèåéá �ùí �ýðùí
(3:3:2 − 1) - (3:3:2 − 3) ïé ðáñáêÜ�ù éäéü�ç�åò.F-1Ç óõíÜñ�çóç R åßíáé Üñ�éá ùò ðñïò ù, åíþ ç X ðåñé��Þ, äçëáäÞR(−ù) = R(ù) êáé X(−ù) = −X(ù):�áñÜäåéãìá 3.3.2 - 1¸ó�ù f(t) = 





1 áí 0 < t < 1

0 áí t < 0 Þ t > 1Ôü�åF (ù) = F [f(t)] =

+∞∫

−∞

f(t)e−iùtdt = 1∫

0

e−iùtdt = 1i! (1− e−i!)
=

iù (cosù − 1) +
sinù! = R(!) +X(!) ìå ù 6= 0F-2F (−ù) = F (ù), üðïõ F (ù) ç óõæõãÞò óõíÜñ�çóç �çò F (ù) êáé áí�ßó�ñïöá,äçëáäÞ ü�áí éó÷ýåé ç ó÷Ýóç áõ�Þ, ç f åßíáé ðñáãìá�éêÞ óõíÜñ�çóç.F-3Áí ç F (ù) åßíáé ðñáãìá�éêÞ óõíÜñ�çóç, �ü�å ç f åßíáé Üñ�éá óõíÜñ�çóç êáéü�áí ç F (ù) åßíáé öáí�áó�éêÞ, �ü�å ç f åßíáé ðåñé��Þ.



Ìå�áó÷çìá�éóìüò Fourier 47F-4Áí F1(ù) = F [f1(t)], F2(ù) = F [f2(t)] êáé ê, ë ∈ ℜ, �ü�å éó÷ýåé ç ãñáììéêÞéäéü�ç�á
F [êf1(t) + ëf2(t)] = êF1(ù) + ëF2(ù)ç ïðïßá ãåíéêåýå�áé åðáãùãéêÜ ùò åîÞò:n∑i=1

F [ëifi(t)] = n∑i=1

ëiF [fi(t)] ; (3.3.2 - 5)ü�áí ëi ∈ ℜ; i = 1; 2; : : : ; n êáé n = 1; 2; : : : :F-5Áí a ∈ ℜ − {0}, �ü�å
F [f(at)] = 1

|a|F (ùa) (3.3.2 - 6)üðïõ ãéá a = −1 åßíáé F [f(−t)] = F (−ù).F-6Aí t0 ∈ ℜ, �ü�å
F [f (t− t0)] = F (ù)e−iùt0 : (3.3.2 - 7)F-7Áí ù0 ∈ ℜ, �ü�å
F
[f(t)eiù0t] = F (ù − ù0) : (3.3.2 - 8)F-8Éó÷ýåé

F [f(t) cos (ù0t)] = 1

2
[F (ù − ù0) + F (ù + ù0)] (3.3.2 - 9)êáé

F [f(t) sin (ù0t)] = 1

2
[F (ù − ù0) + F (ù + ù0)] : (3.3.2 - 10)
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F [f ′(t)] = iùF (ù)êáé ãåíéêÜ

F
[f (n)(t)] = (iù)nF (ù): (3.3.2 - 11)F-10Áí +∞∫

−∞

f(t)dt = F (0) = 0 ìå ù 6= 0, �ü�å




x∫
−∞

f(t)dt =
1iùF (ù) = 1iùF [f(t)]: (3.3.2 - 12)F-11.Éó÷ýåé

F [−itf(t)] = F ′(ù)êáé ãåíéêÜ ãéá êÜèå n = 1; 2; : : : ü�é
F [tnf(t)] = inF (n)(ù): (3.3.2 - 13)Èá ðñÝðåé íá �ïíéó�åß ó�ï óçìåßï áõ�ü ü�é ðïëëÝò éäéü�ç�åò �ïõ ìå�áó÷çìá�éóìïýFourier åßíáé äõíá�ü íá èåùñçèïýí óáí åéäéêÝò ðåñéð�þóåéò �ùí áí�ßó�ïé÷ùíéäéï�Þ�ùí �ïõ ìå�áó÷çìá�éóìïý Laplae ãéá s = iù.1212Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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