
ÌÜèçìá 6

ÐÑÏÓÅÃÃÉÓÇ ÐÁÑÁÃÙÃÙÍ

ÅéóáãùãÞ

Ç ðñïóÝããéóç ôçò ôéìÞò ôçò ðáñáãþãïõ ìéáò óõíÜñôçóçò ÷ñçóéìïðïéåßôáé

êõñßùò:

i) üôáí ëüãù ôçò ðïëýðëïêçò ìïñöÞò ôïõ ôýðïõ ôçò åßíáé áäýíáôïò ï

èåùñçôéêüò õðïëïãéóìüò ôçò,

ii) üôáí äåí åßíáé ãíùóôüò ï ôýðïò ôçò óõíÜñôçóçò, áëëÜ ìüíïí ïé ôéìÝò

ôçò óå ïñéóìÝíá óçìåßá, êáé

iii) óôçí ðñïóåããéóôéêÞ ëýóç ôùí äéáöïñéêþí åîéóþóåùí. Ç ðåñßðôùóç

áõôÞ èá åîåôáóôåß óôá ìáèÞìáôá ðïõ áêïëïõèïýí.

6.1 ÓõíáñôÞóåéò ìéáò ìåôáâëçôÞò

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ç 1çò ôÜîçò ðáñÜãùãïò ìéáò óõíÜñôçóçò,

Ýóôù f | (a; b), óôï óçìåßï � ∈ (a; b) õðïëïãßæåôáé áðü ôçí ðáñáêÜôù ïñéáêÞ

ôéìÞ

f ′ (�) = lim
x→ �

f (x)− f (�)

x− �
;
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åöüóïí áõôÞ õðÜñ÷åé Þ éóïäýíáìá ùò

f ′ (�) = lim
Äx→ 0

f (� +∆x)− f (�)

∆x
;

üôáí � + ∆x ∈ (a; b) ìå ∆x íá óõìâïëßæåé ìéá ìåôáâïëÞ ôçò ìåôáâëçôÞò x.

ÅðïìÝíùò ãéá ôïí õðïëïãéóìü ôçò 1çò ðáñáãþãïõ áðáéôïýíôáé 2 óçìåßá óôï

ðåäßï ïñéóìïý êáé óõãêåêñéìÝíá óôçí 1ç ðåñßðôùóç ôùí �, x êáé óôç 2ç ôùí

�, � +∆x êáé óôç óõíÝ÷åéá ï õðïëïãéóìüò ôùí ïñéáêþí ôéìþí.

Åßíáé ðñïöáíÝò üôé óôçí ðñïóÝããéóç ôçò 1çò ðáñáãþãïõ ðïõ èá åîåôáóôåß

óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò ç ïñéáêÞ ôéìÞ äåí õößóôáôáé ðëÝïí, åíþ ï õðïëïãé-

óìüò óýìöùíá ìå ôá ðáñáðÜíù èá áðáéôåß ôïõëÜ÷éóôïí 2 óçìåßá.

6.1.1 Õðïëïãéóìüò ìå ðïëõþíõìï ðáñåìâïëÞò

¸óôù f(x) ìßá óõíå÷Þò óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï [a; b ] êáé ðáñáãùãßóéìç

ãéá êÜèå x ∈ (a; b). Áí x0, x1, : : :, xn åßíáé n + 1 äéáöïñåôéêÜ óçìåßá ôïõ

[a; b], ôüôå, üðùò åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìá ÐïëõùíõìéêÞ ÐáñåìâïëÞ,

éó÷ýåé ï ðáñáêÜôù ôýðïò ðáñåìâïëÞò ôïõ Newton:

f(x) ≈ Pn(x) = f [x0] + f [x0; x1] (x− x0) + : : : (6.1.1 - 1)

+f [x0; x1; : : : ; xn] (x− x0) · · · (x− xn−1) :

Äéáêñßíïíôáé ôþñá ïé ðáñáêÜôù åéäéêÝò ðåñéðôþóåéò ãéá ôïí áñéèìü ôùí

ðáñáðÜíù óçìåßùí ðáñåìâïëÞò x0, x1, : : :, xn:

Óçìåßá ðáñåìâïëÞò : x0, x1

¸óôù a = x0 êáé b = x1. Ôüôå áðü ôïí ôýðï (6:1:1− 1) ðñïêýðôåé üôé

f(x) ≈ P1(x) = f [x0] + f [x0; x1] (x− x0) ;

ïðüôå

f ′(x) ≈ P ′
1(x) =

=0︷ ︸︸ ︷
f ′ [x0] + {f [x0; x1] (x− x0)}′

= f [x0; x1]

=1︷ ︸︸ ︷
(x− x0)

′ = f [x0; x1] :
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ææ ææ

Ξ h+ Ξ

x0 x1

Ó÷Þìá 6.1.1 - 1: ï ðñïò ôá åìðñüò ôýðïò ðñïóÝããéóçò ôçò 1çò ðáñáãþãïõ

ìéáò óõíÜñôçóçò óôï óçìåßï �

1ÅðïìÝíùò áí � ∈ [x0; x1], ôüôå

f ′(�) ≈ P ′
1(�) = f [x0; x1] (6.1.1 - 2)

ìéá Ýêöñáóç ðïõ åßíáé áíåîÜñôçôç áðü ôï óçìåßï �.

Áðü ôéò ðáñáðÜíù Üðåéñåò èÝóåéò ôïõ óçìåßïõ � óôï [x0; x1] ïé ðåñéóóüôåñï

åíäéáöÝñïõóåò ãéá ôéò åöáñìïãÝò äßíïíôáé óôç óõíÝ÷åéá. Áí:

i)

� = x0 êáé h = x1 − x0 (Ó÷. 6:1:1− 1);

áðü ôïí ôýðï (6:1:1− 2) ðñïêýðôåé

f ′(�) ≈ f [�; � + h] =
f(� + h)− f(�)

h
; (6.1.1 - 3)

ðïõ åßíáé ãíùóôüò ùò ï ðñïò ôá åìðñüò ôýðïò (forward-di�erence for-

mula) ðñïóÝããéóçò ôçò 1çò ðáñáãþãïõ ìéáò óõíÜñôçóçò.

ii)

� = x1 (Ó÷. 6:1:1− 2);

ôüôå

f ′(�) ≈ f [� − h; î ] =
f(�)− f(� − h)

h
(6.1.1 - 4)

ãíùóôüò ùò ï áíÜäñïìïò ôýðïò (backward-di�erence formula) ðñïóÝã-

ãéóçò ôçò 1çò ðáñáãþãïõ.

1Åöüóïí ç ðñïóÝããéóç ôçò 1çò ðáñáãþãïõ äåí ãßíåôáé ìå õðïëïãéóìü ïñéáêÞò ôéìÞò,

åßíáé äõíáôüí ôï � íá ëáìâÜíåé ôéò ôéìÝò x0 êáé x1.
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ææææ

Ξ -h Ξ

x0 x1

Ó÷Þìá 6.1.1 - 2: ï áíÜäñïìïò ôýðïò ðñïóÝããéóçò ôçò 1çò ðáñáãþãïõ ìéáò

óõíÜñôçóçò óôï óçìåßï �

iii)

� =
x0 + x1

2
;

ïðüôå ôá óçìåßá x0 êáé x1 âñßóêïíôáé óõììåôñéêÜ åêáôÝñùèåí ôïõ óçìåßïõ

� (Ó÷. 6.1.1 - 3) ìå

x0 = � − h; x1 = � + h êáé h =
x1 − x0

2
:

Ôüôå

f ′(�) ≈ f [� − h; � + h]

=
f(� + h)− f(� − h)

2h
(6.1.1 - 5)

ãíùóôüò ùò ï ìå êåíôñéêÝò äéáöïñÝò ôýðïò (central-di�erence for-

mula) ðñïóÝããéóçò ôçò ðñþôçò ðáñáãþãïõ.

Áðü ôïõò ôýðïõò (6:1:1−3) - (6:1:1−5) ðñïêýðôåé üôé, üôáí ôá óçìåßá x0 êáé

x1 åßíáé áñêåôÜ êïíôÜ, ôüôå ç f [x0; x1] äßíåé ìßá ðïëý êáëýôåñç ðñïóÝããéóç

ôçò ðáñáãþãïõ f ′(�) óôï ìÝóïí � = (x0 + x1) =2 ðáñÜ óôá Üêñá óçìåßá x0

êáé x1, Ýíá óõìðÝñáóìá ðïõ Üëëùóôå óõìöùíåß êáé ìå ôï Èåþñçìá ôçò ÌÝóçò

ÔéìÞò.
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æææ æ

Ξ -h Ξ h+ Ξ

x0 x1

Ó÷Þìá 6.1.1 - 3: ï ìå êåíôñéêÝò äéáöïñÝò ôýðïò ðñïóÝããéóçò ôçò 1çò

ðáñáãþãïõ ìéáò óõíÜñôçóçò óôï óçìåßï �

Óçìåßá ðáñåìâïëÞò : x0, x1, x2

¸óôù a = x0 êáé b = x2. Ôüôå

f(x) ≈ P2(x) = f [x0] + f [x0; x1] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1) ; (6.1.1 - 6)

ïðüôå

f ′(x) ≈ P2
′(x) =

=0︷ ︸︸ ︷
f ′ [x0] + {f [x0; x1] (x− x0)}′

+ {f [x0; x1; x2] (x− x0) (x− x1)}′

= f [x0; x1]

=1︷ ︸︸ ︷
(x− x0)

′+f [x0; x1; x2]

=2x−x0−x1︷ ︸︸ ︷
{(x− x0) (x− x1)}′

= f [x0; x1] + f [x0; x1; x2] (2x− x0 − x1) ;

äçëáäÞ

f ′(x) ≈ P2
′(x) = f [x0; x1] + f [x0; x1; x2] (2x− x0 − x1) : (6.1.1 - 7)

ÅðïìÝíùò áí üìïéá � ∈ [x0; x2], ôüôå

f ′(�) ≈ P ′
2(�) = f [x0; x1] + f [x0; x1; x2] (2� − x0 − x1) : (6.1.1 - 8)

Äéáêñßíïíôáé ôþñá ïé ðáñáêÜôù ðåñéðôþóåéò ãéá ôï �. Áí:
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i) � = x0 êáé x1 = � + h, x2 = � + 2h,

ôüôå áðü ôçí (6:1:1− 8) ðñïêýðôåé

f ′(�) ≈ f (x1)− f (x0)

x1 − x0
+
f [x1; x2]− f [x0; x1]

x2 − x0
(2� − x0 − x1)

≈ f(� + h)− f(�)

h

+

f(� + 2h)− f(� + h)

h
− f(� + h)− f(�)

h
2h

[2� − � − (� + h)]

≈ f(� + h)− f(�)

h
− f(� + 2h)− 2f(� + h) + f(�)

2h

äçëáäÞ

f ′(�) ≈ −3f(�) + 4f(� + h)− f(� + 2h)

2h
: (6.1.1 - 9)

ii) � = x1 êáé x0 = � − h, x2 = � + h,

ôüôå üìïéá áðïäåéêíýåôáé üôé

f ′(�) ≈ −f(� − h) + f(� + h)

2h
: (6.1.1 - 10)

ÔåëéêÜ, áí

iii) � = x2 êáé x0 = � − 2h, x1 = � − h,

ôüôå

f ′(�) ≈ f(� − 2h)− 4f(� − h) + 3f(�)

2h
(6.1.1 - 11)

üðïõ ðñïöáíþò ï ôýðïò (6:1:1 − 11) ðñïêýðôåé áðü ôïí (6:1:1 − 9),

èÝôïíôáò üðïõ h ôï−h. ÅðïìÝíùò, ôåëéêÜ ïé äéáöïñåôéêïß ôýðïé õðïëïãéóìïý
ôçò 1çò ðáñáãþãïõ óôçí ðåñßðôùóç ôùí óçìåßùí ðáñåìâïëÞò x0, x1 êáé

x2 åßíáé ïé (6:1:1 − 9) êáé (6:1:1 − 10), ðïõ åßíáé ãíùóôïß êáé óáí ïé

ôýðïé ôùí 3 óçìåßùí.
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æ æææ

Ξ -h Ξ h+ Ξ

x0 x1 x2

Ó÷Þìá 6.1.1 - 4: ï ìå êåíôñéêÝò äéáöïñÝò ôýðïò ðñïóÝããéóçò ôçò 2çò

ðáñáãþãïõ ìéáò óõíÜñôçóçò óôï óçìåßï �

ÐñïóÝããéóç 2çò ðáñáãþãïõ

Ðáñáãùãßæïíôáò ôçí (6:1:1− 7) äéáäï÷éêÜ Ý÷ïõìå

f ′′(x) ≈ P ′′
2 (x) =

=0︷ ︸︸ ︷
f ′ [x0; x1] + {f [x0; x1; x2] (2x− x0 − x1)}′

= f [x0; x1; x2]

=2︷ ︸︸ ︷
{(2x− x0 − x1)}′ = 2 f [x0; x1; x2] ;

ïðüôå áí � ∈ [x0; x2], ôüôå

f ′′(�) ≈ P ′′
2 (�) = 2f [x0; x1; x2] (6.1.1 - 12)

ìéá Ýêöñáóç üìïéá áíåîÜñôçôç ôïõ �.

Ç ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíç åöáñìïãÞ äßíåôáé óôç óõíÝ÷åéá. Áí:

� = x1; x0 = � − h êáé x2 = � + h (Ó÷. 6:1:1− 4);

ôüôå áðü ôçí (6:1:1− 12) ðñïêýðôåé

f ′′(�) ≈ f(� − h)− 2f(�) + f(� + h)

h2
(6.1.1 - 13)

ðïõ åßíáé ãíùóôüò ùò ï ìå êåíôñéêÝò äéáöïñÝò ôýðïò (central-di�erence

formula) ðñïóÝããéóçò ôçò 2çò ðáñáãþãïõ ìéáò óõíÜñôçóçò.

Ðñïóåããßóåéò ðáñáãþãùí áíþôåñçò ôÜîçò ðñïêýðôïõí áíÜëïãá èåùñþíôáò

ìåãáëýôåñïõ âáèìïý ðïëõþíõìá ðáñåìâïëÞò.
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6.1.2 Õðïëïãéóìüò ìå ôïí ôýðï ôïõ Taylor

Åßíáé Þäç ãíùóôü üôé, áí f | (a; b) åßíáé ìéá óõíÜñôçóç ðáñáãùãßóéìç ìÝ÷ñé

êáé � - ôÜîç óôï (a; b), ôüôå, áí � ∈ (a; b), éó÷ýåé ï ðáñáêÜôù ôýðïò ôïõ

Taylor 2

f(x) ≈ f(�) +
f ′(�)

1 !
(x− �) +

f ′′(�)

2 !
(x− �)2

+ : : :+
f (�)(�)

� !
(x− �)� ; (6.1.2 - 1)

üôáí ïé áñéèìïß f(�), f ′(�), : : :, f (�)(�)=� ! åßíáé ïé óõíôåëåóôÝò ôïõ ðïëõùíýìïõ

óôï �.

¸óôù ôþñá üôé óôïí ôýðï (6:1:2− 1) ôá x êáé î áíôéêáèßóôáíôáé áðü ôá

x+ h êáé x áíôßóôïé÷á ìå h > 0. Ôüôå ç (6:1:2− 1) ãñÜöåôáé

f(x+ h) ≈ f(x) +
h

1 !
f ′(x) +

h2

2 !
f ′′(x) +

h3

3 !
f ′′′(x)

+ : : :+
h�

� !
f (�)(x): (6.1.2 - 2)

Ï ôýðïò (6:1:2− 2), üôáí ôï h áíôéêáôáóôáèåß ìå ôï −h, ãñÜöåôáé ùò åîÞò:

f(x− h) ≈ f(x)− h

1 !
f ′(x) +

h2

2 !
f ′′(x)− h3

3 !
f ′′′(x)

+ : : :+ (−1)�
h�

� !
f (�)(x): (6.1.2 - 3)

Ðñïóåããßóåéò 1çò ðáñáãþãïõ

Áðü ôïí ôýðï (6:1:2− 2) ðñïêýðôåé üôé

f(x+ h) = f(x) +
h

1 !
f ′(x) +O

(
h2
)
: (6.1.2 - 4)

2¼ôáí � = 0, ï ôýðïò (6:1:2− 1) ãñÜöåôáé óôçí ðáñáêÜôù ìïñöÞ

f(x) ≈ f(0) +
f ′(0)

1 !
x+

f ′′(0)

2 !
x2 + : : :+

f (�)(0)

� !
x�

ðïõ åßíáé ãíùóôüò óáí ôýðïò ôïõ Maclaurin, åíþ ïé áñéèìïß f(0), f ′(0), : : :, f (�)(0)=� !

åßíáé ïé áíôßóôïé÷ïé óõíôåëåóôÝò ôïõ ðïëõùíýìïõ.
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ÐáñáôçñÞóåéò 6.1.2 - 1

• Óôçí (6:1:2−4) ï üñïò O
(
h2
)
èá óõìâïëßæåé óôï åîÞò êÜèå ðáñÜóôáóç

ìå üñïõò h âáèìïý ìåãáëýôåñïõ Þ ßóïõ ôïõ h2.

• Ôüôå, åðåéäÞ ï ðáñáðÜíù óõìâïëéóìüò O
(
h2
)
óõìðåñéëáìâÜíåé êáé ôçí

ðåñßðôùóç ôïõ áèñïßóìáôïò ôùí Üðåéñùí üñùí, äçëáäÞ ôçò óåéñÜò, ç

(6:1:2 − 4) êáé êÜèå áíÜëïãç áõôÞò Ýêöñáóç èá ãñÜöåôáé ìå ßóïí,

äéáöïñåôéêÜ èá ÷ñçóéìïðïéåßôáé ôï óýìâïëï ôïõ êáôÜ ðñïóÝããéóç ßóïí

(≈).

Ëýíïíôáò ôçí (6:1:2− 4) ùò ðñïò f ′(x) Ý÷ïõìå

f ′(x) =
f(x+ h)− f(x)

h
+O (h) ; (6.1.2 - 5)

ðïõ óõìðßðôåé ìå ôçí (6:1:1 − 3), üôáí x = �. Óôçí (6:1:2 − 5) ï âáèìüò

ôïõ h óôïí üñï O (h) åßíáé 1, ïðüôå êáé ç ðñïóÝããéóç ôçò f ′(x) èá åßíáé 1ïõ

âáèìïý.

¼ìïéá áðü ôïí ôýðï (6:1:2− 3) ðñïêýðôåé üôé

f(x− h) = f(x)− h

1 !
f ′(x) +O

(
h2
)
;

ïðüôå ëýíïíôáò ùò ðñïò f ′(x) Ý÷ïõìå

f ′(x) =
f(x)− f(x− h)

h
+O (h) ; (6.1.2 - 6)

äçëáäÞ ç (6:1:1− 4) ìå x = � êáé ðñïóÝããéóç åðßóçò 1ïõ âáèìïý.

Áí ç (6:1:2− 2) ãñáöåß ùò åîÞò:

f(x+ h) = f(x) +
h

1 !
f ′(x) +

h2

2 !
f ′′(x) +

h3

3 !
f ′′′(x) +O

(
h4
)

(6.1.2 - 7)

êáé ç (6:1:2− 3) ùò:

f(x− h) = f(x)− h

1 !
f ′(x) +

h2

2 !
f ′′(x)− h3

3 !
f ′′′(x) +O

(
h4
)
; (6.1.2 - 8)

ôüôå áöáéñþíôáò êáôÜ ìÝëç ôéò (6:1:2− 7) êáé (6:1:2− 8) ðñïêýðôåé üôé

f(x+ h)− f(x− h) = 2h f ′(x) +O
(
h3
)
;
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ïðüôå

f ′(x) =
f(x+ h)− f(x− h)

2h
+O

(
h2
)
; (6.1.2 - 9)

äçëáäÞ ç (6:1:1−5) ìå x = �, ðïõ ëüãù ôïõ üñïõ O
(
h2
)
åßíáé ìéá ðñïóÝããéóç

2ïõ âáèìïý.

ÐñïóÝããéóç 2çò ðáñáãþãïõ

ÐñïóèÝôïíôáò êáôÜ ìÝëç ôéò (6:1:2− 7) êáé (6:1:2− 8) ðñïêýðôåé üôé

f(x+ h) + f(x− h) = 2f(x) + h2 f ′′(x) +O
(
h4
)
;

ïðüôå äéáéñþíôáò êáé ôá äýï ìÝëç ìå h2 ôåëéêÜ Ý÷ïõìå

f ′′(x) =
f(x+ h)− 2 f(x) + f(x− h)

h2
+O

(
h2
)
; (6.1.2 - 10)

äçëáäÞ ç (6:1:1− 13) ìå x = � ðïõ ïñßæåé ìéá ðñïóÝããéóç 2ïõ âáèìïý.

ÓõíäõÜæïíôáò êáôÜëëçëá ôéò (6:1:2−2) êáé (6:1:2−3) ðñïêýðôïõí ðñïóåããß-

óåéò ãéá êÜèå ðáñÜãùãï ôçò f .3

ÐáñÜäåéãìá 6.1.2 - 1

¸óôù ç óõíÜñôçóç

f(x) = e−x
2
:

Ìå ôïõò ôýðïõò (6:1:1− 3) êáé (6:1:1− 13) íá õðïëïãéóôïýí ïé ðñïóåããßóåéò

ôùí ðáñáãþãùí f ′(1) êáé f ′′(1), üôáí

h = 0:1; 0:01 êáé 0:001:

Óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôéò èåùñçôéêÝò ôéìÝò

f ′(1) = −2x e−x
2
∣∣∣
x=1

≈ −0:735 758 9;

f ′′(1) =
(
−2 + 4x2

)
e−x

2
∣∣∣
x=1

≈ 0:735 758 9:

3Ï áíáãíþóôçò, ãéá Ýíáí ðëÞñç ðßíáêá ìå ôéò ðñïóåããßóåéò ôùí ðáñáãþãùí êáé ôùí

áíôßóôïé÷ùí ôÜîåùí ðáñáðÝìðåôáé óôï âéâëßï B. Fornberg [9] Êåö. 3.
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Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:1:1− 3) Ý÷ïõìå:

h = 0:1

f ′(1) ≈ f(1 + 0:1)− f(1)

0:1
=

e1:1
2 − e−1

0:1
= −0:696 821 6;

h = 0:01

f ′(1) ≈ f(1 + 0:01)− f(1)

0:01
=

e1:01
2 − e−1

0:01
= −0:732 055 9;

h = 0:001

f ′(1) ≈ f(1 + 0:001)− f(1)

0:001
=

e1:001
2 − e−1

0:001
= −0:735 390 8;

åíþ ìå ôïí ôýðï (6:1:1− 13) åßíáé

h = 0:1

f ′′(1) ≈ f(1 + 0:1)− 2f(1)− f(1− 0:1)

0:12
=

e1:1
2 − 2e−1 + e0:9

2

0:12

= 0:729 646 3;

h = 0:01

f ′(1) ≈ f(1 + 0:01)− 2f(1)− f(1− 0:01)

0:012
=

e1:01
2 − 2e−1 + e0:99

2

0:012

= 0:735 697 6;

h = 0:001

f ′(1) ≈ f(1 + 0:001)− 2f(1)− f(1− 0:001)

0:0012
=

e1:001
2 − 2e−1 + e0:999

2

0:0012

= 0:735 758 3:

ÓõãêåíôñùôéêÜ ôá áðïôåëÝóìáôá êáé ôá áðüëõôá óöÜëìáôá äßíïíôáé óôïí

Ðßíáêá 6.1.2 - 1, üðïõ ôï 0:611 2551E − 02 = 0:00611 255 1 ê.ëð.
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Ðßíáêáò 6.1.2 - 1: ÐáñÜäåéãìá 6.1.2 - 1: ðñïóÝããéóç 1çò êáé 2çò ðáñáãþãïõ

h f ′(1) áðüëõôï óöÜëìá f ′′(1) áðüëõôï óöÜëìá

0.100 -0.696 821 6 0.038 937 26 0.729 646 3 0.611 255 1E-02

0.010 -0.732 055 9 0.370 301Å-02 0.735 697 6 0.613 1136E-04

0.001 -0.735 390 8 0.368 124Å-04 0.735 758 3 0.613 143 7E-06

ÐáñÜäåéãìá 6.1.2 - 2

Ìå ôïõò ôýðïõò ôïõ Taylor (6:1:2 − 2) êáé (6:1:2 − 3) íá õðïëïãéóôåß ç

ðñïóÝããéóç ôçò ðáñáãþãïõ f (3)(x).

Ëýóç. ÅðåéäÞ ç ðáñÜãùãïò ðïõ æçôåßôáé ç ðñïóÝããéóç åßíáé 3çò ôÜîçò, ðñÝðåé

ôá áíáðôýãìáôá íá ðåñéÝ÷ïõí ôçí ðáñÜãùãï áõôÞ. ÅðïìÝíùò

f(x+ 2h) ≈ f(x) +
2h

1 !
f ′(x) +

(2h)2

2 !
f ′′(x) +

(2h)3

3 !
f ′′′(x) +O

(
h4
)
;

f(x+ h) ≈ f(x) +
h

1 !
f ′(x) +

h2

2 !
f ′′(x) +

h3

3 !
f ′′′(x) +O

(
h4
)
;

f(x− h) ≈ f(x)− h

1 !
f ′(x) +

h2

2 !
f ′′(x)− h3

3 !
f ′′′(x) +O

(
h4
)
;

f(x− 2h) ≈ f(x)− 2h

1 !
f ′(x) +

(2h)2

2 !
f ′′(x)− (2h)3

3 !
f ′′′(x) +O

(
h4
)
:

Óôç óõíÝ÷åéá ðñÝðåé ðñïóèÝôïíôáò êáôÜ ìÝëç êáôÜëëçëá ðïëëáðëáóéáóìÝ-

íåò ôéò ðáñáðÜíù ó÷Ýóåéò íá áðáëåßöïíôáé ç 1ç êáé ç 2ç ðáñÜãùãïò. ¢ñá

f(x+ 2h) ≈ f(x) +
2h

1 !
f ′(x) +

(2h)2

2 !
f ′′(x) +

(2h)3

3 !
f ′′′(x) +O

(
h4
)
;

−2 f(x+ h) ≈ −2f(x)− 2h

1 !
f ′(x)− 2h2

2 !
f ′′(x)− 2h3

3 !
f ′′′(x) +O

(
h4
)
;

2 f(x− h) ≈ 2f(x)− 2h

1 !
f ′(x) +

2h2

2 !
f ′′(x)− 2h3

3 !
f ′′′(x) +O

(
h4
)
;

− f(x− 2h) ≈ −f(x) + 2h

1 !
f ′(x)− (2h)2

2 !
f ′′(x) +

(2h)3

3 !
f ′′′(x) +O

(
h4
)
;
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ïðüôå ôåëéêÜ

f (3)(x) ≈ −f(x− 2h) + 2f(x− h)− 2f(x+ h) + f(x+ 2h)

2h3

+O
(
h2
)
: (6.1.2 - 11)

Ç ðñïóÝããéóç áõôÞ ëüãù ôïõ üñïõ O
(
h2
)
åßíáé 2çò ôÜîçò.

ÁóêÞóåéò

1. Ìå ôïõò ôýðïõò (6:1:1−3) êáé (6:1:1−13) êáé áêñßâåéá 6 äåêáäéêþí øçößùí

íá õðïëïãéóôåß ç 1çò êáé ç 2çò ôÜîçò ðáñÜãùãïò ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) ln
(
e2x − 2

)
iii) sinhx

ii) tan−1 (e−x) iv)
√
1 + x2.

óôï óçìåßï � = 1:5, üôáí h = 0:1, 0:01 êáé 0:0025. Óôç óõíÝ÷åéá íá ãßíåé

óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôçí áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ.

2. ¼ìïéá ìå ôïõò ôýðïõò (6:1:1− 5) êáé (6:1:1− 13) ôùí óõíáñôÞóåùí:

i) cosx2 ii)
sinx

x
;

üôáí h = 0:1, 0:01 êáé 0:001, óôï óçìåßï î = �=4 êáé íá ãßíåé óýãêñéóç ìå

ôçí áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ.

3. Ìå ôïí ôýðï (6:1:1 − 9) êáé h = 0:01 íá õðïëïãéóôåß ç 1çò ôÜîçò

ðáñÜãùãïò ôçò óõíÜñôçóçò ôïõ Ðáñáäåßãìáôïò 6.1.2 - 1 êáé íá ãßíåé óýãêñéóç

ôïõ áðïôåëÝóìáôïò ìå ôá áíôßóôïé÷á ôïõ Ðßíáêá 6.1.2 - 1.

4. Ìå ôïõò ôýðïõò ôïõ Taylor (6:1:2 − 2) êáé (6:1:2 − 3) íá õðïëïãéóôåß ç

ðñïóÝããéóç ôçò ðáñáãþãïõ f (4)(x).

ÁðáíôÞóåéò

1. (i) ¸óôù

f(x) = ln
(
e2x − 2

)
: Ôüôå f ′(x) =

2 e2x

−2 + e2x
ìå f ′(1:5) = 2:221 171

f ′′(x) = − 8 e2x

(−2 + e2x)2
ìå f ′′(1:5) = −0:491 259:
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Óýìöùíá ìå ôïõò ôýðïõò (6:1:1− 3) êáé (6:1:1− 13) Ý÷ïõìå:

h = 0:1

f ′(1:5) ≈ f(1:5 + 0:1)− f(1:5)

0:1
=

ln
(
e2(1:5+0:1) − 2

)
− ln

(
e2 · 1:5 − 2

)
0:1

= 2:198 475;

f ′′(1:5) ≈ f(1:5− 0:1)− 2f(1:5) + f(1:5 + 0:1)

0:12

=
ln
(
e2(1:5−0:1) − 2

)
− 2 ln

(
e2 · 1:5 − 2

)
+ ln

(
e2(1:5+0:1) − 2

)
0:12

= −0:494 118:

h = 0:01

f ′(1:5) ≈ f(1:5 + 0:01)− f(1:5)

0:01
= : : : = 2:218 735;

f ′′(1:5) ≈ f(1:5− 0:01)− 2f(1:5) + f(1:5 + 0:01)

0:012
= : : : = −0:491 288:

h = 0:0025

f ′(1:5) ≈ f(1:5 + 0:0025)− f(1:5)

0:0025
= : : : = 2:220 558;

f ′′(1:5) ≈ f(1:5− 0:01)− 2f(1:5) + f(1:5 + 0:01)

0:012
= : : : = −0:491 261:

(ii) ¸óôù

f(x) = tan−1 (e−x) : Ôüôå f ′(x) = − e−x

1 + e−2x
ìå f ′(1:5) = −0:212 548

f ′′(x) =
ex
(
e2x − 1

)
(e2x + 1)2

ìå f ′′(1:5) = 0:192 388:
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Óýìöùíá ìå ôïõò ôýðïõò (6:1:1− 3) êáé (6:1:1− 13) Ý÷ïõìå:

h = 0:1

f ′(1:5) ≈ f(1:5 + 0:1)− f(1:5)

0:1
= : : : = −0:203 155;

f ′′(1:5) ≈ f(1:5− 0:1)− 2f(1:5) + f(1:5 + 0:1)

0:12

= : : : = 0:192 374:

h = 0:01

f ′(1:5) ≈ f(1:5 + 0:01)− f(1:5)

0:01
= : : : = −0:211 588;

f ′′(1:5) ≈ f(1:5− 0:01)− 2f(1:5) + f(1:5 + 0:01)

0:012
= : : : = 0:192 387:

h = 0:0025

f ′(1:5) ≈ f(1:5 + 0:0025)− f(1:5)

0:0025
= : : : = −0:212 308;

f ′′(1:5) ≈ f(1:5− 0:01)− 2f(1:5) + f(1:5 + 0:01)

0:012
= : : : = 0:192 388:

(iii) ¸óôù

f(x) = sinh 2x: Ôüôå f ′(x) = 2 cosh 2x ìå f ′(1:5) = 20:135 320

f ′′(x) = 4 sinh 2x ìå f ′′(1:5) = 40:071 500:

¼ìïéá ìå ôïõò ôýðïõò (6:1:1− 3) êáé (6:1:1− 13) Ý÷ïõìå:

h = 0:1

f ′(1:5) ≈ : : : = 22:280 090 êáé f ′′(1:5) ≈ : : : = 40:205 250:

h = 0:01

f ′(1:5) ≈ : : : = 20:337 030 êáé f ′′(1:5) ≈ : : : = 40:072 840:

h = 0:0025

f ′(1:5) ≈ : : : = 20:185 500 êáé f ′′(1:5) ≈ : : : = 40:071 580:
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(iv) ¸óôù

f(x) =
√

1 + x2: Ôüôå f ′(x) =
x√

1 + x2
ìå f ′(1:5) = 0:832 050

f ′′(x) =
1

(1 + x2)3=2
ìå f ′′(1:5) = 0:170 677:

¼ìïéá ìå ôïõò ôýðïõò (6:1:1− 3) êáé (6:1:1− 13) Ý÷ïõìå:

h = 0:1

f ′(1:5) ≈ : : : = 0:840 206 êáé f ′′(1:5) ≈ : : : = 0:171 000:

h = 0:01

f ′(1:5) ≈ : : : = 0:832 900 êáé f ′′(1:5) ≈ : : : = 0:170 680:

h = 0:0025

f ′(1:5) ≈ : : : = 0:832 263 êáé f ′′(1:5) ≈ : : : = 0:170 677:

2. (i) ¸óôù

f(x) = cosx2: Ôüôå f ′(x) = −2x cosx2 ìå f ′(�=4) = −0:908 657

f ′′(x) = −2
(
2x2 cosx2 + sinx2) ìå f ′′(�=4) = −3:169 608:

¼ìïéá ìå ôïõò ôýðïõò (6:1:1− 5) êáé (6:1:1− 13) Ý÷ïõìå:

h = 0:1

f ′(�=4) ≈ : : : = −0:917 640 êáé f ′′(�=4) ≈ : : : = −3:159 267:

h = 0:01

f ′(�=4) ≈ : : : = −0:908 747 êáé f ′′(�=4) ≈ : : : = −3:169 505:

h = 0:001

f ′(�=4) ≈ : : : = −0:908 658 êáé f ′′(�=4) ≈ : : : = −3:169 607:

(ii) ¸óôù

f(x) =
sinx

x
: Ôüôå f ′(x) =

cosx

x
− sinx

x2
ìå f ′(�=4) = −0:246 002

f ′′(x) = −2 cosx

x2
+

2 sinx

x3
− sinx

x
ìå

f ′′(�=4) = −0:273 877:
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¼ìïéá ìå ôïõò ôýðïõò (6:1:1− 5) êáé (6:1:1− 13) Ý÷ïõìå:

h = 0:1

f ′(�=4) ≈ : : : = −0:245 759 êáé f ′′(�=4) ≈ : : : = −0:273 746:

h = 0:01

f ′(�=4) ≈ : : : = −0:246 000 êáé f ′′(�=4) ≈ : : : = −0:273 876:

h = 0:001

f ′(�=4) ≈ : : : = −0:246 002 êáé f ′′(�=4) ≈ : : : = −0:273 877:

3. ¼ìïéá ìå ÁóêÞóåéò 1 êáé 2.

4. Áêïëïõèþíôáò äéáäéêáóßá áíÜëïãç ôïõ Ðáñáäåßãìáôïò 6.1.2 - 2 áðïäåéêíýåôáé üôé

f (4)(x) ≈ f(x− 2h)− 4f(x− h) + 6f(x)− 4f(x+ h) + f(x+ 2h)

h4
+O

(
h2) :

6.2 ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí

6.2.1 Õðïëïãéóìüò ìå ôïí ôýðï ôïõ Taylor

¸óôù u = u(x; t) ìéá óõíÜñôçóç äýï ìåôáâëçôþí, üðïõ ôï x óõìâïëßæåé

óõíÞèùò ôç ìåôáâëçôÞ ôïõ äéáóôÞìáôïò êáé ôï t ôïõ ÷ñüíïõ. Ôüôå ï ôýðïò

(6:1:2− 1) ãñÜöåôáé

u(x+ h; t) ≈ u(x; t) +
h

1 !

@u

@x
+
h2

2 !

@2u

@x2

+ : : :+
h�

� !

@�u

@x�
; (6.2.1 - 1)

üôáí h > 0 ç áýîçóç ôçò ìåôáâëçôÞò x, áíôßóôïé÷á

u(x; t+ `) ≈ u(x; t) +
`

1 !

@u

@t
+

`2

2 !

@2u

@t2

+ : : :+
`�

� !

@�u

@t�
; (6.2.1 - 2)
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üôáí ` > 0 ç áýîçóç ôçò t. ÈÝôïíôáò üðïõ h ôï −h, áíôßóôïé÷á üðïõ ` ôï

−`, ðñïêýðôïõí áíÜëïãïé ôýðïé ôçò (6:1:2− 3).

¼ìïéá ôüôå ìå ôçí ÐáñÜãñáöï 6.1.2 áðïäåéêíýåôáé üôé éó÷ýïõí ãéá ôçí

1ç ìåñéêÞ ðáñÜãùãï ùò ðñïò x ïé ðñïóåããßóåéò:

ux =
@u

@x
=

u(x+ h; t)− u(x; t)

h
+O(h) (6.2.1 - 3)

=
u(x; t)− u(x− h; t)

h
+O(h) (6.2.1 - 4)

=
u(x+ h; t)− u(x− h; t)

2h
+O

(
h2
)

(6.2.1 - 5)

ìå áíÜëïãåò åêöñÜóåéò ãéá ôçí @u=@t, åíþ ãéá ôç 2ç ìåñéêÞ ðáñÜãùãï ùò

ðñïò x ç ðñïóÝããéóç:

uxx =
@2u

@x2
=

u(x+ h; t)− 2u(x; t) + u(x− h; t)

h2
+O

(
h2
)
; (6.2.1 - 6)

áíôßóôïé÷á

utt =
@2u

@t2
=

u(x; t+ `)− 2u(x; t) + u(x; t− `)

`2
+O

(
`2
)
: (6.2.1 - 7)

ÓõíäõÜæïíôáò êáôÜëëçëá ôçí (6:2:1 − 1), áíôßóôïé÷á (6:2:1 − 2) åßíáé

äõíáôüí íá ðñïêýøïõí êáé Üëëåò ðñïóåããßóåéò ãéá ôéò ìåñéêÝò ðáñáãþãïõò

ôçò u.4

Ìéá óçìáíôéêÞ åöáñìïãÞ ôïõ ôýðïõ (6:2:1− 6) èá äïèåß óôï ÐáñÜäåéãìá

6.2.2 - 1 óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò.

6.2.2 ÓõíïñéáêÝò óõíèÞêåò

Óôïí ðñïóåããéóôéêü õðïëïãéóìü ôçò ëýóçò ìéáò äéáöïñéêÞò åîßóùóçò ç ðáñÜ-

ãùãïò ùò ðñïò ôç ìåôáâëçôÞ x áíÜëïãá ìå ôçí ôÜîç ôçò áíôéêáèßóôáôáé ìå

ôéò ðñïóåããßóåéò (6:2:1−3) - (6:2:1− 6) ê.ëð. Áõôü óçìáßíåé üôé ôï äéÜóôçìá

[a; b] ðñÝðåé íá õðïäéáéñåèåß óå åðéìÝñïõò éóáðÝ÷ïíôá õðïäéáóôÞìáôá áðü ôá

óçìåßá (Ó÷. 6.2.2 - 1)

a = x0 < x1 < x2 < : : : < xN−1 < xN = b (6.2.2 - 1)

4Åêôüò áðü ôéò ìéêôÝò ðáñáãþãïõò ðïõ õðïëïãßæïíôáé óôçí ÐáñÜãñáöï 6.2.3.
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x0 x1 x2 xN-1 xNxN

æ æ æ. . .æ æ

Ó÷Þìá 6.2.2 - 1: äéáìÝñéóç ôïõ [a; b]. Ôá x0 êáé xN åßíáé ôá óõíïñéáêÜ, åíþ

ôá x1; : : : ; xN−1 ôá åóùôåñéêÜ óçìåßá

x0 x1x
-1 xN-1 xN xN+1

æ æ æ. . .æ æo o

Ó÷Þìá 6.2.2 - 2: äéáìÝñéóç ôïõ [a; b]. Ôá óçìåßá x−1 êáé xN+1 åßíáé åêôüò

ôïõ äéáóôÞìáôïò [a; b]

êáé óôç óõíÝ÷åéá óå êáèÝíá áðü áõôÜ íá åöáñìïóôåß ï áíÜëïãïò ðñïóåããéóôé-

êüò ôýðïò.

Ôüôå ôï ðñüâëçìá ìå ôéò ôéìÝò ôçò óõíÜñôçóçò äçìéïõñãåßôáé, üôáí ç

áíôéêáôÜóôáóç ôùí ðáñáãþãùí ãßíåôáé óôá Üêñá óçìåßá x0 êáé xN Þ óå

ãåéôïíéêÜ ôùí. Ãéá ðáñÜäåéãìá, Ýóôù üôé áðáéôåßôáé ç ðñïóÝããéóç ôçò uxx

óôï óçìåßï x0. Óýìöùíá ìå ôïí ôýðï (6:2:1 − 6) óôçí ðåñßðôùóç áõôÞ èá

Ý÷ïõìå

uxx|x=x0 =
u (x0 − h; t)− 2u (x0; t) + u (x0 + h; t)

h2

üðïõ üìùò ôï óçìåßï x0 − h åßíáé åêôüò ôïõ ðåäßïõ ïñéóìïý [a; b] (Ó÷. 6.2.2

- 2). ÁíÜëïãï ðñüâëçìá õðÜñ÷åé êáé óôï óçìåßï xN .

Ãéá ôçí áíôéìåôþðéóç áõôþí ôùí ðñïâëçìÜôùí ðñÝðåé íá åßíáé ãíùóôÞ

ç óõìðåñéöïñÜ ôçò óõíÜñôçóçò u óôá óõíïñéáêÜ óçìåßá x0 êáé xN . Áõôü

ãßíåôáé ìå ôéò ëåãüìåíåò óõíïñéáêÝò óõíèÞêåò (boundary conditions) ôçò

äéáöïñéêÞò åîßóùóçò.

Ïé êõñéüôåñåò áðü áõôÝò åßíáé ïé

• Neumann óõíïñéáêÝò óõíèÞêåò

ux|x=x0 = 0 êáé ux|x=xN = 0:
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Ôüôå áðü ôçí (6:2:1− 5) ðñïêýðôïõí ôá åîÞò (Ó÷. 6.2.2 - 2):

ux|x=x0 =
u (x0 + h; t)− u (x0 − h; t)

2h
= 0; ïðüôå

u (x0 − h; t) = u (x0 + h; t) ; êáé

(6.2.2 - 2)

ux|x=xÍ =
u (xÍ + h; t)− u (xÍ − h; t)

2h
= 0; ïðüôå

u (xN + h; t) = u (xN − h; t) :

• Dirichlet óõíïñéáêÝò óõíèÞêåò

u (x0) = v0 êáé u (xN ) = v1;

üôáí v0 êáé v1 ãíùóôÝò ôéìÝò. Óôçí ðåñßðôùóç áõôÞ, åöüóïí äåí åßíáé

ãíùóôÝò Üëëåò óõíèÞêåò, ç ðñïóÝããéóç ôùí äéáöïñéêþí åîéóþóåùí ãßíå-

ôáé ìüíï óôá åóùôåñéêÜ óçìåßá (Ó÷. 6.2.2 - 1).

ÐáñÜäåéãìá 6.2.2 - 1

Ç åîßóùóç äéÜäïóçò èåñìüôçôáò óå ìßá äéÜóôáóç ãñÜöåôáé

@u(x; t)

@t
= a

@2u(x; t)

@x2
üðïõ a < x < b; t > 0; (6.2.2 - 3)

üôáí a èåôéêÞ óôáèåñÜ êáé u(x; t) ìéá åðáñêþò ðáñáãùãßóéìç óõíÜñôçóç, üðïõ

ç t óõìâïëßæåé ôç ìåôáâëçôÞ ôïõ ÷ñüíïõ êáé ç x ôïõ äéáóôÞìáôïò. Óôç ÖõóéêÞ

ç óõíÜñôçóç u ïñßæåé ôç ìåôáâïëÞ ôçò èåñìïêñáóßáò, åíþ ç óôáèåñÜ a ôïí

óõíôåëåóôÞ èåñìéêÞò äéÜ÷õóçò.

Ç åîßóùóç èåñìüôçôáò åßíáé èåìåëéþäïõò óçìáóßáò óå äéáöüñïõò ôïìåßò

ôùí èåôéêþí åðéóôçìþí üðùò óôá ÌáèçìáôéêÜ ùò ôï ðñüôõðï ôçò ëýóçò

ðáñáâïëéêþí PDE's, óôç Èåùñßá ÐéèáíïôÞôùí, óôá ÏéêïíïìéêÜ ÌáèçìáôéêÜ

ê.ëð.

Óôçí ðñïóåããéóôéêÞ ëýóç ôçò (6:2:2−3) èåùñïýíôáé ïé ðáñáêÜôù óõíïñéáêÝò

óõíèÞêåò Dirichlet (Dirichlet boundary conditions)

u (a; t) = u (b; t) = 0; üôáí t > 0; (6.2.2 - 4)
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U
0

n

U
1

n

U
2

n

U
N-1

n

U
N

n

æ æ æ. . .æ æ

Ó÷Þìá 6.2.2 - 3: ÐáñÜäåéãìá 6.2.2 - 1: ïé ðñïóåããéóôéêÝò ôéìÝò Un
m; m =

0; : : : ; N ôçò óõíÜñôçóçò u(x; t) óôá óçìåßá (6:2:2− 5), üôáí ëçöèïýí õðüøç

ïé óõíïñéáêÝò óõíèÞêåò (6:2:2− 4), äçëáäÞ Un
0 = 0 êáé Un

N = 0

¸óôù üôé ôï äéÜóôçìá [a; b] ôçò ìåôáâëçôÞò x õðïäéáéñåßôáé óå N ßóá

õðïäéáóôÞìáôá ðëÜôïõò h ìå h = (b− a)=N (Ó÷. 6.2.2 - 1) áðü ôá óçìåßá

a = x0 < x1 < x2 < : : : < xN−1 < xN = b (6.2.2 - 5)

êáé üôé ãéá åõêïëßá ç ðñïóåããéóôéêÞ ôéìÞ ôçò u(x; t) óôá óçìåßá (6:2:2− 5),

äçëáäÞ ç u (xm; t) ; m = 0; 1; : : : ; N èá óõìâïëßæåôáé óôï åîÞò ìå

Un
m ãéá êÜèå m = 0; 1; : : : ; N:

ÅðåéäÞ óýìöùíá ìå ôçí (6:2:2 − 4) äßíïíôáé ïé óõíïñéáêÝò ôéìÝò óôá óçìåßá

x0 = a êáé xN = b, ç (6:2:2 − 3) åöáñìüæåôáé óå êÜèå ÷ñïíéêÞ óôéãìÞ ôçò

ìïñöÞò t = n` üðïõ ` ôï âÞìá ôïõ ÷ñüíïõ êáé n = 1; 2; : : : óå üëá ôá

åóùôåñéêÜ óçìåßá (Ó÷. 6.2.2 - 3) ôçò äéáìÝñéóçò (6:2:2− 5).

Ôüôå óýìöùíá ìå ôçí (6:2:1 − 6) Ý÷ïõìå ôï ðáñáêÜôù óýóôçìá ôùí N

äéáöïñéêþí åîéóþóåùí 1çò ôÜîçò:

x = x1 :
dUn

1

dt
=

0︷︸︸︷
Un
0 −2Un

1 + Un
2

h2

x = x2 :
dUn

2

dt
=

Un
1 − 2Un

2 + Un
3

h2

...
...

...

x = xN−1 :
dUn

N−1

dt
=

Un
N−2 − 2Un

N−1 + Un
N

h2

x = xN :
dUn

N

dt
=

Un
N−1 − 2Un

N +

0︷ ︸︸ ︷
Un
N+1

h2

(6.2.2 - 6)
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Ôï óýóôçìá áõôü ãñÜöåôáé óå äéáíõóìáôéêÞ ìïñöÞ ùò åîÞò:

dU(t)

dt
= AU(t); (6.2.2 - 7)

üôáí

U(t) = [U1(t); : : : ; UN (t)]⊤

åßíáé ôï äéÜíõóìá ôùí ðñïóåããéóôéêþí ëýóåùí ôçò åîßóùóçò (6:2:2 − 3) óå

åðßðåäï ÷ñüíïõ t êáé A Ýíáò ôñéäéáãþíéïò ðßíáêáò ôçò ìïñöÞò

A = h−2



−2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −2


:

Áðü ôç ëýóç ôïõ óõóôÞìáôïò (9:2:2− 3) ðñïêýðôïõí ôüôå ïé ðñïóåããéóôéêÝò

ôéìÝò ôçò u óôá óçìåßá (6:2:2 − 5). Ç ëýóç ôçò (6:2:2 − 3) ãéá ôéò äéÜöïñåò

ôéìÝò ôïõ t èá äïèåß óôï ÌÜèçìá ÁñéèìçôéêÞ ëýóç Ìåñéêþí Äéáöïñéêþí

Åîéóþóåùí ðïõ áêïëïõèåß.

ÁóêÞóåéò

1. Ç ãñáììéêÞ ìïñöÞ ôçò åîßóùóçò äéÜ÷õóçò-ìåôáöïñÜò (di�usion-convecti-

on) óå ìßá äéÜóôáóç Ý÷åé ôç ìïñöÞ

@u

@t
=

@2u

@t2
− ì

@u

@x
üðïõ 0 < x < b êáé t > 0; (6.2.2 - 8)

üðïõ ì > 0 åßíáé ç ðáñÜìåôñïò ìåôáöïñÜò (convection parameter).

Ïé óõíïñéáêÝò óõíèÞêåò, üôáí t > 0, åßíáé

u(0; t) = v(t) êáé
@u(b; t)

@x
= 0:

Ìå õðïëïãéóìïýò áíÜëïãïõò ôïõ Ðáñáäåßãìáôïò 6.2.2 - 1 äåßîôå üôé ç

äéáíõóìáôéêÞ ìïñöÞ ôçò ëýóçò ôçò åîßóùóçò (9:2:2− 23) åßíáé

dU(t)

dt
= AU(t) + b ìå U(0) = g;
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üðïõ

A =



−2 1− 1

2
ìh

1 +
1

2
ìh −2 1− 1

2
ìh

. . .
. . .

. . .

1 +
1

2
ìh −2 1− 1

2
ìh

2 −2


êáé b = h−2

[(
1 + 1

2ìh
)
Ut(n`); 0; : : : ; 0

]⊤
.

2. Ìå ôïí ôýðï (6:1:2−1) áíôéêáèéóôþíôáò êáôÜëëçëá ôï h ìå 2h êáé ôï −h
ìå −2h äåßîôå üôé

u(x+ 2h; t)− 2u(x; t) + u(x− 2h; t)

= 4h2
@2u

@x2
+

16h4

12

@4u

@x4
+O

(
h6
)

êáé óôç óõíÝ÷åéá üôé

@4u

@x4
=

1

h4
[u(x+ 2h; t)− 4u(x+ h; t) + 6u(x; t)

−4u(x− h; t) + u(x− 2h; t)] +O
(
h2
)
:

3. ¸óôù ç óõíÜñôçóç

u (x; y) = 4
[
tan−1 (expx) + tan−1 (exp y)

]
: (6.2.2 - 9)

Áí h = 0:1, ìå ôïí ôýðï (6:2:1 − 3), áíôßóôïé÷á ìå ôïí (6:2:1 − 6), íá

õðïëïãéóôïýí ïé ðáñÜãùãïé ux|x=1; y=1, áíôßóôïé÷á uyy|x=1; y=1 êáé íá ãßíåé

óýãêñéóç ìå ôç èåùñçôéêÞ 1:296 109, áíôßóôïé÷á −0:9871087.

Óçìåßùóç 6.2.2 - 1

Ç (6:2:2 − 9), üôáí åßíáé ç ëýóç ôç ÷ñïíéêÞ óôéãìÞ t = 0 ôçò äéäéÜóôáôçò

çìéôïíïåéäïýò äéáöïñéêÞò åîßóùóçò ôïõ Gordon (sine-Gordon equation)5

@2u

@t2
+ �

@u

@t
=

@2u

@x2
+
@2u

@y2
− �(x; y) sinu

5ÂëÝðå äçìïóßåõóç A. G. Bratsos [4].
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óôçí ðåñßðôùóç üðïõ � = 0 êáé �(x; y) = 1 äçìéïõñãåß ìå ôçí ðÜñïäï ôïõ

÷ñüíïõ äýï åõèýãñáììá êýìáôá ðïõ áðïìáêñýíïíôáé ìåôáîý ôïõò êáôÜ ôç

äéåýèõíóç y = x (Ó÷. 6.2.2 - 4).

(a) (b)

Ó÷Þìá 6.2.2 - 4: Åîßóùóç êýìáôïò (6:2:2 − 9), üôáí x; y ∈ [−6; 6] ôçí (a)

÷ñïíéêÞ óôéãìÞ t = 0 êáé (b) t = 7

6.2.3 Õðïëïãéóìüò ãéá äýï ìåôáâëçôÝò

Ï ôýðïò ôïõ Taylor ãéá ôçí ðåñßðôùóç ìéáò óõíÜñôçóçò, Ýóôù u = u(x; t),

üôáí ôï áíÜðôõãìá ãßíåôáé êáé ãéá ôéò äýï ìåôáâëçôÝò x êáé ` ãñÜöåôáé

u(x+ h; t+ `) = u(x; t) +
1

1 !

(
h
@u

@x
+ `

@u

@t

)

+
1

2 !

(
h2

@2u

@x2
+ 2h`

@2u

@x @t
+ `2

@2u

@t2

)

+
1

3 !

(
h3

@3u

@x3
+ 3h2`

@3u

@x2@t
+ 3h `2

@3u

@x @t2
+ `3

@3u

@t3

)
+ : : : : (6.2.3 - 1)

Áðü ôçí (6:2:3−1) åýêïëá áðïäåéêíýåôáé ôüôå ìå êáôÜëëçëïõò óõíäõáóìïýò
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ôùí ðñïóÞìùí ôùí h êáé ` üôé6

@2u

@x@t
=

1

4h`
[u(x+ h; t+ `)− u(x+ h; t− `)

−u(x− h; t+ `) + u(x− h; t− `)]

+O
(
(h+ `)4

hl

)
: (6.2.3 - 2)

ÓõíäõÜæïíôáò êáôÜëëçëá ôçí (6:2:3− 1) åßíáé äõíáôüí íá ðñïêýøïõí êáé

Üëëåò áíþôåñçò ôÜîçò ðñïóåããßóåéò ôùí ìåñéêþí ìåéêôþí ðáñáãþãùí ôçò u.

ÐáñÜäåéãìá 6.2.3 - 1

Ç óõíÜñôçóç

u(x; t) = 4 tan−1 [exp(x− t)] (6.2.3 - 3)

ðåñéãñÜöåé Ýíá êýìá, ðïõ äéáäßäåôáé (Ó÷. 6.2.3 - 1) ÷ùñßò íá áëëÜæåé ìïñöÞ

(soliton).

Ôüôå

uxt = 4
et+x

(
−e2t + e2x

)
(e2t + e2x)2

; ïðüôå uxt|x=0; t=1 = −0:987 1087:

6Óôçí (6:2:3 − 1) èÝôïíôáò êáôÜëëçëá üðïõ h ôï −h êáé üðïõ ` ôï −`, ðñïêýðôïõí ïé
ó÷Ýóåéò

u(x− h; t+ `) = u(x; t) +
1

1 !
(−hux + ` ut)

+
1

2 !

(
h2 uxx − 2h` uxt + `2 utt

)
+ : : : ;

u(x+ h; t− `) = u(x; t) +
1

1 !
(hux − ` ut)

+
1

2 !

(
h2 uxx − 2h` uxt + `2 utt

)
+ : : : ;

u(x− h; t− `) = u(x; t) +
1

1!
(−hux − ` ut)

+
1

2 !

(
h2 uxx + 2h` uxt + `2 utt

)
+ : : : :
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-4 -2 2 4 6 8 10
x

1

2

3

4

5

6

u

Ó÷Þìá 6.2.3 - 1: ÐáñÜäåéãìá 6.2.3 - 1: ç ìïñöÞ ôïõ êýìáôïò u(x; t) =

4 tan−1 [exp(x− t)], üôáí t = 1; 2; 3 êáé x ∈ [−5; 10]

Åöáñìüæïíôáò ôïí ôýðï (6:2:3 − 2) ãéá h = ` = 0:01, üôáí x = 0; t = 1

Ý÷ïõìå

uxt|x=0; t=1 =
1

4h`
[u(0 + 0:01; 1 + 0:01)− u(0 + 0:01; 1− 0:01)

−u(0− 0:01; 1 + 0:01) + u(0− 0:01; 1− 0:01)]

= −0:987 0587:

¢ñá õðÜñ÷åé óöÜëìá óôçí ðñïóÝããéóç: |e| = 5× 10−5.

ÁóêÞóåéò

1. ¼ìïéá ìå ôç óõíÜñôçóç u(x; t) ôïõ Ðáñáäåßãìáôïò 6.2.3 - 1 ç óõíÜñôçóç

v(x; t) = 4 tan−1 {exp[−(x− t)] }

ðåñéãñÜöåé Ýíá êýìá soliton. Åöáñìüæïíôáò ôïí ôýðï (6:2:3− 2) ãéá h = ` =

0:01, üôáí x = 0; t = 1 íá õðïëïãéóôåß ç uxt|x=0; t=1 êáé íá ãßíåé óýãêñéóç

ìå ôçí áíôßóôïé÷ç èåùñçôéêÞ 0.987 109.

Óôç óõíÝ÷åéá íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôùí óõíáñôÞóåùí u(x; t) êáé

v(x; t), üôáí x ∈ [−5; 10] êáé t = 1; 2; 5. Ôé ðáñáôçñåßôå;
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2. ¸óôù ç óõíÜñôçóç

u (x; y) = 4 tan−1 exp
(
3−

√
x2 + y2

)
(6.2.3 - 4)

¼ìïéá ìå ôïí ôýðï (6:2:3 − 2) ãéá h = k = 0:01, üôáí x = y = 1 íá

õðïëïãéóôåß ç uxy|x=1; y=1 êáé íá ãßíåé óýãêñéóç ìå ôçí áíôßóôïé÷ç èåùñçôéêÞ

-0.083 490.

Óçìåßùóç 6.2.3 - 1

Ç (6:2:3 − 4), üôáí åßíáé ç ëýóç ôç ÷ñïíéêÞ óôéãìÞ t = 0 ôçò äéäéÜóôáôçò

çìéôïíïåéäïýò äéáöïñéêÞò åîßóùóçò ôïõ Gordon (sine-Gordon equation)7

@2u

@t2
+ �

@u

@t
=

@2u

@x2
+
@2u

@y2
− �(x; y) sinu

óôçí ðåñßðôùóç üðïõ � = 0 êáé �(x; y) = 1 äçìéïõñãåß ìå ôçí ðÜñïäï ôïõ

÷ñüíïõ Ýíá êõêëéêü êýìá ðïõ áëëÜæåé ìïñöÞ (Ó÷. 6.2.3 - 2 êáé 6.2.3 - 3).

(a) (b)

Ó÷Þìá 6.2.3 - 2: Åîßóùóç êýìáôïò (6:2:3 − 4): ÃñáöéêÞ ðáñÜóôáóç ôçò

óõíÜñôçóçò z = sin 1
2 u(x; y), üôáí x; y ∈ [−7; 7] ôçí (a) ÷ñïíéêÞ óôéãìÞ

t = 0 êáé (b) t = 5:6

7ÂëÝðå üìïéá äçìïóßåõóç A. G. Bratsos [4].
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(a) (b)

Ó÷Þìá 6.2.3 - 3: Åîßóùóç êýìáôïò (6:2:3 − 4): ÃñáöéêÞ ðáñÜóôáóç ôçò

óõíÜñôçóçò z = sin 1
2 u(x; y), üôáí x; y ∈ [−7; 7] ôçí (a) ÷ñïíéêÞ óôéãìÞ

t = 8:4 êáé (b) t = 11:2
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