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ÌÜèçìá 1

ÄÉÁÍÕÓÌÁÔÁ

1.1 ÅéóáãùãéêÝò Ýííïéåò

Óôï ìÜèçìá áõôü èá äïèïýí ôá êõñéüôåñá óôïé÷åßá ôùí äéáíõóìÜôùí, ðïõ åßíáé

áðáñáßôçôá ãéá ôçí êáôáíüçóç ôùí åðüìåíùí ìáèçìÜôùí. Ï áíáãíþóôçò, ãéá

ìéá ðëçñÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4] óôï ôÝëïò

ôïõ ìáèÞìáôïò.

1.1.1 Âáóéêïß ïñéóìïß

Ïñéóìüò 1.1.1 - 1. ËÝãåôáé ðñïóáíáôïëéóìÝíç åõèåßá Þ Üîïíáò ìéá åõ-

èåßá, Ýóôù å, óôçí ïðïßá Ý÷åé ïñéóôåß Ýíá óôáèåñü óçìåßï Ï, Ýíá åõèýãñáììï

ôìÞìá ÏÁ ðïõ ôï ìÞêïò ôïõ èåùñåßôáé ùò ìïíÜäá ìÝôñçóçò, äçëáäÞ |ÏÁ| = 1

êáé èåôéêÞ ç öïñÜ áðü ôï Ï ðñïò ôï Á (Ó÷. 1.1.1 - 1).

Ôüôå ðñïöáíþò ç öïñÜ áðü ôï Á ðñïò ôï Ï èá åßíáé áñíçôéêÞ.

Áí ôþñá Ì åßíáé Ýíá Üëëï ôõ÷üí óçìåßï ôçò å, èá ðñÝðåé ãéá ôï ìÝôñï ôçò

áðüóôáóÞò ôïõ áðü ôï Ï íá éó÷ýåé:

|ÏÌ | = x|ÏÁ| = x:

13
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Ó÷Þìá 1.1.1 - 1: ðñïóáíáôïëéóìÝíç åõèåßá Þ Üîïíáò.

Ï áñéèìüò x ïñßæåé ôüôå ôçí ôåôìçìÝíç ôïõ óçìåßïõ Ì . Åßíáé ðñïöáíÝò

üôé ç ôåôìçìÝíç åßíáé èåôéêÞ, üôáí ôï óçìåßï åßíáé äåîéÜ ôïõ Ï. Áíôßóôñïöá

ôþñá, áí åßíáé ãíùóôÞ ç ôåôìçìÝíç åíüò óçìåßïõ, ôüôå èá åßíáé ãíùóôÞ êáôÜ

ìïíïóÞìáíôï ôñüðï êáé ç èÝóç ôïõ óôïí Üîïíá. Óýìöùíá ìå ôá ðáñáðÜíù,

åðåéäÞ óå êÜèå óçìåßï ôïõ Üîïíá áíôéóôïé÷åß áêñéâþò Ýíáò ðñáãìáôéêüò áñéèìüò

êáé áíôßóôñïöá (áìöéìïíïóÞìáíôç áíôéóôïé÷ßá), ç åõèåßá å ôáõôßæåôáé ìå ôï

óýíïëï ôùí ðñáãìáôéêþí áñéèìþí R.

Ïñéóìüò 1.1.1 - 2. ¸óôù Ì1, Ì2 äýï ôõ÷üíôá óçìåßá ôçò å. Ôüôå ôï

ìÝôñï Þ ç áëãåâñéêÞ ôéìÞ ôïõ åõèýãñáììïõ ôìÞìáôïò Ì1Ì2 èá éóïýôáé ìå

|Ì1Ì2| = |ÏÌ2| − |ÏÌ1| = x2|ÏÁ| − x1|ÏÁ| = x2 − x1: (1.1.1 - 1)

1.2 ÓõóôÞìáôá óõíôåôáãìÝíùí

1.2.1 Ïñèïãþíéï óýóôçìá

¸óôù åðßðåäï Ð êáé äýï êÜèåôåò åõèåßåò ôïõ ìå êïéíÞ áñ÷Þ ôï óçìåßï ôïìÞò

ôùí, Ýóôù Ï. Áí ç ìßá áðü áõôÝò óõìâïëßæåé ôïí Üîïíá ôùí x, ðïõ ëÝãåôáé

åðßóçò êáé Üîïíáò ôåôìçìÝíùí êáé ç Üëëç ôùí y, ðïõ ëÝãåôáé Üîïíáò ôåôáãìÝíùí,

ôüôå ôï óýóôçìá áõôü ïñßæåé Ýíá ïñèïãþíéï Þ êáñôåóéáíü óýóôçìá áîüíùí

óôï åðßðåäï, ðïõ óõìâïëßæåôáé ìå Ïxy. Áíôßóôïé÷á óôïí ÷þñï èåùñïýíôáé

ôñåéò êÜèåôåò åõèåßåò Ïx, Ïy êáé Ïz, üðïõ ç Ïz ëÝãåôáé êáé Üîïíáò ôùí



ÅéóáãùãéêÝò Ýííïéåò 15

M
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Ó÷Þìá 1.2.1 - 2: êáñôåóéáíü óýóôçìá óõíôåôáãìÝíùí.

êáôçãìÝíùí. Ôï óýóôçìá áõôü óõìâïëßæåôáé ìå Ïxyz (Ó÷. 1.2.1 - 2) êáé

ïñßæåé ôï áíôßóôïé÷ï ïñèïãþíéï óýóôçìá óôïí ÷þñï.

¸íá ïñèïãþíéï óýóôçìá óôïí ÷þñï èá ëÝãåôáé äåîéüóôñïöï, üôáí ç

èåôéêÞ öïñÜ ôïõ Üîïíá Ïz óõìðßðôåé ìå ôçí êáôåýèõíóç êßíçóçò åíüò êï÷ëßá,

ðïõ óôñÝöåôáé óôï åðßðåäï Ïxy êáôÜ ôçí áíôßèåôç öïñÜ ôùí äåéêôþí ôïõ

ñïëïãéïý, äçëáäÞ áðü ôïí Üîïíá Ïx ðñïò ôïí Ïy. Áíôßóôïé÷á óôï åðßðåäï

ùò äåîéüóôñïöï óýóôçìá ïñßæåôáé åêåßíï ãéá ôï ïðïßï, ç èåôéêÞ öïñÜ ôïõ

Üîïíá Ïx óõìðßðôåé ìå ôç èåôéêÞ öïñÜ ôïõ Üîïíá Ïy, üôáí ç êßíçóç ãßíåôáé

ìå ôçí áíôßèåôç öïñÜ êßíçóçò ôùí äåéêôþí ôïõ ñïëïãéïý, äéáöïñåôéêÜ ëÝãåôáé

áñéóôåñüóôñïöï (Ó÷. 1.2.1 - 3).

Áí Ïxyz åßíáé Ýíá ïñèïãþíéï óýóôçìá áîüíùí ôïõ ÷þñïõ êáé Ì ôõ÷üí

óçìåßï, ôüôå ç ðáñÜëëçëç áðü ôï Ì ðñïò ôïí Üîïíá Ïz ôÝìíåé ôï åðßðåäï

Ïxy óôï óçìåßï Ì ′. Áðü ôï Ì ′ öÝñíïíôáò ðáñÜëëçëåò ðñïò ôïõò Üîïíåò Ïy

êáé Ïx ïñßæïíôáé ôá x1 = |ÏÌ1| êáé y1 = |ÏÌ2| áíôßóôïé÷á. ÔÝëïò áðü

ôï Ì öÝñíïíôáò ðáñÜëëçëç ðñïò ôçí ÏÌ ′ ïñßæåôáé ôï óçìåßï z1 = |ÏÌ3|.
Ç ôñéÜäá ôùí áñéèìþí (x1; y1; z1) ïñßæåé ôüôå ôéò êáñôåóéáíÝò óõíôåôáãìÝíåò

Þ áðëÜ óõíôåôáãìÝíåò ôïõ Ì óôïí ÷þñï. ¼ìïéá ôï æåýãïò ôùí áñéèìþí

(x1; y1) ïñßæåé ôéò êáñôåóéáíÝò óõíôåôáãìÝíåò Þ áðëÜ óõíôåôáãìÝíåò ôïõ Ì

óôï åðßðåäï. Óýìöùíá ìå áõôÜ óå êÜèå óçìåßï ôïõ ÷þñïõ áíôßóôïé÷á ôïõ

åðéðÝäïõ áíôéóôïé÷ïýí ïé óõíôåôáãìÝíåò ôïõ êáé áíôßóôñïöá, üôáí åßíáé ãíùóôÝò

ïé óõíôåôáãìÝíåò, ôüôå êáèïñßæåôáé áêñéâþò ç èÝóç ôïõ óôïí ÷þñï áíôßóôïé÷á
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Ó÷Þìá 1.2.1 - 3: (a) áñéóôåñüóôñïöï êáé (b) äåîéüóôñïöï óýóôçìá

óõíôåôáãìÝíùí.

óôï åðßðåäï.

¸íá üìïéï ìå ôï êáñôåóéáíü óýóôçìá åßíáé ôï ðëáãéïãþíéï óýóôçìá

óõíôåôáãìÝíùí, óôï ïðïßï ïé Üîïíåò ôÝìíïíôáé ðëÜãéá. Ôï óýóôçìá áõôü

Ý÷åé ðåñéïñéóìÝíåò åöáñìïãÝò. Óôï åîÞò ï üñïò óõíôåôáãìÝíåò èá óçìáßíåé

êáñôåóéáíÝò óõíôåôáãìÝíåò, åêôüò áí äéáöïñåôéêÜ ïñßæåôáé.

1.2.2 ÁëëáãÝò ïñèïãþíéïõ óõóôÞìáôïò

ÅîåôÜæåôáé óôç óõíÝ÷åéá ôï ðñüâëçìá ôçò áëëáãÞò ôùí óõíôåôáãìÝíùí óôï

åðßðåäï. Äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:

i) ÐáñÜëëçëç ìåôáôüðéóç áîüíùí

¸óôù üôé ïé íÝïé Üîïíåò Ï′x′y′ åßíáé ðáñÜëëçëïé ðñïò ôïõò áñ÷éêïýò

Ïxy (Ó÷. 1.2.2 - 1). Ç ðáñÜëëçëç ìåôáôüðéóç ôïõ óõóôÞìáôïò ÷áñáêôçñß-

æåôáé áðü äýï èåôéêÜ Þ áñíçôéêÜ ìåãÝèç a êáé b, ðïõ ðáñéóôÜíïõí

ôéò ðáñÜëëçëåò ðñïò ôïõò Üîïíåò Ïy êáé Ïx ìåôáôïðßóåéò ôùí íÝùí

áîüíùí Ï′y′ êáé Ï′x′ áíôßóôïé÷á. Ôüôå, áí M åßíáé Ýíá óçìåßï ìå

óõíôåôáãìÝíåò (x; y) óôï óýóôçìá Ïxy, ïé óõíôåôáãìÝíåò ôïõ (x′; y′)

óôï Ï′x′y′ èá åßíáé:

x′ = x− a;

y′ = y − b (1.2.2 - 1)
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Ó÷Þìá 1.2.2 - 1: ðáñÜëëçëç ìåôáôüðéóç áîüíùí.

êáé áíôßóôñïöá:

x = x′ + a;

y = y′ + b: (1.2.2 - 2)

ii) ÓôñïöÞ ôùí áîüíùí êáôÜ ïñéóìÝíç ãùíßá

¸óôù üôé ôï óýóôçìá Ïxy óôñÝöåôáé êáôÜ ôç äåîéüóôñïöç öïñÜ ðåñß

ôçí áñ÷Þ Ï êáôÜ ãùíßá � ìå è ∈ [0; 2ð) (Ó÷. 1.2.2 - 2). Ôüôå,

áí Ï′x′y′ åßíáé ïé íÝïé Üîïíåò óõíôåôáãìÝíùí êáé M ôõ÷üí óçìåßï

ôïõ åðéðÝäïõ ìå óõíôåôáãìÝíåò (x; y) óôï áñ÷éêü êáé (x′; y′) óôï íÝï

óýóôçìá óõíôåôáãìÝíùí, Ý÷ïõìå:

x′ = x cos � + y sin �

y′ = −x sin � + y cos �

(1.2.2 - 3)

êáé áíôßóôñïöá:

x = x′ cos � − y′ sin �

y = −x′ sin � + y′ cos �:

(1.2.2 - 4)

iii) ÐáñÜëëçëç ìåôáôüðéóç êáé óôñïöÞ ôùí áîüíùí

Ç ðåñßðôùóç áõôÞ ðñïêýðôåé ùò óõíäõáóìüò ôùí äýï ðñïçãïýìåíùí
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Ó÷Þìá 1.2.2 - 2: óôñïöÞ ôùí áîüíùí êáôÜ ïñéóìÝíç ãùíßá.

ðåñéðôþóåùí. ¸óôù üôé ôï óýóôçìá Ïxy ìåôáôïðßæåôáé ðáñÜëëçëá ðñïò

ôçí áñ÷éêÞ ôïõ èÝóç, Ýôóé þóôå ôï Ï íá ìåôáôïðéóôåß óôï Ï′(a; b) êáé

óôç óõíÝ÷åéá óôñÝöåôáé äåîéüóôñïöá ðåñß ôç íÝá ôïõ áñ÷Þ Ï′ êáôÜ ãùíßá

�. Ôüôå, áí M ôõ÷üí óçìåßï ôïõ åðéðÝäïõ ìå óõíôåôáãìÝíåò (x; y) óôï

áñ÷éêü êáé (x′; y′) óôï íÝï óýóôçìá óõíôåôáãìÝíùí, Ý÷ïõìå:

x′ = (x− a) cos � + (y − b) sin �

y′ = −(x− a) sin � + (y − b) cos �
(1.2.2 - 5)

êáé áíôßóôñïöá:

x = x′ cos � − y′ sin � + a

y = −x′ sin � + y′ cos � + b:
(1.2.2 - 6)

¢ëëá óõóôÞìáôá óõíôåôáãìÝíùí

Ïé êáñôåóéáíÝò óõíôåôáãìÝíåò åßíáé ïé ðñþôåò ðïõ ÷ñçóéìïðïéÞèçêáí óõóôçìá-

ôéêÜ óôéò ðåñéóóüôåñåò åöáñìïãÝò, åðåéäÞ åßíáé ïé ðëÝïí åý÷ñçóôåò, áöïý

ç åöáñìïãÞ ôïõò óôçñßæåôáé óôçí Ýííïéá ôçò ðáñÜëëçëçò åõèåßáò ðñïò ôïõò

Üîïíåò óõíôåôáãìÝíùí.
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Ó÷Þìá 1.2.3 - 1: ðïëéêÝò óõíôåôáãìÝíåò ôïõ óçìåßïõ M(r; è).

Ãåíéêüôåñá áðïäåéêíýåôáé üôé êÜèå ìïíïóÞìáíôç áíôéóôïé÷ßá óçìåßùí ôïõ

åðéðÝäïõ Þ ôïõ ÷þñïõ êáé åíüò óõíüëïõ áñéèìþí, åßíáé äõíáôüí íá ÷ñçóéìïðïéç-

èåß ùò óýóôçìá óõíôåôáãìÝíùí. Ôá êõñéüôåñá áðü áõôÜ, ðïõ óõíÞèùò ÷ñçóéìï-

ðïéïýíôáé óôéò åöáñìïãÝò, äßíïíôáé ðáñáêÜôù.

1.2.3 ÐïëéêÝò óõíôåôáãìÝíåò óôï åðßðåäï

Óôï óýóôçìá áõôü ç èÝóç åíüò óçìåßïõ Ì óôï åðßðåäï ðñïóäéïñßæåôáé ìå ôç

âïÞèåéá äýï áñéèìþí ùò åîÞò:1

¸óôù óçìåßï Ï ôïõ åðéðÝäïõ, ðïõ ëÝãåôáé ðüëïò êáé ìßá ðñïóáíáôïëéóìÝíç

åõèåßá å, ðïõ ëÝãåôáé ðïëéêüò Üîïíáò êáé ç ïðïßá äéÝñ÷åôáé áðü ôï Ï, äçëáäÞ

ìßá åõèåßá óôçí ïðïßá Ý÷åé êáèïñéóôåß ìßá áñ÷Þ ìÝôñçóçò êáé ìßá èåôéêÞ öïñÜ

äéáãñáöÞò. Áí r = |ÏÌ | åßíáé ç ëåãüìåíç ðïëéêÞ áðüóôáóç êáé è ìå 0 ≤ è <
2ð åßíáé ç ðïëéêÞ ãùíßá, ðïõ ïñßæåôáé ìå áñ÷éêÞ ðëåõñÜ ôïí ðïëéêü Üîïíá êáé

ôåëéêÞ ôçí ÏÌ ìå äåîéüóôñïöç öïñÜ äéáãñáöÞò, ôüôå ôï æåýãïò (r; è) ïñßæåé

êáôÜ ìïíïóÞìáíôï ôñüðï ôç èÝóç ôïõ óçìåßïõ Ì êáé áíôßóôñïöá. Ôï æåýãïò

(r; è) ïñßæåé ôüôå ôéò ðïëéêÝò óõíôåôáãìÝíåò ôïõ Ì óôï åðßðåäï (Ó÷. 1.2.3

- 1).

Ï ìåôáó÷çìáôéóìüò áðü ôéò ðïëéêÝò (r; è) óôéò êáñôåóéáíÝò óõíôåôáãìÝíåò

1ÂëÝðå: http : ==en:wikipedia:org=wiki=Polar coordinate system
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(x; y) ãßíåôáé ìå ôéò ó÷Ýóåéò:

x = r cos �; y = r sin �; (1.2.3 - 1)

åíþ áðü ôéò êáñôåóéáíÝò óôéò ðïëéêÝò (r; è) ìå ôéò:

r =
√
x2 + y2;

cos è =
x

r
êáé sin è =

y

r
; 0 ≤ è < 2�; (1.2.3 - 2)

üôáí (x; y) ̸= (0; 0).

1.2.4 ÊõëéíäñéêÝò óõíôåôáãìÝíåò

Ç èÝóç åíüò óçìåßïõÌ óôïí ÷þñï ðñïóäéïñßæåôáé ìå ôéò ëåãüìåíåò êõëéíäñéêÝò

óõíôåôáãìÝíåò ùò åîÞò:2

¸óôù ìßá áñ÷Þ (ðüëïò) Ï, Ýíá åðßðåäï Ð ðïõ äéÝñ÷åôáé áðü ôï Ï êáé Ýíáò

Üîïíáò Ïx ðïõ âñßóêåôáé óôï åðßðåäï áõôü êáé äéÝñ÷åôáé áðü ôï Ï (Ó÷. 1.2.4

- 1) êáé Ýóôù Ì ′ ç ðñïâïëÞ ôïõ Ì óôï åðßðåäï Ð . Ôüôå ç èÝóç ôïõ óçìåßïõ

Ì åßíáé äõíáôüí íá êáèïñéóôåß áðü ôá ðáñáêÜôù óôïé÷åßá:

- ôçò áðüóôáóçò r = |ÏÌ ′| ôïõ óçìåßïõ Ì ′ áðü ôïí ðüëï,

- ôçò ãùíßáò è ìå 0 ≤ è < 2ð ðïõ ïñßæåôáé ìå áñ÷éêÞ ðëåõñÜ ôïí Üîïíá

Ïx êáé ôåëéêÞ ôçí ÏÌ ′,

- ôçò áðüóôáóçò z = |ÌÌ ′| ôïõ óçìåßïõ Ì áðü ôï åðßðåäï Ð .

Ïé áñéèìïß (r; �; z) ïñßæïõí ôüôå ôéò êõëéíäñéêÝò óõíôåôáãìÝíåò ôïõ óçìåßïõ

Ì .

Ïé êáñôåóéáíÝò óõíôåôáãìÝíåò (x; y; z) ðñïêýðôïõí áðü ôéò áíôßóôïé÷åò

êõëéíäñéêÝò ìå ôéò ó÷Ýóåéò

x = r cos �; y = r sin �; z = z; (1.2.4 - 1)

2ÂëÝðå: http : ==en:wikipedia:org=wiki=Cylindrical coordinate system
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Ó÷Þìá 1.2.4 - 1: êõëéíäñéêÝò óõíôåôáãìÝíåò ôïõ óçìåßïõM(r; è; z), üôáí r =√
x2 + y2 + z2 = (OM) ìå x; y íá ïñßæïíôáé áðü (1:2:4−1) êáé (MM ′) = z.

åíþ ïé êõëéíäñéêÝò (r; è; z) áðü ôéò áíôßóôïé÷åò êáñôåóéáíÝò ìå ôéò

r =
√
x2 + y2 + z2;

cos è =
x

r
êáé sin è =

y

r
; 0 ≤ è < 2ð;

z = z; üôáí (x; y) ̸= (0; 0): (1.2.4 - 2)

1.2.5 ÓöáéñéêÝò óõíôåôáãìÝíåò

¼ìïéá ç èÝóç ôïõ óçìåßïõ Ì óôïí ÷þñï ðñïóäéïñßæåôáé ìå ôéò ëåãüìåíåò

óöáéñéêÝò óõíôåôáãìÝíåò ùò åîÞò:3

¸óôù ìßá áñ÷Þ (ðüëïò) Ï, Ýíá åðßðåäï Ð ðïõ äéÝñ÷åôáé áðü ôï Ï êáé Ýíáò

Üîïíáò Ïx ðïõ âñßóêåôáé óôï åðßðåäï áõôü êáé äéÝñ÷åôáé áðü ôï Ï (Ó÷. 1.2.5 -

1). Ôüôå ç èÝóç ôïõ óçìåßïõ Ì åßíáé äõíáôüí íá êáèïñéóôåß áðü ôá ðáñáêÜôù

óôïé÷åßá:

3ÂëÝðå: http : ==en:wikipedia:org=wiki=Spherical coordinate system
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Ó÷Þìá 1.2.5 - 1: óöáéñéêÝò óõíôåôáãìÝíåò ôïõ óçìåßïõ M(r; è; ö), üôáí r =√
x2 + y2 + z2 = (OM) ìå x; y; z íá ïñßæïíôáé áðü (1:2:5− 1).

- ôçò áðüóôáóçò r = |ÏÌ | ôïõ óçìåßïõ Ì áðü ôïí ðüëï,

- ôçò ãùíßáò ö ìå 0 ≤ ö < 2ð ðïõ ïñßæåôáé ìå áñ÷éêÞ ðëåõñÜ ôïí Üîïíá

Ïx êáé ôåëéêÞ ôçí ÏÌ ′, üôáí Ì ′ ç ðñïâïëÞ ôïõ Ì óôï åðßðåäï ÏÌ ′,

- ôçò ãùíßáò è (áæéìïýèéï - azimuth) ìå −ð=2 ≤ è < ð=2 ðïõ ïñßæåôáé

ìå áñ÷éêÞ ðëåõñÜ ôçí ÏÌ ′ êáé ôåëéêÞ ôçí ÏÌ .

Ôá (r; ö; è) ïñßæïõí ôüôå ôéò óöáéñéêÝò óõíôåôáãìÝíåò ôïõ óçìåßïõ Ì .

Ïé êáñôåóéáíÝò óõíôåôáãìÝíåò (x; y; z) óõíäÝïíôáé ìå ôéò áíôßóôïé÷åò

óöáéñéêÝò ìå ôéò ó÷Ýóåéò:

x = r cos � cos�;

y = r cos � sin� ;

z = r sin �; (1.2.5 - 1)
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åíþ ïé óöáéñéêÝò (r; ö; è) ìå ôéò áíôßóôïé÷åò êáñôåóéáíÝò ìå ôéò:

r =
√
x2 + y2 + z2;

sin � =
z

r
;

cos� =
x

r cos �
êáé sin� =

y

r cos �
(1.2.5 - 2)

üðïõ ïé ãùíßåò � êáé ö ðñÝðåé íá åðáëçèåýïõí óôçí (1:2:5−2) ôéò åîéóþóåéò áðü
ôéò ïðïßåò ðñïóäéïñßæïíôáé ìå −ð=2 ≤ è < ð=2 êáé 0 ≤ ö < 2ð áíôßóôïé÷á,

üôáí (x; y; z) ̸= (0; 0; 0).

Ïé åíôïëÝò ïñéóìïý êáé áëëáãÞò óõíôåôáãìÝíùí ìå ôï MATHEMATICA

åßíáé:

Ðñüãñáììá 1.2.5 - 1 (óõóôÞìáôá óõíôåôáãìÝíùí)

<<VectorAnalysis' êëÞóç ðáêÝôïõ

SetCoordinates[Cartesian[x,y,z]] êáèïñéóìüò óõóôÞìáôïò

SetCoordinates[Cylindrical[r,è,z]]

SetCoordinates[Spherical[r,è,ö]]

CoordinatesToCartesian[{r,è,ö},Spherical] ôýðïé áëëáãÞò

CoordinatesFromCartesian[{x,y,z},Spherical]

1.3 Ïñéóìüò êáé ¢ëãåâñá äéáíõóìÜôùí

1.3.1 Ïñéóìüò äéáíýóìáôïò

Óýìöùíá êáé ìå ôïí Ïñéóìü 1.1.1 - 1 ôï äéÜíõóìá (vector) ïñßæåôáé ùò åîÞò:

Ïñéóìüò 1.3.1 - 1 (äéáíýóìáôïò). Ïñßæåôáé ùò äéÜíõóìá êÜèå ðñïóáíáôï-

ëéóìÝíï åõèýãñáììï ôìÞìá åðß ôïõ ðñïóáíáôïëéóìÝíïõ Üîïíá å Þ ðáñÜëëçëïõ

ðñïò áõôüí.

Ôá äéáíýóìáôá èá óõìâïëßæïíôáé óôï åîÞò ìå á, â (Ó÷. 1.3.1 - 1) ê.ëð.4

Ïñéóìüò 1.3.1 - 2. Ïñßæåôáé ùò ìçäåíéêü ôï äéÜíõóìá ðïõ ç áñ÷Þ êáé ôï

ôÝëïò ôïõ óõìðßðôïõí.

Ôá ìçäåíéêÜ äéáíýóìáôá èá óõìâïëßæïíôáé ìå 0.

4Óõíçèßæåôáé óôá âéâëßá ï óõìâïëéóìüò ìå Ýíôïíá ãñÜììáôá, üðùò á, â ê.ëð., áëëÜ óôçí

ðñÜîç ÷ñçóéìïðïéåßôáé åðßóçò êáé ï óõìâïëéóìüò −→á ,
−→
â ê.ëð.
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Ó÷Þìá 1.3.1 - 1: óõìâïëéóìüò äéáíõóìÜôùí.

Óôïé÷åßá äéáíýóìáôïò

¸óôù ôï äéÜíõóìá á =
−→
AB. Ôüôå óýìöùíá ìå ôïí Ïñéóìü 1.3.1 - 1 ôï

äéÜíõóìá á ÷áñáêôçñßæåôáé áðü ôá åîÞò óôïé÷åßá:

i) äéåýèõíóç ðïõ åßíáé ç 5åõèåßá � áðü ôá óçìåßá A êáé B,

ii) öïñÜ áõôÞ ðïõ ïñßæåôáé ìå áñ÷Þ ôï A êáé ôÝëïò ôï B ôÝëïò,

iii ìÝôñï |á| Þ ∥á∥ ðïõ éóïýôáé ìå ôï ìÞêïò ôïõ åõèýãñáììïõ ôìÞìáôïò

AB, äçëáäÞ

|á| = ∥á∥ = |AB|:

¢ñá Ýíá äéÜíõóìá èá åßíáé èåôéêü Þ áñíçôéêü, üôáí ç öïñÜ ôïõ óõìðßðôåé

ìå ôç èåôéêÞ Þ áíôßóôïé÷á áñíçôéêÞ öïñÜ ôïõ Üîïíá.

Ïñéóìüò 1.3.1 - 3. Äéáíýóìáôá ðïõ Ý÷ïõí ôçí ßäéá äéåýèõíóç èá ëÝãïíôáé

óõããñáììéêÜ.

1.3.2 Åßäç äéáíõóìÜôùí

Ôá äéáíýóìáôá, áíÜëïãá ìå ôéò éäéüôçôåò ôùí äéáöüñùí äéáíõóìáôéêþí ìåãåèþí

ðïõ ðáñéóôÜíïõí, äéáêñßíïíôáé óôéò ðáñáêÜôù êáôçãïñßåò:

5Ç åõèåßá � ëÝãåôáé êáé öïñÝáò ôïõ äéáíýóìáôïò.
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i) åëåýèåñá, üôáí åßíáé äõíáôüí íá ìåôáôïðéóôïýí óôïí öïñÝá ôïõò Þ

ðáñÜëëçëá ðñïò áõôüí (ð.÷. ç ñïðÞ åíüò æåýãïõò),

ii) ïëéóèáßíïíôá, üôáí ìåôáôïðßæïíôáé óôïí öïñÝá ôïõò áëëÜ ü÷é ðáñÜëëçëá

ðñïò áõôüí (ð.÷. ç äýíáìç ðïõ áóêåßôáé óå óþìá),

iii) åöáñìïóôÜ, üôáí Ý÷ïõí ïñéóìÝíï óçìåßï åöáñìïãÞò êáé óõíåðþò äåí

ìåôáôïðßæïíôáé óôïí öïñÝá ôïõò Þ ðáñÜëëçëá ðñïò áõôüí (ð.÷. ç ôá÷ýôçôá

õëéêïý óçìåßïõ).

1.3.3 Éóüôçôá

Ïñéóìüò 1.3.3 - 1. Äýï äéáíýóìáôá á êáé â èá åßíáé ßóá, üôáí Ý÷ïõí ôï

ßäéï ìÝôñï, äéåýèõíóç êáé öïñÜ.

Ôüôå ãñÜöåôáé á = â, åíþ óå ïðïéáäÞðïôå Üëëç ðåñßðôùóç ôá äéáíýóìáôá èá

åßíáé äéáöïñåôéêÜ, äçëáäÞ á ̸= â. Åýêïëá áðïäåéêíýåôáé üôé ç éóüôçôá ïñßæåé

ìßá ó÷Ýóç éóïäõíáìßáò.

1.3.4 Ðñüóèåóç

Ïñéóìüò 1.3.4 - 1. Ôï Üèñïéóìá á+ â ôùí äéáíõóìÜôùí á êáé â ïñßæåôáé

üôé åßíáé ôï äéÜíõóìá ðïõ ðñïêýðôåé, üôáí ôï â ãßíåé äéáäï÷éêü ôïõ á, äçëáäÞ

ç áñ÷Þ ôïõ â óõìðÝóåé ìå ôï ôÝëïò ôïõ á.

Ôüôå ôï á+â Ý÷åé ùò áñ÷Þ ôçí áñ÷Þ ôïõ á êáé ôÝëïò ôï ôÝëïò ôïõ â. Ï ôñüðïò

áõôüò ôçò ðñüóèåóçò åßíáé ãíùóôüò êáé ùò êáíüíáò ôïõ ðáñáëëçëïãñÜììïõ

(Ó÷. 1.3.4 - 1).

1.3.5 Ðïëëáðëáóéáóìüò ìå ðñáãìáôéêü áñéèìü

Ïñéóìüò 1.3.5 - 1. Ï ðïëëáðëáóéáóìüò åíüò äéáíýóìáôïò á ìå ôïí ðñáãìáôé-

êü áñéèìü ë (scalar multiplication) ïñßæåôáé üôé åßíáé ôï äéÜíõóìá ëá, ðïõ

Ý÷åé ìÝôñï |ë| öïñÝò ôï ìÝôñï ôïõ á, ßäéá äéåýèõíóç ìå ôï á êáé öïñÜ: (Ó÷.

1.3.5 - 1)

- ßäéá ìå ôïõ á, üôáí ë > 0,
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Ó÷Þìá 1.3.4 - 1: ðñüóèåóç äéáíõóìÜôùí.

- áíôßèåôç ìå ôïõ á, üôáí ë < 0,

- åßíáé ôï ìçäåíéêü äéÜíõóìá, üôáí ë = 0.

Ó÷Þìá 1.3.5 - 1: Ðïëëáðëáóéáóìüò äéáíýóìáôïò ìå ðñáãìáôéêü áñéèìü.

1.3.6 Ìïíáäéáßï äéÜíõóìá

Ïñéóìüò 1.3.6 - 1. Ïñßæåôáé ùò ìïíáäéáßï ôï äéÜíõóìá ðïõ ôï ìÝôñï ôïõ

éóïýôáé ìå ôç ìïíÜäá ìÝôñçóçò.

Ðáñáäåßãìáôá ôÝôïéùí äéáíõóìÜôùí åßíáé óå ïñèïãþíéï óýóôçìá óõíôåôáãìÝ-

íùí Oxyz ôá ìïíáäéáßá äéáíýóìáôá i, j êáé k óôïõò Üîïíåò Ox, Oy êáé Oz.

Õðåíèõìßæåôáé üôé Ýíá ïñèïãþíéï óýóôçìá óõíôåôáãìÝíùí óôï ïðïßï Ý÷ïõí

ïñéóôåß ôá ìïíáäéáßá äéáíýóìáôá ôùí áîüíùí ôïõ èá ëÝãåôáé ïñèïêáíïíéêü.
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Óôç óõíÝ÷åéá ïñßæåôáé ôï ìïíáäéáßï äéÜíõóìá êáôÜ ôç äéåýèõíóç ôïõ ôõ÷üíôïò

äéáíýóìáôïò á.

Ïñéóìüò 1.3.6 - 2. ¸óôù á ôõ÷áßï äéÜíõóìá ìå á ̸= 0. Ôüôå ïñßæåôáé ùò

ìïíáäéáßï äéÜíõóìá Þ ùò äéáíõóìáôéêÞ ìïíÜäá êáôÜ ôç äéåýèõíóç ôïõ á êáé

óõìâïëßæåôáé ìå á0 ôï äéÜíõóìá

á0 =
á

|á|
: (1.3.6 - 1)

¸÷ïíôáò õðüøç ôïí Ïñéóìü 1.3.6 - 1, áðü ôçí (1:3:6−1) äéáäï÷éêÜ ðñïêýðôåé:

|á0| =
∣∣∣∣ 1|á| á

∣∣∣∣ = 1

|á|
|á| = 1; äçëáäÞ |á0| = 1:

1.4 ÓõíôåôáãìÝíåò äéáíýóìáôïò

¸óôù Ýíá ïñèïêáíïíéêü óýóôçìá óõíôåôáãìÝíùí Oxyz. Äéáêñßíïíôáé ïé

ðáñáêÜôù ðåñéðôþóåéò:

1.4.1 ÄéÜíõóìá èÝóçò

Ïñéóìüò 1.4.1 - 1. ¸óôù Ïxyz Ýíá ïñèïãþíéï óýóôçìá áîüíùí. Áí ç

áñ÷Þ ôïõ äéáíýóìáôïò óõìðßðôåé ìå ôçí áñ÷Þ ôùí óõíôåôáãìÝíùí O (Ó÷.

1.4.1 - 1), ôüôå ôï äéÜíõóìá ëÝãåôáé äéÜíõóìá èÝóçò Þ áêôéíéêü äéÜíõóìá

(position Þ location Þ êáé radius vector) êáé óõìâïëßæåôáé ìå r.

Áí x, y êáé z åßíáé ïé ðñïâïëÝò ôïõ r óôïõò Üîïíåò óõíôåôáãìÝíùí, äçëáäÞ

áí ôï ôÝëïò M ôïõ äéáíýóìáôïò Ý÷åé óõíôåôáãìÝíåò M(x; y; z), ôüôå

r = r ⟨x; y; z⟩ (1.4.1 - 1)

Þ áðëÜ

r = ⟨x; y; z⟩ : (1.4.1 - 2)

ÅðïìÝíùò óôçí ðåñßðôùóç áõôÞ ôï Üèñïéóìá ôùí óõíéóôùóþí äéáíõóìÜôùí

x i, y j êáé z k ïñßæåé ôï äéÜíõóìá r, ïðüôå ç (1:4:1− 5) áíáëõôéêÜ ãñÜöåôáé:

r = x i+ y j+ z k: (1.4.1 - 3)
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r

M

M
¢

O

x

y

z

Ó÷Þìá 1.4.1 - 1: ôï äéÜíõóìá èÝóçò Þ áêôéíéêü äéÜíõóìá r .

Ôüôå ôï ìÝôñï ôïõ äéáíýóìáôïò r = r ⟨x; y; z⟩ óõíáñôÞóåé ôùí óõíôåôáãìÝ-
íùí éóïýôáé ìå

r = |r| =
√
x2 + y2 + z2 (1.4.1 - 4)

ÐáñáôÞñçóç 1.4.1 - 1

ÁíÜëïãïé ôýðïé éó÷ýïõí êáé óôçí ðåñßðôùóç ôùí åðßðåäùí äéáíõóìÜôùí èÝóçò,

äçëáäÞ

r = x i+ y j (1.4.1 - 5)

êáé

r = |r| =
√
x2 + y2 (1.4.1 - 6)

ÐáñÜäåéãìá 1.4.1 - 1

Áí M(1:5; 1), íá õðïëïãéóôåß ôï äéÜíõóìá èÝóçò ðïõ áíôéóôïé÷åß óôï óçìåßï

áõôü.

Ëýóç. ÅðåéäÞ z = 0, áðü ôçí (1:4:1− 3) Ý÷ïõìå üôé (Ó÷. 1.4.1 - 2)

r = 1:5 i+ j = ⟨1:5; 1⟩:
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Ó÷Þìá 1.4.1 - 2: ÐáñÜäåéãìá 1.4.1 - 1: ôï äéÜíõóìá èÝóçò r =< 1:5; 1 > ôïõ

óçìåßïõ M .

1.4.2 ÃåíéêÞ ìïñöÞ

ÃåíéêÜ, üôáí ôï á åßíáé Ýíá ôõ÷üí äéÜíõóìá ôïõ 3-äéÜóôáôïõ ÷þñïõ ìå áñ÷Þ

ôï óçìåßï A (x1; y1; z1) êáé ôÝëïò ôï Â (x2; y2; z2), ïé óõíôåôáãìÝíåò ôïõ èá

ïñßæïíôáé áðü ôéò ðñïâïëÝò ôïõ óôïõò Üîïíåò óõíôåôáãìÝíùí êáé èá åßíáé ïé

ðñáãìáôéêïß áñéèìïß

á1 = x2 − x1; á2 = y2 − y1 êáé á3 = z2 − z1:

Ôüôå üìïéá ìå ôçí ðåñßðôùóç (i) èá åßíáé óôçí ðåñßðôùóç áõôÞ

á = á ⟨á1; á2; á3⟩ = á ⟨x2 − x1; y2 − y1; z2 − z1⟩ (1.4.2 - 1)

Þ áðëÜ

á = ⟨á1; á2; á3⟩ = ⟨x2 − x1; y2 − y1; z2 − z1⟩ (1.4.2 - 2)

åíþ ç áíáëõôéêÞ ÝêöñáóÞ ôïõ èá åßíáé

á = á1i+ á2j+ á3k

= (x2 − x1) i+ (y2 − y1) j+ (z2 − z1)k: (1.4.2 - 3)
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Ôï ìÝôñï ôïõ äéáíýóìáôïò á = ⟨á1; á2; á3⟩ óõíáñôÞóåé ôùí óõíôåôáãìÝíùí
èá éóïýôáé óôçí ðåñßðôùóç áõôÞ ìå

á = |á| =
√
á21 + á22 + á23

=

√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2: (1.4.2 - 4)

ÐáñáôÞñçóç 1.4.2 - 1

¼ìïéá ìå ôçí ÐáñáôÞñçóç 1.4.1 - 1, áíÜëïãïé ôýðïé éó÷ýïõí êáé óôçí ðåñßðôùóç

áõôÞ ãéá ôá åðßðåäá äéáíýóìáôá.

ÐáñÜäåéãìá 1.4.2 - 1

Ãéá ôá ìïíáäéáßá äéáíýóìáôá i, j êáé k óôïõò Üîïíåò Ox, Oy êáé Oz åíüò

ïñèïãþíéïõ óõóôÞìáôïò óõíôåôáãìÝíùí Oxyz ðïõ Ý÷ïõí óõíôåôáãìÝíåò

i = ⟨1; 0; 0⟩; j = ⟨0; 1; 0⟩; k = ⟨0; 0; 1⟩

ðñïêýðôåé ðñïöáíþò áðü ôïí ôýðï (1:4:1− 4) üôé

|i| = |j| = |k| = 1:

ÐáñÜäåéãìá 1.4.2 - 2

¸óôù ôï äéÜíõóìá á = á⟨1:5;−1⟩. Ôüôå áðü ôïí ôýðï (1:4:1− 4) ðñïêýðôåé

üôé

|á| =
√

1:52 + (−1)2 =
√
3:25 ≈ 1:802776:

¢ñá ôï ìïíáäéáßï äéÜíõóìá á0 êáôÜ ôç äéåýèõíóç ôïõ á óýìöùíá ìå ôç

ó÷Ýóç (1:3:6− 1) èá åßíáé (Ó÷. 1.4.2 - 1)

á0 =
á

|á|
=

1√
3:25

(1:5 i− j) = 1√
3:25

⟨1:5;−1⟩

≈ ⟨0:83205;−0:55470⟩ :
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Ó÷Þìá 1.4.2 - 1: ÐáñÜäåéãìá 1.4.2 - 2: ôï äéÜíõóìá á =< 1:5;−1 > ìå ìðëå

êáé ôï áíôßóôïé÷ï ìïíáäéáßï á0 ìå ðñÜóéíç ãñáììÞ.

ÐáñÜäåéãìá 1.4.2 - 3

¸óôù ôï äéÜíõóìá á = á⟨1;−2; 3⟩. Ôüôå üìïéá áðü ôïí ôýðï (1:4:1 − 4)

ðñïêýðôåé üôé

|á| =
√

12 + (−2)2 + 32 =
√
14:

¢ñá ôï ìïíáäéáßï äéÜíõóìá á0 êáôÜ ôç äéåýèõíóç ôïõ á óýìöùíá ìå ôç

ó÷Ýóç (1:3:6− 1) èá åßíáé

á0 =
á

|á|
=

1√
14

(i− 2 j+ 3k) =
1√
14
⟨1;−2; 3⟩ :

ÐáñáôÞñçóç 1.4.2 - 2

ÌåôÜ áðü ôïí ïñéóìü ôùí óõíôåôáãìÝíùí åíüò äéáíýóìáôïò ïé ðáñáðÜíù

Ïñéóìïß 1.3.3 - 1 - 1.3.5 - 1, äçëáäÞ ôçò éóüôçôáò êáé ôùí ðñÜîåùí ôùí

äéáíõóìÜôùí ãñÜöïíôáé éóïäýíáìá ùò åîÞò: áí

á = á1 i+ á2 j+ á3 k = á ⟨á1; á2; á3⟩ ; êáé

â = â1 i+ â2 j+ â3 k = â ⟨â1; â2; â3⟩ ;

ôüôå
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• éóüôçôá

á = â; üôáí á1 = â1; á2 = â2; á3 = â3;

• ðñüóèåóç

á+ â = (a1 + â1) i+ (á2 + â2) j+ (á3 + â3) k

= ⟨a1 + â1; á2 + â2; á3 + â3⟩ ;

• áöáßñåóç

á− â = (a1 − â1) i+ (á2 − â2) j+ (á3 − â3) k

= ⟨a1 − â1; á2 − â2; á3 − â3⟩ ;

• ðïëëáðëáóéáóìüò ìå áñéèìü

ëá = ëa1 i+ ëá2 j+ ëá3 k = ⟨ëa1; ëá2; ëá3⟩ :

Áíôßóôïé÷ïé ôýðïé éó÷ýïõí ãéá ôçí ðåñßðôùóç ôïõ 2-äéÜóôáôïõ ÷þñïõ.

ÐáñÜäåéãìá 1.4.2 - 4

¸óôù ôá äéáíýóìáôá

á = ⟨4;−2; 3⟩ êáé â = ⟨3; 2;−1⟩:

Ôüôå

á+ 2â = ⟨4 + 2 · 3;−2 + 2 · 2; 3 + 2 · (−1)⟩ = ⟨10; 2; 1⟩

= 10i+ 2j+ k:

Áí ã = á+ 2â, ôüôå óýìöùíá ìå ôïí ôýðï (1:4:1− 4) Ý÷ïõìå üôé

ã = |ã| = |á+ 2â| =
√

102 + 22 + 12 =
√
105;

ïðüôå áðü ôç ó÷Ýóç (1:3:6−1) ðñïêýðôåé üôé ôï ìïíáäéáßï êáôÜ ôç äéåýèõíóç

ôïõ á+ 2â èá åßíáé ôï äéÜíõóìá

ã0 =
ã

|ã|
=

1√
105

(10i+ 2j+ k) =
1√
105
⟨10; 2; 1⟩ :
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Ó÷Þìá 1.5.1 - 1: ôï åóùôåñéêü ãéíüìåíï ôùí äéáíõóìÜôùí á êáé â.

1.5 Åóùôåñéêü ãéíüìåíï äéáíõóìÜôùí

1.5.1 Ïñéóìüò êáé éäéüôçôåò

Ïñéóìüò 1.5.1 - 1. ¸óôù ôá äéáíýóìáôá á êáé â ìå á, â ̸= 0. Ôüôå

ïñßæåôáé ùò åóùôåñéêü ãéíüìåíï (dot - scalar - inner product)6 êáé óõìâïëß-

æåôáé ìå á ·â Þ ⟨á; â⟩, ï ðñáãìáôéêüò áñéèìüò ðïõ éóïýôáé ìå ôï ãéíüìåíï ôùí

ìÝôñùí ôùí äéáíõóìÜôùí åðß ôï óõíçìßôïíï ôçò ãùíßáò è, ðïõ ó÷çìáôßæïõí

ôá äýï áõôÜ äéáíýóìáôá (Ó÷. 1.5.1 - 1), äçëáäÞ

á · â = ⟨á; â⟩ = |á||â| cos è ìå 0 ≤ è ≤ �: (1.5.1 - 1)

ÅéäéêÜ, üôáí Ýíá Þ êáé ôá äýï äéáíýóìáôá éóïýíôáé ìå ôï ìçäåíéêü äéÜíõóìá,

ôüôå ôï åóùôåñéêü ôïõò ãéíüìåíï ïñßæåôáé ßóï ìå ôï ìçäÝí.

Éäéüôçôåò

i) á · â = â · á áíôéìåôáèåôéêÞ,

ii) á · (â+ ã) = á · â+ á · ã åðéìåñéóôéêÞ,

iii) (ëá) · â = ë (á · â) = á · (ëâ), üôáí ë ∈ R.
6ÂëÝðå åðßóçò: http : ==en:wikipedia:org=wiki=Dot product
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1.5.2 ÓõíèÞêç êáèåôüôçôáò

¼ôáí � = �=2, áðü ôçí (1:5:1 − 1) ðñïêýðôåé üôé, áí ôá äéáíýóìáôá åßíáé

êÜèåôá ìåôáîý ôïõò, ôüôå åßíáé

á · â = 0 (1.5.2 - 1)

êáé áíôßóôñïöá. ¢ñá ç (1:5:2− 1), ðïõ åêöñÜæåé ôç óõíèÞêç êáèåôüôçôáò

äýï äéáíõóìÜôùí, åßíáé ìéá áíáãêáßá êáé éêáíÞ óõíèÞêç.

Åðßóçò, áí á · â = ±|á| |â|, ôüôå Þ è = 0 Þ è = ð, ïðüôå ôá äéáíýóìáôá

åßíáé óõããñáììéêÜ (collinear).

1.5.3 Õðïëïãéóìüò óõíáñôÞóåé ôùí óõíôåôáãìÝíùí

Áí á = á1i + á2j + á3k êáé â = â1i + â2j + â3k åßíáé äýï ìç ìçäåíéêÜ

äéáíýóìáôá, ôüôå, åðåéäÞ ôá ìïíáäéáßá äéáíýóìáôá i = ⟨1; 0; 0⟩, j = ⟨0; 1; 0⟩
êáé k = ⟨0; 0; 1⟩ åßíáé áíÜ äýï êÜèåôá ìåôáîý ôïõò, åíþ ôï ìÝôñï ôïõò éóïýôáé7

ìå 1, óýìöùíá êáé ìå ôçí (1:5:2− 1) åýêïëá ðñïêýðôåé üôé:

á · â = ⟨á1i+ á2j+ á3k⟩ · ⟨â1i+ â2j+ â3k⟩ = â1 (á1i+ á2j+ á3k) · i

+â2 (á1i+ á2j+ á3k) · j+ â3 (á1i+ á2j+ á3k) · k

= â1 (á1 i · i+ á2 j · i+ á3 k · i) + â2 (á1 i · j+ á2 j · j+ á3k · j)

+â3 (á1 i · k+ á2 j · k+ á3 k · k) = · · · = á1â1 + á2â2 + á3â3;

äçëáäÞ

á · â = á1â1 + á2â2 + á3â3: (1.5.3 - 1)

Áðü ôçí (1:5:3− 1) ðñïêýðôïõí

•
á · á = |á|2 = á21 + á22 + á23 : (1.5.3 - 2)

• Áí ôá äéáíýóìáôá á êáé â åßíáé êÜèåôá, ôüôå óýìöùíá êáé ìå ôç óõíèÞêç

êáèåôüôçôáò (1:5:2− 1) éó÷ýåé

á · â = á1â1 + á2â2 + á3â3 = 0: (1.5.3 - 3)

7Áðü ôçí (1:5:2 − 1) ðñïêýðôåé üôé | i | =
√
12 + 0 + 0 = 1, | j | = 1 êáé |k | = 1, åíþ

óýìöùíá ìå ôïí Ïñéóìü (1:5:1− 1) åßíáé i · j = | i | | j | cos �
2
= 1 · 1 · 0 = 0. ¼ìïéá j ·k = 0,

k · i = 0, ê.ëð.
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ÐáñÜäåéãìá 1.5.3 - 1

¸óôù ôá äéáíýóìáôá á = á(1; 2;−3) êáé â = â(−1; 4; 2). Ôüôå óýìöùíá ìå

ôçí (1:5:3− 1) åßíáé

á · â = 1 · (−1) + 2 · 4 + (−3) · 2 = 1:

1.5.4 Ãùíßá äýï äéáíõóìÜôùí

Ïñéóìüò 1.5.4 - 1. ¸óôù üôé ôá äéáíýóìáôá á êáé â Ý÷ïõí êïéíÞ áñ÷Þ

O êáé åßíáé äéÜöïñá ôïõ ìçäåíéêïý äéáíýóìáôïò. Ôüôå ïñßæåôáé ùò ãùíßá

ôùí á êáé â êáôÜ ôçí ôÜîç ðïõ Ý÷ïõí ãñáöåß, ç ãùíßá (Ó÷. 1.5.1 - 1) ðïõ

äéáãñÜöåé ôï äéÜíõóìá á, üôáí óôñÝöåôáé êáôÜ ôç äåîéüóôñïöç öïñÜ ìÝ÷ñéò

üôïõ óõìðÝóåé ìå ôï äéÜíõóìá â.

Áí á = á ⟨á1; á2; á3⟩ êáé â = â ⟨â1; â2; â3⟩ åßíáé äýï ìç ìçäåíéêÜ äéáíýóìáôá,
ôüôå áðü ôïõò ôýðïõò (1:5:1− 1) êáé (1:5:2− 1) ðñïêýðôåé üôé ç ãùíßá ôïõò,

Ýóôù è, äßíåôáé áðü ôç ó÷Ýóç

cos è =
á1â1 + á2â2 + á3â3√

á21 + á22 + á23
√
â21 + â22 + â23

: (1.5.4 - 1)

1.6 Åîùôåñéêü ãéíüìåíï äéáíõóìÜôùí

1.6.1 Ïñéóìüò

Ïñéóìüò 1.6.1 - 1. Ïñßæåôáé ùò åîùôåñéêü ãéíüìåíï (cross - vector prod-

uct)8 ôùí äéáíõóìÜôùí á êáé â, üôáí á; â ̸= 0 êáé óõìâïëßæåôáé ìå á× â ôï

äéÜíõóìá ã, üðïõ

ã = á× â = (|á| |â| sin è) ç; (1.6.1 - 1)

üôáí è ç ãùíßá ôùí á, â óôï åðßðåäï ðïõ ðåñéÝ÷åé ôá åí ëüãù äéáíýóìáôá

ìå 0 ≤ è ≤ � êáé � ôï ìïíáäéáßï äéÜíõóìá ðïõ åßíáé êÜèåôï óôï åðßðåäï

ðïõ ïñßæïõí ôá á, â êáé ðïõ Ý÷åé äéåýèõíóç åêåßíç ðïõ ïñßæåé ï êáíüíáò ôïõ

äåîéïý ÷åñéïý9 (Ó÷. 1.6.1 - 1).

8ÂëÝðå åðßóçò: http : ==en:wikipedia:org=wiki=Cross product
9Õðåíèõìßæåôáé üôé óôïí êáíüíá ôïõ äåîéïý ÷åñéïý ôï ìåóáßï äÜ÷ôõëï õðïäçëþíåé ôïí

öïñÝá êáé ôç äéåýèõíóç ôïõ â, ï äåßêôçò õðïäçëþíåé ôïí öïñÝá êáé ôç äéåýèõíóç ôïõ á, åíþ

ï áíôß÷åéñáò õðïäçëþíåé ôïí öïñÝá êáé ôç äéåýèõíóç ôïõ ç.
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Ó÷Þìá 1.6.1 - 1: ôï åîùôåñéêü ãéíüìåíï ã = á×â ôùí äéáíõóìÜôùí á êáé â.

Óôçí ðåñßðôùóç ðïõ ôï Ýíá Þ êáé ôá äýï äéáíýóìáôá éóïýíôáé ìå ôï

ìçäåíéêü äéÜíõóìá Þ åðßóçò ôá á, â åßíáé óõããñáììéêÜ (è = 0 ; �), ôüôå ôï

åîùôåñéêü ãéíüìåíü ôïõò ïñßæåôáé íá åßíáé ôï ìçäåíéêü äéÜíõóìá.

1.6.2 Éäéüôçôåò

ÁëãåâñéêÝò éäéüôçôåò

i) á× â = −â× á ìç áíôéìåôáèåôéêÞ (anticommutative),

ii) á× (â+ ã) = á× â+ á× ã êáé (â+ ã)× á = â× á+ ã× á
åðéìåñéóôéêÞ (distributive) ùò ðñïò ôçí ðñüóèåóç,

iii) ë (á× â) = (ëá)× â = á× (ëâ) ìå ë ∈ R,

iv á× (â× ã) = â× (ã× á) = ã× (á× â) = 0 (ôáõôüôçôá ôïõ Jacobi).

ÐáñáôÞñçóç 1.6.2 - 1

Óôï åîùôåñéêü ãéíüìåíï äåí éó÷ýåé ç ðñïóåôáéñéóôéêÞ éäéüôçôá êáé ï íüìïò

ôçò äéáãñáöÞò.
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ÃåùìåôñéêÝò éäéüôçôåò

i) Áí ôá äéáíýóìáôá åßíáé óõããñáììéêÜ, ôüôå ôï åîùôåñéêü ôïõò ãéíüìåíï

éóïýôáé ìå ôï ìçäåíéêü äéÜíõóìá êáé áíôßóôñïöá - âëÝðå êáé Ïñéóìü

1.6.1 - 1.

ii) Áí ôá äéáíýóìáôá á êáé â Ý÷ïõí êïéíÞ áñ÷Þ, ôüôå ôï ìÝôñï ôïõ åîùôåñéêïý

ãéíïìÝíïõ ôïõò éóïýôáé ìå ôï åìâáäüí ôïõ ðáñáëëçëïãñÜììïõ, ðïõ

ïñßæïõí ôá á êáé â.

1.6.3 Õðïëïãéóìüò óõíáñôÞóåé ôùí óõíôåôáãìÝíùí

Áí á = á1i + á2j + á3k êáé â = â1i + â2j + â3k åßíáé äýï ìç ìçäåíéêÜ

äéáíýóìáôá, ôüôå, åðåéäÞ ôá ìïíáäéáßá äéáíýóìáôá i, j êáé k åßíáé áíÜ äýï

êÜèåôá ìåôáîý ôïõò êáé óýìöùíá ìå ôïí Ïñéóìü 1.6.1 - 1 åßíáé:

i× j = k j× k = i k× i = j

j× i = −k k× j = −i i× k = −j

i× i = 0 j× j = 0 k× k = 0;

(1.6.3 - 1)

ðñïêýðôåé ìå áíÜëïãïõò ìå ôï åóùôåñéêü ãéíüìåíï õðïëïãéóìïýò üôé

á× â = (á1i+ á2j+ á3k)× (â1i+ â2j+ â3k) = â1 (á1i+ á2j+ á3k)× i

+â2 (á1i+ á2j+ á3k)× j+ â3 (á1i+ á2j+ á3k)× k

= â1 (á1 i× i+ á2 j× i+ á3 k× i) + â2 (á1 i× j+ á2 j× j+ á3k× j)

+â3 (á1 i× k+ á2 j× k+ á3 k× k) ;

äçëáäÞ

á× â = (á2â3 − á3â2) i− (á1â3 − á3â1) j+ (á1â2 − á2â1)k: (1.6.3 - 2)

Ç (1:6:3− 2) ãñÜöåôáé ìå ìïñöÞ ïñßæïõóáò 3çò ôÜîçò ùò åîÞò:10

á× â =

∣∣∣∣∣∣∣∣∣
i j k

á1 á2 á3

â1 â2 â3

∣∣∣∣∣∣∣∣∣ : (1.6.3 - 3)

10Ãéá ïñßæïõóåò âëÝðå ÌÜèçìá ÃñáììéêÞ ¢ëãåâñá.
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Õðåíèõìßæåôáé üôé ôï áíÜðôõãìá ìéáò ïñßæïõóáò 2çò ôÜîçò åßíáé∣∣∣∣∣∣ á1 á2

â1 â2

∣∣∣∣∣∣ = á1â2 − á2â1; (1.6.3 - 4)

åíþ ç (1:6:3 − 3), üôáí áíáðôõ÷èåß ùò ðñïò ôá óôïé÷åßá ôçò 1çò ãñáììÞò

äéáãñÜöïíôáò êÜèå öïñÜ ôç ãñáììÞ êáé ôç óôÞëç ôïõ óôïé÷åßïõ ðïõ èåùñåßôáé

êáé ïñßæïíôáò ôçí ïñßæïõóá 2çò ôÜîçò ðïõ ðñïêýðôåé áðü ôá áñéóôåñÜ ðñïò ôá

äåîéÜ, ãñÜöåôáé

á× â =

∣∣∣∣∣∣∣∣∣
i j k

á1 á2 á3

â1 â2 â3

∣∣∣∣∣∣∣∣∣ (1.6.3 - 5)

=

∣∣∣∣∣∣ á2 á3

â2 â3

∣∣∣∣∣∣ i−
∣∣∣∣∣∣ á1 á3

â1 â3

∣∣∣∣∣∣ j+
∣∣∣∣∣∣ á1 á2

â1 â2

∣∣∣∣∣∣ k
= (á2â3 − á3â2) i− (á1â3 − á3â1) j+ (á1â2 − á2â1)k:

Óçìåéþóåéò 1.6.3 - 1

i) Ç ïñßæïõóá õðïëïãéóìïý ôïõ åîùôåñéêïý ãéíïìÝíïõ åßíáé ðÜíôïôå 3çò

ôÜîçò, äçëáäÞ ôçò ìïñöÞò (1:6:3− 3).

ii) ¼ôáí ôá äéáíýóìáôá á; â åßíáé óõíåðßðåäá, äçëáäÞ

á = á1i+ á2j êáé â = â1i+ â2j;

ôüôå óýìöùíá ìå ôçí (1:6:3− 3) åßíáé

á× â =

∣∣∣∣∣∣∣∣∣
i j k

á1 á2 0

â1 â2 0

∣∣∣∣∣∣∣∣∣ = (á1â2 − á2â1)k; (1.6.3 - 6)

äçëáäÞ Ýíá äéÜíõóìá êÜèåôï óôï åðßðåäï ôùí á; â - ðåñßðôùóç (ii) ôïõ

Ïñéóìïý 1.6.1 - 1.
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ÐáñÜäåéãìá 1.6.3 - 1

¸óôù ôá äéáíýóìáôá á = i−2 j+k êáé â = 2 i+j+k. Æçôåßôáé íá õðïëïãéóôåß

ôï ìÝôñï ôïõ á× â.
Ëýóç. Óýìöùíá ìå ôçí (1:6:3− 5) åßíáé

á× â =

∣∣∣∣∣∣∣∣∣
i j k

1 −2 1

2 1 1

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣ −2 1

1 1

∣∣∣∣∣∣ i−
∣∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣∣ j+
∣∣∣∣∣∣ 1 −2

2 1

∣∣∣∣∣∣ k
= (−2− 1) i− (1− 2) j+ (1 + 4)k = −3 i+ j+ 5k:

¢ñá

|á× â | =
√

(−3)2 + 12 + 52 =
√
35 ≈ 5:91608:

Ï õðïëïãéóìüò ôïõ åóùôåñéêïý êáé ôïõ åîùôåñéêïý ãéíïìÝíïõ ìå ôï MATH-
EMATICA ãßíåôáé ùò åîÞò: áí x = ⟨x1; x2; x3⟩ êáé y = ⟨y1; y2; y3⟩, ôüôå

Dot[{x_1,x_2,x_3},{y_1,y_2,y_3}] åóùôåñéêü

Cross[{x_1,x_2,x_3},{y_1,y_2,y_3}] åîùôåñéêü

1.7 Ìåéêôü ãéíüìåíï äéáíõóìÜôùí

1.7.1 Ïñéóìüò êáé ôýðïò õðïëïãéóìïý

Ïñéóìüò 1.7.1 - 1. ¸óôù á, â êáé ã ìç óõíåðßðåäá êáé ìç ìçäåíéêÜ äéáíý-

óìáôá. Ôüôå ôï ìåéêôü Þ ôñéðëü (triple product)11 ãéíüìåíü ôïõò ïñßæåôáé

ùò ï áñéèìüò

á · (â× ã) : (1.7.1 - 1)

11ÂëÝðå åðßóçò: http : ==en:wikipedia:org=wiki=Triple product
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Ôýðïò õðïëïãéóìïý

Ðñüôáóç 1.7.1 - 1 Áí á = ⟨á1; á2; á3⟩, â = ⟨â1; â2; â3⟩ êáé ã = ⟨ã1; ã2; ã3⟩,
ôüôå

á · (â× ã) = det (á; â;ã) =

∣∣∣∣∣∣∣∣∣
á1 á2 á3

â1 â2 â3

ã1 ã2 ã3

∣∣∣∣∣∣∣∣∣ (1.7.1 - 1)

Ç áðüäåéîç ôçò ðñüôáóçò ðñïêýðôåé Üìåóá áðü ôïõò ôýðïõò (1:5:3 − 1) êáé

(1:6:3− 2) óå óõíäõáóìü ìå ôïí ôýðï (1:6:3− 5).

Ç ïñßæïõóá ôïõ äåîéïý ìÝëïõò óôçí (1:7:1−1) óýìöùíá ìå ôçí (1:6:3−5)

õðïëïãßæåôáé ùò åîÞò:

á · (â× ã) = det (á; â;ã) =

∣∣∣∣∣∣∣∣∣
á1 á2 á3

â1 â2 â3

ã1 ã2 ã3

∣∣∣∣∣∣∣∣∣
= á1

∣∣∣∣∣∣ â2 â3

ã2 ã3

∣∣∣∣∣∣− á2
∣∣∣∣∣∣ â1 â3

ã1 ã3

∣∣∣∣∣∣+ á3

∣∣∣∣∣∣ â1 â2

ã1 ã2

∣∣∣∣∣∣
= á1 (â2ã3 − â3ã2)− á2 (â1ã3 − â3ã1)

+á3 (â1ã2 − â2ã1): (1.7.1 - 2)

ÐáñÜäåéãìá 1.7.1 - 1

Áí á = ⟨−2; 3; 1⟩, â = ⟨0; 4; 0⟩ êáé ã = ⟨−1; 3; 3⟩, íá õðïëïãéóôåß ôï ìåéêôü

ãéíüìåíï á · (â× ã).



Ìåéêôü ãéíüìåíï äéáíõóìÜôùí 41

Ëýóç. Óýìöùíá ìå ôïí ôýðï (1:7:1− 2) Ý÷ïõìå

á · (â× ã) = det (á; â;ã) =

∣∣∣∣∣∣∣∣∣
−1 3 3

0 4 0

−1 3 3

∣∣∣∣∣∣∣∣∣
= −2(4 · 3− 0)− 3 · 0 + 1 [0− 4(−1)]

= −24 + 4 = −20:

1.7.2 ÃåùìåôñéêÞ åñìçíåßá

Ðñüôáóç 1.7.2 - 1. ÃåùìåôñéêÜ ç áðüëõôç ôéìÞ ôïõ ìåéêôïý ãéíïìÝíïõ ôùí

äéáíõóìÜôùí ôùí ìç óõíåðßðåäùí êáé ìç ìçäåíéêþí äéáíõóìÜôùí á, â êáé ã

éóïýôáé ìå ôïí üãêï, Ýóôù V , ôïõ ðáñáëëçëåðéðÝäïõ ìå áêìÝò ôá ðáñáðÜíù

äéáíýóìáôá (Ó÷. 1.7.2 - 1), äçëáäÞ

V = |á · (â× ã)| : (1.7.2 - 1)

Ôï óõìðÝñáóìá ôçò ðñüôáóçò ïñßæåé êáé ôç ãåùìåôñéêÞ åñìçíåßá ôïõ ìåéêôïý

ãéíïìÝíïõ.

ÐáñÜäåéãìá 1.7.2 - 1

Óýìöùíá ìå ôïí ôýðï (1:7:2−1) ï üãêïò V ôïõ ðáñáëëçëåðéðÝäïõ ðïõ ïñßæïõí

ôá äéáíýóìáôá ôïõ Ðáñáäåßãìáôïò 1.7.1 - 1 åßíáé

V = | − 20| = 20:

1.7.3 Éäéüôçôåò

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò:
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Ó÷Þìá 1.7.2 - 1: ôï ðáñáëëçëåðßðåäï ðïõ ó÷çìáôßæåôáé áðü ôá äéáíýóìáôá

á, â êáé ã.

• Ôï ìåéêôü ãéíüìåíï åßíáé áìåôÜâëçôï óå ìéá êõêëéêÞ åíáëëáãÞ ôùí

äéáíõóìÜôùí á, â êáé ã, äçëáäÞ

á · (â× ã) = â · (ã× á) = ã · (á× â) : (1.7.3 - 1)

• Ç åíáëëáãÞ ôïõ åóùôåñéêïý ãéíïìÝíïõ óôá Üêñá äéáíýóìáôá äåí ìåôáâÜëëåé

ôçí ôéìÞ ôïõ, äçëáäÞ

á · (â× ã) = (á× â) · ã (1.7.3 - 2)

• Éó÷ýåé üôé

á · (â× ã) = −á · (ã× â)

á · (â× ã) = − â · (á× ã)

á · (â× ã) = −ã · (â× á) : (1.7.3 - 3)

• Åðßóçò óõìâïëéêÜ üôé

[á · (â× ã)]á = (á× â)× (á× ã) : (1.7.3 - 4)
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• Ôï ìåéêôü ãéíüìåíï éóïýôáé ìå ôï ìçäÝí, üôáí ôá äéáíýóìáôá á, â êáé

ã åßíáé óõíåðßðåäá.

• Áí äýï áðü ôá äéáíýóìáôá á, â êáé ã åßíáé ßóá, ôüôå ôï ìåéêôü ãéíüìåíï

åßíáé ìçäÝí, äçëáäÞ

á · (á× ã) = á · (â× á) = á · (â× â)

= á · (ã× ã) = 0: (1.7.3 - 5)

1.8 ÃñáììéêÞ áíåîáñôçóßá äéáíõóìÜôùí

1.8.1 Ïñéóìüò

Ïñéóìüò 1.8.1 - 1. Ôá äéáíýóìáôá á1, á2, : : :, áí èá åßíáé ãñáììéêÜ

áíåîÜñôçôá, üôáí êÜèå ãñáììéêüò óõíäõáóìüò ôùí ôçò ìïñöÞò

ë1á1 + ë2á2 + : : :+ ëíáí = 0 (1.8.1 - 1)

ìå ë ∈ R; i = 1; 2; : : : ; � éó÷ýåé ôüôå êáé ìüíïí, üôáí

ë1 = ë2 = : : : = ëí = 0: (1.8.1 - 2)

Óå êÜèå Üëëç ðåñßðôùóç ôá äéáíýóìáôá èá ëÝãïíôáé ãñáììéêÜ åîáñôçìÝíá. Ç

(1:8:1− 2) åßíáé ãíùóôÞ êáé ùò ç óõíèÞêç ãñáììéêÞò áíåîáñôçóßáò.

ÐáñáôçñÞóåéò 1.8.1 - 1

• Ôï ìçäåíéêü äéÜíõóìá åßíáé ãñáììéêÜ åîáñôçìÝíï.

• Áí êÜðïéï áðü ôá äéáíýóìáôá á1, á2, : : :, á � åßíáé ôï ìçäåíéêü äéÜíõóìá,

ôüôå ôá äéáíýóìáôá áõôÜ åßíáé ãñáììéêÜ åîáñôçìÝíá.

• Áí ôá äéáíýóìáôá á1, á2, : : :, ák åßíáé ãñáììéêÜ åîáñôçìÝíá, ôüôå êáé

ôá á1, á2, : : :, á� ìå k < � åßíáé ãñáììéêÜ åîáñôçìÝíá.
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1.8.2 Ó÷åôéêÝò ðñïôÜóåéò

Ðñüôáóç 1.8.2 - 1. Áí ôá äéáíýóìáôá á = á ⟨á1; á2; á3⟩, â = â ⟨â1; â2; â3⟩
ìå â ̸= 0 åßíáé ãñáììéêÜ åîáñôçìÝíá, ôüôå á = ëâ ìå ë ∈ R êáé áíôßóôñïöá.

Áðüäåéîç. Åõèý. ÅðåéäÞ ôá äéáíýóìáôá á êáé â ìå â ̸= 0 åßíáé ãñáììéêÜ

åîáñôçìÝíá, èá ðñÝðåé ãéá êÜèå ãñáììéêü óõíäõáóìü ôçò ìïñöÞò ë1á+ë2â = 0

íá åßíáé ë1 ̸= 0, äçëáäÞ á = − (ë2=ë1) â, ïðüôå á = ëâ.

Áíôßóôñïöï. ÅðåéäÞ á = ëâ, èá ðñÝðåé 1á− ëâ = 0, äçëáäÞ ôá á êáé â åßíáé

ãñáììéêÜ åîáñôçìÝíá.

Áðü ôçí Ðñüôáóç 1.8.2 - 1 ðñïêýðôåé ôüôå üôé, áí ôá äéáíýóìáôá á =

á ⟨á1; á2; á3⟩ êáé â = â ⟨â1; â2; â3⟩ ìå â ̸= 0 åßíáé ãñáììéêÜ åîáñôçìÝíá, ôüôå

éó÷ýåé ç ðáñáêÜôù óõíèÞêç ðáñáëëçëßáò:

á1
â1

=
á2
â2

=
á3
â3
: (1.8.2 - 3)

Ðñüôáóç 1.8.2 - 2. Ôá äéáíýóìáôá á êáé â ìå â ̸= 0 åßíáé ãñáììéêÜ

åîáñôçìÝíá ôüôå êáé ìüíïí, üôáí åßíáé ðáñÜëëçëá.

ÐáñáôÞñçóç 1.8.2 - 1

Ïé ÐñïôÜóåéò 1.8.2 - 1 êáé 1.8.2 - 2 éó÷ýïõí áíÜëïãá êáé ãéá ôá åðßðåäá

äéáíýóìáôá.

Ïñéóìüò 1.8.2 - 2. Äýï Þ ðåñéóóüôåñá äéáíýóìáôá åßíáé óõíåðßðåäá, üôáí

áíÞêïõí óôï ßäéï åðßðåäï Þ åßíáé ðáñÜëëçëá ðñïò áõôü.

Óýìöùíá ìå ôïí Ïñéóìü 1.8.1 - 1 êáé ôéò ÐñïôÜóåéò 1.8.2 - 1 êáé 1.8.2 -

2 åýêïëá áðïäåéêíýïíôáé ïé ðáñáêÜôù ðñïôÜóåéò:

Ðñüôáóç 1.8.2 - 3. Áí ôá äéáíýóìáôá á êáé â åßíáé ãñáììéêÜ áíåîÜñôçôá,

ôüôå êÜèå äéÜíõóìá ôçò ìïñöÞò

ã = ká+ �â ìå k; � ∈ R (1.8.2 - 4)

áíÞêåé óôï åðßðåäï Ð , ðïõ ïñßæïõí ôá á êáé â êáé áíôßóôñïöá êÜèå äéÜíõóìá

ôïõ åðéðÝäïõ Ð , ðïõ ïñßæåôáé áðü ôá á êáé â, áíáëýåôáé óôç ìïñöÞ (1:8:2−4).
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Ðñüôáóç 1.8.2 - 4. Áí ôá äéáíýóìáôá á, â êáé ã åßíáé ãñáììéêÜ åîáñôçìÝíá,

ôüôå èá åßíáé óõíåðßðåäá êáé áíôßóôñïöá.

Ðñüôáóç 1.8.2 - 5. Áí ôá äéáíýóìáôá á = á (á1; á2; á3), â = â (â1; â2; â3)

êáé ã = ã (ã1; ã2; ã3) åßíáé óõíåðßðåäá, ôüôå

Ä =

∣∣∣∣∣∣∣∣∣
á1 á2 á3

â1 â2 â3

ã1 ã2 ã3

∣∣∣∣∣∣∣∣∣ = 0: (1.8.2 - 5)

Ðñïöáíþò, áí Ä ̸= 0, ôá äéáíýóìáôá äåí åßíáé óõíåðßðåäá.

ÁóêÞóåéò

1. ¸óôù ôá äéáíýóìáôá á = ⟨2;−1; 4⟩, â = ⟨1;−2; 5⟩ êáé ã = ⟨1; 2;−1⟩. Íá
õðïëïãéóôïýí:

i) ôá äéáíýóìáôá á + 2â − 3ã, 2á − â + ã êáé ôá áíôßóôïé÷á ìïíáäéáßá

ôïõò,

ii) ôá ãéíüìåíá (á+ 3â) · ã, ä = (á+ 3â)× ã êáé (á; â;ã). Óôç óõíÝ÷åéá

íá õðïëïãéóôåß ôï ìïíáäéáßï äéÜíõóìá êáôÜ äéåýèõíóç ä.

2. ¸óôù ôá äéáíýóìáôá á = ⟨1; 2; 3⟩, â = ⟨2;−2; 3⟩ êáé ã = ⟨k; l;m⟩. Íá

õðïëïãéóôïýí ôá k, l êáé m, Ýôóé þóôå 5á+ 3â+ 2ã = 0.

3. ¸óôù ôá äéáíýóìáôá á = ⟨1; 1− 2l; 4 +m⟩ êáé â = ⟨−2; 5 + l; 8−m⟩.
Íá õðïëïãéóôïýí ôá l, m, Ýôóé þóôå ôá äéáíýóìáôá íá åßíáé ðáñÜëëçëá.

4. ¸óôù ôá äéáíýóìáôá á êáé â ôïõ ÷þñïõ R3 áíôßóôïé÷á ôïõ R2. Íá

äåé÷èïýí ïé ôáõôüôçôåò

i) |á+ â|2 − |á− â|2 = 4á · â,

ii) |á+ â|2 + |á− â|2 = 2 |á|2 + 2 |â|2.
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5. Äåßîôå üôé ôá äéáíýóìáôá á = ⟨1; 2; 3⟩, â = ⟨1;−1; 4⟩ êáé ã = ⟨2; 4; 1⟩
åßíáé ãñáììéêÜ áíåîÜñôçôá. Óôç óõíÝ÷åéá áíáëýóôå ôï äéÜíõóìá ä = ⟨1; 1; 1⟩
ùò ðñïò ôá á, â êáé ã.

6. Äåßîôå üôé, áíÁÂÃÄ åßíáé Ýíá ôåôñÜåäñï12 ìå êïñõöÞÁ üðïõÁ (x1; y1; z1),

Â (x2; y2; z2), Ã (x3; y3; z3) êáé Ä (x4; y4; z4), ôüôå ï üãêïò ôïõ ôåôñáÝäñïõ

éóïýôáé ìå

V =
1

6
|A|; üôáí A =

∣∣∣∣∣∣∣∣∣∣∣∣

x1 y1 z1 1

x2 y2 z2 1

x3 y3 z3 1

x4 y4 z4 1

∣∣∣∣∣∣∣∣∣∣∣∣
:

ÁðáíôÞóåéò

1. i) á + 2â − 3ã = ⟨1;−11; 17⟩, 2á − â + ã = ⟨4; 2; 2⟩ ê.ëð. ii) (á+ 3â) · ã = −28,

ä = (á+ 3â)× ã = ⟨−31; 14; 17⟩ êáé (á; â;ã) = ê.ëð.

2. Áðü (1:8:2− 3) ðñïêýðôåé üôé: k = −11=2, l = −2 êáé m = −12.

3. ¼ìïéá l = 7=3 êáé m = −16. 4. ÅöáñìïãÞ ôùí (1:5:3− 1) êáé (1:5:3− 2).

5. Áðü ôïí Ïñéóìü 1.8.1 - 1 ðñïêýðôåé üôé áí

ë1⟨1; 2; 3⟩+ ë2⟨1;−1; 4⟩+ ë3⟨2; 4; 1⟩ = ⟨0; 0; 0⟩;

ôüôå ôï ïìïãåíÝò óýóôçìá

ë1 + ë2 + 2ë3 = 0; 2ë1 − ë2 + 4ë3 = 0; 3ë1 + 4ë2 + ë3 = 0

Ý÷åé ìïíáäéêÞ ëýóç ôçí ë1 = ë2 = ë3 = 0, åðåéäÞ ç ïñßæïõóá ôùí óõíôåëåóôþí ôïõ

Ä =

∣∣∣∣∣∣∣∣
1 1 2

2 −1 4

3 4 1

∣∣∣∣∣∣∣∣ ̸= 0:

Óôç óõíÝ÷åéá áíáæçôïýíôáé óõíôåëåóôÝò x, y, z, Ýôóé þóôå: ä = xá+yâ+zã, ïðüôå ôåëéêÜ

x = −18

17
; y =

1

17
êáé z =

7

17
:

6. ÂëÝðå áíôßóôïé÷ç áðüäåéîç èåùñßáò, ôýðï (1:6:3− 3) ê.ëð.

12Óõìâïëßæåôáé åðßóçò êáé Á:ÂÃÄ, üôáí A ç êïñõöÞ.
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ÌÜèçìá 2

ÁÍÁËÕÔÉÊÇ ÃÅÙÌÅÔÑÉÁ

Óôï ÌÜèçìá áõôü èá äïèïýí ïé êõñéüôåñåò Ýííïéåò ôçò ÁíáëõôéêÞò Ãåùìåôñßáò,

ðïõ èåùñïýíôáé áðáñáßôçôåò ãéá ôá åðüìåíá. Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôå-

ñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4].

2.1 Åõèåßá

2.1.1 ÓõíôåëåóôÞò äéåýèõíóçò åõèåßáò

Ïñéóìüò 2.1.1 - 1. ¸óôù ôï ïñèïãþíéï óýóôçìá áîüíùí Oxy êáé ìßá åõèåßá

å. Áí � åßíáé ç ãùíßá ðïõ äéáãñÜöåé ï Üîïíáò Ox, üôáí ðåñéóôñáöåß ãýñù

áðü ôï óçìåßï M êáôÜ ôç äåîéüóôñïöç öïñÜ, Ýùò üôïõ óõìðÝóåé ìå ôçí å,

ôüôå ç åöáðôïìÝíç ôçò ãùíßáò è ïñßæåé ôïí óõíôåëåóôÞ äéåýèõíóçò ôçò å,

Ýóôù �, äçëáäÞ � = tan � (Ó÷. 2.1.1 - 1).

Ðñüôáóç 2.1.1 - 1. Áí M1 (x1; y1), M2 (x2; y2) åßíáé äýï ôõ÷üíôá óçìåßá

ìéáò ìç ðáñÜëëçëçò ðñïò ôïõò Üîïíåò åõèåßáò, ôüôå ï óõíôåëåóôÞò äéåýèõíóçò

� ôçò åõèåßáò éóïýôáé ìå

� =
y2 − y1
x2 − x1

: (2.1.1 - 1)
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Θ
M

M1

M2

K

0.5 1.0 1.5 2.0 2.5 3.0
x

-0.5

0.5

1.0

1.5

2.0

2.5

y

Ó÷Þìá 2.1.1 - 1: ï óõíôåëåóôÞò äéåýèõíóçò � = tan � ôçò åõèåßáò M1M2.

Áðüäåéîç. Áðü ôï ïñèïãþíéï ôñßãùíï KM1M2 (Ó÷. 2.1.1 - 1) Ý÷ïõìå

� = tan � =
|KM2|
|M1K|

=
y2 − y1
x2 − x1

;

äçëáäÞ ç áðïäåéêôÝá.

ÐáñáôÞñçóç 2.1.1 - 1

Áí ç åõèåßá åßíáé ðáñÜëëçëç ðñïò ôïí

i) x-Üîïíá, ôüôå

� = 0; (2.1.1 - 2)

ii) y-Üîïíá, åßíáé

� = lim
�→ �

2

tan � =∞: (2.1.1 - 3)

2.1.2 Ãùíßá äýï åõèåéþí

Ðñüôáóç 2.1.2 - 1. ¸óôù ïé åõèåßåò å1, å2 ìå óõíôåëåóôÝò äéåýèõíóçò �1,

�2 áíôßóôïé÷á. Ôüôå, áí ! åßíáé ç êõñôÞ ãùíßá ôùí, éó÷ýåé üôé (Ó÷. 2.1.2 -

1)

tan! =
�2 − �1
1 + �1�2

: (2.1.2 - 1)
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Θ1 Θ2

Ω

Ε1Ε2

0.5 1.0 1.5 2.0 2.5 3.0
x

-0.5

0.5

1.0

1.5

2.0

2.5

y

Ó÷Þìá 2.1.2 - 1: ç ãùíßá ! ôùí åõèåéþí å1 êáé å2.

Óýìöùíá ìå ôçí ðáñáðÜíù ðñüôáóç áðïäåéêíýåôáé üôé:

Ðüñéóìá 2.1.2 - 1. ¸óôù å1 êáé å2 äýï åõèåßåò ìå óõíôåëåóôÝò äéåýèõíóçò

�1, �2 áíôßóôïé÷á. Ôüôå éêáíÞ êáé áíáãêáßá óõíèÞêç, Ýôóé þóôå ïé åõèåßåò

áõôÝò íá åßíáé

• ðáñÜëëçëåò åßíáé

�1 = �2; (óõíèÞêç ðáñáëëçëßáò) (2.1.2 - 2)

• êÜèåôåò åßíáé

�1 �2 = −1: (óõíèÞêç êáèåôüôçôáò) (2.1.2 - 3)

Ïñéóìüò 2.1.2 - 1. Ïñßæåôáé ùò óõíôåëåóôÞò äéåýèõíóçò åíüò äéáíýóìá-

ôïò ï óõíôåëåóôÞò äéåýèõíóçò ôçò åõèåßáò ðïõ ïñßæåé.

Äßíïíôáé óôç óõíÝ÷åéá ïé êõñéüôåñåò ìïñöÝò ôçò åîßóùóçò ìßáò åõèåßáò óôï

åðßðåäï, áíôßóôïé÷á óôïí ÷þñï. Óçìåéþíåôáé üôé óôï åîÞò ïé üñïé äéáíõóìáôéêÞ,

áíôßóôïé÷á ðáñáìåôñéêÞ åîßóùóç, üôáí ÷ñçóéìïðïéïýíôáé, åßíáé éóïäýíáìïé.
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Α

M

N

0

1

2

3

4

x

0

1

2

3

4

y

0

1

2

z

Ó÷Þìá 2.1.3 - 1: ç åõèåßá MN ðïõ äéÝñ÷åôáé áðü óçìåßï M êáé åßíáé

ðáñÜëëçëç ðñïò ôï äéÜíõóìá á üðïõ r = ON êáé r1 = OM.

2.1.3 Åõèåßá áðü óçìåßï ðáñÜëëçëç ðñïò äéÜíõóìá

ÄéáíõóìáôéêÞ åîßóùóç

¸óôù üôé æçôåßôáé ç åîßóùóç ìéáò åõèåßáò, ðïõ äéÝñ÷åôáé áðü Ýíá óçìåßï, Ýóôù

M êáé åßíáé ðáñÜëëçëç ðñïò Ýíá äéÜíõóìá, Ýóôù á (Ó÷. 2.1.3 - 1). Áí r1 ôï

áêôéíéêü äéÜíõóìá ôïõ óçìåßïõM êáéN Ýíá Üëëï ôõ÷üí óçìåßï ôçò åõèåßáò ìå

áêôéíéêü äéÜíõóìá r, ôüôå, åðåéäÞ ôá äéáíýóìáôá ÌÍ êáé á åßíáé ðáñÜëëçëá,

èá ðñÝðåé óýìöùíá ìå ôçí Ðñüôáóç 2.1.1 - 1 íá õðÜñ÷åé ðñáãìáôéêüò áñéèìüò

t (ðáñÜìåôñïò), Ýôóé þóôå ÌÍ = tá. ÁëëÜ r = r1 +ÌÍ, ïðüôå Ý÷ïõìå ôçí

ðáñáêÜôù äéáíõóìáôéêÞ åîßóùóç ôçò åõèåßáò óôçí ðåñßðôùóç áõôÞ

r = r1 + tá; (2.1.3 - 1)

üôáí ç ðáñÜìåôñïò t ∈ R.
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ÁíáëõôéêÞ åîßóùóç óôïí ÷þñï

¸óôù á = ⟨á1; á2; á3⟩ êáé Ì (x1; y1; z1). Ôüôå ç (2:1:3− 1) ãñÜöåôáé

(x− x1) i + (y − y1) j+ (z − z1)k

= tá1i + tá2j+ tá3k;

ïðüôå åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôùí i; j; k êáé óôç óõíÝ÷åéá áðáëåßöïíôáò

ôï t, ôåëéêÜ ðñïêýðôåé üôé ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí ôçò åõèåßáò

óôïí ÷þñï åßíáé ç
x− x1
á1

=
y − y1
á2

=
z − z1
á3

: (2.1.3 - 2)

ÁíáëõôéêÞ åîßóùóç óôï åðßðåäï

Ç (2:1:3− 1) óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

(x− x1) i+ (y − y1) j = tá1i+ tá2j;

ïðüôå üìïéá ôåëéêÜ áðïäåéêíýåôáé üôé ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí ôçò

åõèåßáò óôçí ðåñßðôùóç áõôÞ åßíáé ç

x− x1
á1

=
y − y1
á2

Þ

∣∣∣∣∣∣∣∣∣
x y 1

x1 y1 1

á1 á2 1

∣∣∣∣∣∣∣∣∣ = 0: (2.1.3 - 3)

Óýìöùíá ìå ôá ðáñáðÜíù áðïäåéêíýåôáé üôé:

Ðñüôáóç 2.1.3 - 1. Áí Ýíá äéÜíõóìá á = ⟨a1; a2⟩ åßíáé ðáñÜëëçëï ðñïò ìßá

åõèåßá å, ðïõ äåí åßíáé ðáñÜëëçëç ðñïò ôïí Üîïíá Oy, ôüôå ï óõíôåëåóôÞò

äéåýèõíóçò ôçò å åßíáé

� =
á2
á1
:

Ìå ôï MATHEMATICA ç ãñáöéêÞ ðáñÜóôáóç ôçò ðáñáðÜíù åõèåßáò

ãßíåôáé ìå ôéò åíôïëÝò:
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Ðñüãñáììá 2.1.3 - 1 (åõèåßáò ðáñÜëëçëçò óå äéÜíõóìá)

L1 = Arrow[{{0.0, 0, 0}, {1.5, 1.5, 2.5}}];

f1 = Graphics3D[{Red, Thick, L1}];

L2 = Arrow[{{0.0, 0, 0}, {2.5, 3.7, 0.95}}];

f2 = Graphics3D[{Red, Thick, L2}];

L3 = Line[{{0.5, 1.5, 2.5}, {4, 3, 1.5}}];

f3 = Graphics3D[{Blue, Thick, L3}];

L4 = Arrow[{{2, 2.7, 2.5}, {3, 4.2, 1.45}}];

f4 = Graphics3D[{Brown, Thick, L4}];

f5 = Show[{Graphics3D[Text[\[Alpha], {2.75, 2.75, 2.85}]],

Graphics3D[Text[M, {1.5, 1.5, 2.85}]],

Graphics3D[Text[N, {2.5, 3.7, 1.2}]]}];

fgr = Show[f1, f2, f3, f4, f5, Boxed -> False,

Axes -> {True, True, True}, AxesLabel -> {"x", "y", "z"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14}]

2.1.4 Åõèåßá áðü äýï óçìåßá

ÄéáíõóìáôéêÞ åîßóùóç

¸óôù Ì1, Ì2 äýï ôõ÷üíôá óçìåßá ôçò åõèåßáò ìå äéáíõóìáôéêÝò áêôßíåò

r1 = ⟨x1; y1; z1⟩, r2 = ⟨x2; y2; z2⟩ áíôßóôïé÷á êáéM ôõ÷üí Üëëï óçìåßï ôçò ìå

áêôéíéêü äéÜíõóìá, Ýóôù r = ⟨x; y; z⟩. Ôüôå ç ðåñßðôùóç áõôÞ áíÜãåôáé óôçí
áíôßóôïé÷ç ôçò ÐáñáãñÜöïõ 2.1.3 èÝôïíôáò á = r2−r1, ïðüôå ç äéáíõóìáôéêÞ
åîßóùóç èá åßíáé

r = r1 + t (r2 − r1) ; (2.1.4 - 1)

üôáí ç ðáñÜìåôñïò t ∈ R.
Ç (2:1:4− 1) ÷ñçóéìïðïéþíôáò ôéò áíáëõôéêÝò åêöñÜóåéò r1 = x1i+ y1j+

z1k êáé r2 = x2i+ y2j+ z2k, ôåëéêÜ ãñÜöåôáé

x(t)i+ y(t)j+ z(t)k = [tx2 + (1− t)x1] i+ [ty2 + (1− t)y1] j

+ [tz2 + (1− t)z1]k; (2.1.4 - 2)

üôáí ç ðáñÜìåôñïò t ∈ R. Ç (2:1:4− 2) åßíáé ãíùóôÞ êáé ùò ç ðáñáìåôñéêÞ

åîßóùóç ôçò åõèåßáò óôïí ÷þñï.
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Ó÷Þìá 2.1.4 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç åõèåßáò áðü äýï óçìåßáM1 êáéM2.

Óçìåßùóç 2.1.4 - 1

• ¼ôáí t ∈ [0;1], ç (2:1:4− 2) ïñßæåé ôçí ðáñáìåôñéêÞ åîßóùóç ôïõ

åõèýãñáììïõ ôìÞìáôïò Ì1Ì2 (Ó÷. 2.1.4 - 1).

• Ç (2:1:4− 2) óôï åðßðåäï ãñÜöåôáé

x(t)i+ y(t)j = [tx2 + (1− t)x1] i

+ [ty2 + (1− t)y1] j; (2.1.4 - 3)

üôáí åðßóçò ç ðáñÜìåôñïò t ∈ R, ðïõ åßíáé ãíùóôÞ ùò ç ðáñáìåôñéêÞ

åîßóùóç ôçò åõèåßáò óôï åðßðåäï.

ÁíáëõôéêÞ åîßóùóç óôïí ÷þñï

¸óôù Ì1 (x1; y1; z1), Ì2 (x2; y2; z2). Ôüôå ç (2:1:4− 2) ãñÜöåôáé

(x− x1) i + (y − y1) j+ (z − z1)k

= t (x2 − x1) i + t (y2 − y1) j+ t (z − z1)k;
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ïðüôå åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôùí i; j; k êáé óôç óõíÝ÷åéá áðáëåßöïíôáò

ôï t, ôåëéêÜ ðñïêýðôåé üôé ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí ôçò åõèåßáò

óôïí ÷þñï åßíáé ç
x− x1
x2 − x1

=
y − y1
y2 − y1

=
z − z1
z2 − z1

: (2.1.4 - 4)

ÁíáëõôéêÞ åîßóùóç óôï åðßðåäï

¼ìïéá áðü ôçí (2:1:4− 3) ðñïêýðôåé üôé ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí

ôçò åõèåßáò óôï åðßðåäï åßíáé ç

x− x1
x2 − x1

=
y − y1
y2 − y1

Þ

∣∣∣∣∣∣∣∣∣
x y 1

x1 y1 1

x2 y2 1

∣∣∣∣∣∣∣∣∣ = 0: (2.1.4 - 5)

¼ìïéá óýìöùíá ìå ôá ðáñáðÜíù áðïäåéêíýåôáé üôé:

Ðñüôáóç 2.1.4 - 1 Ç åîßóùóç ôçò åõèåßáò ðïõ äéÝñ÷åôáé áðü ôï óçìåßï

M (x0; y0) êáé Ý÷åé óõíôåëåóôÞ äéåýèõíóçò � äßíåôáé áðü ôçí åîßóùóç

y − y0 = � (x− x0) : (2.1.4 - 6)

Ìå ôï MATHEMATICA ç ãñáöéêÞ ðáñÜóôáóç ôçò ðáñáðÜíù åõèåßáò

ãßíåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 2.1.4 - 1 (åõèåßáò áðü 2 óçìåßá)

L1 = Arrow[{{0.0, 0, 0}, {1.5, 1.5, 2.5}}];

f1 = Graphics3D[{Red, Thick, L1}];

L2 = Arrow[{{0.0, 0, 0}, {2.5, 3.7, 0.9}}];

f2 = Graphics3D[{Brown, Thick, L2}];

L3 = Line[{{0.5, 1.5, 2.5}, {5.5, 3, 1.5}}];

f3 = Graphics3D[{Blue, Thick, L3}];

L4 = Arrow[{{0, 0, 0}, {4.5, 4.2, 0.6}}];

f4 = Graphics3D[{Red, Thick, L4}];

f5 = Show[{Graphics3D[Text[Subscript[r, 1], {1.2, 1.2, 1.5}]],

Graphics3D[Text[Subscript[r, 2], {4.0, 1.2, 1.5}]],

Graphics3D[Text[r, {2.5, 1.2, 1.5}]],

Graphics3D[Text[Subscript[M, 1], {1.5, 1.5, 2.85}]],

Graphics3D[Text[M, {2.5, 3.7, 1.2}]],
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Graphics3D[Text[Subscript[M, 2], {4.5, 4.2, 0.9}]]}];

fgr = Show[f1, f2, f3, f4, f5, Boxed -> False,

Axes -> {True, True, True}, AxesLabel -> {"x", "y", "z"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14}]

2.1.5 ÃåíéêÞ ìïñöÞ åîßóùóçò åõèåßáò óôï åðßðåäï

Áðïäåéêíýåôáé üôé:

Ðñüôáóç 2.1.5 - 1. Ç ãåíéêÞ ìïñöÞ ôçò áíáëõôéêÞò åîßóùóçò ôçò åõèåßáò

óôï åðßðåäï åßíáé

Áx+ Ây + Ã = 0; (2.1.5 - 1)

üôáí |Á|+ |Â| ̸= 0 êáé áíôßóôñïöá.

Áðüäåéîç. Åõèý. Áðü ôçí (2:1:4−5) - üìïéá áðïäåéêíýåôáé áðü ôçí (2:1:3−
3) - áíáðôýóóïíôáò ôçí ïñßæïõóá ðñïêýðôåé üôé ç åîßóùóç ôçò åõèåßáò äéáäï÷éêÜ

ãñÜöåôáé

x

∣∣∣∣∣∣ y1 1

y2 1

∣∣∣∣∣∣− y
∣∣∣∣∣∣ x1 1

x2 1

∣∣∣∣∣∣+ 1 ·

∣∣∣∣∣∣ x1 y1

x2 y2

∣∣∣∣∣∣ = 0

Þ

x (y1 − y2)− y (x1 − x2) + (x1y2 − x2y1) = 0;

äçëáäÞ ç áðïäåéêôÝá ìå

Á = y1 − y2; Â = x2 − x1 êáé Ã = x1y2 − x2y1: (2.1.5 - 2)

Ôï áíôßóôñïöï åßíáé ðñïöáíÝò.

Áðü ôéò (2:1:5− 2) êáé (2:1:1− 1) ðñïêýðôåé üôé:

Ðüñéóìá 2.1.5 - 1. Ï óõíôåëåóôÞò äéåýèõíóçò � ôçò åõèåßáò Áx+Ây+Ã =

0 éóïýôáé ìå

� = −Á
Â
: (2.1.5 - 3)

Äéåñåýíçóç ôçò åîßóùóçò Áx+ Ây + Ã = 0, üôáí |Á|+ |Â| ̸= 0

Äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:
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i) Á ̸= 0, Â = 0

Ôüôå áðü ôçí (2:1:5 − 1) ðñïêýðôåé üôé x = −Ã=Á, ðïõ ðáñéóôÜíåé

åõèåßá, ç ïðïßá äéÝñ÷åôáé áðü ôï óçìåßï (−Ã=Á; y) êáé åßíáé ðáñÜëëçëç
ðñïò ôïí Üîïíá Oy. Áí êáé Ã = 0, ôüôå ç åõèåßá óõìðßðôåé ìå ôïí Üîïíá

Oy.

ii) Á = 0, Â ̸= 0

Ôüôå áðü ôçí (2:1:5 − 1) ðñïêýðôåé üôé y = −Ã=Â, ðïõ ðáñéóôÜíåé

åõèåßá, ç ïðïßá äéÝñ÷åôáé áðü ôï óçìåßï (x; −Ã=Â) êáé åßíáé ðáñÜëëçëç
ðñïò ôïí Üîïíá Ox. Áí êáé Ã = 0, ôüôå ç åõèåßá óõìðßðôåé ìå ôïí Üîïíá

Ox.

iii) Ã = 0

Ç (2:1:5−1) ðáñéóôÜíåé åõèåßá, ðïõ äéÝñ÷åôáé áðü ôçí áñ÷Þ ôùí áîüíùí.

iv) Á; Â; Ã ̸= 0

Ç (2:1:5− 1) ãñÜöåôáé

− x

Ã=Á
− y

Ã=Â
= 1;

äçëáäÞ
x

a
+
y

b
= 1 (2.1.5 - 4)

üðïõ ôá a = −Ã=Á êáé b = −Ã=Â ëÝãïíôáé êáé óõíôåôáãìÝíåò åðß

ôçí áñ÷Þ ôçò (2:1:5− 1).

Ðñüôáóç 2.1.5 - 2. ¸óôù ïé åõèåßåò å1, å2 êáé å3 ìå áíôßóôïé÷åò åîéóþóåéò

A1x+B1y + Ã1 = 0; A2x+B2y + Ã2 = 0 êáé A3x+B3y + Ã3 = 0:



Åõèåßá 59

P

Ε

P0

0.5 1.0 1.5 2.0 2.5
x

0.5

1.0

1.5

2.0

2.5

y

Ó÷Þìá 2.1.6 - 1: ç áðüóôáóç d (P0; å) = P0P ôïõ óçìåßïõ P0 (x0; y0) áðü

ôçí åõèåßá å : Ax+By + Ã = 0.

Ôüôå éêáíÞ êáé áíáãêáßá óõíèÞêç Ýôóé þóôå ïé åõèåßåò íá äéÝñ÷ïíôáé áðü ôï

ßäéï óçìåßï, åßíáé ∣∣∣∣∣∣∣∣∣
A1 B1 Ã1

A2 B2 Ã2

A3 B3 Ã3

∣∣∣∣∣∣∣∣∣ = 0: (2.1.5 - 5)

2.1.6 Áðüóôáóç óçìåßïõ áðü åõèåßá

¸óôù ç åõèåßá å ìå åîßóùóç

å : Ax+By + Ã = 0

êáé ôõ÷üí óçìåßï ôçò P0 (x0; y0). Ôüôå áðïäåéêíýåôáé üôé ç áðüóôáóç P0P

ôïõ óçìåßïõ P0 áðü ôçí å äßíåôáé áðü ôïí ôýðï (Ó÷. 2.1.6 - 1)

d (P0; å) =
|Ax0 +By0 + Ã|√

A2 +B2
: (2.1.6 - 1)



60 ÁíáëõôéêÞ Ãåùìåôñßá Êáè. Á. ÌðñÜôóïò

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç åîßóùóç ôçò åõèåßáò óôéò ðáñáêÜôù ðåñéðôþóåéò:

i) Ý÷åé óõíôåôáãìÝíåò åðß ôçí áñ÷Þ 3 êáé −5,

ii) Ý÷åé ôåôìçìÝíç åðß ôçí áñ÷Þ 4 êáé åßíáé ðáñÜëëçëç ðñïò ôï äéÜíõóìá

a = (1;−3),

iii) äéÝñ÷åôáé áðü ôï óçìåßï ôïìÞò ôùí åõèåéþí x − y = 7, x + 2y = 5 êáé

åßíáé êÜèåôç óôçí åõèåßá 2x− 5y + 3 = 0,

iv) äéÝñ÷åôáé áðü ôï óçìåßï (1; 1) êáé ó÷çìáôßæåé ãùíßá �=4 ìå ôçí åõèåßá

x− 7y + 5 = 0.

2. Íá õðïëïãéóôåß ç ãùíßá ôùí åõèåéþí 2x− y = 4 êáé 3x+ y = 1.

3. ¸óôù ôï ôñßãùíï ìå êïñõöÝò ôá óçìåßá (1; 2), (3; 4) êáé (−2;−3). Íá

õðïëïãéóôïýí:

i) ïé åîéóþóåéò ôùí äéáãùíßùí, ôùí õøþí êáé ôùí äé÷ïôüìùí ôïõ,

ii) ïé óõíôåôáãìÝíåò ôïõ êÝíôñïõ âÜñïõò.

4. Íá õðïëïãéóôåß ç ôéìÞ ôçò ðáñáìÝôñïõ ë, Ýôóé þóôå ç åõèåßá ëx+y+1 = 0

íá äéÝñ÷åôáé áðü ôï êïéíü óçìåßï ôïìÞò ôùí åõèåéþí 2x − y + 1 = 0 êáé

x− y + 5 = 0.

ÁðáíôÞóåéò

1. (i) Ôýðïò (2:1:5− 4) üðïõ a = 3 êáé b = −5. (ii) ¼ìïéá ìå (i).

(iii) Áðü ôç ëýóç ôïõ óõóôÞìáôïò x− y = 7; x+2y = 5 ðñïêýðôåé üôé ôï êïéíü óçìåßï ôùí

åõèåéþí åßíáé ôï P0 (x0; y0) = (19=3;−2=3). Ï óõíôåëåóôÞò äéåýèõíóçò ôçò 2x−5y+3 = 0

åßíáé � = 5=2, ïðüôå óýìöùíá ìå ôç óõíèÞêç êáèåôüôçôáò (2:1:2 − 3) ï óõíôåëåóôÞò

äéåýèõíóçò ôçò æçôïýìåíçò åõèåßáò èá åßíáé �1 = −5=2. ¢ñá áðü ôçí (2:1:4− 6) ðñïêýðôåé

ôåëéêÜ üôé ç åîßóùóç åßíáé ç 6y + 15x = 91.

(iv) ¸óôù � ï óõíôåëåóôÞò äéåýèõíóçò ôçò æçôïýìåíçò åõèåßáò, �1 ôçò åõèåßáò x−7y+5 = 0

êáé ! ç êõñôÞ ãùíßá ôùí. Ôüôå óýìöùíá ìå ôçí (2:1:5 − 3) åßíáé �1 = 1
7
, ïðüôå áðü ôçí

(2:1:5− 3) ðñïêýðôåé ôüôå üôé

tan
�

4
=

�− 1
7

1 + �
7

äçëáäÞ � =
4

3
:
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Ó÷Þìá 2.2.1 - 1: åðßðåäï áðü óçìåßï M ðáñÜëëçëï ðñïò ôá äéáíýóìáôá á

êáé â.

Áí (x0; y0) = (1; 1), ôüôå áðü ôçí (2:1:4 − 6) ðñïêýðôåé üôé ç åîßóùóç ôçò æçôïýìåíçò

åõèåßáò åßíáé 4x− 3y − 1 = 0.

2. ¼ìïéá, áí ! ç êõñôÞ ãùíßá ôùí, ôüôå ãéá ôéò åõèåßåò 2x−y = 4 êáé 3x+y = 1 óýìöùíá

ìå ôçí (2:1:5 − 3) åßíáé �1 = 2 êáé �2 = −3, ïðüôå ôåëéêÜ ! = tan−1(−1) = 3�
4
: ¼ìïéá

êáé ïé õðüëïéðåò áóêÞóåéò.

2.2 Åðßðåäï

2.2.1 Åðßðåäï áðü óçìåßï êáé ðáñÜëëçëï ðñïò 2 äéáíýóìáôá

¸óôù Ýíá åðßðåäï ðïõ äéÝñ÷åôáé áðü ôï óçìåßïÌ (x1; y1; z1) êáé åßíáé ðáñÜëëç-

ëï ðñïò ôá äéáíýóìáôá á = ⟨á1; á2; á3⟩ êáé â = ⟨â1; â2; â3⟩, üôáí ôá á, â

õðïôßèåôáé üôé äåí åßíáé ðáñÜëëçëá ìåôáîý ôïõò (Ó÷. 2.2.1 - 1).
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ÄéáíõóìáôéêÞ åîßóùóç

ÅðåéäÞ ôá äéáíýóìáôá á êáé â äåí åßíáé ðáñÜëëçëá ìåôáîý ôïõò, èá ðñÝðåé íá

ôÝìíïíôáé óå Ýíá óçìåßï, Ýóôù M1. Ôüôå, åðåéäÞ ôá äéáíýóìáôá MM1 êáé á,

â åßíáé óõíåðßðåäá, èá õðÜñ÷ïõí ðáñÜìåôñïé u; v ∈ R, Ýôóé þóôå1

MM1 = uá+ v â: (2.2.1 - 1)

¸óôù r = OM êáé r1 = OM1 ïé äéáíõóìáôéêÝò áêôßíåò ôùí óçìåßùí M êáé

M1 áíôßóôïé÷á. Ôüôå ðñïöáíþò éó÷ýåé üôé

r = r1 +MM1: (2.2.1 - 2)

Áðü ôéò (2:2:1− 1) êáé (2:2:1− 2) ðñïêýðôåé ôüôå ç ðáñáêÜôù äéáíõóìáôéêÞ

åîßóùóç ôïõ åðéðÝäïõ

r = r1 + uá+ v â; (2.2.1 - 3)

üôáí u; v ∈ R.

ÁíáëõôéêÞ åîßóùóç

Ç (2:2:1− 3) ãñÜöåôáé

xi+ yj+ zk = (x1 + uá1 + vâ1) i

+(y1 + uá2 + vâ2) j+ (z1 + uá3 + vâ3)k;

ïðüôå åîéóþíïíôáò ôéò áíôßóôïé÷åò óõíôåôáãìÝíåò ôùí i; j êáé k Ý÷ïõìå

x = x1 + uá1 + vâ1 ; y = y1 + uá2 + vâ2 ; z = z1 + uá3 + vâ3;

äçëáäÞ

á1 u+ â1 v = x1 − x

á2 u+ â2 v = y1 − y

á3 u+ â3 v = z1 − z; (2.2.1 - 4)

1ÂëÝðå âéâëéïãñáößá êáé Á. ÌðñÜôóïò [2] Êåö. 1.
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ðïõ ïñßæåé Ýíá óýóôçìá 3 åîéóþóåùí ìå 2 áãíþóôïõò ôá u, v. Åßíáé ãíùóôü üôé

ç ëýóç ôùí óõóôçìÜôùí óôçí ðåñßðôùóç áõôÞ áðáéôåß ç ëýóç ôùí 2 åîéóþóåùí

íá åðáëçèåýåé êáé ôçí 3ç åîßóùóç Þ üðùò äéáöïñåôéêÜ ëÝãåôáé ôï óýóôçìá íá

åßíáé óõìâéâáóôü.2 Ðáñáôçñïýìå üôé óôçí (2:2:1− 4), åðåéäÞ ôá äéáíýóìáôá

á êáé â Ý÷åé õðïôåèåß üôé äåí åßíáé ðáñÜëëçëá ìåôáîý ôïõò, èá ðñÝðåé ãéá íá

åßíáé ôï óýóôçìá óõìâéâáóôü, ìéá ôïõëÜ÷éóôïí áðü ôéò ðïóüôçôåò

á1â2 − á2â1; á2â3 − á3â2; á3â1 − á1â3

íá åßíáé äéÜöïñç ôïõ ìçäåíüò.

ÅðïìÝíùò ôï óýóôçìá (2:2:1 − 4) èá åßíáé óõìâéâáóôü, ôüôå êáé ìüíïí

üôáí: ∣∣∣∣∣∣∣∣∣
x− x1 y − y1 z − z1
á1 á2 á3

â1 â2 â3

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣∣

x y z 1

x1 y1 z1 1

á1 á2 á3 1

â1 â2 â3 1

∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (2.2.1 - 5)

ðïõ ïñßæåé ôåëéêÜ êáé ôçí áíáëõôéêÞ åîßóùóç ôïõ åðéðÝäïõ óôçí ðåñßðôùóç

áõôÞ.

2.2.2 Åðßðåäï áðü äýï óçìåßá êáé ðáñÜëëçëï ðñïò äéÜíõóìá

¸óôù Ýíá åðßðåäï ðïõ äéÝñ÷åôáé áðü ôá óçìåßá Ì1 (x1; y1; z1), Ì2 (x2; y2; z2)

êáé åßíáé ðáñÜëëçëï ðñïò ôï äéÜíõóìá á = ⟨á1; á2; á3⟩.

ÄéáíõóìáôéêÞ åîßóùóç

Ç ðåñßðôùóç áõôÞ áíÜãåôáé óôçí áíôßóôïé÷ç ôçò ÐáñáãñÜöïõ 2.2.1 èÝôïíôáò

á =Ì1Ì2 = r2 − r1;

üôáí r1 êáé r2 åßíáé ïé äéáíõóìáôéêÝò áêôßíåò ôùí óçìåßùíÌ1 êáéÌ2 áíôßóôïé÷á.

¢ñá ç äéáíõóìáôéêÞ åîßóùóç ôïõ åðéðÝäïõ åßíáé

r = r1 + u (r2 − r1) + vá; (2.2.2 - 1)

üôáí u; v ∈ R.
2¼ìïéá âëÝðå âéâëéïãñáößá êáé Á. ÌðñÜôóïò [2] Êåö. 3.
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ÁíáëõôéêÞ åîßóùóç

¼ìïéá áðü ôçí (2:2:2 − 1) ãéá ôéò óõíôåôáãìÝíåò ôïõ ôõ÷üíôïò óçìåßïõ

M(x; y; z) ôïõ åðéðÝäïõ Ð Ý÷ïõìå:

u (x2 − x1) + v á1 = x1 − x;

u (y2 − y1) + v á2 = y1 − y;

u (z2 − z1) + v á3 = z1 − z

ðïõ ôåëéêÜ äßíåé ùò áíáëõôéêÞ åîßóùóç ôçí

∣∣∣∣∣∣∣∣∣
x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
á1 á2 á3

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣∣

x y z 1

x1 y1 z1 1

x2 y2 z2 1

á1 á2 á3 1

∣∣∣∣∣∣∣∣∣∣∣∣
= 0: (2.2.2 - 2)

2.2.3 Åðßðåäï áðü ôñßá óçìåßá

¸óôù Ýíá åðßðåäï ðïõ äéÝñ÷åôáé áðü ôñßá ìç óõíåõèåéáêÜ óçìåßáÌ1 (x1; y1; z1),

Ì2 (x2; y2; z2) êáé Ì3 (x3; y3; z3).

ÄéáíõóìáôéêÞ åîßóùóç

¼ìïéá ç ðåñßðôùóç áõôÞ áíÜãåôáé óôçí áíôßóôïé÷ç ôçò ÐáñáãñÜöïõ 2.2.1

èÝôïíôáò

á =Ì1Ì2 = r2 − r1; â =Ì1Ì3 = r3 − r1;

üôáí r1, r2 êáé r3 åßíáé ïé äéáíõóìáôéêÝò áêôßíåò ôùí óçìåßùí Ì1, Ì2 êáé Ì3

áíôßóôïé÷á. ¢ñá ç äéáíõóìáôéêÞ åîßóùóç óôçí ðåñßðôùóç áõôÞ åßíáé

r = r1 + u (r2 − r1) + v (r3 − r1) : (2.2.3 - 1)
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ÁíáëõôéêÞ åîßóùóç

¼ìïéá ãéá ôéò óõíôåôáãìÝíåò ôïõ ôõ÷üíôïò óçìåßïõ M(x; y; z) ôïõ åðéðÝäïõ

Ý÷ïõìå

x = x1 + u (x2 − x1) + v (x3 − x1) ;

y = y1 + u (y2 − y1) + v (y3 − y1) ;

z = z1 + u (z2 − z1) + v (z3 − z1)

ðïõ ôåëéêÜ äßíåé ùò áíáëõôéêÞ åîßóùóç ôçí

∣∣∣∣∣∣∣∣∣
x− x1 y − y1 z − z1
x2 − x1 y2 − y1 z2 − z1
x3 − x1 y3 − y1 z3 − z1

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣∣∣

x y z 1

x1 y1 z1 1

x2 y2 z2 1

x3 y3 z3 1

∣∣∣∣∣∣∣∣∣∣∣∣
= 0: (2.2.3 - 2)

2.2.4 ÃåíéêÞ ìïñöÞ åîßóùóçò åðéðÝäïõ

Áðïäåéêíýåôáé üôé:

Ðñüôáóç 2.2.4 - 1. Ç ãåíéêÞ ìïñöÞ ôçò áíáëõôéêÞò åîßóùóçò ôïõ åðéðÝäïõ

åßíáé

Áx+ Ây + Ãz +Ä = 0 (2.2.4 - 1)

êáé áíôßóôñïöá.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç åîßóùóç ôçò åõèåßáò ðïõ äéÝñ÷åôáé áðü ôï óçìåßï (1; 1)

êáé ôÝìíåé êÜèåôá ôçí ôïìÞ ôùí åðéðÝäùí 3x−5y+2 = 0 êáé 2x+3z+1 = 0.

2. ¸óôù ôá åðßðåäá 2x+3y+4z−6 = 0 êáé 4x+6y+8z+24 = 0. Æçôåßôáé

i) íá äåé÷èåß üôé åßíáé ðáñÜëëçëá,

ii) íá õðïëïãéóôåß ç åîßóùóç ôïõ åðéðÝäïõ ðïõ ôÝìíåé ôá åðßðåäá áõôÜ

êÜèåôá.
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2.3 ÊùíéêÝò ôïìÝò

2.3.1 Êýêëïò

Ïñéóìüò 2.3.1 - 1. Ïñßæåôáé ùò ðåñéöÝñåéá êýêëïõ (circle) ï ãåùìåôñéêüò

ôüðïò ôùí óçìåßùí ôïõ åðéðÝäïõ, ðïõ áðÝ÷ïõí ßóç áðüóôáóç, Ýóôù R, áðü

Ýíá óçìåßï ôïõ åðéðÝäïõ, Ýóôù K.

Ç áðüóôáóç R ëÝãåôáé áêôßíá, åíþ ôï óçìåßï O êÝíôñï ôïõ êýêëïõ.

Ó÷åôéêÜ ìå ôéò èÝóåéò ôïõ êÝíôñïõK ùò ðñïò ôçí áñ÷Þ ôùí óõíôåôáãìÝíùí

åíüò ïñèïãùíßïõ óõóôÞìáôïò Oxy äéáêñßíïíôáé ïé ðáñáêÜôù äýï ðåñéðôþóåéò:

• ôï K óõìðßðôåé ìå ôï O. Ôüôå, áí M(x; y) åßíáé ôõ÷üí óçìåßï ôçò

ðåñéöÝñåéáò, ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí ôçò ðåñéöÝñåéáò åßíáé

x2 + y2 = R2; (2.3.1 - 1)

åíþ, üôáí

• ôï êÝíôñï åßíáé óôï óçìåßï (á; â), ôüôå

(x− á)2 + (y − â)2 = R2: (2.3.1 - 2)

Åîßóùóç åöáðôïìÝíçò

Ç åîßóùóç ôçò åöáðôïìÝíçò ôçò ðåñéöÝñåéáò óå Ýíá óçìåßï ôçò, ÝóôùÌ (x0; y0),

áðïäåéêíýåôáé üôé äßíåôáé áðü ôç ó÷Ýóç:

(x− x0) (x− á) + (y − y0) (y − â) = R2: (2.3.1 - 3)

Áðü ôéò (2:3:1 − 1) êáé (2:3:1 − 2) ðñïêýðôåé üôé ç ãåíéêÞ ìïñöÞ ôçò

áíáëõôéêÞò åîßóùóçò ôùí óçìåßùí ôçò ðåñéöÝñåéáò ôïõ êýêëïõ åßíáé

x2 + y2 +Áx+ Ây + Ã = 0 (2.3.1 - 4)

üðïõ ôï êÝíôñï ïñßæåôáé óôçí ðåñßðôùóç áõôÞ áðü ôéò óõíôåôáãìÝíåò:

Ê

(
−Á

2
;−Â

2

)
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êáé ç áêôßíá áðü ôç ó÷Ýóç

R =
(
Á2 + Â2 − 4Ã

)1=2
:

Áíôßóôñïöá, êÜèå åîßóùóç ôçò ìïñöÞò (2:3:1 − 4) ðáñéóôÜíåé ðåñéöÝñåéá

êýêëïõ. ÐñÜãìáôé ç (2:3:1− 4) ãñÜöåôáé(
x+

Á

2

)2

+

(
y +

Â

2

)2

=
Á2 + Â2 − 4Γ

4
: (2.3.1 - 5)

Ôüôå ç (2:3:1− 5):

• áí Á2 + Â2 − 4Ã ≥ 0, ðáñéóôÜíåé åîßóùóç êýêëïõ ìå êÝíôñï, Ýóôù

K (−Á=2;−Â=2) êáé áêôßíá R =
√
Á2 + Â2 − 4Γ=2. ÅéäéêÜ, üôáí

éó÷ýåé ç éóüôçôá, ç áêôßíá ôïõ êýêëïõ åßíáé ìçäÝí (óçìåßï).

• Áí Á2 + Â2 − 4Ã < 0, ôüôå äåí õðÜñ÷ïõí x; y ∈ R ðïõ íá ôçí

åðáëçèåýïõí, ïðüôå óôçí ðåñßðôùóç áõôÞ äåí õðÜñ÷åé ðåñéöÝñåéá êýêëïõ.

ÅðïìÝíùò Ý÷åé áðïäåé÷èåß ç ðáñáêÜôù ðñüôáóç:

Ðñüôáóç 2.3.1 - 1. Ç x2 + y2 + Áx + Ây + Ã = 0 ðáñéóôÜíåé åîßóùóç

ðåñéöÝñåéáò êýêëïõ ôüôå êáé ìüíïí, üôáí Á2 + Â2 − 4Ã > 0.

ÄéáíõóìáôéêÞ åîßóùóç

¸óôù üôé ôïO óõìðßðôåé ìå ôçí áñ÷Þ åíüò ïñèïãùíßïõ óõóôÞìáôïò óõíôåôáãìÝ-

íùí. Ôüôå, áí M(x; y) åßíáé ôõ÷üí óçìåßï ôçò ðåñéöÝñåéáò, ç äéáíõóìáôéêÞ

åîßóùóç åßíáé ôçò ìïñöÞò

r = x i+ y j = ⟨x; y⟩ (2.3.1 - 6)

üðïõ

x = x(t) = R cos t;

y = y(t) = R sin t; üôáí t ∈ [0; 2�); (2.3.1 - 7)

åíþ óôçí ðåñßðôùóç ðïõ ôï êÝíôñï ôïõ åßíáé ôï óçìåßï Ê(á; â) Ý÷ïõìå (Ó÷.

2.3.1 - 1)

x = x(t) = á +R cos t;

y = y(t) = â +R sin t; üôáí t ∈ [0; 2�): (2.3.1 - 8)
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Ó÷Þìá 2.3.1 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç êýêëïõ ìå êÝíôñï ôï óçìåßïK(á; â)

êáé áêôßíá R.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç áêôßíá êáé ôï êÝíôñï ôùí ðáñáêÜôù ðåñéöåñåéþí:

i) x2 + y2 + 4x+ 4y + 9 = 0,

ii) x2 + y2 − 6x+ 10y = 0.

2. Íá õðïëïãéóôåß ç åîßóùóç ôçò ðåñéöÝñåéáò êýêëïõ, üôáí

i) Ý÷åé êÝíôñï ôï óçìåßï (1;−2) êáé åöÜðôåôáé óôçí åõèåßá x−2y+5 = 0,

ii) äéÝñ÷åôáé áðü ôá óçìåßá (3;−2), (1; 2) êáé (−1;−2),

iii) äéÝñ÷åôáé áðü ôá óçìåßá (3; 1), (−1; 3) êáé Ý÷åé êÝíôñï óôçí åõèåßá 3x−
2y − 2 = 0,

iv) åßíáé åããåãñáììÝíç óôï ôñßãùíï ìå êïñõöÝò ôá óçìåßá (1;−2), (2; 3)
êáé (4; 1).

2.3.2 ¸ëëåéøç

Ïñéóìüò 2.3.2 - 1. Ïñßæåôáé ùò Ýëëåéøç (ellipse) ï ãåùìåôñéêüò ôüðïò

ôùí óçìåßùí ôïõ åðéðÝäïõ ôùí ïðïßùí ôï Üèñïéóìá ôùí áðïóôÜóåùí ôõ÷üíôïò
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Ó÷Þìá 2.3.2 - 1: ç Ýëëåéøç ìå åóôßåò óôá óçìåßá F1(−c; 0) êáé F2(c; 0).

óçìåßïõ ôçò, Ýóôù M , áðü äýï óôáèåñÜ óçìåßá F1 êáé F2 åßíáé óôáèåñü (Ó÷.

2.3.2 - 1).

Ôá óçìåßá F1(−c; 0) êáé F2(c; 0) ëÝãïíôáé åóôßåò (focus).

Óýìöùíá ìå ôïí Ïñéóìü 2.3.2 - 1 åßíáé F1M +F2M = 2a óôáèåñÜ. Ôüôå

ãéá íá ðñïóäéïñéóôåß ç åîßóùóç ôùí óçìåßùí ôçò Ýëëåéøçò, èåùñïýìå Ýíá

ïñèïãþíéï óýóôçìá óõíôåôáãìÝíùí Oxy óôï ïðïßï ç áñ÷Þ O äé÷ïôïìåß ôçí

áðüóôáóç F1F2, ùò Üîïíá ôùí x ôçí åõèåßá ðïõ äéÝñ÷åôáé áðü ôá óçìåßá F1

êáé F2 êáé ùò Üîïíá ôùí y ôçí êÜèåôç óôçí F1F2 ðïõ äéÝñ÷åôáé áðü ôï O.

¸óôù |F1F2| = 2c. Ç âáóéêÞ éäéüôçôá ôùí óçìåßùí ôçò Ýëëåéøçò åêöñÜæå-

ôáé ãéá ôéò óõíôåôáãìÝíåò ôïõ ôõ÷üíôïò óçìåßïõM(x; y) ìå ôç ó÷Ýóç |MF1|+
|MF2| = 2a, äçëáäÞ√

(x+ c)2 + y2 +
√

(x− c)2 + y2 = 2a: (2.3.2 - 1)

Áðü ôç ó÷Ýóç áõôÞ ìå ôåôñáãùíéóìü êáé ôùí äýï ìåëþí ðñïêýðôåé ôåëéêÜ üôé

ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí ôçò Ýëëåéøçò åßíáé

x2

a2
+
y2

b2
= 1; üôáí b2 = a2 − c2: (2.3.2 - 2)
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Éäéüôçôåò

i) Ç (2:3:2−2) äåí ìåôáâÜëëåôáé, üôáí ôåèåß óôç èÝóç ôïõ (x; y) ôï (−x; y)
Þ ôï (x;−y) Þ ôï (−x;−y), äçëáäÞ ç Ýëëåéøç åßíáé óõììåôñéêÞ ùò ðñïò
ôïõò Üîïíåò Ox, Oy êáé ôçí áñ÷Þ ôùí áîüíùí O.

ii) Áðü ôçí (2:3:2 − 2) ðñïêýðôåé üôé y2=b2 = 1 − x2=a2 ≥ 0, äçëáäÞ

−a ≤ x ≤ a. ¼ìïéá áðïäåéêíýåôáé üôé −b ≤ y ≤ b. ¢ñá ç Ýëëåéøç

ðåñéëáìâÜíåôáé óôï ïñèïãþíéï ìå ðëåõñÝò x = ±a êáé y = ±b.

ÂáóéêÜ óôïé÷åßá

• Ç åõèåßá ðïõ åíþíåé ôéò åóôßåò ôçò Ýëëåéøçò, ëÝãåôáé êýñéïò Üîïíáò.

Ï êýñéïò Üîïíáò ôÝìíåé ôçí Ýëëåéøç óôá óçìåßá A(a; 0) êáé A′(−a; 0),
ðïõ ïñßæïõí ôéò êýñéåò êïñõöÝò ôçò. Ôüôå ôï åõèýãñáììï ôìÞìá AA′

ïñßæåé ôïí ìåãÜëï Üîïíá (major axis) ôçò Ýëëåéøçò, ðïõ Ý÷åé ìÞêïò

2a. Ï Üîïíáò ôùí óõíôåôáãìÝíùí Ox Ý÷åé ôç äéåýèõíóç AA′, åíþ ôï

óçìåßï O åßíáé óôï ìÝóïí ôïõ AA′. Ï Üîïíáò Oy ôÝìíåé ôçí Ýëëåéøç óôá

óçìåßá B(0; b) êáé B′(0;−b), ðïõ ëÝãïíôáé êáé äåõôåñåýïõóåò êïñõöÝò
ôçò Ýëëåéøçò. Ôï åõèýãñáììï ôìÞìá BB′ ïñßæåé ôïí ìéêñü Üîïíá

(minor axis) ôçò Ýëëåéøçò ìå ìÞêïò 2b. Ôüôå ôá |OA| = a êáé |OB| =
b ïñßæïõí ôá ìÞêç ôïõ ìåãÜëïõ áíôßóôïé÷á ôïõ ìéêñïý çìéÜîïíá ôçò

Ýëëåéøçò.

• Åêêåíôñüôçôá (eccentricity) ôçò Ýëëåéøçò ïñßæåôáé ï ëüãïò e = c=a

êáé ðñïöáíþò åßíáé e < 1.

Åîßóùóç åöáðôïìÝíçò

Áðïäåéêíýåôáé üôé ç åîßóùóç ôçò åöáðôïìÝíçò ôçò Ýëëåéøçò óôï óçìåßï ôçò

Ì (x0; y0) äßíåôáé áðü ôç ó÷Ýóç:

xx0
a2

+
yy0
b2

= 1 : (2.3.2 - 3)
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ÄéáíõóìáôéêÞ åîßóùóç

¼ìïéá åßíáé ôçò ìïñöÞò (2:3:1− 6), äçëáäÞ

r = x i+ y j = ⟨x; y⟩

üðïõ

x = x(t) = a cos t;

y = y(t) = b sin t; üôáí t ∈ [0; 2�): (2.3.2 - 4)

Ç åíôïëÞ ðïõ ó÷çìáôßæåé ìßá Ýëëåéøç ìå ôï MATHEMATICA åßíáé

Show[Graphics[Circle[{x_0,y_0},r]]]

üðïõ (x0; y0) ôï êÝíôñï êáé r ç áêôßíá, åíþ ãéá ôçí Ýëëåéøç

Show[Graphics[Circle[{x_0,y_0},{a,b}]]]

üðïõ a ï ìåãÜëïò êáé b ï ìéêñüò çìéÜîïíÜò ôçò.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç åîßóùóç ôçò Ýëëåéøçò óôéò ðáñáêÜôù ðåñéðôþóåéò:

i) ç åóôéáêÞ áðüóôáóç åßíáé ßóç ìå 6 êáé ç åêêåíôñüôçôá å = 3=5,

ii) ï ìéêñüò Üîïíáò åßíáé ßóïò ìå 6 êáé ç åêêåíôñüôçôá å = 4=5.

2. Íá õðïëïãéóôïýí ïé åîéóþóåéò ôùí åöáðôüìåíùí áðü ôï óçìåßï (2;−1)
óôçí Ýëëåéøç x2 + 9y2 = 9. Óôç óõíÝ÷åéá íá ðñïóäéïñéóôåß ç ãùíßá ôùí

åöáðôüìåíùí êáé ôï ìÞêïò ôçò ÷ïñäÞò ôçò Ýëëåéøçò, ðïõ äéÝñ÷åôáé áðü ôá

óçìåßá åðáöÞò ôùí åöáðôüìåíùí.

3. ¸óôù ç Ýëëåéøç
x2

a2
+
y2

b2
= 1 :

Ôüôå ïé åõèåßåò ìå åîéóþóåéò 3

d : x = ±a
2

c

ïñßæïõí ôéò äéåõèåôïýóåò (directrices) ôçò. Äåßîôå üôé

3ÂëÝðå Ó÷. 2.3.2 - 1 üðïõ ç äéåõèåôïýóá d Ý÷åé åîßóùóç x = a2

c
:
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i) ïé äéåõèåôïýóåò åßíáé êÜèåôåò óôïí ìåãÜëï Üîïíá ôçò Ýëëåéøçò,

ii) ï ëüãïò ôùí áðïóôÜóåùí ôõ÷üíôïò óçìåßïõ ôçò Ýëëåéøçò áðü ôçí åóôßá

êáé ôç äéåõèåôïýóá åßíáé óôáèåñüò êáé éóïýôáé ìå ôçí åêêåíôñüôçôá ôçò

Ýëëåéøçò.4

ÁðáíôÞóåéò

1. (i) Åßíáé F1F2 = 2c = 6, ïðüôå c = 3, åíþ å = c
a
= 3

5
. ¢ñá a = 5, ïðüôå áðü ôç ó÷Ýóç

b2 = a2 − c2 ðñïêýðôåé üôé b2 = 16. ÅðïìÝíùò ç åîßóùóç åßíáé:

x2

25
+

y2

16
= 1:

(ii) Åßíáé 2b = 6, ïðüôå b = 3, åíþ å = c
a
= 4

5
, äçëáäÞ c = 4a

5
. Áíôéêáèéóôþíôáò óôçí

b2 = a2 − c2 Ý÷ïõìå 9 = á2 − 16a2

25
, ïðüôå a2 = 25. ¢ñá ç åîßóùóç åßíáé:

x2

25
+
y2

9
= 1:

2. Ç åîßóùóç ôçò Ýëëåéøçò ãñÜöåôáé

x2

9
+ y2 = 1: (2.3.2 - 1)

¢ñá a2 = 9 êáé b2 = 1. Ôüôå óýìöùíá ìå ôçí (2:3:2− 3) ç åîßóùóç ôçò åöáðôïìÝíçò ôçò

Ýëëåéøçò óôï óçìåßï ôçò (x0; y0) ãñÜöåôáé

xx0

9
+ y y0 = 1: (2.3.2 - 2)

ÅðåéäÞ ç åõèåßá (2:3:2−2) äéÝñ÷åôáé áðü ôï óçìåßï (x; y) = (2;−1), èá ðñÝðåé ïé óõíôåôáãìÝíåò

ôïõ íá ôçí åðáëçèåýïõí, äçëáäÞ 2 x0
9

− y0 = 1, áðü ôçí ïðïßá ôåëéêÜ ðñïêýðôåé üôé:

y0 =
2x0

9
− 1: (2.3.2 - 3)

¼ìïéá åðåéäÞ ôï óçìåßï (x0; y0) áíÞêåé óôçí Ýëëåéøç, ç (2:3:2− 1) ãñÜöåôáé
x2
0
9

+ y20 = 1,

ïðüôå áíôéêáèéóôþíôáò óå áõôÞ ôçí (2:3:2− 3) ôåëéêÜ ðñïêýðôåé üôé ôá óçìåßá åðáöÞò ôùí

åöáðôüìåíùí å1 êáé å2 ìå ôçí Ýëëåéøç åßíáé:

P1 : (x1; y1) = (0;−1) êáé P2 : (x2; y2) =

(
36

13
;
59

13

)
:

Ôüôå ç áðüóôáóç åßíáé: |P1P2| =
√

(x2 − x1)
2 + (y2 − y1)

2 = 36
√

5
13

≈ 6:192 188, åíþ ç

ãùíßá ! õðïëïãßæåôáé óýìöùíá ìå ôçí (2:1:1− 1) áðü ôç ó÷Ýóç tan! = �1−�2
1+�1�2

üðïõ

�1 =
y − y1
x− x1

= 0 êáé �1 =
y − y2
x− x2

=
36

5
:

4¼ìïéá âëÝðå Ó÷. 2.3.2 - 1 üðïõ |MF2| = |MD|.



ÕðåñâïëÞ 73

¢ñá tan! = − 36
5
, ïðüôå ! ≈ −− 1:432 79 rad.

3. (i) ÐñïöáíÞò, åðåéäÞ êÜèå åîßóùóç ôçò ìïñöÞò x = x0 ðáñéóôÜíåé åîßóùóç åõèåßáò

êÜèåôçò óôïí x-Üîïíá óôï óçìåßï x0.

(ii) Èá äåé÷èåß üôé
|MF2|
|MD| = å: (2.3.2 - 4)

Óýìöùíá ìå ôï Ó÷. 2.3.2 - 1 êáé ôéò (2:3:2− 1) - (2:3:2− 2) Ý÷ïõìå üôé ç áðüóôáóç |MF2|
åßíáé

|MF2|2 = (x− c)2 + y2 = (x− c)2 + b2
(
1− x2

a2

)
; (2.3.2 - 5)

åíþ áðü ôïí ôýðï ðñïêýðôåé üôé ç áðüóôáóç |MD| áðü ôç äéåõèåôïýóá ìå åîßóùóç x− a2

c
= 0

åßíáé

|MD| =
∣∣∣∣x− a2

c

∣∣∣∣ : (2.3.2 - 6)

Áíôéêáèéóôþíôáò ôéò (2:3:2− 5) êáé (2:3:2− 6) óôçí (2:3:2− 4) ìåôÜ áðü ôåôñáãùíéóìü êáé

ôùí äýï ìåëþí ðñïêýðôåé ôåëéêÜ ç áðïäåéêôÝá.

2.3.3 ÕðåñâïëÞ

Ïñéóìüò 2.3.3 - 1. Ïñßæåôáé ùò õðåñâïëÞ (hyperbola) ï ãåùìåôñéêüò ôüðïò

ôùí óçìåßùí ôïõ åðéðÝäïõ ôùí ïðïßùí ç äéáöïñÜ ôùí áðïóôÜóåùí ôõ÷üíôïò

óçìåßïõ ôçò, Ýóôù M , áðü äýï óôáèåñÜ óçìåßá F1 êáé F2, ðïõ ëÝãïíôáé

åóôßåò, åßíáé óôáèåñÞ (Ó÷. 2.3.3 - 1).

Ôá óçìåßá F1 êáé F2 ëÝãïíôáé åóôßåò (focus).

¸óôù üôé F2M − F1M = 2a óôáèåñÜ. ¼ìïéá, üðùò óôçí Ýëëåéøç,

èåùñþíôáò Ýíá ïñèïãþíéï óýóôçìá óõíôåôáãìÝíùí Oxy óôï ïðïßï ôï O

äé÷ïôïìåß ôçí áðüóôáóç F1F2, ùò Üîïíá ôùí x ôçí åõèåßá ðïõ äéÝñ÷åôáé áðü

ôéò åóôßåò, óýìöùíá êáé ìå ôç âáóéêÞ éäéüôçôá ôùí óçìåßùí ôçò õðåñâïëÞò

Ý÷ïõìå ãéá ôéò óõíôåôáãìÝíåò ôïõ ôõ÷üíôïò óçìåßïõ M(x; y) ôç ó÷Ýóç√
(c+ x)2 + y2 −

√
(x− c)2 + y2 = 2a:

Ôüôå ìå ôåôñáãùíéóìü êáé ôùí äýï ìåëþí ðñïêýðôåé ôåëéêÜ, üôé ç áíáëõôéêÞ

åîßóùóç ôùí óçìåßùí ôçò õðåñâïëÞò åßíáé

x2

a2
− y2

b2
= 1; üôáí b2 = c2 − a2: (2.3.3 - 1)
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Ó÷Þìá 2.3.3 - 1: ç õðåñâïëÞ ìå åóôßåò óôá óçìåßá F1(c; 0) êáé F2(−c; 0).

Éäéüôçôåò

i) Ç (2:3:3− 1) äåí ìåôáâÜëëåôáé, üôáí èÝóïõìå óôç èÝóç ôïõ ôï (−x; y)
Þ ôï (x;−y) Þ ôï (−x;−y), äçëáäÞ ç õðåñâïëÞ åßíáé óõììåôñéêÞ (con-

gruent) ùò ðñïò ôïõò Üîïíåò Ox, Oy êáé ôçí áñ÷Þ ôùí áîüíùí.

ii) Áðü ôçí (2:3:3− 1) ðñïêýðôåé üôé

y2

b2
=
x2

a2
− 1 ≥ 0; äçëáäÞ |x| ≥ a:

¢ñá ç õðåñâïëÞ âñßóêåôáé óôá äåîéÜ ôçò åõèåßáò ìå åîßóùóç x = a êáé

áñéóôåñÜ ôçò åõèåßáò ìå åîßóùóç x = −a. Åßíáé ðñïöáíÝò üôé ìåôáîý

ôùí åõèåéþí x = a êáé x = −a äåí õðÜñ÷ïõí óçìåßá ôçò õðåñâïëÞò.

ÂáóéêÜ óôïé÷åßá

• Ï Üîïíáò Ox ëÝãåôáé ðñùôåýùí Üîïíáò (major axis). Ï ðñùôåýùí

Üîïíáò ôÝìíåé ôçí õðåñâïëÞ óôá óçìåßá A êáé A′. Ôüôå ç (AA′) ïñßæåé

ôï ìÞêïò ôïõ ðñùôåýïíôá Üîïíá. Ï Üîïíáò Oy ëÝãåôáé äåõôåñåýùí
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Üîïíáò (minor axis), åíþ ôï O ïñßæåé ôï êÝíôñï ôçò õðåñâïëÞò. Áí

åðß ôïõ Üîïíá Oy èåùñÞóïõìå ôá óçìåßá B(0; b) êáé B′(0;−b), ôüôå ç
(BB′) ïñßæåé ôï ìÞêïò ôïõ äåõôåñåýïíôá Üîïíá.

• Åêêåíôñüôçôá ôçò õðåñâïëÞò ïñßæåôáé ï ëüãïò e = c=a, üðïõ ðñïöáíþò

e > 1.

Åîßóùóç åöáðôïìÝíçò

Áðïäåéêíýåôáé üôé ç åîßóùóç ôçò åöáðôïìÝíçò ôçò õðåñâïëÞò óôï óçìåßï ôçò

Ì (x0; y0) äßíåôáé áðü ôç ó÷Ýóç

xx0
a2
− yy0

b2
= 1 : (2.3.3 - 2)

Óõæõãåßò õðåñâïëÝò

¸óôù ç õðåñâïëÞ ìå ðñùôåýïíôá Üîïíá ôïí Ox êáé åîßóùóç

x2

a2
− y2

b2
= 1: (2.3.3 - 3)

Áí óôçí (2:3:3− 3) èåùñçèåß ùò ðñùôåýùí Üîïíáò ï Oy Ý÷ïõìå (Ó÷. 2.3.3 -

2)
x2

a2
− y2

b2
= −1: (2.3.3 - 4)

Ïé õðåñâïëÝò (2:3:3−3) êáé (2:3:3−4), ðïõ ï ðñùôåýùí Üîïíáò ôçò ìéáò åßíáé

äåõôåñåýùí Üîïíáò ôçò Üëëçò, ëÝãïíôáé óõæõãåßò (conjugate hyperbolae).

Áóýìðôùôåò õðåñâïëÞò

Áðü ôçí (2:3:3− 1) ðñïêýðôåé

y = ± b
a
x

√
1− a2

x2

¢ñá, üôáí ôï x ôåßíåé óôï Üðåéñï êáôÜ áðüëõôç ôéìÞ, ôï y ôåßíåé åðßóçò óôï

Üðåéñï, åíþ ï ëüãïò y=x åßíáé ðåðåñáóìÝíïò áñéèìüò êáé óõãêåêñéìÝíá éóïýôáé

ìå

y =
b

a
x êáé y = − b

a
x : (2.3.3 - 5)
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Ó÷Þìá 2.3.3 - 2: ç õðåñâïëÞ h1 ìå åîßóùóç x
2 − y2 = 1 êáé ç óõæõãÞò ôçò

h2 ìå åîßóùóç x
2 − y2 = −1.

Ç (2:3:3 − 5) ðáñéóôÜíåé ôüôå äýï åõèåßåò ðñïò ôéò ïðïßåò, óýìöùíá ìå ôá

ðáñáðÜíù, ôåßíåé ç õðåñâïëÞ üôáí ôï x → ±∞. Ïé åõèåßåò áõôÝò ëÝãïíôáé

áóýìðôùôåò (asymptotes)ôçò õðåñâïëÞò.5

ÉóïóêåëÞò õðåñâïëÞ

Ïñéóìüò 2.3.3 - 2. Áí óå ìßá õðåñâïëÞ ôï ìÞêïò ôïõ ðñùôåýïíôá êáé ôïõ

äåõôåñåýïíôá Üîïíá åßíáé ßóá, ôüôå ç õðåñâïëÞ ëÝãåôáé éóïóêåëÞò êáé ç

åîßóùóÞ ôçò ãñÜöåôáé

x2 − y2 = a2: (2.3.3 - 6)

Óôçí ðåñßðôùóç áõôÞ ïé áóýìðôùôåò åßíáé ïé äé÷ïôüìïé ôùí ãùíéþí ðïõ ó÷çìáôßæïõí

ïé Üîïíåò.

5ÂëÝðå äéáêåêïììÝíåò åõèåßåò óôï Ó÷. 2.3.3 - 1 êáé êüêêéíåò åõèåßåò óôï Ó÷. 2.3.3 - 2.
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ÄéáíõóìáôéêÞ åîßóùóç

Áðïäåéêíýåôáé üôé åßíáé ôçò ìïñöÞò (2:3:1− 6), äçëáäÞ

r = x i+ y j = ⟨x; y⟩

üðïõ

x = x(t) = a cosh t;

y = y(t) = b sinh t (2.3.3 - 7)

üðïõ ç ðáñÜìåôñïò t ∈ R.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç åîßóùóç ôçò õðåñâïëÞò óôéò ðáñáêÜôù ðåñéðôþóåéò:

i) ç åóôéáêÞ áðüóôáóç åßíáé ßóç ìå 8 êáé ç åêêåíôñüôçôá å = 5=4,

ii) ïé åîéóþóåéò ôùí áóýìðôùôùí åßíáé y = ±4x=3 êáé ç åóôéáêÞ áðüóôáóç
åßíáé ßóç ìå 20.

2. Íá õðïëïãéóôåß ç ãùíßá ôùí áóýìðôùôùí ôçò õðåñâïëÞò ðïõ Ý÷åé åêêåíôñüôçôá

å = 1:5.

3. ¸óôù ç õðåñâïëÞ 9x2 − 4y2 = 36. Íá õðïëïãéóôåß ôï åìâáäüí ôïõ

ôñéãþíïõ, ðïõ ó÷çìáôßæåôáé áðü ôéò áóýìðôùôÝò ôçò êáé ôçí åõèåßá 9x+2y−
24 = 0.

4. Íá äåé÷èåß üôé êÜèå åöáðôïìÝíç õðåñâïëÞò ó÷çìáôßæåé ìå ôéò áóýìðôùôÝò

ôçò ôñßãùíï óôáèåñïý åìâáäïý.

5. ¸óôù ç õðåñâïëÞ
x2

a2
− y2

b2
= 1 :

Ôüôå ïé åõèåßåò

x = ±a
2

c

ëÝãïíôáé äéåõèåôïýóåò ôçò õðåñâïëÞò. Äåßîôå üôé:

i) ïé äéåõèåôïýóåò åßíáé êÜèåôåò óôïí ìåãÜëï Üîïíá ôçò õðåñâïëÞò,
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Ó÷Þìá 2.3.4 - 1: ç ðáñáâïëÞ ìå åóôßá óôï óçìåßï F êáé äéåõèåôïýóá ôçí

åõèåßá d : BC.

ii) ïé äéåõèåôïýóåò äåí ôÝìíïõí ôçí õðåñâïëÞ,

iii) ï ëüãïò ôùí áðïóôÜóåùí ôõ÷üíôïò óçìåßïõ ôçò õðåñâïëÞò áðü ôçí åóôßá

êáé ôç äéåõèåôïýóá åßíáé óôáèåñüò êáé éóïýôáé ìå ôçí åêêåíôñüôçôá ôçò

õðåñâïëÞò.

2.3.4 ÐáñáâïëÞ

Ïñéóìüò 2.3.4 - 1. Ïñßæåôáé ùò ðáñáâïëÞ (parabola) ï ãåùìåôñéêüò ôüðïò

ôùí óçìåßùí ôïõ åðéðÝäïõ ôùí ïðïßùí ç áðüóôáóç áðü óôáèåñü óçìåßï, Ýóôù

F êáé óôáèåñÞ åõèåßá d åßíáé óôáèåñÞ (Ó÷. 2.3.4 - 1).

Ôï óçìåßï F ëÝãåôáé åóôßá (focus), åíþ ç åõèåßá d äéåõèåôïýóá (directrix).

Ãéá íá ðñïóäéïñéóôåß ç áíáëõôéêÞ åîßóùóç ôùí óçìåßùí ôçò ðáñáâïëÞò,

èåùñïýìå Ýíá ïñèïãþíéï óýóôçìá óõíôåôáãìÝíùí Oxy óôï ïðïßï ôï O åßíáé

åðß ôçò êÜèåôçò åõèåßáò, ðïõ öÝñåôáé áðü ôçí åóôßá, Ýóôù F , óôç äéåõèåôïýóá

d êáé óôï ìÝóï ôçò, åíþ ùò Üîïíáò ôùí x ïñßæåôáé ç êÜèåôç áõôÞ åõèåßá.
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Ôüôå, óýìöùíá ìå ôç âáóéêÞ éäéüôçôá ôùí óçìåßùí ôçò ðáñáâïëÞò, ãéá ôï

ôõ÷üí óçìåßï M(x; y) åßíáé |MB| = |MF |, ïðüôå, áí p = |CF |, Ý÷ïõìå

x+
1

2
p = |MF |: (1)

ÁëëÜ

|MF |2 = y2 +

(
x− 1

2
p

)2

: (2)

Áíôéêáèéóôþíôáò ôç (2) óôçí (1) ðñïêýðôåé ôåëéêÜ üôé ç áíáëõôéêÞ åîßóùóç

ôùí óçìåßùí ôçò ðáñáâïëÞò åßíáé

y2 = 2px: (2.3.4 - 1)

Éäéüôçôåò

i) Ç (2:3:4 − 1) äåí ìåôáâÜëëåôáé, üôáí èÝóïõìå óôç èÝóç ôïõ (x; y) ôï

(x;−y), äçëáäÞ ç ðáñáâïëÞ åßíáé óõììåôñéêÞ ùò ðñïò ôïí Üîïíá Ox.

ii) Áðü ôçí (2:3:4− 1) ðñïêýðôåé üôé y2 = 2px ≥ 0, äçëáäÞ x ≥ 0. ¢ñá ç

ðáñáâïëÞ âñßóêåôáé óôï äåîéü ìÝñïò ôïõ Üîïíá Oy.

ÂáóéêÜ óôïé÷åßá

Ï Üîïíáò Ox ôÝìíåé ôçí ðáñáâïëÞ óôï óçìåßï O, ðïõ ëÝãåôáé êïñõöÞ, åíþ

ôï p ëÝãåôáé çìéðáñÜìåôñïò.

Åîßóùóç åöáðôïìÝíçò

Áðïäåéêíýåôáé üôé ç åîßóùóç ôçò åöáðôïìÝíçò óôï óçìåßï ôçò Ì (x0; y0)

äßíåôáé áðü ôç ó÷Ýóç

−yy0 = p (x+ x0) : (2.3.4 - 2)

ÄéáíõóìáôéêÞ åîßóùóç

¼ìïéá áðïäåéêíýåôáé üôé åßíáé ôçò ìïñöÞò (2:3:1− 6), äçëáäÞ

r = x i+ y j = ⟨x; y⟩
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üðïõ

x(t) = t;

y2(t) = 2 p t (2.3.4 - 3)

üðïõ ç ðáñÜìåôñïò t ∈ R.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç åîßóùóç ôçò ðáñáâïëÞò óôéò ðáñáêÜôù ðåñéðôþóåéò:

i) Ý÷åé åóôßá óôï óçìåßï êáé äéåõèåôïýóá y + 3 = 0,

ii) äéÝñ÷åôáé áðü ôï óçìåßï (5; 7), åßíáé óõììåôñéêÞ ùò ðñïò ôïí Üîïíá ôùí

y êáé Ý÷åé êïñõöÞ ôï óçìåßï (0; 0).

2. Íá õðïëïãéóôïýí ïé åöáðôüìåíåò ôçò ðáñáâïëÞò y2 = 2x, ðïõ äéÝñ÷ïíôáé

áðü ôï óçìåßï (−4;−1).
3. ¸óôù ç ðáñáâïëÞ y2 = 2px. Íá ðñïóäéïñéóôåß ç éêáíÞ êáé áíáãêáßá

óõíèÞêç, Ýôóé þóôå ç åõèåßá y = êx+ ë íá åöÜðôåôáé ôçò ðáñáâïëÞò.

2.3.5 Ãåíéêü ðñüâëçìá êùíéêþí ôïìþí

Ç Ýëëåéøç, ç õðåñâïëÞ êáé ç ðáñáâïëÞ ëÝãïíôáé êáé êùíéêÝò ôïìÝò (conic

sections), åðåéäÞ åßíáé äõíáôüí íá ðñïêýøïõí áðü ôçí ôïìÞ åíüò êõêëéêïý

êþíïõ åê ðåñéóôñïöÞò, Ýóôù K, ìå Ýíá åðßðåäï (Ó÷. 2.3.5 - 1). Åéäéêüôåñá

Ý÷ïõìå:

i) áí ôï åðßðåäï, ÝóôùÐ , äåí åßíáé ðáñÜëëçëï ðñïò êáìéÜ áðü ôéò ãåíÝôåéñåò

ôïõ êþíïõ, ôüôå ç ôïìÞ ôïõ åðéðÝäïõ ìå ôïí êþíï èá äþóåé ìßá Ýëëåéøç

(Ó÷. 2.3.5 - 1 b), åíþ óôçí åéäéêÞ ðåñßðôùóç ðïõ åßíáé êÜèåôï óôïí

Üîïíá ôïõ êþíïõ, ç ôïìÞ åßíáé êýêëïò (Ó÷. 2.3.5 - 1 a),

ii) áí ôï åðßðåäï åßíáé ðáñÜëëçëï ðñïò äýï ãåíÝôåéñåò, ç ôïìÞ åßíáé õðåñâïëÞ

(Ó÷. 2.3.5 - 1 c) êáé,

iii) áí åßíáé ðáñÜëëçëï ðñïò Ýíá åöáðôüìåíï åðßðåäï ôçò åðéöÜíåéáò ôïõ

êþíïõ, ç ôïìÞ åßíáé ðáñáâïëÞ (Ó÷. 2.3.5 - 1 d).
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Ó÷Þìá 2.3.5 - 1: ãåíéêü ðñüâëçìá êùíéêþí ôïìþí.
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ÅéäéêÜ üôáí ôï åðßðåäï äéÝñ÷åôáé áðü ôï óçìåßï O, ç ôïìÞ óõìðßðôåé ìå ìßá Þ

äýï ãåíÝôåéñåò ôïõ êþíïõ Þ ðåñéïñßæåôáé óôï óçìåßï O.

Ðñüôáóç 2.3.5 - 1. Ç ãåíéêÞ åîßóùóç ôùí êùíéêþí ôïìþí, üôáí ôï óýóôçìá

ôùí óõíôåôáãìÝíùí äåí Ý÷åé ìåôáôïðéóôåß ðáñÜëëçëá Þ óôñáöåß, åßíáé ôçò

ìïñöÞò

Ax2 +By2 + Cx+Dy + E = 0; üôáí |A|+ |B| ̸= 0 (2.3.5 - 1)

êáé áíôßóôñïöá.

Áðüäåéîç. ÅðåéäÞ ôï åõèý ðñïêýðôåé Üìåóá ìåôÜ ôéò ðñÜîåéò óôéò (2:3:2−2),
(2:3:3− 1) êáé (2:3:4− 1), áñêåß íá äåé÷èåß ôï áíôßóôñïöï.

Äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:

1. AB ̸= 0. Ôüôå ç (2:3:5− 1) ãñÜöåôáé

A

(
x2 +

C

A
x

)
+B

(
y2 +

D

B
y

)
+ E = 0

êáé ôåëéêÜ ìåôÜ ôéò ðñÜîåéò

1

B

(
x+

C

2A

)2

+
1

A

(
y +

D

2B

)2

=
BC2 +AD2 − 4ABE

4A2B2
= k; (2.3.5 - 2)

üðïõ k óôáèåñÜ. Ôüôå:

1-I. Áí k ̸= 0, ç (2:3:5− 2) ãñÜöåôáé

1

kB

(
x+

C

2A

)2

+
1

kA

(
y +

D

2B

)2

= 1: (2.3.5 - 3)

1-Ia. Áí AB > 0, áðü ôçí (2:3:5− 3) Ý÷ïõìå

1-Ia.i. áí k ïìüóçìï ðñïò ôá A êáé B, ç (2:3:5 − 3) êáé êáôÜ

óõíÝðåéá ç (2:3:5−1) ðáñéóôÜíåé Ýëëåéøç, åíþ óôçí åéäéêÞ

ðåñßðôùóç üðïõ A = B > 0 êýêëï.

1-Ia.ii. Áí k åôåñüóçìï ðñïò ôá A êáé B, ç (2:3:5 − 3) åßíáé

áäýíáôç.
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1-Ib. Áí AB < 0, ç (2:3:5 − 3) êáé êáôÜ óõíÝðåéá ç (2:3:5 − 1)

ðáñéóôÜíåé õðåñâïëÞ.

1-II. Áí k = 0, ç (2:3:5− 3) ãñÜöåôáé

A

(
x+

C

2A

)2

+B

(
y +

D

2B

)2

= 0: (2.3.5 - 4)

1-IIa. Áí AB > 0, ç (2:3:5− 4) åðáëçèåýåôáé ãéá

x = − C

2A
êáé y = − D

2B
:

1-IIb. Áí AB < 0, ôï ðñþôï ìÝëïò ôçò (2:3:5 − 4) áíáëýåôáé óå

ãéíüìåíï äýï ðñùôïâÜèìéùí üñùí ùò ðñïò x êáé y, ïðüôå ç

(2:3:5− 4) ðáñéóôÜíåé äýï åõèåßåò.

2. Áí AB = 0. Ôüôå:

2-É. Áí A = 0 êáé B ̸= 0, ç (2:3:5− 1) ãñÜöåôáé

B

(
y +

D

2B

)2

= −Cx− E +
D2

4B
: (2.3.5 - 5)

Ôüôå

2-Ia. Áí C ̸= 0, ç (2:3:5− 5) ôåëéêÜ ãñÜöåôáé(
y +

D

2B

)2

= −C
B

(
x+

D2 − 4BE

4BC

)
; (2.3.5 - 6)

äçëáäÞ ðáñéóôÜíåé ðáñáâïëÞ.

2-Ib. Áí C = 0, ç (2:3:5− 6) ãñÜöåôáé(
y +

D

2B

)2

=
D2 − 4BE

4B
; (2.3.5 - 7)

ïðüôå, áí

2-Ib.i. D2−4BE > 0, ç (2:3:5−7) êáé êáôÜ óõíÝðåéá ç (2:3:5−1)
ðáñéóôÜíåé äýï åõèåßåò ðáñÜëëçëåò ðñïò ôïí x-Üîïíá,

2-Ib.ii. D2−4BE = 0, ç (2:3:5−7) ðáñéóôÜíåé ìéá åõèåßá ðáñÜëëç-
ëç óôïí x-Üîïíá, êáé
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2-Ib.iii. D2 − 4BE < 0, ç (2:3:5− 7) åßíáé áäýíáôç.

2-II. Áí A ̸= 0 êáé B = 0, ôüôå ç (2:3:5− 1) ãñÜöåôáé

A

(
x+

C

2A

)2

= −Dy − E +
C2

4A
: (2.3.5 - 8)

¼ìïéá ôüôå ç (2:3:5− 8), áí

• D ̸= 0 ðáñéóôÜíåé ðáñáâïëÞ, åíþ üôáí

• D = 0, ðáñéóôÜíåé äýï Þ ìßá åõèåßåò ðáñÜëëçëåò ðñïò ôïí y-

Üîïíá Þ ôåëéêÜ åßíáé áäýíáôç.

Áðïäåéêíýåôáé üôé:

Ðñüôáóç 2.3.5 - 2. Ç ãåíéêüôåñç ìïñöÞ ôùí êùíéêþí ôïìþí, üôáí ôï óýóôç-

ìá óõíôåôáãìÝíùí Ý÷åé ìåôáôïðéóôåß Þ Ý÷åé óôñáöåß Þ êáé ôá äýï, åßíáé

Ax2 +Bxy + Cy2 +Dx+ Ey +K = 0 (2.3.5 - 9)

êáé áíôßóôñïöá êÜèå åîßóùóç ôçò ìïñöÞò (2:3:5−9), äåí äýíáôáé íá ðáñéóôÜíåé
ðÝñáí ôùí êùíéêþí ôïìþí, ôßðïôå Üëëï åêôüò áðü öáíôáóôéêÝò åõèåßåò êáé

åëëåßøåéò.

Ç (2:3:5−9) ÷áñáêôçñßæåé ôüôå ôç ãåíéêÞ åîßóùóç ôùí êáìðõëþí 2ïõ âáèìïý.
Ôï ðñüâëçìá ðïõ ðñïêýðôåé ôþñá åßíáé ï ôñüðïò ðñïóäéïñéóìïý ôïõ åßäïõò

ôçò êùíéêÞò ôïìÞò áðü ôçí (2:3:5 − 9). Áñ÷éêÜ åîåôÜæåôáé ôï ðñüóçìï ôçò

ðáñÜóôáóçò

Ä = B2 − 4AC:

Ôüôå, áí:

i) Ä > 0 ç êáìðýëç åßíáé õðåñâïëÞ, åíþ, áí Ä < 0 Ýëëåéøç.

Óôç óõíÝ÷åéá, èÝôïõìå óôçí (2:3:5−9) ôïõò ôýðïõò (1:2:2−2) áëëáãÞò

óõíôåôáãìÝíùí ìå ðáñÜëëçëç ìåôáôüðéóç óôï óçìåßï (a; b), äçëáäÞ ôïõò

x = x′ + a êáé y = y′ + b
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êáé ðñïóäéïñßæïõìå ôá a, b.

Óôç óõíÝ÷åéá, áíôéêáèéóôþíôáò ôéò ôéìÝò ôùí a êáé b óôçí (2:3:5−9)
ðñïêýðôåé ìßá åîßóùóç ôçò ìïñöÞò

A
(
x′
)2

+Bx′y′ + C
(
y′
)2

+D = 0; (2.3.5 - 10)

ïðüôå áðü ôïí ôýðï

tan � =
B

A− C
(2.3.5 - 11)

ðñïóäéïñßæåôáé ç ãùíßá óôñïöÞò ôùí áîüíùí.

ii) Ä = 0 ç êáìðýëç åßíáé ðáñáâïëÞ. Óôçí ðåñßðôùóç áõôÞ ÷ñçóéìïðïéåßôáé

ìüíïí ï ôýðïò (2:3:5− 11).

ÐáñÜäåéãìá 2.3.5 - 1

Íá ðñïóäéïñéóôåß ôï åßäïò ôçò êáìðýëçò

xy − 2y − 4x = 0: (1)

Ëýóç. Åßíáé

B2 − 4AC = 1 > 0;

ïðüôå ðñüêåéôáé ãéá õðåñâïëÞ.

ÈÝôïíôáò óôçí (1) ôïõò ôýðïõò

x = x′ + a êáé y = y′ + b

Ý÷ïõìå

x′y′ + (b− 4)x′ + (a− 2)y′ + ab− 2b− 4a = 0

áðü ôçí ïðïßá ðñïêýðôåé üôé b− 4 = 0 êáé a− 2 = 0.

¢ñá

b = 4 êáé a = 2;

ïðüôå ïé áñ÷éêïß Üîïíåò Ý÷ïõí ìåôáôïðéóôåß óôï óçìåßï (2; 4).

Ôüôå ç (1) ãñÜöåôáé

x′y′ = 8; (2)
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ïðüôå ç õðåñâïëÞ Ý÷åé áóýìðôùôåò ôïõò Üîïíåò O′x′ êáé O′y′.

Áðü ôçí (2:3:5− 11) ðñïêýðôåé ôüôå üôé

tan 2� → +∞; äçëáäÞ � =
�

4
:

ÈÝôïíôáò ôçí ôéìÞ áõôÞ óôïõò ôýðïõò (1:2:2 − 4) ôçò óôñïöÞò ôùí áîüíùí

êáôÜ ïñéóìÝíç ãùíßá, äçëáäÞ óôïõò

x = x′ cos � − y′ sin �

y = −x′ sin � + y′ cos �

ðñïêýðôåé üôé

x′ =
1√
2

(
x′′ − y′′

)
êáé y′ =

1√
2

(
x′′ + y′′

)
; (3)

üðïõ O′x′′y′′ ïé Üîïíåò óõíôåôáãìÝíùí ìåôÜ ôç ìåôáôüðéóç êáé ôç óôñïöÞ.

Ôüôå ç (2) óýìöùíá ìå ôçí (3) ãñÜöåôáé(
x′′
)2 − (y′′)2 = 16

äçëáäÞ ðñüêåéôáé ãéá éóïóêåëÞ õðåñâïëÞ.

ÐáñÜäåéãìá 2.3.5 - 2

¼ìïéá ôï åßäïò ôçò êáìðýëçò

x2 + 2xy + y2 + 4x− 10y + 5 = 0: (4)

Ëýóç. Åßíáé

B2 − 4AC = 0;

ïðüôå ðñüêåéôáé ãéá ðáñáâïëÞ.

Ôüôå áðü ôçí (2:3:5− 11) ðñïêýðôåé üôé

tan 2� → +∞; ïðüôå � =
�

4
:

¼ìïéá èÝôïíôáò ôçí ôéìÞ áõôÞ óôïõò ôýðïõò (1:2:2− 4) ôçò óôñïöÞò ôùí

áîüíùí êáôÜ ïñéóìÝíç ãùíßá, äçëáäÞ óôïõò

x = x′ cos � − y′ sin �

y = −x′ sin � + y′ cos �
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ðñïêýðôåé üôé

x =
1√
2

(
x′ − y′

)
êáé y =

1√
2

(
x′ + y′

)
;

üðïõ Ox′y′ ïé Üîïíåò óõíôåôáãìÝíùí ìåôÜ ôç óôñïöÞ.

¢ñá ç (4) ãñÜöåôáé(
x′ − 3

2
√
2

)2

=
7√
2

(
y′ − 11

28
√
2

)
;

äçëáäÞ ðñüêåéôáé ãéá ðáñáâïëÞ ìå êïñõöÞ ôï óçìåßï
(
3=2
√
2; 11=28

√
2
)
êáé

ðáñÜëëçëç óôïí Üîïíá Oy′.

ÁóêÞóåéò

1. Íá ðñïóäéïñéóôåß ôï åßäïò ôùí ðáñáêÜôù êùíéêþí ôïìþí:

i) y2 + 3x− 4y + 9 = 0,

ii) y2 + 4xy + 4x2 + 2y + 4x− 36 = 0,

iii) 8y2 + 4xy + 5x2 + 16y + 4x− 28 = 0,

iv) 3xy + 5x+ 10y = 0.

2. Äßíåôáé ç êáìðýëç 4x2−4xy+ y2+6x+1 = 0. Æçôåßôáé íá ðñïóäéïñéóôåß

ç èÝóç ôçò åõèåßáò y = ëx ùò ðñïò ôçí êáìðýëç ãéá ôéò äéÜöïñåò ôéìÝò ôïõ ë.

ÁðáíôÞóåéò

1. i) Ä = 0 ðáñáâïëÞ, ii) Ä = 16 > 0 õðåñâïëÞ, iii) Ä = −144 Ýëëåéøç,

iv) Ä = 9 > 0 õðåñâïëÞ.
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ÌÜèçìá 3

ÐÑÁÃÌÁÔÉÊÅÓ

ÓÕÍÁÑÔÇÓÅÉÓ

3.1 Ïñéóìüò êáé ¢ëãåâñá óõíáñôÞóåùí

3.1.1 Ïñéóìïß

Óôï ìÜèçìá áõôü èá äïèïýí ïé êõñéüôåñïé ïñéóìïß êáé èåùñÞìáôá ãéá ôéò

ðñáãìáôéêÝò óõíáñôÞóåéò ìéáò ðñáãìáôéêÞò ìåôáâëçôÞò, ðïõ èåùñïýíôáé áðáñáß-

ôçôïé ãéá ôá åðüìåíá ìáèÞìáôá. Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç,

ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4].

Ïñéóìüò 3.1.1 - 1 (óõíÜñôçóçò). ¸óôù D êáé T äýï ôõ÷üíôá ìç êåíÜ

õðïóýíïëá ôïõ R. Ôüôå ëÝãåôáé óõíÜñôçóç, ìßá ìïíïóÞìáíôç áðåéêüíéóç,

Ýóôù f , ôïõ óõíüëïõ D óôï T , äçëáäÞ

f : D ∋ x −→ f(x) = y ∈ T: (3.1.1 - 1)

91
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ÐáñáôçñÞóåéò 3.1.1 - 1

• Õðåíèõìßæåôáé üôé ìïíïóÞìáíôç åßíáé ìéá áðåéêüíéóç, üôáí óôï x áíôéóôïé÷åß

Ýíá áêñéâþò y.

• Ôï óýíïëï D ëÝãåôáé ðåäßï ïñéóìïý, åíþ ôï T ðåäßï ôéìþí ôçò

óõíÜñôçóçò f . Óôï åîÞò ìéá óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï D èá

óõìâïëßæåôáé ìå f |D Þ êáé f(x); x ∈ D.

• Ôï x, ðïõ ðåñéãñÜöåé ôéò ôéìÝò ôïõ D, ëÝãåôáé áíåîÜñôçôç ìåôáâëçôÞ,

åíþ ôï y, ðïõ ïñßæåé ôéò áíôßóôïé÷åò ôéìÝò ôïõ x óôï T , åîáñôçìÝíç

ìåôáâëçôÞ.

• Ï ôñüðïò ìå ôïí ïðïßï ãßíåôáé ç áðåéêüíéóç f , ðåñéãñÜöåôáé áðü ôç

ó÷Ýóç f(x), ðïõ ëÝãåôáé ôýðïò ôçò óõíÜñôçóçò.

ÐáñÜäåéãìá 3.1.1 - 1

Óýìöùíá ìå ôïí Ïñéóìü 7.1.1 - 1, áí D = {0; 2; 5}, ôüôå ï ôýðïò

• f(x) = x2 ïñßæåé óõíÜñôçóç, åðåéäÞ êÜèå óôïé÷åßï ôïõ D ìÝóù ôçò

f áðåéêïíßæåôáé óå Ýíá óôïé÷åßï (ìïíïóÞìáíôç áðåéêüíéóç), äçëáäÞ:

f(0) → 0, f(2) → 4 êáé f(5) → 25, ïðüôå T = {0; 4; 25}, åíþ
ï

• g(x) = ±
√
x äåí ïñßæåé, åðåéäÞ ôá óôïé÷åßá ôïõ D áðåéêïíßæïíôáé óå äýï

óôïé÷åßá, üðùò f(2) → ±
√
2, ê.ëð.

Ç óõíÜñôçóç åßíáé äõíáôüí íá ðáñáóôáèåß ãñáöéêÜ óôï êáñôåóéáíü åðßðåäï

D× T ⊆ R2 áðü ôï äéÜãñáììá Þ ôç ãñáöéêÞ ðáñÜóôáóÞ ôçò Gf (Ó÷. 3.1.1

- 1), üðïõ

Gf = { (x; f(x)) : ãéá êÜèå x ∈ D} ⊆ D × T: (3.1.1 - 2)

Áí ç óõíÜñôçóç åêöñÜæåôáé ìå ôïí ôýðï y = f(x), ôüôå èá ëÝãåôáé üôé ç

ó÷Ýóç ðïõ óõíäÝåé ôç ìåôáâëçôÞ y ìå ôç ìåôáâëçôÞ x åßíáé ëõìÝíç (explicit)

ùò ðñïò ôç ìåôáâëçôÞ y. ÕðÜñ÷ïõí üìùò êáé ðåñéðôþóåéò ðïõ ç y äåí åßíáé
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-1.0 -0.5 0.5 1.0
x

-1.0
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x

-5

5

10

gHxLÈ

(b)

Ó÷Þìá 3.1.1 - 1: (a) ÓõíÜñôçóç f(x) = x−
√
1− x2 ìå D = [−1; 1] êáé (b)

g(x) = x+1
x−1 ìå D = R− {1}.

äõíáôüí íá åêöñáóôåß óôç ìïñöÞ y = f(x). Óôéò ðåñéðôþóåéò áõôÝò åßíáé

ãíùóôÞ ìüíïí ç ó÷Ýóç ðïõ óõíäÝåé ôá x êáé y, äçëáäÞ åðáëçèåýåôáé ìßá

ó÷Ýóç ôçò ìïñöÞò f(x; y) = 0. Ôüôå ëÝãåôáé üôé ç óõíÜñôçóç y äßíåôáé ìå

ðåðëåãìÝíç (implicit) ìïñöÞ.

ÐáñÜäåéãìá 3.1.1 - 2

Áí y = y(x), ôüôå ç óõíÜñôçóç

y = x2 + 3x+ 2

åêöñÜæåôáé ìå ëõìÝíç ìïñöÞ, åíþ ç

ey − x− y = 0

ìå ðåðëåãìÝíç, åðåéäÞ ç ó÷Ýóç áõôÞ äåí ëýíåôáé ùò ðñïò y.

Ðñïóäéïñéóìüò ôïõ ðåäßïõ ïñéóìïý

Óôçí ðåñßðôùóç ðïõ æçôåßôáé íá ðñïóäéïñéóôåß ôï ðåäßï ïñéóìïý ìéáò óõíÜñôçóçò,

üôáí åßíáé ãíùóôüò ï ôýðïò ôçò, ðñÝðåé íá ëçöèïýí õðüøç ôá åîÞò:

• ïé ðåñéïñéóìïß ðïõ õðÜñ÷ïõí áðü ôçí ßäéá ôç óõíÜñôçóç üðùò ñßæá,

ëïãÜñéèìïò ê.ëð., Ýôóé þóôå ï ôýðïò ôçò íá ïñßæåôáé, êáé

• ïé ðñÜîåéò ðïõ åßíáé óçìåéùìÝíåò óôïí ôýðï ôçò óõíÜñôçóçò íá Ý÷ïõí

Ýííïéá - åðéôñåðôÝò ðñÜîåéò - óôï óýíïëï ôùí ðñáãìáôéêþí áñéèìþí R.
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Õðåíèõìßæåôáé üôé ïé ìç åðéôñåðôÝò ðñÜîåéò óôï óýíïëï ôùí

ðñáãìáôéêþí áñéèìþí åßíáé ïé:

a

0
;
∞
∞
; 0∞ ; ∞ 0 ; ∞−∞ ; 00 ; 1∞ ; ∞0: (3.1.1 - 3)

ÐáñÜäåéãìá 3.1.1 - 3

¸óôù ç óõíÜñôçóç

f(x) = x2 − 5x+ 1:

Ôüôå ðñïöáíþò åßíáé D = R.

ÐáñÜäåéãìá 3.1.1 - 4

¼ìïéá ç óõíÜñôçóç

g(x) =
x+ 1

(x− 3) (x2 + 4)
:

Ôüôå èá ðñÝðåé (x−3)
(
x2 + 4

)
̸= 0. ÅðåéäÞ x2+4 ̸= 0 ãéá êÜèå x ∈ R, áñêåß

x ̸= 3, äçëáäÞ D = R− {3}.

ÐáñÜäåéãìá 3.1.1 - 5

¼ìïéá ç

h(x) =

√
x

x+ 2
:

ÐñÝðåé
x

x+ 2
≥ 0 êáé x+ 2 ̸= 0

Þ éóïäýíáìá

x(x+ 2) ≥ 0 êáé x+ 2 ̸= 0:

Ôüôå óýìöùíá ìå ôïí Ðßíáêá 3.1.1 - 1 ðñïêýðôåé üôé x < −2 Þ x ≥ 0. ¢ñá

D = (−∞;−2) ∪ [0;+∞).
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Ðßíáêáò 3.1.1 - 1: ÐáñÜäåéãìá 3.1.1 - 5.

ÓõíÜñôçóç −∞ -2 0 +∞

x - - +

x+ 2 - + +

x(x+ 2) + - +

Áíôßóôñïöç óõíÜñôçóç

Ïñéóìüò 3.1.1 - 2 (áíôßóôñïöçò óõíÜñôçóçò). ¸óôù ìßá óõíÜñôçóç

f : D ∋ x −→ f(x) = y ∈ T

êáé T ∗ ⊆ T . Áí ç áðåéêüíéóç f∗ ìå

f∗ : T ∋ y −→ f∗(y) = x ∈ D (3.1.1 - 4)

åßíáé åðßóçò ìïíïóÞìáíôç, ôüôå ïñßæåé ôçí áíôßóôñïöç óõíÜñôçóç ôçò f ,

ðïõ óõìâïëßæåôáé ìå f−1.

Óçìåéþóåéò 3.1.1 - 1

i) Ôï f−1 åßíáé óõìâïëéóìüò êáé äåí ðñÝðåé íá óõã÷Ýåôáé ìå ôï 1=f .

ii) Ï ôýðïò ôçò áíôßóôñïöçò óõíÜñôçóçò õðïëïãßæåôáé, üôáí ç åîßóùóç

f(x) = y ëõèåß ùò ðñïò x (ÐáñÜäåéãìá 3.1.1 - 6). ÅðåéäÞ üìùò ôéò

ðåñéóóüôåñåò öïñÝò ç ëýóç ôçò åîßóùóçò åßíáé áäýíáôç (ÐáñÜäåéãìá

3.1.1 - 7), ï ôýðïò ôçò êáé üôáí áêüìá åßíáé ãíùóôü üôé õðÜñ÷åé áíôßóôñï-

öç óõíÜñôçóç, äåí åßíáé äõíáôüí íá ðñïóäéïñéóôåß.

iii) Ôï äéÜãñáììá ôçò f êáé ôçò f−1 åöüóïí õðÜñ÷åé, åßíáé óõììåôñéêü ùò

ðñïò ôçí åõèåßá y = x (Ó÷. 3.1.1 - 2).

iv) Óôçí ðåñßðôùóç ðïõ éó÷ýåé ï Ïñéóìüò 3.1.1 - 2, äçëáäÞ ïñßæåôáé ç

áíôßóôñïöç óõíÜñôçóç, ëÝãåôáé üôé ç f ïñßæåé ìéá áìöéìïíïóÞìáíôç

Þ Ýíá ðñïò Ýíá áðåéêüíéóç. Áðïäåéêíýåôáé üôé óôçí ðåñßðôùóç áõôÞ

éó÷ýåé ôï ðáñáêÜôù èåþñçìá:
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Èåþñçìá 3.1.1 - 1. Ç óõíÜñôçóç f Ý÷åé áíôßóôñïöç óõíÜñôçóç ôüôå

êáé ìüíïí, üôáí ç f åßíáé áìöéìïíïóÞìáíôç.

0.5 1.0 1.5 2.0
x

1

2

3

4

fHxL

(a)

-2 -1 1 2
x
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2

4
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fHxL

(b)

Ó÷Þìá 3.1.1 - 2: Åõèåßá y = x êüêêéíç ãñáììÞ. (a) ÓõíÜñôçóç f(x) = x2

ìðëå, f−1(x) =
√
x ðñÜóéíç êáìðýëç, üôáí x > 0 êáé (b) ex ìðëå, lnx

ðñÜóéíç êáìðýëç.

Óôá ðáñáäåßãìáôá ðïõ äßíïíôáé óôç óõíÝ÷åéá õðïôßèåôáé üôé õðÜñ÷åé ç

áíôßóôñïöç óõíÜñôçóç.

ÐáñÜäåéãìá 3.1.1 - 6

¸óôù ç óõíÜñôçóç

f(x) =
2x+ 1

x− 1
ìå ðåäßï ïñéóìïý D = R− {1}:

Íá õðïëïãéóôåß ï ôýðïò ôçò áíôßóôñïöçò óõíÜñôçóçò.

Ëýóç. ¸óôù

2x+ 1

x− 1
= y; ïðüôå x =

y + 1

y − 2
ìå T ∗ = R− {2}:

¢ñá

f−1(x) =
x+ 1

x− 2
:

ÐáñÜäåéãìá 3.1.1 - 7

¸óôù ç óõíÜñôçóç

f(x) = ex − x; üôáí ôï ðåäßï ïñéóìïý åßíáé D = [;+∞):

Ôüôå, åðåéäÞ ç åîßóùóç ex − x = y äåí ëýíåôáé ùò ðñïò x, åßíáé áäýíáôïò ï

õðïëïãéóìüò ôïõ ôýðïõ ôçò áíôßóôñïöçò óõíÜñôçóçò.
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Óýíèåôç óõíÜñôçóç

Ïñéóìüò 3.1.1 - 3 (óýíèåôçò óõíÜñôçóçò). ¸óôù A, B, Ã ôñßá ôõ÷üíôá

óýíïëá äéÜöïñá ôïõ êåíïý êáé g|A ìßá óõíÜñôçóç ìå ðåäßï ôéìþí ôï B êáé

f |B ìßá óõíÜñôçóç ìå ðåäßï ôéìþí ôï Ã. Ôüôå ïñßæåôáé ìßá óõíÜñôçóç h|A
ìå ðåäßï ôéìþí ôï Ã, ðïõ óõìâïëßæåôáé ìå f ◦ g, áðü ôïí ôýðï

h(x) = (f ◦ g)(x) = f(g(x)) ãéá êÜèå x ∈ A (3.1.1 - 5)

êáé ëÝãåôáé óýíèåôç óõíÜñôçóç ôùí f , g.

Åßíáé ðñïöáíÝò üôé ç óýíèåóç óõíáñôÞóåùí ðëçñïß ôçí åðéìåñéóôéêÞ éäéüôçôá,

äçëáäÞ

f ◦ (g ◦ h) = (f ◦ g) ◦ h:

ÐáñÜäåéãìá 3.1.1 - 8

¸óôù ïé óõíáñôÞóåéò

g(x) = 3x− 1 êáé f(x) = sinx:

Ôüôå ïñßæåôáé ç óýíèåôç óõíÜñôçóç f ◦ g êáé åßíáé

(f ◦ g)(x) = f(g(x)) = sin(3x− 1);

üðïõ ãéá ôá ðåäßá ïñéóìïý åßíáé D(f) = D(g) = D(f ◦ g) = R, åíþ ãéá ôá

ðåäßá ôéìþí T (g) = R êáé T (f) = T (f ◦ g) = [−1; 1].

ÐáñÜäåéãìá 3.1.1 - 9

¼ìïéá ç óýíèåóç ôùí óõíáñôÞóåùí

g(x) = −x2 êáé f(x) = ex

äßíåé

(f ◦ g)(x) = f(g(x)) = e−x
2
;

1üðïõ D(f) = D(g) = D(f ◦ g) = R, åíþ T (f) = R êáé T (g) = T (f ◦ g) =
(0;+∞).

1ÂëÝðå ÐáñÜãñáöï 3.3.6.
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3.1.2 Éóüôçôá

Ïñéóìüò 3.1.2 - 1. Ïé óõíáñôÞóåéò f; g|D ëÝãïíôáé ßóåò êáé óõìâïëßæåôáé

áõôü ìå f = g óôï D ôüôå êáé ìüíïí, üôáí f(x) = g(x) ãéá êÜèå x ∈ D.

Ðñïöáíþò ç éóüôçôá åßíáé áõôïðáèÞò, óõììåôñéêÞ êáé ìåôáâáôéêÞ, ïðüôå

ïñßæåé ìßá ó÷Ýóç éóïäõíáìßáò óôï óýíïëï ôùí óõíáñôÞóåùí ìå êïéíü ðåäßï

ïñéóìïý D.

3.1.3 ÄéÜôáîç

Ïñéóìüò 3.1.3 - 1. ¸óôù ïé óõíáñôÞóåéò f; g|D. Ôüôå èá åßíáé f ≤ g ôüôå
êáé ìüíïí, üôáí f(x) ≤ g(x) ãéá êÜèå x ∈ D.

Ç ó÷Ýóç áõôÞ åßíáé áõôïðáèÞò, áíôéóõììåôñéêÞ êáé ìåôáâáôéêÞ, ïðüôå

ïñßæåé ìßá ó÷Ýóç äéÜôáîçò óôï óýíïëï ôùí óõíáñôÞóåùí ìå êïéíü ðåäßï

ïñéóìïý D, ç ïðïßá üìùò äåí åßíáé ãñáììéêÞ. Áíôßóôïé÷á ïñßæåôáé ç äõúêÞ

ôçò ó÷Ýóç f ≥ g.

3.1.4 Ðñüóèåóç

Ïñéóìüò 3.1.4 - 1. ¸óôù ïé óõíáñôÞóåéò f; g|D. Ôüôå ïñßæåôáé ùò ÜèñïéóìÜ
ôïõò ç óõíÜñôçóç h = f + g|D, üðïõ

h(x) = (f + g)(x) = f(x) + g(x) ãéá êÜèå x ∈ D: (3.1.4 - 1)

Ôï Üèñïéóìá ãåíéêåýåôáé ãéá � ôï ðëÞèïò óõíáñôÞóåéò.

Éäéüôçôåò

i) áíôéìåôáèåôéêÞ f + g = g + f ãéá êÜèå f; g|D,

ii) ðñïóåôáéñéóôéêÞ f + (g + h) = (f + g) + h ãéá êÜèå f; g; h|D,

iii) õðÜñ÷åé áêñéâþò ìßá óõíÜñôçóç ìå ðåäßï ïñéóìïýD, ðïõ ëÝãåôáé ìçäåíéêÞ

óõíÜñôçóç êáé óõìâïëßæåôáé ìå Õ, ôÝôïéá þóôå Õ(x) = 0 ãéá êÜèå

x ∈ D êáé ãéá ôçí ïðïßá éó÷ýåé f + Õ = Õ + f = f ãéá êÜèå f |D,
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iv) ãéá êÜèå f |D õðÜñ÷åé áêñéâþò ìßá óõíÜñôçóç ç −f |D, ðïõ ëÝãåôáé

áíôßèåôç óõíÜñôçóç ôçò f óôï D, ôÝôïéá þóôå f + (−f) = Õ,

v) óôï D éó÷ýåé ç éóïäõíáìßá: áí f + h = g + h, ôüôå f = g ãéá êÜèå

f; g; h|D (íüìïò ôçò äéáãñáöÞò óôçí ðñüóèåóç),

v) ãéá êÜèå f; g; X|D ç åîßóùóç f + X = g|D Ý÷åé ìïíáäéêÞ ëýóç ôçí

X = g + (−f).
Ç ìïíáäéêÞ ëýóç ôçò åîßóùóçò áõôÞò ëÝãåôáé äéáöïñÜ ôçò f áðü

ôçí g êáé óõìâïëßæåôáé ìå g−f , åíþ ç ðñÜîç ìå ôçí ïðïßá õðïëïãßæåôáé

ç äéáöïñÜ ôùí äýï óõíáñôÞóåùí ëÝãåôáé áöáßñåóç.

3.1.5 Ðïëëáðëáóéáóìüò

Ïñéóìüò 3.1.5 - 1. ¸óôù ïé óõíáñôÞóåéò f; g|D. Ôüôå ïñßæåôáé ùò ãéíüìåíü
ôïõò ç óõíÜñôçóç h = f · g = f g|D, üôáí

h(x) = (fg)(x) = f(x)g(x) ãéá êÜèå x ∈ D: (3.1.5 - 1)

¼ìïéá ï ðïëëáðëáóéáóìüò ãåíéêåýåôáé ãéá � ôï ðëÞèïò óõíáñôÞóåéò.

Éäéüôçôåò

i) áíôéìåôáèåôéêÞ fg = gf ãéá êÜèå f; g|D,

ii) ðñïóåôáéñéóôéêÞ f(gh) = (fg)h ãéá êÜèå f; g; h|D,

iii) åðéìåñéóôéêÞ ùò ðñïò ôçí ðñüóèåóç f(g + h) = fg + fh ãéá êÜèå

f; g; h|D,

iv) õðÜñ÷åé óôïD áêñéâþò ìßá óõíÜñôçóç, ðïõ ëÝãåôáé ìïíáäéáßá óõíÜñôçóç

êáé óõìâïëßæåôáé ìå e, ôÝôïéá þóôå e(x) = 1 ãéá êÜèå x ∈ D êáé ãéá

ôçí ïðïßá éó÷ýåé üôé fe = ef = f ãéá êÜèå f |D,

v) áí f |D ìå f(x) ̸= 0 ãéá êÜèå x ∈ D, ôüôå õðÜñ÷åé áêñéâþò ìßá

óõíÜñôçóç f∗ = 1=f |D, ôÝôïéá þóôå ff∗ = e,
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vi) óôï D éó÷ýåé ç éóïäõíáìßá: áí fh = gh êáé h(x) ̸= 0 ãéá êÜèå x ∈ D,
ôüôå f = g (íüìïò ôçò äéáãñáöÞò óôïí ðïëëáðëáóéáóìü),

vii) ãéá êÜèå f; g; X|D ç åîßóùóç fX = g|D ìå f(x) ̸= 0 ãéá êÜèå x ∈ D
Ý÷åé ìïíáäéêÞ ëýóç ôçí X = g=f .

Ç ìïíáäéêÞ ëýóç ôçò åîßóùóçò áõôÞò ëÝãåôáé ðçëßêï ôçò g ðñïò

ôçí f êáé óõìâïëßæåôáé ìå g=f . Ç ðñÜîç, ìå ôçí ïðïßá õðïëïãßæåôáé ôï

ðçëßêï äýï óõíáñôÞóåùí, ëÝãåôáé äéáßñåóç.

3.2 Åßäç óõíáñôÞóåùí

3.2.1 ¢ñôéåò êáé ðåñéôôÝò óõíáñôÞóåéò

Ïñéóìüò 3.2.1 - 1. Ìßá óõíÜñôçóç f |D ëÝãåôáé Üñôéá (even), üôáí ãéá

êÜèå x, −x ∈ D éó÷ýåé

f(−x) = f(x): (3.2.1 - 1)

×áñáêôçñéóôéêü ôïõ äéáãñÜììáôïò ìéáò Üñôéáò óõíÜñôçóçò åßíáé üôé ðáñïõóéÜ-

æåé óõììåôñßá ùò ðñïò ôïí Üîïíá Oy. ÐáñÜäåéãìá ôÝôïéáò óõíÜñôçóçò åßíáé

ç cosx,
(
x2 + 1

)1=2
(Ó÷. 3.2.1 - 1a), ê.ëð.

Ïñéóìüò 3.2.1 - 2. Ìßá óõíÜñôçóç f |D ëÝãåôáé ðåñéôôÞ (odd), üôáí ãéá

êÜèå x, −x ∈ D éó÷ýåé

f(−x) = −f(x): (3.2.1 - 2)

×áñáêôçñéóôéêü ôïõ äéáãñÜììáôïò ìéáò ðåñéôôÞò óõíÜñôçóçò åßíáé üôé ðáñïõóéÜ-

æåé óõììåôñßá ùò ðñïò ôçí áñ÷Þ ôùí áîüíùí O. ¼ìïéï ðáñÜäåéãìá ôÝôïéáò

óõíÜñôçóçò åßíáé ç x3 (Ó÷. 3.2.1 - 1b), sinx, ê.ëð.

¢ìåóá ðñïêýðôåé áðü ôïõò ðáñáðÜíù ïñéóìïýò üôé:

Ðñüôáóç 3.2.1 - 1. Áí ç f åßíáé Üñôéá êáé ç g ðåñéôôÞ óõíÜñôçóç, ôüôå ôï

ãéíüìåíü ôïõò åßíáé ðåñéôôÞ óõíÜñôçóç, åíþ ôï ãéíüìåíï äýï ðåñéôôþí Þ äýï

Üñôéùí óõíáñôÞóåùí åßíáé Üñôéá óõíÜñôçóç.
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Ó÷Þìá 3.2.1 - 1: (a) ÓõíÜñôçóç f(x) =
(
x2 + 1

)1=2
êáé (b) x3.

3.2.2 Ìïíïôïíßá óõíÜñôçóçò

Ïñéóìüò 3.2.2 - 1 (ìïíïôïíßáò). ¸óôù ç óõíÜñôçóç f |D êáé x1, x2 ∈ D,
üðïõ ÷ùñßò íá ðåñéïñßæåôáé ç ãåíéêüôçôá õðïôßèåôáé üôé x1 < x2. Ôüôå, áí:

i) f (x1) ≤ f (x2) ç f èá ëÝãåôáé áýîïõóá êáé èá óõìâïëßæåôáé ìå ↑.

ii) f (x1) ≥ f (x2) ç f èá ëÝãåôáé öèßíïõóá êáé èá óõìâïëßæåôáé ìå ↓.

Êáé óôéò äýï ðåñéðôþóåéò ç óõíÜñôçóç èá ëÝãåôáé ìïíüôïíç.

iii) f (x1) < f (x2) ç f èá ëÝãåôáé ãíÞóéá áýîïõóá êáé èá óõìâïëßæåôáé ìå

⇑.

iv) f (x1) > f (x2) ç f èá ëÝãåôáé ãíÞóéá öèßíïõóá êáé èá óõìâïëßæåôáé ìå

⇓.

Óôéò ðåñéðôþóåéò (iii) êáé (iv) ç óõíÜñôçóç èá ëÝãåôáé ãíÞóéá ìïíüôïíç.

Ï ðñïóäéïñéóìüò ôçò ìïíïôïíßáò ìéáò óõíÜñôçóçò èá ãßíåé óôï ÌÜèçìá ÐáñÜ-

ãùãïò ÓõíÜñôçóçò.

Äßíïíôáé óôç óõíÝ÷åéá ÷ùñßò áðüäåéîç äýï óçìáíôéêÜ ãéá ôá åðüìåíá

ìáèÞìáôá èåùñÞìáôá, ðïõ Ý÷ïõí ó÷Ýóç ìå ôéò ìïíüôïíåò óõíáñôÞóåéò.

Èåþñçìá 3.2.2 - 1. Áí ìßá óõíÜñôçóç f |D åßíáé ãíÞóéá ìïíüôïíç óôï D,

ôüôå õðÜñ÷åé ðÜíôïôå ç áíôßóôñïöÞ ôçò óõíÜñôçóç f−1|T , üðïõ T = f(D)

êáé åßíáé ôïõ ßäéïõ åßäïõò ìïíïôïíßáò ìå áõôÞ.
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Èåþñçìá 3.2.2 - 2. Ç óýíèåóç äýï óõíáñôÞóåùí ôïõ ßäéïõ åßäïõò ìïíïôïíßáò

åßíáé áýîïõóá óõíÜñôçóç, åíþ äéáöïñåôéêïý åßäïõò ìïíïôïíßáò öèßíïõóá óõíÜñ-

ôçóç.

3.2.3 ÐåñéïäéêÞ óõíÜñôçóç

Ïñéóìüò 3.2.3 - 1. Ìßá óõíÜñôçóç f |R ëÝãåôáé ðåñéïäéêÞ, áí õðÜñ÷åé ô ∈
R ìå ô ̸= 0, Ýôóé þóôå íá éó÷ýåé

f(x+ ô) = f(x) ãéá êÜèå x ∈ ℜ: (3.2.3 - 1)

Ôüôå ï ô ëÝãåôáé ðåñßïäïò, åíþ ï åëÜ÷éóôïò èåôéêüò áñéèìüò ô ãéá ôïí ïðïßï

éó÷ýåé ç (3:2:3− 1) ëÝãåôáé èåìåëéþäçò ðåñßïäïò êáé óõìâïëßæåôáé ìå T .

Óôçí ðåñßðôùóç ðïõ ç óõíÜñôçóç Ý÷åé ðåäßï ïñéóìïý ôï D ìå D ⊂ R,
ôüôå ï Ïñéóìüò 3.2.3 - 1 ôñïðïðïéåßôáé ùò åîÞò:

Ïñéóìüò 3.2.3 - 2. Ìßá óõíÜñôçóç f |D ëÝãåôáé ðåñéïäéêÞ, áí õðÜñ÷åé ô ∈
D ìå ô ̸= 0, Ýôóé þóôå íá éó÷ýåé

f(x+ ô) = f(x) ãéá êÜèå x; x+ ô ∈ D: (3.2.3 - 2)

Óçìåßùóç 3.2.3 - 1

¢ìåóá ðñïêýðôåé áðü ôïí ïñéóìü üôé ïé éäéüôçôåò êáé ôï äéÜãñáììá ìéáò

ðåñéïäéêÞò óõíÜñôçóçò èá åßíáé ãíùóôÜ, üôáí ìåëåôçèåß ç óõíÜñôçóç óå Ýíá

äéÜóôçìá ðëÜôïõò T , äçëáäÞ üóï ç èåìåëéþäçò ðåñßïäïò.

Ïé ðåñéïäéêÝò óõíáñôÞóåéò óõíáíôþíôáé óõ÷íÜ óôéò åöáñìïãÝò, üðïõ ç

ìåôáâëçôÞ ôïõò t óõìâïëßæåé ôïí ÷ñüíï êáé ìåôáâÜëëåôáé óå äéáóôÞìáôá

üðùò ôï [0;+∞), [t1; t2] ê.ëð. Óôéò ðåñéðôþóåéò áõôÝò ëÝãåôáé üôé Ý÷ïõìå

ôïí ðåñéïñéóìü ôçò ðåñéïäéêÞò óõíÜñôçóçò óôá äéáóôÞìáôá áõôÜ.
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Êáôçãïñßåò ðåñéïäéêþí óõíáñôÞóåùí

Ïé ðåñéïäéêÝò óõíáñôÞóåéò ÷ùñßæïíôáé óôéò ðáñáêÜôù äýï êáôçãïñßåò:

i) Åêåßíåò ðïõ áðü ôïí ïñéóìü ôïõò åßíáé ðåñéïäéêÝò, äçëáäÞ ïé ôñéãùíïìåô-

ñéêÝò óõíáñôÞóåéò üðùò: sinx, cos 3x, tan 5x, | sinx| ðïõ åßíáé ãíùóôÞ
ùò 2ðëÞñçò áíüñèùóç (Ó÷. 3.2.3 - 2) ìå èåìåëéþäç ðåñßïäï T = �,

ê.ëð.
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x
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Èsin xÈ

(b)

Ó÷Þìá 3.2.3 - 1: ÓõíÜñôçóç (a) | sinx|, üôáí x ∈ [0; �] äçëáäÞ äéÜóôçìá

ðëÜôïõò T = � êáé (b) üôáí x ∈ [−2�; 2�].

ii) ÓõíáñôÞóåéò ðïõ ïñßæïíôáé ìå êÜðïéá óõíèÞêç ðåñéïäéêüôçôáò. Ïé óõíáñ-

ôÞóåéò áõôÝò óõíáíôþíôáé óôéò åöáñìïãÝò êáé ðáñáäåßãìáôÜ ôïõò äßíïíôáé

óôç óõíÝ÷åéá.

ÐáñÜäåéãìá 3.2.3 - 1

Ç óõíÜñôçóç

f(t) =


t áí 0 ≤ t < �

0 áí � ≤ t < 2�;

üôáí

óõíèÞêç︷ ︸︸ ︷
f(t+ 2�︸︷︷︸

Ô

) = f(t) ãéá êÜèå t ∈ ℜ

åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = 2�. Óôï Ó÷. 3.2.3 - 2a äßíåôáé

ôï äéÜãñáììÜ ôçò óôï äéÜóôçìá [0; T ] ðëÜôïõò üóï ç èåìåëéþäçò ðåñßïäïò,

üðùò áõôü ðáñïõóéÜæåôáé óôá ìáèçìáôéêÜ, åíþ óôï Ó÷. 3.2.3 - 2b üðùò óôéò

åöáñìïãÝò.

2Ãåíéêüôåñá ç óõíÜñôçóç | sin!x| ìå ! > 0 åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T =

�=!.
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Ó÷Þìá 3.2.3 - 2: ÐáñÜäåéãìá 3.2.3 - 1.

ÐáñÜäåéãìá 3.2.3 - 2

¼ìïéá ç

g(t) =


et áí 0 ≤ t < 1

1 áí 1 ≤ t < 2;

üôáí

óõíèÞêç︷ ︸︸ ︷
f(t+ 2︸︷︷︸

Ô

) = f(t) ãéá êÜèå t ∈ ℜ

åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = 2 ìå äéÜãñáììá óôï Ó÷. 3.2.3 - 3a

óôá ÌáèçìáôéêÜ, áíôßóôïé÷á Ó÷. 3.2.3 - 3b óôéò åöáñìïãÝò.
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Ó÷Þìá 3.2.3 - 3: ÐáñÜäåéãìá 3.2.3 - 2.

ÐáñÜäåéãìá 3.2.3 - 3

¼ìïéá ïé

h(t) = t; üôáí − 1 ≤ t < 1 êáé h(t+

Ô︷︸︸︷
2 ) = h(t); êáé

p(t) = t2; üôáí − 2 ≤ t < 2 êáé p(t+

Ô︷︸︸︷
4 ) = p(t)
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ãéá êÜèå t ∈ R åßíáé ðåñéïäéêÝò ìå èåìåëéþäç ðåñßïäï T = 2 (Ó÷. 3.2.3 - 4a)

êáé T = 4 (Ó÷. 3.2.3 - 4b).
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Ó÷Þìá 3.2.3 - 4: ÐáñÜäåéãìá 3.2.3 - 3.

Éäéüôçôåò

Ó÷åôéêÜ ìå ôéò ðåñéïäéêÝò óõíáñôÞóåéò éó÷ýïõí:

i) ôï äéÜãñáììá ìéáò ðåñéïäéêÞò óõíÜñôçóçò óå ìßá ðåñßïäï ëÝãåôáé êýìá,

ii) áí ç ìåôáâëçôÞ ìéáò ðåñéïäéêÞò óõíÜñôçóçò óõìâïëßæåé ôï äéÜóôçìá,

ôüôå ç ðåñßïäüò ôçò ëÝãåôáé ìÞêïò êýìáôïò êáé óõìâïëßæåôáé ìå ë,

iii) êÜèå ðåñéïäéêÞ óõíÜñôçóç f(t) ìå èåìåëéþäç ðåñßïäï T ãßíåôáé ðåñéïäéêÞ

ìå èåìåëéþäç ðåñßïäï 2�, èÝôïíôáò

t =
2ð

T
x ; (3.2.3 - 3)

iv) áí T åßíáé ç èåìåëéþäçò ðåñßïäïò, ôüôå ïñßæåôáé ùò óõ÷íüôçôá í ï

áñéèìüò

í =
1

T
(3.2.3 - 4)

êáé ùò êõêëéêÞ óõ÷íüôçôá ï

ù =
2ð

T
; (3.2.3 - 5)

v) ïñßæåôáé ùò áñìïíéêÞ êÜèå óõíÜñôçóç ôçò ìïñöÞò

f(t) = a cos(ùt+ è) Þ f(t) = a sin(ùt+ è): (3.2.3 - 6)
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Ðñüôáóç 3.2.3 - 1. Ôï Üèñïéóìá äýï Þ ðåñéóóïôÝñùí áñìïíéêþí óõíáñôÞ-

óåùí ìå ôçí ßäéá êõêëéêÞ óõ÷íüôçôá, Ýóôù ù, åßíáé åðßóçò áñìïíéêÞ óõíÜñôç-

óç ìå ôçí ßäéá êõêëéêÞ óõ÷íüôçôá.

Áðüäåéîç. ¸óôù ïé áñìïíéêÝò óõíáñôÞóåéò f(t) = á1 cos (ùt+ è1) êáé g(t) =

á2 cos (ùt+ è2). Ôüôå, áí h(t) = f(t) + g(t), åßíáé

h(t) = á1 cos (ùt+ è1) + á2 sin (ùt+ è2)

= (á1 cos è1 + á2 sin è2) cosùt+ (−á1 sin è1 + á2 cos è2) sinùt

= A cosùt+B sinùt = B

(
A

B
cosùt+ sinùt

)
= B (tan� cosùt+ sinùt) = C sin(ùt+ �)

äçëáäÞ

h(t) = A cosùt+B sinùt = C sin(ùt+ �); (3.2.3 - 7)

üðïõ C =
√
A2 +B2 ìå tanö = A=B, üôáí B ̸= 0 êáé −� ≤ ö < �. Áðü ôçí

(3:2:3− 7) ðñïêýðôåé üôé ôï Üèñïéóìá åßíáé üìïéá ìßá áñìïíéêÞ óõíÜñôçóç ìå

ôçí ßäéá êõêëéêÞ óõ÷íüôçôá ù.

ÐáñÜäåéãìá 3.2.3 - 4

Ôï Üèñïéóìá ôùí áñìïíéêþí óõíáñôÞóåùí f(t) = sin t êáé g(t) =
√
3 cos t,

üðïõ ù = 1, äßíåé

h(t) = sin t+
√
3 cos t = 2

(
1

2
sin t+

√
3

2
cos t

)
= 2 cos

(
t− �

6

)
;

äçëáäÞ ìßá áñìïíéêÞ óõíÜñôçóç ìå ôçí ßäéá êõêëéêÞ óõ÷íüôçôá ù.

Áðïäåéêíýåôáé åðßóçò üôé éó÷ýïõí ïé ðáñáêÜôù ðñïôÜóåéò:

Ðñüôáóç 3.2.3 - 2. Ôï Üèñïéóìá äýï Þ ðåñéóóüôåñùí áñìïíéêþí óõíáñôÞ-

óåùí, ðïõ ç êáèåìéÜ Ý÷åé êõêëéêÞ óõ÷íüôçôá áêÝñáéï ðïëëáðëÜóéï ìéáò óõ÷íü-

ôçôáò, Ýóôù ù0, åßíáé ìßá ðåñéïäéêÞ - ãåíéêÜ ìç áñìïíéêÞ - óõíÜñôçóç ìå

óõ÷íüôçôá ôç ìéêñüôåñç óõ÷íüôçôá ôùí áñìïíéêþí óõíáñôÞóåùí.

Ðñüôáóç 3.2.3 - 3. Ôï Üèñïéóìá äýï Þ ðåñéóóüôåñùí áñìïíéêþí óõíáñôÞ-

óåùí, ðïõ ïé óõ÷íüôçôÝò ôïõò Ý÷ïõí áíÜ äýï ðçëßêï ñçôü áñéèìü, åßíáé

ðåñéïäéêÞ - ãåíéêÜ ìç áñìïíéêÞ - óõíÜñôçóç.
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3.3 Êáôçãïñßåò óõíáñôÞóåùí

Äßíïíôáé óôç óõíÝ÷åéá ïé êõñéüôåñåò êáôçãïñßåò óõíáñôÞóåùí ìå ôéò ðëÝïí

âáóéêÝò éäéüôçôÝò ôïõò.

3.3.1 ÐïëõùíõìéêÞ

Ïñéóìüò 3.3.1 - 1 ÊÜèå óõíÜñôçóç ôçò ìïñöÞò

P (x) = P�(x) = a�x
� + : : :+ a1x+ a0; (3.3.1 - 1)

üôáí ai ∈ R; i = 0; 1; : : : ; � êáé � = 1; 2; : : : ëÝãåôáé ðïëõùíõìéêÞ âáèìïý

�.

Ôüôå åßíáé D = R, åíþ ôï T ðñïóäéïñßæåôáé, åöüóïí áõôü åßíáé äõíáôüí.

Ïñéóìüò 3.3.1 - 2 ÊÜèå åîßóùóç ôçò ìïñöÞò

a�x
� + : : :+ a1x+ a0 = 0 (3.3.1 - 2)

üôáí ai ∈ R; i = 0; 1; : : : ; � êáé � = 1; 2; : : : ëÝãåôáé ðïëõùíõìéêÞ

åîßóùóç âáèìïý �, åíþ êÜèå ôéìÞ, Ýóôù x∗, ðïõ ôçí åðáëçèåýåé ñßæá ôçò

åîßóùóçò.

3.3.2 ÑçôÞ

Ïñéóìüò 3.3.2 - 1 ËÝãåôáé ñçôÞ êÜèå óõíÜñôçóç ðïõ åßíáé äõíáôüí íá ðáñá-

óôáèåß ùò ôï ðçëßêï äýï ðïëõùíõìéêþí óõíáñôÞóåùí, äçëáäÞ

R(x) =
P (x)

Q(x)
=
a�íx

� + : : :+ a1x+ a0
âmxm + : : :+ â1x+ â0

(3.3.2 - 1)

üðïõ �; m = 1; 2; : : : ìå ai; âj ∈ R ãéá êÜèå i = 0; 1; : : : ; � êáé j = 0; 1; : : : ;m.

ÔüôåD = R−{ðñáãìáôéêÝò ñßæåò ôïõ ðáñïíïìáóôÞ}, åíþ üìïéá ôï T ðñïóäéï-

ñßæåôáé, åöüóïí áõôü åßíáé äõíáôüí. Ïé ñßæåò ôïõ ðáñïíïìáóôÞ ëÝãïíôáé êáé

ðüëïé ôçò R(x).
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3.3.3 ÐåðëåãìÝíç

Ïñéóìüò 3.3.3 - 1 ËÝãåôáé ðåðëåãìÝíç (implicit) êÜèå óõíÜñôçóç ðïõ ïñß-

æåôáé áðü ìßá áëãåâñéêÞ ó÷Ýóç ìåôáîý ôùí y êáé x êáé ç ïðïßá äåí åßíáé

ëõìÝíç ùò ðñïò y, äçëáäÞ ìßá ó÷Ýóç ôçò ìïñöÞò

F (x; y(x)) = 0; (3.3.3 - 1)

üðïõ ç F åßíáé Ýíá ðïëõþíõìï ôüóï ùò ðñïò y üóï êáé ùò ðñïò x, ç ïðïßá

êáé üôáí áêüìá ëõèåß ùò ðñïò y, èá ðåñéÝ÷åé óôçí áíáëõôéêÞ ôçò Ýêöñáóç

êáé ñéæéêÜ.

ÅíäåéêôéêÜ äßíïíôáé ïé óõíáñôÞóåéò y2 = ax2 + bx + c, x3 + y3 − 3ax = 0,

y = x +
(
1 + x2

)1=2
ê.ëð. Ïé ñçôÝò óõíáñôÞóåéò åßíáé ìßá åéäéêÞ êáôçãïñßá

ôùí ðåðëåãìÝíùí óõíáñôÞóåùí.

3.3.4 ÔñéãùíïìåôñéêÝò

Çìßôïíï: sinx

Ðåäßï ïñéóìïý D = R êáé ôéìþí T = [−1; 1]. Ç óõíÜñôçóç åßíáé ðåñéïäéêÞ ìå

èåìåëéþäç ðåñßïäï T = 2�, ðåñéôôÞ, ãíÞóéá áýîïõóá ãéá êÜèå x ∈ [−�=2; �=2],
äçëáäÞ óôï É êáé IV ôåôáñôçìüñéï êáé ãíÞóéá öèßíïõóá ãéá êÜèå x ∈ [�=2; 3�=2],

äçëáäÞ óôï II êáé ÉÉÉ ôåôáñôçìüñéï (Ó÷. 3.3.4 - 1a).

ÂáóéêÞ ôáõôüôçôá: sinx = sin a ⇐⇒

 x = 2k� + a

x = 2k� + � − a
ìå k ∈ Z;

üôáí Z = 0; ±1; : : : ; :

Óõíçìßôïíï: cosx

Ðåäßï ïñéóìïý D = R êáé ôéìþí T = [−1; 1]. Ç óõíÜñôçóç åßíáé ðåñéïäéêÞ

ìå èåìåëéþäç ðåñßïäï T = 2�, Üñôéá, ãíÞóéá öèßíïõóá ãéá êÜèå x ∈ [0; �],

äçëáäÞ óôï É êáé II ôåôáñôçìüñéï êáé ãíÞóéá áýîïõóá ãéá êÜèå x ∈ [�; 2�],

äçëáäÞ óôï III êáé IV ôåôáñôçìüñéï (Ó÷. 3.3.4 - 1b).

ÂáóéêÞ ôáõôüôçôá: cosx = cos a ⇐⇒ x = 2k� ± a ìå k ∈ Z:
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1 2 3 4 5 6
x

-1.0

-0.5

0.5

1.0

sin x

(a)

1 2 3 4 5 6
x

-1.0

-0.5

0.5

1.0

cos x

(b)

Ó÷Þìá 3.3.4 - 1: (a) ÓõíÜñôçóç sinx êáé (b) cosx, üôáí x ∈ [0; 2�].

ÅöáðôïìÝíç: tanx

Ðåäßï ïñéóìïý D = R− {ê� + �=2} ; ê ∈ Z êáé ôéìþí T = R. Ç óõíÜñôçóç

åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = �, ðåñéôôÞ êáé ãíÞóéá áýîïõóá óå

üëï ôï ðåäßï ïñéóìïý ôçò (Ó÷. 3.3.4 - 2a).

ÂáóéêÞ ôáõôüôçôá: tanx = tan a ⇐⇒ x = k� + a ìå k ∈ Z:

ÓõíåöáðôïìÝíç: cotx

Ðåäßï ïñéóìïý D = R − {ê�} ; ê ∈ Z êáé ôéìþí T = R. Ç óõíÜñôçóç åßíáé

ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = �, ðåñéôôÞ êáé ãíÞóéá öèßíïõóá óå üëï

ôï ðåäßï ïñéóìïý ôçò (Ó÷. 3.3.4 - 2b).

ÂáóéêÞ ôáõôüôçôá: cotx = cot a ⇐⇒ x = k� + a ìå k ∈ Z:

-1.5 -1.0 -0.5 0.5 1.0 1.5
x

-6

-4

-2

2

4

6

tan x

(a)

0.5 1.0 1.5 2.0 2.5 3.0
x

-6

-4

-2

2

4

6

cot x

(b)

Ó÷Þìá 3.3.4 - 2: (a) ÓõíÜñôçóç tanx, üôáí x ∈ (−�=2; �=2) êáé (b) cotx,
üôáí x ∈ (0; �).
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3.3.5 Áíôßóôñïöåò ôñéãùíïìåôñéêÝò

Ôüîï çìéôüíïõ: sin−1 x Þ arcsinx

Ç óõíÜñôçóç f(x) = sinx, üôáí Ý÷åé ðåäßï ïñéóìïý ôï [−�=2; �=2], åßíáé
ãíÞóéá áýîïõóá êáé Ý÷åé ðåäßï ôéìþí ôï [−1; 1], ïðüôå óýìöùíá ìå ôï Èåþñçìá
3.2.2 - 1 áíôéóôñÝöåôáé êáé ïñßæåé ôç óõíÜñôçóç (Ó÷. 3.3.5 - 1a)

y = g(x) = f−1(x) = sin−1 x ⇐⇒

 x = sin y

−�
2
≤ y ≤ �

2
:

(3.3.5 - 1)

Ôüîï óõíçìéôüíïõ: cos−1 x Þ arccosx

¼ìïéá ç óõíÜñôçóç f(x) = cosx ìå ðåäßï ïñéóìïý ôï [0; �] åßíáé ãíÞóéá

öèßíïõóá êáé Ý÷åé ðåäßï ôéìþí ôï [−1; 1], ïðüôå áíôéóôñÝöåôáé êáé ïñßæåé ôç
óõíÜñôçóç

y = g(x) = f−1(x) = cos−1 x ⇐⇒

 x = cos y

0 ≤ y ≤ �:
(3.3.5 - 2)

Ôüîï åöáðôïìÝíçò: tan−1 x Þ arctanx

Ç óõíÜñôçóç f(x) = tanx üìïéá ìå ðåäßï ïñéóìïý ôï (−�=2; �=2) åßíáé

ãíÞóéá áýîïõóá ìå ðåäßï ôéìþí R, ïðüôå áíôéóôñÝöåôáé êáé ïñßæåé ôç óõíÜñôçóç
(Ó÷. 3.3.5 - 1b)

y = g(x) = f−1(x) = tan−1 x ⇐⇒

 x = tan y

−�
2
< y <

�

2
:

(3.3.5 - 3)

Ôüîï óõíåöáðôïìÝíçò: cot−1 x Þ arccotx

Ç óõíÜñôçóç f(x) = cotx üìïéá ìå ðåäßï ïñéóìïý ôï (0; �) åßíáé ãíÞóéá

öèßíïõóá ìå ðåäßï ôéìþí R, ïðüôå áíôéóôñÝöåôáé êáé ïñßæåé ôç óõíÜñôçóç

y = g(x) = f−1(x) = cot−1 x ⇐⇒

 x = cos y

0 < y < �:
(3.3.5 - 4)



Êáôçãïñßåò óõíáñôÞóåùí 111

-1.0 -0.5 0.5 1.0
x

-1.5

-1.0

-0.5

0.5

1.0

1.5

arcsin x

(a)

-1.0 -0.5 0.5 1.0
x

-0.5

0.5

arctan x

(b)

Ó÷Þìá 3.3.5 - 1: (a) ÓõíÜñôçóç sin−1 x êáé (b) tan−1 x, üôáí x ∈ [−1; 1].

3.3.6 ÅêèåôéêÞ

Ïñéóìüò 3.3.6 - 1. ÊÜèå óõíÜñôçóç ôçò ìïñöÞò f(x) = ax üðïõ a > 0 êáé

x ∈ R ëÝãåôáé åêèåôéêÞ. ÅéäéêÜ üôáí a = 1 åßíáé f(x) = 1.

Ðñïöáíþò åßíáé D = R, åíþ T = (0;+∞), äçëáäÞ ïé ôéìÝò ôçò åêèåôéêÞò

óõíÜñôçóçò åßíáé ðÜíôïôå èåôéêÝò.

Éäéüôçôåò

¸óôù a; b ∈ (0;+∞) êáé x; y ∈ R. Ôüôå áðïäåéêíýåôáé üôé éó÷ýïõí ïé

ðáñáêÜôù éäéüôçôåò:

i) axay = ax+y v) ax = 1 ⇐⇒ x = 0 ìå a ̸= 1,

ii) ax : ay = ax−y vi) a > b =⇒

 ax > bx ; x > 0

ax < bx ; x < 0
;

iii) (ab)x = axbx vi) ax = ay ⇐⇒ x = y ìå a ̸= 1,

iv) (ax)y = axy viii) x > y =⇒

 ax > ay ; a > 1

ax < ay ; a < 1
:

Ìïíïôïíßá

Áðïäåéêíýåôáé üôé, üôáí:

I) 0 < a < 1, ç óõíÜñôçóç åßíáé ãíÞóéá öèßíïõóá (Ó÷. 3.3.6 - 1 a),
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II) a > 1, åßíáé ãíÞóéá áýîïõóá.

ÅéäéêÜ, üôáí a = e, üðïõ e åßíáé ï ãíùóôüò õðåñâáôéêüò áñéèìüò3

Ý÷ïõìå ôç óõíÜñôçóç

f(x) = ex; (3.3.6 - 1)

ðïõ åßíáé ìßá ãíÞóéá áýîïõóá óõíÜñôçóç (Ó÷. 3.3.6 - 1 b).

-3 -2 -1 1 2
x

5

10

15

20

25

fHxL

(a) -3 -2 -1 1 2
x

1

2

3

4

5

6

7

expHxL

(b)

Ó÷Þìá 3.3.6 - 1: (a) ÓõíÜñôçóç f(x) = ax ìå a = 1
3 ìðëå, a = 1

2 êüêêéíç

êáìðýëç êáé (b) ç ex, üôáí x ∈ [−3; 2].

Óçìåßùóç 3.3.6 - 1

Ç óõíÜñôçóç ex ðïëëÝò öïñÝò óôéò åöáñìïãÝò óõìâïëßæåôáé ìå exp(x).

3.3.7 ËïãáñéèìéêÞ

Áðïäåéêíýåôáé üôé éó÷ýåé ç ðáñáêÜôù ðñüôáóç:

Ðñüôáóç 3.3.7 - 1. Ãéá êÜèå èåôéêü ðñáãìáôéêü áñéèìü a ìå a ̸= 1 êáé

êÜèå y ∈ R ìå y > 0, õðÜñ÷åé áêñéâþò Ýíáò ðñáãìáôéêüò áñéèìüò x, Ýôóé

þóôå ax = y.

Ïñéóìüò 3.3.7 - 1. Ï ìïíïóÞìáíôá ïñéóìÝíïò ðñáãìáôéêüò áñéèìüò y ãéá

ôïí ïðïßïí éó÷ýåé

ay = x üðïõ a > 0 ìå a ̸= 1 êáé x > 0

ëÝãåôáé ëïãÜñéèìïò ôïõ x ìå âÜóç a êáé óõìâïëßæåôáé ìå loga x.

3ÂëÝðå ÌÜèçìá ÓåéñÝò - Áêïëïõèßåò.
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ÐáñáôçñÞóåéò 3.3.7 - 1

• Ðñïöáíþò D = (0;+∞), åíþ T = R.

• Ç óõíÜñôçóç loga x åßíáé ç áíôßóôñïöç ôçò ax.

• ÅéäéêÜ, üôáí a = e, ïñßæåôáé ï öõóéêüò Þ íåðÝñéïò ëïãÜñéèìïò, ðïõ

óõìâïëßæåôáé óõíÞèùò ìå lnx (Ó÷. 3.3.7 - 1 b).

Ðñïöáíþò ôüôå éó÷ýåé ç ôáõôüôçôá

ax = ex ln a: (3.3.7 - 1)

¼ôáí a = 10, ïñßæåôáé ï äåêáäéêüò ëïãÜñéèìïò, ðïõ óõìâïëßæåôáé ìå

ëïãx Þ log10 x.

Éäéüôçôåò

¸óôù a > 0 ìå a ̸= 1 êáé x; y > 0. Ôüôå:

i) aloga x = x v) loga

(
x

y

)
= loga x− loga y,

ii) loga x = loga y ⇐⇒ x = y vi) loga x
b = b loga x; b ∈ R,

iii) loga 1 = 0, loga a = 1 vii) loga x > loga y ⇐⇒

iv) loga(xy) = loga x+ loga y,

 x > y ; a > 1

x < y ; a < 1
.

¢ìåóç óõíÝðåéá ôùí éäéïôÞôùí iv, v êáé vi åßíáé üôé, áí xy > 0, ôüôå:

viii) loga(xy) = loga |x|+ loga |y|,

ix) loga

(
x

y

)
= loga |x| − loga |y|,

x) loga x
� = � loga x; üôáí x > 0 � = 1; 2; : : : ;

xi) Éó÷ýåé ï ðáñáêÜôù ôýðïò áëëáãÞò âÜóçò:

logb x =
loga x

loga b
: (3.3.7 - 2)
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Ìïíïôïíßá

Óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 1, üôáí

a) 0 < a < 1, ç óõíÜñôçóç åßíáé ãíÞóéá öèßíïõóá (Ó÷. 3.3.7 - 1 a),

b) a > 1, åßíáé ãíÞóéá áýîïõóá (Ó÷. 3.3.7 - 1 b).

2 4 6 8 10
x

-3

-2

-1

1

2

fHxL

(a)

2 4 6 8 10
x

-1

1

2

ln x

(b)

Ó÷Þìá 3.3.7 - 1: (a) ÓõíÜñôçóç f(x) = loga x ìå a = 1
3 ìðëå, a = 1

2 êüêêéíç

êáìðýëç êáé (b) ç lnx, üôáí x ∈ (0; 10].

3.3.8 ÕðåñâïëéêÝò

4Ïé õðåñâïëéêÝò óõíáñôÞóåéò (hyperbolic functions) ïñßæïíôáé âÜóåé ôùí óõíáñôÞ-

óåùí ex êáé e−x. ×ñçóéìïðïéïýíôáé óôçí ðåñéãñáöÞ ðïëëþí öõóéêþí öáéíïìÝíùí,

ðïõ áíáöÝñïíôáé óôçí çëåêôñïìáãíçôéêÞ èåùñßá, ôç ìåôáöïñÜ èåñìüôçôáò, ôéò

êõìáôïìïñöÝò soliton ê.ëð.

Ïé óõíáñôÞóåéò áõôÝò åßíáé:

Õðåñâïëéêü çìßôïíï

sinhx =
1

2

(
ex − e−x

)
|R (Ó÷. 3:3:8− 1a): (3.3.8 - 1)

Õðåñâïëéêü óõíçìßôïíï

coshx =
2

(
ex + e−x

)
|R (Ó÷. 3:3:8− 1b): (3.3.8 - 2)

4Ãéá åöáñìïãÝò âëÝðå Á. ÌðñÜôóïò [1].
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ÕðåñâïëéêÞ åöáðôïìÝíç

tanhx =
ex − e−x

ex + e−x
|R (Ó÷. 3:3:8− 2a): (3.3.8 - 3)

ÕðåñâïëéêÞ óõíåöáðôïìÝíç

cothx =
ex + e−x

ex − e−x
|R− {0} (Ó÷. 3:3:8− 2b): (3.3.8 - 4)

-3 -2 -1 1 2 3
x

-10

-5

5

10

sinh x

(a) -3 -2 -1 1 2 3
x

2

4

6

8

10

cosh x

(b)

Ó÷Þìá 3.3.8 - 1: (a) ÓõíÜñôçóç sinhx êáé (b) coshx, üôáí x ∈ [−�; �].

-3 -2 -1 1 2 3
x

-1.0

-0.5

0.5

1.0

tanh x

(a)

-3 -2 -1 1 2 3
x

-4

-2

2

4

coth x

(b)

Ó÷Þìá 3.3.8 - 2: (a) ÓõíÜñôçóç tanhx êáé (b) cothx, üôáí x ∈ [−�; �].

3.3.9 ÕðåñâáôéêÝò

Ïé óõíáñôÞóåéò ôçò êáôçãïñßáò áõôÞò äåí åðáëçèåýïõí êáìßá áëãåâñéêÞ åîßóùóç

êáé ç áíáëõôéêÞ Ýêöñáóç åðéôõã÷Üíåôáé ìå áðåñéüñéóôá ìåãÜëï áñéèìü áëãåâñéêþí
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üñùí. Åßíáé ðñïöáíÝò üôé ç åêèåôéêÞ, ïé ôñéãùíïìåôñéêÝò, ïé õðåñâïëéêÝò êáé

ïé áíôßóôñïöÝò ôùí óõíáñôÞóåéò åßíáé õðåñâáôéêÝò.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï ðåäßï ïñéóìïý ôùí ðáñáêÜôù óõíáñôÞóåùí f(x):

i)
√
x2 − 5x+ 4 vii) ln

(
x2 − x− 2

)
ii) tan(sin 2x) viii) cosh

√
x

x+ 1

iii)
x

|x+ 3|
ix)

3x2 + 4x− 5√
x2 − 4 +

√
2x2 − 54

iv) sin−1 3x x) coth
x− 1

x+ 1

v)

√
1− x

(x− 2)(x+ 5)
xi) (x+ 1)1=x

vi) tan−1 5x xii)

(
sinx

x

)x

.

2. ¸óôù ç óõíÜñôçóç

f(x) = ln(sinx):

Íá õðïëïãéóôïýí ôá ðåäßá ïñéóìïý, ôéìþí êáé íá ãßíåé ôï äéÜãñáììÜ ôçò.

3. ¼ìïéá ôçò óõíÜñôçóçò

f(x) = ln
(
cos

x

2

)
:

4. Äåßîôå üôé:

i) cosh2 x− sinh2 x = 1,

ii) sinh(−x) = − sinhx, cosh(−x) = coshx, tanh(−x) = − tanhx,

iii) sinh(x± y) = sinhx cosh y ± coshx sinh y,

iv) cosh(x± y) = coshx cosh y ± sinhx sinh y,

v) tanh(x± y) = tanhx± tanh y

1± tanhx tanh y
:
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5. Äåßîôå üôé ïé áíôßóôñïöåò óõíáñôÞóåéò ôùí õðåñâïëéêþí óõíáñôÞóåùí

äßíïíôáé áðü ôïõò ôýðïõò:

sinh−1 x = ln
(
x+

√
x2 + 1

)

cosh−1 x =


cosh−1

+ x = ln
(
x+
√
x2 − 1

)
cosh−1

− x = ln
(
x−
√
x2 − 1

)
(äßôéìç óõíÜñôçóç)

tanh−1 x =
1

2
ln

1 + x

1− x

coth−1 x =
1

2
ln
x+ 1

x− 1
:

Óå êÜèå ðåñßðôùóç íá õðïëïãéóôåß ôï ðåäßï ïñéóìïý ôùí êáé âÜóåé áõôïý ôï

ðåäßï ôéìþí ôùí õðåñâïëéêþí óõíáñôÞóåùí.

6. Íá åîåôáóôåß áí åßíáé ðåñéïäéêÝò ïé ðáñáêÜôù óõíáñôÞóåéò f(x):

i) sin 3x ii) sin |x| iii) | sinùx|

iv) | cosùx| v) cosx2 vi) | tan 2x|,
íá

õðïëïãéóôåß ç èåìåëéþäçò ðåñßïäïò T êáé íá ãßíåé ôï äéÜãñáììá ãéá ôéò ðåñéïäéêÝò

áðü áõôÝò óôç èåìåëéþäç ðåñßïäï.

7. Íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôùí ðáñáêÜôù ðåñéïäéêþí óõíáñôÞóåùí,

üôáí ï ðåñéïñéóìüò ôïõò óôç èåìåëéþäç ðåñßïäï åßíáé:

i) f(t) = e−t áí 0 ≤ t < �,

ii) f(t) = 4�2 − t2 áí 0 ≤ t < 2�,

iii) f(t) =

 t áí −� ≤ t < 0

0 áí 0 ≤ t < �;

iv) f(t) =

 t2 áí −�=2 ≤ t < 0

0 áí 0 ≤ t < �=2;

v) f(t) = | sin t|
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vi) f(t) =

 � + t áí −� ≤ t < 0

� − t áí 0 ≤ t < �:

8. Íá äåé÷èåß üôé, áí ìßá óõíÜñôçóç f(t) åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï

T , ôüôå

i) f(t) = f(t+ kT ), üôáí k ∈ Z,

ii) ç f(kt) ìå k ̸= 0 åßíáé üìïéá ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T=k.

9. Áí ïé óõíáñôÞóåéò f , g åßíáé ðåñéïäéêÝò ìå ðåñßïäï ô, ôüôå êáé ç óõíÜñôçóç

h = kf + ëg üðïõ k; ë ∈ R åßíáé üìïéá ðåñéïäéêÞ.

ÁðáíôÞóåéò

1. (i) ÐñÝðåé x2 − 5x + 4 ≥ 0, ïðüôå D = (−∞; 1] ∪ [4;+∞). (ii) D = R. (iii) D =

R − −3. (iv) D =
[
−�

6
; �
6

]
. (v) ÐñÝðåé x ̸= −5; 2 êáé (1 − x)(x − 2)(x + 5) ≥ 0,

ïðüôå ôåëéêÜ D = (−∞;−5) ∪ [1; 2). (vi) D =
(
− �

10
; �
10

)
. (vii) ÐñÝðåé x2 − x − 2 > 0,

äçëáäÞ D = (−∞;−1) ∪ (2;+∞). (viii) ÐñÝðåé x ̸= −1 êáé x(x + 1) ≥ 0, ïðüôå ôåëéêÜ

D = (−∞;−1)∪[1;+∞) (ix) Ï ðáñïíïìáóôÞò åßíáé äéÜöïñïò ôïõ ìçäåíüò, åíþ ï áñéèìçôÞò

ïñßæåôáé ãéá êÜèå x ∈ R. ¢ñá ôåëéêÜ ðñÝðåé x2 − 4 ≥ 0 êáé 2x2 − 54 ≥ 0, äçëáäÞ ìåôÜ ôç

óõíáëÞèåõóç ôùí áíéóïôÞôùí D = (−∞;
√
27] ∪ [

√
27;+∞). (x) D = R−±1. (xi) ÐñÝðåé

x+1 > 0 êáé x ̸= 0, ïðüôå D = (−1; 0)∪ (0;+∞). (xii) ÐñÝðåé x sinx > 0 êáé x ̸= 0. ¢ñá

D = (2k�; (2k + 1)�) ìå k = 0; 2; : : : :

2. ÐñÝðåé sinx > 0, ïðüôå D = (2k�; (2k + 1)�) ìå k = 0; 2; : : : :

3. ÐñÝðåé cos x
2
> 0, ïðüôå D =

(
2k� − �

4
; 2k� + �

4

)
ìå k = 0; 2; : : : :

4. ÁíôéêáôÜóôáóç óýìöùíá ìå ôïõò ôýðïõò (3:3:8− 1) - (3:3:8− 4). 5. ¸óôù

tanhx = y =
ex − e−x

ex + e−x
=

ex − 1
ex

ex + 1
ex

=
e2x − 1

e2x + 1
;

ïðüôå ìå 1 − y ̸= 0 ôåëéêÜ (1 − y)e2x = 1 + y), äçëáäÞ e2x = 1+y
1−y êáé ëïãáñéèìßæïíôáò

ôåëéêÜ ç áðïäåéêôÝá. 6. ÅöáñìïãÞ ôçò ó÷Ýóçò (3:2:3 − 1). 7. Äßíïíôáé ïé åíôïëÝò ìå ôï

MATHEMATICA:

(i)

Plot[Ex[[-t], {t, 0, Pi}, PlotStyle -> Thick,

ColorFunction -> Function[Red],

AxesLabel -> {x, "Ex[-t]"}, BaseStyle -> {FontFamily -> "Arial",

FontSize -> 14}, AxesOrigin -> {0, 0}]

(iii)
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Plot[Piecewise[{{t, -Pi < t < 0 - 0.03}, {0, 0< t < Pi}}],

{t, 0, 2 Pi}, PlotStyle -> Thick, ColorFunction -> Function[Blue],

AxesLabel -> {t, "f(t)"}, BaseStyle -> {FontFamily -> "Arial",

FontSize -> 14}]

êáé áíÜëïãá ïé õðüëïéðåò. 8. ÅöáñìïãÞ ôïõ Ïñéóìïý 3.2.3 - 1. 9. ¼ìïéá.
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ÌÜèçìá 4

ÌÉÃÁÄÉÊÏÉ ÁÑÉÈÌÏÉ

4.1 Ïñéóìüò êáé ¢ëãåâñá ìéãáäéêþí áñéèìþí

4.1.1 Ïñéóìïß

Ïñéóìüò 4.1.1 - 1 (öáíôáóôéêÞ ìïíÜäá). Ïñßæåôáé áðü ôç ó÷Ýóç

i = (−1)1=2: (4.1.1 - 1)

¢ñá

i2 = −1: (4.1.1 - 2)

1 Ï óõìâïëéóìüò i = (−1)1=2 áñ÷éêÜ äüèçêå áðü ôïí Euler, åíþ ï Gauss

åðéíïþíôáò ôç ãåùìåôñéêÞ ðáñÜóôáóç ôùí ìéãáäéêþí áñéèìþí áðÝäåéîå üôé ïé

ìéãáäéêïß áñéèìïß åßíáé ôï ßäéï óõãêåêñéìÝíïé, üðùò ïé ðñáãìáôéêïß áñéèìïß,

áöïý åßíáé äõíáôüí íá ðáñáóôáèïýí ãåùìåôñéêÜ óôï åðßðåäï.

Ôüôå óýìöùíá ìå ôïí Ïñéóìü 4.1.1 - 1 åßíáé äõíáôüí íá ïñéóôïýí ïé

ðáñáêÜôù áñéèìïß:

1ÂëÝðå âéâëéïãñáößá [1, 2, 3, 4, 5, 6] êáé

https : ==en:wikipedia:org=wiki=Complex number

123
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Ïñéóìüò 4.1.1 - 2 (öáíôáóôéêüò áñéèìüò). Ïñßæåôáé ùò öáíôáóôéêüò êÜèå

áñéèìüò ôçò ìïñöÞò z = âi, üðïõ â ∈ R êáé i ç öáíôáóôéêÞ ìïíÜäá.

Ïñéóìüò 4.1.1 - 3 (ìéãáäéêüò áñéèìüò). Ïñßæåôáé ùò ìéãáäéêüò êÜèå áñéè-

ìüò (complex number) ôçò ìïñöÞò z = á + âi, üðïõ á; â ∈ R êáé i ç

öáíôáóôéêÞ ìïíÜäá.

ÅðïìÝíùò ïé áñéèìïß 3 i; −4 i;
√
2 i åßíáé öáíôáóôéêïß, åíþ ïé áñéèìïß 1 +

2 i; 2− 5 i; 4 +
√
3 i ìéãáäéêïß.

Ïé ìéãáäéêïß áñéèìïß èá óõìâïëßæïíôáé óõíÞèùò ìå ôá ãñÜììáôá z, w

ê.ëð., åíþ ôï óýíïëï ôùí ìéãáäéêþí áñéèìþí ìå C êáé ôï óýíïëï ôùí öáíôáóôé-

êþí áñéèìþí ìå I.

Ïñéóìüò 4.1.1 - 4. Áí z = á + âi åßíáé Ýíáò ìéãáäéêüò áñéèìüò, ôüôå

ïñßæåôáé ùò ðñáãìáôéêü ìÝñïò ôïõ z ï ðñáãìáôéêüò áñéèìüò

Re z = á (4.1.1 - 3)

êáé ùò öáíôáóôéêü ìÝñïò ï ðñáãìáôéêüò áñéèìüò

Im z = â: (4.1.1 - 4)

¢ñá, áí z = 3− i, ôüôå Re z = 3 êáé Im z = −1.

4.1.2 Éóüôçôá

Ïñéóìüò 4.1.2 - 1. ¸óôù ïé ìéãáäéêïß áñéèìïß z1 = á+âi êáé z2 = ã+äi.

Ôüôå åßíáé z1 = z2, üôáí á = ã êáé â = ä.

Óýìöùíá ìå ôïí ïñéóìü, áí x−2y i = 3+4 , ôüôå x = 2 êáé −2y = 4, äçëáäÞ

y = −2.
Áðïäåéêíýåôáé üôé ç éóüôçôá ïñßæåé óôï óýíïëï C ìéá ó÷Ýóç éóïäõíáìßáò.2

2Ìßá ó÷Ýóç ∼ ïñßæåé ìéá ó÷Ýóç éóïäõíáìßáò óå Ýíá óýíïëï Ó, üôáí ðëçñïß ôçí

áõôïðáèÞ, óõììåôñéêÞ êáé ìåôáâáôéêÞ éäéüôçôá.



Ðñüóèåóç ìéãáäéêþí áñéèìþí 125

4.1.3 Ðñüóèåóç

Ïñéóìüò 4.1.3 - 1. ¸óôù ïé ìéãáäéêïß áñéèìïß z1 = á+âi êáé z2 = ã+äi.

Ôüôå ïñßæåôáé ùò ÜèñïéóìÜ ôïõò ï ìéãáäéêüò áñéèìüò

z1 + z2 = (á + ã) + (â + ä)i: (4.1.3 - 1)

ÐáñÜäåéãìá 4.1.3 - 1

¸óôù ïé ìéãáäéêïß áñéèìïß z1 = 1 − 3 êáé z2 = 4 + 5 i. Ôüôå óýìöùíá ìå

ôçí (4:1:3− 1) åßíáé

z1 + z2 = (1 + 4) + (−3 + 5)i; äçëáäÞ z1 + z2 = 5 + 2 i:

Éäéüôçôåò

i) áíôéìåôáèåôéêÞ z1 + z2 = z2 + z1 ãéá êÜèå z1, z2 ∈ C,

ii) ðñïóåôáéñéóôéêÞ z1 + (z2 + z3) = (z1 + z2) + z3 ãéá êÜèå z1, z2,

z3 ∈ C,

iii) áí z1+z = z2+z, ôüôå z1 = z2 ãéá êÜèå z1, z2, z ∈ C (íüìïò äéáãñáöÞò

óôï C),

iv) õðÜñ÷åé Ýíáò ìïíïóÞìáíôá ïñéóìÝíïò ìéãáäéêüò áñéèìüò z∗ = 0 + 0 i,

Ýôóé þóôå

z + z∗ = z ãéá êÜèå z ∈ C: (4.1.3 - 2)

Ï ìéãáäéêüò 0 + 0i ëÝãåôáé ôï ïõäÝôåñï óôïé÷åßï ôçò ðñüóèåóçò.

v) Ãéá êÜèå ìéãáäéêü áñéèìü z õðÜñ÷åé Ýíáò ìïíïóÞìáíôá ïñéóìÝíïò ìéãáäé-

êüò áñéèìüò z′ = (−á) + (−â)i, Ýôóé þóôå íá éó÷ýåé

z + z′ = 0: (4.1.3 - 3)

Ï ìéãáäéêüò z′ ëÝãåôáé áíôßèåôï Þ óõììåôñéêü óôïé÷åßï ôïõ z ãéá ôçí

ðñüóèåóç óôï C.
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vi) Áí z1; z2 ∈ C ôüôå ç åîßóùóç

z1 + z = z2 (4.1.3 - 4)

Ý÷åé ìïíáäéêÞ ëýóç óôï C ôçí z = z2 + (−z1). Ç ìïíáäéêÞ ëýóç ôçò

åîßóùóçò (4:1:3− 4) ëÝãåôáé äéáöïñÜ, åíþ ç ðñÜîç áöáßñåóç.

¸óôù z1 = á + âi êáé z2 = ã + äi. Ôüôå

z1 − z2 = (á − ã) + (â − ä)i: (4.1.3 - 5)

ÐáñÜäåéãìá 4.1.3 - 2

¸óôù ïé ìéãáäéêïß áñéèìïß z1 êáé z2 ôïõ Ðáñáäåßãìáôïò 4.1.3 - 1. Ôüôå

óýìöùíá ìå ôçí (4:1:3− 5) åßíáé

z1 − z2 = (1− 4) + (−3− 5)i; äçëáäÞ z1 − z2 = −3− 8 i:

4.1.4 Ðïëëáðëáóéáóìüò

Ïñéóìüò 4.1.4 - 1. ¸óôù ïé ìéãáäéêïß áñéèìïß z1 = á+âi êáé z2 = ã+äi.

Ôüôå ïñßæåôáé ùò ãéíüìåíü ôïõò ï ìéãáäéêüò áñéèìüò

z1z2 = (á + â i)(ã + ä i) = (áã − âä) + (áä + âã)i: (4.1.4 - 1)

Óçìåßùóç 4.1.4 - 1

Ï ôýðïò (4:1:4− 1) ðñïêýðôåé ùò åîÞò:

z1z2 = (á + â i)(ã + ä i) = á(ã + ä i) + â i(ã + ä i)

= áã + áä i+ âã i+

(4:1:1−2): i2=−1︷︸︸︷
âä i2

= (áã − âä) + (áä + âã)i
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ÐáñÜäåéãìá 4.1.4 - 1

¸óôù ïé ìéãáäéêïß z1 = 2−3 i êáé z2 = 4+i. Ôüôå óýìöùíá ìå ôç äéáäéêáóßá

ôçò Óçìåßùóçò 4.1.4 - 1 äéáäï÷éêÜ Ý÷ïõìå

z1z2 = (2− 3 i)(5 + i) = 2(4 + i)− 3i(4 + i)

= 8 + 2 i− 12 i− 3 i2 = 8 + (2− 12)i− 3(−1)

= (8 + 3) + (2− 12)i = 11− 10 i:

Éäéüôçôåò

i) áíôéìåôáèåôéêÞ z1z2 = z2z1 ãéá êÜèå z1, z2 ∈ C,

ii) ðñïóåôáéñéóôéêÞ (z1z2) z3 = z1 (z2z3) ãéá êÜèå z1, z2, z3 ∈ C,

iii) åðéìåñéóôéêÞ z1 (z2 + z3) = z1z2 + z1z3 ãéá êÜèå z1, z2, z3 ∈ C,

iv) áí z1z = z2z, ôüôå z1 = z2 ãéá êÜèå z ∈ ìå z ̸= 0 êáé ãéá êÜèå z1,

z2 ∈ C (íüìïò ôçò äéáãñáöÞò ôïõ ðïëëáðëáóéáóìïý óôï C),

v) õðÜñ÷åé Ýíáò ìïíïóÞìáíôá ïñéóìÝíïò ìéãáäéêüò áñéèìüò z∗ = 1 + 0 i,

Ýôóé þóôå

zz∗ = z ãéá êÜèå z ∈ C: (4.1.4 - 2)

Ï ìéãáäéêüò 1 + 0i ëÝãåôáé ïõäÝôåñï óôïé÷åßï Þ ìïíÜäá êáé èá

óõìâïëßæåôáé óôï åîÞò ìå 1.

vi) Ãéá êÜèå z ∈ C ìå z ̸= 0 õðÜñ÷åé Ýíáò ìïíïóÞìáíôá ïñéóìÝíïò ìéãáäéêüò

áñéèìüò z∗ = 1=z = z−1, Ýôóé þóôå íá éó÷ýåé

zz∗ = 1: (4.1.4 - 3)

Ï ìéãáäéêüò áñéèìüò 1=z = z−1, ëÝãåôáé áíôßóôñïöïò ôïõ z Þ ôï

óõììåôñéêü óôïé÷åßï ôïõ ðïëëáðëáóéáóìïý óôï C.

vii) Áí z1, z2 ∈ C ìå z2 ̸= 0, ôüôå ç åîßóùóç

z2z = z1 (4.1.4 - 4)
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Ý÷åé ìïíáäéêÞ ëýóç óôï C ôçí z = z1z
−1
2 = z1=z2. Ç ìïíáäéêÞ ëýóç ôçò

åîßóùóçò (4:1:4−4) ëÝãåôáé ðçëßêï ôïõ z1 äéá ôïõ z2 êáé óõìâïëßæåôáé

z1=z2, åíþ ç ðñÜîç äéáßñåóç.

Óçìåßùóç 4.1.4 - 2

Ðáñáäåßãìáôá õðïëïãéóìïý ôïõ áíôßóôñïöïõ êáé ôïõ ðçëßêïõ ìéãáäéêþí

áñéèìþí èá äïèïýí óôçí ÐáñÜãñáöï 4.3.

4.2 Äýíáìç ìéãáäéêþí áñéèìþí

4.2.1 Ïñéóìüò

Ïé äõíÜìåéò ìå áêÝñáéï åêèÝôç ïñßæïíôáé ãéá ôïõò ìéãáäéêïýò áñéèìïýò üðùò

êáé ãéá ôïõò ðñáãìáôéêïýò, äçëáäÞ

z1 = z ãéá êÜèå z ∈ C

êáé äéáäï÷éêÜ (åðáãùãéêÜ)

z� = z�−1 z ãéá êÜèå z ∈ C êáé � = 2; 3; : : : :

Åðßóçò ïñßæåôáé üôé

z−� =
1

z�
ãéá êÜèå z ∈ C ìå z ̸= 0 êáé � = 1; 2; : : : ;

åíþ åéäéêÜ éó÷ýåé üôé z0 = 1 ìå z ̸= 0.

ÐáñáôÞñçóç 4.2.1 - 1

Ç ðáñÜóôáóç 00 äåí Ý÷åé Ýííïéá óôï C.

4.2.2 Éäéüôçôåò

Ïé ãíùóôÝò éäéüôçôåò ôùí äõíÜìåùí éó÷ýïõí êáé óôçí ðåñßðôùóç ôùí ìéãáäéêþí

áñéèìþí.

Óýìöùíá ìå ôá ðáñáðÜíù Ý÷ïõìå

i0 = 1; i1 = i; i2 = −1; i3 = −i; i4 = 1
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êáé ãåíéêÜ

i4k = 1; i4k+1 = i; i4k+2 = −1; i4k+3 = −i; i4k+4 = 1:

ãéá êÜèå k ∈ Z, üðïõ Z ôï óýíïëï ôùí áêåñáßùí áñéèìþí.

ÐáñÜäåéãìá 4.2.2 - 1

¸óôù ï ìéãáäéêüò z1 = 2 + 3 i. Ôüôå äéáäï÷éêÜ Ý÷ïõìå

z2 = (2 + 3 i)2 = 22 + 2 · 2 · 3 i+

9 i2=9(−1)=−9︷ ︸︸ ︷
(3 i)2

= (4− 9) + 12 i = −5 + 12 i

z3 = (2 + 3 i)3 = 23 + 3 · 22 · 3 i+ 3 · 2 ·

9 i2=9(−1)=−9︷ ︸︸ ︷
(3 i)2

+

27 i3=27(−1) i=−27 i︷ ︸︸ ︷
(3 i)3

= 8 + 36 i− 54− 27 i = (8− 54) + (36− 27)i = −46 + 9 i:

4.3 Óõæõãåßò ìéãáäéêïß áñéèìïß

4.3.1 Ïñéóìüò

Ïñéóìüò 4.3.1 - 1. ¸óôù z = á + âi.Ôüôå ï ìéãáäéêüò áñéèìüò á − âi

ëÝãåôáé óõæõãÞò ôïõ z êáé óõìâïëßæåôáé ìå z, äçëáäÞ

z = á − âi: (4.3.1 - 1)

Åßíáé ðñïöáíÝò üôé éó÷ýïõí

z z = (á + âi)(á − âi) = á2 + â2; (4.3.1 - 2)

z + z = 2á: (4.3.1 - 3)
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Óçìåßùóç 4.3.1 - 1

Ï ôýðïò (4:3:1−1) ÷ñçóéìïðïéåßôáé óôïí õðïëïãéóìü ôïõ áíôßóôñïöïõ êáé ôïõ
ðçëßêïõ ôùí ìéãáäéêþí áñéèìþí, üôáí áðáéôåßôáé ïé áñéèìïß áõôïß íá ãñáöïýí

óôç ìïñöÞ á + â i. ÓõãêåêñéìÝíá, áí ï ðáñïíïìáóôÞò åßíáé ï x + y i, ôüôå

ðïëëáðëáóéÜæïõìå ôïí áñéèìçôÞ êáé ôïí ðáñïíïìáóôÞ ìå ôïí óõæõãÞ ôïõ

x+ y i, äçëáäÞ ôïí x− y i. Ôüôå (x+ y i)(x− y i) = x2 − y2i2 = x2 + y2.

ÐáñÜäåéãìá 4.3.1 - 1

Íá ãñáöïýí óôç ìïñöÞ á + â i ïé ìéãáäéêïß áñéèìïß

z1 =
1

3− i
êáé z2 =

1 + 2 i

3− i
:

Ëýóç. Ï óõæõãÞò ôïõ ìéãáäéêïý 3 − i åßíáé ï 3 + i. Ôüôå óýìöùíá ìå ôç

Óçìåßùóç 4.3.1 - 1 äéáäï÷éêÜ Ý÷ïõìå

z1 =
1

3− i
=

1

3− i
3 + i

3 + i
=

3 + i

32 − i2
=

3 + i

32 − (−1)
=

3

10
+

1

10
i ;

z2 =
1 + 2 i

3− i
=

1 + 2 i

3− i
3 + i

3 + i
=

(1 + 2 i)(3 + i)

32 − i2
=

1

10
+

7

10
i :

4.3.2 Éäéüôçôåò

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò:

i) (−z) = −z,

ii) z1 − z2 = z1 − z2,

iii) (z�) = (z)� ìå � = 1; 2; : : :,

iv)
(
z−1
)
= (z)−1 ìå z ̸= 0,

v)

(
z1
z2

)
=
z1
z2

ìå z2 ̸= 0,

vi) áz = á z ãéá êÜèå á ∈ R,
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vii) z1 + z2 = z1 + z2. Ç éäéüôçôá ãåíéêåýåôáé.

viii) z1 z2 = z1 z2. ¼ìïéá ãåíéêåýåôáé.

Ðñüôáóç 4.3.2 - 1. Áí Ýíáò ìéãáäéêüò áñéèìüò åßíáé ñßæá ìéáò ðïëõùíõìéêÞò

åîßóùóçò ìå ðñáãìáôéêïýò óõíôåëåóôÝò, ôüôå êáé ï óõæõãÞò ôïõ ìéãáäéêüò

åßíáé åðßóçò ñßæá ôçò ðïëõùíõìéêÞò åîßóùóçò.

4.3.3 Óõæõãåßò ìéãáäéêÝò óõíôåôáãìÝíåò

¸óôù ï ìéãáäéêüò áñéèìüò z = x+iy. ÅðåéäÞ óå ðïëëÝò åöáñìïãÝò áðáéôåßôáé

ôá x, y íá åêöñáóôïýí óõíáñôÞóåé ôïõ z, èåùñþíôáò ôïí óõæõãÞ ìéãáäéêü

z = x− iy åýêïëá ðñïêýðôåé üôé

x =
z + z

2
êáé y =

z − z
2i

: (4.3.3 - 1)

Ïé óõíôåôáãìÝíåò (z; z), ðïõ óõìðßðôïõí ìå ôéò (x; y), ëÝãïíôáé ôüôå óõæõãåßò

ìéãáäéêÝò óõíôåôáãìÝíåò Þ áðëÜ óõæõãåßò óõíôåôáãìÝíåò.

4.4 ÌÝôñï ìéãáäéêþí áñéèìþí

4.4.1 Ïñéóìüò

Ïñéóìüò 4.4.1 - 1. ¸óôù ï ìéãáäéêüò áñéèìüò z = á + âi. Ôüôå ïñßæåôáé

ùò ìÝôñï (modulus) Þ áðüëõôç ôéìÞ ôïõ z êáé óõìâïëßæåôáé ìå |z| ï ìç

áñíçôéêüò ðñáãìáôéêüò áñéèìüò

|z| =
√
á2 + â2: (4.4.1 - 1)

Áðü ôçí (4:4:1− 1) Üìåóá ðñïêýðôåé üôé

|z|2 = zz:

ÐáñÜäåéãìá 4.4.1 - 1

Óýìöùíá ìå ôçí (4:4:1− 1) Ý÷ïõìå:
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i) |1 +
√
3 i| =

√
12 + (

√
3)2 = 2,

ii)
1 + i

2 + 3 i
=

1 + i

2 + 3 i

2− 3 i

2− 3 i
=
−1 + 5 i

22 − 32 i2
=

1

13
(−1 + 5 i), ïðüôå

∣∣∣∣ 1 + i

2 + 3 i

∣∣∣∣ = 1

13

√
(−1)2 + 52 =

1

13

√
26,

iii) (1+2 i)3 = 13+3·12 ·2 i+3·1·(2 i)2+(2 i)3 = 1+6 i−12−8 i = −11−2 i,

äçëáäÞ ∣∣(1 + 2 i)3
∣∣ =√(−11)2 + (−2)2 =

√
125:

ÐáñÜäåéãìá 4.4.1 - 2

Íá õðïëïãéóôåß ï ìéãáäéêüò z, üôáí

|z − 1| = |z − 2| = |z − i|:

Ëýóç. ¸óôù z = x+ i y. Ôüôå áðü ôç ó÷Ýóç

|z − 1| = |z − 2| ðñïêýðôåé üôé (x− 1)2 + y2 = (x− 2)2 + y2;

ïðüôå x =
3

2
;

|z − 1| = |z − i| (x− 1)2 + y2 = x2 + (y − 1)2;

ïðüôå y =
3

2
:

4.4.2 Éäéüôçôåò

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò:

i) |z1 + z2| ≤ |z1|+ |z2|. Ç éäéüôçôá ãåíéêåýåôáé.

ii) ||z1| − |z2|| ≤ |z1 + z2| ≤ |z1|+ |z2|.

iii) |z1z2| = |z1| |z2|. ¼ìïéá ãåíéêåýåôáé.
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iv) |z� | = |z|� ãéá êÜèå � = 1; 2; : : : .

v)
∣∣z−1

∣∣ = |z|−1 ìå z ̸= 0.

vi)

∣∣∣∣z1z2
∣∣∣∣ = |z1||z2| ìå z2 ̸= 0.

ÁóêÞóåéò

1. Íá ðñïóäéïñéóôïýí ïé ðñáãìáôéêïß áñéèìïß x, y, üôáí

i) x+ yi = |x− yi| iii) x+ 2yi+ 5y − ix = 7 + 5i

ii) x+ yi = (x− yi)2 iv)
x

1 + 2i
+

y

3 + 2i
=

5 + 6i

8i− 1
:

2. Íá åêöñáóôïýí ïé ðáñáêÜôù ìéãáäéêïß óôç ìïñöÞ á + âi

i) (i− 2)
[
5(1− i)− 4(1 + i)2

]
iii)

(2 + i)(2− i)(1 + i)

(1− i)3

ii)

(
i4 + i9 + i16

)
(2− i5 + i10 − i15)

iv)
(1− i)4 − (1 + i)2

(1 + i)(1− i)
:

3. Áí

z1 = 1− i; z2 = 1 + i êáé z3 = 2 + 3i;

íá õðïëïãéóôïýí ïé ðáñáóôÜóåéò

i) |2z2 − 5z1|2 iv) Im

(
z1z2
z3

)
ii) Re

(
2z21 + 3z22 − z3

)
v) |z1z2 + z1z2|

iii) (z3 − z1)2 vi) z3 (z3)
−1 + z3 z

−1
3 .

4. Íá õðïëïãéóôåß ï ìéãáäéêüò z, üôáí

|z − 1| = |z − 2| = |z − i|:

5. Áí z = x+ iy, íá õðïëïãéóôåß ó÷Ýóç ìåôáîý ôùí x êáé y, üôáí

|z − i| = |z + 2|:

6. Íá åêöñáóôïýí óõíáñôÞóåé ôùí ìéãáäéêþí óõæõãþí óõíôåôáãìÝíùí ïé

åîéóþóåéò
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i) x2 + 16y2 = 25 ii) x2 + y2 − 5x+ y − 1 = 0.

7. Íá áðïäåé÷èïýí ïé éäéüôçôåò ôùí ÐáñáãñÜöùí 4.3.2 êáé 4.4.2.

ÁðáíôÞóåéò

1. (i) ÌåôÜ ôéò ðñÜîåéò åîéóþíïíôáò ôá ðñáãìáôéêÜ êáé ôá öáíôáóôéêÜ ìÝñç ðñïêýðôåé ôï

óýóôçìá x2 − x− y = 0 êáé y(1 + 2x) = 0, ïðüôå Ý÷ïõìå ôéò ëýóåéò

(x; y) = (1; 0); (0; 0);

(
−1

2
;

√
3

2

)
; êáé

(
−1

2
;−

√
3

2

)
:

(ii) ¼ìïéá ôï óýóôçìá x− x2 + y2 = 0 êáé y(1 + 2x) = 0, ïðüôå Ý÷ïõìå ôéò ëýóåéò

(x; y) = (1; 0); (0; 0);

(
−1

2
;−

√
3

2

)
; êáé

(
−1

2
;

√
3

2

)
:

(iii) ¼ìïéá x+ 5y = 7 êáé 2y − x = 5, ïðüôå x = − 11
7
êáé y = 12

7
:

(iv) ÐïëëáðëáóéÜæïíôáò ìå ôïõò óõæõãåßò ôùí ðáñïíïìáóôþí ôåëéêÜ ðñïêýðôåé ôï óýóôçìá

13x+ 15y = 43 êáé 13x+ 5y = 23, ïðüôå x = 1 êáé y = 2.

2. (i) 3 + 31 i, (ii) 2 + i, (iii) − 5
2
; (iv) −2− i.

3. (i) Åßíáé 2z2 − 5z1 = −3 + 7 i ê.ëð. (ii) Re(−2− i) = −2, (iii) −15 + 8 i,

(iv) Im
(
4
3
− 6

13
i
)
= − 6

13
, (v) 0, (vi) − 10

13
:

4. ¸óôù z = x+ i y. Ôüôå áðü ôç ëýóç ôïõ óõóôÞìáôïò |z − 1|2 = |z − 2|2 êáé |z − 1|2 =

|z − i|2 ðñïêýðôåé ôåëéêÜ üôé (x; y) =
(
3
2
; 3
2

)
. 5. 4x+ 2y + 3 = 0 (åõèåßá).

6. ÁíôéêáôÜóôáóç ôùí x; y ìå ôéò åêöñÜóåéò ôùí ôýðùí (4:3:3 − 1) ê.ëð. (vii) ¸óôù

z1 = á + â i, z2 = ã + ä i ê.ëð.

4.5 ÌïñöÝò ìéãáäéêïý áñéèìïý

4.5.1 ÔñéãùíïìåôñéêÞ ìïñöÞ

Áðïäåéêíýåôáé óôá ÌáèçìáôéêÜ üôé õðÜñ÷åé ìßá áìöéìïíïóÞìáíôç áíôéóôïé÷ßá

ôïõ ìéãáäéêïý z = á + â i êáé ôïõ æåýãïõò (á; â) óôï R2 = R×R. Óýìöùíá
ìå áõôÞ ôçí áíôéóôïé÷ßá åßíáé äõíáôüí íá ãßíåé ìéá ãåùìåôñéêÞ ðáñÜóôáóç

ôïõ ìéãáäéêïý áñéèìïý áðü Ýíá óçìåßï ôïõ åðéðÝäïõ. ÓõãêåêñéìÝíá, Ýóôù

ïñèïêáíïíéêü óýóôçìá óõíôåôáãìÝíùí Oxy (Ó÷. 4.5.1 - 1) üðïõ óôïí Üîïíá

ôåôìçìÝíùí Ox áðåéêïíßæåôáé ôï ðñáãìáôéêü ìÝñïò ôïõ z, äçëáäÞ ôï á êáé

óôïí Üîïíá ôåôáãìÝíùí Oy ôï öáíôáóôéêü ôïõ ìÝñïò â. Ôüôå ðñïöáíþò

õðÜñ÷åé ìßá áìöéìïíïóÞìáíôç áíôéóôïé÷ßá ìåôáîý ôùí ìéãáäéêþí áñéèìþí z =
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y

x

M

r

Θ

Α

Β

Ó÷Þìá 4.5.1 - 1: ôñéãùíïìåôñéêÞ ìïñöÞ ìéãáäéêïý áñéèìïý.

á + â i êáé ôùí óçìåßùí M(á; â) ôïõ åðéðÝäïõ Ð, ðïõ ïé óõíôåôáãìÝíåò ôïõò

ïñßæïíôáé áðü ôï óýóôçìá Oxy. Ôï åðßðåäï Ð ëÝãåôáé óôçí ðåñßðôùóç áõôÞ

êáé ìéãáäéêü åðßðåäï Þ åðßðåäï Gauss.

¸óôù ôþñá Ýíá 3ðïëéêü óýóôçìá óõíôåôáãìÝíùí (polar coordinate sys-

tem) (ñ; è) ìå ðüëï ôï 0 êáé ðïëéêü Üîïíá ôçí çìéåõèåßá Ïx. Ôüôå, áí

z = á+âi = (á; â) ìå z ̸= 0, óýìöùíá ìå ôéò ó÷Ýóåéò (1:1−9) ôïõ ÌáèÞìáôïò

Äéáíýóìáôá èá éó÷ýåé

ñ = |z| =
√
á2 + â2;

cos è =
á

|z|
êáé sin è =

â

|z|
ìå � ∈ [0; 2ð): (4.5.1 - 1)

Ïé ó÷Ýóåéò (4:5:1 − 1) ðñïóäéïñßæïõí ôá ñ, è, üôáí åßíáé ãíùóôÜ ôá á, â êáé

áíôßóôñïöá.

ÅðïìÝíùò ôï ñ éóïýôáé ìå ôï ìÝôñï ôïõ z, åíþ ç ãùíßá è, èá õðïëïãßæåôáé

áðü ôéò ó÷Ýóåéò (4:5:1 − 1) êáé èá ëÝãåôáé óôï åîÞò ðñùôåýïí üñéóìá (Ar-

gument)4 ôïõ z, åíþ èá óõìâïëßæåôáé ìå Argz.

¢ñá áðü ôéò ó÷Ýóåéò (4:5:1 − 1) ðñïêýðôåé üôé ï ìéãáäéêüò z = á + âi

ãñÜöåôáé

z = |z| (cos è + i sin è) ; üôáí � ∈ [0; 2ð) êáé |z| =
√
á2 + â2: (4.5.1 - 2)

3ÂëÝðå ÌÜèçìá Äéáíýóìáôá - Âáóéêïß ïñéóìïß.
4Óôç âéâëéïãñáößá ðïëëÝò öïñÝò ùò Argz èåùñåßôáé ç ãùíßá è ìå è ∈ [−ð; ð) Þ è ∈

(−ð; ð].
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Ç (4:5:1− 2) åßíáé ãíùóôÞ ùò ç ôñéãùíïìåôñéêÞ ìïñöÞ (polar form) ôïõ z.

Óçìåéþóåéò 4.5.1 - 1

i) Óýìöùíá ìå ãíùóôÞ ôñéãùíïìåôñéêÞ éäéüôçôá óôçí (4:5:1−1) ï ìéãáäéêüò
áñéèìüò z ðñïóäéïñßæåôáé åêôüò áðü ôï æåýãïò (ñ; è) êáé áðü ôï æåýãïò

(ñ; è + 2kð), üôáí k ∈ Z. Ôüôå ïé ãùíßåò è + 2kð ïñßæïõí ôï üñéóìá

ôïõ ìéãáäéêïý, ðïõ óõìâïëßæåôáé ìå argz.

ii) Õðåíèõìßæïíôáé ïé ðáñáêÜôù âáóéêÝò ôáõôüôçôåò (k ∈ Z):

sinx = sin a ⇐⇒

 x = 2k� + a

x = 2k� + � − a;
(4.5.1 - 3)

cosx = cos a ⇐⇒

 x = 2k� + a

x = 2k� − a:
(4.5.1 - 4)

ÐáñÜäåéãìá 4.5.1 - 1

¸óôù ï ìéãáäéêüò áñéèìüò

z = −1 + i:

Ôüôå á = −1 êáé â = 1, ïðüôå |z| =
√

(−1)2 + 11 =
√
2. ¢ñá

cos è = − 1√
2
= −
√
2

2
= − cos

�

4
= cos

(
� − �

4

)
= cos

3�

4
;

ïðüôå

è = 2k� +
3�

4
=⇒ è =

5�

6
; üôáí k = 0 (1)

Þ

è = 2k� − 3�

4
=⇒ è =

5�

4
; üôáí k = 1: (2)

Åðßóçò sin è =
1√
2
=

√
2

2
= sin

�

4
, ïðüôå

è = 2k� +
�

4
=⇒ è =

�

4
; üôáí k = 0 (3)
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Þ

è = 2k� + � − �

4
=⇒ è =

3�

4
; üôáí k = 0 : (4)

¢ñá Arg z = 3�=4. Ôüôå óýìöùíá ìå ôçí (4:5:1 − 2) ç ôñéãùíïìåôñéêÞ

ìïñöÞ åßíáé

−1 + i =
√
2

(
cos

3�

4
+ i sin

3�

4

)
:

4.5.2 Ó÷åôéêÜ èåùñÞìáôá

Ìå ôçí ôñéãùíïìåôñéêÞ ìïñöÞ ôùí ìéãáäéêþí áñéèìþí áðïäåéêíýïíôáé ôá

ðáñáêÜôù ÷ñÞóéìá èåùñÞìáôá:

Èåþñçìá 4.5.2 - 1.¸óôù

z1 = |z1| (cos è1 + i sin è1) êáé z2 = |z2| (cos è2 + i sin è2) :

Ôüôå åßíáé z1 = z2 ôüôå êáé ìüíïí, üôáí

|z1| = |z2| êáé è1 − è2 = 2k�; k ∈ Z:

Èåþñçìá 4.5.2 - 2 (de Moivre). Áí zk = |zk| (cos èk + i sin èk); k =

1; 2; : : : ; �, ôüôå

z1z2 : : : z� = |z1| |z2| : : : |z� | [cos (è1 + è2 + : : :+ è�)

+i sin (è1 + è2 + : : :+ è�)] (4.5.2 - 1)

ãéá êÜèå � = 2; 3; : : : :

Ðüñéóìá 4.5.2 - 1 (ôýðïò de Moivre). Éó÷ýåé üôé (de Moivre's formula)

z � = |z| � [cos(�è) + i sin(�è)] ãéá êÜèå � = 2; 3; : : : : (4.5.2 - 2)

Èåþñçìá 4.5.2 - 3. Áí z = |z(cos è + i sin è) ìå z ̸= 0, ôüôå

1

z
=

1

|z|
[cos(−è) + i sin(−è)] :
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Èåþñçìá 4.5.2 - 4. Áí z1 = |z1| (cos è1 + i sin è1), z2 = |z2| (cos è2 + i sin è2)

ìå z2 ̸= 0, ôüôå

z1
z2

=
|z1|
|z2|

[cos (è1 − è2) + i sin (è1 − è2)] : (4.5.2 - 3)

Ðüñéóìá 4.5.2 - 2. Éó÷ýåé üôé

1

z�
=

1

|z|�
[cos(−�è) + i sin(−�è)] ; � = 1; 2; : : : :

ÐáñÜäåéãìá 4.5.2 - 1

¸óôù ïé ìéãáäéêïß

z1 = =
3
√
2(−1 + i) =

3
√
2

(
cos

3�

4
+ i sin

3�

4

)
êáé

z2 =

√
5

2

(
−
√
3− i

)
=
√
5

(
cos

7�

6
+ i sin

7�

6

)
:

Ôüôå óýìöùíá ìå ôïí ôýðï

(4:5:2− 1):

z1z2 =
3
√
2
√
5

[
cos

(
3�

4
+

7�

6

)
+ i sin

(
3�

4
+

7�

6

)]

=
6
√
22

6
√
53
(
cos

23�

12
+ i sin

23�

12

)
=

6
√
500

(
cos

23�

12
+ i sin

23�

12

)
≈ 2:721273− 0:729163 i:

(4:5:2− 2):

z41 =
(

3
√
2
)4(

cos
4 · 3�
4

+ i sin
4 · 3�
4

)
= 2

3
√
2 (cos 3� + i sin 3�) = −2 3

√
2 ≈ −2:519842:
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(4:5:2− 3):

z1
z2

=
3
√
2√
5

[
cos

(
3�

4
− 7�

6

)
+ i sin

(
3�

4
− 7�

6

)]

=
6
√
22

6
√
53

(
cos
−5�
12

+ i sin
−5�
12

)
=

6

√
4

125

(
cos

5�

12
− i sin 5�

12

)
≈ 0:145833− 0:544255 i:

4.5.3 ÐïëéêÞ ìïñöÞ

Ïñéóìüò 4.5.3 - 1. ¸óôù ï ìéãáäéêüò áñéèìüò z = á+âi, ðïõ ãñÜöåôáé óå

ôñéãùíïìåôñéêÞ ìïñöÞ z = |z| (cos è + i sin è). Ôüôå ç ðïëéêÞ ìïñöÞ (angle

notation) ôïõ ìéãáäéêïý ïñßæåôáé áðü ôç ó÷Ýóç

z = |z|⌊è; (4.5.3 - 1)

üôáí ç ãùíßá è åêöñÜæåôáé óå ìïßñåò.

ÐáñÜäåéãìá 4.5.3 - 1

¸óôù ï ìéãáäéêüò áñéèìüò

z = −
√
3 + i:

Ôüôå á = −
√
3 êáé â = 1, ïðüôå |z| = 2. ¢ñá

cos è = −
√
3

2
= − cos

�

6
= cos

(
� − �

6

)
= cos

5�

6
;

ïðüôå

è = 2k� +
5�

6
=⇒ è =

5�

6
; üôáí k = 0 (1)

Þ

è = 2k� − �

6
=⇒ è =

7�

6
; üôáí k = 1: (2)

Åðßóçò sin è =
1

2
= sin

�

6
, ïðüôå

è = 2k� +
�

6
=⇒ è =

�

6
; üôáí k = 0 (3)
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Þ

è = 2k� + � − �

6
=⇒ è =

5�

6
; üôáí k = 0 : (4)

¢ñá Arg z = 5�=6. Ôüôå

−
√
3 + i = 2

(
cos

5�

6
+ i sin

5�

6

)
; ïðüôå z = 2 ⌊150:

4.5.4 ÅêèåôéêÞ ìïñöÞ

Ïñéóìüò 4.5.4 - 1. ¸óôù ï ìéãáäéêüò z = x + iy. Ôüôå ç äýíáìç ez

ïñßæåôáé üôé åßíáé ï ìéãáäéêüò áñéèìüò

ez = ex+iy = ex (cos y + i sin y) (4.5.4 - 1)

ìå y óå rad.

Ï Ïñéóìüò 4.5.4 - 1, üôáí y = 0, óõìöùíåß ìå ôïí ïñéóìü ôïõ ex ìå x ∈ R,
åíþ, üôáí x = 0, ïñßæåé ôçí ôáõôüôçôá ôïõ Euler (Euler's formula)

eiy = cos y + i sin y: (4.5.4 - 2)

Ðñïöáíþò ôüôå ∣∣eiy∣∣ =√cosy +sin2 y = 1:

Áðü ôïí ôýðï (4:5:1 − 2), ðïõ áíáöÝñåôáé óôçí ôñéãùíïìåôñéêÞ ìïñöÞ

z = |z| (cos è + i sin è) ôïõ ìéãáäéêïý z êáé ôïí ôýðï (4:5:4− 2), üôáí ãñáöåß

ùò

ei è = cos è + i sin è;

ðñïêýðôåé üôé

z = |z| (cos è + i sin è) = |z|ei è:

Ç ìïñöÞ áõôÞ ïñßæåôáé óôç óõíÝ÷åéá ùò åîÞò:

Ïñéóìüò 4.5.4 - 2 Ç åêèåôéêÞ ìïñöÞ Þ ìïñöÞ Euler ôïõ z (complex

exponential form) ïñßæåôáé áðü ôç ó÷Ýóç

z = |z|eiè; (4.5.4 - 3)

üôáí è = Arg z.
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ÐáñÜäåéãìá 4.5.4 - 1

Óýìöùíá ìå ôï ÐáñÜäåéãìá 4.5.3 - 1 åßíáé

−
√
3 + i = 2

(
cos

5�

6
+ i sin

5�

6

)
= 2 ei

5�
6 :

Óçìåßùóç 4.5.4 - 1

ÅðåéäÞ óýìöùíá ìå ôçí (4:5:4− 2) ðñïöáíþò éó÷ýïõí

ei è = cos è + i sin è;

e−i è = cos(−è) + i sin(−è) = cos è − i sin è

ðñïóèÝôïíôáò, áíôßóôïé÷á áöáéñþíôáò êáôÜ ìÝëç ðñïêýðôïõí ïé ðáñáêÜôù

ôýðïé ôïõ Euler ãéá ôï óõíçìßôïíï, áíôßóôïé÷á çìßôïíï:

cos è =
ei è + e−i è

2
êáé sin è =

ei è − e−i è

2 i
: (4.5.4 - 4)

Éäéüôçôåò

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò:

i) ez1 ez2 = ez1+z2 .

ii) Ç äýíáìç ez åßíáé ðÜíôïôå äéÜöïñç ôïõ ìçäåíüò.

iii) Åßíáé
∣∣eix∣∣ = 1 ãéá êÜèå x ∈ R.

iv) Áí ez = 1, ôüôå z = 2kði ìå k ∈ Z êáé áíôßóôñïöá.

v) Áí ez1 = ez2 , ôüôå z1 − z2 = 2kði ìå k ∈ Z êáé áíôßóôñïöá.

4.6 Ñßæá ìéãáäéêïý áñéèìïý

4.6.1 Ïñéóìüò êáé èåþñçìá õðïëïãéóìïý

Ïñéóìüò 4.6.1 - 1. ¸óôù ï ìéãáäéêüò áñéèìüò z = á + âi ìå z ̸= 0. Ôüôå

ïñßæåôáé ùò í-ôÜîçò ñßæá ôïõ z êÜèå ìéãáäéêüò áñéèìüò w = x + iy ìå ôçí

éäéüôçôá

(x+ iy)� = á + âi; üôáí � = 2; 3; : : : :
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Ó÷åôéêÜ áðïäåéêíýåôáé üôé éó÷ýåé:

Èåþñçìá 4.6.1 - 1. Áí z = |z| (cos è + i sin è) åßíáé Ýíáò ìéãáäéêüò áñéèìüò

ìå z ̸= 0, ôüôå ïé ìéãáäéêïß áñéèìïß

zk = �
√
|z|
(
cos

è + 2k�

�
+ i sin

è + 2k�

�

)
; k = 0; 1; : : : ; �− 1 (4.6.1 - 1)

åßíáé äéáöïñåôéêïß ìåôáîý ôïõò êáé åðáëçèåýïõí ôçí åîßóùóç wí = z.

ÐáñÜäåéãìá 4.6.1 - 1

Íá õðïëïãéóôåß ç ðáñÜóôáóç

(−1− i)2=3 :

Ëýóç. ¸óôù z = −1− i. Ôüôå |z| =
√
2 êáé

cos è = −
√
2

2
= − cos

�

4
= cos

(
ð − �

4

)
;

ïðüôå

è = 2k� +
�

4
ìå è =

3�

4
ãéá k = 0

Þ

è = 2k� − �

4
ìå è =

5�

4
ãéá k = 1

êáé

sin è = −
√
2

2
= − sin

�

4
= sin

(
−�
4

)
;

ïðüôå

è = 2k� − �

4
ìå è =

7�

4
ãéá k = 1

Þ

è = 2k� +
5�

4
ìå è =

5�

4
ãéá k = 0:

¢ñá Arg z = 5�=4, ïðüôå ìå ôïí ôýðï (4:5:2− 2) ôïõ de Moivre åßíáé

z2 =
(√

2
)2 [

cos 2

(
5�

4

)
+ i sin 2

(
5�

4

)]
= 2

[
cos
(
2ð +

ð

4

)
+ i sin

(
2ð +

ð

2

)]
= 2

(
cos

�

2
+ i sin

�

2

)
:
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ÅðïìÝíùò óýìöùíá ìå ôïí ôýðï (4:6:1− 1) ç 3çò ôÜîç ñßæá ôïõ z2 èá åßíáé

z2=3 =
3
√
2

(
cos

2k� + �=2

3
+ i sin

2k� + �=2

3

)
; k = 0; 1; 2;

äçëáäÞ ïé ðáñáêÜôù 3 äéáöïñåôéêïß ìåôáîý ôïõò ìéãáäéêïß áñéèìïß:

z0 =
3
√
2
(
cos

�

6
+ i sin

�

6

)
=

3
√
2 ei

�
6 ;

z1 =
3
√
2

(
cos

5�

6
+ i sin

5�

6

)
=

3
√
2 ei

5�
6 ;

z2 =
3
√
2

(
cos

9�

6
+ i sin

9�

6

)
=

3
√
2 ei

9�
6 :

4.6.2 Åîßóùóç äéùíõìéêÞ

Ïñéóìüò 4.6.2 - 1. ËÝãåôáé äéùíõìéêÞ êÜèå åîßóùóç ôçò ìïñöÞò z � = á,

üðïõ á ∈ C ìå á ̸= 0 êáé � = 1; 2; : : : :

Ç ëýóç ôùí åîéóþóåùí ôçò ìïñöÞò áõôÞò ãßíåôáé ìå ôç âïÞèåéá ôïõ ÈåùñÞìáôïò

4.6.1 - 1 óýìöùíá ìå ôá ðáñáêÜôù ðáñáäåßãìáôá:

ÐáñÜäåéãìá 4.6.2 - 1

Íá ëõèåß óôï C ç åîßóùóç

z5 = −32 i:

Ëýóç. ¸÷ïõìå

− i = cos
(
−�
2

)
+ i sin

(
−�
2

)
;

ïðüôå

z5 = −32 i = 32
[
cos
(
−�
2

)
+ i sin

(
−�
2

)]
:

¢ñá óýìöùíá ìå ôïí ôýðï (4:6:1− 1) åßíáé

zk = 2

(
cos

2kð − ð=2
5

+ i sin
2kð − ð=2

5

)
; k = 0; 1; 2; 3; 4:
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ÐáñÜäåéãìá 4.6.2 - 2 (� - ôÜîçò ñßæåò ôçò ìïíÜäáò)

¼ìïéá íá ëõèåß óôï C ç åîßóùóç

z � = 1; üôáí � = 1; 2; : : : :

Ëýóç. ¸÷ïõìå z� = 1 (cos 0 + i sin 0), ïðüôå

zk =

(
cos

2k�

�
+ i sin

2k�

�

)
; k = 0; 1; : : : ; � − 1:

ÅðåéäÞ ðñïöáíþò éó÷ýåé

zk =

(
cos

2�

�
+ i sin

2�

�

)k

; k = 0; 1; : : : ; � − 1

Ý÷ïõìå

z0 = 1; z1 = cos
2�

�
+ i sin

2�

�
;

z2 =

(
cos

2�

�
+ i sin

2�

�

)2

= z21 ; z3 = z31 ; : : : ; z�−1 = z �−1
1 :

¢ñá ïé �-ôÜîçò ñßæåò ôçò ìïíÜäáò åßíáé

1; z1; z21 ; z31 ; : : : ; z �−1
1 :

ÃåùìåôñéêÜ áðåéêïíßæïíôáé óôéò � êïñõöÝò åíüò êáíïíéêïý ðïëõãþíïõ ðïõ

åããñÜöåôáé óå êýêëï ìå êÝíôñï ôï (0; 0) êáé áêôßíá 1. Ï êýêëïò áõôüò Ý÷åé

åîßóùóç |z| = 1 êáé ëÝãåôáé ìïíáäéáßïò êýêëïò.

4.6.3 Åîßóùóç 2ïõ âáèìïý

¸óôù óôï C ç åîßóùóç

az2 + bz + c = 0; üôáí a ̸= 0: (4.6.3 - 1)
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Ç (4:6:3− 1) ãñÜöåôáé az2 + bz = −c, ïðüôå äéáäï÷éêÜ ðñïêýðôïõí

z2 +
b

a
z = − c

a
Þ

z2 +
b

a
z +

(
b

2a

)2

= − c
a
+

(
b

2a

)2

Þ

(
z +

b

2a

)2

=
b2 − 4ac

4a2
:

¢ñá

z =
−b±

√
b2 − 4ac

2a
: (4.6.3 - 2)

ÐáñÜäåéãìá 4.6.3 - 1

Íá ëõèåß óôï C ç åîßóùóç

z2 + (2i− 3)z + 5− i = 0

Ëýóç. Åßíáé a = 1, b = 2i − 3 êáé c = 5 − i. Ôüôå óýìöùíá ìå ôïí ôýðï

(4:6:3− 2) Ý÷ïõìå

z =
− (2i− 3) +

√
(2i− 3)2 − 4 (5− i)
2

=
3− 2i±

√
−15− 8 i

2
=

3− 2i± (1− 4i)

2
;

äçëáäÞ z1 = 2− 3i êáé z2 = 1 + i.

Ï õðïëïãéóìüò ôçò ðáñáðÜíù ôåôñáãùíéêÞò ñßæáò ãßíåôáé ìå ôéò ðáñáêÜôù

äýï ìåèüäïõò ðïõ åßíáé äõíáôüí íá åöáñìüæïíôáé êáé üôáí ôï âáóéêü üñéóìá

ôïõ ìéãáäéêïý áñéèìïý äåí óõìðßðôåé ìå ãíùóôÝò ãùíßåò.

ÌÝèïäïò I

¸óôù

−15− 8 i =
√

(−15)2 + (−8)2 (cos � + i sin �) = 17 (cos � + i sin �) ;
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üôáí

cos � = −15

17
êáé sin � = − 8

17
: (1)

Ôüôå áðü ôïí ôýðï (4:6:1− 1) ðñïêýðôåé üôé

√
−15− 8 i =

√
17

(
cos

� + 2k�

2
+ i sin

� + 2k�

2

)
; k = 0; 1:

¢ñá ïé ñßæåò åßíáé ïé ìéãáäéêïß áñéèìïß:

z0 =
√
17

(
cos

�

2
+ i sin

�

2

)
êáé (2)

z1 =
√
17

[
cos(

�

2
+ �) + i sin(

�

2
+ �)

]
=
√
17

(
− cos

�

2
− i sin �

2

)

= −
√
17

(
cos

�

2
+ i sin

�

2

)
: (3)

Óýìöùíá ìå ãíùóôïýò ôýðïõò ôçò Ôñéãùíïìåôñßáò Ý÷ïõìå

cos
�

2
= ±

√
1 + cos �

2
= ±

√
1− 15=17

2
= ± 1√

17

sin
�

2
= ±

√
1− cos �

2
= ±

√
1 + 15=17

2
= ± 4√

17
:

ÅðåéäÞ óýìöùíá ìå ôçí (1) ç ãùíßá � áíÞêåé óôï 3ï ôåôáñôçìüñéï - åßíáé

áñíçôéêÜ ôá ðñüóçìá ôùí cos � êáé sin � - ðñÝðåé ç ãùíßá �=2 íá áíÞêåé óôï 2ï

ôåôáñôçìüñéï. ¢ñá cos �
2 = − 1√

17
êáé sin �

2 = + 4√
17
, ïðüôå áíôéêáèéóôþíôáò

óôéò (2) êáé (3) ðñïêýðôåé üôé z0 = −1 + 4 i êáé z1 = 1− 4 i.

ÌÝèïäïò II

¸óôù üôé ïé ñßæåò åßíáé ôçò ìïñöÞò x+ i y. Ôüôå

(x+ i y)2 = x2−y2+2xy i = −15−8 i; ïðüôå x2−y2 = −15; xy = −4:

Áðü ôç ëýóç ôïõ óõóôÞìáôïò ðñïêýðôåé üôé x = ±1. Ôüôå, áí x = 1 åßíáé

y = −4 êáé, üôáí x = −1, åßíáé y = 4, äçëáäÞ ïé ñßæåò åßíáé ïé −1 + 4 i êáé

1− 4 i áíôßóôïé÷á.
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé ðáñáêÜôù ìéãáäéêïß áñéèìïß êáé ïé ñßæåò íá ãñáöïýí

óôçí ðïëéêÞ êáé ôçí åêèåôéêÞ ìïñöÞ:

i) (−1 + i)4=5 iv)

(
1

2
+ i

√
3

2

)2=3

ii) (−1−
√
3 i)1=3 v)

(
1−
√
3 i
)1=3

iii)
(
−
√
3 + i

)2=3
vi) (−1− i)1=5.

2. Íá ëõèïýí óôï C ïé åîéóþóåéò

i) 5z2 + 2z + 10 = 0,

ii) z2 + (i− 2)z + (3− i) = 0,

iii) z4 + z2 + 1 = 0.

3. Áí z ∈ C íá ðáñáóôáèåß ãåùìåôñéêÜ ï ìéãáäéêüò |z|ei� üðïõ � = Arg(z).

Ôé ðáñáôçñåßôå;

4. Áí z ∈ C íá ðáñáóôáèïýí ãåùìåôñéêÜ ïé ìéãáäéêïß

z; −z; z2;
1

z
ìå z ̸= 0:

5. ¼ìïéá ôïõò ìéãáäéêïýò

z1 + z2; z1z2;
z1
z2
;

üôáí z1; z2 ∈ C ìå z2 ̸= 0.

6. Äåßîôå üôé
ez1

ez2
= ez1−z2 :

7. Íá ðñïóäéïñéóôïýí ïé ôéìÝò ôïõ z ∈ C ãéá ôéò ïðïßåò

i) e3z = 1 ii) e4z = i.
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ÁðáíôÞóåéò

1. Ôá áíôßóôïé÷á âáóéêÜ ïñßóìáôá åßíáé: (i) 3�
4
; (ii) 4�

3
; (iii) 5�

6
; (iv) �

3
;

(v) 5�
3
; (vi) 5�

4
:

2. (i) z = − 1
5
± 7

5
i, (ii) z1 = 1 + i, z2 = 1− 2 i, (iii) z = ±(−1)1=3; ±(−1)2=3.

3. Íá ÷ñçóéìïðïéçèåß ï ïñéóìüò ôçò åêèåôéêÞò ìïñöÞò.

4. ¸óôù z = a+ i b. Ôüôå óýìöùíá ìå ôï Ó÷. 4.5.1 - 1 ê.ëð.

6. ¸óôù ez1 = ex1 (cos y1 + i sin y1) êáé e
z2 = ex2 (cos y2 + i sin y2) ê.ëð.

7. (i) z = 0; − 2�
3
i; 2�

3
i. (ii) z = �

8
i; − 3�

8
i; 5�

8
i; − 7�

8
i

4.7 ËïãÜñéèìïò ìéãáäéêïý áñéèìïý

4.7.1 Ïñéóìüò êáé ôýðïò õðïëïãéóìïý

Èåþñçìá 4.7.1 - 1 (ýðáñîçò). Áí z åßíáé Ýíáò ìéãáäéêüò áñéèìüò ìå z ̸=
0, ôüôå õðÜñ÷åé ðÜíôïôå Ýíáò Üëëïò ìéãáäéêüò áñéèìüò, Ýóôù w, Ýôóé þóôå

ew = z. ¸íáò áðü ôïõò ìéãáäéêïýò áõôïýò áñéèìïýò w åßíáé ôçò ìïñöÞò

ln |z|+ iArg z, åíþ êÜèå Üëëïò ìéãáäéêüò äßíåôáé áðü ôç ó÷Ýóç:

ln |z|+ i (Arg z + 2k�) ìå k ∈ Z:

Ïñéóìüò 4.7.1 - 1 (ëïãÜñéèìïõ). ¸óôù ï ìéãáäéêüò áñéèìüò z ìå z ̸= 0.

Áí w åßíáé Ýíáò ìéãáäéêüò áñéèìüò ôÝôïéïò, þóôå ew = z, ôüôå ï w ëÝãåôáé

ëïãÜñéèìïò ôïõ z.

Ç åéäéêÞ ôéìÞ ôïõ w ðïõ äßíåôáé áðü ôïí ôýðï

w = ln |z|+ iArg z (4.7.1 - 1)

ëÝãåôáé áñ÷éêÞ ôéìÞ (principal value) ôïõ ëïãÜñéèìïõ êáé óõìâïëßæåôáé ìå

Lnz, åíþ ãåíéêÜ åßíáé

ln z = ln |z|+ i (Arg z + 2k�) ìå k = 0; ±1; : : : : (4.7.1 - 2)

ÐáñÜäåéãìá 4.7.1 - 1
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Íá õðïëïãéóôåß ç áñ÷éêÞ ôéìÞ ôïõ ëïãÜñéèìïõ ôïõ ìéãáäéêïý áñéèìïý

z = −2
√
3− 2i:

Ëýóç. Ç ôñéãùíïìåôñéêÞ ìïñöÞ ôïõ z åßíáé

z = 4

(
cos

7�

6
+ i sin

7�

6

)
;

ïðüôå

Ln
(
−2
√
3− 2i

)
= 2 ln 2 + i

7�

6
:

¢óêçóç

Íá õðïëïãéóôåß ç ôéìÞ ôïõ ëïãÜñéèìïõ ôùí ðáñáêÜôù ìéãáäéêþí áñéèìþí:

i) z =
1

2

(
−1−

√
3 i
)

ii) z = 1− i.

ÁðáíôÞóåéò

(i) Arg(z) = 4�
3
; quad (ii) Arg(z) = 7�

4
ê.ëð.

4.7.2 ÌéãáäéêÝò äõíÜìåéò

Ìå ôç âïÞèåéá ôùí ëïãáñßèìùí åßíáé äõíáôüí íá ïñéóôïýí ïé ìéãáäéêÝò äõíÜìåéò.

Ïñéóìüò 4.7.2 - 1. ¸óôù ïé ìéãáäéêïß áñéèìïß z, w ìå z ̸= 0. Ôüôå ç

äýíáìç zw ïñßæåôáé áðü ôç ó÷Ýóç

zw = ewLnz: (4.7.2 - 1)

ÅðåéäÞ

•
i = 0 + 1 i = cos

�

2
+ i sin

�

2
; ïðüôå Arg(i) =

�

2
;
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óýìöùíá ìå ôïí Ïñéóìü 4.7.2 - 1 Üìåóá ðñïêýðôåé üôé5

i i = eiLni = ei(i
�
2 ) = e−

�
2 ; åíþ

•
−1 = −1 + 0 i = cos� + i sin�; ïðüôå Arg(−1) = �:

Ôüôå üìïéá óýìöùíá ìå ôïí Ïñéóìü 4.7.2 - 1 åßíáé

(−1)i = eiLn(−1) = ei(i �) = e−�:

ÐáñáôÞñçóç 4.7.2 - 1

Áí ï � åßíáé áêÝñáéïò, ôüôå

z � = e � Lnz = e(�−1)Lnz eLnz = z �−1z;

äçëáäÞ ï ïñéóìüò ôçò äýíáìçò, ðïõ ïñßæåôáé ìå ôïí ôýðï (4:7:2−1), óõìöùíåß
ìå ôïí ïñéóìü ôçò äýíáìçò ìéãáäéêïý áñéèìïý ôçò ðáñáãñÜöïõ 4.2.

Äßíïíôáé ôþñá ÷ùñßò áðüäåéîç ôá ðáñáêÜôù èåùñÞìáôá ðïõ áöïñïýí ôïí

õðïëïãéóìü ôùí ìéãáäéêþí äõíÜìåùí:

Èåþñçìá 4.7.2 - 1. Áí z, w1, w2 ∈ C ìå z ̸= 0, ôüôå

zw1zw2 = zw1+w2 :

Èåþñçìá 4.7.2 - 2. Áí z1, z2 ∈ C ìå z1z2 ̸= 0, ôüôå

(z1z2)
w = z1

w z2
we2�iw k(z1;z2)

5ÅðïìÝíùò ôï ìáèçìáôéêü ðáñÜäïîï: ç ìéãáäéêÞ öáíôáóôéêÞ ìïíÜäá, üôáí õøùèåß

óôç öáíôáóôéêÞ ìïíÜäá íá éóïýôáé ìå ðñáãìáôéêü áñéèìü.
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üðïõ

k (z1; z2) =



0 áí −� < Arg z1 +Arg z2 ≤ �

1 áí −2� < Arg z1 +Arg z2 ≤ −�

−1 áí � < Arg z1 +Arg z2 ≤ 2�

¢óêçóç

Äåßîôå üôé

i) (1 + i)i =

[
cos

(
ln 2

2

)
+ i sin

(
ln 2

2

)]
e−

�
4 ,

ii)
∣∣(−1)−i∣∣ = e

3�
2 .
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ÌÜèçìá 5

ÌÉÃÁÄÉÊÅÓ ÓÕÍÁÑÔÇÓÅÉÓ

5.1 ÅéóáãùãÞ

Óôï ìÜèçìá áõôü èá äïèïýí ïé âáóéêüôåñåò Ýííïéåò ôùí ìéãáäéêþí óõíáñôÞóåùí.

Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá

ôïõ ìáèÞìáôïò [1, 2, 3, 4, 5, 6, 7].

5.1.1 Ïñéóìïß

¸óôù z ìéá ìåôáâëçôÞ, ðïõ óõìâïëßæåé ôéò ôéìÝò åíüò óõíüëïõ D üðïõ D ⊆
C ìå C ôï óýíïëï ôùí ìéãáäéêþí áñéèìþí. Ôüôå ç z èá ëÝãåôáé ìéãáäéêÞ

ìåôáâëçôÞ Þ áðëÜ óôï åîÞò ìåôáâëçôÞ. Áí óå êÜèå ôéìÞ ôçò ìåôáâëçôÞò z

áíôéóôïé÷ïýí ìßá Þ ðåñéóóüôåñåò ôéìÝò ôçò ìéãáäéêÞò ìåôáâëçôÞò w, ôüôå ç w

èá ëÝãåôáé üôé åßíáé ìßá ìéãáäéêÞ óõíÜñôçóç ôïõ z êáé èá ãñÜöåôáé

w = f(z):

Åéäéêüôåñá, áí óôï z áíôéóôïé÷åß ìßá áêñéâþò ôéìÞ ôïõ w, ç f èá ëÝãåôáé

ìïíüôéìç óõíÜñôçóç, åíþ óå êÜèå Üëëç ðåñßðôùóç ðëåéüôéìç. Ôüôå ôï D èá

ïñßæåé ôï ðåäßï ïñéóìïý ôçò f , åíþ ôï óýíïëï ôùí ôéìþí ôçò w, Ýóôù T , ôï

ðåäßï ôéìþí ôçò f .
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ÐáñÜäåéãìá 5.1.1 - 1

Ç óõíÜñôçóç

f(z) = z3

êáé ãåíéêüôåñá ç

z� ; � = 1; 2; : : : ìå z ∈ C

åßíáé ìïíüôéìç, åðåéäÞ óýìöùíá ìå ôïí ïñéóìü ôçò äýíáìçò1 óå êÜèå z ∈ C
áíôéóôïé÷åß áêñéâþò Ýíáò ìéãáäéêüò z� . Åéäéêüôåñá, áí

z = 2− 3 i; ôüôå z3 = −46− 9 i:

ÐáñÜäåéãìá 5.1.1 - 2

Ç óõíÜñôçóç

g(z) = z1=3

êáé ãåíéêüôåñá ç

z1=� � = 2; 3; : : : ;

üôáí z ∈ C, åßíáé ðëåéüôéìç, åðåéäÞ �-ôÜîçò ñßæá åíüò ìéãáäéêïý áñéèìïý2

åßíáé � ôï ðëÞèïò äéáöïñåôéêïß ìéãáäéêïß áñéèìïß.

¼ìïéá, Ýóôù z = −1 + i. Ôüôå

z =
√
2

(
cos

5�

4
+ i sin

5�

4

)
; ïðüôå

z1=2 =
4
√
2

(
cos

2k� + 5�
4

2
+ i sin

2k� + 5�
4

2

)
; k = 0; 1:

Áí w = f(z), ôüôå åßíáé äõíáôüí ôï z íá èåùñçèåß ùò óõíÜñôçóç ôïõ w,

ìå ôçí Ýííïéá ôçò óõíÜñôçóçò ðïõ ðáñáðÜíù äüèçêå. Óôçí ðåñßðôùóç áõôÞ

ãñÜöåôáé z = f−1(w) êáé ç f−1 ëÝãåôáé óôçí ðåñßðôùóç áõôÞ áíôßóôñïöç

óõíÜñôçóç ôçò f .

1ÂëÝðå ÌÜèçìá Ìéãáäéêïß Áñéèìïß - ÐáñÜãñáöïò 4.2.
2ÂëÝðå ÌÜèçìá Ìéãáäéêïß Áñéèìïß - ÐáñÜãñáöïò 4.6.
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5.1.2 ÁíáëõôéêÞ Ýêöñáóç

¸óôù ç óõíÜñôçóç

w = f(z); üðïõ z = x+ i y ìå x; y ∈ R:

Ôüôå ìåôÜ áðü ðñÜîåéò ç w ãñÜöåôáé óôç ìïñöÞ

w = f(x+ iy) = u(x; y) + i v(x; y) ãéá êÜèå z ∈ D; (5.1.2 - 1)

üðïõ ïé u(x; y) êáé v(x; y) åßíáé ðñáãìáôéêÝò óõíáñôÞóåéò äýï ðñáãìáôéêþí

ìåôáâëçôþí x êáé y, ðïõ ëÝãïíôáé êáé óõíéóôþóåò ôçò f . Ç (5:1:2−1) ïñßæåé
ôüôå ôçí áíáëõôéêÞ Ýêöñáóç ôçò f .

Óôçí (5:1:2−1) ç u(x; y) ëÝãåôáé ôï ðñáãìáôéêü êáé ç v(x; y) ôï öáíôáóôéêü
ìÝñïò ôçò f óôï D êáé ïñßæïõí Ýíáí ìåôáó÷çìáôéóìü (transformation) óôï

D, ìå ôçí Ýííïéá üôé Ýíá óçìåßï ôïõ z-åðéðÝäïõ áðåéêïíßæåôáé ìÝóù ôçò f óôï

áíôßóôïé÷ï óçìåßï ôïõ w-åðéðÝäïõ Þ óå ðåñßðôùóç ðëåéüôéìçò óõíÜñôçóçò óôá

áíôßóôïé÷á óçìåßá ôïõ w-åðéðÝäïõ.

ÐáñÜäåéãìá 5.1.2 - 1

¸óôù f(z) = z2. Ôüôå, áí z = x+ i y, äéáäï÷éêÜ Ý÷ïõìå

f(z) = f(x+ i y) = (x+ i y)2 = x2 + 2xy i+ (i y)2 = x2 − y2 + 2xy i;

ïðüôå ôï ðñáãìáôéêü ôçò ìÝñïò åßíáé ôï u(x; y) = x2 − y2 êáé ôï öáíôáóôéêü

v(x; y) = 2xy.

5.2 Óôïé÷åéþäåéò ìéãáäéêÝò óõíáñôÞóåéò

5.2.1 ÐïëõùíõìéêÞ

Ïñéóìüò 5.2.1 - 1. Ïñßæåôáé êÜèå óõíÜñôçóç ôçò ìïñöÞò

P (z) = P�(z) = á�z
�+á�−1z

�−1+: : :+á1z+á0 ãéá êÜèåz ∈ C; (5.2.1 - 1)

üðïõ ák ∈ C ãéá êÜèå k = 0; 1; : : : ; � ìå á� ̸= 0.
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Áí P (z) = 0, äçëáäÞ

f(z) = P�(z) = á�z
� + á�−1z

�−1 + : : :+ á1z + á0 = 0; (5.2.1 - 2)

üôáí ák ∈ C êáé k = 0; 1; : : : ; � ìå á� ̸= 0, ôüôå ïñßæåôáé ç ðïëõùíõìéêÞ

åîßóùóç � - âáèìïý.3

Áðü ôçí ¢ëãåâñá åßíáé ôüôå ãíùóôü ôï ðáñáêÜôù èåþñçìá ó÷åôéêÜ ìå

ôéò ñßæåò ôïõ ðïëõùíýìïõ P (z):

Èåþñçìá 5.2.1 - 1 (èåìåëéþäåò ôçò ¢ëãåâñáò). Ôï ðïëõþíõìï P Ý÷åé

ôïõëÜ÷éóôïí ìßá ñßæá óôï C.

ÓõíÝðåéá ôïõ èåùñÞìáôïò 5.2.1 - 1 åßíáé üôé ôï P Ý÷åé � áêñéâþò ñßæåò óôï

C, Ýóôù z1, z2, : : :, z� , ðïõ ìåñéêÝò Þ êáé üëåò åßíáé äõíáôü íá óõìðßðôïõí.

Áí ïé ñßæåò åßíáé äéáöïñåôéêÝò ìåôáîý ôïõò, ôüôå

P (z) = a� (z − z1) (z − z2) · · · (z − z�) ; (5.2.1 - 3)

åíþ óôçí ðåñßðôùóç ðïõ ìßá ñßæá, Ýóôù ç z1, Ý÷åé ðïëëáðëüôçôá ñ, åßíáé

P (z) = (z − z1)ñ P1(z); (5.2.1 - 4)

üðïõ P1 (z1) ̸= 0 êáé ñ = 2; 3; : : :.

5.2.2 ÑçôÞ

Ïñéóìüò 5.2.2 - 2. Ïñßæåôáé êÜèå óõíÜñôçóç ôçò ìïñöÞò

R(z) =
P (z)

Q(z)
ãéá êÜèå z ∈ C− {ñßæåò ôïõ Q} ;

üðïõ P , Q ðïëõùíõìéêÝò óõíáñôÞóåéò.

3Ãéá åöáñìïãÞ óôç 2ïõ âáèìïý êáé ôç äéþíõìç åîßóùóç âëÝðå ÌÜèçìá Ìéãáäéêïß

Áñéèìïß - ÐáñÜãñáöïé 4.6.2 êáé 4.6.3.
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5.2.3 ÅêèåôéêÞ

Ïñéóìüò 5.2.3 - 3 (åêèåôéêÞò óõíÜñôçóçò). Áí z = x+ iy, ïñßæåôáé áðü

ôïí ôýðï

ez = ex+iy = ex (cos y + i sin y) ãéá êÜèå z ∈ C: (5.2.3 - 5)

Áðü ôïí ïñéóìü ðñïêýðôïõí:

i) áí ï z åßíáé ðñáãìáôéêüò áñéèìüò, äçëáäÞ y = 0, ôüôå ç óõíÜñôçóç ez

óõìðßðôåé ìå ôçí ðñáãìáôéêÞ ex,

ii) áí x = 0, éó÷ýåé ç ôáõôüôçôá ôïõ Euler

eiy = cos y + i sin y ãéá êÜèå y ∈ R: (5.2.3 - 6)

Ôüôå ðñïöáíþò åßíáé
∣∣eiy∣∣ =√cos2 y + sin2 y = 1, åíþ óýìöùíá ìå ôçí

(5:2:3− 5) éó÷ýåé üôé

|ez| = |ex (cos y + i sin y)| = ex
√
cos2 y + sin2 y = ex:

Éäéüôçôåò ôçò åêèåôéêÞò óõíÜñôçóçò

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò ôçò åêèåôéêÞò óõíÜñôçóçò:

i)

ez1 ez2 = ez1+z2 êáé (ez1)z2 = ez1 z2

ãéá êÜèå z1; z2 ∈ C, åíþ åßíáé e1 = e êáé e0 = 1.

ii)

ez ̸= 0 ãéá êÜèå z ∈ C:

iii) Éó÷ýåé ez = 1 ôüôå êáé ìüíïí, üôáí z = 2k� i ìå k ∈ Z.
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5.2.4 ¼ñéóìá

4Åßíáé ãíùóôü üôé êÜèå ìéãáäéêüò áñéèìüò z ãñÜöåôáé óôçí åêèåôéêÞ ôïõ

ìïñöÞ ùò åîÞò:

z = |z|(cos è + i sin è) = |z|ei è:

Ôüôå óýìöùíá êáé ìå ôïí Ïñéóìü 5.2.3 - 3 Ý÷ïõìå:

Ïñéóìüò 5.2.4 - 4 (óõíÜñôçóç ïñßóìáôïò). Ãéá êÜèå ìéãáäéêü áñéèìü z

ìå |z| = 1 ïñßæåôáé ùò óõíÜñôçóç ôïõ ïñßóìáôïò (argument) êáé óõìâïëßæåôáé

ìå argz, êÜèå ðñáãìáôéêüò áñéèìüò � ãéá ôïí ïðïßï éó÷ýåé z = ei�, äçëáäÞ

� = argz ôüôå êáé ìüíïí, üôáí z = ei�:

ÅðåéäÞ

ei� = cos � + i sin � = cos(� + 2k�) + i sin(� + 2k�);

åíþ ðñïöáíþò |ei�| = 1, áðü ôïí Ïñéóìü 5.2.4 - 4 ðñïêýðôåé üôé ç óõíÜñôçóç

ôïõ ïñßóìáôïò argz åíüò ìéãáäéêïý áñéèìïý åßíáé ðëåéüôéìç ìå ðåäßï ïñéóìïý

ôï óýíïëï ôùí óçìåßùí ôçò ðåñéöÝñåéáò ôïõ ìïíáäéáßïõ êýêëïõ.

Óôçí ðåñßðôùóç ðïõ |z| ̸= 1 êáé z ̸= 0, áðü ôïí Ïñéóìü 5.2.4 - 4 ðñïêýðôåé

üôé:

� = argz = arg
z

|z|
ãéá êÜèå z ∈ C ìå z ̸= 0: (5.2.4 - 7)

Ôüôå, åðåéäÞ óýìöùíá ìå ôïí ôýðï (5:2:4 − 7) êáé ôïí Ïñéóìü 5.2.4 - 4

åßíáé ei� = z=|z|, ðñÝðåé, áí z = x + iy, ôï üñéóìá íá ðñïêýðôåé ùò ç êïéíÞ

ëýóç ôïõ ðáñáêÜôù óõóôÞìáôïò åîéóþóåùí:

cos � =
x√

x2 + y2
=

Re z

|z|
êáé

sin � =
y√

x2 + y2
=

Im z

|z|
(5.2.4 - 8)

ìå Üãíùóôï ôï �.

4ÂëÝðå ÌÜèçìá Ìéãáäéêïß Áñéèìïß - ÐáñÜãñáöïò 4.5.1.
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Áðü ôï óýíïëï áõôü ôùí ôéìþí � ôçò óõíÜñôçóçò argz óôçí (5:2:4 − 8)

õðÜñ÷åé áêñéâþò ìßá ôéìÞ, Ýóôù

�0 = Argz ìå �0 ∈ [0; 2�); (5.2.4 - 9)

ðïõ ëÝãåôáé âáóéêü üñéóìá ôïõ z êáé ç ïðïßá ïñßæåé ìßá ìïíüôéìç óõíÜñôçóç.

Ôüôå ðñïöáíþò éó÷ýåé

arg z = Arg z + 2k� ãéá êÜèå k = 0; ±1; : : : ; (5.2.4 - 10)

åíþ åßíáé

z = |z| ei� = |z| ei arg z = |z| ei (Arg z+2k�): (5.2.4 - 11)

Óçìåßùóç 5.2.4 - 1

Áíôß ôïõ äéáóôÞìáôïò [0; 2�) ÷ñçóéìïðïéåßôáé åðßóçò êáé ôï äéÜóôçìá [−ð; �),
åßíáé üìùò äõíáôüí íá ÷ñçóéìïðïéçèåß êáé êÜèå Üëëï äéÜóôçìá ðëÜôïõò 2�.

5.2.5 ËïãáñéèìéêÞ

Ïñéóìüò 5.2.5 - 5 (öõóéêïý ëïãÜñéèìïõ). ¸óôù z ̸= 0. Ôüôå ïñßæåôáé

ùò öõóéêüò ëïãÜñéèìïò ôïõ z êáé óõìâïëßæåôáé ìå loge z Þ óõíÞèùò ìå ln z,

êÜèå ìéãáäéêüò áñéèìüò w ðïõ åðáëçèåýåé ôçí åîßóùóç ew = z.

ÅðåéäÞ óýìöùíá ìå ôçí (5:2:4− 11) åßíáé

z = |z| ei è = |z|ei(è+2k�) = |z|ei(Arg z+2k�) ãéá êÜèå k = 0; ±1; : : : ;

áðü ôïí ïñéóìü ôïõ ëïãÜñéèìïõ ðñïêýðôåé üôé

ew = |z|ei(Argz+2k�) ãéá êÜèå k = 0; ±1; : : : ;

äçëáäÞ ï ëïãÜñéèìïò ïñßæåôáé áðü ôç ó÷Ýóç

ln z = ln |z|+ i (Argz + 2k�) ãéá êÜèå k = 0; ±1; : : : (5.2.5 - 12)

êáé åßíáé ìéá ðëåéüôéìç óõíÜñôçóç. Ôüôå ãéá k = 0 ïñßæåôáé ç áñ÷éêÞ ôïõ

ôéìÞ, ðïõ óõìâïëßæåôáé ìå

Ln z = ln |z|+ iArg z (5.2.5 - 13)

êáé åßíáé ôüôå ìßá ìïíüôéìç óõíÜñôçóç.
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5.2.6 Ãåíßêåõóç åêèåôéêÞò óõíÜñôçóçò

¸÷ïíôáò õðüøç ôïõò Ïñéóìïýò 5.2.3 - 3 êáé 5.2.5 - 5 äßíåôáé ç ðáñáêÜôù

ãåíßêåõóç ôçò åêèåôéêÞò óõíÜñôçóçò:5

Ïñéóìüò 5.2.6 - 6. Ç óõíÜñôçóç az ìå a ∈ C êáé a ̸= 0, ïñßæåôáé áðü ôç

ó÷Ýóç

az = ez ln a ãéá êÜèå z ∈ C

ìå áñ÷éêÞ ôéìÞ ôçí

az = ez Lna ãéá êÜèå z ∈ C:

Ôüôå ç az åßíáé ìéá ðëåéüôéìç óõíÜñôçóç, åíþ ç áñ÷éêÞ ôçò ìïíüôéìç.

Éäéüôçôåò

Áðü ôïí Ïñéóìü 5.2.6 - 6 ðñïêýðôïõí ïé éäéüôçôåò:

• az1 az2 = az1+z2 , êáé

• (az1)z2 = az1 z2 ãéá êÜèå z1; z2 ∈ C,

åíþ åßíáé a1 = a êáé a0 = 1.

Ï Ïñéóìüò 5.2.6 - 6 ãåíéêåýåôáé ùò åîÞò:

Ïñéóìüò 5.2.6 - 7 Ãéá êÜèå z ∈ C ìå f(z) ̸= 0 ç äýíáìç [f(z)]g(z) ïñßæåôáé

áðü ôç ó÷Ýóç

[f(z)]g(z) = eg(z) ln f(z): (5.2.6 - 14)

Åßíáé ðñïöáíÝò üôé óôçí ðåñßðôùóç áõôÞ Ý÷ïõìå åðßóçò ìßá ðëåéüôéìç óõíÜñôçóç,

åíþ ç áñ÷éêÞ ôéìÞ ôçò åßíáé

[f(z)]g(z) = eg(z)Lnf(z): (5.2.6 - 15)

5ÂëÝðå ÌÜèçìá ÐñáãìáôéêÝò ÓõíáñôÞóåéò - ÐáñÜãñáöïò 3.3.7 (áíôßóôïé÷ç ðñáãìáôéêÞ

åêèåôéêÞ óõíÜñôçóç ax) êáé ÌÜèçìá Ìéãáäéêïß Áñéèìïß - ÐáñÜãñáöïò 4.7.



Óôïé÷åéþäåéò ìéãáäéêÝò óõíáñôÞóåéò 163

¢óêçóç

Íá áðïäåé÷èïýí ïé éäéüôçôåò ôùí ÐáñáãñÜöùí 5.2.3 êáé 5.2.6.

5.2.7 ÔñéãùíïìåôñéêÝò óõíáñôÞóåéò

Ïé óõíáñôÞóåéò áõôÝò ïñßæïíôáé ìå ôç âïÞèåéá ôùí ìéãáäéêþí åêèåôéêþí óõíáñôÞ-

óåùí ùò åîÞò:

Çìßôïíï sin z =
eiz − e−iz

2i
Óõíçìßôïíï cos z =

eiz + e−iz

2

ÅöáðôïìÝíç tan z =
sin z

cos z
ÓõíåöáðôïìÝíç cot z =

cos z

sin z

ìå êáôÜëëçëïõò ðåñéïñéóìïýò óôï z, üðïõ áõôü áðáéôåßôáé.

Óçìåßùóç 5.2.7 - 2

Óôéò åöáñìïãÝò ÷ñçóéìïðïéïýíôáé åðßóçò ïé ðáñáêÜôù óõíáñôÞóåéò:

sec z =
1

cos z
=

2

eiz + e−iz
êáé csc z =

1

sin z
=

2 i

eiz − e−iz
:

Áíôßóôñïöåò ôñéãùíïìåôñéêÝò óõíáñôÞóåéò

Áí w = sin z, ç áíôßóôñïöç óõíÜñôçóç ðïõ óõìâïëßæåôáé ìå z = sin−1w Þ

åðßóçò êáé z = arc sinw, ïñßæåé ôï ôüîï çìéôüíïõ z êáé ðñïöáíþò åßíáé ìßá

ðëåéüôéìç óõíÜñôçóç.

¼ìïéá ïñßæïíôáé ïé áíôßóôñïöåò ôùí Üëëùí ôñéãùíïìåôñéêþí óõíáñôÞóåùí.

Áðïäåéêíýåôáé üôé ïé áñ÷éêÝò ôéìÝò ôùí áíôßóôñïöùí ôñéãùíïìåôñéêþí

óõíáñôÞóåùí äßíïíôáé áðü ôïõò ôýðïõò

sin−1 z =
1

i
Ln
(
iz +

√
1− z2

)
tan−1 z =

1

2i
Ln

(
1 + iz

1− iz

)

cos−1 z =
1

i
Ln
(
z +

√
z2 − 1

)
cot−1 z =

1

2i
Ln

(
z + 1

z − 1

)
ìå êáôÜëëçëïõò ðåñéïñéóìïýò óôï z, üðïõ áõôü áðáéôåßôáé.
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ÁóêÞóåéò

1. Äåßîôå üôé

i) sin2 z + cos2 z = 1,

ii) sin(−z) = − sin z; cos(−z) = cos z; tan(−z) = − tan z,

iii) sin (z1 ± z2) = sin z1 cos z2 ± cos z1 sin z2.

2. ¼ìïéá üôé

tan−1 z =
1

2i
Ln

(
1 + iz

1− iz

)
:

3. Äåßîôå üôé ïé

sin z; tan z êáé cot z

åßíáé ðåñéôôÝò óõíáñôÞóåéò, åíþ ç cos z Üñôéá óõíÜñôçóç.

4. Íá õðïëïãéóôïýí ôá

sin−1 2 êáé cos−1 i:

5. Äåßîôå üôé ãéá êÜèå z ∈ C éó÷ýåé üôé

sin z = sin z; cos z = cos z êáé tan z = tan z:

ÁðáíôÞóåéò

1. ÁíôéêáôÜóôáóç ôùí ôñéãùíïìåôñéêþí óõíáñôÞóåùí ìå ôéò áíôßóôïé÷åò åêöñÜóåéò ôïõò.

2. ¸óôù

w = tan z =
eiz − e−iz

2i
=
eiz + e−iz

2
; ïðüôå ãñÜöïíôáò e−iz =

1

eiz

êáé ëýíïíôáò ùò ðñïò z ðñïêýðôåé ëïãáñéèìßæïíôáò ôçí ôåëéêÞ ó÷Ýóç ç áðïäåéêôÝá.

3. ÅöáñìïãÞ ôïõ ïñéóìïý ôùí ðåñéôôþí, áíôßóôïé÷á Üñôéùí óõíáñôÞóåùí óôéò åêöñÜóåéò

ôùí óõíáñôÞóåùí.

4. Åßíáé sin−1 z =
1

i
Ln

(
iz +

√
1− z2

)
, ïðüôå èÝôïíôáò z = 2 ðñïêýðôåé üôé

sin−1 2 =
1

i
Ln

(
2 i+

√
1− 22

)
= : : : =

1

i

[
ln

(
2 +

√
3
)
+ i

�

2

]
= 1:570 796− 1:316 958 i:
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¼ìïéá

cos−1 i =
1

i
Ln

(
i+

√
i2 − 1

)
= : : : =

1

i

[
ln

(
1 +

√
2
)
+ i

�

2

]
= 1:570 796− 0:881 374 i:

5. Èá äåé÷èåß üôé sin z = sin z. ¸óôù z = x+ i y, ïðüôå z = x− i y. Ôüôå

sin z =
ei(x−i y) − e−i(x−i y)

2i
= : : : =

ey (cosx+ i sinx)− e−y (cosx− i sinx)

2i
; (1)

åíþ

sin z =
e−y+i x − ey−i x

2i
= : : : =

ey (cosx+ i sinx)− e−y (cosx− i sinx)

2i
: (2)

Áðü ôéò (1) êáé (2) ðñïêýðôåé ç áðïäåéêôÝá. ¼ìïéá êáé ïé Üëëåò äýï ðåñéðôþóåéò.

5.2.8 ÕðåñâïëéêÝò óõíáñôÞóåéò

¼ìïéá, üðùò êáé óôéò ðñáãìáôéêÝò óõíáñôÞóåéò, ïñßæïíôáé ïé õðåñâïëéêÝò

óõíáñôÞóåéò ìå ôç âïÞèåéá ôùí ìéãáäéêþí åêèåôéêþí óõíáñôÞóåùí ùò åîÞò:

Çìßôïíï sinh z =
ez − e−z

2
Óõíçìßôïíï cosh z =

ez + e−z

2

ÅöáðôïìÝíç tanh z =
sinh z

cosh z
ÓõíåöáðôïìÝíç coth z =

cosh z

sinh z

ìå êáôÜëëçëïõò ðåñéïñéóìïýò óôï z üðïõ áõôü áðáéôåßôáé.

Óçìåßùóç 5.2.8 - 3

Åðßóçò óôéò åöáñìïãÝò ÷ñçóéìïðïéïýíôáé ïé ðáñáêÜôù óõíáñôÞóåéò:

sechz =
1

cosh z
=

2

ez + e−z
êáé cschz =

1

sinh z
=

2

ez − e−z
:

Áíôßóôñïöåò ôñéãùíïìåôñéêÝò óõíáñôÞóåéò

Áðïäåéêíýåôáé üôé ïé áñ÷éêÝò ôéìÝò ôùí áíôßóôñïöùí õðåñâïëéêþí óõíáñôÞóåùí

äßíïíôáé áðü ôïõò ôýðïõò

sinh−1 z = Ln
(
z +
√
z2 + 1

)
tanh−1 z =

1

2
Ln

(
1 + z

1− z

)

cosh−1 z = Ln
(
z +
√
z2 − 1

)
coth−1 z =

1

2
Ln

(
z + 1

z − 1

)
ìå êáôÜëëçëïõò ðåñéïñéóìïýò óôï z.
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ÁóêÞóåéò

1. Äåßîôå üôé

i) cosh2 z − sinh2 z = 1,

ii) sinh(−z) = − sinh z; cosh(−z) = cosh z; tanh(−z) = − tanh z,

iii) sinh (z1 ± z2) = sinh z1 cosh z2 ± cosh z1 sinh z2,

iv) cosh (z1 ± z2) = cosh z1 cosh z2 ∓ sinh z1 sinh z2.

2. ¼ìïéá üôé

sinh−1 z = Ln
(
z +

√
z2 + 1

)

tanh−1 z =
1

2
Ln

(
1 + z

1− z

)
ìå êáôÜëëçëïõò ðåñéïñéóìïýò óôï z.

3. Íá õðïëïãéóôåß ôï sinh−1 i.

ÁðáíôÞóåéò

1. ÁíôéêáôÜóôáóç ôùí ôñéãùíïìåôñéêþí óõíáñôÞóåùí ìå ôéò áíôßóôïé÷åò åêöñÜóåéò ôïõò.

2. ¸óôù

w = sinh z =
ez − e−z

2
; ïðüôå ãñÜöïíôáò e−z =

1

ez
;

ëýíïíôáò ùò ðñïò z êáé ëïãáñéèìßæïíôáò ðñïêýðôåé ôåëéêÜ ç áðïäåéêôÝá.

3. Åßíáé sinh−1 z = Ln
(
z +

√
1− z2

)
, ïðüôå èÝôïíôáò z = i ðñïêýðôåé üôé

sinh−1 i = Ln
(
i+

√
i2 + 1

)
= : : : = Ln i = ln 1 + i

�

2
= i

�

2
:
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ÌáèçìáôéêÝò âÜóåéò äåäïìÝíùí

• http://en.wikipedia.org/wiki/Main Page

• http://eqworld.ipmnet.ru/index.htm

• http://mathworld.wolfram.com/

• http://eom.springer.de/



ÌÜèçìá 6

ÃÑÁÌÌÉÊÇ ÁËÃÅÂÑÁ

6.1 Ðßíáêåò

Ç åðßëõóç äéáöüñùí ðñïâëçìÜôùí ôùí Ìáèçìáôéêþí êáé ãåíéêüôåñá ôùí

åöáñìïóìÝíùí åðéóôçìþí ïäÞãçóå ìåôáîý ôùí Üëëùí óôçí áíÜãêç ïìáäïðïßç-

óçò ôùí äéáöüñùí äåäïìÝíùí. Êýñéïò óôü÷ïò ôçò ïìáäïðïßçóçò áõôÞò Þôáí

áöåíüò ç åýêïëç ðñüóâáóç óå áõôÜ êáé áöåôÝñïõ ç åõêïëßá ôùí ìåôáîý

ôïõò ðñÜîåùí. Óôçí ðåñßðôùóç ðïõ ôá äåäïìÝíá áõôÜ åßíáé ðñáãìáôéêïß Þ

ãåíéêüôåñá ìéãáäéêïß áñéèìïß, ç ðáñáðÜíù ïìáäïðïßçóç ãßíåôáé ìå ôçí Ýííïéá

ôïõ ðßíáêá, ìéá Ýííïéá ðïõ åéóÜãåôáé óôç óõíÝ÷åéá áõôïý ôïõ ìáèÞìáôïò, åíþ

ãéá ìßá ãåíéêüôåñç áíôéìåôþðéóç ôïõ ðñïâëÞìáôïò, ï áíáãíþóôçò ðáñáðÝìðåôáé

óôç âéâëéïãñáößá [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] êáé

https : ==en:wikipedia:org=wiki=Matrix (mathematics).

6.1.1 Ïñéóìïß

Ïñéóìüò 6.1.1 - 1 (ðßíáêá). ËÝãåôáé ðßíáêáò (matrix) ôÜîçò (m;n) ìßá

äéÜôáîç mn óôïé÷åßùí áðü ôï óýíïëï R Þ ôï C, ðïõ åßíáé äéáôåôáãìÝíá óå

m-ãñáììÝò êáé n-óôÞëåò, Ýôóé þóôå êÜèå óôïé÷åßï ôçò íá áíÞêåé áêñéâþò

óå ìßá ãñáììÞ êáé ìßá óôÞëç.
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Ïé ðßíáêåò èá óõìâïëßæïíôáé óôï åîÞò ìå êåöáëáßá ãñÜììáôá, üðùò A,

B, C ê.ëð., åíþ Ýíáò ðßíáêáò A ìå óôïé÷åßá áðü ôï R ôÜîçò (m;n) èá

óõìâïëßæåôáé ìå A ∈ Rm×n êáé ìå A ∈ Cm×n, üôáí Ý÷åé óôïé÷åßá áðü ôï

C.

ÐáñÜäåéãìá 6.1.1 - 1

Óýìöùíá ìå ôïí ïñéóìü Ý÷ïõìå üôé ï ðßíáêáò

Á =


1 −2

−3 5

4 −1


←− 1ç ãñáììÞ

←−

←−

↑

1ç óôÞëç

åßíáé ôÜîçò (3; 2);

åðåéäÞ Ý÷åé 3 ãñáììÝò êáé 2 óôÞëåò.

Óôï ðáñáðÜíù ðáñÜäåéãìá áí ôá óôïé÷åßá ôïõ ðßíáêá A óõìâïëéóôïýí ìå

ôï ãñÜììá, Ýóôù a, ôüôå ãéá íá êáèïñéóôïýí ôá óôïé÷åßá áõôÜ óôéò åðéìÝñïõò

èÝóåéò ôïõ ðßíáêá, áðáéôïýíôáé äýï äåßêôåò, ðïõ Ýíáò íá äåß÷íåé ôç ãñáììÞ êáé

ï Üëëïò ôç óôÞëç óôçí ïðïßá áíÞêåé ôï êÜèå óôïé÷åßï. Áí äå÷èïýìå üôé óôï

åîÞò ï ðñþôïò äåßêôçò, Ýóôù i, èá óõìâïëßæåé ôéò ãñáììÝò (rows) ôïõ ðßíáêá

êáé ï äåýôåñïò, Ýóôù j, ôéò óôÞëåò (columns), ôüôå ï ðáñáðÜíù ðßíáêáò A

ãñÜöåôáé ùò åîÞò:

Á =


1 −2

−3 5

4 −1

 =


a11 a12

a21 a22

a31 a32

 = (aij) ; üôáí
i = 1; 2; 3 êáé

j = 1; 2:

Ãåíéêüôåñá Ýíáò ðßíáêáò A ôÜîçò (m;n) ãñÜöåôáé

A =


a11 a12 : : : a1n

a21 a22 : : : a2n
...

...
...

am1 am2 : : : amn

 = (aij) ; 1 ≤ i ≤ m; 1 ≤ j ≤ n: (6.1.1 - 1)
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Áí n = 1, äçëáäÞ õðÜñ÷åé ìéá ìüíï óôÞëç, ôüôå ï ðßíáêáò ëÝãåôáé ðßíáêáò

äéÜíõóìá Þ áðëÜ äéÜíõóìá.

ÐáñÜäåéãìá 6.1.1 - 2

Ïé ðáñáêÜôù ðßíáêåò

A =

 a11

a21

 =

 a1

a1

 = −→a = a êáé B =


b11

b21

b31

 =


b1

b2

b3

 =
−→
b = b

åßíáé ðßíáêåò äéáíýóìáôá ôÜîçò (2; 1) êáé (3; 1) áíôßóôïé÷á.

Áí m = n, ôüôå ï ðßíáêáò ëÝãåôáé ôåôñáãùíéêüò ðßíáêáò ôÜîçò (n; n)

Þ åí óõíôïìßá ôÜîçò n.

ÐáñÜäåéãìá 6.1.1 - 3

Ïé ðáñáêÜôù ðßíáêåò

A =

 a11 a12

a21 a22

 êáé B =


b11 b12 b13

b21 b22 b23

b31 b32 b33


åßíáé ôåôñáãùíéêïß ôÜîçò 2 êáé 3 áíôßóôïé÷á. Ôüôå ãñÜöåôáé A ∈ R 2×2

êáé B ∈ R 3×3, üôáí ôá óôïé÷åßá ôùí ðéíÜêùí åßíáé ðñáãìáôéêïß áñéèìïß,

áíôßóôïé÷á ãñÜöåôáé A ∈ C 2×2 êáé B ∈ C 3×3, üôáí åßíáé ìéãáäéêïß áñéèìïß.

Ôá óôïé÷åßá a11; a22; : : : ; ann åíüò ôåôñáãùíéêïý ðßíáêá ôÜîçò n ïñßæïõí

ôçí êýñéá Þ ðñùôåýïõóá äéáãþíéï, åíþ ôá a1n; a2;n−1; : : : ; an1 ôç äåõôåñåý-

ïõóá äéáãþíéï.

ÐáñáôÞñçóç 6.1.1 - 1

Óôï åîÞò óôéò äéÜöïñåò åöáñìïãÝò èá ÷ñçóéìïðïéåßôáé ìüíïí ç êýñéá äéáãþíéïò.
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ÐáñÜäåéãìá 6.1.1 - 4

Óôïí ôåôñáãùíéêü ðßíáêá

A =



a11 a12 a13

↘ ↙

a21 a22 a23

↙ ↘

a31 a32 a33


ôá óôïé÷åßá a11; a22; a33 ïñßæïõí ôçí êýñéá êáé ôá a13; a22; a31 ôç äåõôåñåýïõóá

äéáãþíéï.

Ïñéóìüò 6.1.1 - 2 ¸óôù A = (aij) ∈ Rn×n ôåôñáãùíéêüò ðßíáêáò. Ôüôå

ôï Üèñïéóìá ôùí óôïé÷åßùí ôçò êýñéáò äéáãùíßïõ ïñßæåé ôï ß÷íïò (trace) ôïõ

A, ðïõ óõìâïëßæåôáé ìå tr (A) = trace (A), äçëáäÞ

tr (A) = a11 + a22 + : : :+ ann:

ÅðïìÝíùò, áí

A =


−1 3 1

0 2 4

−2 1 5

 ; ôüôå tr(A) = −1 + 2 + 5 = 6:

Ïñéóìüò 6.1.1 - 3 (äéáãþíéïò ðßíáêáò). ¸óôù A = (aij) ôåôñáãùíéêüò

ðßíáêáò ôÜîçò n. Áí aij = 0 ãéá êÜèå i ̸= j, ôüôå ï A ëÝãåôáé äéáãþíéïò

(diagonal) êáé óõìâïëßæåôáé ìå A = diag (aii); i = 1; 2; : : : ; n.

ÐáñÜäåéãìá 6.1.1 - 5

Ïé ðßíáêåò

Á1 =


1 0 0

0 2 0

0 0 −3

 ; A2 =


2 0 0 0

0 0 0 0

0 0 −1 0

0 0 0 −2
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åßíáé äéáãþíéïé, åíþ ïé ðßíáêåò

B1 =


1 0 2

0 2 0

0 0 −3

 ; B2 =


2 0 0 0

0 0 −1 0

0 0 −1 0

0 0 0 −2


äåí åßíáé.

Ç äçìéïõñãßá ìå ôï MATHEMATICA åíüò äéáãþíéïõ ðßíáêá, Ýóôù ôïõ

A2, ãßíåôáé ìå ôçí ðáñáêÜôù åíôïëÞ [7]:

Ðñüãñáììá 6.1.1 - 1 (äçìéïõñãßá ðßíáêá äéáãþíéïõ)

DiagonalMatrix[{2,0,-1,-2}]//MatrixForm

Ïñéóìüò 6.1.1 - 4 (ìïíáäéáßïò ðßíáêáò). ¸íáò äéáãþíéïò ðßíáêáò A =

(aij) ôÜîçò n èá ëÝãåôáé ìïíáäéáßïò (identity) êáé èá óõìâïëßæåôáé ìå In Þ

áðëÜ I, üôáí aii = 1 ãéá êÜèå i = 1; 2; : : : ; n.

ÅðïìÝíùò ïé ðßíáêåò

I = I2 =

 1 0

0 1

 ; I = I3 =


1 0 0

0 1 0

0 0 1

 ; I = I4 =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


åßíáé ìïíáäéáßïé, åíþ ïé ðßíáêåò


1 0 0

0 1 0

0 0 0

 ;


1 0 0 2

0 1 0 0

0 0 0 0

0 0 0 1


äåí åßíáé.

¼ìïéá ç äçìéïõñãßá åíüò ìïíáäéáßïõ ðßíáêá ôÜîçò, Ýóôù 3, ìå ôï MATH-

EMATICA ãßíåôáé ìå ôçí åíôïëÞ:
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Ðñüãñáììá 6.1.1 - 2 (äçìéïõñãßá ðßíáêá ìïíáäéáßïõ)

IdentityMatrix[3]//MatrixForm

6.1.2 ÁëãåâñéêÞ äïìÞ

Äßíåôáé óôç óõíÝ÷åéá ç áëãåâñéêÞ äïìÞ óôï óýíïëï ôùí ðéíÜêùí.

Éóüôçôá

Ïñéóìüò 6.1.2 - 1. ¸óôù ïé ðßíáêåò A = (aij) êáé B = (bij) ôÜîçò (m;n).

Ïé ðßíáêåò A êáé B èá åßíáé ßóïé ôüôå êáé ìüíïí, üôáí aij = bij ãéá êÜèå

i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

¢ñá, áí a b

c d

 =

 −1 0

3 2

 ; ôüôå
a = −1 b = 0

c = 3 d = 2:

Åßíáé ðñïöáíÝò üôé ç éóüôçôá ïñßæåé óôï óýíïëï ôùí ðéíÜêùí ôÜîçò (m;n)

ìßá ó÷Ýóç éóïäõíáìßáò, äçëáäÞ áí A; B; C åßíáé ðßíáêåò ôÜîçò (m;n), ôüôå

éó÷ýïõí ïé ðáñáêÜôù ó÷Ýóåéò:

• A = A áõôïðáèÞò,

• áí A = B, ôüôå êáé B = A óõììåôñéêÞ,

• áí A = B êáé B = C, ôüôå êáé A = C ìåôáâáôéêÞ.

Ðßíáêåò äéáöïñåôéêïß

Ïñéóìüò 6.1.2 - 2. ¸óôù ïé ðßíáêåò A = (aij) êáé B = (bij) ôÜîçò (m;n).

Ïé ðßíáêåò A êáé B èá åßíáé äéáöïñåôéêïß êáé èá óõìâïëßæåôáé áõôü ìå A ̸=
B ôüôå êáé ìüíïí, üôáí aij ̸= bij ãéá Ýíá ôïõëÜ÷éóôïí i = 1; 2; : : : ;m Þ

j = 1; 2; : : : ; n.
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ÅðïìÝíùò, áí

A =

 −1 1

3 2

 êáé B =

 −1 0

3 2

 ; ôüôå A ̸= B:

ÐáñáôÞñçóç 6.1.2 - 1

Ç Ýííïéá ôçò äéÜôáîçò, äçëáäÞ ôçò >, áíôßóôïé÷á ôçò <, äåí ïñßæåôáé óôïõò

ðßíáêåò.

Ðñüóèåóç

Ïñéóìüò 6.1.2 - 3. ¸óôù ïé ðßíáêåò A = (aij) êáé B = (bij) ôÜîçò (m;n).

Ôüôå ïñßæåôáé ùò ÜèñïéóìÜ ôïõò ï ðßíáêáò A+B = (cij) üìïéá ôÜîçò (m;n),

üðïõ cij = aij + bij ãéá êÜèå i = 1; 2; : : : ; m êáé j = 1; 2; : : : ; n.

ÅðïìÝíùò, áí

A =

 −1 3

−2 1

 êáé B =

 2 1

3 5

 ; ôüôå

A+B =

 −1 + 2 3 + 1

−2 + 3 1 + 5

 =

 1 4

1 6

 :
Óýìöùíá ìå ôïí ïñéóìü ôçò ðñüóèåóçò êáé èåùñþíôáò üôé ïé ðßíáêåò åßíáé

ôçò ßäéáò ôÜîçò, áðïäåéêíýïíôáé ïé ðáñáêÜôù éäéüôçôåò:

Éäéüôçôåò

i) áíôéìåôáèåôéêÞ (commutative) A+B = B +A,

ii) ðñïóåôáéñéóôéêÞ (associative) (A+B) + C = A+ (B + C),

iii) õðÜñ÷åé Ýíáò áêñéâþò ðßíáêáò, Ýóôù M , ðïõ ëÝãåôáé ìçäåíéêüò (null

matrix) êáé ôïõ ïðïßïõ ôá óôïé÷åßá åßíáé üëá ßóá ìå ôï ìçäÝí ôÝôïéïò,

þóôå A+M = A ãéá êÜèå ðßíáêá A.
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¢ñá, áí

A =


−2 4

1 3

2 5

 ; ôüôå M =


0 0

0 0

0 0

 :

iv) Ãéá êÜèå ðßíáêáA õðÜñ÷åé áêñéâþò Ýíáò ðßíáêáò, ðïõ ëÝãåôáé áíôßèåôïò

ôïõ A êáé óõìâïëßæåôáé ìå −A, Ýôóé þóôå A+ (−A) =M .

¢ñá, áí

A =

 −1 2

5 −3

 ; ôüôå ðñïöáíþò −A =

 1 −2

−5 3

 :
v) Áí A+X = B +X, ôüôå A = B ãéá êÜèå ðßíáêá A, B êáé X (íüìïò

ôçò äéáãñáöÞò).

vi) Ãéá êÜèå ðßíáêá A, B êáé X ç åîßóùóç A + X = B Ý÷åé áêñéâþò ìßá

ëýóç ôç

X = B −A:

Ç ëýóç ôçò åîßóùóçò ëÝãåôáé äéáöïñÜ ôïõ ðßíáêá B áðü ôïí A, åíþ ç

ðñÜîç ìå ôçí ïðïßá õðïëïãßæåôáé ç äéáöïñÜ áõôÞ ëÝãåôáé áöáßñåóç.

ÅðïìÝíùò, áí

A =

 1 −2

5 3

 êáé B =

 3 −1

−2 4

 ; ôüôå

A−B =

 1 + (−3) −2 + 1

5 + 2 3 + (−4)

 =

 −2 −1

7 −1

 :
Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé ùò Üóêçóç.
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Ðïëëáðëáóéáóìüò áñéèìïý ìå ðßíáêá

Ïñéóìüò 6.1.2 - 4. ¸óôù ï ðßíáêáò A = (aij) ôÜîçò (m;n) êáé ë ∈ R,
áíôßóôïé÷á ë ∈ C. Ôüôå ôï ãéíüìåíï ëA ïñßæåôáé üôé åßíáé ï ðßíáêáò ëA =

ë (aij) = (ëaij) ôÜîçò (m;n) ãéá êÜèå i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

ÅðïìÝíùò, áí

A =

 2 −4

−5 1

 êáé ë = 3; ôüôå

3A =

 3 · 2 3 · (−4)

3 · (−5) 3 · 1

 =

 6 −12

−15 3

 :
Ï ðáñáðÜíù ïñéóìüò ãåíéêåýåôáé áí ôï ë áíôéêáôáóôáèåß ìå Ýíá âáèìùôü

ìÝãåèïò, Ýóôù �(x).

ÐáñáôÞñçóç 6.1.2 - 2

ÃñÜöåôáé ëA êáé ü÷é Aë.

¼ìïéá âÜóåé ôïõ ïñéóìïý êáé èåùñþíôáò üôé ïé ðßíáêåò åßíáé ôçò ßäéáò

ôÜîçò, áðïäåéêíýïíôáé ïé ðáñáêÜôù éäéüôçôåò:

Éäéüôçôåò

i) 1A = A êáé 0A =M , üôáí M ï ìçäåíéêüò ðßíáêáò,

ii) åðéìåñéóôéêÞ ùò ðñïò ôçí ðñüóèåóç ðéíÜêùí

ë(A+B) = ëA+ ëB;

iii) åðéìåñéóôéêÞ ùò ðñïò ôçí ðñüóèåóç áñéèìþí

(ë+ ì)A = ëA+ ìA;

iv) ðñïóåôáéñéóôéêÞ ùò ðñïò ôï ãéíüìåíï áñéèìþí

ë(ìA) = ì(ëA) = (ëì)A:

Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé ùò Üóêçóç.
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Ðïëëáðëáóéáóìüò ðéíÜêùí

Ïñéóìüò 6.1.2 - 5. ¸óôù ï ðßíáêáò A = (aij) ôÜîçò (m;n) êáé ï ðßíáêáò

B = (bij) ôÜîçò (n; ñ). Ôüôå ïñßæåôáé ùò ãéíüìåíü ôïõò ï ðßíáêáò AB = (cij)

ôÜîçò (m; p) üðïõ

cij = [ai1; ai2; : : : ; ain]


b1j

b2j
...

bnj


= ai1b1j + ai2b2j + · · ·+ ainbnj =

n∑
k=1

aikbkj : (6.1.2 - 1)

ÐáñáôÞñçóç 6.1.2 - 3

ÓõìâïëéêÜ ç ó÷Ýóç (6:1:2− 2) ðñïêýðôåé ùò åîÞò:

AB =



c11 : : : c1j : : : c1ñ
...

...
...

ci1 : : : cij : : : ciñ
...

...
...

cm1 : : : cm2 : : : cmñ


(6.1.2 - 2)

=



a11 a12 : : : a1n
...

ai1 ai2 : : : ain
...

am1 am2 : : : amn




b11 : : : b1j : : : b1ñ

b21 : : : b2j : : : b2ñ
...

bn1 : : : bnj : : : bnñ



ÅðïìÝíùò óýìöùíá ìå ôïí Ïñéóìü 6.1.2 - 5 êáé ôçí (6:1:2− 2) èá Ý÷ïõìå
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i)  3 1 2

−1 4 0


(2; 3)


4 1

2 1

−3 2


(3; 2)

=

 3 · 4 + 1 · 2 + 2 · (−3) 3 · 1 + 1 · 1 + 2 · 2

−1 · 4 + 4 · 2 + 0 · (−3) −1 · 1 + 4 · 1 + 0 · 2


(2; 2)

=

 8 8

4 3

 ;
ii) 

2 −1 3

0 1 5

−2 4 1



x1

x2

x3

 =


2 · x1 + (−1) · x2 + 3 · x3
0 · x1 + 1 · x2 + 5 · x3
−2 · x1 + 4 · x2 + 1 · x3



=


2x1 − x2 + 3x3

x2 + 5x3

−2x1 + 4x2 + x3

 ;

iii)

[
5 3 −2

]
a1

a2

a3

 =
[
5 · a1 + 3 · a2 + (−2) · a3

]

=
[
2a1 + 3a2 − 2a3

]
ê.ëð.

Ï õðïëïãéóìüò ôïõ ðáñáðÜíù ðáñáäåßãìáôïò (i) ìå ôï MATHEMATICA

ãßíåôáé ùò åîÞò:
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Ðñüãñáììá 6.1.2 - 1 (ðïëëáðëáóéáóìïý ðéíÜêùí)

A={{3,1,2},{-1,4,0};

B={{4,1},{2,1},{-3,2}};

A.B//MatrixForm

Èåùñþíôáò üôé ïé ðßíáêåò Ý÷ïõí ôÜîç, ôÝôïéá þóôå íá åßíáé äõíáôüí

íá ïñéóôïýí ïé áíôßóôïé÷åò ðñÜîåéò, áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù

éäéüôçôåò:

Éäéüôçôåò

i) ðñïóåôáéñéóôéêÞ

A(BC) = (AB)C;

ii) åðéìåñéóôéêÞ (distributive) ùò ðñïò ôçí ðñüóèåóç ðéíÜêùí

A(B + C) = AB +AC êáé (B + C)A = BA+ CA;

iii) ðñïóåôáéñéóôéêÞ ùò ðñïò ôïí ðïëëáðëáóéáóìü ìå áñéèìü

ë(AB) = (ëA)B = A(ëB);

iv) óôï óýíïëï ôùí ôåôñáãùíéêþí ðéíÜêùí ôÜîçò n, õðÜñ÷åé áêñéâþò Ýíá

ïõäÝôåñï óôïé÷åßï ôïõ ðïëëáðëáóéáóìïý, ðïõ åßíáé ï ìïíáäéáßïò ðßíáêáò

In Þ åí óõíôïìßá I, äçëáäÞ

A I = IA = A ãéá êÜèå ôåôñáãùíéêü ðßíáêá A:

ÅðïìÝíùò, áí

A =

 1 −3

5 2

 ; ôüôå

 1 −3

5 2

 1 0

0 1

 =

 1 0

0 1

 1 −3

5 2

 =

 1 −3

5 2

 :
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v) Ç ó÷Ýóç

AB =M;

üðïõ M ï ìçäåíéêüò ðßíáêáò, äåí óõíåðÜãåôáé ðÜíôïôå üôé

A =M Þ B =M;

üðùò áõôü öáßíåôáé óôï ðáñáêÜôù ðáñÜäåéãìá 1 1

2 2

  −1 1

1 −1

 =

 0 0

0 0

 :
Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé ùò Üóêçóç.

ÐáñáôÞñçóç 6.1.2 - 4

ÃåíéêÜ äåí éó÷ýåé ç áíôéìåôáèåôéêÞ éäéüôçôá, äçëáäÞ

AB ̸= BA:

6.1.3 Äýíáìç ðßíáêá

Óýìöùíá ìå ôïí ïñéóìü ôïõ ãéíïìÝíïõ ôùí ðéíÜêùí êáé ôçí ðñïóåôáéñéóôéêÞ

éäéüôçôÜ ôïõ ç äýíáìç åíüò ðßíáêá ïñßæåôáé ùò åîÞò:

Ïñéóìüò 6.1.3 - 1. ¸óôù A ôåôñáãùíéêüò ðßíáêáò. Ôüôå åðáãùãéêÜ ïñßæå-

ôáé ç äýíáìç A� ùò åîÞò:

A� = A�−1A ãéá êÜèå � = 2; 3; : : : ;

üôáí A1 = A. ÅéäéêÜ ïñßæåôáé üôé A0 = I, üðïõ I ï ìïíáäéáßïò ðßíáêáò.

ÐáñÜäåéãìá 6.1.3 - 1

Áí

A =

 1 3

−2 0

 ; ôüôå
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A2 = AA =

 1 3

−2 0

 1 3

−2 0

 =

 −5 3

−2 −6

 ;
A3 = A2A =

 −5 3

−2 −6

 1 3

−2 0

 =

 −11 −15

10 −6

 :
Óôï Ðñüãñáììá 6.1.3 - 1 õðïëïãßæïíôáé ïé ðáñáðÜíù äõíÜìåéò ìå ôï

MATHEMATICA.

Ðñüãñáììá 6.1.3 - 1 (äýíáìçò ðßíáêá)

A={{1,3},{-2,0}};

MatrixForm[A]

MatrixPower[A,2]//MatrixForm (2ç äýíáìç ôïõ A)

MatrixPower[A,3]//MatrixForm (3ç äýíáìç ôïõ A)

ÐáñÜäåéãìá 6.1.3 - 2

¼ìïéá, áí

A =

 −1 0

0 3

 ; ôüôå

A2 = AA =

 −1 0

0 3

 −1 0

0 3

 =

 (−1)2 0

0 32

 ;
A3 = A2A =

 (−1)2 0

0 32

 −1 0

0 3

 =

 (−1)3 0

0 33

 ;
êáé ãåíéêÜ

A� = A�−1A =

 (−1)�−1 0

0 3�−1

 −1 0

0 3

 =

 (−1)� 0

0 3�

 :
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Éäéüôçôåò

Ãéá êÜèå ôåôñáãùíéêü ðßíáêá A êáé �; � = 1; 2; : : : éó÷ýïõí

i) A�A� = A�+�,

ii) (A�)� = A��.

ÐáñáôçñÞóåéò 6.1.3 - 1

i) Óýìöùíá ìå ôïí Ïñéóìü 6.1.3 - 1 ç äýíáìç ðßíáêá ìå äéáöïñåôéêü áñéèìü

ãñáììþí êáé óôçëþí äåí ïñßæåôáé.

ii) ÄõíÜìåéò ìå áñíçôéêïýò Þ êáé êëáóìáôéêïýò åêèÝôåò äåí ïñßæïíôáé.

6.1.4 Ðßíáêåò åéäéêÞò ìïñöÞò

Äßíïíôáé ôþñá ïé ïñéóìïß ðéíÜêùí åéäéêÞò ìïñöÞò ðïõ åßíáé ÷ñÞóéìïé óôá

åðüìåíá.

Ïñéóìüò 6.1.4 - 1 (äéáãþíéá ïñéóìÝíïò ðßíáêáò).

¸óôù A = (aij) ôåôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé äéáãþíéá

ïñéóìÝíïò (diagonally dominant), üôáí

|aii| ≥
∑
j ̸=i
|aij | ãéá êÜèå i; j = 1; 2; : : : ; n:

Ïñéóìüò 6.1.4 - 2 (áõóôçñÜ äéáãþíéá ïñéóìÝíïò ðßíáêáò).

¸óôù A = (aij) ôåôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé áõóôçñÜ

äéáãþíéá ïñéóìÝíïò (strictly diagonally dominant), üôáí

|aii| >
∑
j ̸=i
|aij | ãéá êÜèå i; j = 1; 2; : : : ; n:

ÐáñÜäåéãìá 6.1.4 - 1

Óýìöùíá ìå ôïõò ðáñáðÜíù ïñéóìïýò óôïí ðßíáêá

A =


3 −2 1

1 −3 2

−1 2 4

 éó÷ýåé

|a11| ≥ |a12|+ |a13|

|a22| ≥ |a21|+ |a23|

|a33| ≥ |a31|+ |a32|

;
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äçëáäÞ ï A åßíáé äéáãþíéá ïñéóìÝíïò, åíþ óôïí ðßíáêá

B =


−4 2 1

1 6 2

1 −2 5

 éó÷ýåé

|b11| > |b12|+ |b13|

|b22| > |b21|+ |b23|

|b33| > |b31|+ |b32| ;

ïðüôå ï B åßíáé áõóôçñÜ äéáãþíéá ïñéóìÝíïò.

Ïñéóìüò 6.1.4 - 3 (èåôéêüò ðßíáêáò). ¸óôù A = (aij) ∈ Rm×n. Ôüôå

ï A ëÝãåôáé èåôéêüò (positive), üôáí aij > 0 ãéá êÜèå i = 1; 2; : : : ;m êáé

j = 1; 2; : : : ; n.

Ïñéóìüò 6.1.4 - 4 (ìç áñíçôéêüò ðßíáêáò). ¸óôù A = (aij) ∈ Rm×n.

Ôüôå ï A ëÝãåôáé ìç áñíçôéêüò (non-negative), üôáí aij ≥ 0 ãéá êÜèå i =

1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

Ïñéóìüò 6.1.4 - 5 (áíÜóôñïöïò ðßíáêáò). ¸óôù ï ðßíáêáò A = (aij)

ôÜîçò (m;n). Ôüôå ïñßæåôáé ùò áíÜóôñïöïò (transpose) ðßíáêáò ï A⊤ = (bij)

ôÜîçò (n;m) üðïõ bij = aji ãéá êÜèå i = 1; 2; : : : ;m êáé j = 1; 2; : : : ; n.

¢ñá ïé ãñáììÝò ôïõ A åßíáé ïé óôÞëåò ôïõ A⊤.

ÐáñÜäåéãìá 6.1.4 - 2

Áí

A =

 1 −4 2

3 −2 5

 ; ôüôå A⊤ =


1 3

−4 −2

2 5

 :
Ï õðïëïãéóìüò ôïõ ðáñáäåßãìáôïò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò

åíôïëÝò:

Ðñüãñáììá 6.1.4 - 1 (áíÜóôñïöïõ ðßíáêá)

A={{1,-4,2},{3,-2,5}};Transpose[A]//MatrixForm

Ïñéóìüò 6.1.4 - 6 (óõììåôñéêüò ðßíáêáò). Ï ôåôñáãùíéêüò ðßíáêáò A

ìå A ∈ Rn×n ëÝãåôáé óõììåôñéêüò (symmetric), üôáí A = A⊤.
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ÐáñÜäåéãìá 6.1.4 - 3

Áí

A =


1 3 5

3 −5 2

5 2 4

 ; ôüôå ðñïöáíþò A⊤ = A:

Ï Ýëåã÷ïò ìå ôï MATHEMATICA ãßíåôáé ùò åîÞò:

Ðñüãñáììá 6.1.4 - 2 (óõììåôñéêïý ðßíáêá)

A={{1,3,5},{3,-5,2},{5,2,4}};

SymmetricMatrixQ[A] (true)

Ïñéóìüò 6.1.4 - 7 (áíôéóõììåôñéêüò ðßíáêáò). Ï ôåôñáãùíéêüò ðßíáêáò

A ìå A = (aij) ∈ Rn×n ëÝãåôáé áíôéóõììåôñéêüò (skew-symmetric), üôáí

A = −A⊤.

ÐáñáôÞñçóç 6.1.4 - 1

Óýìöùíá ìå ôïí ïñéóìü, áí A⊤ = (bij), ðñÝðåé bij = −aij ãéá êÜèå i; j =

1; 2; : : : ; n. ÁëëÜ áðü ôïí ïñéóìü ôïõ áíÜóôñïöïõ ðßíáêá ðñïêýðôåé üôé bij =

aji, ïðüôå aji = −aij ãéá êÜèå i; j = 1; 2; : : : ; n. Ôüôå üìùò ãéá i = j èá

åßíáé aii = −aii, äçëáäÞ aii = 0. ÅðïìÝíùò ôá óôïé÷åßá ôçò êýñéáò äéáãùíßïõ

åíüò áíôéóõììåôñéêïý ðßíáêá åßíáé ìçäÝí, åíþ ôá óôïé÷åßá ðïõ âñßóêïíôáé óå

óõììåôñéêÞ èÝóç ùò ðñïò ôçí êýñéá äéáãþíéï åßíáé áíôßèåôá.

Ïñéóìüò 6.1.4 - 8 (óõæõãÞò ðßíáêáò). Áí A = (aij) ∈ Cm×n, ôüôå ïñßæåôáé

ùò óõæõãÞò (conjugate) ï ðßíáêáò A = (aij) ∈ Cm×n.

¢ñá ï A áðïôåëåßôáé áðü ôá óõæõãÞ óôïé÷åßá ôïõ A.

ÐáñáôÞñçóç 6.1.4 - 2

Áí åßíáé A = A, ôüôå ðñïöáíþò ï A Ý÷åé óôïé÷åßá ðñáãìáôéêïýò áñéèìïýò,

åíþ, áí åßíáé A = −A, ï A Ý÷åé óôïé÷åßá öáíôáóôéêïýò áñéèìïýò.
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Ïñéóìüò 6.1.4 - 9 (óõæõãÞò áíÜóôñïöïò ðßíáêáò). ¸óôù A = (aij) ∈
Cm×n. Ôüôå ïñßæåôáé ùò óõæõãÞò áíÜóôñïöïò (conjugate transpose) A∗ =(
A
)⊤

= A⊤ Þ Åñìéôéáíüò áíÜóôñïöïò (Hermitian transpose) AH ï ðßíáêáò

AH = A∗ = (aji) ∈ Cn×m:

Óõíåðþò ïé ãñáììÝò ôïõ A åßíáé óôÞëåò ôïõ AH êáé åðéðëÝïí ï AH áðïôåëåßôáé

áðü ôá óõæõãÞ ìéãáäéêÜ óôïé÷åßá ôïõ A.

ÐáñÜäåéãìá 6.1.4 - 4

Áí

A =

 1 + i −i 0

2 3− 2i i

 ; ôüôå

A =

 1− i i 0

2 3 + 2i −i

 êáé

AH = (A)⊤ = A⊤ =


1− i 2

i 3 + 2i

0 −i

 :

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 6.1.4 - 3 (óõæõãÞ áíÜóôñïöïõ ðßíáêá)

A={{1+I,-I,0},{2,3-2I,I}};

Conjugate[A]//MatrixForm

ConjugateTranspose[A]//MatrixForm

Ïñéóìüò 6.1.4 - 10 (Åñìéôéáíüò ðßíáêáò). Ï ôåôñáãùíéêüò ðßíáêáò A ìå

A = (aij) ∈ Cn×n ëÝãåôáé Åñìéôéáíüò (Hermitian), üôáí AH = A.

¢ìåóá ðñïêýðôåé ôüôå üôé aii = aii ãéá êÜèå ìå i = 1; 2; : : : ; n, äçëáäÞ üôé

ôá óôïé÷åßá ôçò êýñéáò äéáãùíßïõ ôïõ åßíáé ðñáãìáôéêïß áñéèìïß.
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ÐáñÜäåéãìá 6.1.4 - 5

Óýìöùíá ìå ôïí ïñéóìü, áí

A =


1 i 1 + i

−i −5 2− i

1− i 2 + i 3

 ; ôüôåAH =


1 i 1 + i

−i −5 2− i

1− i 2 + i 3

 = A:

Ï Ýëåã÷ïò ìå ôï MATHEMATICA ãßíåôáé ìå ôçí åíôïëÞ:

Ðñüãñáììá 6.1.4 - 4 (Åñìéôéáíïý ðßíáêá)

A={{1,I,1+I},{-I,-5,2-I},{1-I,2+I,3}};

HermitianMatrixQ[A] (true)

Ïñéóìüò 6.1.4 - 11 (áíôéåñìéôéáíüò ðßíáêáò). Ï ôåôñáãùíéêüò ðßíáêáò

A ìå A ∈ Cn×n ëÝãåôáé áíôéåñìéôéáíüò (skew-Hermitian), üôáí AH = −A.

ÐáñÜäåéãìá 6.1.4 - 6

Áí

A =

 i 4 + i

−4 + i 2i

 ; ôüôå AH = −A:

Ïñéóìüò 6.1.4 - 12 (ôñéãùíéêüò Üíù ðßíáêáò). ¸óôù A = (aij) ôåôñá-

ãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé Üíù Þ äåîéÜ ôñéãùíéêüò (upper

triangular) êáé óõìâïëßæåôáé óõíÞèùò ìå R Þ óõíÞèùò ìå U , üôáí aij = 0

ãéá êÜèå i > j.

¢ñá óôçí ðåñßðôùóç áõôÞ ôá óôïé÷åßá ðïõ âñßóêïíôáé áñéóôåñÜ êáé êÜôù ôçò

êýñéáò äéáãùíßïõ åßíáé ßóá ìå ôï ìçäÝí.

Ïñéóìüò 6.1.4 - 13 (áõóôçñÜ ôñéãùíéêüò Üíù ðßíáêáò). ¸óôù A = (aij)

ôåôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ï A ëÝãåôáé Üíù ôñéãùíéêüò (strictly

upper triangular), üôáí aij = 0 ãéá êÜèå i ≥ j.
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¼ìïéá ïñßæåôáé ï êÜôù Þ áñéóôåñÜ ôñéãùíéêüò (lower triangular) ðßíáêáò,

üôáí aij = 0 ãéá êÜèå i < j êáé óõìâïëßæåôáé óõíÞèùò ìå L, áíôßóôïé÷á ï

êáèáñÜ êÜôù ôñéãùíéêüò, üôáí aij = 0 ãéá êÜèå i ≤ j.
¢ñá ïé ðßíáêåò

U =


u11 u12 · · · u1n

u22 · · · u2n
. . .

...

unn

 ; áíôßóôïé÷á L =


l11

l21 l22
...

. . .

ln1 ln2 · · · lnn

 :

åßíáé Üíù, áíôßóôïé÷á êÜôù ôñéãùíéêïß, åíþ ïé

Ũ =


0 1 −3 4

0 1 −3

0 −2

0

 ; áíôßóôïé÷á L̃ =


0

3 0

−3 2 0

−1 4 −5 0

 :

åßíáé áõóôçñÜ Üíù, áíôßóôïé÷á áõóôçñÜ êÜôù ôñéãùíéêïß.

Ïé ðáñáêÜôù åíôïëÝò äçìéïõñãïýí ìå ôï MATHEMATICA Ýíáí Üíù

ôñéãùíéêü, áíôßóôïé÷á Ýíáí êáèáñÜ Üíù ôñéãùíéêü ðßíáêá ôÜîçò 3:

Ðñüãñáììá 6.1.4 - 5 (ôñéãùíéêïý ðßíáêá)

A={{a11,a12,a13},{a21,a22,a23},{a31,a32,a33}};

UpperTriangularize[A]//MatrixForm

UpperTriangularize[A,1]//MatrixForm

¼ìïéá Ýíáí êÜôù ôñéãùíéêü, áíôßóôïé÷á Ýíáí êáèáñÜ êÜôù ôñéãùíéêü
ðßíáêá:
A={{a11,a12,a13},{a21,a22,a23},{a31,a32,a33}};

LowerTriangularize[A]//MatrixForm

LowerTriangularize[A,-1]//MatrixForm

Ç ðáñáêÜôù åíôïëÞ äçìéïõñãåß Ýíáí êÜôù ôñéãùíéêü ðßíáêá ìå ìïíÜäåò
óôç äéáãþíéï.
A={{a11,a12,á13},{á21,á22,á23},{á31,á32,á33}};

LowerTriangularize[A,-1]

+IdentityMatrix[3]//MatrixForm
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ÁóêÞóåéò

1. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò 3, äåßîôå üôé

i) tr(kA+ ëB) = k tr(A) + ë tr(B), üôáí k, ë óôáèåñÝò,

ii) tr(AB) = tr(A) tr(B),

iii) tr
(
A⊤) = tr(A).

2. ¸óôù A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò n. ÅîåôÜóôå áí éó÷ýåé

(AB)2 = A2B2

êáé äéêáéïëïãÞóôå ôçí áðÜíôçóÞ óáò. Óôç óõíÝ÷åéá õðïëïãßóôå ôá áíáðôýãìáôá

(A+B)2 êáé (A+B)3:

3. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò n êáé AB = BA, äåßîôå üôé

(A+B)(A−B) = A2 −B2 êáé (AB)2 = B2A2:

4. ¸óôù x, y ∈ R3 áíôßóôïé÷á x, y ∈ C3. Äåßîôå üôé1

x · y = x⊤y:

5. Áí A, B ∈ R 3×3 äåßîôå üôé

i) (A+B)⊤ = A⊤ +B⊤ iii)
(
A⊤)⊤ = A

ii) (ëA)⊤ = ëA⊤ ìå ë ∈ R iv) (AB)⊤ = B⊤A⊤.

6. ¼ìïéá, áí A, B ∈ C 3×3 üôé

i) (A+B)H = AH +BH iii)
(
AH
)H

= A

ii) (ëA)H = ëAH ìå ë ∈ C iv) (AB)H = BHAH.

7. Áí A ∈ Rn×n, äåßîôå üôé ïé ðßíáêåò A + A⊤, AA⊤ åßíáé óõììåôñéêïß êáé

ï A− A⊤ áíôéóõììåôñéêüò, åíþ áí A ∈ Cn×n, ôüôå ï ðßíáêáò A+ AH åßíáé

Åñìéôéáíüò êáé ï A−AH áíôéåñìéôéáíüò.

8. Íá äåé÷èåß üôé êÜèå ôåôñáãùíéêüò ðßíáêáò A ìå A ∈ Rn×n ãñÜöåôáé ùò

A =
1

2

(
A−A⊤

)
+

1

2

(
A+A⊤

)
;

1ÂëÝðå ÌÜèçìá Äéáíýóìáôá - Åóùôåñéêü ãéíüìåíï.
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åíþ áí A ∈ Cn×n, ôüôå

A =
1

2

(
A−AH

)
+

1

2

(
A+AH

)
:

9. Äåßîôå üôé üëá ôá óôïé÷åßá åíüò áíôéåñìéôéáíïý ðßíáêá åßíáé öáíôáóôéêïß

áñéèìïß.

10. Íá äåé÷èåß üôé êÜèå Åñìéôéáíüò ðßíáêáò, Ýóôù A, ãñÜöåôáé óôç ìïñöÞ

A = B + iD, üðïõ B åßíáé Ýíáò óõììåôñéêüò êáé D Ýíáò áíôéóõììåôñéêüò

ðßíáêáò.

11. Áí A, B áíôéåñìéôéáíïß ðßíáêåò, äåßîôå üôé ï ðßíáêáò kA+ëB åßíáé üìïéá

áíôéåñìéôéáíüò ãéá êÜèå k; ë ∈ R.
12. Áí ï A åßíáé Ýíáò áíôéåñìéôéáíüò ðßíáêáò, äåßîôå üôé ï ðßíáêáò iA åßíáé

Åñìéôéáíüò, åíþ ï A� åßíáé Åñìéôéáíüò, áí ï í åßíáé Üñôéïò êáé áíôéåñìéôéáíüò,

áí ï í åßíáé ðåñéôôüò áñéèìüò.

13. Íá ðñïóäéïñéóôïýí ôá á, â êáé ã, Ýôóé þóôå ï ðßíáêáò
−1 á −â

3− 5i 0 ã

i 2 + 4i 2


íá åßíáé Åñìéôéáíüò.

14. Äåßîôå üôé ïé ðáñáêÜôù ðßíáêåò ôïõ Pauli

A =

 0 1

1 0

 ; B =

 0 −i

i 0

 êáé C =

 1 0

0 −1


åðáëçèåýïõí ôéò ó÷Ýóåéò A2 = B2 = C2 = I, BC = −CB = iA, CA =

−AC = iB êáé AB = −BA = iC.

ÁðáíôÞóåéò

1. ¸óôù

A =


a11 a12 a13

a21 a22 a23

a21 a32 a33

 êáé B =


b11 b12 b13

b21 b22 b23

a21 a32 a33

 :
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Óôç óõíÝ÷åéá åöáñìïãÞ ôïõ Ïñéóìïý 6.1.1 - 2 óå êáèÝíá ìÝëïò ôùí (i)− (iii).

2. Åßíáé

(AB)2 = A

̸=AB︷︸︸︷
BA B ̸= A2B2 = AABB;

åðåéäÞ óýìöùíá ìå ôçí ÐáñáôÞñçóç 6.1.2 - 4 ãåíéêÜ åßíáé AB ̸= BA. Óôç óõíÝ÷åéá

åöáñìüæïíôáò ôçí åðéìåñéóôéêÞ éäéüôçôá Ý÷ïõìå

(A+B)2 = (A+B)(A+B) = A2 +AB +BA+B2;

(A+B)3 = (A+B)(A+B)2 = (A+B)
(
A2 +AB +BA+B2) ê.ëð.

3. Åöáñìüæïíôáò ôçí åðéìåñéóôéêÞ éäéüôçôá Ý÷ïõìå

(A+B)(A−B) = A2

−AB+AB=0︷ ︸︸ ︷
−AB +BA−B2 = A2 −B2:

¼ìïéá (AB)2 = B2A2. 4. ¸óôù

x = −→x =


x1

...

xn

 êáé y = −→y =


y1
...

yn

 :

Ôüôå ôï åóùôåñéêü ãéíüìåíï åßíáé x · y = −→x · −→y = x1y1 + : : : + xnyn, åíþ ðñïöáíþò

ôï ãéíüìåíï ôùí ðéíÜêùí åßíáé åðßóçò x⊤y = x1y1 + : : : + xnyn. ÁíÜëïãá ïé õðüëïéðåò

áóêÞóåéò.

6.2 Ïñßæïõóåò

2Ç Ýííïéá ôçò ïñßæïõóáò åßíáé èåìåëéþäïõò óçìáóßáò ãéá ôá ðñïâëÞìáôá ôçò

ÃñáììéêÞò ¢ëãåâñáò, åðåéäÞ ç ãíþóç ôçò äßíåé ëýóç óå ðïëëÜ áðü áõôÜ,

üðùò åßíáé ç ìåëÝôç ýðáñîçò ëýóçò ãñáììéêþí óõóôçìÜôùí ê.ëð., åíþ Ý÷åé

êáé Üëëåò ãåíéêüôåñåò åöáñìïãÝò óôéò èåôéêÝò åðéóôÞìåò.

6.2.1 Ïñéóìüò

Ïñéóìüò 6.2.1 - 1 (ïñßæïõóáò). ¸óôù A = (aij) Ýíáò ôåôñáãùíéêüò ðßíá-

êáò ôÜîçò n. Ôüôå ç ïñßæïõóá (determinant) ôïõ A óõìâïëßæåôáé ìå |A| Þ

2ÂëÝðå âéâëéïãñáößá [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] êáé:

https : ==en:wikipedia:org=wiki=Determinant
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det (A) êáé éóïýôáé ìå ôïí áñéèìü 3

det (A) = |A| =
n∑

j=1

(−1)1+ja1jM1j ; (6.2.1 - 1)

üôáí i = 1 Þ 2; : : : Þ n, áíôßóôïé÷á 4

det (A) = |A| =
n∑
i=1

(−1)i+1ai1Mi1; (6.2.1 - 2)

üôáí j = 1 Þ 2; : : : Þ n êáé Mij åßíáé ç åëÜóóïíá ïñßæïõóá (minor deter-

minant) ôïõ óôïé÷åßïõ aij ðïõ ðñïêýðôåé, üôáí äéáãñáöåß ç i-ãñáììÞ êáé ç

j-óôÞëç ôïõ ðßíáêá A.

¼ôáí n = 2 ç ïñßæïõóá éóïýôáé ìå

|A| =

∣∣∣∣∣∣ a11 a12

a21 a22

∣∣∣∣∣∣ = a11a22 − a12a21; (6.2.1 - 3)

åíþ ãéá n = 1 åßíáé |A| = a11.

Ïé ôýðïé (6:2:1−1) êáé (6:2:1−2) åßíáé ãíùóôïß ùò ôýðïé ôïõ Laplace. Ç
åëÜóóïíá ïñßæïõóá Mij ëÝãåôáé êáé 1ç åëÜóóïíá ïñßæïõóá (�rst minor), åíþ

áõôÞ ðïõ ðñïêýðôåé ìå äéáãñáöÞ äýï ãñáììþí êáé äýï óôçëþí 2ç åëÜóóïíá

(second minor) ê.ëð. Ç ôÜîç ôçò ïñßæïõóáò ïñßæåôáé ßóç ìå ôçí ôÜîç ôïõ

ðßíáêá A, äçëáäÞ ßóç ìå n, åíþ ðñïöáíþò ç ôÜîç ôçò ðñþôçò åëÜóóïíáò

ïñßæïõóáò åßíáé n− 1.

ÅðïìÝíùò, óýìöùíá ìå ôïí Ïñéóìü 6.2.1 - 1, ôï áíÜðôõãìá ìéáò ïñßæïõóáò

3çò ôÜîçò ùò ðñïò ôá óôïé÷åßá ôçò 1çò ãñáììÞò (i = 1) óå ïñßæïõóåò 2çò ôÜîçò

3ÁíÜðôõãìá ùò ðñïò ôçí 1ç ãñáììÞ.
4ÁíÜðôõãìá ùò ðñïò ôçí 1ç óôÞëç.
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êáé óôç óõíÝ÷åéá ï õðïëïãéóìüò ôçò óýìöùíá ìå ôçí (6:2:1− 3) èá åßíáé:

|A| =

∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣∣
= (−1)1+1 a11M11 + (−1)1+2 a12M12 + (−1)1+3 a13M13

= a11M11 − a12M12 + a13M13

= a11

∣∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣∣− a12
∣∣∣∣∣∣ a21 a23

a31 a33

∣∣∣∣∣∣+ a13

∣∣∣∣∣∣ a21 a22

a31 a32

∣∣∣∣∣∣
= a11 (a22a33 − a23a32)− a12 (a21a33 − a23a31) + a13 (a21a32 − a22a31) :

ÐáñÜäåéãìá 6.2.1 - 1

Íá õðïëïãéóôïýí ïé ïñßæïõóåò

|A| =

∣∣∣∣∣∣ 2 −3

1 12

∣∣∣∣∣∣ êáé |B| =

∣∣∣∣∣∣∣∣∣
3 −5 3

2 1 −1

1 0 4

∣∣∣∣∣∣∣∣∣ :
Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå

|A| =

∣∣∣∣∣∣ 2 −3

1 12

∣∣∣∣∣∣ = 2 · 12− (−3) · 1 = 27;

|B| =

∣∣∣∣∣∣∣∣∣
3 −5 3

2 1 −1

1 0 4

∣∣∣∣∣∣∣∣∣ = 3

∣∣∣∣∣∣ 1 −1

0 4

∣∣∣∣∣∣− (−5)

∣∣∣∣∣∣ 2 −1

1 4

∣∣∣∣∣∣+ 3

∣∣∣∣∣∣ 2 1

1 0

∣∣∣∣∣∣
= 3(1 · 4− (−1) · 0) + 5(2 · 4− (−1) · 1) + 3(2 · 0− 1 · 1) = 54:
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Ï õðïëïãéóìüò ôçò ðáñáðÜíù ïñßæïõóáò ìå ôï MATHEMATICA ãßíåôáé

ìå ôéò åíôïëÝò:

Ðñüãñáììá 6.2.1 - 1 (ïñßæïõóáò)

A={{3,-5,3},{2,1,-1},{1,0,4}};

Det[A]

6.2.2 Éäéüôçôåò ôùí ïñéæïõóþí

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò, ðïõ äßíïíôáé óôç óõíÝ÷åéá

ìå ôç ìïñöÞ ðñïôÜóåùí:

Ðñüôáóç 6.2.2 - 1. Áí ïé ãñáììÝò ãßíïõí óôÞëåò êáé ïé óôÞëåò ãñáììÝò,

ôüôå ç ïñßæïõóá äåí ìåôáâÜëëåôáé.

ÐáñÜäåéãìá 6.2.2 - 2

A =

∣∣∣∣∣∣∣∣∣
1 3 0

2 6 4

−1 0 2

∣∣∣∣∣∣∣∣∣ = −12 =

∣∣∣∣∣∣∣∣∣
1 2 −1

3 6 0

0 4 2

∣∣∣∣∣∣∣∣∣ = A⊤:

Ðñüôáóç 6.2.2 - 2. Áí áíôéìåôáôåèïýí äýï ãñáììÝò Þ äýï óôÞëåò, ôüôå ç

ïñßæïõóá áëëÜæåé ðñüóçìï.

ÐáñÜäåéãìá 6.2.2 - 3

ÅíáëëáãÞ 1çò êáé 2çò ãñáììÞò:

−

∣∣∣∣∣∣∣∣∣
1 3 0

2 6 4

−1 0 2

∣∣∣∣∣∣∣∣∣ = 12 =

∣∣∣∣∣∣∣∣∣
2 6 4

1 3 0

−1 0 2

∣∣∣∣∣∣∣∣∣ :
Ðñüôáóç 6.2.2 - 3. Áí äýï ãñáììÝò Þ äýï óôÞëåò åßíáé ßóåò Þ áíÜëïãåò,

ôüôå ç ïñßæïõóá éóïýôáé ìå ôï ìçäÝí.
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Ç éäéüôçôá áöÞíåôáé ùò Üóêçóç.

Ðñüôáóç 6.2.2 - 4. ¼ôáí ôá óôïé÷åßá ìéáò ãñáììÞò Þ ìéáò óôÞëçò ðïëëáðëá-

óéáóôïýí ìå ôïí ßäéï áñéèìü, ôüôå êáé ç ïñßæïõóá ðïëëáðëáóéÜæåôáé ìå ôïí

áñéèìü áõôüí.

ÐáñÜäåéãìá 6.2.2 - 4

Ðïëëáðëáóéáóìüò 1çò ãñáììÞò Þ 2çò óôÞëçò: áí

A =

∣∣∣∣∣∣ 1 2

4 3

∣∣∣∣∣∣ = −5;
ôüôå

3|A| =

∣∣∣∣∣∣ 3 · 1 3 · 2

4 3

∣∣∣∣∣∣ =
∣∣∣∣∣∣ 1 3 · 2

4 3 · 3

∣∣∣∣∣∣ = 3 · (−5) = −15:

Ðñüôáóç 6.2.2 - 5. Áí ôá óôïé÷åßá ìéáò ãñáììÞò Þ ìéáò óôÞëçò åßíáé

Üèñïéóìá m ðñïóèåôÝùí, ôüôå ç ïñßæïõóá áíáëýåôáé óå Üèñïéóìá m Üëëùí

ïñéæïõóþí.

¼ìïéá áöÞíåôáé ùò Üóêçóç.

Ðñüôáóç 6.2.2 - 6. Áí óå ìßá ãñáììÞ Þ óôÞëç ðñïóôåèïýí ìßá Þ ðåñéóóüôåñåò

ãñáììÝò Þ óôÞëåò ðïõ ç êáèåìßá ðïëëáðëáóéÜæåôáé ìå ôïí ßäéï áñéèìü, ç

ïñßæïõóá ðïõ ðñïêýðôåé åßíáé ßóç ìå ôçí áñ÷éêÞ.

ÐáñÜäåéãìá 6.2.2 - 5

∣∣∣∣∣∣∣∣∣
−6 21 −30

1 −3 5

2 7 −4

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
−6 + 1 · 7 21− 3 · 7 −30 + 5 · 7

1 −3 5

2 7 −4

∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣
1 0 5

1 −3 5

2 7 −4

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

1 0 5

1− 1 −3− 0 5− 5

2 7 −4

∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣
1 0 5

0 −3 0

2 7 −4

∣∣∣∣∣∣∣∣∣ = 3

∣∣∣∣∣∣ 1 5

2 −4

∣∣∣∣∣∣ = 42:

Ðñüôáóç 6.2.2 - 7. ¼ôáí ìßá ãñáììÞ Þ ìßá óôÞëç åßíáé ãñáììéêÞ Ýêöñáóç

ôùí Üëëùí ãñáììþí Þ óôçëþí, ôüôå ç ïñßæïõóá éóïýôáé ìå ôï ìçäÝí.

¼ìïéá áöÞíåôáé ùò Üóêçóç.

ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé ïñßæïõóåò

i)

∣∣∣∣∣∣ cosn� sinn�

− sinn� cosn�

∣∣∣∣∣∣ iv)

∣∣∣∣∣∣∣∣∣
16 22 4

4 −3 2

12 25 2

∣∣∣∣∣∣∣∣∣
ii)

∣∣∣∣∣∣∣∣∣
4 6 5

0 1 −7

0 0 6

∣∣∣∣∣∣∣∣∣ v)

∣∣∣∣∣∣∣∣∣
5 1 8

15 3 6

10 4 2

∣∣∣∣∣∣∣∣∣
iii)

∣∣∣∣∣∣∣∣∣
1 a a2

1 b b2

1 c c2

∣∣∣∣∣∣∣∣∣ vi)

∣∣∣∣∣∣∣∣∣
b2 + c2 ab ac

ab c2 + a2 bc

ac bc a2 + b2

∣∣∣∣∣∣∣∣∣
2. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò 2, áíôßóôïé÷á 3, äåßîôå üôé

|AB| = |A||B|:

3. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò n äåßîôå üôé

ii)
∣∣A⊤∣∣ = |A| iii) |ëA| = ën|A| ìå ë ∈ R.
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4. Áí A = (aij) åßíáé Ýíáò Üíù áíôßóôïé÷á êÜôù ôñéãùíéêüò ðßíáêáò ôÜîçò 4,

äåßîôå üôé

|A| =
4∏

i=1

aii:

3. Äåßîôå üôé ç ïñßæïõóá åíüò Åñìéôéáíïý ðßíáêá ôÜîçò 2, áíôßóôïé÷á 3 åßíáé

ðñáãìáôéêüò áñéèìüò.

ÁðáíôÞóåéò

1. i) 1, ii) 24,, iii) (b − a)(a − c)(b − c), iv) 0, v) 180, vi) 4a2b2c2. ÁíÜëïãá ïé

õðüëïéðåò áóêÞóåéò.

6.3 Áíôßóôñïöïò ðßíáêáò

6.3.1 Ïñéóìïß

Ïñéóìüò 6.3.1 - 1 (áëãåâñéêü óõìðëÞñùìá ðßíáêá). ¸óôù A = (aij)

Ýíáò ôåôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå ôï áëãåâñéêü óõìðëÞñùìá (cofac-

tor) ôïõ óôïé÷åßïõ aij ïñßæåôáé ùò ï áñéèìüò

Cij = (−1)i+jMij ; (6.3.1 - 1)

üðïõ Mij ç åëÜóóïíá ïñßæïõóá ôïõ aij.

Ï ðßíáêáò ôùí áëãåâñéêþí óõìðëçñùìÜôùí óõìâïëßæåôáé ôüôå ìå C êáé

åßíáé åðßóçò ôÜîçò n.

ÐáñÜäåéãìá 6.3.1 - 1

Íá õðïëïãéóôåß ï óõìðëçñùìáôéêüò ðßíáêáò ôïõ

A =

 3 1

2 4

 :
Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ôá áëãåâñéêÜ óõìðëçñþìáôá ôùí óôïé÷åßùí

ôïõ A.
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¸óôù

A =

 3 1

2 4

 =

 a11 a12

a21 a22

 :
Ôüôå

C11 = (−1)1+1M11 = a22 = 4;

C12 = (−1)1+2M12 = −a21 = −2;

C21 = (−1)2+1M21 = −a12 = −1;

C22 = (−1)2+2M11 = a11 = 3:

¢ñá

C =

 C11 C12

C21 C22

 =

 4 −2

−1 3

 :

Ïñéóìüò 6.3.1 - 2 (óõìðëçñùìáôéêïý ðßíáêá). Ïñßæåôáé ùò óõìðëçñùìá-

ôéêüò ðßíáêáò (adjugate Þ adjoint matrix) ôïõ ôåôñáãùíéêïý ðßíáêá A ôÜîçò

n êáé óõìâïëßæåôáé ìå adj(A) = C⊤, ï ðßíáêáò

adj (A) = C⊤ =


C11 C21 · · · Cn1

C12 C22 · · · Cn2

...
...

...

C1n C2n · · · Cnn

 ; (6.3.1 - 2)

üôáí Cij ôá áëãåâñéêÜ óõìðëçñþìáôá ôùí óôïé÷åßùí ôïõ A.

ÐáñÜäåéãìá 6.3.1 - 2

Íá õðïëïãéóôåß ï óõìðëçñùìáôéêüò ðßíáêáò ôïõ A ôïõ Ðáñáäåßãìáôïò 6.3.1

- 1.

Ëýóç. Óýìöùíá ìå ôïí ôýðï 6.3.1 - 2 åßíáé

C =

 C11 C12

C21 C22

 =

 4 −2

−1 3

 ;



Áíôßóôñïöïò ðßíáêáò 199

ïðüôå

adj(A) = C⊤ =

 C11 C21

C12 C22

 =

 4 −1

−2 3

 :
Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 6.3.1 - 1 (óõìðëçñùìáôéêïý ðßíáêá)

A={{3,1},{2,4}};

Needs[Combinatorica];Cofactor[A,{i,j}]

Ïñéóìüò 6.3.1 - 3 (áíôßóôñïöïõ ðßíáêá). Ï ôåôñáãùíéêüò ðßíáêáò A ôÜ-

îçò n èá åßíáé áíôéóôñÝøéìïò (invertible Þ nonsingular) ôüôå êáé ìüíïí, üôáí

õðÜñ÷åé Üëëïò ôåôñáãùíéêüò ðßíáêáò ßäéáò ôÜîçò, ðïõ óõìâïëßæåôáé ìå A−1,

Ýôóé þóôå

AA−1 = A−1A = In = I: (6.3.1 - 3)

Óå êÜèå Üëëç ðåñßðôùóç ï A èá ëÝãåôáé ìç áíôéóôñÝøéìïò (singular).5

Ðñüôáóç 6.3.1 - 1. Ï áíôßóôñïöïò ðßíáêáò ôïõ A, üôáí õðÜñ÷åé, åßíáé

ìïíïóÞìáíôá ïñéóìÝíïò.

Áðüäåéîç. ¸óôù A−1, Ã−1 äýï äéáöïñåôéêïß áíôßóôñïöïé ðßíáêåò ôïõ A.

Ôüôå AÃ−1 = Ã−1A = I, ïðüôå

A−1 = A−1I = A−1
(
AÃ−1

)
=
(
A−1A

)
Ã−1 = IÃ−1 = Ã−1:

Óçìåßùóç 6.3.1 - 1

Èá ðñÝðåé óôï óçìåßï áõôü íá ôïíéóôåß üôé ï áíôßóôñïöïò ðßíáêáò ãéá ìç

ôåôñáãùíéêïýò ðßíáêåò äåí ïñßæåôáé.

5ÂëÝðå âéâëéïãñáößá [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] êáé:

https : ==en:wikipedia:org=wiki=Invertible matrix
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6.3.2 Õðïëïãéóìüò áíôßóôñïöïõ ðßíáêá

Ó÷åôéêÜ ìå ôïí õðïëïãéóìü ôïõ áíôßóôñïöïõ ðßíáêá éó÷ýåé ôï ðáñáêÜôù

èåþñçìá:

Èåþñçìá 6.3.2 - 1. ¸óôù A áíôéóôñÝøéìïò ðßíáêáò. Ôüôå

A−1 =
1

|A|
adj(A): (6.3.2 - 1)

Ðüñéóìá 6.3.2 - 1. O ôåôñáãùíéêüò ðßíáêáò A èá åßíáé áíôéóôñÝøéìïò, áí

|A| ̸= 0, åíþ áí |A| = 0 ìç áíôéóôñÝøéìïò.

ÐáñÜäåéãìá 6.3.2 - 1

Íá õðïëïãéóôåß ï áíôßóôñïöïò ðßíáêáò ôïõ Ðáñáäåßãìáôïò 6.3.1 - 1.

Ëýóç. Åßíáé

A =

 3 1

2 4

 ;
åíþ óýìöùíá ìå ôï ÐáñÜäåéãìá 6.3.1 - 2

adj(A) = C⊤ =

 C11 C21

C12 C22

 =

 4 −1

−2 3

 :
ÅðåéäÞ |A| = 10, óýìöùíá ìå ôïí ôïí ôýðï (6:3:2− 1) èá åßíáé

Á−1 =
1

|A|
adj(A) =

1

10

 4 −1

−2 3

 =

 0:4 −0:1

−0:2 0:3


Óôï ðáñáêÜôù ðñüãñáììá äßíïíôáé ïé åíôïëÝò õðïëïãéóìïý ôïõ áíôßóôñïöïõ

ðßíáêá ôïõ Ðáñáäåßãìáôïò 6.3.2 - 1 ìå ôï MATHEMATICA.

Ðñüãñáììá 6.3.2 - 1 (áíôßóôñïöïõ ðßíáêá)

A={{3,1},{2,4}};MatrixForm[A]

Inverse[A]//MatrixForm (áíôßóôñïöïò ôïõ A)
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ÐáñÜäåéãìá 6.3.2 - 2

¼ìïéá ôïõ ðßíáêá

A =


−3 6 −11

3 −4 6

4 −8 13

 :

Ëýóç. ÅðåéäÞ |A| = 10 ̸= 0 óýìöùíá ìå ôï Ðüñéóìá 6.3.2 - 1 õðÜñ÷åé ï

A−1. Áñ÷éêÜ ï A ãñÜöåôáé ùò åîÞò:

A =


−3 6 −11

3 −4 6

4 −8 13

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 :

Óôç óõíÝ÷åéá õðïëïãßæïíôáé ôá áëãåâñéêÜ óõìðëçñþìáôá ôùí óôïé÷åßùí

ôïõ A (âëÝðå åðßóçò ÐáñÜäåéãìá 6.3.1 - 1). Äéáäï÷éêÜ Ý÷ïõìå üôé:

C11 = (−1)1+1 M11 =

∣∣∣∣∣∣ −4 6

−8 13

∣∣∣∣∣∣ = −4

C12 = (−1)1+2 M12 = −

∣∣∣∣∣∣ 3 6

4 13

∣∣∣∣∣∣ = −15

C13 = (−1)1+3 M13 =

∣∣∣∣∣∣ 3 −4

4 −8

∣∣∣∣∣∣ = −8
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C21 = (−1)2+1 M21 = −

∣∣∣∣∣∣ 6 −11

−8 13

∣∣∣∣∣∣ = 10

C22 = (−1)2+2 M22 =

∣∣∣∣∣∣ −3 −11

4 13

∣∣∣∣∣∣ = 5

C23 = (−1)2+3 M23 = −

∣∣∣∣∣∣ −3 6

4 −8

∣∣∣∣∣∣ = 0

C31 = (−1)3+1 M31 =

∣∣∣∣∣∣ 6 −11

−4 6

∣∣∣∣∣∣ = −8

C32 = (−1)3+2 M32 = −

∣∣∣∣∣∣ −3 −11

3 6

∣∣∣∣∣∣ = −15

C33 = (−1)3+3 M33 =

∣∣∣∣∣∣ −3 6

3 −4

∣∣∣∣∣∣ = −6:
¢ñá

C =


−4 −15 −8

10 5 0

−8 −15 −6

 ;
ïðüôå óýìöùíá ìå ôïí ôýðï 6.3.1 - 2 åßíáé

adj (A) = C⊤ =


−4 10 −8

−15 5 −15

−8 0 −6

 :
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Ôüôå áðü ôçí 6.3.2 - 1 ðñïêýðôåé üôé

A−1 =
1

10
adj (A) =

1

10


−4 10 −8

−15 5 −15

−8 0 −6

 =


−0:4 1:0 −0:8

−1:5 0:5 −1:5

−0:8 0 −0:6

 :

6.3.3 Ó÷åôéêÝò ðñïôÜóåéò

Ðñüôáóç 6.3.3 - 1. Áí A; B áíôéóôñÝøéìïé ðßíáêåò, ôüôå

(AB)−1 = B−1A−1: (6.3.3 - 2)

Áðüäåéîç. ÅðåéäÞ ïé ðßíáêåò A; B åßíáé áíôéóôñÝøéìïé, áðü ôçí (6:3:2 − 1)

áíôéêáèéóôþíôáò üðïõ A ôï AB äéáäï÷éêÜ Ý÷ïõìå

AA−1 = I Þ AB (AB)−1 = I:

ÐïëëáðëáóéÜæïíôáò ôçí ôåëåõôáßá éóüôçôá áðü áñéóôåñÜ ìå A−1 ðñïêýðôåé

üôé
I︷ ︸︸ ︷

A−1A B (AB)−1 = A−1 I = A−1 Þ B (AB)−1 = A−1

êáé üìïéá áðü áñéóôåñÜ ìå B−1 ôåëéêÜ

I︷ ︸︸ ︷
B−1B (AB)−1 = B−1A−1 Þ (AB)−1 = B−1A−1;

äçëáäÞ ç áðïäåéêôÝá.

Ç ðáñáðÜíù ðñüôáóç ãåíéêåýåôáé ùò åîÞò:

Ðñüôáóç 6.3.3 - 2. Áí A1; A2; : : : ; An áíôéóôñÝøéìïé ðßíáêåò, ôüôå

(A1A2 · · · An−1An)
−1 = A−1

n A−1
n−1 · · · A

−1
2 A−1

1 : (6.3.3 - 3)
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¼ìïéá áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù ðñïôÜóåéò:

Ðñüôáóç 6.3.3 - 3. Áí A, B ôåôñáãùíéêïß ðßíáêåò ôÜîçò n, ôüôå

i) adj (AB) = adj (B) adj (A) ii) adj (A)A = |A|I = A

iii) |adj (A)| = |A|n−1 iv) adj (�A) = �n−1 adj (A); � ∈ R.

Ðñüôáóç 6.3.3 - 4. Áí ï ðßíáêáò A ìå A ∈ Cn×n åßíáé Åñìéôéáíüò, ôüôå

êáé ï adj(A) åßíáé üìïéá Åñìéôéáíüò.

ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé áíôßóôñïöïé ðßíáêåò ôùí

A1 =

 −1 5

2 3

 ; A2 =

 1 2

3 4

 ; A3 =

 cos � sin �

− sin � cos �

 :
2. ¼ìïéá ôùí ðéíÜêùí

B1 =


2 0 −1

5 1 0

0 1 3

 ; B2 =


0 0 c

0 b 0

a 0 0

 ; üôáí abc ̸= 0:

3. Äåßîôå üôé (
A−1

)−1
= A:

4. Áí A áíôéóôñÝøéìïò ðßíáêáò, äåßîôå üôé ï ðßíáêáò åßíáé üìïéá ëA åßíáé

áíôéóôñÝøéìïò êáé éó÷ýåé (ëA)−1 = ë−1A−1 ãéá êÜèå ë ∈ R ìå ë ̸= 0.

5. Áí A = diag (aii) ìå aii ̸= 0 ãéá êÜèå i = 1; 2; : : : ; n, äåßîôå üôé

A−1 = diag
(
a−1
ii

)
:

ÁðáíôÞóåéò

1.

A−1
1 =

1

13

 −3 5

2 1

 ; A−1
2 =

 −2 1

3
2

− 1
2

 ; A−1
3 =

 cos � − sin �

sin � cos �

 :
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2.

B−1
1 =


3 −1 1

−15 6 −5

5 −2 2

 ; B−1
2 =


0 0 1

a

0 1
b

0

1
c

0 0

 :

3, 4 êáé 5. Ïé áðïäåßîåéò ãßíïíôáé ìå ìåèïäïëïãßá áíÜëïãç ôùí áðïäåßîåùí ôçò ÐáñáãñÜöïõ

6.3.3.

6.4 ÃñáììéêÜ óõóôÞìáôá

6Óôçí ðáñÜãñáöï áõôÞ èá ãßíåé ìéá åéóáãùãÞ óôçí Ýííïéá ôïõ ãñáììéêïý

óõóôÞìáôïò êáé ôçò ëýóçò ôïõ ðïõ õðïëïãßæåôáé ÷ñçóéìïðïéþíôáò ôç èåùñßá

ôçò ÐáñáãñÜöïõ 6.3.

6.4.1 Ïñéóìüò

Ïñéóìüò 6.4.1 - 1. Ç ãåíéêÞ ìïñöÞ åíüò ãñáììéêïý óõóôÞìáôïò (linear

system) m-åîéóþóåùí ìå n-áãíþóôïõò x1, x2, : : :, xn åßíáé

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
... · · ·

...

am1x1 + am2x2 + · · · + amnxn = bm;

(6.4.1 - 1)

üðïõ ôá aij ìå i = 1; 2; : : : ; m; j = 1; 2; : : : ; n åßíáé ïé óõíôåëåóôÝò ôïõ

óõóôÞìáôïò êáé ôá bi; i = 1; 2; : : : ; m åßíáé ãíùóôïß áñéèìïß.

Óçìåßùóç 6.4.1 - 1

¼ðùò ðñïêýðôåé áðü ôçí (6:4:1 − 1), êÜèå åîßóùóç åßíáé Ýíáò ãñáììéêüò

óõíäõáóìüò ôùí áãíþóôùí, äçëáäÞ ïé Üãíùóôïé ðïëëáðëáóéÜæïíôáé ìüíï ìå

óôáèåñÝò. Áí óå ìéá ôïõëÜ÷éóôïí åîßóùóç Ýíáò Üãíùóôïò, Ýóôù ï x1, åßíáé

óôç ìïñöÞ x21 Þ x1 x2 Þ sinx1, ê.ëð., ôüôå ôï óýóôçìá (6:4:1− 1) ëÝãåôáé ìç

ãñáììéêü (nonlinear).

6Ï áíáãíþóôçò, ãéá ìéá ãåíéêüôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 5, 6,

7, 8, 9, 10, 11], óôá âéâëßá Á. ÌðñÜôóïò [3] Êåö. 8 êáé Á. ÌðñÜôóïò [4] Êåö. 3 êáé:

https : ==en:wikipedia:org=wiki=System of linear equations
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ÐáñÜäåéãìá 6.4.1 - 1

Óýìöùíá ìå ôïí Ïñéóìü 6.4.1 - 1 ôï

3x1 + x2 = 1

2x1 + 4x2 = −6
(6.4.1 - 2)

åßíáé Ýíá ãñáììéêü óýóôçìá 2 åîéóþóåùí ìå 2 áãíþóôïõò (m = n = 2), ôï

−3x1 + 6x2 − 11x3 = 4

3x1 − 4x2 + 6x3 = −5

4x1 − 8x2 + 13x3 = −7

(6.4.1 - 3)

3 åîéóþóåùí ìå 3 áãíþóôïõò (m = n = 3), ôï

2x1+ 5x2+ 10x3 = −6

−5x1+ 2x2− 3x3 = 2

4x1+ x2+ 4x3 = −1

4x1+ 3x2− 4x3 = 11

(6.4.1 - 4)

4 åîéóþóåùí (m = 4) ìå 3 áãíþóôïõò (n = 3) êáé ôï

x1+ x2− 2x3+ x4+ 3x5 = 2

2x1− x2+ 2x3+ 2x4+ 6x5 = 3

3x1+ 2x2− 4x3− 3x4− 9x5 = 5

(6.4.1 - 5)

3 åîéóþóåùí (m = 3) ìå 5 áãíþóôïõò (n = 5).

Áí bi = 0 ãéá êÜèå i = 1; 2; : : : ; m, ôüôå ôï óýóôçìá (6:4:1− 1) ëÝãåôáé

ïìïãåíÝò êáé ìßá ðñïöáíÞò ëýóç ôïõ åßíáé ç x1 = x2 = : : : = xn = 0, åíþ,

üôáí Ýíá ôïõëÜ÷éóôïí áðü ôá bi; i = 1; 2; : : : ; m åßíáé äéÜöïñï ôïõ ìçäåíüò,

ôüôå ëÝãåôáé ìç ïìïãåíÝò.
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Ìå ôç âïÞèåéá ôùí ðéíÜêùí ôï óýóôçìá (6:4:1− 1) ãñÜöåôáé
a11 a12 · · · a1n

a21 a22 · · · a2n
... · · ·

...

am1 am2 · · · amn


︸ ︷︷ ︸

A


x1

x2
...

xn


︸ ︷︷ ︸
−→x Þ x

=


b1

b2
...

bm

 ;
︸ ︷︷ ︸

−→
b Þ b

äçëáäÞ

Ax = b üðïõ A ∈ Rm×n êáé b ∈ Rm; (6.4.1 - 6)

üðïõ A ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí. Áíôßóôïé÷ç ìïñöÞ ôçò

(6:4:1− 6) éó÷ýåé ãéá óôïé÷åßá áðü ôï C áíôß ôïõ R.

ÐáñÜäåéãìá 6.4.1 - 2

Ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí ãéá ôï óýóôçìá (6:4:1 − 2),

áíôßóôïé÷á (6:4:1− 3) åßíáé

A =

 3 1

2 4

 ; (6.4.1 - 7)

áíôßóôïé÷á

B =


−3 6 −11

3 −4 6

4 −8 13

 : (6.4.1 - 8)

Ìéá ìÝèïäïò õðïëïãéóìïý ôçò ëýóçò ôïõ óõóôÞìáôïò (6:4:1−2), üôáí A ∈
Rn×n, äçëáäÞ ï áñéèìüò ôùí åîéóþóåùí éóïýôáé ìå ôïí áñéèìü ôùí áãíþóôùí,

äßíåôáé óôçí ÐáñÜãñáöï 6.4.2 ðïõ áêïëïõèåß, åíþ óôçí ÐáñÜãñáöï 6.4.4 ãéá

ôéò ðåñéðôþóåéò üðïõ m < n Þ m > n.

6.4.2 ÌÝèïäïò ôïõ Cramer

7Ç ëýóç ôïõ óõóôÞìáôïò (6:4:1 − 2) óôçí ðåñßðôùóç áõôÞ èá ðñïêýøåé, áí

ç (6:4:1 − 2) åßíáé äõíáôüí íá ãñáöåß óå éóïäýíáìç ìïñöÞ x = c, üôáí c ôï

7Õðåíèõìßæåôáé ôï áíÜëïãï ãíùóôü ðñüâëçìá ôçò ëýóçò ôçò åîßóùóçò a x = b, üôáí

a; b ∈ R. Ôüôå, áí
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äéÜíõóìá ìå ôéò ôéìÝò ôçò ëýóçò. Áõôü èá óõìâåß ìüíïí, üôáí ï ðßíáêáò A

áðáëåéöèåß áðü áñéóôåñÜ, Ýôóé þóôå íá áðïìïíùèåß ôï x. ÄéáöïñåôéêÜ, üôáí

ç (6:4:1 − 2) ðïëëáðëáóéáóôåß áðü áñéóôåñÜ ìå ôïí áíôßóôñïöï ðßíáêá A−1

ôïõ A. Åßíáé üìùò ãíùóôü áðü ôï 8Ðüñéóìá 6.3.2 - 1 üôé ï A−1 õðÜñ÷åé, üôáí

|A| ̸= 0.

ÅðïìÝíùò ôüôå äéáäï÷éêÜ Ý÷ïõìå

Ax = b Þ

I︷ ︸︸ ︷
A−1Ax = A−1 b Þ Ix =

c︷ ︸︸ ︷
A−1 b;

äçëáäÞ

x = A−1 b: (6.4.2 - 1)

Áðïäåéêíýåôáé üôé ç (6:4:2− 1) óõíáñôÞóåé ôùí áãíþóôùí x1, x2, : : :, xn

ôåëéêÜ ãñÜöåôáé

xi =
|Ai|
|A|

; i = 1; 2; : : : ; n; (6.4.2 - 2)

üôáí ìå |Ai| óõìâïëßæåôáé ç ïñßæïõóá ðïõ ðñïêýðôåé, áí ç i-óôÞëç ôïõ ðßíáêá
A áíôéêáôáóôáèåß áðü ôéò óõíôåôáãìÝíåò ôïõ äéáíýóìáôïò b.

Ç ìÝèïäïò áõôÞ, ðïõ åßíáé ãíùóôÞ ùò ç ìÝèïäïò ôïõ Cramer, Ý÷åé

èåùñçôéêü ìüíïí åíäéáöÝñïí, åðåéäÞ ëüãù ôïõ ìåãÜëïõ áñéèìïý ôùí ðñÜîåùí

êáé ôùí õðåéóåñ÷ïìÝíùí óöáëìÜôùí óôñïããõëïðïßçóçò (round-o� errors)

ðïõ ðñïêýðôïõí áðü áõôÝò, ïé ëýóåéò óå ìåãÜëï áñéèìü åîéóþóåùí äåí åßíáé

áêñéâåßò.

ÐáñÜäåéãìá 6.4.2 - 1

¸óôù ôï óýóôçìá (6:4:1− 2)

3x1 + x2 = 1

2x1 + 4x2 = −6

• a ̸= 0, ç åîßóùóç Ý÷åé áêñéâþò ìéá ëýóç ôçí x = a−1 b =
a

b
.

• a = 0, Ý÷ïõìå ôéò åîÞò ðåñéðôþóåéò: áí êáé

- a = 0, åßíáé áüñéóôç, åíþ, áí

- a ̸= 0, åßíáé áäýíáôç.

8O ôåôñáãùíéêüò ðßíáêáò A èá åßíáé áíôéóôñÝøéìïò, áí |A| ̸= 0, åíþ áí |A| = 0 ìç

áíôéóôñÝøéìïò.
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ôïõ Ðáñáäåßãìáôïò 6.4.1 - 1 üðïõ b = [1;−6]⊤. Ôüôå, üðùò ðñïêýðôåé áðü
ôçí (6:4:1− 7), åßíáé

A =

 3 1

2 4

 ; ïðüôå |A| =

∣∣∣∣∣∣ 3 1

2 4

∣∣∣∣∣∣ = 10:

ÅðåéäÞ óýìöùíá ìå ôï ÐáñÜäåéãìá 6.3.2 - 1 åßíáé

Á−1 =

 0:4 −0:1

−0:2 0:3

 ;
áðü ôçí (6:4:2− 1) Ý÷ïõìå

x =

 x1

x2

 =

 0:4 −0:1

−0:2 0:3

 1

−6

 =

 0:4 + 0:6

−0:2− 1:8

 =

 1

−2

 ;
äçëáäÞ x1 = 1 êáé x2 = −2.

Ç ëýóç óýìöùíá ìå ôçí (6:4:2− 2) õðïëïãßæåôáé åðßóçò ùò åîÞò:

|A1| =

∣∣∣∣∣∣ 1 1

−6 4

∣∣∣∣∣∣ = 10; ïðüôå x1 =
|A1|
|A|

= 1; êáé

|A2| =

∣∣∣∣∣∣ 3 1

2 −6

∣∣∣∣∣∣ = −20; ïðüôå x2 =
|A2|
|A|

= −2:

ÐáñÜäåéãìá 6.4.2 - 2

¼ìïéá Ýóôù ôï óýóôçìá (6:4:1− 3)

−3x1 + 6x2 − 11x3 = 4

3x1 − 4x2 + 6x3 = −5

4x1 − 8x2 + 13x3 = −7
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ôïõ Ðáñáäåßãìáôïò 6.4.1 - 2 üðïõ b = [4;−5;−7]⊤. Ôüôå, üðùò ðñïêýðôåé

áðü ôçí (6:4:1− 7), åßíáé

B =


−3 6 −11

3 −4 6

4 −8 13

 ; ïðüôå |B| =

∣∣∣∣∣∣∣∣∣
−3 6 −11

3 −4 6

4 −8 13

∣∣∣∣∣∣∣∣∣ = 10:

ÅðåéäÞ óýìöùíá ìå ôï ÐáñÜäåéãìá 6.3.2 - 2 åßíáé

Â−1 =


−0:4 1:0 −0:8

−1:5 0:5 −1:5

−0:8 0 −0:6

 ;
áðü ôçí (6:4:2− 1) Ý÷ïõìå

x =


x1

x2

x3

 =


−0:4 1:0 −0:8

−1:5 0:5 −1:5

−0:8 0 −0:6




4

−5

−7

 =


−1

2

1

 ;
äçëáäÞ x1 = −1, x2 = 2 êáé x3 = 1.

Ç ëýóç óýìöùíá ìå ôçí (6:4:2− 2) õðïëïãßæåôáé åðßóçò ùò åîÞò:

|B1| =

∣∣∣∣∣∣∣∣∣
4 6 −11

−5 −4 6

−7 −8 13

∣∣∣∣∣∣∣∣∣ = −10; ïðüôå x1 =
|B1|
|B|

= −1;

|B2| =

∣∣∣∣∣∣∣∣∣
−3 4 −11

3 −5 6

4 −7 13

∣∣∣∣∣∣∣∣∣ = 20; ïðüôå x2 =
|B2|
|B|

= 2; êáé

|B3| =

∣∣∣∣∣∣∣∣∣
−3 6 4

3 −4 −5

4 −8 −7

∣∣∣∣∣∣∣∣∣ = 10; ïðüôå x3 =
|B3|
|B|

= 1:
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6.4.3 ÌÝèïäïò áðáëïéöÞò ôïõ Gauss

¸óôù ôï ðáñáêÜôù ãñáììéêü óýóôçìá ôùí n-åîéóþóåùí êáé n-áãíþóôùí

x1; x2; : : : ; xn

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
... · · ·

...

an1x1 + an2x2 + · · · + annxn = bn

(6.4.3 - 1)

ÃåíéêÜ ç ðñïôåéíüìåíç ìÝèïäïò ëýóçò ôïõ óõóôÞìáôïò (6:4:3−1) áðü ôïí

Gauss, åéäéêüôåñá üðùò åßíáé ãíùóôÞ ùò ìÝèïäïò áðáëïéöÞò ôïõ Gauss

(Gauss elimination), âáóßæåôáé óôïí ìåôáó÷çìáôéóìü ôïõ óõóôÞìáôïò óå

Üëëï éóïäýíáìü ôïõ, üðïõ ìéá åîßóùóÞ ôïõ èá åßíáé ôåëéêÜ ìå Ýíáí Üãíùóôï,

äçëáäÞ ôçò ìïñöÞò ax = b, ïðüôå ëýíåôáé (x = b=a) êáé óôç óõíÝ÷åéá

äéáäï÷éêÜ áíôéêáèéóôþíôáò ôçí ôéìÞ áõôÞ óôéò õðüëïéðåò åîéóþóåéò èá ðñïêýøåé

ôåëéêÜ ç ëýóç ôïõ óõóôÞìáôïò.9

Óôï ìÜèçìá áõôü áðü ôï óýíïëï ôùí ìåèüäùí áðáëïéöÞò ôïõ Gauss èá

åîåôáóôåß ìüíï ç ìÝèïäïò ÷ùñßò äéÜôáîç (pivoting)10, ðïõ ðåñéãñÜöåôáé áðü

ôá ðáñáêÜôù âÞìáôá (steps):

1ï âÞìá

¸óôù üôé ïé åîéóþóåéò ôïõ óõóôÞìáôïò (6:4:3 − 1) Ý÷ïõí äéáôá÷èåß êáôÜ

ôÝôïéï ôñüðï, þóôå a11 ̸= 0. Ôï a11 ëÝãåôáé êáé ïäçãü óôïé÷åßï (pivot).

9Ç ìåèïäïëïãßá áõôÞ Ý÷åé Þäç ðñáêôéêÜ åöáñìïóôåß óôç ëýóç ãéá ðáñÜäåéãìá

åíüò óõóôÞìáôïò 2-åîéóþóåùí ìå 2-áãíþóôïõò, üôáí ðïëëáðëáóéÜæïíôáò êáôÜëëçëá ôéò

åîéóþóåéò êáé ðñïóèÝôïíôáò ðñïêýðôåé ìéá åîßóùóç ìå Ýíáí Üãíùóôï. Ôüôå ëýíïíôáò ôçí

åîßóùóç áõôÞ õðïëïãßæåôáé ï Ýíáò Üãíùóôïò, ïðüôå óôç óõíÝ÷åéá áíôéêáèéóôþíôáò ôçí ôéìÞ

ôïõ áãíþóôïõ óå ìéá åîßóùóç ôïõ óõóôÞìáôïò õðïëïãßæåôáé êáé ï Üëëïò Üãíùóôïò.
10Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [4] Êåö. 3.
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Ôüôå ï Üãíùóôïò x1 áðáëåßöåôáé áðü ôç 2ç, 3ç, : : :, n-åîßóùóç, áöáéñþíôáò:

m21 =
a21
a11

öïñÝò ôçí 1ç áðü ôç 2ç åîßóùóç

m31 =
a31
a11

" " 3ç

...
...

...
...

mn1 =
an1
a11

" " n− åîßóùóç;

üôáí ôá m21; m31; : : : ; mn1 åßíáé ïé ðïëëáðëáóéáóôÝò ôïõ Gauss ãéá ôï 1ï

âÞìá. Ç ìïñöÞ ôïõ óõóôÞìáôïò óôï ôÝëïò ôïõ 1ïõ âÞìáôïò åßíáé

a11x1 + a12x2 + · · · + a1nxn = b1

a
(1)
22 x2 + · · · + a

(1)
2n xn = b

(1)
2

...
...

a
(1)
n2 x2 + · · · + a

(1)
nnxn = b

(1)
n ;

(6.4.3 - 2)

üðïõ ìå a
(k)
ij , b

(k)
i ; k = 1; 2; : : : ; n − 1 èá óõìâïëßæåôáé óôï åîÞò ç íÝá ôéìÞ

ôùí aij êáé bi óôï ôÝëïò ôïõ k-âÞìáôïò ãåíéêÜ.

2ï âÞìá

¼ìïéá, Ýóôù üôé ïé åîéóþóåéò ôïõ óõóôÞìáôïò (6:4:3 − 2) Ý÷ïõí äéáôá÷èåß

êáôÜ ôÝôïéïí ôñüðï, þóôå a
(1)
22 ̸= 0. Ôüôå ï Üãíùóôïò x2 áðáëåßöåôáé áðü ôçí

3ç, : : :, n-åîßóùóç, áöáéñþíôáò

m32 =
a
(1)
32

a
(1)
22

öïñÝò ôç 2ç áðü ôçí 3ç åîßóùóç

...
...

...

mn2 =
a
(1)
n2

a
(1)
22

" " n− åîßóùóç:
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Ç ìïñöÞ ôïõ óõóôÞìáôïò óôï ôÝëïò ôïõ 2ïõ âÞìáôïò èá åßíáé

a11x1+ a12x2 + a13x3 + · · · + a1nxn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · · + a

(1)
2n xn = b

(1)
2

a
(2)
33 x3 + · · · + a

(2)
3n xn = b

(2)
3

...
...

a
(2)
n3 x3 + : : : + a

(2)
nnxn = b

(2)
n :

(6.4.3 - 3)

n-1 âÞìá

Óõíå÷ßæïíôáò ìå áõôüí ôïí ôñüðï óôï ôÝëïò êáé ôïõ n− 1 âÞìáôïò, ç ìïñöÞ

ôïõ áñ÷éêïý óõóôÞìáôïò (6:4:3− 1) ôåëéêÜ èá åßíáé

a11x1 + a12x2 + a13x3 + · · · + a1nxn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · · + a

(1)
2n xn = b

(1)
2

a
(2)
33 x3 + · · · + a

(2)
3n xn = b

(2)
3

. . .
...

a
(n−1)
nn xn = b

(n−1)
n ;

(6.4.3 - 4)

üðïõ ðñïöáíþò ôï óýóôçìá (6:4:3 − 4), åðåéäÞ óå êÜèå âÞìá äéáôçñåßôáé ìéá

åîßóùóç ôïõ áñ÷éêïý óõóôÞìáôïò, åßíáé éóïäýíáìï ìå ôï áñ÷éêü.

Ôï óýóôçìá (6:4:3− 4) ãñÜöåôáé áðëïýóôåñá ùò

u11x1 + u12x2 + u13x3 + · · · + u1nxn = c1

u22x2 + u23x3 + · · · + u2nxn = c2

u33x3 + · · · + u3nxn = c3

. . .
...

unnxn = cn
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Þ ìå ôç âïÞèåéá ôùí ðéíÜêùí


u11 u12 · · · u1n

u22 · · · u2n
. . .

...

unn




x1

x2
...

xn

 =


c1

c2
...

cn

 ;

äçëáäÞ

Ux = c ìå U ∈ Rn×n (6.4.3 - 5)

üðïõ ï U åßíáé Ýíáò Üíù ôñéãùíéêüò ðßíáêáò.

Ç ëýóç ôïõ óõóôÞìáôïò (6:4:3 − 5) ãßíåôáé ìå áíÜäñïìç áíôéêáôÜóôáóç

(backward substitution), äçëáäÞ áðü ôçí ôåëåõôáßá ðñïò ôçí ðñþôç åîßóùóç

ùò åîÞò:

xn = cn=unn

xn−1 = [cn−1 − un−1; n xn] =un−1; n−1

...
...

x1 =

c1 − n∑
j=2

u1j xj

 = u11 :
(6.4.3 - 6)

ÐáñÜäåéãìá 6.4.3 - 1

¸óôù ôï óýóôçìá

2x1 + x2 − x3 = 8

3x1 + x2 − 2x3 = 11

2x1 − x2 − 2x3 = 3:

Ôüôå äéáäï÷éêÜ Ý÷ïõìå:
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1o âÞìá

Åîßóùóç 2 : = Åîßóùóç 2 − m21 ∗ Åîßóùóç 1 ; m21 =
3

2

Åîßóùóç 3 : = Åîßóùóç 3 − m31 ∗ Åîßóùóç 1 ; m31 = 1;

äçëáäÞ

Åîßóùóç 2 : 3x1 + x2 − 2x3 − 3

2
(2x1 + x2 − x3) = 11− 3 · 8

2

Åîßóùóç 3 : 2x1 − x2 − 2x3 − (2x1 + x2 − x3) = 3− 8;

ïðüôå ôï óýóôçìá ôåëéêÜ ìåôÜ êáé ôçí áëëáãÞ ôùí ðñïóÞìùí ãñÜöåôáé

2x1 + x2 − x3 = 8
1

2
x2 +

1

2
x3 = 1

2x2 + x3 = 5:

2o âÞìá

Åîßóùóç 3 : = Åîßóùóç 3 − m32 ∗ Åîßóùóç 2 ; m32 = 4;

äçëáäÞ

Åîßóùóç 3 : 2x2 + x3 − 4

(
1

2
x2 +

1

2
x3

)
= 5− 4 · 1:

¢ñá ôåëéêÜ

2x1 + x2 − x3 = 8
1

2
x2 +

1

2
x3 = 1

− x3 = 1;

ïðüôå óýìöùíá ìå ôç äéáäéêáóßá (6:4:3− 6) Ý÷ïõìå üôé:

x3 = −1; x2 = 3 êáé x1 = 2:
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6.4.4 ÃñáììéêÜ óõóôÞìáôá ãåíéêÞò ìïñöÞò

¸÷åé Þäç ãñáöåß óôçí áñ÷Þ ôçò ÐáñáãñÜöïõ 6.4 üôé ïé ðåñéðôþóåéò óõóôçìÜôùí

ìå ðåñéóóüôåñåò, áíôßóôïé÷á ëéãüôåñåò åîéóþóåéò åßíáé ðÝñáí ôùí ïñßùí ôïõ

ìáèÞìáôïò áõôïý êáé üôé ï áíáãíþóôçò ðáñáðÝìðåôáé óôç âéâëéïãñáößá ãéá

ìéá ðåñáéôÝñù ìåëÝôç. Êñßíåôáé üìùò óêüðéìï óôï óçìåßï áõôü ãéá êáèåìéÜ

áðü ôéò äýï áõôÝò ðåñéðôþóåéò íá äïèåß óôç óõíÝ÷åéá ç ìïñöÞ ôçò ëýóçò ìå

Ýíá ðáñÜäåéãìá.

Ðåñßðôùóç I: ëéãüôåñåò åîéóþóåéò áðü áãíþóôïõò (m < n)

ÐáñÜäåéãìá 6.4.4 - 1

¸óôù ôï óýóôçìá

x1+ x2− 2x3+ x4+ 3x5 = 2

2x1− x2+ 2x3+ 2x4+ 6x5 = 3

3x1+ 2x2− 4x3− 3x4− 9x5 = 5:

Óôçí ðåñßðôùóç áõôÞ Ý÷ïõìå 3 åîéóþóåéò (m = 3) ìå 5 áãíþóôïõò (n = 5).

ÅðåéäÞ ç ëýóç åßíáé äõíáôÞ ìüíï ãéá óõóôÞìáôá 3 åîéóþóåùí ìå 3 áãíþóôïõò,

èåùñïýìå üôé 2 Üãíùóôïé, Ýóôù ïé x3 êáé x5, åßíáé ãíùóôïß ìå áõèáßñåôåò

ôéìÝò x3 = u êáé x5 = v.

Ôüôå ôï óýóôçìá ãñÜöåôáé

x1 + x2 + x4 = 2 + 2x3 − 3x5

2x1 − x2 + 2x4 = 3− 2x3 − 6x5

3x1 + 2x2 − 3x4 = 5 + 4x3 + 9x5:

Áðü ôç ëýóç ôïõ óõóôÞìáôïò ðñïêýðôåé üôé

x1 =
14

9
; x2 =

1 + 6u

3
êáé x3 =

1− 27v

9
;

äçëáäÞ Ý÷ïõìå Üðåéñåò ëýóåéò, ðïõ ðñïêýðôïõí äßíïíôáò áõèáßñåôåò ôéìÝò óôéò

ðáñáìÝôñïõò u; v.

ÅðïìÝíùò ôá óõóôÞìáôá ôçò êáôçãïñßáò áõôÞò, üôáí åðéëýïíôáé, Ý÷ïõí

ìéá áðåéñßá ëýóåùí, ðïõ ðñïêýðôåé åêöñÜæïíôáò ïñéóìÝíïõò áãíþóôïõò

ðáñáìåôñéêÜ.
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Ðåñßðôùóç II: ðåñéóóüôåñåò åîéóþóåéò áðü áãíþóôïõò (m > n)

ÐáñÜäåéãìá 6.4.4 - 2

¸óôù ôï óýóôçìá

2x1+ 5x2+ 10x3 = −6

−5x1+ 2x2− 3x3 = 2

4x1+ x2+ 4x3 = −1

4x1+ 3x2− 4x3 = 11;

üðïõ m = 4 êáé n = 3.

¼ìïéá èåùñþíôáò ôï ðáñáêÜôù 3× 3 óýóôçìá

2x1+ 5x2+ 10x3 = −6

−5x1+ 2x2− 3x3 = 2

4x1+ x2+ 4x3 = −1

Ý÷ïõìå ôç ëýóç

x1 =
3

4
; x2 = 1 êáé x3 = −

5

4
:

Ïé ëýóåéò áõôÝò ðñïöáíþò åðáëçèåýïõí Þ äéáöïñåôéêÜ åßíáé óõìâáôÝò ìå

ôçí 4ç åîßóùóç 4x1 + 3x2 − 4x3 = 11 ôïõ óõóôÞìáôïò. ÅðïìÝíùò Ý÷ïõìå

Ýíá óõìâáôü óýóôçìá. Óå ðåñßðôùóç ðïõ äåí õðÞñ÷å åðáëÞèåõóç ôçò 4çò

åîßóùóçò ôï óýóôçìá ëÝãåôáé áóõìâßâáóôï.
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ÁóêÞóåéò

1. Íá ëõèïýí ìå ôç ìÝèïäï ôïõ Cramer êáé ôïõ Gauss ôá ðáñáêÜôù óõóôÞìáôá:

i)
(1− 3i)x1 + x2 = 1 + i

2x1 + (1 + 3i)x2 = 0;

ii)

x1 − x2 − x3 = −2

− x2 + x3 = −1

−x1 + 5x2 + 2x3 = 6;

iii)

x1 + x2 + x3 = 2

2x1 − x2 + 4x3 = 11

−3x1 + 2x2 − x3 = −7;

iv)

x1 − 3x2 + x3 = −4

4x1 + 4x2 − 3x3 = 9 + 7i

2x1 − x2 + x3 = 1 + i:

2. Íá ãñáöåß ðñüãñáììá ëýóçò ôùí óõóôçìÜôùí ôçò ¢óêçóçò 1 ìå ôï

MATHEMATICA, áíôßóôïé÷á ôï MATLAB.

ÁðáíôÞóåéò

1.

(i) x1 = − 1
4
+ i

2
; x2 = − 1

4
− i

4 ;

(ii) x1 = − 1; x2 = 1; x3 = 0;

(iii) x1 = 1; x2 = − 1; x3 = 2;

(iv) x1 = 1 + i; x2 = 2; x3 = 1− i:
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6.5 ÉäéïôéìÝò êáé éäéïäéáíýóìáôá

Ïé éäéïôéìÝò êáé ôá éäéïäéáíýóìáôá ôùí ðéíÜêùí Ý÷ïõí ìåãÜëç óçìáóßá óôá

äéÜöïñá ðñïâëÞìáôá ôùí åöáñìïãþí êáé ç ãíþóç ôïõò êáèïñßæåé ôç ëýóç

ðïëëþí áðü áõôÜ. Óôçí ðáñÜãñáöï áõôÞ äßíïíôáé ïé êõñéüôåñåò ìÝèïäïé

õðïëïãéóìïý ôïõò.11

6.5.1 ×áñáêôçñéóôéêÜ ìåãÝèç ðßíáêá

¸óôù Sn×n ôï óýíïëï ôùí ôåôñáãùíéêþí ðéíÜêùí ôÜîçò n ìå óôïé÷åßá áðü

ôï óýíïëï S, üðïõ S ôï óýíïëï R Þ C.

Ïñéóìüò 6.5.1 - 1 (éäéïôéìÞò). Ï áñéèìüò ë èá åßíáé ìéá éäéïôéìÞ (eigen-

value) ôïõ ðßíáêá A ìå A ∈ Sn×n ôüôå êáé ìüíïí, üôáí õðÜñ÷åé Ýíá ìç

ìçäåíéêü äéÜíõóìá x ìå x ∈ Sn ôÝôïéï, þóôå

Ax = �x (6.5.1 - 1)

Ôüôå ôï x èá ëÝãåôáé ôï éäéïäéÜíõóìá (eigenvector) ôïõA, ðïõ áíôéóôïé÷åß

óôçí éäéïôéìÞ �. ¢ìåóá ðñïêýðôåé üôé, áí ï � åßíáé ðñáãìáôéêüò áíôßóôïé÷á

ìéãáäéêüò áñéèìüò, ôï ßäéï èá óõìâáßíåé êáé ìå ôéò óõíôåôáãìÝíåò ôïõ äéáíýóìá-

ôïò x.

6.5.2 Õðïëïãéóìüò éäéïôéìþí

Ç ó÷Ýóç (6:5:1− 1) ãñÜöåôáé

(A− � I)x = 0; (6.5.2 - 1)

11Ï áíáãíþóôçò, ãéá ìéá ãåíéêüôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 5, 6,

7, 8, 9, 10, 11], óôá âéâëßá Á. ÌðñÜôóïò [3] Êåö. 8 êáé Á. ÌðñÜôóïò [4] Êåö. 3 êáé:

https : ==en:wikipedia:org=wiki=Eigenvalues and eigenvectors
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üðïõ I ï ìïíáäéáßïò ðßíáêáò ôÜîçò n. Ôüôå ôï ïìïãåíÝò óýóôçìá (6:5:2− 1)

ëÝãåôáé ôï ÷áñáêôçñéóôéêü óýóôçìá ôïõ ðßíáêá A, ï ðßíáêáò

A− � I =


a11 − � a12 · · · a1n

a21 a22 − � · · · a2n
...

...

an1 an2 · · · ann − �

 (6.5.2 - 2)

÷áñáêôçñéóôéêüò ðßíáêáò ôïõ A êáé ç ïñßæïõóá

|A− �I| (6.5.2 - 3)

÷áñáêôçñéóôéêÞ ïñßæïõóá ôïõ A.

Ìéá ðñïöáíÞò ëýóç ôïõ óõóôÞìáôïò (6:5:2 − 1) åßíáé ç x = 0. ÅðåéäÞ

üìùò óýìöùíá ìå ôïí Ïñéóìü 6.5.1 - 1 èá ðñÝðåé ôï äéÜíõóìá x íá åßíáé

ìç ìçäåíéêü, ï áñéèìüò � èá åßíáé ìßá éäéïôéìÞ ôïõ ðßíáêá A ôüôå êáé ìüíïí,

üôáí ôï óýóôçìá (6:5:2−1) Ý÷åé êáé ìç ìçäåíéêÝò ëýóåéò, äçëáäÞ Ý÷åé Üðåéñåò
ëýóåéò. Ôüôå üìùò óýìöùíá ìå ãíùóôü èåþñçìá ðñÝðåé

|A− � I| = 0:

¢ñá Ý÷åé áðïäåé÷èåß üôé:

Ðñüôáóç 6.5.2 - 1. Ï áñéèìüò � èá åßíáé ìßá éäéïôéìÞ ôïõ ðßíáêá A ôüôå

êáé ìüíïí, üôáí ï ðßíáêáò A− �I åßíáé ìç áíôéóôñÝøéìïò Þ éóïäýíáìá, üôáí

|A− �I| = 0.

Ç åîßóùóç

|A− �I| = 0 (6.5.2 - 4)

ïñßæåé ôç ÷áñáêôçñéóôéêÞ åîßóùóç (characteristic equation) ôïõ ðßíáêá A

êáé ïé ñßæåò ôçò äßíïõí ôéò éäéïôéìÝò ôïõ A.

Áíáðôýóóïíôáò ôçí ïñßæïõóá (6:5:2− 4) ðñïêýðôåé Ýíá ðïëõþíõìï, Ýóôù

'(�), ðïõ Ý÷åé ãåíéêÜ ôç ìïñöÞ

'(�) = (−1)n�n + an−1�
n−1 + : : :+ a0: (6.5.2 - 5)

Ôï '(ë) ðïõ, üôáí áíáöÝñåôáé óôïí ðßíáêá A, óõìâïëßæåôáé åðßóçò êáé 'A(ë),

ëÝãåôáé ôüôå ôï ÷áñáêôçñéóôéêü ðïëõþíõìï (characteristic polynomial)

ôïõ A.
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Ïñéóìüò 6.5.2 - 1. Ïñßæåôáé ùò öÜóìá (spectrum) åíüò ôåôñáãùíéêïý ðßíáêá

A ôÜîçò n êáé óõìâïëßæåôáé ìå ó(A), ôï óýíïëï ôùí éäéïôéìþí ôïõ, äçëáäÞ

ó(A) = {ë1; ë2; : : : ; ën} : (6.5.2 - 6)

Ïñéóìüò 6.5.2 - 2. Ç öáóìáôéêÞ áêôßíá (spectral radius) åíüò ôåôñáãùíéêïý

ðßíáêá A ìå A ∈ Sn×n óõìâïëßæåôáé ìå %(A) êáé éóïýôáé ìå

%(A) = max
1≤i≤n

|�i|; (6.5.2 - 7)

üôáí �i; i = 1; 2; : : : ; n ïé éäéïôéìÝò ôïõ A.

Ïñéóìüò 6.5.2 - 3. Ôï óýíïëï ôùí éäéïôéìþí êáé ôùí áíôßóôïé÷ùí éäéïäéáíõóìÜ-

ôùí åíüò ôåôñáãùíéêïý ðßíáêá ïñßæåé ôá ÷áñáêôçñéóôéêÜ ìåãÝèç ôïõ.

ÐáñÜäåéãìá 6.5.2 - 1

Íá õðïëïãéóôïýí ôá ÷áñáêôçñéóôéêÜ ìåãÝèç ôïõ ðßíáêá

A =

 3 0

8 −1

 :
Ëýóç. Ç ÷áñáêôçñéóôéêÞ åîßóùóç åßíáé

|A− �I| =

∣∣∣∣∣∣ 3− � 0

8 −1− �

∣∣∣∣∣∣ = 0;

äçëáäÞ

(3− �)(1 + �) = 0

ìå ñßæåò

�1 = 3 êáé ë2 = −1;

ðïõ ïñßæïõí êáé ôéò éäéïôéìÝò ôïõ.
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ÉäéïôéìÞ �1 = 3

Ôï áíôßóôïé÷ï éäéïäéÜíõóìá ðñïóäéïñßæåôáé áðü ôçí (6:5:1− 1) ùò åîÞò: 3 0

8 −1

 x1

x2

 = 3

 x1

x2

 Þ
3x1+ 0x2 = 3x1

8x1− x2 = 3x2;

ïðüôå áðü ôç 2ç åîßóùóç ðñïêýðôåé üôé

8x1 − 4x2 = 0: (1)

Äßíïíôáò ìéá áõèáßñåôç ôéìÞ óôïí Üãíùóôï x1 ìå x1 ̸= 0, Ýóôù x1 = 1, áðü

ôçí (1) ðñïêýðôåé üôé x2 = 2. ¢ñá ôï éäéïäéÜíõóìá, ðïõ áíôéóôïé÷åß óôçí

éäéïôéìÞ �1 = 3, åßíáé ôï [1; 2 ]⊤.

ÉäéïôéìÞ �2 = −1

¼ìïéá áðü ôçí (6:5:1− 1) ùò åîÞò: 3 0

8 −1

 x1

x2

 = −

 x1

x2

 Þ
3x1+ 0x2 = −x1
8x1− x2 = −x2;

äçëáäÞ

4x1 + 0x2 = 0: (2)

Äßíïíôáò ìéá áõèáßñåôç ôéìÞ óôïí Üãíùóôï x2 ìå x2 ̸= 0, Ýóôù x2 = 1, áðü

ôçí åîßóùóç (2) ðñïêýðôåé x1 = 0. ¢ñá ôï éäéïäéÜíõóìá ðïõ áíôéóôïé÷åß óôçí

éäéïôéìÞ �1 = −1 åßíáé ôï [0; 1 ]⊤.

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôéò åíôïëÝò:

Ðñüãñáììá 6.5.2 - 1 (éäéïôéìþí - éäéïäéáíõóìÜôùí)

A = {{3,0}, {8,-1}};MatrixForm[A]

Print["Eigenvalues A = ", Eigenvalues[A]]

Print["Eigenvectors A = ", Eigenvectors[A]]
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ÐáñÜäåéãìá 6.5.2 - 2

¼ìïéá ôïõ ðßíáêá

B =

 1 −1

1 1

 :
Ëýóç. Ç ÷áñáêôçñéóôéêÞ åîßóùóç åßíáé

�2 − 2�+ 2 = 0

ìå ñßæåò

�1 = 1 + i êáé ë2 = 1− i

ðïõ ïñßæïõí êáé ôéò éäéïôéìÝò ôïõ.

ÉäéïôéìÞ �1 = 1+ i

Áðü ôçí (6:5:1− 1) ðñïêýðôåé 1 −1

1 1

 x1

x2

 = (1 + i)

 x1

x2

 Þ
ix1 + x2 = 0

x1 − ix2 = 0;

äçëáäÞ

x1 − i x2 = 0: (3)

Äßíïíôáò ìéá áõèáßñåôç ôéìÞ óôïí Üãíùóôï x2 ìå x2 ̸= 0, Ýóôù x2 = 1, áðü

ôçí åîßóùóç (3) ðñïêýðôåé x1 = i. ¢ñá ôï éäéïäéÜíõóìá ðïõ áíôéóôïé÷åß óôçí

éäéïôéìÞ �1 = 1 + i åßíáé ôï [ i; 1 ]⊤.

ÉäéïôéìÞ �1 = 1− i

Áðü ôçí (6:5:1− 1) ðñïêýðôåé 1 −1

1 1

 x1

x2

 = (1− i)

 x1

x2

 Þ
ix1 − x2 = 0

x1 + ix2 = 0;

äçëáäÞ

x1 + i x2 = 0: (4)
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Äßíïíôáò ìéá áõèáßñåôç ôéìÞ óôïí Üãíùóôï x2 ìå x2 ̸= 0, Ýóôù x2 = 1, áðü

ôçí åîßóùóç (4) ðñïêýðôåé x1 = −i. ¢ñá ôï éäéïäéÜíõóìá ðïõ áíôéóôïé÷åß

óôçí éäéïôéìÞ �1 = 1− i åßíáé ôï [−i; 1 ]⊤.

ÐáñÜäåéãìá 6.5.2 - 3

¼ìïéá ôïõ ðßíáêá

C =

 1 0

0 1

 :
Ëýóç. Ç ÷áñáêôçñéóôéêÞ åîßóùóç åßíáé

(�− 1)2 = 0

ìå ñßæá � = 1 äéðëÞ.

Óôç äéðëÞ ñßæá áíôéóôïé÷ïýí äýï ãñáììéêÜ áíåîÜñôçôá éäéïäéáíýóìáôá,

ðïõ õðïëïãßæïíôáé ùò åîÞò: 1 0

0 1

 x1

x2

 =

 x1

x2

 ; äçëáäÞ ôåëéêÜ 0x1 + 0x2 = 0: (5)

¸óôù áõèáßñåôá x1 = 1. Ôüôå áðü ôçí (5) Ý÷ïõìå x2 = 0. ¢ñá ôï 1o

éäéïäéÜíõóìá åßíáé ôï [ 1; 0 ]⊤.

¼ìïéá, Ýóôù áõèáßñåôá x2 = 1, ïðüôå áðü ôçí (5) ðñïêýðôåé x1 = 0.

ÅðïìÝíùò ôï 2ï éäéïäéÜíõóìá åßíáé ôï [ 0; 1 ]⊤.

¸÷åé áðïäåé÷èåß ðåéñáìáôéêÜ üôé ï õðïëïãéóìüò ôùí éäéïôéìþí óå ðßíáêåò

ôÜîçò ìåãáëýôåñçò ôïõ 4 åßíáé äýóêïëïò êáé óõíÞèùò ìç áêñéâÞò. Ãéá ôïí

ëüãï áõôü ï õðïëïãéóìüò ôùí ãßíåôáé ìå ðñïóåããéóôéêÝò ìåèüäïõò. ÕðÜñ÷åé

üìùò ìéá åéäéêÞ êáôçãïñßá ðéíÜêùí, ðïõ ï õðïëïãéóìüò åßíáé åýêïëïò êáé

áêñéâÞò. ÓõãêåêñéìÝíá áðïäåéêíýåôáé üôé éó÷ýåé:

Ðñüôáóç 6.5.2 - 2. ¸óôù üôé ï U = (uij); i; j = 1; 2; : : : ; n åßíáé Ýíáò Üíù

ôñéãùíéêüò ðßíáêáò. Ôüôå ï áñéèìüò � èá åßíáé ìßá éäéïôéìÞ ôïõ U ôüôå êáé

ìüíïí, üôáí � = uii ãéá êÜðïéï i = 1; 2; : : : ; n.



ÉäéïôéìÝò êáé éäéïäéáíýóìáôá 225

ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ôá ÷áñáêôçñéóôéêÜ ìåãÝèç ôùí ðéíÜêùí

A1 =

 1 2

−1 4

 ; A2 =

 −2 4

−4 −2

 ; A3 =

 2 + i 0

0 2 + i

 :
2. ¼ìïéá ôùí

Â1 =


5 8 16

4 1 8

−4 −4 −11

 ; Â2 =


0 1 1

1 0 1

1 1 0


3. Íá õðïëïãéóôïýí ôá ÷áñáêôçñéóôéêÜ ìåãÝèç ôùí ìïíáäéáßùí ðéíÜêùí

ôÜîçò 2 êáé 3.

ÁðáíôÞóåéò

1. A1: éäéïôéìÞ �1 = 3 ìå áíôßóôïé÷ï éäéïäéÜíõóìá v1 = [1; 1]⊤, �2 = 2 ìå v2 = [2; 1]⊤.

A2: �1 = −2 + 4 i ìå v1 = [−i; 1]⊤, �2 = −2− 4 i ìå v2 = [i; 1]⊤.

A3: �1 = 2 + i äéðëÞ ìå v1 = [0; 1]⊤, v2 = [1; 0]⊤.

2. B1: �1 = 1 ìå v1 = [−2;−1; 1]⊤, �2;3 = −3 äéðëÞ ìå v2 = [−2; 0; 1]⊤, v3 =

[−1; 1; 0]⊤.

B2: �1 = 2 ìå v1 = [1; 1; 1]⊤, �2;3 = −1 äéðëÞ ìå v2 = [−1; 0; 1]⊤, v3 = [−1; 1; 0]⊤.

3. I2: �1 = 1 äéðëÞ ìå v1 = [0; 1]⊤, v2 = [1; 0]⊤.

I3: �1 = 1 ôñéðëÞ ìå v1 = [0; 0; 1]⊤, v2 = [0; 1; 0]⊤ êáé v3 = [1; 0; 0]⊤.
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ÌÜèçìá 7

ÏÑÉÁÊÇ ÔÉÌÇ

ÓÕÍÁÑÔÇÓÇÓ

Óôï ìÜèçìá áõôü èá äïèåß ç Ýííïéá ôïõ ïñßïõ ìéáò ðñáãìáôéêÞò óõíÜñôçóçò ìå

ôñüðï ðñïóáñìïóìÝíï óôéò áðáéôÞóåéò ôùí äéáöüñùí åöáñìïãþí, ðïõ áðáéôïýí-

ôáé óôçí åðéóôÞìç ôïõ. Ï áíáãíþóôçò, ãéá ìéá áõóôçñÜ ìáèçìáôéêÞ ìåëÝôç,

ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3].

7.1 ÃåíéêÝò Ýííïéåò êáé ïñéóìïß

7.1.1 Óýãêëéóç óå óçìåßï

Åßíáé Þäç ãíùóôüò1 ï ðáñáêÜôù ïñéóìüò ôçò ðñáãìáôéêÞò óõíÜñôçóçò:

Ïñéóìüò 7.1.1 - 1 (óõíÜñôçóçò). ¸óôù D êáé T äýï ôõ÷üíôá ìç êåíÜ

õðïóýíïëá ôïõ R. Ôüôå ëÝãåôáé óõíÜñôçóç, ìßá ìïíïóÞìáíôç áðåéêüíéóç,

Ýóôù f , ôïõ óõíüëïõ D óôï T , äçëáäÞ

f : D ∋ x −→ f(x) = y ∈ T; (7.1.1 - 1)

1ÂëÝðå ÌÜèçìá ÐñáãìáôéêÝò ÓõíáñôÞóåéò.
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Ðßíáêáò 7.1.1 - 1: ÐáñÜäåéãìá 7.1.1 - 1.

x 1.7 1.8 1.9 1.99 2 2.01 2.1 2.2 2.3

f(x) 5.8 6.2 6.6 6.96 7 7.04 7.4 7.8 8.2

üôáí ôï D åßíáé ôï ðåäßï ïñéóìïý êáé ôï T ðåäßï ôéìþí ôçò óõíÜñôçóçò f .

Óýìöùíá ìå ôïí ïñéóìü, áí x0 óçìåßï ôïõ ðåäßïõ ïñéóìïý D, ôüôå ç

áíôßóôïé÷ç ôéìÞ f (x0) ôçò óõíÜñôçóçò õðïëïãßæåôáé áíôéêáèéóôþíôáò óôïí

ôýðï f(x) üðïõ x ôï x0.

ÐáñÜäåéãìá 7.1.1 - 1

¸óôù ç óõíÜñôçóç

f(x) = 4x− 1 ìå ðåäßï ïñéóìïý ôï R:

Ôüôå, áí x = x0 = 2, åßíáé f (x0) = f(2) = 7 ê.ëð.

Ïñßæåôáé óôç óõíÝ÷åéá ç Ýííïéá ôçò ðåñéï÷Þò åíüò óçìåßïõ ùò åîÞò:

Ïñéóìüò 7.1.1 - 2 (ðåñéï÷Þò). Ç ðåñéï÷Þ åíüò óçìåßïõ x0 ìå áêôßíá �,

óõìâïëßæåôáé ìå $ (x0; �) êáé ïñßæåôáé áðü ôï óýíïëï ôùí óçìåßùí ãéá ôá

ïðïßá éó÷ýåé üôé, áí x ∈ $ (x0; �), ôüôå
2

|x− x0| < �: (7.1.1 - 2)

ÕðïèÝôïõìå üôé óôï ÐáñÜäåéãìá 7.1.1 - 1 ïé ôéìÝò óôç ìåôáâëçôÞ x äßíïíôáé

ðëçóßïí ôïõ 2 êáé åßíáé ìéêñüôåñåò, áíôßóôïé÷á ìåãáëýôåñåò êáôÜ 0:3 Þ äéáöïñå-

ôéêÜ ëáìâÜíïíôáò õðüøç êáé ôïí Ïñéóìü 7.1.1 - 2 üôé áíÞêïõí óå ìéá ðåñéï÷Þ

ôïõ 2 ìå áêôßíá � = 0:3, äçëáäÞ x ∈ $ (2; �). Ôüôå áðü ôéò áíôßóôïé÷åò ôéìÝò

ôçò f(x) ðñïêýðôïõí ïé ôéìÝò ôïõ Ðßíáêá 7.1.1 - 1.

2Åßíáé: x0 − � < x < x0 + � Þ −� < x− x0 < �.
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ÅðïìÝíùò óôçí ðåñßðôùóç áõôÞ Ý÷ïõìå

2− � < x < 2 + � ⇔ −� < x− 2 < � ⇔ |x− 2| < �; (7.1.1 - 3)

åíþ ãéá ôéò áíôßóôïé÷åò ôéìÝò ôçò f(x), ðïõ èá åßíáé üìïéá óå ìéá áðüóôáóç

Ýóôù " áðü ôçí ôéìÞ f(2) = 7 üôé

7− " < f(x) < 7 + " ⇔ −" < f(x)− f(2) < ";

äçëáäÞ

|f(x)− f(2)| < ": (7.1.1 - 4)

Èá äåé÷èåß ôþñá üôé ç ó÷Ýóç (7:1:1− 4) éó÷ýåé ãéá êÜèå " > 0, üôáí ôï x

ðáßñíåé ôéìÝò, ðïõ åðáëçèåýïõí ôçí (7:1:1− 3). ÐñÜãìáôé, áí

|f(x)− f(2)| < "; äçëáäÞ |(4x− 1)− 7| < " Þ 4|x− 2| < ";

ôüôå

|x− 2| < "

4
:

ÅðïìÝíùò ç (7:1:1− 4) éó÷ýåé ãéá êÜèå ", üôáí óôçí (7:1:1− 3) åßíáé � = "
4 .

Åöáñìüæïíôáò ôï óõìðÝñáóìá áõôü, áí " = 10−2, ôüôå ï x ðñÝðåé íá

ðáßñíåé ôéìÝò, Ýôóé þóôå

|x− 2| < 10−2

4
= 0:0025 Þ 2− 0:0025 < x < 2 + 0:0025;

äçëáäÞ x ∈ (1:9975; 2:0025), åíþ áíÜëïãá äéáóôÞìáôá ìåôáâïëþí ôïõ x èá

ðñïêýøïõí3 ãéá êÜèå " > 0, üðùò " = 10−10; 10−50; : : : : ¢ñá, áí èåùñçèåß

üôé ôï " → 0, äçëáäÞ, áí ç ðåñéï÷Þ ðåñß ôï óçìåßï f(2) ôåßíåé íá Ý÷åé áêôßíá

0 Þ äéáöïñåôéêÜ üôé ïé ôéìÝò ôçò f(x) ôåßíïõí óôçí ôéìÞ f(2), ôüôå ðÜíôïôå

õðÜñ÷åé êáôÜëëçëç ðåñéï÷Þ ôïõ x áêôßíáò � = �("), ðïõ íá ôï åîáóöáëßæåé.

Ç éäéüôçôá áõôÞ óôá ÌáèçìáôéêÜ åêöñÜæåôáé ëÝãïíôáò üôé, üôáí ï x ôåßíåé

ðñïò ôïí áñéèìü 2, ç óõíÜñôçóç f(x) = 4x − 1 Ý÷åé ïñéáêÞ ôéìÞ Þ üñéï ôïí

áñéèìü 7, åíþ óõìâïëéêÜ óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

lim
x→ 2

f(x) = 7: (7.1.1 - 5)

3Ï üñïò ãéá êÜèå " > 0 åßíáé áðáñáßôçôïò, äéáöïñåôéêÜ ôá óõìðåñÜóìáôá ðïõ

áêïëïõèïýí äåí éó÷ýïõí.
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ÐáñáôçñÞóåéò 7.1.1 - 1

i) Ôï lim áðïôåëåß óõãêïðÞ ôçò ëÝîçò limes, ðïõ óçìáßíåé üñéï.

ii) Óýìöùíá êáé ìå ôïí Ðßíáêá 7.1.1 - 1, üôáí óôçí (7:1:1 − 5) ãñÜöåôáé

x → 2, áõôü óçìáßíåé üôé ôï x ôåßíåé óôï 2 áðü ìéêñüôåñåò (óõìâïëéêÜ

x → 2− 0 Þ x → 2−), áíôßóôïé÷á ìåãáëýôåñåò (óõìâïëéêÜ x → 2+0

Þ x → 2+) ôéìÝò.

iii) Óôá åðüìåíá, üôáí áðáéôåßôáé ï õðïëïãéóìüò ïñßùí ôçò ìïñöÞò (7:1:1−
5), äåí èá ãßíåôáé áðüäåéîç üôé ìéá ó÷Ýóç ôçò ìïñöÞò (7:1:1− 4) éó÷ýåé

ãéá êÜèå " > 0.

Äßíåôáé óôç óõíÝ÷åéá ï ðáñáêÜôù ïñéóìüò:

Ïñéóìüò 7.1.1 - 3. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý [a; x0) ∪
(x0; b] ⊂ R. Ôüôå èá ëÝãåôáé üôé ç f åßíáé óõãêëßíïõóá ãéá x → x0 Þ

äéáöïñåôéêÜ üôé õðÜñ÷åé ôï üñéï ôçò f óôï x0 êáé èá óõìâïëßæåôáé áõôü ìå

limx→x0 f(x) = l ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé ðñáãìáôéêüò

áñéèìüò � = �(") > 0, Ýôóé þóôå (Ó÷. 7.1.1 - 1)

|f(x)− l| < " ãéá êÜèå x ∈ [a; x0) ∪ (x0; b] ìå |x− x0| < � (7.1.1 - 6)

Óôçí ðåñßðôùóç ðïõ l = 0, ç f èá ëÝãåôáé ìçäåíéêÞ óôï x0.

Óçìåßùóç 7.1.1 - 1

Óôá ÌáèçìáôéêÜ äßíïíôáé áíáëõôéêüôåñá ïé ðáñáêÜôù ïñéóìïß:

Ïñéóìüò 7.1.1 - 4. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý (x0; b] ⊂ R.
Ôüôå èá ëÝãåôáé üôé ç f åßíáé óõãêëßíïõóá ãéá x → x+0 Þ äéáöïñåôéêÜ üôé

õðÜñ÷åé ôï äåîéü üñéï ôçò f óôï x0 êáé èá óõìâïëßæåôáé áõôü ìå

lim
x→x+0

f(x) = l
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Ó÷Þìá 7.1.1 - 1: Ïñéóìüò 7.1.1 - 3 ìå l = f (x0): áí |x− x0| < �, ôüôå

|f(x)− f (x0)| < �.

ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé ðñáãìáôéêüò áñéèìüò � = �(") >

0, Ýôóé þóôå

|f(x)− l| < " ãéá êÜèå x ∈ (x0; b] ìå 0 < x− x0 < � (7.1.1 - 7)

Ïñéóìüò 7.1.1 - 5. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý [a; x0) ⊂ R.
Ôüôå èá ëÝãåôáé üôé ç f åßíáé óõãêëßíïõóá ãéá x → x−0 Þ äéáöïñåôéêÜ üôé

õðÜñ÷åé ôï áñéóôåñü üñéï ôçò f óôï x0 êáé èá óõìâïëßæåôáé áõôü ìå

lim
x→x−0

f(x) = l

ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé ðñáãìáôéêüò áñéèìüò � = �(") >

0, Ýôóé þóôå

|f(x)− l| < " ãéá êÜèå x ∈ [a; x0) ìå 0 < x0 − x < � (7.1.1 - 8)

Ôá üñéá áõôÜ ëÝãïíôáé êáé ìïíüðëåõñá üñéá ôçò f óôï x0.
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ÐáñáôÞñçóç 7.1.1 - 1

Ç ïñéáêÞ ôéìÞ limx→x0 f(x) õðÜñ÷åé, üôáí õðÜñ÷ïõí ôï áñéóôåñü, áíôßóôïé÷á

äåîéü üñéü ôçò óôï x0 êáé åßíáé ßóá ìåôáîý ôïõò. Óå êÜèå Üëëç ðåñßðôùóç ç

ïñéáêÞ ôéìÞ äåí õðÜñ÷åé.

ÐáñÜäåéãìá 7.1.1 - 2

¸óôù ç óõíÜñôçóç

f(x) = x+
|x|
x

ìå ðåäßï ïñéóìïý D = R− {0}:

Ôüôå, áí x < 0, åßíáé |x| = −x, ïðüôå

lim
x→ 0−

f(x) = lim
x→ 0−

x+ lim
x→ 0−

−x
x

= 0− 1 = −1;

åíþ

lim
x→ 0+

f(x) = lim
x→ 0+

x+ lim
x→ 0+

x

x
= 0 + 1 = 1;

äçëáäÞ

lim
x→ 0−

f(x) ̸= lim
x→ 0+

f(x);

ïðüôå ç ïñéáêÞ ôéìÞ limx→ 0 f(x) äåí õðÜñ÷åé.

ÐáñÜäåéãìá 7.1.1 - 3

¸óôù ç óõíÜñôçóç

f(x) =
4

(x− 1)2
ìå ðåäßï ïñéóìïý D = (−∞; 1) ∪ (1;+∞):

Åßíáé ðñïöáíÝò üôé, áí ïé ôéìÝò ôïõ x ôåßíïõí óôçí ôéìÞ 1, ôüôå åíäåéêôéêÜ

Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 7.1.1 - 2.

ÁíÜëïãá ìå ôçí áðüäåéîç óôçí (7:1:1−4) åßíáé äõíáôüí êáé óôçí ðåñßðôùóç
áõôÞ íá áðïäåé÷èåß üôé, ãéá êÜèå áñéèìü M > 0 õðÜñ÷åé Ýíá áíôßóôïé÷ï

äéÜóôçìá ôéìþí ôïõ x óôçí ðåñéï÷Þ ôïõ 1, ãéá ôï ïðïßï íá éó÷ýåé üôé

4

(x− 1)2
> M: (7.1.1 - 9)
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Ðßíáêáò 7.1.1 - 2: ÐáñÜäåéãìá 7.1.1 - 3.

x 0 0.5 0.99 1.02 1.5

f(x) 4 16 4× 104 104 16

ÐñÜãìáôé, äéáäï÷éêÜ áðü ôçí áíéóüôçôá (7:1:1− 9) ðñïêýðôåé

4

(x− 1)2
> M ⇔ (x− 1)2

4
<

1

M
⇔ (x− 1)2 <

4

M

|x− 1| < 2√
M

⇔ 1− 2√
M

< x < 1 +
2√
M

:

ÅðïìÝíùò, áí M = 104, ãéá íá åßíáé f(x) > 104, ðñÝðåé óýìöùíá ìå ôçí

ôåëåõôáßá ðáñáðÜíù áíéóüôçôá ï x íá ðáßñíåé ôéìÝò óôï äéÜóôçìá

1− 2

100
< x < 1 +

2

100
; äçëáäÞ 0:98 < x < 1:02:

Ç áíéóüôçôá (7:1:1 − 4), üôáí ÷ñçóéìïðïéçèåß ï áñéèìüò " ìå " > 0

ãñÜöåôáé ùò åîÞò:
4

(x− 1)2
>

1

"
: (7.1.1 - 10)

Ç ðáñáðÜíù éäéüôçôá åêöñÜæåôáé óôá ÌáèçìáôéêÜ ëÝãïíôáò: üôáí ï x

ôåßíåé óôïí áñéèìü 1, ç óõíÜñôçóç f(x) ôåßíåé óôï +∞ Þ üôé Ý÷åé üñéï ôï

+∞, åíþ óõìâïëéêÜ ãñÜöåôáé

lim
x→ 1

f(x) = +∞:

¼ìïéá ãéá ôç óõíÜñôçóç

g(x) = − 4

(x− 1)2
åßíáé lim

x→ 1
g(x) = −∞:

Ç áíÜëïãç áíéóüôçôá ôçò (7:1:1− 10) óôçí ðåñßðôùóç áõôÞ åßíáé ç

− 4

(x− 1)2
< −1

"
: (7.1.1 - 11)

Ôá äéáãñÜììáôá ôùí óõíáñôÞóåùí f êáé g äßíïíôáé óôï Ó÷. 7.1.1 - 2.
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Ó÷Þìá 7.1.1 - 2: ÐáñÜäåéãìá 7.1.1 - 3: ç óõíÜñôçóç f(x) = 4
(x−1)2

ìðëå êáé

ç g(x) = − 4
(x−1)2

êüêêéíç êáìðýëç.

Óçìåßùóç 7.1.1 - 2

Óôï åîÞò äåí èá ãßíåôáé õðïëïãéóìüò ôùí ôéìþí ôçò ìåôáâëçôÞò ãéá ôéò ïðïßåò

éó÷ýåé ç (7:1:1 − 10), áíôßóôïé÷á ç (7:1:1 − 11), áëëÜ èá ÷ñçóéìïðïéïýíôáé

ìüíïí ôá óõìðåñÜóìáôÜ ôùí.

ÐáñÜäåéãìá 7.1.1 - 4

Íá õðïëïãéóôåß ç ïñéáêÞ ôéìÞ

lim
x→ 1

1

x− 1
:

Ëýóç. Ðñïöáíþò åßíáé x ∈ (−∞; 1) ∪ (1;+∞). ¢ñá óýìöùíá ìå ôçí

ÐáñáôÞñçóç 7.1.1 - 1 ðñÝðåé íá åîåôáóôïýí ïé ðáñáêÜôù äýï ïñéáêÝò ôéìÝò:

i)

lim
x→ 1−0

1

x− 1
:

Ôüôå x ∈ (−∞; 1), ïðüôå x < 1, äçëáäÞ x− 1 < 0. ÅðïìÝíùò

1

x− 1
< 0 ãéá êÜèå x ∈ (−∞; 1);
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ïðüôå óýìöùíá ìå ôçí ÐáñáôÞñçóç 7.1.1 - 2 åßíáé:

lim
x→ 1−0

1

x− 1
= −∞ :

ii)

lim
x→ 1+0

1

x− 1
:

Ôüôå x ∈ (1;+∞), ïðüôå

x > 1; äçëáäÞ x− 1 > 0 Þ
1

x− 1
> 0

êáé åðïìÝíùò

lim
x→ 1−0

1

x− 1
= +∞ :

¢ñá ôï üñéï limx→ 1
1

x−1 äåí õðÜñ÷åé (Ó÷. 7.1.1 - 3).

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 7.1.1 - 1 (ïñéáêÞò ôéìÞò)

Limit[1/x-1),x->1,Direction->1] x->1-0

Limit[1/(x-1),x->1,Direction->-1] x->1+0

åíþ ôï Ó÷. 7.1.1 - 3 ìå ôéò:

f[x_] := 1/(x - 1)

fgr1 = Plot[f[x], {x, -0.1, 0.95},

PlotStyle -> {Blue, Thickness[0.005]},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 12},

AxesLabel -> {"x", "y"}, AxesOrigin -> {0, 0}];

fgr2 = Plot[f[x], {x, 1.1, 1.5},

PlotStyle -> {Blue, Thickness[0.005]},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 12},

AxesLabel -> {"x", "y"}, AxesOrigin -> {0, 0}];

line = Line[{{1, -10}, {1, 10}}];

fgr3 = Graphics[{Red, Thick, line}];

fgr = Show[fgr1, fgr2, fgr3, PlotRange -> All, Axes -> True,

AxesLabel -> {"x", "y"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 12},

AxesOrigin -> {0, 0}]
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Ó÷Þìá 7.1.1 - 3: ÐáñÜäåéãìá 7.1.1 - 4: ôï äéÜãñáììá ôçò óõíÜñôçóçò 1
x−1

- ìðëå êáìðýëç êáé ç åõèåßá x = 1 - êüêêéíç êáìðýëç, ðïõ áíôéóôïé÷åß óôçí

ïñéáêÞ ôéìÞ.

ÐáñáôÞñçóç 7.1.1 - 2

Óôá ÌáèçìáôéêÜ, üôáí ç ïñéáêÞ ôçò óõíÜñôçóçò áðåéñßæåôáé, ëÝãåôáé üôé ç

óõíÜñôçóç óõãêëßíåé êáô' åêäï÷Þ.

Äßíåôáé ôþñá ï ïñéóìüò ôçò êáô' åêäï÷Þ óýãêëéóçò ãéá ôçí ðåñßðôùóç

ðïõ ç ìåôáâëçôÞ ôåßíåé óå óçìåßï ùò åîÞò:

Ïñéóìüò 7.1.1 - 6. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý [a; x0) ∪
(x0; b]. Ôüôå èá éó÷ýåé:

i) limx→x0 f(x) = +∞ ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé

� = �(") > 0, Ýôóé þóôå

f(x) >
1

"
(7.1.1 - 12)

ãéá êÜèå x ∈ [a; x0) ∪ (x0; b] ìå |x− x0| < �.

ii) limx→x0 f(x) = −∞ ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé

� = �(") > 0, Ýôóé þóôå

f(x) < −1

"
(7.1.1 - 13)



Óýãêëéóç óôï Üðåéñï 239

ãéá êÜèå x ∈ [a; x0) ∪ (x0; b] ìå |x− x0| < �.

7.1.2 Óýãêëéóç óôï Üðåéñï

Áñ÷éêÜ êñßíåôáé óêüðéìï óôï óçìåßï áõôü íá äïèåß ï ðáñáêÜôù ÷ñÞóéìïò ãéá

ôá åðüìåíá ìáèÞìáôá ïñéóìüò:

Ïñéóìüò 7.1.2 - 1. Ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý [a;+∞) èá ëÝãåôáé

üôé åßíáé öñáãìÝíç óôçí ðåñéï÷Þ ôïõ +∞ ôüôå êáé ìüíïí, üôáí õðÜñ÷ïõí

ðñáãìáôéêïß áñéèìïß M ≥ 0 êáé è > 0, Ýôóé þóôå

|f(x)| < è ãéá êÜèå x ∈ [a;+∞) êáé x > M: (7.1.2 - 1)

Áêïëïõèþíôáò ôç äéáäéêáóßá ôçò ÐáñáãñÜöïõ 7.1.1 åßíáé äõíáôüí íá ïñéóôåß

áíÜëïãá ç ïñéáêÞ ôéìÞ ìéáò óõíÜñôçóçò, Ýóôù f(x), üôáí x → ∞.

ÐáñÜäåéãìá 7.1.2 - 1

¸óôù ç óõíÜñôçóç

f(x) =
1

x− 1
ìå ðåäßï ïñéóìïý (−∞; 1) ∪ (1;+∞):

Åýêïëá äéáðéóôþíåôáé üôé ç f(x) ðáßñíåé ôéìÝò áðïëýôùò ìéêñüôåñåò áðü

ïðïéïíäÞðïôå áñéèìü " ìå " > 0, üôáí ç ìåôáâëçôÞ x ðáßñíåé ôéìÝò áðïëýôùò

ìåãáëýôåñåò áðü êáôÜëëçëá ïñéæüìåíï êÜèå öïñÜ áñéèìü N ìå N > 0.

ÐñÜãìáôé, Ýóôù " ìå " > 0. Ôüôå, áí 1
x−1 < ", äéáäï÷éêÜ Ý÷ïõìå

1

x− 1
< " ⇔ |x− 1| > 1

"

⇔


x− 1 >

1

"
Þ

x− 1 < −1

"

⇔


x > 1 +

1

"
Þ

x < 1− 1

"
:

ÅðïìÝíùò, áí " = 1
103

, ôüôå ãéá íá éó÷ýåé 1
x−1 <

1
103

, áñêåß ïé ôéìÝò ôïõ x

íá åßíáé ìåãáëýôåñåò ôïõ 1 + 1
" = 1 + 103 = 1001 Þ ìéêñüôåñåò ôïõ 1 − 1

" =

1− 103 = −999.
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Ç ðáñáðÜíù éäéüôçôá åêöñÜæåôáé óôá ÌáèçìáôéêÜ ëÝãïíôáò üôé ç óõíÜñôç-

óç f(x) Ý÷åé üñéï ôï 0, üôáí x → +∞ Þ x → −∞ êáé óõìâïëéêÜ ãñÜöåôáé

lim
x→+∞

f(x) = 0 Þ lim
x→−∞

f(x) = 0:

Åðßóçò ÷ñçóéìïðïéåßôáé êáé ï ãåíéêüôåñïò óõìâïëéóìüò limx→∞ f(x) = 0.

ÐáñÜäåéãìá 7.1.2 - 2

¼ìïéá óõìðåñáßíïõìå üôé

lim
x→∞

2x− 1

x− 1
= lim

x→∞

(
2 +

1

x− 1

)
= 2

êáé

lim
x→∞

x2 − x
x2 + x

= 1:

Óýìöùíá ìå ôá ðáñáðÜíù äßíåôáé ï ðáñáêÜôù ïñéóìüò:

Ïñéóìüò 7.1.2 - 2. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý [a;+∞).

Ôüôå èá ëÝãåôáé üôé ç óõíÜñôçóç f(x) åßíáé óõãêëßíïõóá ãéá x → +∞ êáé

èá óõìâïëßæåôáé áõôü ìå f(x) → l, üôáí x → +∞ Þ éóïäýíáìá

lim
x→+∞

f(x) = l

ôüôå êáé ìüíïí, üôáí ç óõíÜñôçóç f(x)− l åßíáé ìçäåíéêÞ, äçëáäÞ ãéá êÜèå

" > 0 õðÜñ÷åé ðñáãìáôéêüò áñéèìüò N = N(") > 0, Ýôóé þóôå

|f(x)− l| < " ãéá êÜèå x ∈ [a;+∞) ìå x > N: (7.1.2 - 2)

Ïñéóìüò 7.1.2 - 3. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý (−∞; a].
Ôüôå èá ëÝãåôáé üôé ç óõíÜñôçóç f åßíáé óõãêëßíïõóá ãéá x → −∞ êáé èá

óõìâïëßæåôáé áõôü ìå f(x) → l, üôáí x → −∞ Þ éóïäýíáìá

lim
x→−∞

f(x) = l
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ôüôå êáé ìüíïí, üôáí ç óõíÜñôçóç f(x)− l åßíáé ìçäåíéêÞ, äçëáäÞ ãéá êÜèå

" > 0 õðÜñ÷åé ðñáãìáôéêüò áñéèìüò N = N(") > 0, Ýôóé þóôå

|f(x)− l| < " ãéá êÜèå x ∈ (−∞; a] ìå x < −N (7.1.2 - 3)

Ï ïñéóìüò ôçò ìçäåíéêÞò óõíÜñôçóçò óôéò ðáñáðÜíù äýï ðåñéðôþóåéò åßíáé

ðñïöáíÞò.

ÐáñÜäåéãìá 7.1.2 - 3

¸óôù ç óõíÜñôçóç

g(x) = 25x2:

Ôüôå ãéá ïðïéïíäÞðïôå áñéèìü M ìå M > 0, õðÜñ÷åé ðÜíôïôå Ýíáò Üëëïò

èåôéêüò áñéèìüò, Ýóôù N , Ýôóé þóôå ãéá ôéìÝò ôïõ x (èåôéêÝò Þ áñíçôéêÝò) ìå

|x| > N íá åßíáé g(x) = 25x2 > M .

ÐñÜãìáôé, Ýóôù M ìå M > 0. Ôüôå, áí 25x2 > M , äéáäï÷éêÜ Ý÷ïõìå

25x2 > M ⇔ |x| >
√
M

5
⇔


x >

√
M

5

Þ

x < −
√
M

5
:

ÅðïìÝíùò, áí M = 9× 104, ôüôå ãéá íá éó÷ýåé

25x2 > 9× 104 =
(
3× 102

)2
;

áñêåß ïé ôéìÝò ôïõ x íá åßíáé ìåãáëýôåñåò ôùí 300
5 = 60 Þ ìéêñüôåñåò ôïõ

−300
5 = −60.
Ç ðáñáðÜíù éäéüôçôá üìïéá åêöñÜæåôáé óôá ÌáèçìáôéêÜ ëÝãïíôáò üôé ç

óõíÜñôçóç g(x) Ý÷åé üñéï ôï +∞, üôáí x → +∞ Þ x → −∞ êáé óõìâïëéêÜ

ãñÜöåôáé

lim
x→+∞

g(x) = +∞ Þ lim
x→−∞

g(x) = +∞:

¼ìïéá áðïäåéêíýåôáé üôé:
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• áí g̃(x) = −25x2, ôüôå

lim
x→+∞

g̃(x) = +∞ Þ lim
x→−∞

g̃(x) = +∞; åíþ

• áí ĝ(x) = x3, ôüôå

lim
x→+∞

ĝ(x) = +∞ Þ lim
x→−∞

ĝ(x) = −∞:

Óçìåßùóç 7.1.2 - 1

ÁíÜëïãá üðùò óôç Óçìåßùóç 7.1.2 - 1 óôï åîÞò äåí èá ãßíåôáé õðïëïãéóìüò

ôùí ôéìþí ôçò ìåôáâëçôÞò ãéá ôéò ïðïßåò éó÷ýïõí ïé ðáñáðÜíù ðåñéðôþóåéò,

áëëÜ èá ÷ñçóéìïðïéïýíôáé ìüíïí ôá óõìðåñÜóìáôÜ ôùí.

Ï ïñéóìüò ôçò êáô' åêäï÷Þ óýãêëéóçò ìéáò óõíÜñôçóçò óôçí ðåñßðôùóç

áõôÞ ãñÜöåôáé ùò åîÞò:

Ïñéóìüò 7.1.2 - 4. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý [a;+∞).

Ôüôå èá éó÷ýåé:

i) limx→+∞ f(x) = +∞ ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé

ðñáãìáôéêüò áñéèìüò N = N(") > 0, Ýôóé þóôå

f(x) >
1

"
ãéá êÜèå x ∈ [a;+∞) ìå x > N: (7.1.2 - 4)

ii) limx→+∞ f(x) = −∞ ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé

ðñáãìáôéêüò áñéèìüò N = N(") > 0, Ýôóé þóôå

f(x) < −1

"
ãéá êÜèå x ∈ [a;+∞) ìå x > N: (7.1.2 - 5)

Ïñéóìüò 7.1.2 - 5. ¸óôù ç óõíÜñôçóç f(x) ìå ðåäßï ïñéóìïý (−∞; a].
Ôüôå èá éó÷ýåé

i) limx→−∞ f(x) = +∞ ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé

ðñáãìáôéêüò áñéèìüò N = N(") > 0 Ýôóé þóôå

f(x) >
1

"
ãéá êÜèå x ∈ (−∞; a] ìå x < −N: (7.1.2 - 6)
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Ðßíáêáò 7.1.3 - 1: éäéïôÞôùí óõãêëéíïõóþí óõíáñôÞóåùí üðïõ ìå ÁÌ

óõìâïëßæåôáé ç áðñïóäéüñéóôç ìïñöÞ.

f g f + g f g f=g

f0 g0 f0 + g0 f0 g0 f0=g0 (g0 ̸= 0)

f0 ∞ ∞ ∞ (f0 ̸= 0) 0

∞ g0 ∞ ∞ (g0 ̸= 0) ∞

0 0 0 0 AM

0 ∞ ∞ AM 0

∞ 0 ∞ AM ∞

+∞ +∞ +∞ +∞ AM

−∞ −∞ −∞ +∞ AM

+∞ −∞ AM −∞ AM

−∞ +∞ AM −∞ AM

ii) limx→+∞ f(x) = −∞ ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé

ðñáãìáôéêüò áñéèìüò N = N(") > 0, Ýôóé þóôå

f(x) < −1

"
ãéá êÜèå x ∈ (−∞; a] ìå x < −N (7.1.2 - 7)

7.1.3 Éäéüôçôåò óõãêëéíïõóþí óõíáñôÞóåùí

Äßíïíôáé ôþñá óôïí Ðßíáêá 7.1.3 - 1 ðåñéëçðôéêÜ üëåò ïé éäéüôçôåò ôùí óõãêëéíïõ-

óþí óõíáñôÞóåùí ìå ôçí Ýííïéá ôçò óýãêëéóçò, üðùò ðáñáðÜíù Ý÷åé äïèåß,

ãéá äýï óõíáñôÞóåéò, Ýóôù f êáé g ìå áíôßóôïé÷åò ïñéáêÝò ôéìÝò f0 êáé g0.
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Óçìåéþóåéò 7.1.3 - 1

• Ïé óõíáñôÞóåéò f; g õðïôßèåôáé üôé Ý÷ïõí êïéíü ðåäßï ïñéóìïý êáé üôé

Ý÷ïõí üñéï Ýíáí ïñéóìÝíï ðñáãìáôéêü áñéèìü Þ Ýíáí ðñïóçìåéùìÝíï

Üðåéñï, üôáí x → x0 ∈ R Þ x → ±∞.

• Óôéò éäéüôçôåò ôïõ Ðßíáêá 7.1.3 - 1 óõìðåñéëáìâÜíåôáé êáé ç åîÞò:

Áí ïé óõíáñôÞóåéò f(x); g(x) êáé h(x) Ý÷ïõí êïéíü ðåäßï ïñéóìïý, Ýóôù

D êáé éó÷ýåé

lim
x→x0

f(x) = lim
x→x0

h(x) = l; åíþ f(x) ≤ g(x) ≤ h(x)

ãéá êÜèå x ∈ D, ôüôå êáé limx→x0 g(x) = l.

• ¼ôáí ç ðñÜîç äåí åßíáé åðéôñåðôÞ (áðñïóäéüñéóôç ìïñöÞ), ôüôå Ý÷åé

ôåèåß ç Ýíäåéîç AM.

ÐáñáôÞñçóç 7.1.3 - 1

Ôá óýìâïëá +∞ êáé −∞ äåí ðñÝðåé óå êáìéÜ ðåñßðôùóç íá èåùñïýíôáé ùò

áñéèìïß.

ÐáñÜäåéãìá 7.1.3 - 1

Íá õðïëïãéóôåß ç ïñéáêÞ ôéìÞ limx→∞ f(x), üôáí

f(x) =
x+ 1

x2 + 1
:

Ëýóç. Ç f(x) ãñÜöåôáé

f(x) =
x+ 1

x2 + 1
=
x2
(
1
x + 1

x2

)
x2
(
1 + 1

x2

) =
1
x + 1

x2

1 + 1
x2

¢ñá

lim
x→∞

f(x) =
limx→∞

(
1
x + 1

x2

)
limx→∞

(
1 + 1

x2

) =
0 + 0

1 + 0
= 0:
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ÐáñÜäåéãìá 7.1.3 - 2

¼ìïéá ôùí óõíáñôÞóåùí

g(x) =
4x2 + 5x− 2

2x2 + 4x+ 4
êáé h(x) =

2x3 + x+ 1

x2 + x+ 1
üôáí x → −∞:

Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå

g(x) =
4x2 + 5x− 2

2x2 + 4x+ 4
=
x2
(
4 + 5

x −
2
x2

)
x2
(
2 + 4

x + 4
x2

) =
4 + 5

x −
2
x2

2 + 4
x + 4

x2
;

ïðüôå

lim
x→∞

g(x) =
limx→∞

(
4 + 5

x −
2
x2

)
limx→∞

(
2 + 4

x + 4
x2

) =
4 + 0

2 + 0
= 2

êáé

h(x) =
2x3 + x+ 1

x2 + x+ 1
=
x3
(
2 + 1

x2 + 1
x3

)
x2
(
1 + 1

x + 1
x2

) = x
2 + 1

x2 + 1
x3

1 + 1
x + 2

x2
;

ïðüôå

lim
x→−∞

h(x) = lim
x→−∞

x
limx→−∞

(
2 + 1

x2 + 1
x3

)
limx→−∞

(
1 + 1

x + 1
x2

) = (−∞)
2 + 0

1 + 0
= −∞:

ÐáñáôÞñçóç 7.1.3 - 2

Áðü ôï ðáñáðÜíù ðáñÜäåéãìá ðñïêýðôïõí ôá åîÞò: ¼ôáí Ý÷ïõìå íá õðïëïãß-

óïõìå ôçí ïñéáêÞ ôéìÞ ìéáò ñçôÞò óõíÜñôçóçò ãéá x → ±∞, ôüôå, áí

• ï âáèìüò ôïõ áñéèìçôÞ åßíáé ìéêñüôåñïò áðü ôïí âáèìü ôïõ ðáñïíïìáóôÞ,

ôï üñéï åßíáé ôï 0,

• ï âáèìüò ôïõ áñéèìçôÞ åßíáé ßóïò ìå ôïí âáèìü ôïõ ðáñïíïìáóôÞ, ôï üñéï

éóïýôáé ìå ôï ðçëßêï ôïõ óõíôåëåóôÞ ôïõ ìåãéóôïâÜèìéïõ üñïõ óôïí

áñéèìçôÞ ðñïò ôïí óõíôåëåóôÞ ôïõ ìåãéóôïâÜèìéïõ üñïõ ôïõ ðáñïíïìáóôÞ,

êáé

• ï áñéèìçôÞò åßíáé ìåãáëýôåñïõ âáèìïý áðü ôïí ðáñïíïìáóôÞ, ôüôå ôï

üñéï åßíáé Ýíá ðñïóçìåéùìÝíï Üðåéñï (+∞, áíôßóôïé÷á −∞).
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ÐáñÜäåéãìá 7.1.3 - 3

¸óôù ç óõíÜñôçóç

f(x) =
x3 − x2 + x− 1

x2 + x− 2
ìå ðåäßï ïñéóìïý D = R− {−2; 1}:

Íá õðïëïãéóôïýí ïé ïñéáêÝò ôéìÝò limx→ 1 f(x) êáé limx→−2 f(x).

Ëýóç. ¸óôù áñ÷éêÜ ï õðïëïãéóìüò ôçò ïñéáêÞò ôéìÞò limx→ 1 f(x). ÅðåéäÞ

ç ôéìÞ x = 1 ìçäåíßæåé ôïí áñéèìçôÞ êáé ôïí ðáñïíïìáóôÞ, äåí åöáñìüæåôáé ç

éäéüôçôá ôïõ ðçëßêïõ ôïõ Ðßíáêá 7.1.3 - 1. Ôüôå óôçí ðåñßðôùóç áõôÞ Ý÷ïõìå

f(x) =
(x− 1)

(
x2 + 1

)
(x− 1)(x+ 2)

=
x2 + 1

x+ 2
ãéá êÜèå x ∈ D;

ïðüôå

lim
x→ 1

f(x) =
limx→ 1

(
x2 + 1

)
limx→ 1 (x+ 2)

=
2

3
:

¼ôáí x → −2, ôüôå limx→−2

(
x2 + 1

)
= 5, åíþ ôï x + 2 ôåßíåé óôï 0

ìÝóù áñíçôéêþí ôéìþí, üôáí x → −2−0 êáé ìÝóù èåôéêþí, üôáí x → −2+0.

¢ñá

lim
x→−2−0

f(x) = lim
x→−2−0

x2 + 1

x+ 2
= −∞

lim
x→−2+0

f(x) = lim
x→−2+0

x2 + 1

x+ 2
= +∞:

7.1.4 ¼ñéï óýíèåôçò óõíÜñôçóçò

Ï õðïëïãéóìüò ôùí ïñéáêþí ôéìþí ôùí ÐáñáãñÜöùí 7.1.1 - 7.1.3 áíáöÝñåôáé

óå áðëÝò óõíáñôÞóåéò. Óå ðåñéðôþóåéò ðïõ ç óõíÜñôçóç åßíáé óýíèåôç, äçëáäÞ

ôçò ìïñöÞò f(g(x)), ôüôå ï õðïëïãéóìüò ôïõ ïñßïõ limx→x0 f(g(x)), üôáí

x ∈ D ìå D ôï ðåäßï ïñéóìïý ôçò óõíÜñôçóçò g, ãßíåôáé ùò åîÞò:

• Ç óõíÜñôçóç ãñÜöåôáé óôç ìïñöÞ f(u) üðïõ u = g(x).

• Õðïëïãßæåôáé, åöüóïí õðÜñ÷åé, ôï u0 = limx→x0 g(x), êáé óôç óõíÝ÷åéá,

üìïéá åöüóïí õðÜñ÷åé, ôï limu→u0 f(u).
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ÐáñÜäåéãìá 7.1.4 - 1

Íá õðïëïãéóôåß ç ïñéáêÞ ôéìÞ ôçò óõíÜñôçóçò

f(x) = e−x
2

óôá Üêñá ôïõ ðåäßïõ ïñéóìïý ôçò.

Ëýóç. Ôï ðåäßï ïñéóìïý ôçò f åßíáé ðñïöáíþò ôï R. Ç f åßíáé óýíèåôç

óõíÜñôçóç êáé ãñÜöåôáé ùò åîÞò:

f(u) = eu; üôáí u = g(x) = −x2:

Ôüôå

lim
x→±∞

g(x) = lim
x→±∞

(
−x2

)
= −∞; ïðüôå

lim
u→−∞

f(u) = lim
x→−∞

eu = 0:

¢ñá limx→±∞ e−x
2
= 0 (Ó÷. 7.1.4 - 1).

-2 -1 1 2
x

0.2

0.4

0.6

0.8

1.0

y

(a) -2 -1 1 2
x

1

2

3

4

5

6

7

y

(b)

Ó÷Þìá 7.1.4 - 1: ÐáñÜäåéãìá 7.1.4 - 1 (a) ÓõíÜñôçóç e−x
2
êáé (b) ex.
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé ïñéáêÝò ôéìÝò ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) lim
x→+∞

1

x4 + 1
v) lim

x→−∞

(
5x2 − x+ 1

)
ii) lim

x→+∞

sinx

x+ 1
vi) lim

x→−∞

(
2x3 + x2 + 1

)
iii) lim

x→−∞

x2 − 1

4x2 + 5
vii) lim

x→ 0

1

x2

iv) lim
x→+∞

x3 + x2 + 1

2x2 + 1
viii) lim

x→ 0
e−

1
x .

2. ¼ìïéá ôùí óõíáñôÞóåùí

i) lim
x→+∞

sinx

x
v) lim

x→ 2

1

x− 2

ii) lim
x→−∞

x3 + x

−x3 + 27
vi) lim

x→ 2

|x− 2|+ x2 − 3x+ 2

x− 2

iii) lim
x→ 0

cos2
(
x2 +

�

4

)
vii) lim

x→ 0

x2 + 1

x|x|

iv) lim
x→±∞

ln
(
x2 + 1

)
viii) lim

x→ 0

x3 − 8

|x|
.

ÁðáíôÞóåéò

1. i) 0, ii) 0, iii) 1
4
; iv) +∞, v) +∞ vi) −∞, vii) +∞,

viii) lim x→ 0− exp(−1=x) = +∞, lim x→ 0+ exp(−1=x) = 0.

2. i) 0, ii) −1, iii) 1
2
; iv) +∞, v) −∞, üôáí x → 2− 0 êáé +∞, üôáí x → 2+0,

vi) 0, üôáí x → 2 − 0 êáé 2, üôáí x → 2 + 0, vii) −∞, üôáí x → 0− êáé +∞, üôáí

x → 0+ , viii) −∞.
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ÌÜèçìá 8

ÓÕÍÅ×ÅÉÁ ÓÕÍÁÑÔÇÓÇÓ

¼ìïéá, üðùò êáé óôï ÌÜèçìá ÏñéáêÞ ôéìÞ óõíÜñôçóçò, äßíïíôáé ðåñéëçðôéêÜ

ïé âáóéêüôåñïé ïñéóìïß êáé èåùñÞìáôá ðïõ áíáöÝñïíôáé óôç óõíÝ÷åéá ìéáò

ðñáãìáôéêÞò óõíÜñôçóçò, åíþ ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç,

ðáñáðÝìðåôáé óôç âéâëéïãñáößá [2, 3, 4].

8.1 ÃåíéêÝò Ýííïéåò êáé ïñéóìïß

8.1.1 Ïñéóìüò óõíÝ÷åéáò

Ïñéóìüò 8.1.1 - 1 (óõíÝ÷åéáò). ¸óôù ç óõíÜñôçóç f |D êáé óçìåßï x0 ∈
D. Ôüôå ç f èá ëÝãåôáé óõíå÷Þò (continuous) óôï óçìåßï x0 ∈ D ôüôå êáé

ìüíïí, üôáí õðÜñ÷åé ôï limx→x0 f(x) êáé éó÷ýåé (Ó÷. 8.1.1 - 1a)

lim
x→x0

f(x) = f (x0) : (8.1.1 - 1)

Óå êÜèå Üëëç ðåñßðôùóç èá ëÝãåôáé áóõíå÷Þò óôï óçìåßï x0 (Ó÷. 8.1.1 - 1b

êáé Ó÷. 8.1.1 - 2).
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æææ

æ

1 2 3 4 5
x

1

2

3

4

fHxL

(a)

ëëæ

æ

ææ

1 2 3 4 5
x

1

2

3

4

fHxL

(b)

Ó÷Þìá 8.1.1 - 1: (a) ÓõíÜñôçóç óõíå÷Þò óôï x0 = 3. Éó÷ýåé limx→x0 f(x) =

f (x0). (b) Áóõíå÷Þò óôï x0 = 3. ÕðÜñ÷åé ôï limx→x0 f(x) êáé åßíáé

äéáöïñåôéêü áðü ôï f (x0).

ææ

ëë

1 2 3 4
x

1

2

3

4

fHxL

(a)

ëë

ææ

1 2 3 4
x

1

2

3

4

fHxL

(b)

Ó÷Þìá 8.1.1 - 2: ÓõíÜñôçóç áóõíå÷Þò óôï x0 = 3, åðåéäÞ limx→x−0
f(x) ̸=

limx→x+0
f(x). (a) ÁñéóôåñÜ óõíå÷Þò êáé (b) äåîéÜ óõíå÷Þò óôï x0 = 3.

Ïñéóìüò 8.1.1 - 2 (ðëåõñéêÞò óõíÝ÷åéáò). Ç óõíÜñôçóç f |D èá ëÝãåôáé

áñéóôåñÜ, áíôßóôïé÷á äåîéÜ óõíå÷Þò óôï óçìåßï x0 ∈ D ôüôå êáé ìüíïí, üôáí

lim
x→x−0

f(x) = f (x0)

(Ó÷. 8.1.1 - 2a), áíôßóôïé÷á

lim
x−>x+0

f(x) = f (x0)

(Ó÷. 8.1.1 - 2b).

Åýêïëá áðïäåéêíýåôáé óýìöùíá ìå ôïí Ïñéóìü 8.1.1 - 1 üôé ïé óõíáñôÞóåéò

ax� , ïé ôñéãùíïìåôñéêÝò êáé ç ex åßíáé óõíå÷åßò óõíáñôÞóåéò.
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8.1.2 Éäéüôçôåò óõíå÷þí óõíáñôÞóåùí

Äßíïíôáé óôç óõíÝ÷åéá ïé éäéüôçôåò ôùí óõíå÷þí óõíáñôÞóåùí ìå ôç ìïñöÞ

ðñïôÜóåùí.1

Ðñüôáóç 8.1.2 - 1. Áí f; g |D óõíå÷åßò óõíáñôÞóåéò óôï óçìåßï x0 ∈ D,
ôüôå êáé ïé óõíáñôÞóåéò f ± g êáé fg åßíáé óõíå÷åßò óôï óçìåßï x0 ∈ D.

Ðñüôáóç 8.1.2 - 2. Áí f; g |D óõíå÷åßò óõíáñôÞóåéò óôï óçìåßï x0 ∈ D
êáé f (x0) ̸= 0, ôüôå õðÜñ÷åé ðåñéï÷Þ $ (x0), ôÝôïéá þóôå f (x0) ̸= 0 ãéá êÜèå

x ∈ $ (x0), ïðüôå ç óõíÜñôçóç 1=f Ý÷åé Ýííïéá ãéá êÜèå x ∈ D∩$ (x0) êáé

åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D.

Óýìöùíá ìå ôéò éäéüôçôåò áõôÝò ïé ðïëõùíõìéêÝò, ñçôÝò, õðåñâïëéêÝò

óõíáñôÞóåéò åßíáé óõíå÷åßò óõíáñôÞóåéò óôá ðåäßá ïñéóìïý ôùí.

8.1.3 ÈåùñÞìáôá óõíå÷þí óõíáñôÞóåùí

Èåþñçìá 8.1.3 - 1 (óýíèåôçò óõíÜñôçóçò). ¸óôù üôé ç óõíÜñôçóç u =

g(x)|D åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D êáé ç óõíÜñôçóç f(u)|g(D) åßíáé

óõíå÷Þò óôï óçìåßï u0 = g (x0) ∈ g(D). Ôüôå ç óýíèåôç óõíÜñôçóç h(x) =

f(g(x))|D åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D.

ÐáñÜäåéãìá 8.1.3 - 1

Ç óõíÜñôçóç

f(x) = ln
(
1 + x2

)
åßíáé óõíå÷Þò, åðåéäÞ åßíáé óýíèåóç ôùí óõíå÷þí óõíáñôÞóåùí (Ó÷. 8.1.3 -

1)

f(u) = lnu; üôáí u = g(x) = 1 + x2:

1Ãéá ôïí ïñéóìü ôçò ðåñéï÷Þò åíüò óçìåßïõ âëÝðå ÌÜèçìá ÏñéáêÞ ôéìÞ óõíÜñôçóçò.
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(b)

Ó÷Þìá 8.1.3 - 1: (a) ÓõíÜñôçóç f(x) = ln
(
1 + x2

)
, üôáí x ∈ [−5; 5]. (b)

ÓõíÜñôçóç 1 + x2 ðñÜóéíç êáé lnx ìðëå êáìðýëç.

ÐáñÜäåéãìá 8.1.3 - 2

¼ìïéá ç óõíÜñôçóç f(x) = e−x
2
åßíáé óõíå÷Þò, åðåéäÞ åßíáé óýíèåóç ôùí

óõíå÷þí óõíáñôÞóåùí (Ó÷. 8.1.3 - 2)

f(u) = eu; üôáí u = −x2:

Äßíïíôáé óôç óõíÝ÷åéá ÷ùñßò áðüäåéîç ôá êõñéüôåñá èåùñÞìáôá åðß ôùí
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Ó÷Þìá 8.1.3 - 2: (a) ÓõíÜñôçóç f(x) = e−x
2
, üôáí x ∈ [−2; 2]. (b)

ÓõíÜñôçóç −x2 ðñÜóéíç êáé ex ìðëå êáìðýëç.

óõíå÷þí óõíáñôÞóåùí.

Èåþñçìá 8.1.3 - 2 (áíôßóôñïöçò óõíÜñôçóçò). ¸óôù üôé ç óõíÜñôçóç

f |D åßíáé óõíå÷Þò óôï óçìåßï x0 ∈ D. Ôüôå, áí õðÜñ÷åé ç áíôßóôñïöÞ ôçò

óõíÜñôçóç f−1|f(D), ç f−1 èá åßíáé óõíå÷Þò óôï óçìåßï ç0 = g (x0) ∈ g(D).
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Óýìöùíá ìå ôï Èåþñçìá 8.1.3 - 2 ç ëïãáñéèìéêÞ, ïé áíôßóôñïöåò ôñéãùíïìåôñéêÝò

êáé ïé áíôßóôñïöåò õðåñâïëéêÝò óõíáñôÞóåéò åßíáé óõíå÷åßò óõíáñôÞóåéò.

Èåþñçìá 8.1.3 - 3 (Bolzano). ¸óôù üôé ç óõíÜñôçóç f(x) | [a; b] åßíáé
óõíå÷Þò ãéá êÜèå x ∈ [a; b]. Ôüôå, áí f(a)f(b) < 0, õðÜñ÷åé ôïõëÜ÷éóôïí

Ýíá óçìåßï � ìå � ∈ (a; b), Ýôóé þóôå f(�) = 0. (Ó÷. 8.1.3 - 3a)

ÅöáñìïãÝò ôïõ èåùñÞìáôïò ãßíïíôáé óôçí ðñïóåããéóôéêÞ ëýóç ôùí åîéóþóåùí.2

ÐáñáôÞñçóç 8.1.3 - 1

Áí ç ñßæá � åßíáé ðïëëáðëÞ ìå âáèìü ðïëëáðëüôçôáò Üñôéï áñéèìü, ôüôå ôï

Èåþñçìá 8.1.3 - 3 äåí éó÷ýåé (Ó÷. 8.1.3 - 3b).
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(b)

Ó÷Þìá 8.1.3 - 3: (a) Èåþñçìá 8.1.3 - 3 ôïõ Bolzano: f(x) = −1+x−2x2+2x3

äéÜóôçìá [−1; 2] êáé � = 1. (b) g(x) = (x − 1)2 üðïõ ç ñßæá � = 1 Ý÷åé

ðïëëáðëüôçôá 2 êáé ôï èåþñçìá äåí åöáñìüæåôáé.

Èåþñçìá 8.1.3 - 4 (ãåíßêåõóç Bolzano Þ åíäéÜìåóùí ôéìþí). ¸óôù

f |[a; b] ìßá óõíå÷Þò óõíÜñôçóç êáé f(a) = ç1, f(b) = ç2 ìå ç1 ̸= ç2. Áí

õðïôåèåß ÷ùñßò ðåñéïñéóìü ôçò ãåíéêüôçôáò üôé ç1 < ç2, ôüôå ãéá êÜèå ç ∈
(ç1; ç2), õðÜñ÷åé ôïõëÜ÷éóôïí Ýíá óçìåßï � ∈ (ç1; ç2), Ýôóé þóôå f(�) = ç.

Ôï èåþñçìá ãåùìåôñéêÜ óçìáßíåé üôé êÜèå åõèåßá ìå åîßóùóç y = ç, ôÝìíåé

ôç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò óå Ýíá ôïõëÜ÷éóôïí óçìåßï (Ó÷. 8.1.3

- 4).

Óýìöùíá ôþñá ìå ôï Èåþñçìá 8.1.3 - 4 áðïäåéêíýåôáé ôï ðáñáêÜôù

èåþñçìá ôçò ¢ëãåâñáò:

2Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôï âéâëßï Á. ÌðñÜôóïò [1]

Êåö. 5.
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Ó÷Þìá 8.1.3 - 4: Ãåíßêåõóç ôïõ èåùñÞìáôïò ôïõ Bolzano.

Èåþñçìá 8.1.3 - 5. Áí Ýíá ðïëõþíõìï f(x) = a0 + a1x + : : : + a�x
� ìå

a� ̸= 0 åßíáé ðåñéôôïý âáèìïý � ≥ 1, åíþ ïé óõíôåëåóôÝò ôïõ ðñáãìáôéêïß

áñéèìïß, ôüôå õðÜñ÷åé ìßá ôïõëÜ÷éóôïí ðñáãìáôéêÞ ñßæá ôïõ.

Èåþñçìá 8.1.3 - 6 (ìÝãéóôçò êáé åëÜ÷éóôçò ôéìÞò). ¸óôù üôé ç óõíÜñôç-

óç f(x) | [a; b] åßíáé óõíå÷Þò ãéá êÜèå x ∈ [a; b]. Ôüôå õðÜñ÷åé Ýíá ôïõëÜ÷éóôïí

óçìåßï  ∈ [a; b], áíôßóôïé÷á óçìåßï � ∈ [a; b], Ýôóé þóôå (Ó÷. 8.1.3 - 5)

f() = min
x∈[a;b]

f(x); áíôßóôïé÷á f(�) = max
x∈[a;b]

f(x):

8.1.4 ÁóõíÝ÷åéá óõíÜñôçóçò

Óôçí ðáñÜãñáöï áõôÞ èá åîåôáóôïýí ôá åßäç áóõíÝ÷åéáò ìéáò óõíÜñôçóçò

(discontinuous function), ðïõ êýñéá åìöáíßæïíôáé óôéò åöáñìïãÝò.

ÁóõíÝ÷åéá 1ïõ åßäïõò

Ïñéóìüò 8.1.4 - 1. Ç óõíÜñôçóç f |D èá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D
áóõíÝ÷åéá 1ïõ åßäïõò ôüôå êáé ìüíïí, üôáí õðÜñ÷ïõí ïé ðëåõñéêÝò ïñéáêÝò
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Ó÷Þìá 8.1.3 - 5: Èåþñçìá 8.1.3 - 6: ìÝãéóôï óôï (4:45; 5:0) ðñÜóéíï êáé

åëÜ÷éóôï óôï (3:65; 2:0) êüêêéíï óçìåßï.

ôéìÝò ôçò f óôï x0 ∈ D (Þ áðåéñßæïíôáé) êáé ìßá ôïõëÜ÷éóôïí áðü áõôÝò

åßíáé äéÜöïñç áðü ôçí ôéìÞ ôçò óõíÜñôçóçò (Ó÷. 8.1.1 - 2).

ÐáñáôçñÞóåéò 8.1.4 - 1

Óýìöùíá ìå ôïí Ïñéóìü 8.1.4 - 1 Ý÷ïõìå ôéò ðáñáêÜôù ðåñéðôþóåéò:

I) ç áóõíÝ÷åéá íá äéïñèþíåôáé Þ íá áðáëåßöåôáé, üôáí (Ó÷. 8.1.4 - 1)3

lim
x→x−0

f(x) = lim
x→x+0

f(x) = ë (8.1.4 - 1)

ìå ë ðåðåñáóìÝíï áñéèìü, äçëáäÞ õðÜñ÷åé ç ïñéáêÞ ôéìÞ ôçò óõíÜñôçóçò

f(x) = limx→x0 f(x) = ë êáé åßíáé äéáöïñåôéêÞ áðü ôçí ôéìÞ ôçò

óõíÜñôçóçò óôï óçìåßï x0.

II) Ç óõíÜñôçóç f íá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D ðåðåñáóìÝíï Üëìá

ìå ôéìÞ, Ýóôù d, üðïõ

d =

∣∣∣∣∣ lim
x→x−0

f(x)− lim
x→x+0

f(x)

∣∣∣∣∣ ; (8.1.4 - 2)

3Óôá ó÷Þìáôá ôï ◦ óôïí x-Üîïíá èá ïñßæåé ôï ðéèáíü óçìåßï áóõíÝ÷åéáò.
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Ó÷Þìá 8.1.4 - 1: ÐáñáôçñÞóåéò 8.1.4 - 1 (I) ìå áóõíÝ÷åéá óôï x0 = 3 ðñÜóéíï

êáé limx→ 3 f(x) = ë êüêêéíï óçìåßï.

äçëáäÞ õðÜñ÷ïõí ïé ðëåõñéêÝò ïñéáêÝò ôéìÝò, åßíáé ðåðåñáóìÝíåò êáé

äéáöïñåôéêÝò ìåôáîý ôïõò.

ÐáñÜäåéãìá 8.1.4 - 1

¸óôù ç óõíÜñôçóç

f(x) =


1:5 áí x ≤ 0

(x− 1)2 áí 0 < x ≤ 1

x áí 1 < x < 2:

Èá åîåôáóôåß ç óõíÝ÷åéÜ ôçò ìüíï óôá óçìåßá ðïõ áëëÜæåé ï ôýðïò ôçò,

äçëáäÞ óôá 0 êáé 1, åðåéäÞ óå üëï ôï Üëëï ðåäßï ïñéóìïý ôçò ç f åßíáé

óõíå÷Þò (Ó÷. 8.1.4 - 2). Ôüôå:

a. Óçìåßï x0 = 0

Åßíáé limx→ 0− f(x) = 1:5 ̸= 1 = limx→ 0+ f(x), äçëáäÞ ç f

ðáñïõóéÜæåé áóõíÝ÷åéá 1ïõ åßäïõò óôï óçìåßï 0 ìå Üëìá d = 0:5,
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Ó÷Þìá 8.1.4 - 2: ÐáñáôçñÞóåéò 8.1.4 - 1 (II) ÐáñÜäåéãìá 8.1.4 - 1.

ðïõ äéïñèþíåôáé (Ðåñßðôùóç I), áí ôåèåß

f(x) =

 1 áí x ≤ 0

(x− 1)2 áí 0 < x ≤ 1:

b. Óçìåßï x0 = 1

limx→ 1− f(x) = 0 ̸= 1 = limx→ 1+ f(x), äçëáäÞ ç f ðáñïõóéÜæåé

üìïéá áóõíÝ÷åéá 1ïõ åßäïõò óôï óçìåßï 1 ìå Üëìá d = 1, ðïõ

äåí äéïñèþíåôáé, åðåéäÞ áðáéôåßôáé ç áëëáãÞ ôïõ ôýðïõ ôçò f , óå

áíôßèåóç ìå ôçí ðåñßðôùóç (a) ðïõ áðáéôåßôáé ç áëëáãÞ ìüíïí ìéáò

óôáèåñÜò.

iii) Ç f íá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D Üðåéñï Üëìá ôüôå êáé ìüíïí,

üôáí ïé ðëåõñéêÝò ïñéáêÝò ôéìÝò åßíáé äéáöïñåôéêÝò ìåôáîý ôïõò êáé ç

ìßá ôïõëÜ÷éóôïí áðü áõôÝò áðåéñßæåôáé.

ÐáñÜäåéãìá 8.1.4 - 2

¸óôù ç óõíÜñôçóç

f(x) =

 x áí x ≤ 0
1

x
áí x > 0:
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Ó÷Þìá 8.1.4 - 3: ÐáñáôçñÞóåéò 8.1.4 - 1 (III) ÐáñÜäåéãìá 8.1.4 - 2.

ÅîåôÜæåôáé ç óõíÝ÷åéÜ ôçò ìüíï óôï óçìåßï ðïõ áëëÜæåé ï ôýðïò ôçò,

äçëáäÞ óôï 0, åðåéäÞ óå üëï ôï Üëëï ðåäßï ïñéóìïý ôçò ç f åßíáé óõíå÷Þò.

Ôüôå

lim
x→ 0−

f(x) = 0 ̸= +∞ = lim
x→ 0+

f(x);

äçëáäÞ ç f ðáñïõóéÜæåé áóõíÝ÷åéá 1ïõ åßäïõò óôï óçìåßï 0 ìå Üðåéñï

Üëìá, ðïõ äåí äéïñèþíåôáé (Ó÷. 8.1.4 - 3). Ç f åßíáé áñéóôåñÜ óõíå÷Þò

óôï óçìåßï 0 - ðëåõñéêÞ óõíÝ÷åéá - åðåéäÞ limx→ 0− f(x) = f(0) = 0.

ÐáñÜäåéãìá 8.1.4 - 3

¼ìïéá ïé óõíáñôÞóåéò (Ó÷. 8.1.4 - 4)

f(x) =


e

1
x áí x < 0

0 áí x = 0

e
1
x áí x > 0:

êáé g(x) =


1

x−1 áí x < 1

0 áí x = 1

1
x−1 áí x > 1:

H ìåëÝôç ôùí ãßíåôáé áíÜëïãá ìå åêåßíç ôïõ Ðáñáäåßãìáôïò 8.1.4 - 2.
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Ó÷Þìá 8.1.4 - 4: ÐáñáôçñÞóåéò 8.1.4 - 1 (III): áóõíÝ÷åéá ìå Üðåéñï Üëìá. (a)

ÓõíÜñôçóç f(x) = exp
(
1
x

)
: óçìåßï áóõíÝ÷åéáò x0 = 0. Ôï äéÜãñáììá ôçò

f , üôáí x < 0 êüêêéíç êáé x > 0 ìðëå êáìðýëç, åíþ ç åõèåßá y = 1 - êáöÝ

êáìðýëç - ïñßæåé ôçí ôéìÞ limx→±∞ f(x) = e0 = 1. (b) ¼ìïéá ç g(x) = 1
x−1

ìå óçìåßï áóõíÝ÷åéáò x0 = 1 (êáöÝ åõèåßá) êáé äéÜãñáììá ôçò g, üôáí x < 1

êüêêéíç êáé x > 1 ìðëå êáìðýëç.

ÁóõíÝ÷åéá 2ïõ åßäïõò

Ïñéóìüò 8.1.4 - 2. Ç óõíÜñôçóç f |D èá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D
áóõíÝ÷åéá ôïõ 2ïõ åßäïõò ôüôå êáé ìüíïí, üôáí äåí ïñßæåôáé ç ïñéáêÞ ôéìÞ

ôçò f óôï óçìåßï x0 ∈ D.

ÐáñÜäåéãìá 8.1.4 - 4

H óõíÜñôçóç

f(x) =


1

x
sin

1

x
áí x ̸= 0

0 áí x = 0

åßíáé óõíå÷Þò ãéá êÜèå x ̸= 0 ùò óýíèåóç ôùí óõíå÷þí óõíáñôÞóåùí 1
x êáé

g(x) = sin
(
1
x

)
- Ó÷. 8.1.4 - 5. Ãéá ôç óõíÝ÷åéá óôï 0 åîåôÜæïíôáé ôá ðëåõñéêÜ

üñéá ôçò f .4¸óôù ïé áêïëïõèßåò

a� =
1

2�� − �=2
ìå � = 1; 2; : : : êáé b� =

1

2�� + �=2
ìå � = 1; 2; : : :

4ÂëÝðå ÌÜèçìá ÓåéñÝò - Áêïëïõèßåò.
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üðïõ lim a� = lim b� = 0. Ôüôå

lim f (a�) =
(
2�� − �

2

)
sin
(
2�� − �

2

)
= +∞ · (−1) = −∞; åíþ

lim f (b�) =
(
2�� +

�

2

)
sin
(
2�� +

�

2

)
= +∞ · (+1) = +∞;

äçëáäÞ ãéá ôçí ßäéá óõíÜñôçóç Ý÷ïõìå äéáöïñåôéêÜ üñéá óôï óçìåßï 0, ðïõ

åßíáé Üôïðï óýìöùíá ìå ôçí éäéüôçôá ôïõ ìïíïóÞìáíôïõ ôïõ ïñßïõ êáé åðïìÝíùò

Ý÷ïõìå óôï 0 áóõíÝ÷åéá ôïõ 2ïõ åßäïõò.

-1.0 -0.5 0.5 1.0
x

-4

-2

2

4

fHxL

(a)

-1.0 -0.5 0.5 1.0
x

-1.0

-0.5

0.5

1.0

gHxL

(b)

Ó÷Þìá 8.1.4 - 5: (a) ÓõíÜñôçóç f(x) = 1
x sin

(
1
x

)
. (b) g(x) = sin

(
1
x

)
.

ÁóêÞóåéò

1. Íá åîåôáóôïýí ùò ðñïò ôç óõíÝ÷åéá óå üëï ôï ðåäßï ïñéóìïý ôùí ïé

ðáñáêÜôù óõíáñôÞóåéò f(x):

i)


x− 2

x2 − 4
; |x| ̸= 2

0 ; |x| = 2

v)


x ; x ∈

[
0;

1

2

]
1

2
+ x ; x ∈

(
1

2
; 1

]

ii)


1

x
; x ̸= 0

1 ; x = 0

vi)



cosx ; x ∈ [−�; 0)

1 ; x ∈ [0; 1)

1

x
; x ∈ [1; 2]
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iii)


x2 + |x|
x2 − |x|

; x ̸= 0

2 ; x = 0

vii)


x+
|x|
x

; x ̸= 0

1 ; x = 0

iv)


sinx+

√
1− cos 2x

sinx
; x ̸= 0

√
2 ; x = k�;

viii)


x

1 + e−1=x
; x ̸= 0

1

2
; x = 0

2. ¼ìïéá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x) êáé íá ãßíåé ç ìïñöÞ ôïõ äéáãñÜììáôïò

óôá Üêñá ôïõ ðåäßïõ ïñéóìïý ôùí

i) e−x
2

iv) sinh

(
x

x− 1

)
ii)

1

1 + e1=x
v) ln(sinx)

iii) exp

(
1− 1

x

)
vi) tan−1

(
1

x

)
.

3. ¼ìïéá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x)

i) ln
∣∣∣tan x

2

∣∣∣ iv) tan−1

(
1

x− 1

)

ii) (1 + x) tan−1

(
1

1− x2

)
v) e−1=x2

iii) e1=(1−x) vi) ln | cosx|
4. Äåßîôå üôé ç åîßóùóç x3 − 3x + 1 = 0 Ý÷åé ìßá ôïõëÜ÷éóôïí ðñáãìáôéêÞ

ñßæá óôï äéÜóôçìá (1; 2).

ÁðáíôÞóåéò

1-3: Ïé áðáíôÞóåéò óôéò ÁóêÞóåéò ðñïêýðôïõí áðü ôá äéáãñÜììáôá, ðïõ áêïëïõèïýí. Ôá

ðéèáíÜ óçìåßá áóõíÝ÷åéáò x0 áðåéêïíßæïíôáé ìå ◦, ôá áíôßóôïé÷á óçìåßá (x0; f (x0)) ìå •.

Ïé åõèåßåò x = x0 ìå äéáêåêïììÝíåò ðñÜóéíåò, åíþ ïé y = lim x→±∞ f(x) ìå äéáêåêïììÝíåò
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êáöÝ ãñáììÝò. 4. ÅöáñìïãÞ ôïõ ÈåùñÞìáôïò ôïõ Bolzano.

ë ë

æ æ

-4 -2 2 4 6
x

-3

-2

-1

1

2

3

fHxL

(a)

ëë

ææ

-2 -1 1 2
x

-4

-2

2

4

fHxL

(b)

Ó÷Þìá 8.1.4 - 6: ¢óêçóç: (a) 1i, (b) 1ii.

ë ëë
ææ

-2 -1 1 2
x

-20

-10

10

20

fHxL

(a)

ë ë ë ë ë

æ æ æ æ æ

-6 -4 -2 2 4 6
x

-2

-1

1

2

fHxL

(b)

Ó÷Þìá 8.1.4 - 7: ¢óêçóç: (a) 1iii, (b) 1v.
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ëë

ææ

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

1.2

1.4

fHxL

(a)

ë ë

æ æ

-3 -2 -1 1 2
x

-1.0

-0.5

0.5

1.0

fHxL

(b)

Ó÷Þìá 8.1.4 - 8: ¢óêçóç: (a) 1v, (b) 1vi.

ëë

ææ

-2 -1 1 2
x

-3

-2

-1

1

2

3

fHxL

(a)

ëë

ææ

-1.0 -0.5 0.5 1.0
x

-0.2

0.2

0.4

0.6

fHxL

(b)

Ó÷Þìá 8.1.4 - 9: ¢óêçóç: (a) 1vii, (b) 1viii.

-4 -2 2 4
x

0.2

0.4

0.6

0.8

1.0

fHxL

(a)
ëë

-4 -2 2 4
x

0.2

0.4

0.6

0.8

1.0

fHxL

(b)

Ó÷Þìá 8.1.4 - 10: ¢óêçóç: (a) 2i, (b) 2ii.

ëë
-4 -2 2 4

x

5

10

15

fHxL

(a)
ëë

-4 -2 2 4
x

2

4

6

8

10

fHxL

(b)

Ó÷Þìá 8.1.4 - 11: ¢óêçóç: (a) 2iii, (b) 2v.
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-6 -4 -2 2
x

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

fHxL

(a)

ëë
-10 -5 5 10

x

-0.5

0.5

fHxL

(b)

Ó÷Þìá 8.1.4 - 12: ¢óêçóç: (a) 2v, (b) 2vi.

ë ë ë ë ë ë ë ë
-10 -5 5

x

-4

-2

2

4

fHxL

(a)

ë ëææ

-4 -2 2 4
x

-2

-1

1

2

fHxL

(b)

Ó÷Þìá 8.1.4 - 13: ¢óêçóç: (a) 3i, (b) 3ii.

ëë
-4 -2 2 4

x

1

2

3

4

5

fHxL

(a)

ëë
-6 -4 -2 2 4 6

x

-1.5
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0.5

1.0

1.5

fHxL

(b)

Ó÷Þìá 8.1.4 - 14: ¢óêçóç: (a) 3iii, (b) 3iv.

ëëææ
-4 -2 2 4

x

0.2

0.4

0.6

0.8

1.0

fHxL

(a)

ë ë ë ë ë ë
-5 5

x

-3.0

-2.5
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-0.5

fHxL

(b)

Ó÷Þìá 8.1.4 - 15: ¢óêçóç: (a) 3v, (b) 3vi.
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ÌÜèçìá 9

ÐÁÑÁÃÙÃÏÓ ÓÕÍÁÑÔÇÓÇÓ

Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç ôïõ ìáèÞìáôïò, ðáñáðÝìðåôáé óôç

âéâëéïãñáößá [2, 3, 4].

9.1 Ïñéóìïß êáé ó÷åôéêÜ èåùñÞìáôá

9.1.1 Ïñéóìüò ðáñáãþãïõ

Áñ÷éêÜ ïñßæåôáé ç êëßóç ìéáò óõíÜñôçóçò ùò åîÞò:1

Ïñéóìüò 9.1.1 - 1 (êëßóçò). ¸óôù ç óõíÜñôçóç f | (a; b) êáé óçìåßï x0 ∈
(a; b). Ôüôå ãéá êÜèå x ∈ (a; b)− {x0} ìå ôïí ôýðï

Kx0(x) =
f(x)− f (x0)

x− x0
(9.1.1 - 1)

ïñßæåôáé ìßá óõíÜñôçóç, ðïõ ëÝãåôáé ðçëßêï äéáöïñþí Þ êëßóç ôçò f óôï

óçìåßï x0.

Áí x = x0 +∆x, ïðüôå

∆x = x− x0 ãéá êÜèå x ∈ (a; b)− {x0} ; (9.1.1 - 2)

1ÂëÝðå áíÜëïãï ïñéóìü óôï ÌÜèçìá ÁíáëõôéêÞ Ãåùìåôñßá.
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ôüôå ï ôýðïò (9:1:1− 1) ãñÜöåôáé

Kx0 =
f (x0 +∆x)− f (x0)

∆x
: (9.1.1 - 3)

Ïñéóìüò 9.1.1 - 2 (ðáñáãþãïõ). ¸óôù ç óõíÜñôçóç f | (a; b) êáé óçìåßï
x0 ∈ (a; b). Ôüôå èá ëÝãåôáé üôé ç f ðáñáãùãßæåôáé óôï óçìåßï x0 ôüôå êáé

ìüíïí, üôáí ç ïñéáêÞ ôéìÞ

lim
x→x0

Kx0(x) = lim
x→x0

f (x)− f (x0)
x− x0

(9.1.1 - 4)

õðÜñ÷åé.

Ç (9:1:1− 4) èá ëÝãåôáé ôüôå ç 1çò ôÜîçò ðáñÜãùãïò (Þ ðïëëÝò öïñÝò áðëÜ

ðáñÜãùãïò) ôçò f óôï x0 êáé èá óõìâïëßæåôáé ìå f ′ (x0).

¸÷ïíôáò õðüøç ôçí (9:1:1− 2), ç (9:1:1− 4) éóïäýíáìá ãñÜöåôáé

f ′ (x0) = lim
x→x0

f (x)− f (x0)
x− x0

(9.1.1 - 5)

= lim
Äx→ 0

f (x0 +∆x)− f (x0)
∆x

= lim
h→ 0

f (x0 + h)− f (x0)
h

: (9.1.1 - 6)

Ïñéóìüò 9.1.1 - 3. ¸óôù ç óõíÜñôçóç f | (a; b) Ôüôå èá ëÝãåôáé üôé ç f

ðáñáãùãßæåôáé óôï (a; b) ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ç ðáñÜãùãïò f ′ (x0)

ãéá êÜèå x0 ∈ (a; b).

Óôçí ðåñßðôùóç áõôÞ óõìâïëéêÜ ãñÜöåôáé

f ′(x) = f (1)(x) =
d f(x)

dx
=
d y

dx
= D1f(x) = Df(x); (9.1.1 - 7)

üðïõ ôï óýìâïëï (ôåëåóôÞò) D = D1 = d
dx èá óõìâïëßæåé óôï åîÞò ôçí 1çò

ôÜîçò ðáñÜãùãï ìéáò óõíÜñôçóçò ìå ìåôáâëçôÞ x.

ÐáñáôçñÞóåéò 9.1.1 - 1

Áðü ôïõò Ïñéóìïýò 9.1.1 - 2 êáé 9.1.1 - 3 ðñïêýðôïõí ôá åîÞò:

i) ç f ′ (x0), åöüóïí õðÜñ÷åé, åßíáé ðñáãìáôéêüò áñéèìüò, åíþ
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ii) ç f ′ (x) åßíáé óõíÜñôçóç.

Ïñéóìüò 9.1.1 - 4. ¸óôù üôé ôçò óõíÜñôçóçò f | (a; b) õðÜñ÷åé ç f ′(x) ãéá
êÜèå x ∈ (a; b). Ôüôå èá ëÝãåôáé üôé õðÜñ÷åé ç 2çò ôÜîçò ðáñÜãùãïò ôçò

f óôï (a; b) ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ç ðáñÜãùãïò ôçò f ′ (x) ãéá êÜèå

x ∈ (a; b).

Óôçí ðåñßðôùóç áõôÞ óõìâïëéêÜ ãñÜöåôáé

f ′′(x) = f (2)(x) =
d

dx

(
d f(x)

dx

)
=
d 2f(x)

dx2
= D2f(x); (9.1.1 - 8)

üðïõ ôï D2 = d 2

dx2 óõìâïëßæåé ôïí ôåëåóôÞ ôçò 2çò ôÜîçò ðáñáãþãïõ ìéáò

óõíÜñôçóçò ìå ìåôáâëçôÞ x. Äéåõêñéíßæåôáé üôé d 2

dx2 ̸=
(
d
dx

)2
.

ÁíÜëïãá ïñßæïíôáé ïé ðáñÜãùãïé:

3çò ôÜîçò:

f ′′′(x) = f (3)(x) =
d

dx

(
d 2f(x)

dx2

)
=
d 3f(x)

dx3
= D3f(x); (9.1.1 - 9)

üðïõ ôï D3 = d 3

dx3 óõìâïëßæåé ôïí ôåëåóôÞ ôçò 3çò ôÜîçò ðáñáãþãïõ ìéáò

óõíÜñôçóçò ìå ìåôáâëçôÞ x, êáé ãåíéêÜ ç

� - ôÜîçò:

f (�)(x) =
d

dx

(
d �−1f(x)

dx�−1

)
=
d �f(x)

dx�
= D�f(x); (9.1.1 - 10)

üðïõ üìïéá ï ôåëåóôÞò D� = d �

dx� óõìâïëßæåé ôçí �-ôÜîçò ðáñÜãùãï ìéáò

óõíÜñôçóçò ìå ìåôáâëçôÞ x.

ÅéäéêÜ ïñßæåôáé üôé

f (0)(x) = f(x): (9.1.1 - 11)

Óýìöùíá ìå ôïí ôýðï (9:1:1−6) áðïäåéêíýïíôáé ïé ðáñÜãùãïé ôùí êõñéüôå-
ñùí óôïé÷åéùäþí óõíáñôÞóåùí ôïõ Ðßíáêá 9.1.1 - 1.

9.1.2 ÃåùìåôñéêÞ åñìçíåßá ðáñáãþãïõ

¸óôù ç óõíÜñôçóç y = f(x)| (a; b). Ôüôå üðùò åßíáé ãíùóôü, áí Oxy åßíáé

Ýíá ïñèïãþíéï óýóôçìá óõíôåôáãìÝíùí, ôï óýíïëï ôùí óçìåßùí ôïõ åðéðÝäïõ

Gf = {(x; f(x)) ìå x ∈ (a; b)} ⊆ R2 (9.1.2 - 1)
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Ðßíáêáò 9.1.1 - 1: ðáñáãþãùí ôùí êõñéüôåñùí óýíèåôùí óõíáñôÞóåùí.

á / á ÓõíÜñôçóç ÐáñÜãùãïò

1 xa ìå a ñçôü axa−1

2 ex ex

3 lnx
1

x

4 sinx cosx

5 cosx − sinx

6 tanx
1

cos2 x

7 cotx − 1

sin2 x

8 tan−1 x
1

1 + x2

9 sin−1 x
1√

1− x2

10 cos−1 x − 1√
1− x2

11 sinhx coshx

12 coshx sinhx

13 tanhx
1

cosh2 x
=
[
1− tanh2 x

]
14 cothx − 1

sinh2 x
=
[
1− coth2 x

]
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ïñßæåé ôï äéÜãñáììá ôçò óõíÜñôçóçò f . ¸óôù ôþñá ôá óçìåßá x0 ∈ (a; b) êáé

x1 = x0 +∆x ∈ (a; b), üôáí ôï ∆x äßíåôáé áðü ôçí (9:1:1− 2), ìå áíôßóôïé÷á

óçìåßá óôï äéÜãñáììá ôçò f ôá A (x0; f (x0)) êáé B (x0 +∆x; f (x0 +∆x)).

Ç åõèåßá AB ëÝãåôáé ôüôå êáé ôÝìíïõóá åõèåßá (secant line) ôïõ äéáãñÜììáôïò

ôçò f óôá óçìåßá A êáé B. Óôï Ó÷. 9.1.2 - 1 åßíáé AB = ∆x êáé CB =

f (x0 +∆x)−f (x0) = ∆y. Ç êëßóç Þ äéáöïñåôéêÜ ï óõíôåëåóôÞò äéåýèõíóçò

ôçò åõèåßáò AB èá äßíåôáé ôüôå áðü ôç ó÷Ýóç2

ë = tan � =
f (x0 +∆x)− f (x0)

∆x
=

∆y

∆x
;

ïðüôå ç åîßóùóç ôçò ôÝìíïõóáò åõèåßáò èá åßíáé

y − f (x0) = ë (x− x0) : (9.1.2 - 2)

Ï ôýðïò (9:1:2− 2) ôüôå ãéá üëá ôá ∆x ìå ∆x ̸= 0 êáé x0 +∆x ∈ D ïñßæåé

ôï óýíïëï üëùí ôùí åõèåéþí ðïõ ôÝìíïõí ôï äéÜãñáììá ôçò f óôï óçìåßï

(x0; f (x0)).

¸óôù ôþñá üôé ôï ∆x ôåßíåé óôï ìçäÝí, äçëáäÞ ôï óçìåßï C ôåßíåé óôï A.

Ôüôå ôï óçìåßï B êéíïýìåíï åðß ôïõ äéáãñÜììáôïò ôçò f ôåßíåé íá óõìðÝóåé

üìïéá ìå ôï óçìåßï A, ç êÜèåôç ðëåõñÜ CB ôïõ ôñéãþíïõ ABC ôåßíåé íá

ëÜâåé ìßá ïñéáêÞ ôéìÞ, Ýóôù dy, åíþ ç ôÝìíïõóá åõèåßá AB ôåßíåé íá ãßíåé ç

åöáðôïìÝíç ôïõ äéáãñÜììáôïò ôçò f óôï óçìåßï A (x0; f (x0)). ÕðïèÝôïíôáò

ôþñá üôé õðÜñ÷åé ç ðáñÜãùãïò f ′ (x0) Ý÷ïõìå óôçí ðåñßðôùóç áõôÞ üôé
3

f ′ (x0) = tanù = lim
∆x→ 0

f (x0 +∆x)− f (x0)
∆x

=
dy

dx

∣∣∣∣
x=x0

=
d f(x)

dx

∣∣∣∣
x=x0

(9.1.2 - 3)

üðïõ tanù åßíáé ç êëßóç ôçò åöáðôüìåíçò åõèåßáò ôïõ äéáãñÜììáôïò ôçò f

óôï óçìåßï (x0; f (x0)). ¢ñá Ý÷åé áðïäåé÷èåß ç ðñüôáóç:

2ÂëÝðå üìïéá ÌÜèçìá ÁíáëõôéêÞ Ãåùìåôñßá.
3Ï óõìâïëéóìüò dx ïöåßëåôáé óôïí Leibniz. Óôá ìáèçìáôéêÜ óõìâïëßæåé ôï áðåéñïóôü

Þ ôï åëÜ÷éóôï äõíáôü x. Ôüôå óôï áðåéñïóôü áõôü dx áíôéóôïé÷åß ç áðåéñïóôÞ ìåôáâïëÞ

dy ôçò óõíÜñôçóçò y = f(x).
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Ó÷Þìá 9.1.2 - 1: ÃåùìåôñéêÞ óçìáóßá ðáñáãþãïõ: óçìåßá x0, y0 = f (x0),

x1 = x0 + ∆x êáé y1 = f (x0 +∆x). Åöáðôüìåíç ç êüêêéíç óõíå÷Þò êáé

êÜèåôç ç ðñÜóéíç åõèåßá.
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ÃåùìåôñéêÞ åñìçíåßá ðáñáãþãïõ

Ðñüôáóç 9.1.2 - 1. Ç ðáñÜãùãïò f ′ (x0) ìéáò óõíÜñôçóçò y = f(x) | (a; b)
óôï óçìåßï x0 ∈ (a; b) éóïýôáé ìå ôçí åöáðôïìÝíç ôçò ãùíßáò Þ äéáöïñåôéêÜ

ìå ôïí óõíôåëåóôÞ äéåýèõíóçò ôçò åöáðôïìÝíçò ôïõ äéáãñÜììáôïò ôçò f

óôï óçìåßï (x0; f (x0)).

Óôçí ðåñßðôùóç áõôÞ ç åîßóùóç ôçò åöáðôüìåíçò åõèåßáò (tangent line)

èá äßíåôáé áðü ôïí ôýðï

y − f (x0) = f ′ (x0) (x− x0) ; (9.1.2 - 4)

åíþ ôçò êÜèåôçò åõèåßáò (normal tangent line) ôïõ äéáãñÜììáôïò ôçò f óôï

óçìåßï (x0; f (x0)), åöüóïí (x0; f (x0)) ̸= 0, áðü ôïí

y − f (x0) = −
1

f ′ (x0)
(x− x0) : (9.1.2 - 5)

ÐáñáôÞñçóç 9.1.2 - 1

Áí f ′ (x0) = 0, ïðüôå óýìöùíá ìå ôçí Ðñüôáóç 9.1.2 - 1 ç åöáðôüìåíç èá

åßíáé ðáñÜëëçëç óôïí x-Üîïíá Þ èá óõìðßðôåé ìå áõôüí, ôüôå ç åîßóùóÞ ôçò

åßíáé

•
y = f (x0) ; åíþ (9.1.2 - 6)

• ôçò êÜèåôçò åõèåßáò

x = x0: (9.1.2 - 7)

ÐáñÜäåéãìá 9.1.2 - 1

Íá õðïëïãéóôåß ç åîßóùóç ôçò åöáðôüìåíçò êáé ôçò êÜèåôçò óå áõôÞ åõèåßáò

óôçí ðáñáâïëÞ ìå åîßóùóç

y = f(x) = x1=2

óôï óçìåßï ìå ôåôìçìÝíç x0 = 1 (Ó÷. 9.1.2 - 2).

Ëýóç. ÅðåéäÞ

x0 = 1 åßíáé y0 = f (x0) =
√
x0 = 1:
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Ó÷Þìá 9.1.2 - 2: ÐáñÜäåéãìá 9.1.2 - 2 ìå óçìåßï x0 = 1. Åöáðôüìåíç ç

êüêêéíç óõíå÷Þò êáé êÜèåôç ç ðñÜóéíç åõèåßá.

Ôüôå óýìöùíá ìå ôïí ôýðï 1 ôïõ Ðßíáêá 9.1.1 - 1 üðïõ xa = x1=2, äçëáäÞ

a = 1=2, ðñïêýðôåé üôé

f ′(x) =
1

2
x

1
2
−1 =

1

2
x−

1
2 ; ïðüôå f ′ (x0) =

1

2
:

ÅðïìÝíùò, óýìöùíá ìå ôïí ôýðï (9:1:2− 4), ç åîßóùóç ôçò åöáðôüìåíçò

åõèåßáò åßíáé

y − 1 =
1

2
(x− 1); äçëáäÞ x− 2y + 1 = 0;

åíþ ìå ôïí ôýðï (9:1:2− 5) ôçò êÜèåôçò

y − 1 = −2 (x− 1); äçëáäÞ 2x+ y − 3 = 0:
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Ó÷Þìá 9.1.3 - 1: ÃåùìåôñéêÞ åñìçíåßá äéáöïñéêïý óôï óçìåßï x0, üôáí

tanù = f ′ (x0).

9.1.3 Äéáöïñéêü óõíÜñôçóçò

Ïñéóìüò 9.1.3 - 1. ¸óôù ç óõíÜñôçóç f | (a; b) êáé óçìåßï x0 ∈ (a; b).

Ôüôå, áí õðÜñ÷åé ç f ′ (x0), ôï äéáöïñéêü (di�erential) 1çò ôÜîçò ôçò f óôï

x0 óõìâïëßæåôáé d f(x)|x=x0 êáé éóïýôáé ìå

d f(x)|x=x0 = f ′ (x0) dx: (9.1.3 - 1)

ÃåùìåôñéêÜ ôï äéáöïñéêü 1çò ôÜîçò dy éóïýôáé ìå ôçí ïñéáêÞ ôéìÞ ôçò

ðëåõñÜò CB (Ó÷. 9.1.3 - 1), üôáí ôï óçìåßï C ôåßíåé óôï A, äçëáäÞ ç ðëåõñÜ

CA ôåßíåé óôï ìçäÝí, ïðüôå åëá÷éóôïðïéåßôáé ëáìâÜíïíôáò ìéá åëÜ÷éóôç Þ

üðùò Ý÷åé Þäç ãñáöåß óôç ãåùìåôñéêÞ åñìçíåßá ôçò ðáñáãþãïõ (Õðïóçìåßùóç

3) ôçí áðåéñïóôÞ ôéìÞ dx. Ôï dx ëÝãåôáé êáé áðåéñïóôü ôçò ìåôáâëçôÞò.



278 ÐáñÜãùãïò óõíÜñôçóçò Êáè. Á. ÌðñÜôóïò

Ïñéóìüò 9.1.3 - 2. ¸óôù üôé ç óõíÜñôçóç y = f(x) ðáñáãùãßæåôáé ãéá

êÜèå x ∈ (a; b). Ôüôå ôï äéáöïñéêü 1çò ôÜîçò ôçò f óôï (a; b) óõìâïëßæåôáé

d f(x) Þ dy êáé éóïýôáé ìå

dy = d f(x) = f ′(x) dx ãéá êÜèå x ∈ (a; b): (9.1.3 - 2)

Óçìåßùóç 9.1.3 - 1

ÅöáñìïãÝò ôïõ ôýðïõ (9:1:3−2) èá äïèïýí óôï ÌÜèçìá Áüñéóôï ÏëïêëÞñùìá.

ÕðïèÝôïíôáò ôþñá üôé õðÜñ÷ïõí óôï (a; b) ïé ðáñÜãùãïé ôçò f ìÝ÷ñé

êáé �-ôÜîçò, åßíáé äõíáôüí íá ïñéóôåß åðáãùãéêÜ ôï �-ôÜîçò äéáöïñéêü ôçò

óõíÜñôçóçò f(x) ùò åîÞò:

d �y = d
(
d �−1y

)
= f (�)(x)dx� (9.1.3 - 3)

ãéá êÜèå � = 2; 3; : : : :

9.1.4 Êáíüíåò ðáñáãþãéóçò

Äßíïíôáé óôç óõíÝ÷åéá ÷ùñßò áðüäåéîç ïé ðáñáêÜôù êáíüíåò ðáñáãþãéóçò:

Ðñüôáóç 9.1.4 - 1 (ðáñÜãùãïò óôáèåñÜò óõíÜñôçóçò). ¸óôù ç óõíÜñôç-

óç f |R üðïõ f(x) = c óôáèåñÜ ãéá êÜèå x ∈ R. Ôüôå

f ′(x) = 0 ãéá êÜèå x ∈ R:

Ðñüôáóç 9.1.4 - 2. ¸óôù üôé ïé óõíáñôÞóåéò f; g | (a; b) åßíáé ðáñáãùãßóéìåò
óôï (a; b). Ôüôå éó÷ýåé

(f(x) + g(x))′ = f ′(x) + g′(x) ãéá êÜèå x ∈ (a; b): (9.1.4 - 1)
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Ðüñéóìá 9.1.4 - 1 (ãåíßêåõóç ðáñáãþãïõ áèñïßóìáôïò). ¸óôù üôé ïé

óõíáñôÞóåéò f1; : : : ; f� | (a; b) åßíáé ðáñáãùãßóéìåò óôï (a; b). Ôüôå

[f1(x) + : : :+ f�(x)]
′ = f ′1(x) + : : :+ f ′�(x) (9.1.4 - 2)

ãéá êÜèå x ∈ (a; b).

Ðñüôáóç 9.1.4 - 3 (ðáñÜãùãïò ãéíïìÝíïõ). ¸óôù üôé ïé óõíáñôÞóåéò

f; g | (a; b) åßíáé ðáñáãùãßóéìåò óôï (a; b). Ôüôå éó÷ýåé

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x) ãéá êÜèå x ∈ (a; b): (9.1.4 - 3)

Ðüñéóìá 9.1.4 - 2. ¸óôù üôé ïé óõíáñôÞóåéò f; g; h | (a; b) åßíáé ðáñáãùãß-
óéìåò óôï (a; b). Ôüôå

[f(x) g(x)h(x)]′ = f ′(x) g(x)h(x) + f(x) g′(x)h(x)

+f(x) g(x)h′(x) (9.1.4 - 4)

ãéá êÜèå x ∈ (a; b).

Ç Ðñüôáóç 9.1.4 - 3 åðßóçò ãåíéêåýåôáé.

ÅðåéäÞ ðñïöáíþò éó÷ýåé

(ëf(x))′ = ëf ′(x); üôáí ë ∈ R óôáèåñÜ;

áðü ôéò ÐñïôÜóåéò 9.1.4 - 1 êáé 9.1.4 - 3 ðñïêýðôåé ç ðáñáêÜôù ãñáììéêÞ

éäéüôçôá

[k f(x) + �g(x)]′ = k f ′(x) + � g′(x) (9.1.4 - 5)

ãéá êÜèå x ∈ (a; b), ðïõ åðßóçò ãåíéêåýåôáé.

Ðñüôáóç 9.1.4 - 4 (ðáñÜãùãïò ðçëßêïõ). Áí ç óõíÜñôçóç f | (a; b) ðáñá-
ãùãßæåôáé óôï (a; b) êáé åðéðëÝïí õðÜñ÷åé x0 ∈ (a; b), Ýôóé þóôå f ′ (x0) ̸= 0,

ôüôå [
1

f(x)

]′
x=x0

= −f
′ (x0)

f 2(x)
: (9.1.4 - 6)
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Ðüñéóìá 9.1.4 - 3. ¸óôù üôé ïé óõíáñôÞóåéò f; g | (a; b) åßíáé ðáñáãùãßóé-
ìåò óôï (a; b) êáé åðéðëÝïí g′(x) ̸= 0 ãéá êÜèå x ∈ (a; b). Ôüôå éó÷ýåé[

f(x)

g(x)

]′
=
f ′(x)g(x)− f(x)g′(x)

g2(x)
ãéá êÜèå x ∈ (a; b): (9.1.4 - 7)

Ðüñéóìá 9.1.4 - 4. Áí ç f | (a; b) åßíáé ðáñáãùãßóéìç óõíÜñôçóç óôï (a; b),

ôüôå

[f �(x)]′ = �f �−1(x)f ′(x) (9.1.4 - 8)

ãéá êÜèå x ∈ D ìå � = 2; 3; : : : :

Áðüäåéîç. Ç áðüäåéîç ôïõ ôýðïõ (9:1:4 − 8) ðñïêýðôåé Þ åðáãùãéêÜ Þ áðü

ôïí ôýðï (9:1:4− 4), áí ôåèåß

f1(x) = f2(x) = : : : = f�(x) = f(x):

9.1.5 ÐáñÜãùãïò óýíèåôçò óõíÜñôçóçò

Èåþñçìá 9.1.5 - 1. ¸óôù ïé óõíáñôÞóåéò y = f(w) |D1 êáé w = g(x) |D2,

üðïõ g (D2) ⊆ D1 êáé D1, D2 áíïéêôÜ äéáóôÞìáôá êáé ç ðñïêýðôïõóá óýíèåôç

óõíÜñôçóç F (x) = (f ◦ g) (x) = f(g(x)) ãéá êÜèå x ∈ D2. ¸óôù åðßóçò üôé

ãéá Ýíá óçìåßï x0 ∈ D2 õðÜñ÷ïõí ïé ðáñÜãùãïé g
′ (x0) = w′

0 êáé y
′
0 = f ′ (w0).

Ôüôå õðÜñ÷åé êáé ç ðáñÜãùãïò ôçò óýíèåôçò óõíÜñôçóçò F (x)|D2 óôï óçìåßï

x0 ∈ D2 êáé éó÷ýåé

dF (x)

dx

∣∣∣∣
x=x0

=
df(w)

dw

∣∣∣∣
w=w0

dg(x)

dx

∣∣∣∣
x=x0

= y′0 w
′
0: (9.1.5 - 1)

Óçìåßùóç 9.1.5 - 1

Ï ôýðïò (9:1:5 − 1) åßíáé ãíùóôüò ùò ï áëõóéäùôüò êáíüíáò (chain rule)

ðáñáãþãéóçò êáé, üôáí éó÷ýåé ãéá êÜèå x ∈ D2, ãñÜöåôáé

df(g(x))

dx
=
df(g(x))

dg(x)

dg(x)

dx
= fg gx: (9.1.5 - 2)
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Ðßíáêáò 9.1.5 - 1: ðáñáãþãùí ôùí êõñéüôåñùí óýíèåôùí óõíáñôÞóåùí.

á / á ÓõíÜñôçóç ÐáñÜãùãïò

1 fa(x) af ′(x)fa−1(x)

2 ef(x) f ′(x)ef(x)

3 ln f(x)
f ′(x)

f(x)

4 sin f(x) f ′(x) cos f(x)

5 cos f(x) −f ′(x) sin f(x)

6 tan f(x)
f ′(x)

cos2 f(x)

7 cot f(x) − f ′(x)

sin2 f(x)

8 tan−1 f(x)
f ′(x)

1 + f2(x)

9 sin−1 f(x)
f ′(x)√
1− f2(x)

10 cos−1 f(x) − f ′(x)√
1− f2(x)

11 sinh f(x) f ′(x) cosh f(x)

12 cosh f(x) f ′(x) sinh f(x)

13 tanh f(x)
f ′(x)

cosh2 f(x)
= f ′(x)

[
1− tanh2 f(x)

]
14 coth f(x) − f ′(x)

sinh2 f(x)
= f ′(x)

[
1− coth2 f(x)

]
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Ïé ðáñÜãùãïé ôùí êõñéüôåñùí óýíèåôùí óõíáñôÞóåùí äßíïíôáé óôç óõíÝ÷åéá

÷ùñßò áðüäåéîç óôïí Ðßíáêá 9.1.5 - 1.

ÐáñÜäåéãìá 9.1.5 - 1

¸óôù

f(x) = e−x
2
:

Ôüôå óýìöùíá ìå ôïí ôýðï (2) ôïõ Ðßíáêá 9.1.5 - 1 èá åßíáé

f ′(x) =
(
−x2

)′
e−x

2
= −2xe−x2 ;

åíþ óýìöùíá êáé ìå ôïí êáíüíá ðáñáãþãéóçò ãéíïìÝíïõ

f ′′(x) = (−2x)′e−x2 − 2x
(
e−x

2
)′

= −2
(
1− 2x2

)
e−x

2
:

¼ìïéá õðïëïãßæåôáé üôé

f (3)(x) = −4x e−x2
(
−3 + 2x2

)
; êáé

f (4)(x) = 4e−x
2 (

3− 12x2 + 4x4
)
:

ÐáñÜäåéãìá 9.1.5 - 2

¸óôù

f(x) = sin2 3x = (sin 3x)2 :

¼ìïéá áðü ôïõò ôýðïõò (1) êáé (4) ðñïêýðôåé üôé

f ′(x) = 2 (sin 3x)2−1 (sin 3x)′ = 2 sin 3x cos 3x (3x)′

= 3 ·
sin 6x︷ ︸︸ ︷

2 sin 3x cos 3x = 3 sin 6x; êáé

f ′′(x) = (3 sin 6x)′ = 3 (6x)′ sin 6x = 18 sin 6x:

ÐáñÜäåéãìá 9.1.5 - 3

¸óôù

f(x) =
1

2
ln

1 + x

1− x
üðïõ − 1 < x < 1:
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Áðü ôïí ôýðï (3) êáé ôï Ðüñéóìá 9.1.4 - 3, Ý÷ïõìå

f ′(x) =
1

2

1− x
1 + x

(
1 + x

1− x

)′
=

1

1− x2

êáé

f ′′(x) = −
(
1− x2

)′
(1− x2)2

=
2x

(1− x2)2
;

åíþ óýìöùíá ìå ôïí êáíüíá ðáñáãþãéóçò ðçëßêïõ åßíáé

f (3)(x) = 2
x′
(
1− x2

)2 −
2(1−x2)

2
(−2x)︷ ︸︸ ︷[(

1− x2
)2]′

(1− x2)4
= −

2
(
1 + 3x2

)
(1− x2)3

:

ÐáñÜäåéãìá 9.1.5 - 4

¸óôù

f(x) =
3
√

1− x2 =
(
1− x2

)1=3
:

Ôüôå óýìöùíá ìå ôï ôýðï (1) åßíáé

f ′(x) =
1

3

(
1− x2

)−2=3 (
1− x2

)′
= −2

3
x
(
1− x2

)−2=3
:

ÐáñÜäåéãìá 9.1.5 - 5

Áí

f(x) = ln(1 + x) + sin−1
(x
2

)
íá õðïëïãéóôåß ç f ′(1).

Ëýóç. Óýìöùíá ìå ôïõò ôýðïõò (3) êáé (9) Ý÷ïõìå üôé

f ′(x) =
(1 + x)′

1 + x
+

(
x
2

)′√
1−

(
x
2

)2 =
1

1 + x
+

x√
4− x2

;

ïðüôå

f ′(1) =
1

2
+

√
3

3
:
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ÐáñÜäåéãìá 9.1.5 - 6

Íá õðïëïãéóôåß ç 2çò ôÜîçò ðáñÜãùãïò ôçò óõíÜñôçóçò

f(x) = tan−1 2x:

Ëýóç. Áñ÷éêÜ óýìöùíá ìå ôïí ôýðï (8) åßíáé

f ′(x) =
(2x)′

1 + (2x)2
=

2

1 + 4x2
;

ïðüôå óýìöùíá ìå ôï Ðüñéóìá 9.1.4 - 3, Ý÷ïõìå

f ′′(x) = −2

4·2x︷ ︸︸ ︷(
1 + 4x2

)′
(1 + 4x2)2

= − 16x

(1 + 4x2)2
:

ÐáñÜäåéãìá 9.1.5 - 7

Íá õðïëïãéóôåß ç �-ôÜîçò ðáñÜãùãïò ôçò óõíÜñôçóçò

f(x) = 2x:

Ëýóç. Áðü ôçí ôáõôüôçôá

ax = ex ln a ìå a > 0 êáé x ∈ ℜ;

ðñïêýðôåé üôé

f ′(x) =
(
ex ln 2

)′
= (x ln 2)′ ex ln 2 = 2x ln 2:

¼ìïéá f ′′(x) = 2x(ln 2)2 êáé ãåíéêÜ

f (�)(x) = 2x(ln 2)� ìå � = 1; 2; : : : :
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ÐáñÜäåéãìá 9.1.5 - 8

¸óôù

f(x) = sechx:

Ôüôå, åðåéäÞ

sechx =
1

coshx
;

óýìöùíá ìå ôï Ðüñéóìá 9.1.4 - 3, Ý÷ïõìå

f ′(x) = −(coshx)′

cosh2 x
= − sinhx

cosh2 x

= − 1

coshx

sinhx

coshx
= −sechx tanhx:

ÐáñÜäåéãìá 9.1.5 - 9

¸óôù

f(x) = tanh 2x:

Ôüôå óýìöùíá ìå ôïí ôýðï (13) åßíáé

f ′(x) =
(2x)′

cosh2 2x
=

2

cosh2 2x
= 2 sech22x:

Áí x = 0, åßíáé

f ′(0) = 2

(
2

e2·0 + e−2·0

)2

= 2 · 1 = 2:

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç åîßóùóç ôçò åöáðôïìÝíçò êáé ôçò êáèÝôïõ ôùí ðáñáêÜôù

êáìðõëþí óôá Ýíáíôé óçìåßá:

i) y = x3 + 2x2 − 4x− 3 óôï óçìåßï x0 = −2,

ii) y = (x− 1)1=3 óôï x0 = 2,

iii) y = tan−1 2x óôï x0 = 0,

iv) y = e1−x
2

óôï óçìåßï ôïìÞò ìå ôçí åõèåßá y = 1,
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v) y = sin−1

(
x− 1

2

)
óôï óçìåßï ôïìÞò ìå ôïí x-Üîïíá,

vi) y = cos−1 3x óôï óçìåßï ôïìÞò ìå ôïí y-Üîïíá.

2. Íá õðïëïãéóôåß ôï óçìåßï óôï ïðïßï ç åöáðôïìÝíç ôçò êáìðýëçò y =

x2 − 7x+ 3 åßíáé ðáñÜëëçëç óôçí åõèåßá 5x+ y − 3 = 0.

3. Íá ðñïóäéïñéóôïýí ôá óçìåßá óôá ïðïßá ïé åöáðôüìåíåò ôçò êáìðýëçò

y = 3x4 + 4x3 − 12x2 + 20

åßíáé ðáñÜëëçëåò óôïí x-Üîïíá.

4. Íá õðïëïãéóôïýí ïé 1çò ôÜîçò ðáñÜãùãïé ôùí ðáñáêÜôù óõíáñôÞóåùí

f(x):

i) ln(sin 2x) viii) tan−1

(
x+ 1

x− 1

)
ii) e−x (2 sin 2x− cos 2x) ix) 2−x

iii) cos3 ! x x)
(
1− x2

)1=2
iv) ln

(
x2 + x+ 1

)
xi)

√
1− x
1 + x

v) x2 tan 2x xii) ln

(
x

x+ 1

)
vi) sin2 ! x xiii) tan−1 (

√
x )

vii) cosx2 xiv) sin−1 x

2
:

5. Íá õðïëïãéóôïýí ïé 2çò ôÜîçò ðáñÜãùãïé ôùí áíôßóôñïöùí õðåñâïëéêþí

óõíáñôÞóåùí.

6. ¼ìïéá ïé 2çò ôÜîçò ðáñÜãùãïé ôùí ðáñáêÜôù óõíáñôÞóåùí f(x):

i)
1− x
1 + x

v) ln
(
x+
√
1 + x2

)
ii) tan−1 2x vi) sin2 !x

iii) e−x
2

vii) 3x

iv) x e−3x viii) cosh
(x
2

)
.
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7. ¼ìïéá ïé �-ôÜîçò ðáñÜãùãïé ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) e−3x iii) lnx

ii) a�x
� + a�−1x

�−1 + : : :+ a1x+ a0 iv)
1

1− x
:

8. Äåßîôå üôé ç ðáñÜãùãïò ìéáò Üñôéáò óõíÜñôçóçò åßíáé ðåñéôôÞ óõíÜñôçóç,

åíþ ç ðáñÜãùãïò ìéáò ðåñéôôÞò åßíáé Üñôéá óõíÜñôçóç.

9. Äåßîôå üôé ç ðáñÜãùãïò ìéáò ðåñéïäéêÞò óõíÜñôçóçò åßíáé üìïéá ðåñéïäéêÞ

óõíÜñôçóç.

10. Äåßîôå üôé ïé ðáñáêÜôù åîéóþóåéò åðáëçèåýïíôáé áðü ôéò Ýíáíôé óõíáñôÞóåéò:

i) L
d i

d t
+Ri = E áðü ôçí i = i(t) =

E

R

(
1− e−R t=L

)
,

ii) L
d 2i

d t2
+R

d i

d t
+

i

C
= 0 áðü ôçí i = i(t) = (c1 + tc2) e

−R t=(2L),

üôáí R2 = 4L=C,

iii)

x2y′′ + (1− 2�)xy′ +
(
1 + í2

)
y = 0

áðü ôçí y = x� [cos (lnx) + sin (lnx)].

11. Íá äåé÷èåß üôé

i) ç 3çò ôÜîçò ðáñÜãùãïò ôçò óõíÜñôçóçò f(x) = e1=x ìå x ̸= 0 åßíáé ôçò

ìïñöÞò

f (3)(x) = (−1)3P2(x)x
−2 · 3 e1=x;

üðïõ P2(x) ðïëõþíõìï âáèìïý 2,

ii) ç 2çò ôÜîçò ðáñÜãùãïò ôçò óõíÜñôçóçò f(x) =
(
1 + x2

)−1=2
åßíáé ôçò

ìïñöÞò

f (2)(x) =
(
1 + x2

)−2−1=2
P2(x);

üðïõ P2(x) ðïëõþíõìï âáèìïý 2.
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ÁðáíôÞóåéò

1. ÁíÜëïãá ìå ôï ÐáñÜäåéãìá 9.1.2 - 1 Ý÷ïõìå ôá åîÞò:

(i) áí f(x) = x3 + 2x2 − 4x − 3, ôüôå x0 = −2, y0 = f(−2) = 5 êáé f ′(0) = 0. ¢ñá

óýìöùíá ìå ôïí ôýðï (9:1:2 − 6) ç åîßóùóç ôçò åöáðôïìÝíçò åõèåßáò åßíáé y = 5, åíþ ìå

ôïí ôýðï (9:1:2− 7) ôçò êÜèåôçò x = −2.

(ii) ¼ìïéá åßíáé f(x) = (x− 1)3, x0 = 2, y0 = f(2) = 1 êáé f ′(2) = 3, ïðüôå óýìöùíá ìå

ôïí ôýðï (9:1:2 − 4) ç åîßóùóç ôçò åöáðôïìÝíçò åõèåßáò åßíáé y − 3x + 5 = 0, åíþ ìå ôïí

ôýðï (9:1:2− 5) ôçò êÜèåôçò 3y + x− 5 = 0.

(iii) f(x) = tan 2x, x0 = 0, y0 = f(0) = 0 êáé f ′(2) = 2, ïðüôå áðü ôïí ôýðï (9:1:2 − 4)

ç åîßóùóç ôçò åöáðôïìÝíçò åõèåßáò åßíáé y − 2x = 0, åíþ áðü ôïí (9:1:2− 5) ôçò êÜèåôçò

2y + x = 0.

(iv) Ôá êïéíÜ óçìåßá õðïëïãßæïíôáé èÝôïíôáò f(x) = e1−x
2

= 1 = e0, ïðüôå 1 − x2 = 0,

äçëáäÞ x = ±1. Ôüôå áí

• x0 = 1, y0 = f(1) = 1 êáé f ′(1) = −2, ïðüôå áðü ôïí ôýðï (9:1:2 − 4) ç åîßóùóç

ôçò åöáðôïìÝíçò åõèåßáò åßíáé y + 2x− 3 = 0, åíþ áðü ôïí (9:1:2− 5) ôçò êÜèåôçò

2y − x− 1 = 0,

• x0 = −1, y0 = f(−1) = 1 êáé f ′(1) = 2, ïðüôå ç åîßóùóç ôçò åöáðôïìÝíçò åõèåßáò

åßíáé y − 2x− 3 = 0, åíþ ôçò êÜèåôçò 2y + x− 1 = 0,

(v) Ôá êïéíÜ óçìåßá õðïëïãßæïíôáé èÝôïíôáò f(x) = sin−1
(
x−1
2

)
= 0, ïðüôå x0 = 1.

Ôüôå óýìöùíá ìå ôïí ôýðï 9 ôïõ Ðßíáêá 9.1.5 - 1 åßíáé f ′(x) =
(
3 + 2x− x2

)−1=2
êáé

Üñá f ′(1) = 1
2
; ïðüôå áðü ôïí ôýðï (9:1:2 − 4) ç åîßóùóç ôçò åöáðôïìÝíçò åõèåßáò åßíáé

2y − x+ 1 = 0, åíþ áðü ôïí (9:1:2− 5) ôçò êÜèåôçò y + 2x− 2 = 0.

(vi) Óôï óçìåßï ôïìÞò ìå ôïí y-Üîïíá ðñÝðåé x = 0. ¸óôù f(x) = cos−1 3x, ïðüôå

y0 = f(0) = �
2
: Ôüôå óýìöùíá ìå ôïí ôýðï 10 ôïõ Ðßíáêá 9.1.5 - 1 åßíáé f ′(x) =

−3
(
1− 9x2

)−1=2
êáé Üñá f ′(0) = −3, ïðüôå áðü ôïí ôýðï (9:1:2 − 4) ç åîßóùóç ôçò

åöáðôïìÝíçò åõèåßáò åßíáé 2y+6x−� = 0, åíþ áðü ôïí (9:1:2−5) ôçò êÜèåôçò 6y−2x−3� =

0.

2. Ï óõíôåëåóôÞò äéåýèõíóçò ôçò åõèåßáò Ax + By + Ã = 0 åßíáé ë = −A=B (âëÝðå

ÌÜèçìá ÁíáëõôéêÞ Ãåùìåôñßá), ïðüôå ãéá ôçí 5x + y − 3 = 0 Ý÷ïõìå ë = −5. ¸óôù

f(x) = x2 − 7x+ 3. Ôüôå ëüãù ôçò ðáñáëëçëßáò ðñÝðåé f ′(x) = −5 êáé óõíåðþò ôåëéêÜ ôï

óçìåßï åßíáé ôï (1;−3).

3. Ëüãù ôçò ðáñáëëçëßáò ìå ôïí x-Üîïíá ðñÝðåé y′ = 0, ïðüôå x0 = −2; 0; 1.

4. (i) 2 cot 2x, (ii) 5e−x cos 2x, (iii) −3! cos2 !x sin!x, (iv) 1+2x
1+x+x2 ;

(v) 2x
1+4x2 + tan−1 2x, (vi) ! sin 2!x, (vii) −2x sinx2, (viii) − 1

1+x2 ; (ix) −2−x ln 2,

(x) − 1√
1−x2

; (xi) −
√
1+x

(1+x)2
√

1−x ; (xii)
1

x(x+1)
; (xiii) 1

2(x+1)
√
x
; (xiv) 1√

4−x2
:

5. (sinh−1 x)′′ = − x

(1+x2)3=2
; (cosh−1 x)′′ = − x

(x−1)3=2(x+1)3=2
;

(tanh−1 x)′′ = 2x

(x2−1)2
; (coth−1 x)′′ = 2x

(x2−1)2
:

6. (i) 4
(1+x)3

; (ii) − 16x

(1+4x2)2
; (iii) 2

(
1− 2x2

)
e−x

2

, (iv) 3(3x− 2)e−3x,
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(v) − x

(1+x2)3=2
; (vi) 2!2 cos 2!x, (vii) 3x ln2 3 (viii) 1

4
cosh x

2
:

7. (i) (−1)�3�e−3x, (ii) a� � !, (iii) (−1)�−1(� − 1) !x−� , (iv) � !
(1−x)�+1 :

8. Åßíáé [f(−t)]′ = (−t)′f(−t) = −f(−t) ê.ëð. 9. ¼ìïéá ìå 8.

10. Õðïëïãéóìüò ôùí ðáñáãþãùí êáé áíôéêáôÜóôáóç óôçí áðïäåéêôÝá.

11. (i) P2(x) = 6x2 + 6x+ 1, (ii) P2(x) = 2x2 − 1.

9.1.6 ÐáñáìåôñéêÞ ðáñÜãùãïò

¸óôù üôé ç óõíÜñôçóç y = f(x) Ý÷åé ôçí ðáñáêÜôù ðáñáìåôñéêÞ ìïñöÞ:4

x = �(t)

y =  (t);
üôáí t ∈ [a; b ] (9.1.6 - 1)

êáé ïé óõíáñôÞóåéò �,  åßíáé óõíå÷åßò êáé ðáñáãùãßóéìåò ãéá êÜèå t ∈ (a; b).

Ôüôå óýìöùíá ìå ôï Èåþñçìá 9.1.5 - 1 êáé ôïí ôýðï (9:1:5−2) áðïäåéêíýåôáé
üôé ãéá ôçí ðáñÜãùãï5 (parametric derivative), åöüóïí dx=d t = xt ̸= 0,

éó÷ýïõí:

1çò ôÜîçò ðáñÜãùãïò

dy

dx
=
dy

d t

d t

dx
=
dy

d t

1
dx
d t

=
ø′(t)

ö′(t)
;

äçëáäÞ
dy

dx
=
ø′(t)

ö′(t)
Þ êáé

dy

dx
=
yt
xt
: (9.1.6 - 2)

2çò ôÜîçò ðáñÜãùãïò

d 2y

dx2
=

d

dx

(
dy

dx

)
=

d

d t

(
dy

dx

)
d t

dx

=
d

d t

(
ø′(t)

ö′(t)

)
1
dx
d t

=

[
 ′′(t)�′(t)−  ′(t)�′′(t)

[�′(t)]2

]
1

�′(t)
;

4Ãéá ãåùìåôñéêÝò åöáñìïãÝò ôùí ðáñáìåôñéêþí ðáñáóôÜóåùí âëÝðå ÌÜèçìá ÁíáëõôéêÞ

Ãåùìåôñßá.
5ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Parametric derivative
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äçëáäÞ

d 2y

dx2
=

 ′′(t)�′(t)−  ′(t)�′′(t)

[�′(t)]3
Þ êáé

=
ytt xt − yt xtt

x3t
(9.1.6 - 3)

ÐáñÜäåéãìá 9.1.6 - 1

¸óôù ç óõíÜñôçóç ìå ðáñáìåôñéêÞ ìïñöÞ

x = 3 cos t = �(t)

y = 2 sin t =  (t):
(9.1.6 - 4)

Ôüôå

�′(t) = xt = −3 sin t; �′′(t) = xtt = −3 cos t

 ′(t) = yt = 2 cos t;  ′′(t) = ytt = −2 sin t;

ïðüôå óýìöùíá ìå ôïí ôýðï (9:1:6− 2) ôüôå åßíáé

dy

dx
=

2 cos t

−3 sin t
= −2

3
cot t;

åíþ ìå ôïí ôýðï (9:1:6− 3)

d 2y

dx2
=

(−2 sin t)(−3 sin t)− 2 cos t(−3 cos t)
(−3 sin t)3

=
2

9 sin3 t
:

Ç áíôßóôïé÷ç óõíÜñôçóç y = f(x) áðü ôçí ïðïßá Ý÷åé ðñïêýøåé ç (9:1:6−4)
õðïëïãßæåôáé áðáëåßöïíôáò ôï t ìåôáîý ôùí x; y õøþíïíôáò óôï ôåôñÜãùíï

ôéò ó÷Ýóåéò ôùí, äçëáäÞ

x2 = 9 cos2 t êáé y2 = 4 sin2 t

êáé óôç óõíÝ÷åéá ðñïóèÝôïíôáò êáôÜ ìÝëç, ïðüôå ôåëéêÜ ðñïêýðôåé

x2

9
+
y2

4
= 1:

ÅðïìÝíùò ðñüêåéôáé ãéá Ýëëåéøç ìå êÝíôñï ôï (0; 0) êáé çìéÜîïíåò a = 3 êáé

b = 2.

Ï õðïëïãéóìüò ôùí ðáñáãþãùí ìå ôï MATHEMATICA Ýãéíå ìå ôéò

åíôïëÝò:
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Ðñüãñáììá 9.1.6 - 1 (ðáñáìåôñéêÞ ðáñÜãùãïò)

x[t_] := 3 Cos[t]

y[t_] := 2 Sin[t]

Print["Derivative dy/dx = ", Simplify[D[y[t], t]/D[x[t], t]]]

Print["Derivative d^2y/dx^2 = ",

Simplify[(D[y[t], {t, 2}] D[x[t], t] -

D[y[t], t] D[x[t], {t, 2}])/(D[x[t], t])^3]]

¢óêçóç

Ôùí ðáñáêÜôù ðáñáìåôñéêþí óõíáñôÞóåùí íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç êáé

óôç óõíÝ÷åéá ç 1çò êáé ç 2çò ôÜîçò ðáñÜãùãïò:

i)
x = ln t

y = t2
v)

x = sin−1 t

y =
(
1− t2

)1=2
ii)

x = cos 2t

y = sin2 t
vi)

x = tan−1 t

y = t

iii)
x = a (sin t− t cos t)

y = a (cos t+ t sin t)
vii)

x = et cos t

y = et sin t
áí t =

�

3

iv)
x = t− sin t

y = t− cos t
viii)

x = ln
(
1 + t2

)
y = t2

áí t = 1:

ÁðáíôÞóåéò

(i) dy
dx

= 2t2, d 2y
dx2 = 4t2. Ç ãñáöéêÞ ðáñÜóôáóç, üôáí t ∈ [0; e], ãßíåôáé ìå ôçí åíôïëÞ ôïõ

MATHEMATICA:

ParametricPlot[{x[t], y[t]}, {t, 0.1, E}]

(ii) dy
dx

= − 1
2
; d 2y

dx2 = 0, (iii) dy
dx

= cot t, d 2y
dx2 = − 1

at sin3 t
,

(iv) dy
dx

= 1+sin t
1−cos t

; d 2y
dx2 = 1−cos t+sin t

(cos t−1)3
;

(v) dy
dx

= −t, d 2y
dx2 = −

√
1− t2 (vi) dy

dx
= 1 + t2, d 2y

dx2 = 2t
(
1 + t2

)
,
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(vii) dy
dx

∣∣
t=�=2

= − cos t+sin t
cos t+sin t

∣∣∣
t=�=2

= 1, d 2y
dx2

∣∣∣
t=�=2

= − 2et

(cos t+sin t)3

∣∣∣
t=�=2

= −2e�=2,

(viii) dy
dx

∣∣
t=1

= 1 + t2
∣∣
t=1

= 2, d 2y
dx2

∣∣∣
t=1

= 1 + t2
∣∣
t=1

= 2.

9.1.7 ÐåðëåãìÝíç ðáñÜãùãïò

¼ôáí ç ó÷Ýóç ìåôáîý ôçò áíåîÜñôçôçò ìåôáâëçôÞò x êáé ôçò óõíÜñôçóçò

y = y(x) äßíåôáé ìå ôç ìïñöÞ

f(x; y) = 0; (9.1.7 - 1)

ôüôå ëÝãåôáé üôé Ý÷ïõìå ìßá ðåðëåãìÝíç óõíÜñôçóç (implicit function). H

åýñåóç ôçò ðáñáãþãïõ6 (implicit derivative) ìéáò ðåðëåãìÝíçò óõíÜñôçóçò

óôéò áðëïýóôåñåò ôùí ðåñéðôþóåùí åßíáé äõíáôüí íá õðïëïãéóôåß ùò åîÞò:

i) õðïëïãßæåôáé ç ðáñÜãùãïò ìå ìåôáâëçôÞ x óôï áñéóôåñü ìÝëïò ôçò

(9:1:7− 1), èåùñþíôáò ôï y ùò óõíÜñôçóç ôïõ x, äçëáäÞ õðïëïãßæåôáé

ç ðáñÜãùãïò
df(x; y)

dx
= 0 ; (9.1.7 - 2)

ii) ëýíåôáé ç (9:1:7− 2) ùò ðñïò y′.

ÐáñÜäåéãìá 9.1.7 - 1

¸óôù ç óõíÜñôçóç

x y + ey = 0 üðïõ y = y(x):

Ôüôå ðáñáãùãßæïíôáò Ý÷ïõìå

x′y + x y′ + y′ey = 0 Þ y + (x+ ey) y′ = 0;

ïðüôå ëýíïíôáò ùò ðñïò y′ ðñïêýðôåé üôé

y′ = − y

x+ ey
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 9.1.7 - 1 (ðåðëåãìÝíç ðáñÜãùãïò)
f = D[x y[x] + Exp[y[x]], x]

Solve[f == 0, y'[x]]

6ÂëÝðå âéâëéïãñáößá êáé

https : ==en:wikipedia:org=wiki=Implicit function#Implicit differentiation
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¢óêçóç

Íá õðïëïãéóôïýí ïé 1çò ôÜîçò ðáñÜãùãïé ôùí ðáñáêÜôù ðåðëåãìÝíùí óõíáñôÞóåùí

y = y(x):

i) x3 + y3 = a3 iv) tan y = x+ y

ii) a cos2(x+ y) = â v)
√
x2 + y2 + y = 0

iii) xy = tan−1

(
x

y

)
vi) e−(x

2+y2) = 1.

ÁðáíôÞóåéò

(i) y′ = −x2

y2
;, (ii) y′ = −1, (iii) y′ = − y(−1+x2+y2)

x(1+x2+y2)
; (iv) y′ = 1

−1+secy2
; üôáí secy2 =

1
cos y2

; (v) y′ = − x

y+
√
x2+y2

; (vi) y′ = −x
y
:

9.1.8 Õðïëïãéóìüò ïñéáêþí ôéìþí

Åßíáé Þäç ãíùóôü áðü ôçí ÐáñÜãñáöï 7.1.3 üôé áí ïé óõíáñôÞóåéò f; g |D
åßíáé ïñéóìÝíåò ãéá êÜèå x ∈ D åêôüò áðü Ýíá óçìåßï, Ýóôù x0 ∈ D, üðïõ

lim
x→x0

f(x) = k êáé lim
x→x0

g(x) = l ìå k; l ∈ R;

ôüôå õðÜñ÷ïõí ïé ðáñáêÜôù ïñéáêÝò ôéìÝò ôïõ:

i) áèñïßóìáôïò

lim
x→x0

[f(x) + g(x)] = lim
x→x0

f(x) + lim
x→x0

g(x) = k + l;

ii) ãéíïìÝíïõ

lim
x→x0

[f(x)g(x)] = lim
x→x0

f(x) lim
x→x0

g(x) = k l;

iii) ðçëßêïõ

lim
x→x0

f(x)

g(x)
=

lim
x→x0

f(x)

lim
x→x0

g(x)
=
k

l
; üôáí lim

x→x0
g(x) = l ̸= 0:
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Ïé ðáñáðÜíù ïñéáêÝò ôéìÝò äåí õðÜñ÷ïõí, üôáí ïé ôéìÝò ôùí k êáé l

áíÜãïõí óå ìéá áðü ôéò ìç åðéôñåðôÝò ðñÜîåéò óôï óýíïëï ôùí ðñáãìáôéêþí

áñéèìþí, ðïõ åßíáé ïé åîÞò:

0

0
;
∞
∞
; 0∞ ; ∞ 0 ; ∞−∞ ; 00 ; 1∞ ; ∞0: (9.1.8 - 1)

Äéåõêñéíßæåôáé üôé ìéá ðñÜîç åßíáé ìç åðéôñåðôÞ, üôáí ôï áðïôÝëåóìÜ ôçò

äåí åßíáé ìïíïóÞìáíôá ïñéóìÝíï, äéáöïñåôéêÜ ç ðñÜîç áõôÞ äßíåé äéáöïñåôéêÜ

áðïôåëÝóìáôá áíÜëïãá ìå ôéò åêÜóôïôå óõíáñôÞóåéò f êáé g.

Óôéò ðåñéðôþóåéò áõôÝò ðïëëÝò öïñÝò õðÜñ÷åé ç ïñéáêÞ ôéìÞ êáé õðïëïãßæåôáé

ìå êáíüíåò, ðïõ åßíáé ãíùóôïß óáí êáíüíåò de L'Hôpital (De L'Hôpital's

rule)7 êáé ïé ïðïßïé äßíïíôáé óôç óõíÝ÷åéá ìå ìïñöÞ èåùñçìÜôùí.

ÌïñöÞ
0

0

Èåþñçìá 9.1.8 - 1. Áí limx→x0 f(x) = 0 êáé limx→x0 g(x) = 0, üôáí

x0 ∈ R Þ x0 = ±∞ êáé õðÜñ÷åé ç ïñéáêÞ ôéìÞ limx→x0 [f
′(x)=g′(x)], ôüôå

õðÜñ÷åé êáé ç ïñéáêÞ ôéìÞ ôïõ ðçëßêïõ ôùí óõíáñôÞóåùí êáé éó÷ýåé

lim
x→x0

f(x)

g(x)
= lim

x→x0

f ′ (x0)

g′ (x0)
: (9.1.8 - 2)

Ôï ðáñáðÜíù èåþñçìá ãåíéêåýåôáé ùò åîÞò:

Èåþñçìá 9.1.8 - 2. Áí limx→x0 f
(k)(x) = 0 êáé limx→x0 g

(k)(x) = 0,

üôáí x0 ∈ R Þ x0 = ±∞ ãéá êÜèå k = 0; 1; : : : ; � − 1 êáé õðÜñ÷åé ç ïñéáêÞ

ôéìÞ limx→x0

[
f (�)(x)=g(�)(x)

]
, ôüôå õðÜñ÷åé êáé ç ïñéáêÞ ôéìÞ ôïõ ðçëßêïõ

ôùí óõíáñôÞóåùí êáé éó÷ýåé

lim
x→x0

f(x)

g(x)
= lim

x→x0

f (�) (x0)

g(�) (x0)
: (9.1.8 - 3)

7ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=L%27Hôpital%27s rule
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ÐáñÜäåéãìá 9.1.8 - 1

Åöáñìüæïíôáò ôï Èåþñçìá 9.1.8 - 1 Ý÷ïõìå

lim
x→ 1

lnx

x− 1
= lim

x→ 1

(lnx)′

(x− 1)′

= lim
x→ 1

1
x

1
= lim

x→ 1

1

x
= 1:

ÐáñÜäåéãìá 9.1.8 - 2

¼ìïéá åöáñìüæïíôáò ôï Èåþñçìá 9.1.8 - 2 Ý÷ïõìå

lim
x→ 0

x cosx− sinx

x2
= lim

x→ 0

(x cosx− sinx)′

(x2)′

= lim
x→ 0

cosx+ x sinx− cosx

2x

= lim
x→ 0

(x sinx)′

(2x)′

= lim
x→ 0

x cosx+ sinx

2
= 0:

ÌïñöÞ
±∞
±∞

Èåþñçìá 9.1.8 - 3. Áí limx→x0 f(x) = ±∞ êáé limx→x0 g(x) = ±∞,

üôáí x0 ∈ R Þ x0 = ±∞ êáé õðÜñ÷åé ç ïñéáêÞ ôéìÞ limx→x0 [f
′(x)=g′(x)],

ôüôå õðÜñ÷åé êáé ç ïñéáêÞ ôéìÞ ôïõ ðçëßêïõ ôùí óõíáñôÞóåùí êáé éó÷ýåé

lim
x→x0

f(x)

g(x)
= lim

x→x0

f ′ (x0)

g′ (x0)
: (9.1.8 - 4)

¼ìïéá ãåíéêåýåôáé ùò åîÞò:

Èåþñçìá 9.1.8 - 4. Áí limx→x0 f
(k)(x) = ±∞ êáé limx→x0 g

(k)(x) =

±∞, üôáí x0 ∈ R Þ x0 = ±∞ ãéá êÜèå k = 0; 1; : : : ; � − 1 êáé õðÜñ÷åé ç
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ïñéáêÞ ôéìÞ limx→x0

[
f (�)(x)=g(�)(x)

]
, ôüôå õðÜñ÷åé êáé ç ïñéáêÞ ôéìÞ ôïõ

ðçëßêïõ ôùí óõíáñôÞóåùí êáé éó÷ýåé

lim
x→x0

f(x)

g(x)
= lim

x→x0

f (�) (x0)

g(�) (x0)
: (9.1.8 - 5)

ÐáñÜäåéãìá 9.1.8 - 3

Åöáñìüæïíôáò ôï Èåþñçìá 9.1.8 - 3 Ý÷ïõìå

lim
x→+∞

lnx

x2
=

(
ìïñöÞ

+∞
+∞

)
lim

x→+∞

(lnx)′

(x2)′

=
1

2
lim

x→+∞

1

x2
=

1

2
· 0 = 0:

ÐáñÜäåéãìá 9.1.8 - 4

¼ìïéá åöáñìüæïíôáò ôï Èåþñçìá 9.1.8 - 4 Ý÷ïõìå

lim
x→+∞

ex

x2
= lim

x→+∞

(ex)′

(x2)′
= lim

x→+∞

ex

2x

=
1

2
lim

x→+∞

(ex)′

(x)′
=

1

2
lim

x→+∞
ex = +∞:

ÁóêÞóåéò

Íá õðïëïãéóôïýí ïé ðáñáêÜôù ïñéáêÝò ôéìÝò:

i) limx→+∞
ex

x+ lnx
iii) limx→+∞

ln2 x

x

ii) limx→−∞
e−2x

x2
iv) limx→ 1

lnx

1− x2

ÁðáíôÞóåéò

i) +∞, ii) +∞, iii) 0, iv) − 1
2
:



Õðïëïãéóìüò ïñéáêþí ôéìþí 297

ÌïñöÞ 0 · (±∞)

¸óôù üôé

lim
x→x0

f(x) = 0 êáé lim
x→x0

g(x) = ±∞:

Ôüôå ç ìïñöÞ áõôÞ áíÜãåôáé óôçí

• 0

0
; üôáí ãñáöåß ùò

f(x)g(x) =
f(x)
1

g(x)

:

• ±∞
±∞

; üôáí

f(x)g(x) =
g(x)
1

f(x)

:

ÐáñÜäåéãìá 9.1.8 - 5

Íá õðïëïãéóôåß ôï limx→ 0+ (x lnx).

Ëýóç. Åßíáé ôçò ìïñöÞò 0 · (−∞). Ôüôå äéáäï÷éêÜ Ý÷ïõìå

lim
x→ 0+

(x lnx) =

(
ìïñöÞ

−∞
+∞

)
lim

x→ 0+

(lnx)′(
1
x

)′
= lim

x→ 0+

1
x

− 1
x2

= − lim
x→ 0+

x = 0:

ÐáñÜäåéãìá 9.1.8 - 6

¼ìïéá ôï limx→ 0+ (x cotx).

Ëýóç. Åßíáé ôçò ìïñöÞò 0 · (+∞), ïðüôå äéáäï÷éêÜ Ý÷ïõìå

lim
x→ 0+

(x cotx) =

(
ìïñöÞ

0

0

)
lim

x→ 0+

(x)′

(tanx)′

= lim
x→ 0+

1
1

cos2 x

= lim
x→ 0+

cos2 x = 1:
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ÌïñöÞ (±∞)− (±∞)

¸óôù üôé

lim
x→x0

f(x) = +∞ êáé lim
x→x0

g(x) = +∞:

Ôüôå áíÜãåôáé óôç ìïñöÞ

I.
0

0
; üôáí f(x)g(x) ̸= 0 êáé ãñáöåß ùò

f(x)− g(x) =
f(x)− g(x)

1
=

f(x)− g(x)
f(x)g(x)

1

f(x)g(x)

=

1

g(x)
− 1

f(x)
1

f(x)g(x)

:

II.
±∞
±∞

; Þ 0 · (±∞) ; üôáí f(x) ̸= 0 êáé ãñáöåß ùò

f(x)g(x) = f(x)

(
1− g(x)

f(x)

)
:

ÐáñÜäåéãìá 9.1.8 - 7

Íá õðïëïãéóôåß ôï limx→+∞ (x− ex).
Ëýóç. Åßíáé ôçò ìïñöÞò (+∞)− (+∞) êáé áíÜãåôáé óôç ìïñöÞ II ùò åîÞò:

lim
x→+∞

(x− ex) = lim
x→+∞

[
ex
(
1− x

ex

)]
= lim

x→+∞
ex lim

x→+∞

(
1− x

ex

)
:

ÅðåéäÞ åßíáé

•
lim

x→+∞
ex = +∞; êáé
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•

lim
x→+∞

(
1− x

ex

)
= 1−

ìïñöÞ+∞=+∞︷ ︸︸ ︷
lim

x→+∞

x

ex
= 1− lim

x→+∞

(x)′

(ex)′

= 1− lim
x→+∞

1

ex
= 1− 0 = 1;

ôåëéêÜ Ý÷ïõìå

lim
x→+∞

(x− ex) = (+∞) · 1 = +∞:

ÐáñÜäåéãìá 9.1.8 - 8

¼ìïéá ôï

lim
x→ 1+

(
1

x− 1
− 1

lnx

)
:

Ëýóç. Åßíáé ôçò ìïñöÞò (+∞)− (+∞) êáé áíÜãåôáé óôç ìïñöÞ I ùò åîÞò:

lim
x→ 1+

(
1

x− 1
− 1

lnx

)
= lim

x→ 1+

lnx− x+ 1

(x− 1) lnx

= lim
x→ 1+

(lnx− x+ 1)′

[(x− 1) lnx]′

= lim
x→ 1+

1− x
x lnx+ x− 1

= lim
x→ 1+

(1− x)′

(x lnx+ x− 1)′

= lim
x→ 1+

−1
lnx+ 2

= −1

2
:

ÁóêÞóåéò

Íá õðïëïãéóôïýí ïé ðáñáêÜôù ïñéáêÝò ôéìÝò:
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i) limx→ 0

(
1

x
− 1

ex − 1

)
,

ii) limx→ 0+
√
x lnx.

ÁðáíôÞóåéò

i) 1
2
; ii) 0.

ÌïñöÝò 00, 1±∞ êáé (±∞)0

¸óôù üôé ïé ðáñáðÜíù ìïñöÝò ðñïêýðôïõí áðü ôçí ðáñáêÜôù ïñéáêÞ ôéìÞ:

lim
x→x0

f(x) g(x): (9.1.8 - 1)

Ôüôå ç (9:1:8 − 1) áíÜãåôáé óôçí 0(±∞), áíôßóôïé÷á (±∞)0 ìå ôçí

ðáñáêÜôù äéáäéêáóßá:

• ç [f(x) g(x) ìåôáó÷çìáôßæåôáé óýìöùíá ìå ôçí ôáõôüôçôá

f(x)g(x) = e g(x) ln f(x): (9.1.8 - 2)

• ÅðåéäÞ ç óõíÜñôçóç ex åßíáé óõíå÷Þò, ï õðïëïãéóìüò ôçò ïñéáêÞò ôéìÞò

(9:1:8− 1) âÜóåé ôçò (9:1:8− 2) ãßíåôáé ôüôå ùò åîÞò:

lim
x→x0

[f(x)] g(x) = lim
x→x0

e g(x) ln f(x)

= e
lim

x→x0
g(x) ln f(x)

: (9.1.8 - 3)

ÐáñÜäåéãìá 9.1.8 - 9

Íá õðïëïãéóôåß ç ïñéáêÞ ôéìÞ

lim
x→ 0+

xx:

Ëýóç. Åßíáé ôçò ìïñöÞò 00, ïðüôå óýìöùíá êáé ìå ôçí ðáñáðÜíù äéáäéêáóßá

Ý÷ïõìå

lim
x→ 0+

xx = lim
x→ 0+

ex lnx = elimx→ 0+ (x lnx) = e0 = 1;

åðåéäÞ limx→ 0+ x lnx = 0, üðùò Ý÷åé Þäç áðïäåé÷èåß óôï ÐáñÜäåéãìá

9.1.8 - 5.



Õðïëïãéóìüò ïñéáêþí ôéìþí 301

ÐáñÜäåéãìá 9.1.8 - 10

¼ìïéá ç ïñéáêÞ ôéìÞ

lim
x→+∞

(
1 +

k

x

)x

; üôáí k = 1; 2; : : : :

Ëýóç. Åßíáé ôçò ìïñöÞò 1+∞. Áñ÷éêÜ óýìöùíá ìå ôçí (9:1:8 − 2) Ý÷ïõìå

üôé (
1 +

k

x

)x

= ex ln(1+ k
x)

üðïõ

ìïñöÞ 0(+∞)︷ ︸︸ ︷
lim

x→+∞

[
x ln

(
1 +

k

x

)]
=

(
ìïñöÞ

0

0

)
lim

x→+∞

[
ln
(
1 + k

x

)]′(
1
x

)′
= lim

x→+∞

(1+ k
x)

′

1+ k
x

− 1
x2

= lim
x→+∞

− k

x2

1+ k
x

− 1
x2

= lim
x→+∞

k

1 + k
x

= k:

¢ñá

lim
x→+∞

(
1 +

k

x

)x

= e lim x→+∞[x ln(1+ k
x)] = ek:

ÐáñÜäåéãìá 9.1.8 - 11

¼ìïéá ç ïñéáêÞ ôéìÞ

lim
x→+∞

x
1
x :

Ëýóç. Åßíáé ôçò ìïñöÞò (+∞)0. Óýìöùíá ìå ôçí (9:1:8− 2) Ý÷ïõìå üôé

x
1
x = e

1
x

lnx;

ïðüôå

lim
x→+∞

x
1
x = e lim x→+∞

ln x
x = e limx→+∞

(ln x)′
x′

= e limx→+∞ ( 1
x) = e0 = 1:
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ÁóêÞóåéò

Íá õðïëïãéóôïýí ïé ðáñáêÜôù ïñéáêÝò ôéìÝò:

i) limx→ 0+ xsinx iii) limx→ 1 x
1=(x−1)

ii) limx→ 0+ (cosx)1=x iv) limx→ 0+ (cotx)sinx.

ÁðáíôÞóåéò

i) 1, ii) 1, iii) e, iv) 1.

9.1.9 Äéùíõìéêüò óõíôåëåóôÞò

Ïñéóìüò 9.1.9 - 1 (äéùíõìéêüò óõíôåëåóôÞò). Ôï óýìâïëï
(n
k

)
ðïõ ðáñé-

óôÜíåé ôï ðëÞèïò üëùí ôùí äéáöüñùí ìåôáîý ôïõò óõíäõáóìþí ôùí n óôïé÷åßùí

áíÜ k, ëÝãåôáé äéùíõìéêüò óõíôåëåóôÞò8 (binomial coe�cient) êáé ïñßæåôáé

áðü ôç ó÷Ýóç

(
n

k

)
=


1 áí k = 0; n = 1; 2; : : :

n(n− 1) · · · [n− (k − 1)]

k !
áí k = 1; 2; : : : ; n:

(9.1.9 - 1)

Óçìåéþóåéò 9.1.9 - 1

• Õðåíèõìßæåôáé üôé åßíáé

k ! = 1 · 2 · 3 · · · k; åíþ 0 ! = 1: (9.1.9 - 2)

• Ï äéùíõìéêüò óõíôåëåóôÞò äéáâÜæåôáé n ùò ðñïò k Þ áíáëõôéêüôåñá ïé

óõíäõáóìïß ôùí n ùò ðñïò k.

Ãåíéêüôåñá ç (9:1:9− 1) ïñßæåôáé ùò åîÞò:

8ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Binomial coefficient
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Ïñéóìüò 9.1.9 - 2 (ãåíßêåõóç äéùíõìéêïý óõíôåëåóôÞ)

(
a

k

)
=


1 áí k = 0; a ∈ R

a(a− 1) · · · [a− (k − 1)]

k !
áí k = 1; 2; : : :

êáé a ∈ R:

(9.1.9 - 3)

ÅðåéäÞ óýìöùíá ìå ôïí ôýðï (9:1:9− 3) åßíáé(
0

0

)
= 1;

(
a

0

)
= 1 ìå a ∈ R;

(
k

k

)
= 1 ìå k = 1; 2; : : : ; (9.1.9 - 4)

ç (9:1:9 − 3), ïðüôå êáé ç (9:1:9 − 1), èá ðáñéóôÜíïõí ðÜíôïôå ðñáãìáôéêü

áñéèìü.

Éäéüôçôåò

Áðïäåéêíýåôáé üôé:

I. áí n áêÝñáéïò ìå n = 0; 1; : : : ìå k ≤ n, ôüôå(
n

k

)
=

n !

k !(n− k)!
=

(
n

n− k

)
: (9.1.9 - 5)

II. (
n

k

)
+

(
n

k + 1

)
=

(
n+ 1

k + 1

)
: (9.1.9 - 6)

ÐáñÜäåéãìá 9.1.9 - 1

Óýìöùíá ìå ôïí ôýðï (9:1:9− 1) åßíáé(
4

3

)
=

4(4− 1)(4− 2)

3 !
=

4 · 3 · 2
1 · 2 · 3

= 4;
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åðåéäÞ n = 4, k = 3 êáé k − 1 = 2, åíþ ìå ôïí ôýðï (9:1:9− 3) åßíáé(
5:3

4

)
=

5:3(5:3− 1)(5:3− 2)(5:3− 3)

4 !
=

5:3 · 4:3 · 3:3 · 2:3
1 · 2 · 3 · 4

= 7:207 337;

åðåéäÞ a = 5:3, k = 4 êáé k − 1 = 3.

Óôçí 1ç ðåñßðôùóç, åðåéäÞ ï n åßíáé áêÝñáéïò, ï õðïëïãéóìüò ãßíåôáé

åðßóçò ìå ôïí ôýðï (9:1:9− 5) ùò åîÞò:(
4

3

)
=

4 !

3 ! (4− 3)!︸ ︷︷ ︸
=1

=
1 · 2 · 3 · 4
1 · 2 · 3

= 4:

ÁóêÞóåéò

1. Äåßîôå üôé(
5

2

)
= 10;

(
7

3

)
= 35;

(
10

4

)
= 210:

2. ¼ìïéá üôé(
5:3

3

)
= 12:5345;

(
9:5

7

)
= 67:659 670:

9.1.10 Ôñßãùíï ôïõ Pascal - Êáíüíáò ôïõ Leibniz

Äéùíõìéêü èåþñçìá

Åßíáé ãíùóôü áðü ôçí ¢ëãåâñá üôé éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 9.1.10 - 1 (äéùíõìéêü). Ãéá êÜèå x; y êáé n = 0; 1; 2; : : : éó÷ýåé

üôé (binomial theorem)9

(x+ y)n =

n∑
k=0

(
n

k

)
xkyn−k: (9.1.10 - 1)

9ÂëÝðå: M. Abramowitz and I. A. Stegun (Eds) (1972). Handbook of Mathematical

Functions and Formulas, Graphs, and Mathematical Tables. New York: Dover, 9ç Ýêäïóç,

óåëßäá 10.
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Ðßíáêáò 9.1.10 - 1: Ôñßãùíï ôïõ Pascal.

n

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 5 1

Ôï ðáñáðÜíù èåþñçìá ãåíéêåýåôáé.10

Óýìöùíá ìå ôïí ôýðï (9:1:10− 1) êáé ôïõò ôýðïõò (9:1:9− 1), (9:1:9− 4)

äéáäï÷éêÜ Ý÷ïõìå ôï ðáñáêÜôù Þäç ãíùóôü áíÜðôõãìá:

(x+ y)3 =

3∑
k=0

(
3

k

)
xky3−k

=

(
3

0

)
x0y3−0 +

(
3

1

)
x1y3−1 +

(
3

2

)
x2y3−2 +

(
3

3

)
x3y3−3

= y3 + 3xy2 + 3x2y + x3:

Ï õðïëïãéóìüò ôùí óõíôåëåóôþí
(n
k

)
óôïí ôýðï (9:1:10−1) ãéá ìåãáëýôåñåò

ôéìÝò ôïõ n ãßíåôáé ìå ôï ôñßãùíï ôïõ Pascal (Pascal's triangle), ðïõ

äßíåôáé óôïí Ðßíáêá 9.1.10 - 1 ãéá áíÜðôõãìá ìÝ÷ñé êáé âáèìïý n = 6. Ç

ëïãéêÞ ôùí óõíôåëåóôþí ôùí áíáðôõãìÜôùí ðïõ ðáñïõóéÜæïíôáé óôïí ðßíáêá

âáóßæåôáé óôçí éäéüôçôá üôé êÜèå óõíôåëåóôÞò éóïýôáé ìå ôï Üèñïéóìá ôùí

äýï áêñéâþò ðñïçãïýìåíùí áõôïý åêáôÝñùèåí óõíôåëåóôþí, äçëáäÞ, Ýóôù ãéá

ðáñÜäåéãìá ï ðñþôïò óõíôåëåóôÞò 6 óôçí ôåëåõôáßá ãñáììÞ ìå åêáôÝñùèåí

ðñïçãïýìåíïýò ôïõò 1 êáé 5, ïðüôå 6 = 1 + 5, üìïéá ï 15 = 5 + 10 ê.ëð.

10ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Binomial theorem

êáé åðßóçò mathworld:wolfram:com=BinomialTheorem:html
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Óýìöùíá ìå ôï ôñßãùíï ôïõ Pascal åßíáé:

(x+ y)4 = x4 + 4x3y + 6x2y2 + 4xy3 + y4;

(x+ y)6 = x6 + 6x5y + 15x4y2 + 20x3y3 + 15x2y4 + 6xy5 + y6:

Êáíüíáò ôïõ Leibniz

Ï õðïëïãéóìüò ôùí ðáñáãþãùí ôïõ ãéíïìÝíïõ óõíáñôÞóåùí ãßíåôáé ìå ôïí

ãåíéêåõìÝíï êáíüíá ôïõ Leibniz (general Leibniz rule).11 Óôçí ðåñßðôùóç

ôïõ ãéíïìÝíïõ äýï óõíáñôÞóåùí ï êáíüíáò äéáôõðþíåôáé ìå ôç ìïñöÞ ôçò

ðáñáêÜôù ðñüôáóçò:12

Ðñüôáóç 9.1.10 - 1. Áí ïé óõíáñôÞóåéò f , g Ý÷ïõí ðáñáãþãïõò ìÝ÷ñé êáé

n-ôÜîç, ôüôå éó÷ýåé

[f(x)g(x)](n) =
n∑

k=0

(
n

k

)
f (n−k)(x) g(k)(x); (9.1.10 - 2)

üôáí n = 0; 1; 2; : : : : êáé (
n

k

)
=

n !

k !(n− k)!

ï äéùíõìéêüò óõíôåëåóôÞò.

11ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=General Leibniz rule
12Ãéá áðüäåéîç âëÝðå âéâëéïãñáößá êáé Á. ÌðñÜôóïò [2] Êåö. 6.
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ÐáñÜäåéãìá 9.1.10 - 1

Óýìöùíá ìå ôïí êáíüíá ôïõ Leibniz Ý÷ïõìå

(
x4ex

)(3)
=

3∑
k=0

(
3

k

)(
x4
)(3−k)

(ex)k

=

(
3

0

)(
x4
)(3)

(ex)(0) +

(
3

1

)(
x4
)(3−1)

(ex)(1)

+

(
3

2

)(
x4
)(3−2)

(ex)(2) +

(
3

3

)(
x4
)(3−3)

(ex)(3)

=
(
24x+ 24x2 + 12x3 + x4

)
ex:

¢óêçóç

Åöáñìüæïíôáò ôïí êáíüíá ôïõ Leibniz íá õðïëïãéóôïýí ïé ðáñÜãùãïé 4çò

ôÜîçò ôùí óõíáñôÞóåùí

i) x4ex iv) e−x sin!x

ii) x e−x
2

v) x sin!x

iii) x2 cosx vi) x4 lnx.

ÁðáíôÞóåéò

i) ex
(
24 + 96x+ 72x2 + 16x3 + x4

)
, ii) 4xe−x

2 (
15− 20x2 + 4x4

)
,

iii)
(
x2 − 12

)
cosx+ 8x sinx, iv) e−x

[
4!

(
!2 − 1

)
cos!x+

(
!4 − 6!2 + 1

)
sin!x

]
,

v) !3 (!x sin!x− 4 cos!x), vi) 50 + 24 lnx.

9.2 Ðïëõþíõìá åéäéêÞò ìïñöÞò

Äßíïíôáé óôç óõíÝ÷åéá ìéá êáôçãïñßá ðïëõùíýìùí ìå óçìáíôéêÝò åöáñìïãÝò

óôéò èåôéêÝò åðéóôÞìåò.
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9.2.1 Ðïëõþíõìá Bernstein

Ïñéóìüò 9.2.1 - 1. Ôá n+1 âáóéêÜ ðïëõþíõìá Bernstein13 (Bernstein

basis polynomials) âáèìïý n ïñßæïíôáé áðü ôïí ôýðï

Bi;n(x) =

(
n

i

)
xi(1− x)n−i; üôáí i = 0; 1; : : : ; n (9.2.1 - 1)

üôáí (
n

i

)
=

n !

i !(n− i)!
ï äéùíõìéêüò óõíôåëåóôÞò.

Óýìöùíá ìå ôïí ôýðï (9:2:1 − 1), üôáí x ∈ [0; 1], ôá âáóéêÜ ðïëõþíõìá

Bernstein âáèìïý:

• n = 1 åßíáé (Ó÷. 9.2.1 - 1):

B0;1(x) = 1− x;

B1;1(x) = x: (9.2.1 - 2)

Ôï Ó÷. 9.2.1 - 1 Ýãéíå ìå ôéò ðáñáêÜôù åíôïëÝò ôïõ MATHEMAT-

ICA:

Ðñüãñáììá 9.2.1 - 1 (âáóéêÜ ðïëõþíõìá Bernstein)

f1 = Plot[BernsteinBasis[1, 0, x], {x, 0, 1},

PlotStyle -> {Blue, Thickness[0.003]}];

f2 = Plot[BernsteinBasis[1, 1, x], {x, 0, 1},

PlotStyle -> {Red, Thickness[0.003]}, PlotRange -> All];

fgr = Show[f1, f2,

BaseStyle -> {FontFamily -> "Arial", FontSize -> 10},

AxesLabel -> {"x", "B(x)"}, AxesOrigin -> {0, 0}, PlotRange -> All]

åíþ ôá âáóéêÜ ðïëõþíõìá Bernstein âáèìïý n = 1 ìå ôçí åíôïëÞ

Table[PiecewiseExpand@BernsteinBasis[1, k, x], {k, 0, 1}]

13ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Bernstein polynomials
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0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

BHxL

Ó÷Þìá 9.2.1 - 1: Ðïëõþíõìá âáóéêÜ Bernstein âáèìïý n = 1: B0;1 ìðëå êáé

B1;1 êüêêéíç êáìðýëç, üôáí x ∈ [0; 1].

• n = 2 (Ó÷. 9.2.1 - 2):

B0;2(x) = (1− x)2;

B1;2(x) = 2x(1− x);

B2;2(x) = x2: (9.2.1 - 3)

• n = 3 (Ó÷. 9.2.1 - 3):

B0;3(x) = (1− x)3;

B1;3(x) = 3x(1− x)2;

B2;3(x) = 3x2(1− x);

B3;3(x) = x3: (9.2.1 - 4)

¼ìïéá õðïëïãßæïíôáé êáé ôá Üëëá ðïëõþíõìá.



310 ÐáñÜãùãïò óõíÜñôçóçò Êáè. Á. ÌðñÜôóïò

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

BHxL

Ó÷Þìá 9.2.1 - 2: Ðïëõþíõìá âáóéêÜ Bernstein âáèìïý n = 2: B0;2 ìðëå,

B1;2 êüêêéíç êáé B2;2 ðñÜóéíç êáìðýëç, üôáí x ∈ [0; 1].

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

BHxL

Ó÷Þìá 9.2.1 - 3: Ðïëõþíõìá âáóéêÜ Bernstein âáèìïý n = 3: B0;3 ìðëå,

B1;3 êüêêéíç, B2;3 ðñÜóéíç êáé B3;3 êáöÝ êáìðýëç, üôáí x ∈ [0; 1].
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Ïñéóìüò 9.2.1 - 2. Ôï n âáèìïý ðïëõþíõìï Bernstein (Bernstein poly-

nomial) ïñßæåôáé áðü ôïí ãñáììéêü óõíäõáóìü

Bn(x) =
n∑
i=0

�iBi;n(x); (9.2.1 - 5)

üôáí Bi;n(x) ôá âáóéêÜ ðïëõþíõìá Bernstein êáé �i ïé óõíôåëåóôÝò Bernstein

Þ B�ezier.

Äßíïíôáé óôç óõíÝ÷åéá ïé êõñéüôåñåò éäéüôçôåò ôùí âáóéêþí ðïëõùíýìùí

Bernstein ìå ôç ìïñöÞ ðñïôÜóåùí.

Ðñüôáóç 9.2.1 - 1. Ôá Bi;n(x); i = 0; 1; : : : ; n âáóéêÜ ðïëõþíõìá Bern-

stein âáèìïý n åêöñÜæïíôáé óõíáñôÞóåé ôùí n−1 âáèìïý áíôßóôïé÷ùí ðïëõùíýìùí
ìå ôçí ðáñáêÜôù áíáäñïìéêÞ ó÷Ýóç:

Bi;n(x) = (1− x)Bi;n−1(x) + xBi−1;n−1(x): (9.2.1 - 6)

Áðüäåéîç. Óýìöùíá ìå ôéò (9:2:1− 1) êáé (9:1:9− 6) äéáäï÷éêÜ Ý÷ïõìå

Bi;n(x) = (1− x)Bi;n−1(x) + xBi−1;n−1(x)

= (1− x)
(
n− 1

i

)
xi(1− x)n−1−i

+x

(
n− 1

i− 1

)
xi−1(1− x)n−1−(i−1)

=

(
n− 1

i

)
xi(1− x)n−i +

(
n− 1

i− 1

)
xi(1− x)n−i

=

[(
n− 1

i

)
+

(
n− 1

i− 1

)]
xi(1− x)n−i

=

(
n

i

)
xi(1− x)n−i = Bi;n(x):
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Ðñüôáóç 9.2.1 - 2. Ãéá ôá Bi;n(x); i = 0; 1; : : : ; n âáóéêÜ ðïëõþíõìá

Bernstein âáèìïý n éó÷ýåé üôé

Bi;n(x) ≥ 0 ãéá êÜèå x ∈ [0; 1]: (9.2.1 - 7)

Óýìöùíá ìå ôçí ðáñáðÜíù ðñüôáóç ôá ðïëõþíõìá åßíáé ìç áñíçôéêÜ óôï

[0; 1].

Ðñüôáóç 9.2.1 - 3 (äéáìÝñéóç ìïíÜäáò). Ôï Üèñïéóìá ôùí i+1 âáóéêþí

ðïëõùíýìùí Bernstein âáèìïý n éóïýôáé ìå ôç ìïíÜäá.

Ç éäéüôçôá áõôÞ åßíáé óçìáíôéêÞ óôç ÷ñÞóç ôùí ðïëõùíýìùí óôç ãåùìåôñéêÞ

ìïíôåëïðïßçóç êáé ôùí ãñáöéêþí ìå õðïëïãéóôÞ.

Ðñüôáóç 9.2.1 - 4. ÊÜèå âáóéêü ðïëõþíõìï Bernstein âáèìïý n−1 åêöñÜæåôáé
ùò ãñáììéêüò óõíäõáóìüò ôùí áíôßóôïé÷ùí âáóéêþí ðïëõùíýìùí Bernstein

âáèìïý n.

Ðñüôáóç 9.2.1 - 5. ÊÜèå âáóéêü ðïëõþíõìï Bernstein âáèìïý n åêöñÜæåôáé

ùò ãñáììéêüò óõíäõáóìüò ôùí 1; x; : : : ; xn

ÐáñÜãùãïò âáóéêþí ðïëõùíýìùí Bernstein

Ðñüôáóç 9.2.1 - 6. Ç ðáñÜãùãïò ôùí âáóéêþí ðïëõùíýìùí Bernstein âáèìïý

n åêöñÜæåôáé ùò ãñáììéêüò óõíäõáóìüò ôùí áíôßóôïé÷ùí âáóéêþí ðïëõùíýìùí

Bernstein âáèìïý n− 1 óýìöùíá ìå ôç ó÷Ýóç

B′
i;n(x) =

dBi;n(x)

dx
= n [Bi−1;n−1(x)−Bi;n−1(x)] : (9.2.1 - 8)

ÐáñÜäåéãìá 9.2.1 - 1

Óýìöùíá ìå ôïí ôýðï (9:2:1− 8) êáé ôçí (9:2:1− 2) åßíáé

B′
1;2(x) = 2 [B0;1(x)−B1;1(x)] = 2[(1− x)− x] = 2(1− x):
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Ôï áðïôÝëåóìá åðáëçèåýåôáé, åðåéäÞ óýìöùíá ìå ôçí (9:2:1 − 3) åßíáé

B1;2(x) = 2x(1− x), ïðüôå

B′
1;2(x) = [2x(1− x)]′ = 2(1− 2x):

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôçí åíôïëÞ:

Table[PiecewiseExpand@D[BernsteinBasis[2, k, x], x], {k, 1, 1}]

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç ðáñÜãùãïò ôùí âáóéêþí ðïëõùíýìùí Bernstein Bi;4(x);

i = 0; : : : ; 4.

2. Íá äåé÷èïýí ïé ÐñïôÜóåéò 9.2.1 - 2 ìÝ÷ñé êáé 9.2.1 - 6.

ÁðáíôÞóåéò

1. B′
4;0(x) = 4(−1 + x)3, B′

4;1(x) = −4
(
−1 + 6x− 9x2 + 4x3

)
,

B′
4;2(x) = 12

(
x− 3x2 + 2x3

)
, B′

4;3(x) = −4
(
−3x2 + 4x3

)
êáé B′

4;4(x) = 4x3.

2. ÁíÜëïãá ìå ôçí áðüäåéîç ôçò Ðñüôáóçò 9.2.1 - 1.

9.2.2 Ðïëõþíõìá Hermite

Ôá ðïëõþíõìá Hermite14 (Hermite polynomials) Hn âáèìïý n ïñßæïíôáé áðü

ôïí ôýðï

Hn(x) = (−1)nex2
dn
(
e−x

2
)

d xn
; n = 0; 1; : : : (9.2.2 - 1)

üðïõ H0(x) = 1 (Ó÷. 9.2.2 - 1).

Áí n = 1 Ý÷ïõìå

H1(x) = (−1)1ex2
d 1
(
e−x

2
)

d x1
= −ex2

(
e−x

2
)′

= −ex2(−2x)
(
e−x

2
)
= 2x:

¼ìïéá õðïëïãßæïíôáé êáé ôá Üëëá ðïëõþíõìá.

14ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Hermite polynomials
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Ó÷Þìá 9.2.2 - 1: Ðïëõþíõìá Hermite: H2 ìðëå, H3 êüêêéíç êáé H4 ðñÜóéíç

êáìðýëç, üôáí x ∈ [−2; 2].

Óçìåßùóç 9.2.2 - 1

Áðïäåéêíýåôáé üôé15 ôá ðïëõþíõìá Hermite åðáëçèåýïõí ôç äéáöïñéêÞ åîßóùóç16

(Hermite di�erential equation)

y′′(x)− 2x y′(x) + �y(x) = 0; (9.2.2 - 2)

üôáí y(x) = Hn(x).

Ôï Ó÷. 9.2.2 - 1 Ýãéíå ìå ôéò ðáñáêÜôù åíôïëÝò ôïõ MATHEMATICA:

Ðñüãñáììá 9.2.2 - 1 (ðïëõþíõìá Hermite)

f2 = Plot[HermiteH[2, x], {x, -2, 2},PlotStyle -> {Blue, Thickness[0.003]}];

f3 = Plot[HermiteH[3, x], {x, -2, 2},

PlotStyle -> {Red, Thickness[0.003]},PlotRange -> All];

f4 = Plot[HermiteH[4, x],{x,-2,2},PlotStyle -> {Darker[Green],

Thickness[0.003]}];

fgr = Show[f2, f3, f4,BaseStyle -> {FontFamily -> "Arial", FontSize -> 10},

AxesLabel -> {"x", "H(x)"},AxesOrigin -> {0, 0},PlotRange -> All]

15ÂëÝðå Õðïóçìåßùóç 14 êáé

mathworld:wolfram:com=HermiteDifferentialEquation:html
16Ãéá äéáöïñéêÞ åîßóùóç âëÝðå ÌÜèçìá ÄéáöïñéêÝò Åîéóþóåéò.
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Ó÷Þìá 9.2.3 - 1: Ðïëõþíõìá Laguerre: L2 ìðëå êáé L3 êüêêéíç êáìðýëç,

üôáí x ∈ [−0:5; 7].

¢óêçóç

Äåßîôå üôé:

• H2(x) = 4x2 − 2,

• H3(x) = 8x3 − 12x, êáé

• H4(x) = 16x4 − 48x2 + 12.

9.2.3 Ðïëõþíõìá Laguerre

Ôá ðïëõþíõìá Laguerre17 (Laguerre polynomials) Ln âáèìïý n ïñßæïíôáé

áðü ôïí ôýðï

Ln(x) =
ex

n !

dn (xn e−x)

d xn
; n = 0; 1; : : : (9.2.3 - 1)

üðïõ L0(x) = 1 (Ó÷. 9.2.3 - 1).

Áí n = 1 Ý÷ïõìå

L1(x) =
ex

1 !

d 1
(
x1 e−x

)
d x1

= ex
(
xe−x

)′
= 1− x:

17ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Laguerre polynomials
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¼ìïéá õðïëïãßæïíôáé êáé ôá Üëëá ðïëõþíõìá.

Óçìåßùóç 9.2.3 - 1

Áðïäåéêíýåôáé üôé18 ôá ðïëõþíõìá Laguerre åðáëçèåýïõí ôç äéáöïñéêÞ åîßóùóç

(Laguerre di�erential equation)

xy′′(x) + (1− x)y′(x) + ny(x) = 0; (9.2.3 - 2)

üôáí y(x) = Ln(x).

Ôï Ó÷. 9.2.3 - 1 Ýãéíå ìå ôéò ðáñáêÜôù åíôïëÝò ôïõ MATHEMATICA:

Ðñüãñáììá 9.2.3 - 1 (ðïëõþíõìá Laguerre)

f2 = Plot[LaguerreL[2, x], {x, -0.5, 7},

PlotStyle -> {Blue, Thickness[0.003]}];

f3 = Plot[LaguerreL[3, x], {x, -0.5, 7},

PlotStyle -> {Red, Thickness[0.003]}];

fgr = Show[f2, f3, BaseStyle ->{FontFamily -> "Arial",FontSize -> 10},

AxesLabel -> {"x", "L(x)"}, AxesOrigin -> {0, 0}, PlotRange -> All]

¢óêçóç

Äåßîôå üôé:

• L2(x) = 1− 2x+
1

2
x2,

• L3(x) = 1− 3x+
3

2
x2 − 1

6
x3, êáé

• L4(x) = 1− 4x+ 3x2 − 2

3
x3 +

1

24
x4.

18ÂëÝðå Õðïóçìåßùóç 17 êáé

mathworld:wolfram:com=LaguerreDifferentialEquation:html
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Ó÷Þìá 9.2.4 - 1: Ðïëõþíõìá Legendre: P2 ìðëå, P3 êüêêéíç êáé P4 ðñÜóéíç

êáìðýëç, üôáí x ∈ [−1; 1].

9.2.4 Ðïëõþíõìá Legendre

Ôá ðïëõþíõìá Legendre19 (Legendre polynomials) Pn âáèìïý n ïñßæïíôáé

áðü ôïí ôýðï ôïõ Rodrigues ùò åîÞò:

Pn(x) =
1

2n n!

dn
(
x2 − 1

)n
d xn

; n = 0; 1; : : : ; üðïõ x ∈ [−1; 1]; (9.2.4 - 1)

üôáí P0(x) = 1 (Ó÷. 9.2.4 - 1).

Áí n = 1 Ý÷ïõìå

P1(x) =
1

21 1!

d 1
(
x2 − 1

)1
d x1

=
1

2

(
x2 − 1

)′
= x:

¼ìïéá õðïëïãßæïíôáé êáé ôá Üëëá ðïëõþíõìá.

Óçìåßùóç 9.2.4 - 1

Áðïäåéêíýåôáé üôé20 ôá ðïëõþíõìá Legendre åðáëçèåýïõí ôç äéáöïñéêÞ åîßóùóç

19ÂëÝðå Á. ÌðñÜôóïò [1] Êåö. 9 êáé https : ==en:wikipedia:org=wiki=Legendre polynomials

20ÂëÝðå Õðïóçìåßùóç 19 êáé

mathworld:wolfram:com=LegendreDifferentialEquation:html
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(Legendre di�erential equation)(
1− x2

)
y′′(x)− 2x y′(x) + n(n+ 1)y(x) = 0; (9.2.4 - 2)

üôáí y(x) = Pn(x).

Ôï Ó÷. 9.2.2 - 1 Ýãéíå ìå ôéò ðáñáêÜôù åíôïëÝò ôïõ MATHEMATICA:

Ðñüãñáììá 9.2.4 - 1 (ðïëõþíõìá Hermite)

f2 = Plot[LegendreP[2, x], {x, -1, 1},

PlotStyle -> {Blue, Thickness[0.003]}];

f3 = Plot[LegendreP[3, x], {x, -1, 1},

PlotStyle -> {Red, Thickness[0.003]}, PlotRange -> All];

f4 = Plot[LegendreP[4, x], {x, -1, 1},

PlotStyle -> {Darker[Green], Thickness[0.003]}];

fgr = Show[f2, f3, f4,

BaseStyle -> {FontFamily -> "Arial", FontSize -> 10},

AxesLabel -> {"x", "P(x)"}, AxesOrigin -> {0, 0}, PlotRange -> All]

¢óêçóç

Äåßîôå üôé:

• P2(x) =
1

2

(
3x2 − 1

)
,

• P3(x) =
1

2

(
5x3 − 3x

)
, êáé

• P4(x) =
1

8

(
35x4 − 30x2 + 3

)
.

9.2.5 Ôýðïé ôùí Taylor êáé Maclaurin

¸óôù üôé ç óõíÜñôçóç f(x) åßíáé Ýíá ðïëõþíõìï �-âáèìïý. Ôüôå

f(x) = P�(x) = a0 + a1(x− a) + : : :+ a�(x− a)� ;

ïðüôå åýêïëá ðñïêýðôåé üôé

a0 = f(a); a1 = f ′(a); : : : ; a� = f (�)(a):
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¢ñá, üôáí ç óõíÜñôçóç åßíáé ðïëõùíõìéêÞ, Ý÷ïõìå

f(x) = P�(x) = f(a)+
f ′(a)

1 !
(x− a)+ f ′′(a)

2 !
(x− a)2+ : : :+

f (�)(a)

� !
(x− a)� :

Ãåíéêüôåñá, üôáí Ý÷ïõìå ãåíéêÜ ìßá óõíÜñôçóç f | (a; b) ìå ãíùóôÝò ôéò ôéìÝò
ôùí ðáñáãþãùí ôçò óå Ýíá óçìåßï � ∈ (a; b), áðïäåéêíýåôáé üôé éó÷ýåé ï

ðáñáêÜôù ôýðïò ôïõ Taylor:

f(x) ≈ f(�) +
f ′(�)

1 !
(x− �) + f ′′(�)

2 !
(x− �)2

+ : : :+
f (�)(�)

� !
(x− �)� ; (9.2.5 - 1)

üðïõ ôï 2ï ìÝëïò ôçò (12:4:5 − 1) åßíáé ôï � - âáèìïý ðïëõþíõìï ôïõ Tay-

lor, ðïõ ðñïóåããßæåé ôçí f , åíþ ïé áñéèìïß f(�), f ′(�), : : :, f (�)(�) åßíáé ïé

óõíôåëåóôÝò ôïõ ðïëõùíýìïõ.

¼ôáí � = 0, ï ôýðïò (12:4:5− 1) ãñÜöåôáé óôçí ðáñáêÜôù ìïñöÞ

f(x) = f(0) +
f ′(0)

1 !
x+

f ′′(0)

2 !
x2

= + : : :+
f (�)(0)

� !
x� (9.2.5 - 2)

ðïõ åßíáé ãíùóôüò ùò ôýðïò ôïõ Maclaurin, åíþ ïé áñéèìïß f(0), f ′(0), : : :,

f (�)(0) åßíáé ïé óõíôåëåóôÝò ôïõ ðïëõùíýìïõ.

ÐáñÜäåéãìá 9.2.5 - 1

Ìå ôïí ôýðï ôïõ Maclaurin íá õðïëïãéóôåß ôï ðïëõþíõìï � - âáèìïý ðïõ

ðñïóåããßæåé ôç óõíÜñôçóç f(x) = e−ax.

Ëýóç. ¸÷ïõìå

f(x) = e−ax f(0) = 1

f ′(x) = −a e−ax f ′(0) = −a

f ′′(x) = a2e−ax f ′′(0) = a2

...
...

f (�)(x) = (−1)�a�e−ax f (�)(0) = (−1)�a� .
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¢ñá

e−ax ≈ 1− ax+
a2

2 !
x2 − : : :+ (−1)� a

�

� !
x�

=

�∑
k=0

(−1)k a
k

k !
xk:

ÐáñÜäåéãìá 9.2.5 - 2

¼ìïéá ìå ôïí ôýðï ôïõ Taylor ãéá � = 1 ôï ðïëõþíõìï �-âáèìïý ðïõ

ðñïóåããßæåé ôç óõíÜñôçóç f(x) = lnx.

Ëýóç. ¸÷ïõìå

f(x) = lnx f(1) = 0

f ′(x) = x−1 f ′(1) = 1

: : : : : :

f (4)(x) = −2 · 3x−4 = −3 !x−4 f (4)(1) = −3 !

: : : : : :

f (�)(x) = (−1)�−1 (� − 1) !x−� f (�)(1) = (−1)�−1 (� − 1) ! :

¢ñá

lnx ≈ x− 1− (x− 1)2

2
− : : :+ (−1)�−1 (x− 1)�

�

=

�∑
k=0

(−1)k−1 (x− 1)k

k
: (9.2.5 - 3)

Èá ðñÝðåé åðßóçò óôï óçìåßï áõôü íá ãñáöåß üôé ôï ðïëõþíõìï ôïõ Taylor

áíôßóôïé÷á ôïõ Maclaurin, üôáí ÷ñçóéìïðïéåßôáé ãéá ôçí ðñïóÝããéóç ìéáò

óõíÜñôçóçò, ðáñïõóéÜæåé êõñßùò ôá ðáñáêÜôù ìåéïíåêôÞìáôá:

i) äåí Ý÷åé áêñßâåéá ðïõ íá áõîÜíåôáé ðÜíôïôå áíÜëïãá ìå ôïí âáèìü ôïõ

ðïëõùíýìïõ,

ii) áðáéôåßôáé ç ãíþóç ôïõ êÝíôñïõ �,

iii) áðáéôåßôáé ï õðïëïãéóìüò ôùí ðáñáãþãùí, êÜôé ðïõ üìùò äåí åßíáé

åýêïëï íá ãßíåôáé ðÜíôïôå.
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Ó÷Þìá 9.3.1 - 1: Ðåñéï÷Þ ôïõ óçìåßïõ x0 = 3 ìå áêôßíá r = 1. Ôüôå

$(3; 1) = $(3) = (2; 4).

¢óêçóç

Äåßîôå ôá áíáðôýãìáôá ôïõ Ðßíáêá 9.2.5 - 1.

9.3 Áêñüôáôá êáé ó÷åôéêÜ èåùñÞìáôá

9.3.1 Áêñüôáôá

Ïñéóìüò 9.3.1 - 1 (ðåñéï÷Þò). ¸óôù x0 ∈ R êáé r > 0. Ôüôå ïñßæåôáé

ùò ðåñéï÷Þ ôïõ óçìåßïõ x0 ìå áêôßíá r êáé óõìâïëßæåôáé ìå $ (x0; r) Þ áðëÜ

$ (x0) ôï áíïéêôü äéÜóôçìá (x0 − r; x0 + r) (Ó÷. 9.3.1 - 1).

Ïñéóìüò 9.3.1 - 2 (ôïðéêü áêñüôáôï). ¸óôù ìßá óõíÜñôçóç f |D êáé óç-

ìåßï x0 ∈ D. Ôüôå èá ëÝãåôáé üôé ç f ðáñïõóéÜæåé óôï x0 Ýíá ôïðéêü ìÝãéóôï,

áíôßóôïé÷á ôïðéêü åëÜ÷éóôï ôüôå êáé ìüíïí, üôáí õðÜñ÷åé $ (x0), Ýôóé þóôå

f(x) ≤ f (x0), áíôßóôïé÷á f(x) ≥ f (x0) ãéá êÜèå x ∈ $ (x0) ∩D.

Ïñéóìüò 9.3.1 - 3 (ïëéêü áêñüôáôï). ¸óôù ìßá óõíÜñôçóç f |D êáé óç-

ìåßï x0 ∈ D. Ôüôå èá ëÝãåôáé üôé ç f ðáñïõóéÜæåé óôï x0 Ýíá ïëéêü ìÝãéóôï,
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Ðßíáêáò 9.2.5 - 1: ôùí êõñéüôåñùí áíáðôõãìÜôùí êáôÜ Maclaurin.

á/á óõíÜñôçóç áíÜðôõãìá

1 tanx x+
x3

3
+

2x5

15
+

17x7

315
+ : : :

2 tanhx x− x3

3
+

2x5

15
− 17x7

315
+ : : :

3 tanhx x− x3

3
+

2x5

15
− 17x7

315
+ : : :

4 sin−1 x x+
1

2

x3

3
+

1 · 3
2 · 4

x5

5
+ : : :

5 esinx 1 + x+
x2

2
− x4

8
− x5

15
+ : : :

6 ecosx e

(
1− x2

2
+
x4

6
− 31x6

720
+ : : :

)
7 ex sinx x+ x2 +

2x3

3
− x5

30
− x5

90
+ : : :

8 ex cosx 1 + x− x3

3
− x4

6
+ : : :

9 sinx
�∑

k=0

(−1)k x2k+1

(2k + 1) !

10 cosx
�∑

k=0

(−1)k x2k

(2k) !

11 ln(1 + x)
�∑

k=1

(−1)k−1x
k

k

12 ax
�∑

k=0

(x ln a)k

k !

13 sin2 x
�∑

k=1

(−1)k+1 2
2k−1

(2k) !
x2k

14 cos2 x
�∑

k=1

(−1)k 2
2k−1

(2k) !
x2k

15 tanh−1 x
�∑

k=0

x2k+1

2k + 1

16
1

1− x

�∑
k=0

xk
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Ó÷Þìá 9.3.1 - 2: Ôá óçìåßá N2, Â, áíôßóôïé÷á ôá A, M1 åßíáé èÝóåéò ôïðéêïý

åëÜ÷éóôïõ, áíôßóôïé÷á ôïðéêïý ìÝãéóôïõ, åíþ ôï óçìåßï N1, áíôßóôïé÷á ôï

M2 åßíáé èÝóç ïëéêïý åëÜ÷éóôïõ, áíôßóôïé÷á ïëéêïý ìÝãéóôïõ.

áíôßóôïé÷á ïëéêü åëÜ÷éóôï ôüôå êáé ìüíïí, üôáí f(x) ≤ f (x0) áíôßóôïé÷á

f(x) ≥ f (x0) ãéá êÜèå x ∈ D.

Ïñéóìüò 9.3.1 - 4 (èÝóç áêñüôáôïõ). ¸íá óçìåßï x0 ∈ D óôï ïðïßï ç

óõíÜñôçóç f ðáñïõóéÜæåé ìÝãéóôç, áíôßóôïé÷á åëÜ÷éóôç ôéìÞ, èá ëÝãåôáé

èÝóç áêñüôáôïõ (extremum) ôçò f (Ó÷. 9.3.1 - 2).

9.3.2 Ó÷åôéêÜ èåùñÞìáôá

Èåþñçìá 9.3.2 - 1 (Fermat). Áí ìßá óõíÜñôçóç f |D ìå D áíïéêôü äéÜóôç-

ìá ðáñïõóéÜæåé óôï óçìåßï x0 ∈ D Ýíá ôïðéêü áêñüôáôï (ìÝãéóôï Þ åëÜ÷éóôï)

êáé åðéðëÝïí õðÜñ÷åé ç ðáñÜãùãïò ôçò f óôï x0, ôüôå éó÷ýåé f
′ (x0) = 0.

Ôï áíôßóôñïöï ôïõ ðáñáðÜíù èåùñÞìáôïò äåí éó÷ýåé ðÜíôïôå.

ÐáñáôçñÞóåéò 9.3.2 - 1

i) Áí ôï óçìåßï x0 åßíáé Üêñï ôïõ äéáóôÞìáôïò D, ôüôå ç ðáñÜãùãïò f
′(x)

äåí ìçäåíßæåôáé ðÜíôïôå, üðùò áõôü öáßíåôáé óôç óõíÜñôçóç f(x) ôïõ

Ó÷. 9.3.2 - 1 ìå ðåäßï ïñéóìïý [0:5; 4:7].
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Ó÷Þìá 9.3.2 - 1: ÓõíÜñôçóç f(x) = −0:2614695(−4:964911+x)(9:648431−
6:07417x + x2)(0:6597672 − 1:46998x + x2). Ç f ′(x) = 0 óôá óçìåßá

N1; M1; N2; M2, åíþ åßíáé f ′(a) = f ′(0:5) = −5:11353 êáé f ′(b) = f ′(4:7) =

−7:810628, äçëáäÞ ôï Èåþñçìá ôïõ Fermat äåí åöáñìüæåôáé.

ii) Áí ç ðáñÜãùãïò ìéáò óõíÜñôçóçò f |D ìçäåíßæåôáé óå Ýíá åóùôåñéêü

óçìåßï x0 ∈ D, ôüôå äåí óõíåðÜãåôáé ðÜíôïôå üôé ôï óçìåßï áõôü

åßíáé èÝóç áêñüôáôïõ, üðùò áõôü öáßíåôáé óôç óõíÜñôçóç f(x) = x3,

üðïõ f ′(x) = 3x2 êáé ç ïðïßá ìçäåíßæåôáé óôï óçìåßï x0 = 0, åíþ ç

f áíÝñ÷åôáé óôï óçìåßï áõôü, äçëáäÞ äåí ðáñïõóéÜæåé áêñüôáôï (Ó÷.

9.3.2 - 2).

iii) Ôá óçìåßá ðïõ ìçäåíßæåôáé ç ðñþôç ðáñÜãùãïò ëÝãïíôáé êáé êñßóéìá

óçìåßá (critical points) ôçò óõíÜñôçóçò.

Äßíïíôáé ôþñá ÷ùñßò áðüäåéîç ôá ðáñáêÜôù èåìåëéþäç èåùñÞìáôá ôïõ

Äéáöïñéêïý Ëïãéóìïý:

Èåþñçìá 9.3.2 - 2 (Rolle). ¸óôù üôé ç óõíÜñôçóç f |[a; â ] åßíáé óõíå÷Þò
ãéá êÜèå x ∈ [a; â ] êáé åðéðëÝïí üôé õðÜñ÷åé ç f ′(x) Þ áðåéñßæåôáé ãéá êÜèå

x ∈ (a; â). Áí f(a) = f(â), ôüôå õðÜñ÷åé ôïõëÜ÷éóôïí Ýíá óçìåßï � ∈ (a; â),

Ýôóé þóôå f ′(�) = 0. (Ó÷. 9.3.2 - 3)
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Ó÷Þìá 9.3.2 - 2: ÓõíÜñôçóç f(x) = x3. Ç f ′(x) = 3x2 ìçäåíßæåôáé óôï

óçìåßï x0 = 0, áëëÜ ç f äåí Ý÷åé áêñüôáôï óôï x0.

æ æ

æ æ

æ

æ

a

A

M

N

b

B

1 2 3 4
x

1

2

3

4

fHxL

Ó÷Þìá 9.3.2 - 3: Èåþñçìá ôïõ Rolle. ÓõíÜñôçóç f(x) =

−0:4917695(−5:140385 + x)(2:201698 − 2:712335x + x2). Ç f ′(x) = 0 óôá

óçìåßá xM = 1:45 êáé xN = 4:7.
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Ó÷Þìá 9.3.2 - 4: Èåþñçìá ôçò ìÝóçò ôéìÞò. ÓõíÜñôçóç f(x) =

−0:5833333(−5:448237 + x)(0:0196656 + x). Ç åöáðôïìÝíç óôï óçìåßï M

üðïõ � = xM = 2:55 åßíáé ðáñÜëëçëç ôçò åõèåßáò AB.

Èåþñçìá 9.3.2 - 3 (ìÝóçò ôéìÞò). ¸óôù üôé ç óõíÜñôçóç f | [a; â ] åßíáé
óõíå÷Þò ãéá êÜèå x ∈ [a; â ] êáé åðéðëÝïí üôé ãéá êÜèå x ∈ (a; â) õðÜñ÷åé ç

f ′(x) Þ áðåéñßæåôáé. Ôüôå õðÜñ÷åé ôïõëÜ÷éóôïí Ýíá óçìåßï � ∈ (a; â) (Ó÷.

9.3.2 - 4), Ýôóé þóôå

f ′(�) =
f(â)− f(a)

â − a
: (9.3.2 - 1)

9.4 ÌåëÝôç óõíÜñôçóçò

Óôçí ðáñÜãñáöï áõôÞ èá äïèïýí ïé êõñéüôåñïé ïñéóìïß êáé èåùñÞìáôá ðïõ

åöáñìüæïíôáé ãéá ôç ìåëÝôç êáé ôç ãñáöéêÞ ðáñÜóôáóç ôïõ äéáãñÜììáôïò ìéáò

óõíÜñôçóçò. ÓõíéóôÜôáé óôïí áíáãíþóôç åêôüò áðü ôç èåùñçôéêÞ ìåëÝôç, íá

êÜíåé êáé åöáñìïãÞ ôùí áóêÞóåùí ðïõ ëýíïíôáé óôï ìÜèçìá ìå ìáèçìáôéêÜ

ðáêÝôá, üðùò åßíáé ôï MATHEMATICA, MATLAB ê.ëð.
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9.4.1 Ìïíïôïíßá óõíÜñôçóçò

Áñ÷éêÜ ãßíåôáé õðåíèýìéóç ôïõ ïñéóìïý ôçò ìïíïôïíßáò ìéáò óõíÜñôçóçò,

ðïõ äüèçêå óôï ÌÜèçìá ÐñáãìáôéêÝò ÓõíáñôÞóåéò. Ôï ðåäßï ïñéóìïý D

ôùí óõíáñôÞóåùí èá èåùñåßôáé üôé åßíáé Ýíá áíïéêôü äéÜóôçìá, åêôüò êáé áí

äéáöïñåôéêÜ ïñßæåôáé.

Ïñéóìüò 9.4.1 - 1 (ìïíïôïíßáò). ¸óôù ç óõíÜñôçóç f |D êáé x1, x2 ∈ D,
üðïõ ÷ùñßò íá ðåñéïñßæåôáé ç ãåíéêüôçôá õðïôßèåôáé üôé x1 < x2. Ôüôå áí:

i) f (x1) ≤ f (x2) ç f èá ëÝãåôáé áýîïõóá êáé èá óõìâïëßæåôáé ìå ↑.

ii) f (x1) ≥ f (x2) ç f èá ëÝãåôáé öèßíïõóá êáé èá óõìâïëßæåôáé ìå ↓. Êáé
óôéò äýï ðåñéðôþóåéò ç óõíÜñôçóç èá ëÝãåôáé ìïíüôïíç.

iii) f (x1) < f (x2) ç f èá ëÝãåôáé ãíÞóéá áýîïõóá êáé èá óõìâïëßæåôáé ìå

⇑.

iv) f (x1) > f (x2) ç f èá ëÝãåôáé ãíÞóéá öèßíïõóá êáé èá óõìâïëßæåôáé

ìå ⇓. Óôéò ðåñéðôþóåéò (iii) êáé (iv) ç óõíÜñôçóç èá ëÝãåôáé ãíÞóéá

ìïíüôïíç.

ÈåùñÞìáôá ó÷åôéêÜ ìå ôç ìïíïôïíßá

Èåþñçìá 9.4.1 - 1. Áí ç óõíÜñôçóç f |D ðáñáãùãßæåôáé ãéá êÜèå x ∈ D
êáé éó÷ýåé f ′(x) = 0 ãéá êÜèå x ∈ D, ôüôå ç f Ý÷åé óôáèåñÞ ôéìÞ óôï D êáé

áíôßóôñïöá.

Ðüñéóìá 9.4.1 - 1. ¸óôù üôé ïé óõíáñôÞóåéò f; g |D åßíáé ðáñáãùãßóéìåò

ãéá êÜèå x ∈ D. Ôüôå ïé óõíáñôÞóåéò èá Ý÷ïõí ßóåò ðáñáãþãïõò ôüôå êáé

ìüíïí, üôáí ç äéáöïñÜ ôïõò åßíáé ìßá óôáèåñÞ óõíÜñôçóç óôï D.

Èåþñçìá 9.4.1 - 2 (Ýëåã÷ïò ìïíïôïíßáò). ¸óôù üôé ç óõíÜñôçóç f |D
ðáñáãùãßæåôáé ãéá êÜèå x ∈ D. Ôüôå

i) áí f ′(x) > 0 ãéá êÜèå x ∈ D, ç f åßíáé ãíÞóéá áýîïõóá,

ii) áí f ′(x) ≥ 0 ãéá êÜèå x ∈ D, ç f åßíáé áýîïõóá,
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iii) áí f ′(x) < 0 ãéá êÜèå x ∈ D, ç f åßíáé ãíÞóéá öèßíïõóá,

iv) áí f ′(x) ≤ 0 ãéá êÜèå x ∈ D, ç f åßíáé öèßíïõóá.

ÐáñÜäåéãìá 9.4.1 - 1

¸óôù ç óõíÜñôçóç

f(x) = x2(x− 2) ìå f ′(x) = x(3x− 4):

Ïé ñßæåò ôçò f åßíáé x1 = 0 ìå ðïëëáðëüôçôá 2 êáé x2 = 2 ìå ðïëëáðëüôçôá

1, åíþ ôá êñßóéìá óçìåßá ôçò f åßíáé c1 = 0 êáé c2 = 4
3 . Ôá ðñüóçìá ôçò

ðñþôçò ðáñáãþãïõ äßíïíôáé óôïí Ðßíáêá 9.4.1 - 1, åíþ ç ãñáöéêÞ ðáñÜóôáóç

ôçò f(x) óôï Ó÷. 9.4.1 - 1, üðïõ ðñïöáíþò áðü ôïí ôýðï ôçò f(x) ðñïêýðôåé

üôé

lim
x→−∞

f(x) = −∞ êáé lim
x→+∞

f(x) = +∞:

9.4.2 Õðïëïãéóìüò áêñüôáôùí

Äßíïíôáé óôç óõíÝ÷åéá ôá èåùñÞìáôá óýìöùíá ìå ôá ïðïßá õðïëïãßæïíôáé ôá

áêñüôáôá ìéáò óõíÜñôçóçò, üôáí õðÜñ÷ïõí.

Èåþñçìá 9.4.2 - 1. Áí ç óõíÜñôçóç f |(a; b) åßíáé óõíå÷Þò êáé ðáñáãùãß-

óéìç ãéá êÜèå x ∈ (a; b), ôüôå ïé ðáñáêÜôù ðñïôÜóåéò åßíáé éóïäýíáìåò:

i) ç óõíÜñôçóç f ðáñïõóéÜæåé óôï óçìåßï x0 ∈ (a; b) áêñüôáôï,

ii) ç ðáñÜãùãïò ôçò f ðáñïõóéÜæåé óôï óçìåßï x0 áëëáãÞ ðñïóÞìïõ.

ÐáñáôÞñçóç 9.4.2 - 1

ÅðåéäÞ ôï ðñüóçìï ôçò ðñþôçò ðáñáãþãïõ óõíäÝåôáé ìå ôç ìïíïôïíßá ôçò

óõíÜñôçóçò, ôüôå óýìöùíá ìå ôï Èåþñçìá 9.4.2 - 1, üôáí ç óõíÜñôçóç åßíáé

áýîïõóá áñéóôåñÜ ôïõ óçìåßïõ x0 êáé öèßíïõóá äåîéÜ ôïõ, ôï óçìåßï x0 èá

åßíáé èÝóç ìåãßóôïõ, åíþ, üôáí åßíáé öèßíïõóá áñéóôåñÜ ôïõ óçìåßïõ x0 êáé

áýîïõóá äåîéÜ ôïõ, ôï x0 èá åßíáé èÝóç åëá÷ßóôïõ.
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Ó÷Þìá 9.4.1 - 1: ÐáñÜäåéãìá 9.4.1 - 1.

Ðßíáêáò 9.4.1 - 1

ÓõíÜñôçóç −∞ 0 4
3 2 +∞

f ′ + ◦ − ◦ + +

f ↗ ◦ ↘ ↗ ◦ ↗

áêñüôáôá max min
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ÐáñÜäåéãìá 9.4.2 - 1

¸óôù ç óõíÜñôçóç

f(x) = x2(x− 2)

ôïõ Ðáñáäåßãìáôïò 9.4.1 - 1. Ôüôå óýìöùíá ìå ôçí ÐáñáôÞñçóç 9.4.2 - 1 êáé

ôïí Ðßíáêá 9.4.1 - 1, ç óõíÜñôçóç ðñÝðåé íá ðáñïõóéÜæåé ìÝãéóôï óôï óçìåßï

x = 0, åðåéäÞ óôï óçìåßï áõôü áðü áýîïõóá ãßíåôáé öèßíïõóá êáé åëÜ÷éóôï

óôï x = 4
3 , åðåéäÞ áðü öèßíïõóá ãßíåôáé áýîïõóá (Ó÷. 9.4.1 - 1).

Èåþñçìá 9.4.2 - 2. ¸óôù ç óõíÜñôçóç f |D, ôÝôïéá þóôå íá õðÜñ÷åé ç

f ′(x) óôï D êáé íá åßíáé óõíå÷Þò, åíþ ãéá Ýíá óçìåßï x0 ∈ D íá éó÷ýåé

f ′ (x0) = 0 (êñßóéìï óçìåßï). Ôüôå, áí õðÜñ÷åé êáé ç f ′′(x) óôï D êáé

éó÷ýåé f ′′ (x0) < 0, áíôßóôïé÷á f ′′ (x0) > 0, ç f ðáñïõóéÜæåé óôï x0 ìÝãéóôï,

áíôßóôïé÷á åëÜ÷éóôï.

ÐáñÜäåéãìá 9.4.2 - 2

¸óôù ç óõíÜñôçóç

f(x) = e−x
2
:

Áðü ôïí ïñéóìü ôçò åêèåôéêÞò óõíÜñôçóçò ðñïöáíþò ðñïêýðôåé üôé

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 0:

Åðßóçò åßíáé

f ′(x) = −2xe−x2 ìå ñßæá (êñßóéìï óçìåßï) c0 = 0:

Ôüôå, åðåéäÞ

f ′′(x) = −2
(
1− 2x2

)
e−x

2
êáé f ′′ (c0) = f ′′(0) = −2 < 0;

ç f óýìöùíá ìå ôï Èåþñçìá 9.4.2 - 2 èá ðáñïõóéÜæåé óôï óçìåßï c0 = 0

ìÝãéóôï (ïëéêü) ìå ôéìÞ f (c0) = f(0) = 1 (Ó÷. 9.4.2 - 1).

ÐïëëÝò öïñÝò ç ñßæá ôçò 1çò ðáñáãþãïõ åßíáé êáé ñßæá ôçò 2çò ðáñáãþãïõ

ê.ëð. Óôçí ðåñßðôùóç áõôÞ ï Ýëåã÷ïò ôçò ýðáñîçò áêñüôáôïõ ãßíåôáé ìå ôï

ðáñáêÜôù èåþñçìá:
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Ó÷Þìá 9.4.2 - 1: ÐáñÜäåéãìá 9.4.2 - 2: ôï äéÜãñáììá ôçò óõíÜñôçóçò f(x) =

e−x
2
.

Èåþñçìá 9.4.2 - 3. ¸óôù ç óõíÜñôçóç f |D üðïõ D áíïéêôü äéÜóôçìá,

ôÝôïéá þóôå íá õðÜñ÷ïõí ïé ðáñÜãùãïé ôçò f óôï D ìÝ÷ñé êáé ôÜîçò 2�− 1.

¸óôù åðßóçò üôé ãéá êÜðïéï x0 ∈ D éó÷ýåé üôé f (k) (x0) = 0 ãéá êÜèå

k = 1; 2; : : : ; 2� − 1. Áí ç óõíÜñôçóç f (2�−1)(x) åßíáé óõíå÷Þò óôï D êáé

õðÜñ÷åé ç f (2�)(x) êáé åßíáé f (2�) (x0) < 0, áíôßóôïé÷á f (2�) (x0) > 0, ôüôå ç

f ðáñïõóéÜæåé óôï óçìåßï x0 ìÝãéóôï, áíôßóôïé÷á åëÜ÷éóôï.

ÐáñÜäåéãìá 9.4.2 - 3

Ç óõíÜñôçóç

f(x) = x5

äåí ðáñïõóéÜæåé óôï óçìåßï x0 = 0 áêñüôáôï (Ó÷. 9.4.2 - 2 a), åðåéäÞ

f (5) (x0) = 120, äçëáäÞ ç ôÜîç ôçò ìç ìçäåíéêÞò ôéìÞò ôçò ðáñáãþãïõ ôçò f

åßíáé 5 (ðåñéôôüò áñéèìüò), ïðüôå äåí åöáñìüæåôáé ôï Èåþñçìá 9.4.2 - 3, åíþ

ç

g(x) = (2x−)4

ðáñïõóéÜæåé óôï óçìåßï x0 =
1
2 áêñüôáôï, åðåéäÞ åßíáé g

(4) (x0) = 384, äçëáäÞ

ç ôÜîç ôçò ìç ìçäåíéêÞò ôéìÞò ôçò ðáñáãþãïõ åßíáé 4 (Üñôéïò áñéèìüò). ¢ñá ôï
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Èåþñçìá 9.4.2 - 3 åöáñìüæåôáé êáé, åðåéäÞ g(4) (x0) = 384 > 0, ôï áêñüôáôï

åßíáé åëÜ÷éóôï (Ó÷. 9.4.2 - 2 b).

-2 -1 1 2
x

-100

-50

50

100

fHxL

(a)
ææ

x0

-1.0 -0.5 0.5 1.0 1.5 2.0
x

20

40

60

80

gHxL

(b)

Ó÷Þìá 9.4.2 - 2: (á) ÓõíÜñôçóç f(x) = x5 êáé (b) ç g(x) = (2x − 1)4 ìå

x0 = 0:5.

9.4.3 Õðïëïãéóìüò óçìåßùí êáìðÞò, áóýìðôùôùí åõèåéþí

¸óôù ôþñá üôé ç óõíÜñôçóç f |D Ý÷åé 2çò ôÜîçò ðáñÜãùãï óôï D. Ç ìåëÝôç

ôïõ ðñïóÞìïõ ôçò f ′′ äßíåé ðñüóèåôåò ðëçñïöïñßåò ãéá ôç ãñáöéêÞ ðáñÜóôáóç

ôçò f êáé óõãêåêñéìÝíá ãéá ôçí êáìðõëüôçôÜ ôçò (curvature Þ concavity).

Åéäéêüôåñá ôá óçìåßá óôá ïðïßá ç 2ç ðáñÜãùãïò áëëÜæåé ðñüóçìï, ïñßæïõí

ôá ëåãüìåíá óçìåßá êáìðÞò (inection points) ôïõ äéáãñÜììáôïò ôçò f .

ÓõãêåêñéìÝíá óôçí ðåñßðôùóç áõôÞ éó÷ýïõí:

i) Áí

f ′′(x) > 0 ãéá êÜèå x ∈ D; (9.4.3 - 1)

óýìöùíá ìå ôï Èåþñçìá 9.4.1 - 2, áí ôåèåß g(x) = f ′(x) êáé g′(x) =

(f ′(x))′ = f ′′(x) > 0, ðñÝðåé ç g(x), äçëáäÞ ç f ′(x) íá åßíáé áýîïõóá

óôï D êáé áíôßóôñïöá. Ôüôå üìùò, êáèþò ôï x áõîÜíåé óôï D, ï

áíôßóôïé÷ïò óõíôåëåóôÞò äéåýèõíóçò ôçò åöáðôïìÝíçò óôï óçìåßï (x; f(x))

èá áõîÜíåé åðßóçò. Áõôü Ý÷åé ùò óõíÝðåéá ç ãñáöéêÞ ðáñÜóôáóç ôçò f

íá âñßóêåôáé ðÜíù áðü ôçí åöáðôïìÝíç åõèåßá Þ üðùò óõíÞèùò ëÝãåôáé,

ç f óôñÝöåé ôá êïßëá Üíù (concave upwards) óôï D Þ äéáöïñåôéêÜ üôé

åßíáé êõñôÞ.

ii) ¼ìïéá, áí

f ′′(x) < 0 ãéá êÜèå x ∈ D; (9.4.3 - 2)
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ôüôå ç f óôñÝöåé ôá êïßëá êÜôù (concave downwards) óôïD Þ äéáöïñåôéêÜ

üôé åßíáé êïßëç.

ÐáñáôçñÞóåéò 9.4.3 - 1

i) Ðñïöáíþò óôá óçìåßá êáìðÞò åßíáé f ′′(x) = 0, åíþ ãåíéêÜ ïé ñßæåò ôçò

2çò ðáñáãþãïõ åßíáé ðéèáíÜ óçìåßá êáìðÞò, äçëáäÞ õðÜñ÷åé ðåñßðôùóç

ïé ñßæåò ôçò 2çò ðáñáãþãïõ íá ìçí åßíáé óçìåßá êáìðÞò.21 ÅðïìÝíùò ç

óõíèÞêç f ′′(x) = 0 åßíáé áíáãêáßá, áëëÜ ü÷é êáé éêáíÞ.

ii) Ôá óçìåßá êáìðÞò åßíáé åðßóçò äõíáôüí íá êáôçãïñéïðïéçèïýí áðü ôïí

áíôßóôïé÷ï ìçäåíéóìü Þ ìç ôçò 1çò ðáñáãþãïõ. ÓõãêåêñéìÝíá, Ýóôù

üôé x0 åßíáé Ýíá óçìåßï êáìðÞò, ïðüôå f ′′ (x0) = 0. Ôüôå:

á. áí åßíáé åðßóçò f ′ (x0) = 0, ôï x0 ëÝãåôáé óôáèåñü (stationary) Þ

óáãìáôéêü (saddle) óçìåßï êáìðÞò, åíþ áí

â. f ′ (x0) ̸= 0, ôï óçìåßï x0 ëÝãåôáé ìç óôáèåñü (non-stationary)

óçìåßï êáìðÞò.

ii) Áí åßíáé f ′′ (x0) = 0, åíþ óôï x0 ç f ′′ äåí áëëÜæåé ðñüóçìï, ôüôå ôï

x0 ëÝãåôáé óçìåßï êõìáôéóìïý (undulation Þ hyperex point) ôïõ

äéáãñÜììáôïò.22

ÐáñÜäåéãìá 9.4.3 - 1

¸óôù ç óõíÜñôçóç

f(x) = x3
(
x2 − 1

)
ìå ñßæåò

x1 = −1; x2 = 0 ìå ðïëëáðëüôçôá 3 êáé x3 = 1:

Ç f åßíáé ðåñéôôÞ, ïðüôå ôï äéÜãñáììÜ ôçò èá åßíáé óõììåôñéêü ùò ðñïò

ôçí áñ÷Þ ôùí áîüíùí Ï.

21ÂëÝðå Èåþñçìá 9.4.2 - 3 êáé ÐáñÜäåéãìá 9.4.2 - 3.
22ÂëÝðå óçìåßï x0 = 0:5 óôï Ó÷. 9.4.2 - 2 b.
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Ç 1ç ðáñÜãùãüò ôçò åßíáé

f ′(x) = x2
(
5x2 − 3

)
ìå ñßæåò (êñßóéìá óçìåßá)

c1 ≈ −0:78; c2 = 0 ìå ðïëëáðëüôçôá 2 êáé c3 ≈ 0:78;

åíþ ç 2ç ðáñÜãùãüò ôçò

f ′′(x) = 2x
(
10x2 − 3

)
ìå ñßæåò

d1 ≈ −0:6; d2 = 0 êáé d3 ≈ 0:6:

Ôüôå õðïëïãßæïíôáò ôéò ôéìÝò ôçò 2çò ðáñáãþãïõ óôá êñßóéìá óçìåßá,

äéáöïñåôéêÜ åîåôÜæïíôáò ôç ìïíïôïíßá ôçò f , ðñïêýðôåé üôé:

• ç f ðáñïõóéÜæåé óôï óçìåßï c1 ≈ −0:8 ìÝãéóôï, åðåéäÞ f ′′(−0:8) < 0,

äéáöïñåôéêÜ åðåéäÞ ç f áðü áýîïõóá ãßíåôáé öèßíïõóá,

• óôï c3 ≈ 0:8 åëÜ÷éóôï, åðåéäÞ f ′′(0:8) > 0, äéáöïñåôéêÜ åðåéäÞ ç f áðü

öèßíïõóá ãßíåôáé áýîïõóá, åíþ

• ãéá ôï óçìåßï 0 Ý÷ïõìå f ′′(0) = 0, åíþ f (3)(0) = −24 < 0 (ðåñéôôÞ

ôÜîç), ïðüôå óýìöùíá ìå ôï Èåþñçìá 9.4.2 - 3 äåí õðÜñ÷åé áêñüôáôï

ôçò f .

Áðü ôï ðñüóçìï ôçò 2çò ðáñáãþãïõ ðñïêýðôåé üôé ôï äéÜãñáììá ôçò f

Ý÷åé óçìåßá êáìðÞò ôá d1 ≈ −0:6; d2 = 0 êáé d3 ≈ 0:6, åðåéäÞ ç f ′′ áëëÜæåé

ðñüóçìï óôá óçìåßá áõôÜ êáé åðéðëÝïí:

• óôñÝöåé ôá êïßëá êÜôù óôá äéáóôÞìáôá (−∞;−0:6) êáé (0; 0:6), åðåéäÞ
óôá áíôßóôïé÷á äéáóôÞìáôá åßíáé f ′′(x) < 0 (âëÝðå ó÷Ýóç 9.4.3 - 2), åíþ

• óôá (−0:6; 0) êáé (0:6;∞) ðñïò ôá Üíù,, åðåéäÞ åßíáé f ′′(x) > 0 (Ó÷.

9.4.3 - 1) êáé ó÷Ýóç 9.4.3 - 1.

• ÔÝëïò, åðåéäÞ ôï óçìåßï d2 = 0 åßíáé ñßæá êáé ôçò 1çò ðáñáãþãïõ,

óýìöùíá ìå ôéò ÐáñáôçñÞóåéò 9.4.3 - 1 (iia) ôï óçìåßï áõôü èá åßíáé

óôáèåñü Þ óáãìáôéêü óçìåßï êáìðÞò.
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Ðßíáêáò 9.4.3 - 1: ÐáñÜäåéãìá 9.4.3 - 1.

−∞ -1 -0.8 -0.6 0 0.6 0.8 1 +∞

f ′ + + ◦ - - ◦ - - ◦ + +

f ′′ - - - ◦ + ◦ - ◦ + + +

f - ◦ + + + ◦ - - - ◦ +

↗ ↗ ↘ ↘ ↘ ↘ ↗ ↗

max min

ææ

æ
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æ
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æ

æ

æ

æ æ
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Ó÷Þìá 9.4.3 - 1: ÐáñÜäåéãìá 9.4.3 - 1.
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Áóýìðôùôåò åõèåßåò

Äßíïíôáé óôç óõíÝ÷åéá ïé ðáñáêÜôù ïñéóìïß, ðïõ áöïñïýí ôéò ëåãüìåíåò

áóýìðôùôåò (asymptotes) åõèåßåò ôïõ äéáãñÜììáôïò ìéáò óõíÜñôçóçò:

Ïñéóìüò 9.4.3 - 1 (ïñéæüíôéá áóýìðôùôç). ¸óôù ìßá óõíÜñôçóç f ìå

ðåäßï ïñéóìïý ôçò ìïñöÞò (−∞; ã), áíôßóôïé÷á (ã;+∞). Ôüôå ç åõèåßá

y = ax + b èá ëÝãåôáé ïñéæüíôéá áóýìðôùôç (horizontal asymptote) ôïõ

äéáãñÜììáôïò ôçò f , üôáí

lim
x→+∞

[f(x)− (ax+ b)] = 0 ; áíôßóôïé÷á lim
x→+∞

[f(x)− (ax+ b)] = 0:

Ôüôå áðü ôïí ðáñáðÜíù ïñéóìü ðñïêýðôåé üôé

a = lim
x→+∞

f(x)

x
êáé b = lim

x→+∞
[f(x)− ax] (9.4.3 - 3)

¼ìïéá ïñßæåôáé êáé ç ðëÜãéá áóýìðôùôç (oblique Þ slant) åõèåßá

y = ax+ b; üôáí a ̸= 0;

åíþ éó÷ýïõí áíÜëïãïé ôýðïé õðïëïãéóìïý ôùí a; b.

Ïñéóìüò 9.4.3 - 2 (êáôáêüñõöç áóýìðôùôç åõèåßá). ¸óôù ìßá óõíÜ-

ñôçóç f ìå ðåäßï ïñéóìïý Ýíá ôïõëÜ÷éóôïí áíïéêôü äéÜóôçìá ôçò ìïñöÞò

(ã; ä). Ôüôå ç åõèåßá x =  áíôßóôïé÷á x = � èá ëÝãåôáé êáôáêüñõöç

áóýìðôùôç (vertical asymptote) ôïõ äéáãñÜììáôïò ôçò f , üôáí

lim
x→ +0

f(x) = +∞ Þ lim
x→ +0

f(x) = −∞; (9.4.3 - 4)

áíôßóôïé÷á

lim
x→ �+0

f(x) = +∞ Þ lim
x→ �+0

f(x) = −∞: (9.4.3 - 5)



Õðïëïãéóìüò óçìåßùí êáìðÞò, áóýìðôùôùí åõèåéþí 337

ëë
ææ

1

1

-4 -2 2 4 6
x

-10

-5

5

10

fHxL

Ó÷Þìá 9.4.3 - 2: ÐáñÜäåéãìá 9.4.3 - 2: ÓõíÜñôçóç f(x) = x+2
x−1 : Ç

äéáêåêïììÝíç êáöÝ x = 1 åßíáé ç êÜèåôç êáé ç äéáêåêïììÝíç ìðëå y = 1

ç ïñéæüíôéá áóýìðôùôç åõèåßá.

ÐáñÜäåéãìá 9.4.3 - 2

¸óôù ç óõíÜñôçóç

f(x) =
x+ 2

x− 1

ìå ðåäßï ïñéóìïý D = (−∞; 1) ∪ (1;+∞). Ôüôå ç åõèåßá x = 1 åßíáé

êáôáêüñõöç áóýìðôùôç ôçò f , åðåéäÞ

lim
x→ 1−0

f(x) = −∞ êáé lim
x→ 1+0

f(x) = +∞;

åíþ

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 1;

ðïõ óçìáßíåé üôé ç åõèåßá y = 1 åßíáé ïñéæüíôéá áóýìðôùôç ôçò ãñáöéêÞò

ðáñÜóôáóçò ôçò f (Ó÷. 9.4.3 - 2).
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ÁóêÞóåéò

1. Íá ìåëåôçèïýí êáé íá ðáñáóôáèïýí ãñáöéêÜ ïé ðáñáêÜôù óõíáñôÞóåéò

f(x):

i) 3x4 + 4x3 − 36x2 vii) x− 1

x

ii) x3 − 3x2 − 144x+ 432 viii) (1− x) e−x

iii) e−x sinx, üôáí x ∈ [0; 2�] ix) x2 lnx

iv) exp

[
−1

x

]
x) x

√
1 + x

v) exp

[
− 1

x2

]
xi) tan−1 (e−x)

vi) x− ln(x− 2) xii)
sinx

x

2. Íá ìåëåôçèåß êáé íá ðáñáóôáèåß ãñáöéêÜ ç áíôßóôñïöç õðåñâïëéêÞ åöáðôï-

ìÝíç tanh−1 x, üôáí

tanh−1 x =
1

2
ln

1 + x

1− x
:

3. Äýï áíôßèåôá çëåêôñéêÜ öïñôßá q1 êáé q2 åßíáé ôïðïèåôçìÝíá óôá óçìåßá

A êáé B áíôßóôïé÷á, üðïõ (AB) = d óôáèåñÜ. Óôï óçìåßï M ìå |AM | = x

ôçò åõèåßáò AB ç Ýíôáóç E ôïõ çëåêôñéêïý ðåäßïõ åßíáé

E =
1

4ðå0

[
q1
x2

+
q2

(d− x)2

]
:

Íá õðïëïãéóôåß ôï óçìåßï åêåßíï ôçò åõèåßáò AB ãéá ôï ïðïßï ç Ýíôáóç E

åßíáé åëÜ÷éóôç.

4. Ôï êáëþäéï õðïèáëÜóóéïõ ôçëÝãñáöïõ áðïôåëåßôáé áðü äÝóìç óõñìÜôùí

÷áëêïý ìå ìïíùôéêü õëéêü åîùôåñéêÜ (ôïìÞ êõêëéêÞ). ¸óôù x ï ëüãïò ôçò

áêôßíáò ôçò äÝóìçò ðñïò ôï ðÜ÷ïò ôïõ ìïíùôéêïý. Ôüôå ç ôá÷ýôçôá äéÜäïóçò

ôùí óçìÜôùí äßíåôáé áðü ôç ó÷Ýóç

v = −ax2 lnx ìå a > 0:
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Íá õðïëïãéóôåß ç ôéìÞ ôïõ x, Ýôóé þóôå ç ôá÷ýôçôá íá åßíáé ìÝãéóôç.

5. Ç éó÷ýò P ðïõ ðáñÜãåôáé áðü Ýíá çëåêôñéêü óôïé÷åßï óôáèåñÞò çëåêôñåãåñ-

ôéêÞò äýíáìçò E êáé óôáèåñÞò åóùôåñéêÞò áíôßóôáóçò r, üôáí äéÝñ÷åôáé ñåýìá

äéáìÝóïõ óôáèåñÞò åîùôåñéêÞò áíôßóôáóçò R, åßíáé

P =
E2R

(r +R)2
:

Íá õðïëïãéóôåß ç ôéìÞ ôïõ R, ðïõ êáèéóôÜ ôçí éó÷ý ìÝãéóôç.

ÁðáíôÞóåéò

1. (i) Ñßæåò ïé: 0 äéðëÞ, 2 êáé 3. Êñßóéìá óçìåßá: 0 min, 1
2

(
3−

√
3
)
max êáé 1

2

(
3 +

√
3
)
min.

Óçìåßá êáìðÞò: 1
2

(
2±

√
2
)
.

(ii) Ñßæåò ïé: 3 äéðëÞ êáé ±12. Êñßóéìá óçìåßá: −6 max êáé 8 min. Óçìåßï êáìðÞò: 1.

(iii) Ñßæåò óôï [0; 2�] ïé: 0; �; 2�. Åßíáé f ′(x) = e−x(cosx−sinx), ïðüôå ôá êñßóéìá óçìåßá

åßíáé ïé ñßæåò ôçò åîßóùóçò: cosx− sinx = 0, äçëáäÞ ôá: �
4
max êáé 5�

4
min. Åðßóçò åßíáé:

f ′′(x) = −2e−x cosx, ïðüôå ôá óçìåßá êáìðÞò ðñïêýðôïõí áðü ôçí åîßóùóç cosx = 0,

äçëáäÞ åßíáé ôá óçìåßá: �
2
; 3�

2
:

(iv) Äåí õðÜñ÷ïõí ñßæåò. Åßíáé f ′(x) = e
− 1
x

x2 > 0 ãéá êÜèå x ∈ R − {0}, åíþ f ′′(x) =

− e
− 1
x (1+2x)

x4 ; ïðüôå óçìåßï êáìðÞò åßíáé ôï: 1
2
: Ïñéæüíôéá áóýìðôùôç ç y = 1 êáé êÜèåôç

ç x = 0.

(v) ¼ìïéá äåí õðÜñ÷ïõí ñßæåò. Åßíáé f ′(x) = e
− 1
x2

x3 , ïðüôå ç f(x) ãíÞóéá öèßíïõóá ãéá

êÜèå x < 0 êáé ãíÞóéá áýîïõóá ãéá êÜèå x > 0. Åßíáé f ′′(x) = −2 e
− 1
x2 (−2+3x2)

x6 ; ïðüôå ôá

óçìåßá êáìðÞò åßíáé ôá: ±
√

2
3
: Ïñéæüíôéá áóýìðôùôç ç y = 1, åíþ åßíáé lim x→ 0 f(x) = 0.

(vi) ¼ìïéá äåí õðÜñ÷ïõí ñßæåò. Åßíáé f ′(x) = x−3
x−2

ìå êñßóéìï óçìåßï ôï 3 min. Åðßóçò

åßíáé: f ′′(x) = 1
(x−2)2

, ïðüôå äåí õðÜñ÷ïõí óçìåßá êáìðÞò. Óôá Üêñá ôïõ ðåäßïõ ïñéóìïý

éó÷ýåé üôé

lim
x→ 2−

f(x) = lim
x→+∞

f(x) = +∞:

(vii) Ñßæåò ïé: ±1. Åßíáé f ′(x) = 1+x2

x2 > 0 ãéá êÜèå x ∈ R − {0}, ïðüôå ç f åßíáé ãíÞóéá

áýîïõóá. Åðßóçò åßíáé f ′′(x) = − 2
x3 ; ïðüôå äåí õðÜñ÷ïõí óçìåßá êáìðÞò. Óôá Üêñá ôïõ

ðåäßïõ ïñéóìïý éó÷ýåé üôé

lim
x→−∞

f(x) = −∞; lim
x→ 0−

f(x) = +∞; lim
x→ 0+

f(x) = −∞ êáé lim
x→+∞

f(x) = +∞:

Êáôáêüñõöç áóýìðôùôç ç åõèåßá x = 0.

(viii) Ñßæá ôï 1. Åßíáé f ′(x) = e−x(x − 2), ïðüôå êñßóéìï óçìåßï åßíáé ôï 2 min. Åðßóçò

åßíáé f ′′(x) = e−x(x− 3) ìå óçìåßï êáìðÞò ôï 3. Óôá Üêñá ôïõ ðåäßïõ ïñéóìïý éó÷ýåé üôé

lim
x→−∞

f(x) = +∞ êáé lim
x→+∞

f(x) = 0:
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(ix) Ñßæá ôï 1. Åßíáé f ′(x) = x(1 + 2 lnx), ïðüôå êñßóéìï óçìåßï åßíáé ôï: e−1=2 min.

Åðßóçò åßíáé f ′′(x) = 3 + 2 lnx ìå óçìåßï êáìðÞò ôï e−3=2 : Óôá Üêñá ôïõ ðåäßïõ ïñéóìïý

éó÷ýåé üôé

lim
x→ 0+

f(x) = 0 êáé lim
x→+∞

f(x) = +∞:

(x) Ñßæá ôï 0. Åßíáé f ′(x) = 2+3x
2
√

1+x
; ïðüôå êñßóéìï óçìåßï åßíáé ôï: − 2

3
min. Åðßóçò åßíáé

f ′′(x) = 4+3x

4(1+x)3=2
ìå óçìåßï êáìðÞò ôï − 4

3
: Óôá Üêñá ôïõ ðåäßïõ ïñéóìïý éó÷ýåé üôé

lim
x→ 1+0

f(x) = 0 êáé lim
x→+∞

f(x) = +∞:

(xi) Ðåäßï ïñéóìïý ôï R êáé ôéìþí, åðåéäÞ e−x > 0, ôï
(
0; �

2

)
. Åßíáé f ′(x) = − ex

1+e2x
< 0 ;

ïðüôå ç f åßíáé ãíÞóéá öèßíïõóá. Åðßóçò åßíáé f ′′(x) =
ex(e2x−1)
(e2x+1)2

ìå óçìåßï êáìðÞò ôï 0.

Óôá Üêñá ôïõ ðåäßïõ ïñéóìïý éó÷ýåé üôé

lim
x→−∞

f(x) =
�

2
êáé lim

x→+∞
f(x) = 0:

(xii) ÓõíÜñôçóç Üñôéá ìå ðåäßï ïñéóìïý ôï R. Óôï óçìåßï x = 0 éó÷ýåé (êáíüíáò de

L'Hôspital): lim x→ 0 f(x) = 1 max. Åßíáé

f ′(x) =
x cosx− sinx

x2
êáé f ′′(x) = −2x cosx− 2 sinx+ x2 sinx

x3
;

ðïõ äåí ëýíïíôáé áëãåâñéêÜ, ïðüôå äåí åßíáé äõíáôüí íá õðïëïãéóôïýí ôá êñßóéìá óçìåßá

êáé ôá óçìåßá êáìðÞò (ï õðïëïãéóìüò ôïõò ãßíåôáé ìüíïí ðñïóåããéóôéêÜ - âëÝðå ÌáèÞìáôá

ÅöáñìïóìÝíùí Ìáèçìáôéêþí Êåö. ÐñïóåããéóôéêÞ Ëýóç Åîéóþóåùí).

2. Ðåäßï ïñéóìïý ôï (−1; 1) êáé ñßæá ôï 0. Åßíáé f ′(x) = 1
1−x2 > 0, ïðüôå ç f åßíáé ãíÞóéá

áýîïõóá ãéá êÜèå x ∈ (−1; 1). Åðßóçò åßíáé f ′′(x) = 2x

(1−x2)2
; ïðüôå óçìåßï êáìðÞò åßíáé

ôï 0. Óôá Üêñá ôïõ ðåäßïõ ïñéóìïý éó÷ýåé üôé

lim
x→−1+0

f(x) = −∞ êáé lim
x→ 1−0

f(x) = +∞:

3. ¸óôù k = 1
4�å0

, ïðüôå E′(x) = 2k q2
(d−x)3 −2k q1

x3 . Õðåíèõìßæåôáé üôé ç åîßóùóç x
3 = a3

Ý÷åé ìéá ìüíïí ðñáãìáôéêÞ ñßæá ôçí x = a. ÅðïìÝíùò, áí E′(x) = 0, ôüôå äéáäï÷éêÜ Ý÷ïõìå

x3

(d− x)3
=

q1

q2
Þ

(
x

d− x

)3

=

(
3
√
q1

3
√
q2

)3

; ïðüôå êñßóéìï óçìåßï åßíáé ôï

x0 =
d 3
√
q1

3
√
q1 + 3

√
q2

:

Ôüôå åßíáé

E′′ (x0) = 6k
q2

(d− x)4
+ 6k

q1
x4

∣∣∣∣
x=x0

=
6k

(
3
√
q1 + 3

√
q2
)5

d4 3
√
q1 3

√
q2

> 0;

äçëáäÞ Ý÷ïõìå åëÜ÷éóôï.

4. ¸óôù v = v(x) = −ax2 lnx ìå a; x > 0. Ôüôå v′(x) = −ax (1 + 2 lnx), ïðüôå êñßóéìï

óçìåßï ôï x0 = e−1=2. Ôüôå åßíáé

v′′ (x0) = −a(3 + 2 lnx)
∣∣
x=e−1=2 = −2a < 0; äçëáäÞ Ý÷ïõìå ìÝãéóôï:
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5. ¸óôù P = P (R) = E2R
(r+R)2

; ïðüôå P ′(r) = E2(r−R)

(r+R)3
. ¢ñá ôï êñßóéìï óçìåßï åßíáé ôï

R0 = r. Ôüôå

P ′′(R) =
2E2(R− 2r)

(r +R)4

∣∣∣∣
R=r

= − E2

8r3
; äçëáäÞ ìÝãéóôï:
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ÌÜèçìá 10

ÁÏÑÉÓÔÏ ÏËÏÊËÇÑÙÌÁ

10.1 ÅéóáãùãéêÝò Ýííïéåò

Óôï ìÜèçìá áõôü èá äïèïýí ïé êõñéüôåñïé êáíüíåò ïëïêëÞñùóçò, ðïõ êýñéá

åìöáíßæïíôáé óôéò ôå÷íïëïãéêÝò åöáñìïãÝò. Äéåõêñéíßæåôáé üôé áêïëïõèþíôáò

ìßá áõóôçñÜ ìáèçìáôéêÞ óåéñÜ ôï ìÜèçìá áõôü êáíïíéêÜ ðñÝðåé íá áêïëïõèåß

áõôü ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò, ðïõ äßíåôáé óôï åðüìåíï êåöÜëáéï.1

10.1.1 ÐáñÜãïõóá óõíÜñôçóç

Ïñéóìüò 10.1.1 - 1 (áüñéóôï ïëïêëÞñùìá). ¸óôù ïé óõíáñôÞóåéò f êáé

F ìå êïéíü ðåäßï ïñéóìïý D, üðïõ D ⊆ R. Ôüôå ç F èá ëÝãåôáé üôé åßíáé

ìßá ðáñÜãïõóá (antiderivative) Þ áñ÷éêÞ óõíÜñôçóç (primitive integral) Þ

äéáöïñåôéêÜ Ýíá áüñéóôï ïëïêëÞñùìá (inde�nite integral) ôçò óõíÜñôçóçò f

óôï D êáé èá óõìâïëßæåôáé áõôü ìå∫
f(x)dx = F (x) ãéá êÜèå x ∈ D (10.1.1 - 1)

1Ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç ôùí åííïéþí êáé ôùí êáíüíùí ïëïêëÞñùóçò

ðïõ èá äïèïýí, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [2, 3], óôï âéâëßï Á. ÌðñÜôóïò [1] Êåö. 7

êáé óôç äéåýèõíóç https : ==en:wikipedia:org=wiki=Antiderivative
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ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ç ðáñÜãùãïò ôçò F óôï D êáé éó÷ýåé

F ′(x) = f(x) ãéá êÜèå x ∈ D: (10.1.1 - 2)

Óõíåðþò∫
f(x)dx = F (x) ôüôå êáé ìüíïí, üôáí F ′(x) = f(x) (10.1.1 - 3)

ãéá êÜèå x ∈ D êáé áíôßóôñïöá.

Áðïäåéêíýåôáé üôé:

Èåþñçìá 10.1.1 - 1. Áí F êáé G åßíáé äýï ðáñÜãïõóåò ôçò óõíÜñôçóçò f

óôï D, ôüôå áõôÝò èá äéáöÝñïõí êáôÜ ìßá óôáèåñÜ óõíÜñôçóç.

Óýìöùíá ìå ôï Èåþñçìá 10.1.1 - 1 ï ôýðïò (10:1:1− 3) ôåëéêÜ ãñÜöåôáé∫
f(x)dx = F (x) + c ãéá êÜèå x ∈ D; (10.1.1 - 4)

üðïõ c áõèáßñåôç óôáèåñÜ.

Óôï ðáñáêÜôù ðáñÜäåéãìá äßíïíôáé ôá áüñéóôá ïëïêëçñþìáôá ïñéóìÝíùí

óõíáñôÞóåùí, åíþ óôïí Ðßíáêá 10.1.1 - 1 ôùí êõñéüôåñùí óôïé÷åéùäþí óõíáñ-

ôÞóåùí:

ÐáñÜäåéãìá 10.1.1 - 1

• ∫
x3 dx =

x3+1

3 + 1
+ c =

x4

4
+ c ; åðåéäÞ

(
x4

4
+ c

)′
= x3:

• ∫
1

x
dx = ln |x|+ c ; åðåéäÞ (ln |x|+ c)′ =

1

x
; üôáí x > 0:

• ∫
dx

cos2 x
= tanx+ c ; åðåéäÞ (tanx+ c)′ =

1

cos2 x
:

• ∫
dx

1 + x2
= tan−1 x+ c ; åðåéäÞ

(
tan−1 x+ c

)′
=

1

1 + x2
:
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Ðßíáêáò 10.1.1 - 1: áüñéóôá ïëïêëçñþìáôá ôùí êõñéüôåñùí óôïé÷åéùäþí

óõíáñôÞóåùí.

á/á f(x) F (x) á/á f(x) F (x)

1 xa; a ∈ R− {−1} xa+1

a+ 1
7 ex ex

2 sinx − cosx 8
1

x
ln |x|

3 cosx sinx 9
1

cos2 x
tanx

4
1

1 + x2
tan−1 x 10 − 1

sin2 x
cotx

5
1√

1− x2
sin−1 x 11 coshx sinhx

6 − 1√
1− x2

cos−1 x 12 sinhx coshx

10.1.2 Éäéüôçôåò ôïõ áüñéóôïõ ïëïêëçñþìáôïò

Äßíïíôáé óôç óõíÝ÷åéá ìå ôç ìïñöÞ èåùñçìÜôùí ïé éäéüôçôåò ôïõ áüñéóôïõ

ïëïêëçñþìáôïò.

Èåþñçìá 10.1.2 - 1. Áí f åßíáé ìßá ïëïêëçñþóéìç óõíÜñôçóç óôï D êáé

ë ∈ R, ôüôå ∫
ë f(x) dx = ë

∫
f(x) dx: (10.1.2 - 1)

Èåþñçìá 10.1.2 - 2. Áí f; g åßíáé ïëïêëçñþóéìåò óõíáñôÞóåéò óôï D,

ôüôå ∫
[f(x) + g(x)] dx =

∫
f(x) dx+

∫
g(x) dx: (10.1.2 - 2)
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Áðü ôéò (10:1:2−1) êáé (10:1:2−2) ðñïêýðôåé ôüôå ç ðáñáêÜôù ãñáììéêÞ
éäéüôçôá:∫

[kf(x) + ëg(x)] dx = k

∫
f(x) dx+ ë

∫
g(x) dx; (10.1.2 - 3)

üôáí k; ë ∈ R. Ç ãñáììéêÞ éäéüôçôá ãåíéêåýåôáé ãéá � ôï ðëÞèïò óõíáñôÞóåéò.

ÐáñÜäåéãìá 10.1.2 - 1

∫ (
2x2 + 5 sinx− ex

)
dx = 2

∫
x2 dx+ 5

∫
sinx dx−

∫
ex dx

= 2
x3

3
+ 5 (− cosx)− ex + c

=
2x3

3
− 5 cosx− ex + c:

¼ìïéá∫ (
2 tanx− 3

√
x+

4

x

)
dx = 2

∫
tanx dx+

∫
x1=3dx+ 4

∫
dx

x

= 2
1

cos2 x
− x

1
3
+1

1
3 + 1

+ 4 ln |x|+ c

=
2

cos2 x
− 3

4
x

4
3 + 4 ln |x|+ c:

10.2 ÌÝèïäïé ïëïêëÞñùóçò

Äßíïíôáé óôç óõíÝ÷åéá ïñéóìÝíåò ìÝèïäïé ïëïêëÞñùóçò, ðïõ áðáéôïýíôáé óôç

ëýóç ôùí äéáöüñùí ðñïâëçìÜôùí, ðïõ êýñéá åìöáíßæïíôáé óôéò äéÜöïñåò ôå÷íï-

ëïãéêÝò åöáñìïãÝò. Óôï åîÞò õðïôßèåôáé üôé ïé óõíáñôÞóåéò ðïõ åîåôÜæïíôáé

åßíáé ïëïêëçñþóéìåò óôï ðåäßï ïñéóìïý ôïõò.

10.2.1 ÏëïêëÞñùóç ìå äçìéïõñãßá ôïõ äéáöïñéêïý

ÏÐßíáêáò 10.1.1 - 1 ôùí ïëïêëçñùìÜôùí ôçò ðáñáãñÜöïõ 10.1.2 äåí åöáñìüæå-

ôáé, üôáí ç ïëïêëçñùôÝá óõíÜñôçóç åßíáé óýíèåôç. ¸÷ïíôáò õðüøç ôïí
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Ðßíáêá ôùí ðáñáãþãùí êáé ôïí áëõóéäùôü êáíüíá ðáñáãþãéóçò ôïõ ÌáèÞìá-

ôïò ÐáñÜãùãïò ÓõíÜñôçóçò, åßíáé äõíáôüí íá äçìéïõñãÞóïõìå ôïí ðáñáêÜôù

Ðßíáêá 10.2.1 - 1 ìå ôá áüñéóôá ïëïêëçñþìáôá ôùí êõñéüôåñùí óýíèåôùí

óõíáñôÞóåùí.

ÐáñÜäåéãìá 10.2.1 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫ √
2x− 5 dx:

Ëýóç. Ç ïëïêëçñùôÝá óõíÜñôçóç ãñÜöåôáé (2x − 5)1=2 = f1=2(x), üðïõ

f(x) = 2x − 5 êáé f ′(x) = 2. Ôüôå åöáñìüæïíôáò ôïí ôýðï 1 ôïõ Ðßíáêá

10.2.1 - 1 ãéá a = 1=2 Ý÷ïõìå:

∫
(2x− 5)1=2 dx =

1

2

∫ f ′(x)=2︷ ︸︸ ︷
(2x− 5)′ (2x− 5)1=2 dx

=
1

2

(2x− 5)
1
2
+1

1
2 + 1

+ c =
1

3
(2x− 5)3=2 + c:

ÐáñÜäåéãìá 10.2.1 - 2

¼ìïéá ôï ïëïêëÞñùìá ∫
dx

5x+ 2
:

Ëýóç. Ç ïëïêëçñùôÝá óõíÜñôçóç áíÜãåôáé ìå êáôÜëëçëï ìåôáó÷çìáôéóìü

óôç ìïñöÞ f ′(x)=f(x), üðïõ f(x) = 5x + 2 êáé f ′(x) = 5 (äçìéïõñãßá

óôáèåñÜò). Ôüôå óýìöùíá ìå ôïí ôýðï 3 ôïõ Ðßíáêá 10.2.1 - 1 Ý÷ïõìå

∫
dx

3x+ 5
=

1

5

∫ f ′(x)=5︷ ︸︸ ︷
(5x+ 2)′

5x+ 2
dx =

1

5
ln |5x+ 2|+ c:
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Ðßíáêáò 10.2.1 - 1: áüñéóôá ïëïêëçñþìáôá ôùí êõñéüôåñùí óýíèåôùí

óõíáñôÞóåùí.

á / á ÓõíÜñôçóç Áüñéóôï ïëïêëÞñùìá

1 f ′(x)fa(x); a ∈ R− {−1} f a+1(x)

a+ 1

2 f ′(x)ef(x) ef(x)

3
f ′(x)

f(x)
ln |f(x)|

4 f ′(x) sin f(x) − cos f(x)

5 f ′(x) cos f(x) sin f(x)

6
f ′(x)

cos2 f(x)
tan f(x)

7 − f ′(x)

sin2 f(x)
cot f(x)

8
f ′(x)

1 + f2(x)
tan−1 f(x)

9
f ′(x)√
1− f2(x)

sin−1 f(x)

10 − f ′(x)√
1− f2(x)

cos−1 f(x)

11 f ′(x) cosh f(x) sinh f(x)

12 f ′(x) sinh f(x) cosh f(x)

13
f ′(x)

cosh2 f(x)
tanh f(x)

14 − f ′(x)

sinh2 f(x)
coth f(x)
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ÐáñÜäåéãìá 10.2.1 - 3

¼ìïéá ôï ∫
x dx

x2 + 4
:

Ëýóç. ¼ìïéá ç ïëïêëçñùôÝá óõíÜñôçóç, åðåéäÞ óôïí áñéèìçôÞ õðÜñ÷åé Þäç

ôï x, áíÜãåôáé óôç ìïñöÞ f ′(x)=f(x), üðïõ f(x) = x2 + 4 êáé f ′(x) = 2x.

Ôüôå óýìöùíá ìå ôïí ôýðï 3 ôïõ Ðßíáêá 10.2.1 - 1 Ý÷ïõìå

∫
x dx

x2 + 4
=

1

2

∫ f ′(x)=2x︷ ︸︸ ︷(
x2 + 4

)′
x2 + 4

dx =
1

2
ln
(
x2 + 4

)
+ c:

ÐáñÜäåéãìá 10.2.1 - 4

¼ìïéá ∫
cos!x dx; üôáí ! > 0:

Ëýóç. ¼ìïéá áíÜãåôáé óôç ìïñöÞ f ′(x) cos!, üðïõ f(x) = !x êáé f ′(x) =

! (äçìéïõñãßá óôáèåñÜò). Ôüôå óýìöùíá ìå ôïí ôýðï 5 ôïõ Ðßíáêá 10.2.1 -

1 Ý÷ïõìå ∫
cos!x dx =

1

!

∫
(!x)′ cos!x dx =

1

!
sin!x+ c:

ÐáñÜäåéãìá 10.2.1 - 5

¼ìïéá åßíáé∫
sin!x dx =

1

!

∫
(!x)′ sin!x dx = − 1

!
cos!x+ c:

ÐáñÜäåéãìá 10.2.1 - 6

¼ìïéá ôï ∫
xe−x

2
dx:
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Ëýóç. Ç ïëïêëçñùôÝá óõíÜñôçóç ãñÜöåôáé óôç ìïñöÞ f ′(x)ef(x), üðïõ f(x) =

−x2 êáé f ′(x) = −2x, åíþ ç f ′(x) åßíáé äõíáôüí íá äçìéïõñãçèåß, åðåéäÞ Þäç

õðÜñ÷åé ôï x. ¢ñá óýìöùíá ìå ôïí ôýðï 2 ôïõ Ðßíáêá 10.2.1 - 1 Ý÷ïõìå∫
xe−x

2
dx = −1

2

∫
(−2x)e−x2 dx = −1

2
e−x

2
+ c:

ÐáñáôÞñçóç 10.2.1 - 1

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò∫
e−x

2
dx

äåí ãßíåôáé ìå ôïí ðáñáðÜíù ôñüðï, åðåéäÞ áðáéôåß ôç äçìéïõñãßá ôçò

f ′(x) = −2x;

äçëáäÞ ôïí ðïëëáðëáóéáóìü êáé ôç äéáßñåóç ìå−2x, ðïõ óçìáßíåé üôé áðáéôåßôáé
óôçí ðåñßðôùóç áõôÞ ç äçìéïõñãßá ìåôáâëçôÞò.

ÐáñÜäåéãìá 10.2.1 - 7

¼ìïéá ∫
dx

9 + 4x2
:

Ëýóç. ¸÷ïõìå ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå óôáèåñÜ ùò áñéèìçôÞ êáé

óõíÜñôçóç ðïõ åßíáé Üèñïéóìá ôåôñáãþíùí óôïí ðáñïíïìáóôÞ. Ç ðåñßðôùóç

áõôÞ áíÜãåôáé óôçí
f ′(x)

1 + f2(x)

ìå ôçí ðáñáêÜôù äéáäéêáóßá: Áñ÷éêÜ ãñÜöåôáé ï ðáñïíïìáóôÞò óôç ìïñöÞ

1 + f2(x) ùò åîÞò:

9+4x2 = 9

(
1 +

4x2

9

)
= 9

[
1 +

(
2x

3

)2
]

üðïõ f(x) =
2x

3
êáé f ′(x) =

2

3
:
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¢ñá óýìöùíá ìå ôïí ôýðï 8 ôïõ Ðßíáêá 10.2.1 - 1 åßíáé

∫
dx

9 + 3x2
=

1

9

3

2

∫
f ′(x)=2=3︷ ︸︸ ︷
(
2x

3
)′ dx

1 +
(
3x
2

)2 =
1

6
tan−1

(
2x

3

)
+ c:

ÐáñÜäåéãìá 10.2.1 - 8

¼ìïéá ∫
dx

x2 + 6x+ 10
:

Ëýóç. Ðñüêåéôáé ãéá ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå óôáèåñÜ ùò áñéèìçôÞ

êáé ôñéþíõìï ìå ñßæåò ìéãáäéêÝò óôïí ðáñïíïìáóôÞ. Áñ÷éêÜ ìåôáó÷çìáôßæåôáé

ï ðáñïíïìáóôÞò óå Üèñïéóìá ôåôñáãþíùí óýìöùíá ìå ôïí ôýðï

ax2 + bx+ c = a

(
x+

b

2a

)2

− b2 − 4ac

4a
; (10.2.1 - 1)

äçëáäÞ

x2 + 6x+ 10 = (x+ 3)2 + 1;

ïðüôå óýìöùíá êáé ìå ôï ÐáñÜäåéãìá 10.2.1 - 7 Ý÷ïõìå

∫
dx

x2 + 6x+ 10
=

∫
dx

(x+ 3)2 + 1
=

∫ f ′(x)=1︷ ︸︸ ︷
(x+ 3)′ dx

(x+ 3)2 + 1
= tan−1(x+ 3) + c:

ÐáñÜäåéãìá 10.2.1 - 9

¼ìïéá ∫
(2x+ 1) dx

x2 + 6x+ 10
:

Ëýóç. Ðñüêåéôáé ãéá ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå 1ïõ âáèìïý ðïëõþíõ-

ìï óôïí áñéèìçôÞ êáé ôñéþíõìï ìå ñßæåò ìéãáäéêÝò óôïí ðáñïíïìáóôÞ. Áñ÷éêÜ

äçìéïõñãåßôáé óôïí áñéèìçôÞ ç ðáñÜãùãïò ôïõ ðáñïíïìáóôÞ. ¸÷ïõìå(
x2 + 6x+ 10

)′
= 2x+ 6;
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ïðüôå ï áñéèìçôÞò ãñÜöåôáé

2x+ 1 = 2x+ 6− 5 =
(
x2 + 6x+ 10

)′ − 5:

Ôüôå óýìöùíá ìå ôïí ôýðï 4 ôïõ Ðßíáêá 10.2.1 - 1 êáé ôï ÐáñÜäåéãìá

10.2.1 - 8 åßíáé∫
(2x+ 1) dx

x2 + 6x+ 10
=

∫ (
x2 + 6x+ 10

)′ − 5 dx

x2 + 6x+ 10

=

∫ (
x2 + 6x+ 10

)′
dx

x2 + 6x+ 10
− 5

∫
dx

x2 + 6x+ 10

= ln
(
x2 + 6x+ 10

)
− 5 tan−1(x+ 3) + c:

ÐáñÜäåéãìá 10.2.1 - 10

¼ìïéá ∫
(3x− 2) dx

x2 + 6x+ 10
:

Ëýóç. ¼ìïéá ðñüêåéôáé ãéá ïëïêëÞñùóç ñçôÞò óõíÜñôçóçò ìå 1ïõ âáèìïý

ðïëõþíõìï óôïí áñéèìçôÞ êáé ôñéþíõìï ìå ñßæåò ìéãáäéêÝò óôïí ðáñïíïìáóôÞ,

ïðüôå óýìöùíá êáé ìå ôï ÐáñÜäåéãìá 10.2.1 - 9, åðåéäÞ
(
x2 + 6x+ 10

)′
=

2x+ 6, ï áñéèìçôÞò ãñÜöåôáé

3x− 2 = 3

(
x− 2

3

)
= 3

(
2x

2
− 2

3

)
=

3

2

(
2x− 4

3

)

=
3

2

(
2x+ 6− 6− 4

3

)
=

3

2
(2x+ 6)− 7:

Óýìöùíá ìå ôïí ôýðï 4 ôïõ Ðßíáêá 10.2.1 - 1 êáé ôï ÐáñÜäåéãìá 10.2.1

- 9 åßíáé∫
(3x− 2) dx

x2 + 6x+ 10
=

3

2

∫
(2x+ 6) dx

x2 + 6x+ 10
− 11

∫
dx

(x+ 3)2 + 1

=
3

2
ln
(
x2 + 6x+ 10

)
− 11 tan−1(x+ 1) + c:
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¢óêçóç

Íá õðïëïãéóôåß ôï áüñéóôï ïëïêëÞñùìá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x):

i)
1√

5x+ 3
vii)

x

2x+ 1

ii) e−3x viii) cosh 2x− 2 sinh 4x

iii)
x√

2 + 3x2
ix)

x+ 1

x2 + 2x+ 2

iv)
1

cos2 2x
x)

1

x ln2 x

v) x sinx2 xi)

√
tanx

cos2 x

vi) 5x
(
ax = ex ln a

)
xii) tan 3x

(
tan 3x =

sin 3x

cos 3x

)
:

ÁðáíôÞóåéò

i) 2
5

√
3 + 5x, ii) − 1

3
e−3x, iii)

√
2+3x2

3
; iv) 1

2
tan 2x, v) − 1

2
cosx2, vi) 5x

ln 5

vii) x
2x+1

= 1
2

2x+1−1
2x+1

= : : :, ïðüôå 1+2x−ln(1+2x)
4

; viii) − 1
2
cosh 4x+ 1

2
sinh 2x,

ix) 1
2
ln

(
x2 + 2x+ 2

)
, x) − 1

ln x
, xi) 2

3
tan3=2 x, xii) − 1

3
ln |cos 3x|.

10.2.2 ÏëïêëÞñùóç ìå áíôéêáôÜóôáóç

ÐïëëÝò öïñÝò ôï ðñüâëçìá ôïõ õðïëïãéóìïý ôïõ áüñéóôïõ ïëïêëçñþìáôïò

ìéáò óõíÜñôçóçò f(x) ìå ðåäßï ïñéóìïý, ÝóôùD, áðëïõóôåýåôáé, áí áíôéêáôáó-

ôÞóïõìå ôç ìåôáâëçôÞ x ìå ìßá íÝá, Ýóôù u = u(x), ðïõ íá åßíáé ïñéóìÝíç

óå Ýíá êáôÜëëçëï äéÜóôçìá D1 ôçò ìåôáâëçôÞò u, Ýôóé þóôå ôï óýíïëï ôùí

ôéìþí ôçò óõíÜñôçóçò áõôÞò íá åßíáé u (D1) = D.

Óôç ìÝèïäï áõôÞ, ðïõ åßíáé ãíùóôÞ ùò ìÝèïäïò ïëïêëÞñùóçò ìå áíôéêá-

ôÜóôáóç (integration by substitution), ðñÝðåé íá ëáìâÜíïíôáé õðüøç ôá åîÞò:

• Ï ìåôáó÷çìáôéóìüò ðñÝðåé íá áíôéóôñÝöåôáé ìïíïóÞìáíôá, äçëáäÞ íá

ëýíåôáé ìïíïóÞìáíôá ùò ðñïò x, êáé

• ôï ïëïêëÞñùìá ðïõ ðñïêýðôåé íá åßíáé áðëïýóôåñï ôïõ áñ÷éêïý, äçëáäÞ

íá ìçí ðåñéÝ÷åé ñßæåò, áíôßóôñïöåò ôñéãùíïìåôñéêÝò óõíáñôÞóåéò, ê.ëð.
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ÐáñÜäåéãìá 10.2.2 - 1

¸óôù ôï ïëïêëÞñùìá ∫
e−3x dx:

Áí

u = −3x åßíáé x = −u
3
; ïðüôå dx = d

(
−u
3

)
=
(
−u
3

)′
du = −1

3
du;

ôüôå áíôéêáèéóôþíôáò Ý÷ïõìå

∫
e−3x dx =

∫
eu

dx︷ ︸︸ ︷(
−1

3

)
du = −1

3

∫
eu du

= − 1

3
eu + c = − 1

3
e−3x + c:

ÐáñÜäåéãìá 10.2.2 - 2

¼ìïéá ôï ∫
e−x

2
dx:

Áí

u = −x2 ìå u < 0; ôüôå åßíáé x = ±
√
−u:

ÅðïìÝíùò ï ìåôáó÷çìáôéóìüò äåí ëýíåôáé ìïíïóÞìáíôá ùò ðñïò x êáé ç

ìÝèïäïò äåí åöáñìüæåôáé.

ÐáñÜäåéãìá 10.2.2 - 3

¼ìïéá ôï

I =

∫
tan 5x dx:

Áí

u = 5x åßíáé x =
u

5
; ïðüôå dx = d

(u
5

)
=
(u
5

)′
du =

1

5
du;



ÐáñáãïíôéêÞ ïëïêëÞñùóç 357

êáé áíôéêáèéóôþíôáò Ý÷ïõìå

∫
tan 5x dx =

∫
tanu

dx︷ ︸︸ ︷(
1

5

)
du =

1

5

∫
tanu du

=
1

5

∫ (− cosu)′du︷ ︸︸ ︷
sinu du

cosu
= −1

5

∫
(− cosu)′du

cosu

= −1

5
ln | cosu|+ c = −1

5
ln | cos 5x|+ c:

¢óêçóç

×ñçóéìïðïéþíôáò êáôÜëëçëç áíôéêáôÜóôáóç íá õðïëïãéóôïýí ôá ðáñáêÜôù

áüñéóôá ïëïêëçñþìáôá ôùí óõíáñôÞóåùí f(x):

i) cos(!x+ �) ìå ! > 0 iii) cot 2x

ii)
1√

2x− 1
iv)

x√
1 + 4x2

:

ÁðáíôÞóåéò

i) ¸óôù !x+ � = u, dx = du
!

ïðüôå ôåëéêÜ I =
∫
cos(!x+ �) dx = sin(!x+�)

!

ii) ¸óôù 2x− 1 = u, ïðüôå I =
√
2x− 1, iii) 2x = u, ïðüôå I = 1

2
ln |sin 2x|,

iv) x√
1+4x2

= 1
2

(x2)′√
1+4x2

= : : : , ïðüôå I = 1
4

√
1 + 4x2.

10.2.3 ÐáñáãïíôéêÞ ïëïêëÞñùóç

¸óôù üôé ïé óõíáñôÞóåéò f; g ðáñáãùãßæïíôáé óôï D ⊆ R ìå D áíïéêôü

óýíïëï. Åöáñìüæïíôáò ôïí êáíüíá ðáñáãþãéóçò ãéíïìÝíïõ Ý÷ïõìå

[f(x)g(x)]′ = f ′(x)g(x) + f(x)g′(x):

Ïëïêëçñþíïíôáò êáé ôá äýï ìÝëç ôçò ðáñáðÜíù ó÷Ýóçò ðñïêýðôåé üôé∫
[f(x)g(x)]′ dx =

∫
f ′(x)g(x) dx+ f(x)g′(x) dx
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ðïõ óýìöùíá ìå ôïí Ïñéóìü 10.1.1 - 1 ãñÜöåôáé

f(x)g(x) =

∫
f ′(x)g(x) dx+

∫
f(x)g′(x) dx;

äçëáäÞ ôåëéêÜ

∫
f(x)g′(x) dx = f(x)g(x)−

∫
f ′(x)g(x) dx: (10.2.3 - 1)

Ç ìÝèïäïò ïëïêëÞñùóçò ðïõ ðñïêýðôåé áðü ôïí ôýðï (10:2:3−1) åßíáé ãíùóôÞ
ùò ç ìÝèïäïò ôçò ðáñáãïíôéêÞò Þ ôçò êáôÜ ìÝñç ïëïêëÞñùóçò (integration

by parts). Åßíáé ðñïöáíÝò üôé ï ôýðïò (10:2:3 − 1) åöáñìüæåôáé, üôáí ç

ïëïêëçñùôÝá óõíÜñôçóç åßíáé Þ åßíáé äõíáôüí íá èåùñçèåß ùò ãéíüìåíï äýï

óõíáñôÞóåùí, áöïý ðñþôá ìßá áðü ôéò äýï óõíáñôÞóåéò ãñáöåß óôç ìïñöÞ

g′(x), üðùò áõôü ðåñéãñÜöåôáé óôá ðáñáêÜôù ðáñáäåßãìáôá üðïõ äßíïíôáé

ïé ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíåò ðåñéðôþóåéò åöáñìïãÞò ôçò ðáñáãïíôéêÞò

ïëïêëÞñùóçò.

Ãéíüìåíï ðïëõùíýìïõ ìå åêèåôéêÞ óõíÜñôçóç

Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò åêèåôéêÞò óõíÜñôçóçò.

ÐáñÜäåéãìá 10.2.3 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

∫
x e−2x dx:
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Ëýóç. Óýìöùíá ìå ôïí ôýðï (10:2:3− 1) Ý÷ïõìå

∫
x︸︷︷︸

f(x)

g(x)︷︸︸︷
e−2x dx =

∫
x︸︷︷︸

f(x)

g′(x)︷ ︸︸ ︷(
− e

−2x

2

)′
dx

= −1

2
x e−2x +

1

2

∫
x′︸︷︷︸

f ′(x)

g(x)︷︸︸︷
e−2x dx

= −1

2
x e−2x +

1

2

∫
e−2x dx

= −1

2
xe−2x +

1

2

(
−1

2
e−2x

)

= −1

2
xe−2x − 1

4
e−2x + c:

ÐáñÜäåéãìá 10.2.3 - 2

¼ìïéá ôï ∫
x2 e−2x dx:

Ëýóç. ¸÷ïõìå∫
x2 e−2x dx = −1

2

∫
x2
(
e−2x

)′
dx

= −1

2
x2e−2x +

1

2

∫ 2x︷ ︸︸ ︷(
x2
)′
e−2x dx

= −1

2
x2e−2x +

1

2
· 2
∫
xe−2x

= −1

2
x2e−2x +

∫
xe−2x dx;
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üôáí óýìöùíá ìå ôï ÐáñÜäåéãìá 10.2.3 - 1 åßíáé

∫
x e−2x dx = −1

2
xe−2x − 1

4
e−2x + c:

¢ñá

∫
x2e−2x dx = −1

2
x2e−2x − 1

2
xe−2x − 1

4
e−2x + c:

Ãéíüìåíï ðïëõùíýìïõ ìå ôñéãùíïìåôñéêÞ óõíÜñôçóç

2Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò ôñéãùíïìåôñéêÞò óõíÜñôçóçò.

ÐáñÜäåéãìá 10.2.3 - 3

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

∫
x2 sin 3x dx:

2Çìéôüíïõ Þ óõíçìéôüíïõ.
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Ëýóç. Åöáñìüæïíôáò äéáäï÷éêÜ ëüãù ôïõ x2 äýï öïñÝò ôçí ðáñáãïíôéêÞ

ïëïêëÞñùóç Ý÷ïõìå∫
x2 sin 3x dx =

∫
x2
(
−cos 3x

3

)′
dx

= −1

3
x2 cos 3x+

1

3

∫ (
x2
)′
cos 2x dx

= −1

3
x2 cos 3x+

2

3

∫
x cos 3x dx 1ç ðáñáãïíôéêÞ

= −1

3
x2 cos 3x+

2

3

∫
x

(
sin 3x

3

)′
dx

= −1

3
x2 cos 3x+

2

3

[
1

3
x sin 3x dx− 1

3

∫
x′ sin 3x dx

]

= −1

3
x2 cos 3x+

2

9
x sin 3x− 2

9

∫
x′ sin 3x dx

= −1

3
x2 cos 3x+

2

9
x sin 3x− 2

9

− cos 3x
3︷ ︸︸ ︷∫

sin 3x dx

= −1

3
x2 cos 3x+

2

9
x sin 3x+

2

27
cos 3x+ c:

Ãéíüìåíï åêèåôéêÞò ìå ôñéãùíïìåôñéêÞ óõíÜñôçóç

Äçìéïõñãåßôáé áíÜëïãá ìå ôçí åõêïëßá ðïõ ðáñïõóéÜæåôáé ç ðáñÜãùãïò Þ

ôçò ôñéãùíïìåôñéêÞò Þ ôçò åêèåôéêÞò óõíÜñôçóçò êáé åöáñìüæåôáé äýï öïñÝò

ï ôýðïò (10:2:3−1). Óôç 2ç ðáñáãïíôéêÞ äçìéïõñãåßôáé ðÜíôïôå ç ðáñÜãùãïò
ôçò ßäéáò óõíÜñôçóçò ìå ôçí 1ç öïñÜ.

ÐáñÜäåéãìá 10.2.3 - 4

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
e−x sin 2x dx:
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Ëýóç. ¸óôù üôé äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò åêèåôéêÞò óõíÜñôçóçò.

Ôüôå äéáäï÷éêÜ Ý÷ïõìå

I =

∫
e−x︸︷︷︸
f(x)

g(x)︷ ︸︸ ︷
sin 2x dx =

∫ f ′(x)︷ ︸︸ ︷(
−e−x

)′
sin 2x dx

= −e−x sin 2x+

∫
e−x

2 cos 2x︷ ︸︸ ︷
(sin 2x)′ dx

= −e−x sin 2x+ 2

∫
e−x cos 2x dx 1ç ðáñáãïíôéêÞ

= −e−x sin 2x+ 2

∫ (
−e−x

)′
cos 2x dx

= −e−x sin 2x+ 2

−e−x cos 2x− ∫ e−x

−2 sin 2x︷ ︸︸ ︷
(cos 2x)′ dx


= −e−x sin 2x− 2e−x cos 2x− 4

∫
e−x sin 2x dx

= −e−x (sin 2x+ 2 cos 2x)− 4 I 2ç ðáñáãïíôéêÞ:

¢ñá

I = −e−x (sin 2x+ 2 cos 2x)− 4 I;

ïðüôå ëýíïíôáò ùò ðñïò I ôåëéêÜ Ý÷ïõìå∫
e−x sin 2x dx = −−e

−x (sin 2x+ 2 cos 2x)

5
+ c:

Ï õðïëïãéóìüò ôïõ ðáñáðÜíù ïëïêëçñþìáôïò ìå ôï MATLAB ãßíåôáé ìå

ôéò åíôïëÝò:

Ðñüãñáììá 10.2.3 - 1 (áüñéóôïõ ïëïêëçñþìáôïò)

>> syms x

>> int(exp(-x)*sin(2*x),x)
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åíþ ìå ôï MATHEMATICA ìå ôçí åíôïëÞ:

Ðñüãñáììá 10.2.3 - 2 (áüñéóôïõ ïëïêëçñþìáôïò)

Integrate[Exp[-x]Sin[2x],x]

Ãéíüìåíï ðïëõùíýìïõ ìå ëïãáñéèìéêÞ óõíÜñôçóç

Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôïõ ðïëõùíýìïõ.

ÐáñÜäåéãìá 10.2.3 - 5

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
x2 lnx dx:

Ëýóç. ¸÷ïõìå∫
x2 lnx dx =

∫ (
x3

3

)′
lnx dx

=
1

3
x3 lnx− 1

3

∫
x3

1
x︷ ︸︸ ︷

(lnx)′ dx

=
1

3
x3 lnx− 1

3

∫
x2 dx =

1

3
x3 lnx− 1

9
x3 + c:

Ãéíüìåíï ðïëõùíýìïõ ìå áíôßóôñïöç ôñéãùíïìåôñéêÞ óõíÜñôçóç

Áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôïõ ðïëõùíýìïõ.

ÐáñÜäåéãìá 10.2.3 - 6

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫
tan−1 3x dx:
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Ëýóç. ¼ìïéá Ý÷ïõìå

∫
tan−1 3x dx =

∫
x0 tan−1 3x dx =

∫ f ′(x)︷︸︸︷
x1 tan−1 3x dx

= x tan−1 3x−
∫
x

(3x)′

1+(3x)2
= 3

1+9x2︷ ︸︸ ︷(
tan−1 3x

)′
dx

= x tan−1 3x−
∫

3x dx

1 + 9x2

= x tan−1 3x− 1

6

∫ [
9x2 + 1

]′
dx

1 + 9x2

= x tan−1 3x− 1

6
ln
(
1 + 9x2

)
+ c:

ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ôá áüñéóôá ïëïêëçñþìáôá ôùí ðáñáêÜôù óõíáñôÞóåùí

f(x):

i) x2e−3x v) ln2 x

ii) x2 sin 2x vi) ln
(
x+
√
1 + x2

)
iii) x tan−1 x vii) sin−1 2x

iv) e−2x sin 3x viii) x cos2 x

2. Áí a; ù ̸= 0, äåßîôå üôé∫
eax sinùxdx =

eax (a sinùx− ù cosùx)

a2 + ù2
+ c:

ÁðáíôÞóåéò

i) − e−3x

27

(
9x2 + 6x+ 2

)
, ii) − 1

4

(
2x2 − 1

)
cos 2x+ x

2
sin 2x,

iii) 1
2

(
−x+ tan−1 x+ x2 tan−1 x

)
, (iv) − e−2x

13
(3 cos 3x+ 2 sin 3x),

v) x
(
2− 2 lnx+ ln2 x

)
, vi) −

√
1 + x2 + x ln

(
x+

√
1 + x2

)
,

vii)
√

1−4x2

2
+ x tan−1 2x, viii) áñ÷éêÜ cos2 x = 1+cos 2x

2
; ïðüôå x2

4
+ cos 2x

8
+ x

4
sin 2x.
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10.2.4 ÏëïêëÞñùóç ìå õðïâéâáóìü

Ç ìÝèïäïò áõôÞ åöáñìüæåôáé êõñßùò, üôáí ç ïëïêëçñùôÝá óõíÜñôçóç Þ üñïò

áõôÞò åßíáé õøùìÝíç óå äýíáìç êáé áðïóêïðåß óôçí áíáãùãÞ ôïõ õðïëïãéóìïý

ôïõ áñ÷éêïý ïëïêëçñþìáôïò óå õðïëïãéóìü ïëïêëçñþìáôïò ìå üñï õøùìÝíï

óå âáèìü ìéêñüôåñï ôïõ áñ÷éêïý. Ï ôýðïò õðïëïãéóìïý ðïõ ðñïêýðôåé ëÝãåôáé

ôüôå áíáãùãéêüò.

ÐáñÜäåéãìá 10.2.4 - 1

¸óôù ôï ïëïêëÞñùìá

I� =

∫
x�e−x dx; üôáí � = 1; 2; : : : :

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå

I� =

∫
x�e−x dx =

∫
x�
(
−e−x

)′
dx

= −x�e−x +
∫

(x�)′ e−x dx

= −x�e−x + �

∫
x�−1e−x dx:

¢ñá ∫
x�e−x dx = −x�e−x + �

∫
x�−1e−x dx;

äçëáäÞ

I� = −x�e−x + � I�−1; (10.2.4 - 1)

üôáí � = 1; 2; : : : :

Óôïí áíáãùãéêü ôýðï (10:2:4 − 1) ôï ðñïò õðïëïãéóìü ïëïêëÞñùìá I�

õðïëïãßæåôáé óõíáñôÞóåé ôïõ üñïõ −x�e−x êáé ôïõ ïëïêëçñþìáôïò I�−1 =∫
x�−1e−xdx, üðïõ ï üñïò x�−1 óôçí ïëïêëçñùôÝá óõíÜñôçóç åßíáé êáôÜ

âáèìü ìéêñüôåñïò ôïõ áñ÷éêïý üñïõ x� . Åßíáé ðñïöáíÝò üôé ìå äéáäï÷éêÞ

åöáñìïãÞ ôïõ ôýðïõ õðïëïãßæåôáé ôåëéêÜ ôï ïëïêëÞñùìá I� .
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ÅöáñìïãÞ ãéá � = 3

I3 = −x3e−x + 3I2

I2 = −x2e−x + 2I1

I1 = −xe−x + I0 = −xe−x +
∫
e−xdx = −x e−x − e−x;

ïðüôå

I3 =

∫
x3e−x dx = −x3 e−x + 3 I2

= −x3 e−x + 3
(
−x2 e−x + 2 I1

)
= −x3 e−x − 3x2e−x + 6 I1

= −x3 e−x − 3x2e−x + 6
(
−x e−x − e−x

)
= −

(
x3 + 3x2 + 6x+ 6

)
e−x + c:

¢óêçóç

Áí � = 2; 3; : : :, åêôüò áí äéáöïñåôéêÜ ïñßæåôáé, äåßîôå ôïõò ðáñáêÜôù áíáãùãé-

êïýò ôýðïõò∫
cos� x dx =

sinx cos�−1 x

�
+
� − 1

�

∫
cos�−2 x dx:

∫
ln� x dx = x ln� x− �

∫
ln�−1 x dx; üôáí � = 1; 2; : : : :

∫
x� sinùxdx = −x

� cosùx

ù
+
�x�−1 sinùx

ù2

−�(� − 1)

ù2

∫
x�−2 sinùxdx; üôáí ù ̸= 0:

∫
ex sin� x dx =

ex sin�−1 x

�2 + 1
(sinx− � cosx) +

�(� − 1)

�2 + 1

∫
ex sin�−2 x dx:



ÏëïêëÞñùóç ñçôþí óõíáñôÞóåùí 367

10.2.5 ÏëïêëÞñùóç ñçôþí óõíáñôÞóåùí

¸óôù üôé ç ñçôÞ óõíÜñôçóç åßíáé ôçò ìïñöÞò

f(x) =
P (x)

Q(x)
; (10.2.5 - 1)

üðïõ ôï ðïëõþíõìï P (x) åßíáé âáèìïý, Ýóôù � êáé ôï Q(x) âáèìïý m. Ôüôå

äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò ïëïêëÞñùóçò (partial function inte-

gration):

I. Ï âáèìüò ôïõ áñéèìçôÞ íá åßíáé ìéêñüôåñïò áðü ôïí âáèìü ôïõ

ðáñïíïìáóôÞ

ÕðïèÝôïíôáò üôé ï ðáñïíïìáóôÞòQ(x) Ý÷åé áíáëõèåß óå ãéíüìåíï ðñùôïâÜèìéùí

êáé äåõôåñïâÜèìéùí üñùí,3 ç ñçôÞ óõíÜñôçóç (10:2:5 − 1) åßíáé äõíáôüí íá

áíáëõèåß óå Üèñïéóìá áðëþí êëáóìÜôùí ùò åîÞò:

i) ï ðáñÜãïíôáò ìå ðáñïíïìáóôÞ ax + b áíáëýåôáé óå áðëü êëÜóìá ôçò

ìïñöÞò
A

ax+ b
; (10.2.5 - 2)

ii) ï ìå ðáñïíïìáóôÞ (ax+ b)2, áíôßóôïé÷á (ax+ b)3, óå

A

ax+ b
+

B

(ax+ b)2
; áíôßóôïé÷á (10.2.5 - 3)

A

ax+ b
+

B

(ax+ b)2
+

C

(ax+ b)3
; ê.ëð. (10.2.5 - 4)

iii) ï ìå ax2 + bx+ c óå

Ax+B

ax2 + bx+ c
; ê.ëð. (10.2.5 - 5)

Ç ìÝèïäïò ðñïóäéïñéóìïý ôùí óõíôåëåóôþí A, B, C; : : : ðïõ èá åîåôáóôåß

óôï ìÜèçìá áõôü óôçñßæåôáé óôç óýãêñéóç ôùí óõíôåëåóôþí ôùí ßóùí äõíÜìåùí

ôïõ x.
3Ðåñéðôþóåéò ðáñáãüíôùí áíùôÝñïõ âáèìïý äåí èá åîåôáóôïýí.

Ï áíáãíþóôçò ðáñáðÝìðåôáé óôç âéâëéïãñáößá ãéá ôç ãåíéêÞ ðåñßðôùóç êáé ôá ó÷åôéêÜ

ìå áõôÞ èåùñÞìáôá.
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ÐáñÜäåéãìá 10.2.5 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫
x+ 2

x2 + x− 12
dx ; üôáí x ̸= 3; −4:

Ëýóç. Óýìöùíá ìå ôçí (10:2:5− 2) Ý÷ïõìå

x+ 2

x2 + x− 12
=

x+ 2

(x− 3)(x+ 4)
=

A

x− 3
+

B

x+ 4
: (1)

ÐïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ôçò (1) ìå ôïí ðáñïíïìáóôÞ ðïõ áíáëýåôáé,

äçëáäÞ ìå (x− 3)(x+ 4), ðñïêýðôåé üôé

x+ 2 = A(x+ 4) +B(x− 3): (2)

Ç (2) ãñÜöåôáé

(A+B − 1)x+ 4A− 3B − 2 = 0

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ R, ðñÝðåé

A + B = 1

4A − 3B = 2;
ïðüôå A =

5

7
êáé B =

2

7
:

ÔåëéêÜ óýìöùíá êáé ìå ôçí (1) Ý÷ïõìå

I =
5

7

∫
dx

x− 3
+

2

7

∫
dx

x+ 4
=

5

7
ln |x− 3|+ 2

7
ln |x+ 4|+ c:

ÐáñÜäåéãìá 10.2.5 - 2

¼ìïéá ôï ïëïêëÞñùìá

I =

∫
dx

(x+ 1)(x− 1)2
; üôáí x ̸= ±1:

Ëýóç. Óýìöùíá ìå ôéò (10:2:5− 2) - (10:2:5− 3) Ý÷ïõìå

1

(x+ 1)(x− 1)2
=

A

x+ 1
+

B

x− 1
+

C

(x− 1)2
;
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ïðüôå

1 = A(x− 1)2 +B(x− 1)(x+ 1) + C(x+ 1): (3)

Ç (3) ãñÜöåôáé

(A+B)x2 + (−2A+ C)x+ (A−B + C − 1) = 0

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ R, ðñÝðåé

A + B = 0

−2A + C = 0

A − B + C = 1;

ïðüôå A =
1

4
; B = −1

4
êáé C =

1

2
:

ÔåëéêÜ

I =
1

4

∫
dx

x+ 1
− 1

4

∫
dx

x− 1
+

1

2

∫
dx

(x− 1)2

=
1

4
ln |x+ 1| − 1

4
ln |x− 1| + 1

2

(x−1)−2+1

−2+1︷ ︸︸ ︷∫
(x− 1)′(x− 1)−2 dx

=
1

4
ln |x+ 1| − 1

4
ln |x− 1| − 1

2(x− 1)
+ c:

ÐáñÜäåéãìá 10.2.5 - 3

¼ìïéá ôï ïëïêëÞñùìá

I =

∫
x dx

(x− 1) (x2 + 4)
; üôáí x ̸= 1:

Ëýóç. ¼ìïéá óýìöùíá ìå ôéò (10:2:5− 2) êáé (10:2:5− 5) Ý÷ïõìå

x

(x− 1) (x2 + 4)
=

A

x− 1
+
Bx+ C

x2 + 4
;

ïðüôå

x = A
(
x2 + 4

)
+ (Bx+ C)(x− 1): (4)
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Ç (4) ãñÜöåôáé

(A+B)x2 + (−B + C − 1)x+ (4A− C) = 0

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ R, ðñÝðåé

A + B = 0

− B + C = 1

4A − C = 0;

ïðüôå A = −1

5
; B =

1

5
êáé C =

4

5
: (5)

ÔåëéêÜ Ý÷ïõìå

I = −1

5

∫
dx

x+ 1
+

1

5

∫
x dx

x2 + 4
+

4

5

∫
dx

x2 + 4

= −1

5
ln |x+ 1|+ I1 + I2;

üðïõ

I1 =
1

5

∫
x dx

x2 + 4
=

1

5
· 1
2

∫ 2x︷ ︸︸ ︷(
x2 + 4

)′
dx

x2 + 4
=

1

10
ln
(
x2 + 4

)
;

I2 =
4

5

∫
dx

x2 + 4
=

4

5

∫
dx

4

(
x2

4
+ 1

) =
1

5

∫
dx

1 +
(x
2

)2

=
1

5
· 2
∫ (x

2

)′
dx

1 +
(x
2

)2 =
2

5
tan−1

(x
2

)
:

¢ñá

I = −1

5
ln |x+ 1|+ 1

10
ln
(
x2 + 4

)
+

2

5
tan−1

(x
2

)
+ c:

Ï õðïëïãéóìüò ôïõ ðáñáðÜíù ïëïêëçñþìáôïò ìå ôï MATLAB ãßíåôáé ìå

ôéò åíôïëÝò:
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Ðñüãñáììá 10.2.5 - 1 (áüñéóôïõ ïëïêëçñþìáôïò)

>> syms x

>> int(x/((x-1)*(x^2+4)),x)

åíþ ìå ôï MATHEMATICA ìå ôçí åíôïëÞ:

Ðñüãñáììá 10.2.5 - 2 (áüñéóôïõ ïëïêëçñþìáôïò)

Integrate[x/((x-1)*(x^2+4)),x]

II. Ï âáèìüò ôïõ áñéèìçôÞ åßíáé ìåãáëýôåñïò Þ ßóïò áðü ôïí âáèìü

ôïõ ðáñïíïìáóôÞ

Áñ÷éêÜ óôçí (10:2:5− 1) ãßíåôáé ç äéáßñåóç ôùí ðïëõùíýìùí P (x) êáé Q(x),

ïðüôå ç ðåñßðôùóç áõôÞ áíÜãåôáé ôåëéêÜ óôçí ðåñßðôùóç I.

ÐáñÜäåéãìá 10.2.5 - 4

¸óôù ôï ïëïêëÞñùìá∫
x3 − 1

x2 − 4
dx ; üôáí x ̸= ±2:

Áðü ôç äéáßñåóç ôïõ áñéèìçôÞ êáé ôïõ ðáñïíïìáóôÞ êáé ìåôÜ ôçí áíÜëõóç óå

áðëÜ êëÜóìáôá Ý÷ïõìå

x3

x2 − 4
= x+

4x− 1

x2 − 4
= x+

7

4

1

x− 2
+

9

4

1

x+ 2
;

ïðüôå ∫
x3 − 1

x2 − 4
dx =

x2

2
+

7

4
ln |x− 2|++

9

4
ln |x+ 2|+ c:
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¢óêçóç

Íá õðïëïãéóôïýí ôá áüñéóôá ïëïêëçñþìáôá ôùí ðáñáêÜôù ñçôþí óõíáñôÞ-

óåùí f(x):

i)
x− 1

(x+ 1)(x− 2)
iv)

x4

x2 + 2x+ 2

ii)
1

x (x2 + 5)
v)

√
x

1 + x

iii)
1

(x− 1)(x+ 2)2
vi)

e−x

1 + e−x
:

ÁðáíôÞóåéò

i) 2
3
ln |x+ 1|+ 1

3
ln |x− 2|, ii) 1

5
ln |x| − 1

10
ln

(
5 + x2

)
,

iii) 1
9

(
− 6

x+2
+ ln |x− 1| − ln |x+ 2|

)
, iv) 2x− x2 + x3

3
− 4 tan−1(x+ 1),

v) áí
√
x = u, ôåëéêÜ 2

√
x− 2 tan−1 √x, vi) üìïéá áí e−x = u, ôüôå x− ln (1 + ex).

10.2.6 ÏëïêëÞñùóç ôñéãùíïìåôñéêþí óõíáñôÞóåùí

ÅîåôÜæïíôáé ìüíïí ïé ìïñöÝò:∫
sinmx cosnx dx,

∫
sinmx sinnx dx êáé

∫
cosmx cosnx dx

Óôéò ðåñéðôþóåéò áõôÝò ÷ñçóéìïðïéïýíôáé ïé ðáñáêÜôù ôýðïé ôçò Ôñéãùíïìåôñßáò:

2 sinA cosB = sin(A+B) + sin(A−B); (10.2.6 - 1)

2 sinA sinB = cos(A−B)− cos(A+B); (10.2.6 - 2)

2 cosA cosB = cos(A−B) + cos(A+B): (10.2.6 - 3)

Åðßóçò éó÷ýïõí

sin2 x =
1− cos 2x

2
êáé cos2 x =

1 + cos 2x

2
: (10.2.6 - 4)
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ÐáñÜäåéãìá 10.2.6 - 1

Óýìöùíá ìå ôïí ôýðï (10:2:6− 2) Ý÷ïõìå∫
sinx sin 3x dx =

1

2

∫
[cos(x− 3x)− cos(x+ 3x)] dx

=
1

2

∫
(cos 2x− cos 4x) dx

=
1

2

(
1

2
sin 2x− 1

4
sin 4x

)

=
1

4
sin 2x− 1

8
sin 4x+ c:

¢óêçóç

Íá õðïëïãéóôïýí ôá áüñéóôá ïëïêëçñþìáôá ôùí ðáñáêÜôù óõíáñôÞóåùí

f(x):

i) sin2 2x cos 3x iii) sin 10x sin 8x

ii) cosx cos2 4x iv) sin3 x.

ÁðáíôÞóåéò

i) Áñ÷éêÜ sin2 2x = 1−cos 4x
2

; ïðüôå ôåëéêÜ − 1
4
sinx+ 1

6
sin 3x− 1

28
sin 7x,

ii) üìïéá cos2 4x = 1+cos 8x
2

; ïðüôå 1
2
sinx+ 1

28
sin 7x+ 1

36
sin 9x,

iii) 1
4
sin 2x− 1

36
sin 18x, iv) sin3 x = sinx 1−cos 2x

2
, ïðüôå ôåëéêÜ − 3

4
cosx+ 1

12
cos 3x.

10.2.7 Ðñïóåããéóôéêüò õðïëïãéóìüò ïëïêëçñþìáôïò

Óôá ðåñéóóüôåñá ðñïâëÞìáôá ôùí åöáñìïãþí ôï ïëïêëÞñùìá äåí õðïëïãßæåôáé

ìå êáíÝíáí ìåôáó÷çìáôéóìü Þ Üëëç ôñïðïðïßçóç ôçò ïëïêëçñùôÝáò óõíÜñôçóçò.

Ç ãåíéêÞ áíôéìåôþðéóç ôïõ ðñïâëÞìáôïò, ìÝñïò ôïõ ïðïßïõ èá ìåëåôçèåß óå

ðñïóå÷Ýò åîÜìçíï, åßíáé áíôéêåßìåíï ìåëÝôçò ôùí Ìáèçìáôéêþí êáé ï áíáãíþ-

óôçò ðáñáðÝìðåôáé ãéá ðåñáéôÝñù ìåëÝôç óôç âéâëéïãñáößá. Óôï ìÜèçìá áõôü

èá ãßíåé ç ðñïóÝããéóç ôïõ ïëïêëçñþìáôïò ìå áíôéêáôÜóôáóç ôçò ïëïêëçñùôÝáò
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óõíÜñôçóçò Þ üñïõ áõôÞò ìå ôï áíôßóôïé÷ï ðïëõþíõìï ôïõ Taylor Þ ôïõ

Maclaurin.

ÐáñÜäåéãìá 10.2.7 - 1

¸óôù ôï ïëïêëÞñùìá ∫
e−x

2
dx:

Óýìöùíá ìå ôïí ôýðï ôïõ Maclaurin ôï ðïëõþíõìï 4ïõ âáèìïý ðïõ ðñïóåããßæåé

ôçí ïëïêëçñùôÝá óõíÜñôçóç e−x
2
åßíáé

e−x
2 ≈ 1− x2 + x4

2
:

ÅðïìÝíùò∫
e−x

2
dx ≈

∫ (
1− x2 + x4

2

)
dx = x− x3

3
+
x5

10
+ c:

ÐáñÜäåéãìá 10.2.7 - 2

¼ìïéá Ýóôù ôï ïëïêëÞñùìá∫
lnx

x− 1
dx; üôáí x > 1:

Óýìöùíá ìå ôïí ôýðï ôïõ Taylor ìå êÝíôñï, Ýóôù � = e, ôï ðïëõþíõìï 1ïõ

âáèìïý ðïõ ðñïóåããßæåé ôçí ïëïêëçñùôÝá óõíÜñôçóç lnx åßíáé

lnx ≈ 1 +
x− e
e

:

ÅðïìÝíùò∫
lnx

x− 1
dx ≈

∫
1

x− 1

(
1 +

x− e
e

)
dx =

x

e
+

ln(x− 1)

e
+ c:

¢óêçóç

×ñçóéìïðïéþíôáò ôï ðïëõþíõìï ôïõ Maclaurin 5ïõ, áíôßóôïé÷á 4ïõ âáèìïý

íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá∫
sinx

x
dx ; áíôßóôïé÷á

∫
cosx

x
dx:
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ÁðáíôÞóåéò

Åßíáé sinx ≈ x− x3

6
+ x5

120
, cosx ≈ 1− x2

4
+ x4

24
ê.ëð.
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ÌÜèçìá 11

ÏÑÉÓÌÅÍÏ ÏËÏÊËÇÑÙÌÁ

11.1 ÅéóáãùãéêÝò Ýííïéåò

Óôï ìÜèçìá áõôü èá äïèïýí ðåñéëçðôéêÜ ïé óçìáíôéêüôåñåò Ýííïéåò ðïõ áíáöÝ-

ñïíôáé óôï ïñéóìÝíï ïëïêëÞñùìá.1

Ç áñ÷éêÞ ìïñöÞ ôçò Ýííïéáò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò ùò ðñïóÝããéóç

ôïõ åìâáäïý åíüò ãåùìåôñéêïý ó÷Þìáôïò óõíáíôÜôáé ôï ðñþôïí óôçí áñ÷áéüôç-

ôá êáôÜ ôïí 3ïí ð.×. áéþíá ìå ôïí Áñ÷éìÞäç, ï ïðïßïò ÷ñçóéìïðïßçóå ðñïóåããé-

óôéêÝò ìåèüäïõò ãéá íá õðïëïãßóåé ôï åìâáäüí ôïõ êýêëïõ, ôçò Ýëéêáò, ê.ëð.

Óôá ìÝóá ôïõ 19ïõ áéþíá ãßíåôáé áðü ôïí Riemann ìéá ðñïóðÜèåéá ïñéóìïý

ôçò Ýííïéáò ìå êáèáñÜ ìáèçìáôéêïýò üñïõò. Ï ïñéóìüò áõôüò ãåíéêåýôçêå óôç

óõíÝ÷åéá áðü ìßá óåéñÜ Üëëùí åðéóôçìüíùí, ç óçìáíôéêüôåñç üìùò ãåíßêåõóç

ôçò Ýííïéáò Ýãéíå áðü ôïí Lebesgue óôéò áñ÷Ýò ôïõ 20ïõ áéþíá.

Ôï ïñéóìÝíï ïëïêëÞñùìá åêôüò áðü ôïí õðïëïãéóìü åìâáäþí ÷ñçóéìïðïéåß-

ôáé êáé óå ìßá óåéñÜ Üëëùí åöáñìïãþí ðïõ êáëýðôïõí ôï óýíïëï ôùí èåôéêþí

åðéóôçìþí, ìÝñïò ôùí ïðïßùí èá äïèïýí óôï ìÜèçìá ðïõ áêïëïõèåß.

1Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [2, 3, 4]

êáé óôï âéâëßï Á. ÌðñÜôóïò [1] Êåö. 8.

379



380 ÏñéóìÝíï ïëïêëÞñùìá Êáè. Á. ÌðñÜôóïò

11.1.1 Ïñéóìüò ïñéóìÝíïõ ïëïêëçñþìáôïò

¸óôù f(x) ìéá óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï [á; â ], ðïõ õðïôßèåôáé üôé åßíáé

óõíå÷Þò ãéá êÜèå x ∈ [á; â ] êáé ÷ùñßò íá âëÜðôåôáé ç ãåíéêüôçôá üôé éó÷ýåé

f(x) > 0. Áí ôï [á; â ] õðïäéáéñåèåß óå � ôï ðëÞèïò õðïäéáóôÞìáôá áðü ôá

óçìåßá

� = {á = x0 < x1 < x2 < : : : < x� = â} ; (11.1.1 - 1)

ôüôå ç õðïäéáßñåóç áõôÞ èá ëÝãåôáé óôï åîÞò äéáìÝñéóç êáé èá óõìâïëßæåôáé

ìå �, åíþ ôá x0, x1, : : :, x� óçìåßá ôçò äéáìÝñéóçò. Ôï ðëÜôïò ∆xi ôùí

õðïäéáóôçìÜôùí åßíáé ôüôå ∆xi = xi−xi−1, üôáí i = 1; 2; : : : ; � (Ó÷. 11.1.1

- 1a).

æ æ æ æ æ æ æ æ

x0 x
Ν

x1 x2 x3 x
Ν-1

x

fHxL

(a)
æ æ æ æ æ æ æ æ

æ

æ

æ

æ

æ

æ

æ

æ

x0 x
Ν

x1 x2 x3 x
Ν-1

x

fHxL

(b)

Ó÷Þìá 11.1.1 - 1: (a) Ôï äéÜãñáììá ôçò f(x) êáé ç äéáìÝñéóç � ôïõ [á; â ].

(b) ¢èñïéóìá Ê(�; f).

ÅðåéäÞ ç óõíÜñôçóç f Ý÷åé õðïôåèåß óõíå÷Þò óôï êëåéóôü äéÜóôçìá [á; â ],

èá ðñÝðåé íá åßíáé óõíå÷Þò êáé óå êÜèå õðïäéÜóôçìá ôçò ðáñáðÜíù äéáìÝñéóçò.

Óýìöùíá ìå ôï èåþñçìá ìÝãéóôçò êáé åëÜ÷éóôçò ôéìÞò óõíå÷þí óõíáñôÞóåùí2

èá ðñÝðåé íá õðÜñ÷åé Ýíá óçìåßï ói, áíôßóôïé÷á si, ðïõ ç f(x) | [xi−1; xi] ãéá

êÜèå i = 1; 2; : : : ; � íá ëáìâÜíåé ìéá åëÜ÷éóôç, áíôßóôïé÷á ìéá ìÝãéóôç ôéìÞ

óå áõôü. Ôüôå óýìöùíá ìå ôá ðáñáðÜíù åßíáé äõíáôüí íá ïñéóôïýí:

i) ôï êÜôù Üèñïéóìá (Ó÷. 11.1.1 - 1b)

Ê(�; f) = ó1∆x1 + ó2∆x2 + : : :+ ó�∆x� ; (11.1.1 - 2)

ii) ôï Üíù Üèñïéóìá (Ó÷. 11.1.1 - 2a)

A(�; f) = s1∆x1 + s2∆x2 + : : :+ s�∆x� ; (11.1.1 - 3)

2ÂëÝðå ÌÜèçìá ÓõíÝ÷åéá ÓõíÜñôçóçò - Èåþñçìá 8.1.3 - 6.
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iii) ôï åíäéÜìåóï Üèñïéóìá (Ó÷. 11.1.1 - 2b)

Å(�; f; î) = f (î1)∆x1 + f (î2)∆x2

+ : : :+ f (îí)∆xí ; (11.1.1 - 4)

üôáí îi; i = 1; 2; : : : ; � åßíáé ìßá åðéëïãÞ åíäéÜìåóùí óçìåßùí, äçëáäÞ

xi−1 ≤ îi ≤ xi; i = 1; 2; : : : ; �.

æ æ æ æ æ æ æ æ

æ

æ

æ

æ

æ

æ

æ

æ

x0 x
Ν

x1 x2 x3 x
Ν-1

x

fHxL

(a)
æ æ æ æ æ æ æ æ

æ

æ
æ

æ

æ

æ

æ

æ æ æ æ æ æ æ

Ξ1 Ξ
Ν

Ξ2 Ξ3 Ξ
Ν-1

x

fHxL

(b)

Ó÷Þìá 11.1.1 - 2: (a) ¢èñïéóìá A(�; f) êáé (b) E(�; f; �).

Åßíáé ðñïöáíÝò üôé óå êÜèå äéáìÝñéóç ôïõ [á; â ] áíôéóôïé÷ïýí êáé äéáöïñå-

ôéêÜ áèñïßóìáôá ôùí ìïñöþí (11:1:1 − 3) - (11:1:1 − 4). Óôçí ðåñßðôùóç

üìùò ðïõ ôï ðëÜôïò ôçò äéáìÝñéóçò ôåßíåé óôï ìçäÝí, ïé ôéìÝò ôùí ðáñáðÜíù

áèñïéóìÜôùí ôåëéêÜ óõãêëßíïõí. ÓõãêåêñéìÝíá óôçí ðåñßðôùóç áõôÞ áðïäåé-

êíýåôáé üôé éó÷ýåé ôï ðáñáêÜôù èåìåëéþäåò èåþñçìá:

Èåþñçìá 11.1.1 - 1 (ïñéóìÝíïõ ïëïêëçñþìáôïò). ¸óôù f |[á; â ] ìßá
óõíÜñôçóç óõíå÷Þò ãéá êÜèå x ∈ [á; â ]. Ôüôå, üôáí ôï ðëÜôïò ∆xi = xi −
xi−1 üðïõ i = 1; 2; : : : ; �, ôçò äéáìÝñéóçò � ôïõ [á; â ] ôåßíåé óôï ìçäÝí,

ôá ðáñáðÜíù áèñïßóìáôá (11:1:1 − 3) - (11:1:1 − 4) óõãêëßíïõí ðñïò Ýíáí

ìïíïóÞìáíôá ïñéóìÝíï ðñáãìáôéêü áñéèìü, Ýóôù I(f), ðïõ åßíáé áíåîÜñôçôïò

áðü ôç äéáìÝñéóç � êáé ôçí åðéëïãÞ ôùí åíäéÜìåóùí óçìåßùí �.

Ïñéóìüò 11.1.1 - 1 (ïñéóìÝíïõ ïëïêëçñþìáôïò). Ï ðñáãìáôéêüò áñéèìüò

I(f), óôïí ïðïßï óýìöùíá ìå ôï Èåþñçìá 11.1.1 - 1 óõãêëßíïõí ôá áèñïßóìáôá

(11:1:1 − 3) - (11:1:1 − 4), ïñßæåôáé ùò ôï ïñéóìÝíï ïëïêëÞñùìá3 (de�nite

3ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Integral
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integral) Þ ïëïêëÞñùìá ôïõ Riemann ôçò f óôï [á; â ] êáé óõìâïëßæåôáé ìå

â∫
á

f(x) dx = I(f): (11.1.1 - 5)

Ôá óçìåßá á êáé â ëÝãïíôáé ôüôå êÜôù êáé Üíù áíôßóôïé÷á Üêñá ïëïêëÞñùóçò

Þ ãåíéêÜ Üêñá ïëïêëÞñùóçò, åíþ ôï [á; â ] äéÜóôçìá ïëïêëÞñùóçò.

ÐáñáôçñÞóåéò 11.1.1 - 1

I. ÅéäéêÜ ïñßæåôáé üôé
a∫

a

f(x) dx = 0;

åíþ ðñïöáíþò éó÷ýåé

â∫
a

f(x) dx = −
a∫

â

f(x) dx:

II. Óôçí ðåñßðôùóç ðïõ ôï Ýíá Üêñï ïëïêëÞñùóçò, Ýóôù ôï â, ìåôáâÜëëåôáé,

äçëáäÞ â = x, ôüôå ìå ôïí ôýðï (11:1:1− 5) ïñßæåôáé ç óõíÜñôçóç

F (x) =

x∫
a

f(t) d t (11.1.1 - 6)

ìå ðåäßï ïñéóìïý, Ýóôù D, üðïõ D ⊆ [á; â ].

Óçìåßùóç 11.1.1 - 1

Ç ìåôáâëçôÞ ôçò ïëïêëÞñùóçò êáé ç ìåôáâëçôÞ ôïõ Üêñïõ ïëïêëÞñùóçò

äåí èá ðñÝðåé íá óõìâïëßæïíôáé ìå ôï ßäéï ãñÜììá.

III. ÃåùìåôñéêÞ åñìçíåßá: ï áñéèìüò I(f), üôáí f(x) > 0 ãéá êÜèå x ∈
[á; â ], ðáñéóôÜíåé ôï åìâáäüí ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ (Ó÷. 11.1.1

- 3), ðïõ ïñßæåôáé áðü ôïí Üîïíá ôùí x, ôï äéÜãñáììá ôçò óõíÜñôçóçò

y = f(x) êáé ôéò åõèåßåò x = á êáé x = â.
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æ æ

a b

x

fHxL

Ó÷Þìá 11.1.1 - 3: ãåùìåôñéêÞ åñìçíåßá ïñéóìÝíïõ ïëïêëçñþìáôïò.

11.1.2 Éäéüôçôåò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

Äßíïíôáé óôç óõíÝ÷åéá ìå ôç ìïñöÞ èåùñçìÜôùí ÷ùñßò áðüäåéîç ïé êõñéüôåñåò

éäéüôçôåò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò.

Èåþñçìá 11.1.2 - 1. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï [á; â ] êáé

ë ∈ R, ôüôå
â∫

á

ëf(x) dx = ë

â∫
á

f(x) dx:

Èåþñçìá 11.1.2 - 2. Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóéìåò óôï

[á; â ], ôüôå

â∫
á

[f(x) + g(x)] dx =

â∫
á

f(x) dx +

â∫
á

g(x) dx:

Áðü ôá ÈåùñÞìáôá 11.1.2 - 1 - 11.1.2 - 2 ðñïêýðôåé üôé:
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Ðüñéóìá 11.1.2 - 1 (ãñáììéêÞ éäéüôçôá). Áí ïé óõíáñôÞóåéò f; g åßíáé

ïëïêëçñþóéìåò óôï [á; â ] êáé k; ë ∈ R, ôüôå
â∫

á

[kf(x) + ëg(x)] dx = k

â∫
á

f(x) dx + ë

â∫
á

g(x) dx:

Ç ãñáììéêÞ éäéüôçôá ãåíéêåýåôáé ãéá � ôï ðëÞèïò óõíáñôÞóåéò.

Èåþñçìá 11.1.2 - 3. ¸óôù üôé ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï

[á; â ]. Ôüôå, áí ã (Ó÷. 11.1.2 - 1) åßíáé Ýíá óçìåßï ìå á < ã < â, éó÷ýåé

üôé
â∫

á

f(x) dx =

ã∫
á

f(x) dx +

â∫
ã

f(x) dx:

æ æ

a b

x

fHxL

(a)
æ æ æ

a Γ b

x

fHxL

(b)

Ó÷Þìá 11.1.2 - 1: ç ãåùìåôñéêÞ åñìçíåßá ôïõ ÈåùñÞìáôïò 11.1.2 - 3.

Èåþñçìá 11.1.2 - 4. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï [á; â ] êáé

f(x) ≥ 0 ãéá êÜèå x ∈ [á; â ], ôüôå

â∫
á

f(x) dx ≥ 0:

Áí åðéðëÝïí ãéá Ýíá óçìåßï î ∈ [á; â ] éó÷ýåé f(î) > 0, åßíáé4

â∫
á

f(x) dx > 0:

4Ìéá ðñïöáíÞò ãåùìåôñéêÞ åñìçíåßá ôïõ èåùñÞìáôïò ðñïêýðôåé áðü ôï (Ó÷. 11.1.2 -

1a).
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11.1.3 ÈåùñÞìáôá ôïõ Ïëïêëçñùôéêïý Ëïãéóìïý

Äßíïíôáé óôç óõíÝ÷åéá ÷ùñßò áðüäåéîç ôá ðáñáêÜôù äýï âáóéêÜ èåùñÞìáôá

ôïõ Ïëïêëçñùôéêïý Ëïãéóìïý:

Èåþñçìá 11.1.3 - 1. Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóéìåò óôï

[á; â ] êáé f(x) ≥ g(x) ãéá êÜèå x ∈ [á; â ], ôüôå

â∫
á

f(x) dx ≥
â∫

á

g(x) dx

Èåþñçìá 11.1.3 - 2 (ìÝóçò ôéìÞò). Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþ-

óéìåò óôï [á; â ] êáé g(x) ≥ 0 ãéá êÜèå x ∈ [á; â ], ôüôå

m

â∫
á

g(x) dx ≤
â∫

á

f(x)g(x) dx ≤ M

â∫
á

g(x) dx; (11.1.3 - 1)

üðïõ m = minx∈[á;â ] f(x) êáé M = maxx∈[á;â ] f(x). ÅéäéêÜ, üôáí g(x) = 1,

åßíáé

m (â − á) ≤
â∫

á

f(x) dx ≤ M (â − á): (11.1.3 - 2)

Ïé áíéóüôçôåò (11:1:3−1) êáé (11:1:3−2) åßíáé äõíáôüí íá áíôéêáôáóôáèïýí
áðü ôéò ðáñáêÜôù éóïäýíáìåò éóüôçôåò:

â∫
á

f(x)g(x) dx = f(î)

â∫
á

g(x) dx; (11.1.3 - 3)

áíôßóôïé÷á
â∫

á

f(x) dx = f(î)(â − á); (11.1.3 - 4)

üôáí î ∈ (á; â).
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11.2 Õðïëïãéóìüò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

11.2.1 Èåþñçìá õðïëïãéóìïý

¸÷ïíôáò õðüøç êáé ôç ó÷Ýóç (11:1:1−6) áðïäåéêíýåôáé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 11.2.1 - 1 (èåìåëéþäåò Áðåéñïóôéêïý Ëïãéóìïý). Áí f | [á; â ]
åßíáé ìéá óõíÜñôçóç óõíå÷Þò ãéá êÜèå x ∈ [á; â ], ôüôå ç

x∫
a

f(t) d t = F (x)

åßíáé ìéá ðáñáãùãßóéìç óõíÜñôçóç ãéá ôçí ïðïßá éó÷ýåé

F ′(x) = f(x) ãéá êÜèå x ∈ [á; â ]: (11.2.1 - 1)

Ôï èåþñçìá áõôü óõíäÝåé ôçí Ýííïéá ôçò ðáñáãþãïõ êáé ôïõ ïñéóìÝíïõ ïëïêëç-

ñþìáôïò ôçò f(x).

11.2.2 Ôýðïò õðïëïãéóìïý ïñéóìÝíïõ ïëïêëçñþìáôïò

Óýìöùíá ìå ôï Èåþñçìá 11.2.1 - 1 áðïäåéêíýåôáé üôé:

Èåþñçìá 11.2.2 - 1. Áí f | [á; â ] åßíáé ìéá óõíÜñôçóç óõíå÷Þò ãéá êÜèå

x ∈ [á; â ] êáé F (x) Ýíá áüñéóôï ïëïêëÞñùìÜ ôçò, ôüôå

â∫
á

f(x) dx = F (x)

∣∣∣∣∣∣∣
â

á

= F (â)− F (á): (11.2.2 - 1)

Ôï èåþñçìá áõôü èá ÷ñçóéìïðïéåßôáé óôï åîÞò ãéá ôïí õðïëïãéóìü ôùí ïñéóìÝ-

íùí ïëïêëçñùìÜôùí.
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ÐáñÜäåéãìá 11.2.2 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá (Ó÷. 11.2.2 - 1a)

�=4∫
0

tan x dx:

Ëýóç. Åßíáé∫
tan x dx =

∫
sin x

cos x
dx =

∫
(− cosx)′

cos x
dx = − ln | cos x|+ c;

ïðüôå áðü ôïí ôýðï (11:2:2− 1) Ý÷ïõìå

�=4∫
0

tan x dx = − ln | cos x|
∣∣∣�=40 = −

[
ln | cos �

4
| − ln | cos 0|

]

= −

[
ln

√
2

2
− ln 1

]
= −

(
ln 2−1=2 − 0

)
= −

(
−1

2
ln 2

)

=
1

2
ln 2:

æ æ

a
b

0.2 0.4 0.6 0.8
x

-0.2

0.2

0.4

0.6

0.8

1.0

fHxL

(a)
æ æ

a b0.5 1.0 1.5
x

0.2

0.4

0.6

0.8

1.0

fHxL

(b)

Ó÷Þìá 11.2.2 - 1: ÏëïêëÞñùìá: (a)
�=4∫
0

tan x dx êáé (b)
�=2∫
0

sin2 x dx.
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ÐáñÜäåéãìá 11.2.2 - 2

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 11.2.2 - 1b)

�=2∫
0

sin2 x dx:

Ëýóç. Éó÷ýåé üôé

sin2 x =
1− cos 2x

2
;

ïðüôå ∫
sin2 x dx =

1

2

∫
dx − 1

2

∫
cos 2x dx

=
1

2

∫
dx − 1

2
· 1
2

∫
(2x)′ cos 2x dx

=
x

2
− 1

4
sin 2x+ c:

¢ñá

�=2∫
0

sin2 x dx =
x

2

∣∣∣�=2
0
− 1

4
sin 2x

∣∣∣∣�=2
0

=
1

2

(�
2
− 0
)
− 1

4


0︷ ︸︸ ︷

sin 2
�

2
−

0︷︸︸︷
sin 0

 =
�

4
:

ÐáñÜäåéãìá 11.2.2 - 3

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 11.2.2 - 2a)

1∫
−1

e−3x dx:

Ëýóç. Åßíáé ∫
e−3x dx = −1

3
e−3x + c;
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ïðüôå5

1∫
−1

e−3x dx = −1

3
e−3x

∣∣∣∣ 1
−1

= −1

3

(
e−3 − e−(−3)

)

=
1

3

(
e3 − e−3

)
=

2

3
sinh 3:

æ æ

a b

-1.0 -0.5 0.5 1.0
x

5

10

15

20

fHxL

(a)

æ æ

a b

-1.0 -0.5 0.5 1.0
x

-0.4

-0.2

0.2

0.4

fHxL

(b)

Ó÷Þìá 11.2.2 - 2: ÏëïêëÞñùìá: (a)
1∫

−1

e−3x dx êáé (b)
1∫

−1

x e−x
2
dx.

ÐáñÜäåéãìá 11.2.2 - 4

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 11.2.2 - 2b)

1∫
−1

x e−x
2
dx:

Ëýóç. Åßíáé ∫
x e−x

2
dx =

∫ (
−x2

)′
−2

e−x
2
dx = −1

2
e−x

2
+ c;

ïðüôå

1∫
−1

x e−x
2
dx = − 1

2
e−x

2

∣∣∣∣ 1
−1

= −1

2

(
e−12 − e−(−1)2

)
= 0:

5Éó÷ýåé üôé : sinhx = ex−e−x

2
:
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ÐáñáôÞñçóç 11.2.2 - 1

Óôï ÐáñÜäåéãìá 11.2.2 - 4 ç ïëïêëçñùôÝá óõíÜñôçóç x e−x
2
åßíáé ðåñéôôÞ.

Ãåíéêüôåñá áðïäåéêíýåôáé óôéò ðåñéðôþóåéò áõôÝò üôé:

Ðñüôáóç 11.2.2 - 1. Áí ç ðåñéôôÞ óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï

[−a; a ], ôüôå
a∫

−a

f(x) dx = 0: (11.2.2 - 2)

ÐáñÜäåéãìá 11.2.2 - 5

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 11.2.2 - 3a)

1∫
−1

dx

1 + 4x2
:

Ëýóç. Åßíáé∫
dx

1 + 4x2
=

1

2

∫
(2x)′

1 + (2x)2
dx =

1

2
tan−1 (2x) + c:

¢ñá

1∫
−1

dx

1 + 4x2
=

1

2
tan−1 (2x)

∣∣∣∣ 1
−1

=
1

2
tan−1 2− 1

2

− tan−1 2︷ ︸︸ ︷
tan−1︸ ︷︷ ︸

óõíÜñôçóç ðåñéôôÞ

(−2)

= tan−1 2:
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ÐáñáôÞñçóç 11.2.2 - 2

Óôï ÐáñÜäåéãìá 11.2.2 - 6 ç ïëïêëçñùôÝá óõíÜñôçóç

1

1 + 4x2

åßíáé Üñôéá. Ãåíéêüôåñá áðïäåéêíýåôáé üôé:

Ðñüôáóç 11.2.2 - 2. Áí ç Üñôéá óõíÜñôçóç f åßíáé ïëïêëçñþóéìç óôï

[−a; a ], ôüôå
a∫

−a

f(x) dx = 2

a∫
0

f(x) dx: (11.2.2 - 3)

æ æ
a b

-1.0 -0.5 0.5 1.0
x

0.2

0.4

0.6

0.8

1.0

fHxL

(a)

æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-2.5

-2.0

-1.5

-1.0

-0.5

0.5

1.0

fHxL

(b)

Ó÷Þìá 11.2.2 - 3: ÏëïêëÞñùìá: (a)
1∫

−1

dx
1+4x2 êáé (b)

�∫
0

x sin 2x dx.

ÐáñÜäåéãìá 11.2.2 - 6

¼ìïéá ôï ïëïêëÞñùìá (Ó÷. 11.2.2 - 3b)

�∫
0

x sin 2x dx:

Ëýóç. Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå∫
x sin 2x dx =

∫
x

(
− cos 2x

−2

)′
dx = · · · = −1

2
x cos 2x+

1

4
sin 2x+ c:
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¢ñá

�∫
0

x sin 2x dx = −1

2
x cos 2x

∣∣∣∣�
0

+
1

4
sin 2x

∣∣∣∣�
0

= −1

2

� 1︷ ︸︸ ︷
cos 2�−0

+
1

4

 0︷ ︸︸ ︷
sin 2�−

0︷︸︸︷
sin 0

 = − �
2
:

ÐáñáôÞñçóç 11.2.2 - 3

ÃåíéêÜ éó÷ýåé

cos(n�) = (−1)n êáé sin(n�) = 0 (11.2.2 - 4)

ãéá êÜèå n = 0; ±1; ±2; : : : :

ÐáñÜäåéãìá 11.2.2 - 7

¼ìïéá ôï ïëïêëÞñùìá
�∫

0

e−x sin 5x dx:

Ëýóç. Ç ãñáöéêÞ ðáñÜóôáóç ôçò ïëïêëçñùôÝáò óõíÜñôçóçò e−x sin 5x (Ó÷.

11.2.2 - 4), ðïõ ÷áñáêôçñßæåôáé ùò åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áðüóâå-

óç, ðñïêýðôåé áðü ôéò ãñáöéêÝò ðáñáóôÜóåéò ôùí:

• sin 5x åëåýèåñç áñìïíéêÞ ôáëÜíôùóç (Ó÷. 11.2.2 - 5a), êáé

• e−x áðüóâåóç (Ó÷. 11.2.2 - 5b).

Åöáñìüæïíôáò 2 öïñÝò ôçí ðáñáãïíôéêÞ ïëïêëÞñùóç6 Ý÷ïõìå∫
e−x sin 5x dx =

∫ (
−e−x

)′
sin 5x dx = · · ·

= −e
−x

26
(5 cos 5x+ sin 5x) + c:

6ÂëÝðå ÌÜèçìá Áüñéóôï ÏëïêëÞñùìá - ÐáñáãïíôéêÞ ïëïêëÞñùóç.
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æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

fHxL

Ó÷Þìá 11.2.2 - 4: Ç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò e−x sin 5x

(åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áðüóâåóç), üôáí x ∈ [0; �].

¢ñá
�∫

0

e−x sin 5x dx = −e
−x

26
(5 cos 5x+ sin 5x)

∣∣∣∣�
0

= −e
−�

26

5

−1︷ ︸︸ ︷
cos 5�+

0︷ ︸︸ ︷
sin 5�



−

− e0
26

5

1︷ ︸︸ ︷
cos 5 · 0+

0︷ ︸︸ ︷
sin 5 · 0


=

5

26

(
1 + e−�

)
:

æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

sin x

(a)

æ æ

a b0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

expH-xL

(b)

Ó÷Þìá 11.2.2 - 5: x ∈ [0; �]: (a) ç ãñáöéêÞ ðáñÜóôáóç ôçò óõíÜñôçóçò

sin 5x (åëåýèåñç áñìïíéêÞ ôáëÜíôùóç) êáé (b) ôçò e−x óõíå÷Þò êáé −e−x

äéáêåêïììÝíç êáìðýëç (áðüóâåóç).
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Ï õðïëïãéóìüò ôïõ ðáñáðÜíù ïëïêëçñþìáôïò ìå ôï MATLAB ãßíåôáé ìå

ôéò åíôïëÝò:

Ðñüãñáììá 11.2.2 - 1 (áüñéóôïõ ïëïêëçñþìáôïò)

>> syms x

>> int(exp(-x)*sin(5*x),x,0,pi)

åíþ ìå ôï MATHEMATICA ìå ôçí åíôïëÞ:

Ðñüãñáììá 11.2.2 - 2 (áüñéóôïõ ïëïêëçñþìáôïò)

Integrate[Exp[-x]Sin[5x],{x,),Pi}]

ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá

i)

1∫
−1

e−2x dx vii)

�∫
0

cos(2x+ �=4) dx

ii)

1∫
−1

sinhx dx viii)

2�∫
0

sin(x+ �=4) dx

iii)

1∫
−1

cosh 2x dx ix)

�=4∫
0

tanx dx

iv)

�∫
0

cos 3x dx x)

�=2∫
�=4

cotx dx

v)

�=2∫
0

sin 2x dx xi)

1∫
0

tanhx dx

vi)

�=2∫
0

sin2 x dx xii)

�∫
0

cos2 5x dx
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2. ¼ìïéá ôá ïëïêëçñþìáôá

i)

1∫
0

xe−2x dx vi)

�∫
0

e−x cosx dx

ii)

1∫
−1

x2e−2x dx vii)

�∫
0

ex sin 2x dx

iii)

1∫
−1

x 2x dx viii)

e∫
1

x2 lnx dx

iv)

�∫
−�

x cos 2x dx ix)

1∫
0

tan−1 2x dx

v)

�=2∫
−�=2

x2 sin 3x dx x)

�∫
0

x sin2 2x dx

3. Äåßîôå üôé

i)

2�∫
0

x2 cos(nx) dx =
4�

n2
; n = 1; 2; : : :

ii)

2�∫
0

x2 sin(nx) dx = − 4�2

n
; n = 1; 2; : : :

iii)

�∫
0

ex sin(nx) dx =
n

1 + n2
[1− (−1)n e�] :

4. ×ñçóéìïðïéþíôáò êáôÜëëçëç ôñéãùíïìåôñéêÞ ôáõôüôçôá äåßîôå üôé

i)

�∫
0

sin 2x cos 4x dx = −4

5
iii)

2�∫
0

sinx sin 2x dx = 0

ii)

2�∫
0

cos 5x cos 2x dx = 0 iv)

�∫
0

sin2 2x cos 2x dx = 0.
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5. Äåßîôå üôé

i)

1∫
0

x dx

x2 + 5
=

1

2
ln

(
6

5

)
iii)

3∫
0

dx

x2 − 6x+ 10
= tan−1 3

ii)

1∫
−1

dx

9x2 + 25
=

2

15
tan−1

(
3

5

)
iv)

1∫
−1

x2 dx

x2 + 4
= tan−1

(
1

2

)
.

ÁðáíôÞóåéò

1.

i)
1

2
− 1

2e2
≈ 0:432 332 vii)

1

2
sin(2x+ �=4)

∣∣∣∣�
0

= 0

ii)

1∫
−1

ex − e−x

2
dx = coshx

∣∣∣∣∣∣
1

−1

= 0 viii) üìïéá ìå (vii)
− cosx+ sinx√

2

∣∣∣∣ 2�
0

= 0

iii) üìïéá ìå (ii)
1

2
sinh 2x

∣∣∣∣ 1
−1

= sinh 2 ix) ln | cosx|
∣∣∣∣�=40 =

ln 2

2

iv) 0 x)
ln 2

2

v) − 1

2
cos 2x

∣∣∣∣�=2
0

= 1 xi)

1∫
0

sinhx

coshx
dx = ln | coshx| ≈ 0:433 781

vi)

�=2∫
0

1− cos 2x

2
dx =

�

4
xii)

�∫
0

1 + cos 10x

2
dx =

�

2
:
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2.

i)

[(
−1

4
− x

2

)
e−2x

] 1

0

=
1

4
− 3

4e2
≈ 0:148 499

ii)

[
−1

4

(
1 + 2x+ 2x2) e−2x

] 1

0

=
1

4
− 5

4e2
≈ 0:080 830

iii) éó÷ýåé üôé ax = ex ln a, üôáí a > 0, ïðüôå éóïýôáé ìå

[
2x (−1 + x ln 2)

ln2 2

] 1

−1

=
−3 + ln 32

2 ln2 2
≈ 0:484 684

iv)

[
1

4
cos 2x+

1

2
x sin 2x

]�
−�

= 0

v)

[
− 1

27

(
−2 + 9x2) cos 3x+

2

9
x sin 3x

]�=2
−�=2

= 0

vi)

[
e−x

2
(− cosx+ sinx)

]�
0

=
1

2

(
1 + e−�

)
≈ 0:521 607

vii)

[
ex

5
(−2 cos 2x+ sin 2x)

]�
0

= −2

5
(−1 + e�) ≈ −8:856 277

viii)

[
−x3

9
+

1

3
x3 lnx

] e
1

=
1

9

(
1 + 2e3

)
≈ 4:574 564

ix)

[
x tan−1 2x− 1

4
ln

(
1 + 4x2)] 1

0

= tan−1 2− ln 5

4
≈ 0:704 789

x) éó÷ýåé üôé sin2 2x =
1− cos 4x

2
; ïðüôå

[
x2

4
− 1

32
cos 4x− 1

8
x sin 4x

]�

0

=
�2

4
:

3.

i)

[
2x cosnx

n2
+

(
−2 + n2x2

)
sinnx

n3

] 2�

0

= : : : =
4�

n2

ii)

[
2x sinnx

n2
−

(
−2 + n2x2

)
cosnx

n3

] 2�

0

= : : : = −4�2

n

iii) éó÷ýåé üôé sinn� = 0 êáé cosn� = (−1)n, ïðüôå

[
ex (sinnx− n cosnx)

1 + n2

]�

0

= : : : :
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11.3 ÐñïóÝããéóç ïëïêëçñùìÜôùí åéäéêÞò ìïñöÞò

Äßíïíôáé óôç óõíÝ÷åéá ôá ðáñáêÜôù ïñéóìÝíá ïëïêëçñþìáôá, ðïõ Ý÷ïõí

ìåãÜëç óçìáóßá óôá ðñïâëÞìáôá ôùí åöáñìïãþí êáé ôùí ïðïßùí ï õðïëïãé-

óìüò äåí ãßíåôáé ìå êáíÝíáí áðü ôïõò óôïé÷åéþäåéò êáíüíåò ïëïêëÞñùóçò.

Ôá ïëïêëçñþìáôá áõôÜ åßíáé ãíùóôÜ ùò ìç óôïé÷åéþäç ïëïêëçñþìáôá

(nonelementary integrals) êáé ï õðïëïãéóìüò ôïõò ãßíåôáé ìüíïí êáôÜ ðñïóÝã-

ãéóç.

11.3.1 ÓõíÜñôçóç óöÜëìáôïò

Ç óõíÜñôçóç óöÜëìáôïò7 (error function) åßíáé óçìáíôéêÞ óôç ÓôáôéóôéêÞ, ç

ïðïßá ëÝãåôáé êáé ïëïêëÞñùìá ðéèáíüôçôáò, óôç èåùñßá äéÜäïóçò ôçò èåñìüôç-

ôáò êáé ìåôÜäïóçò óçìÜôùí óôç ÖõóéêÞ, üðùò åðßóçò êáé óå ðïëëÝò Üëëåò

åðéóôÞìåò.

Ïñéóìüò 11.3.1 - 1. Ç óõíÜñôçóç óöÜëìáôïò ïñßæåôáé áðü ôï ïëïêëÞñùìá

erf(x) =
2√
�

x∫
0

e−t
2
d t: (11.3.1 - 1)

ÅðïìÝíùò åßíáé ìéá óõíÜñôçóç - áêñéâÝóôåñá ìéá ðåñéôôÞ óõíÜñôçóç - ôïõ Üíù

Üêñïõ ïëïêëÞñùóçò (Ó÷. 11.3.1 - 1a).

Áíáðôýóóïíôáò ôïí üñï e−t
2
êáôÜ Maclaurin Ý÷ïõìå

e−t
2
= 1− t2 + t4

2
− t6

6
+ · · · ;

ïðüôå áíôéêáèéóôþíôáò óôçí (11:3:1− 1) ðñïêýðôåé üôé

erf(x) =
2√
�

(
x− x3

3 · 1 !
+

x5

5 · 2 !
− x7

7 · 3 !
+ : : :

)
: (11.3.1 - 2)

Ïé ôéìÝò ôçò óõíÜñôçóçò óöÜëìáôïò äßíïíôáé Þ áðü ðßíáêåò Þ áðü ôá

ìáèçìáôéêÜ ðáêÝôá MATHEMATICA ÞMATLAB. Ãéá ðáñÜäåéãìá, áí x = 2,

7ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Error function
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-2 -1 1 2
x

-1.0

-0.5

0.5

1.0

ErfHxL

(a)
æ æ

0.5 1.0 1.5 2.0
t

0.2

0.4

0.6

0.8

1.0

fHtL

(b)

Ó÷Þìá 11.3.1 - 1: (a) Ç óõíÜñôçóç óöÜëìáôïò erf(x), üôáí x ∈ [−2; 2] êáé
(b) Ôï åìâáäüí éóïýôáé ìå ôçí ôéìÞ ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò erf(2) =

2√
�

2∫
0

e−t
2
d t .

ôüôå åßíáé (Ó÷. 11.3.1 - 1b)

erf(x) =
2√
�

2∫
0

e−t
2
d t ≈ 0:995 322:

11.3.2 Ïëïêëçñþìáôá ôïõ Fresnel

Ôá ïëïêëçñþìáôá ôïõ Fresnel8 (Fresnel integrals), ðïõ åìöáíßæïíôáé êõñßùò

óå ðñïâëÞìáôá ôçò ÏðôéêÞò, ïñßæïíôáé ùò åîÞò:

Ïñéóìüò 11.3.2 - 1 (çìéôïíéêü). Ïñßæåôáé áðü ôï ïëïêëÞñùìá9 (Ó÷. 11.3.2

- 1a)

S(x) =

x∫
0

sin
(�
2
t2
)
d t: (11.3.2 - 1)

Áíáðôýóóïíôáò êáôÜ Maclaurin ôïí üñï sin t2 Ý÷ïõìå

sin
(�
2
t2
)
=
�

2

(
t2 − t6

3 !
+
t10

5 !
+ · · ·

)
;

8ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Fresnel integral
9Óýìöùíá ìå ôïí ïñéóìü ðïõ äßíåôáé óôï âéâëßï ôùí Abramowitz and Stegun [2] êáé

÷ñçóéìïðïéåßôáé óôï MATHEMATICA. Åðßóçò ïñßæåôáé ùò S(x) =
√

2
�

x∫
0

sin t2 d t óå Á.

ÌðñÜôóïò [1] Þ êáé S(x) =
x∫
0

sin t2 d t.
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ïðüôå áíôéêáèéóôþíôáò óôçí (11:3:2− 1) ðñïêýðôåé üôé

S(x) =
�

2

(
x3

3 · 1 !
− x7

7 · 3 !
+

x11

11 · 5 !
− x15

15 · 7 !
+ · · ·

)
: (11.3.2 - 2)

-10 -5 5 10
x

-0.6

-0.4

-0.2

0.2

0.4

0.6

SHxL

(a)

-10 -5 5 10
x

-0.5

0.5

CHxL

(b)

Ó÷Þìá 11.3.2 - 1: (a) Ôï ïëïêëÞñùìá Fresnel S(x), üôáí x ∈ [−10; 10] êáé
(b) ôï C(x).

Ïñéóìüò 11.3.2 - 2 (óõíçìéôïíéêü). Ïñßæåôáé áðü ôï ïëïêëÞñùìá (Ó÷.

11.3.2 - 1b)

C(x) =

x∫
0

cos
(�
2
t2
)
d t: (11.3.2 - 3)

¼ìïéá áðïäåéêíýåôáé üôé

C(x) =
�

2

(
x

1 !
− x5

5 · 2 !
+

x9

9 · 4 !
− x13

13 · 6 !
+ · · ·

)
: (11.3.2 - 4)

Ïé ôéìÝò ôùí ïëïêëçñùìÜôùí ôïõ Fresnel åðßóçò äßíïíôáé Þ áðü ðßíáêåò

Þ áðü ôá ìáèçìáôéêÜ ðáêÝôá.

Áí ãéá ðáñÜäåéãìá x = �, ôüôå

S(�) =

�∫
0

sin
(�
2
t2
)
d t ≈ 0:598 249 (Ó÷:11:3:2− 1c)

C(�) =

�∫
0

cos
(�
2
t2
)
d t ≈ 0:523 699: (Ó÷:11:3:2− 1d)



ÐñïóÝããéóç ïëïêëçñùìÜôùí åéäéêÞò ìïñöÞò 401

æ æ
0.5 1.0 1.5 2.0 2.5 3.0

t

-1.0

-0.5

0.5

1.0

sinHΠt
2
�2L

(c)

æ æ
0.5 1.0 1.5 2.0 2.5 3.0

t

-1.0

-0.5

0.5

1.0

cosHΠt
2
�2L

(d)

Ó÷Þìá 11.3.2 - 2: (c) Ç óõíÜñôçóç sin
(
�
2 t

2
)
êáé (d) ç cos

(
�
2 t

2
)
, üôáí

t ∈ [0; �].

11.3.3 Çìéôïíéêü ïëïêëÞñùìá

Ôï çìéôïíéêü ïëïêëÞñùìá10 (sine integral) åìöáíßæåôáé óå ìßá ìåãÜëç óåéñÜ

öõóéêþí ðñïâëçìÜôùí, üðùò óôç äéÜäïóç óçìÜôùí, óå öáéíüìåíá Gibbs, ê.ëð.

Ïñéóìüò 11.3.3 - 1 (çìéôïíéêü ïëïêëÞñùìá). Ïñßæåôáé áðü ôï ïëïêëÞñù-

ìá (Ó÷. 11.3.3 - 1)

Si(x) =

x∫
0

sin t

t
d t: (11.3.3 - 1)

Óôéò ðåñéóóüôåñåò åöáñìïãÝò ôï Ýíá Üêñï ïëïêëÞñùóçò åßíáé ôï Üðåéñï. Ôüôå

åßíáé ãíùóôü êáé ùò ïëïêëÞñùìá ôïõ Dirichlet (Dirichlet integral).

Áíáðôýóóïíôáò ôïí üñï sin t êáôÜ Maclaurin êáé ïëïêëçñþíïíôáò ôçí

(11:3:3− 1) Ý÷ïõìå

Si(x) =
x

1 · 1 !
− x3

3 · 3 !
+

x5

5 · 5 !
− x7

7 · 7 !
± : : : : (11.3.3 - 2)

¼ìïéá ïé ôéìÝò äßíïíôáé Þ áðü ðßíáêåò Þ áðü ôá ìáèçìáôéêÜ ðáêÝôá.

ÁóêÞóåéò

1. Ðñïóåããßæïíôáò ôçí åêèåôéêÞ, áíôßóôïé÷á ôçí ôñéãùíïìåôñéêÞ óõíÜñôçóç

ìå ôï ðïëõþíõìï Maclaurin âáèìïý 4, áíôßóôïé÷á 5, íá õðïëïãéóôïýí ôá

10ÂëÝðå âéâëéïãñáößá êáé

https : ==en:wikipedia:org=wiki=Trigonometric integral#Sine integral
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-30 -20 -10 10 20 30
x

-1.5

-1.0

-0.5

0.5

1.0

1.5

SiHxL

(a)
-30 -20 -10 10 20 30

t

-0.2

0.2

0.4

0.6

0.8

1.0

sin t

t

(b)

Ó÷Þìá 11.3.3 - 1: (a) Ôï çìéôïíéêü ïëïêëÞñùìá Si(x), üôáí x ∈ [−10�; 10�]
êáé (b) ôï äéÜãñáììá ôçò ïëïêëçñùôÝáò óõíÜñôçóçò sin t

t .

ðáñáêÜôù ïëïêëçñþìáôá:

i)

1∫
−1

e−x
2
dx ii)

1∫
0

sinx

x
dx :

2. ¼ìïéá ìå ôï ðïëõþíõìï Maclaurin âáèìïý 3 ôïõ ïëïêëçñþìáôïò:

�=2∫
0

sin (sinx) dx:

3. ¼ìïéá ìå ôï ðïëõþíõìï Maclaurin âáèìïý 3, áíôßóôïé÷á 4 ôùí ïëïêëçñùìÜôùí:

i)

1∫
0

sinhx

x
dx ii)

1∫
−1

√
1− x4 dx:

4. Ðñïóåããßæïíôáò ôç ëïãáñéèìéêÞ óõíÜñôçóç ìå ôï ðïëõþíõìï Taylor

âáèìïý 2 êáé êÝíôñï � = e, íá õðïëïãéóôïýí ôá ðáñáêÜôù ïëïêëçñþìáôá:

i)
e∫

1

ln (lnx) dx;

ii)
e∫

1

dx

lnx
: (11.3.3 - 3)



ÃåíéêåõìÝíá ïëïêëçñþìáôá 403

Ôï ïëïêëÞñùìá (11:3:3−3) åßíáé ãíùóôü êáé ùò ôï ëïãáñéèìéêü ïëïêëÞñùìá
(logarithmic integral).

ÁðáíôÞóåéò

1.

i) e−x
2

≈ 1− x2 +
x4

2
; ïðüôå

1∫
−1

e−x
2

dx ≈ 23

15
;

ii) sinx ≈ x− x3

6
+

x5

120
;

1∫
0

sinx

x
dx ≈ 1703

1800
≈ 0:946 111:

2. Åßíáé

sin (sinx) ≈ x− x3

3
: ¢ñá

�=2∫
0

sin (sinx) dx ≈ �2

8
− �4

192
≈ 0:726 362:

3.

i) sinhx ≈ x+
x3

6
; ïðüôå

1∫
0

sinhx

x
dx ≈ 13

24
;

ii)
√
1− x4 ≈ 1− x4

2
;

1∫
−1

√
1− x4 dx ≈ 9

5
:

4.

i) ln (lnx) ≈ x− e

e
− (x− e)2

e2
; ïðüôå

e∫
1

ln (lnx) dx ≈ 2− 3

2e
− 5e

6
+

1

3e2
≈ −0:771 942 ;

ii) 1
ln x

≈ 1− x− e

e
+

3(x− e)2

2e2
; ïðüôå

e∫
1

dx

lnx
≈ −7

2
+

2

e
+ 2e− 1

2e2
≈ 2:604 655:
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11.4 ÃåíéêåõìÝíá ïëïêëçñþìáôá

Åßíáé Þäç ãíùóôü üôé, üôáí ç f | [á; â] åßíáé ìéá óõíÜñôçóç óõíå÷Þò ãéá êÜèå

x ∈ [á; â ], ôüôå ôï ïñéóìÝíï ïëïêëÞñùìá
∫ â
á f(x) dx Ý÷åé Ýííïéá êáé ïñßæåé

ìïíïóÞìáíôá Ýíáí ðñáãìáôéêü áñéèìü, ðïõ õðïëïãßæåôáé áðü ôïí ôýðï

â∫
á

f(x) dx = F (x)

∣∣∣∣∣∣∣
â

á

= F (â)− F (á);

üôáí F (x) ôï áüñéóôï ïëïêëÞñùìá ôçò f(x), äçëáäÞ

∫
f(x) dx = F (x):

¼ìùò óôéò äéÜöïñåò åöáñìïãÝò õðÜñ÷ïõí ðåñéðôþóåéò üðïõ ôï Ýíá Þ êáé

ôá äýï Üêñá ïëïêëÞñùóçò äåí áíÞêïõí óôï ðåäßï ïñéóìïý ôçò ïëïêëçñùôÝáò

óõíÜñôçóçò, äéáöïñåôéêÜ ôï äéÜóôçìá ïëïêëÞñùóçò åßíáé áíïéêôü Þ óôï Ýíá Þ

êáé óôá äýï Üêñá. Áõôïý ôïõ åßäïõò ôá ïëïêëçñþìáôá ëÝãïíôáé ãåíéêåõìÝíá11

(improper integral).

Ïé êõñéüôåñåò ðåñéðôþóåéò ðïõ ðåñéóóüôåñï åìöáíßæïíôáé óôéò äéÜöïñåò

åöáñìïãÝò ðñüêåéôáé íá ìåëåôçèïýí óôç óõíÝ÷åéá.

ÁíÜëïãá ìå ôç ìïñöÞ ôïõ äéáóôÞìáôïò ïëïêëÞñùóçò äéáêñßíïíôáé ïé ðáñá-

êÜôù ðåñéðôþóåéò:

11.4.1 ÃåíéêåõìÝíá ïëïêëçñþìáôá ôïõ á' åßäïõò

¸óôù f ìßá óõíÜñôçóç ìå ðåäßï ïñéóìïý [a; +∞), ôÝôïéá þóôå ç f íá

åßíáé ïëïêëçñþóéìç óôï [a; x] ãéá êÜèå x ∈ [a; +∞). Ôüôå Ý÷åé Ýííïéá ç

11ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Improper integral
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óõíÜñôçóç12

I(x) =

x∫
a

f(t) d t ãéá êÜèå x ∈ [a; +∞): (11.4.1 - 1)

Ïñéóìüò 11.4.1 - 1. Ïñßæåôáé ùò Ã.Ï. ôïõ á' åßäïõò ôçò f óôï [a; +∞)

ôï ïëïêëÞñùìá
+∞∫
a

f(x) dx: (11.4.1 - 2)

Ïñéóìüò 11.4.1 - 2. Ôï Ã.Ï. (11:4:1−2) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ
üôé óõãêëßíåé ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ôï limx→+∞ I(x).

Óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

+∞∫
a

f(x) dx = I;

åíþ, üôáí äåí õðÜñ÷åé ôï limx→+∞ I(x), ëÝãåôáé üôé ôï Ã.Ï. (11:4:1− 2) äåí

õðÜñ÷åé Þ üôé áðïêëßíåé.

¼ìïéá åßíáé äõíáôüí íá ïñéóôåß ôï Ã.Ï. á' åßäïõò ôçò óõíÜñôçóçò f ìå

ðåäßï ïñéóìïý (−∞; â ], õðïèÝôïíôáò üôé f åßíáé ïëïêëçñþóéìç óôï [x; â ] ãéá

êÜèå x ∈ (−∞; â ] ìå ôç âïÞèåéá ôçò óõíÜñôçóçò

J(x) =

â∫
x

f(t) d t ãéá êÜèå x ∈ (−∞; â ]: (11.4.1 - 3)

12ÂëÝðå ÌÜèçìá ÏñéóìÝíï ÏëïêëÞñùìá - ÐáñáôçñÞóåéò 11.1.1 - 1 II ôýðïò (11:1:1−6):

óôçí ðåñßðôùóç ðïõ ôï Ýíá Üêñï ïëïêëÞñùóçò, Ýóôù ôï â, ìåôáâÜëëåôáé, äçëáäÞ â = x,

ôüôå ìå ôïí ôýðï (11:1:1− 5) ïñßæåôáé ç óõíÜñôçóç

F (x) =

x∫
a

f(t) d t

ìå ðåäßï ïñéóìïý, Ýóôù D, üðïõ D ⊆ [á; â ].
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Ôüôå èá ëÝãåôáé üôé ôï Ã.Ï. (11:4:1−3) õðÜñ÷åé Þ äéáöïñåôéêÜ üôé óõãêëßíåé,

üôáí êáé ìüíïí, üôáí õðÜñ÷åé ôï limx→−∞ J(x), ïðüôå óôçí ðåñßðôùóç áõôÞ

ãñÜöåôáé

J =

â∫
−∞

f(x) dx;

åíþ, üôáí äåí õðÜñ÷åé ôï limx→−∞ J(x), èá ëÝãåôáé üôé ôï Ã.Ï. (11:4:1− 3)

äåí õðÜñ÷åé Þ üôé áðïêëßíåé.

¸óôù ôþñá ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý (−∞; +∞), ôÝôïéá þóôå ç

f íá åßíáé ïëïêëçñþóéìç óôï [x; y] ãéá êÜèå x; y ∈ (−∞; +∞).

Ïñéóìüò 11.4.1 - 3. Ïñßæåôáé ùò Ã.Ï. ôïõ á' åßäïõò ôçò f óôï R ôï ïëïêëÞ-

ñùìá
+∞∫

−∞

f(x) dx: (11.4.1 - 4)

Ïñéóìüò 11.4.1 - 4. Ôï Ã.Ï. (11:4:1−4) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ
üôé óõãêëßíåé üôáí êáé ìüíïí, üôáí õðÜñ÷ïõí ôá Ã.Ï.

a∫
−∞

f(x) dx êáé

+∞∫
a

f(x) dx ìå a ∈ R; (11.4.1 - 5)

åíþ ïñßæåôáé ùò ç ôéìÞ ôïõ ï ðñáãìáôéêüò áñéèìüò

a∫
−∞

f(x) dx +

+∞∫
a

f(x) dx: (11.4.1 - 6)

Ïñéóìüò 11.4.1 - 5. Ôï Ã.Ï. (11:4:1− 4) èá ëÝãåôáé üôé äåí õðÜñ÷åé Þ üôé

áðïêëßíåé, üôáí ôïõëÜ÷éóôïí Ýíá áðü ôá Ã.Ï. (11:4:1− 5) äåí õðÜñ÷åé.

Áðïäåéêíýåôáé üôé ç ýðáñîç Þ ìç ôïõ Ã.Ï. (11:4:1− 4) åßíáé áíåîÜñôçôç

áðü ôçí åêëïãÞ ôïõ óçìåßïõ a óôçí (11:4:1− 5).
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Ó÷Þìá 11.4.1 - 1: Ôï ïëïêëÞñùìá
+∞∫
0

e−2xdx. Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò e−2x üðïõ ðñïöáíþò limx→+∞ e−2x = 0 .

ÐáñÜäåéãìá 11.4.1 - 1

Íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 11.4.1 - 1)

+∞∫
0

e−2xdx:

Ëýóç. Áñ÷éêÜ åßíáé

∫
e−2x dx =

∫
(−2x)′

−2
e−2xdx = −1

2

∫ f ′(x)ef(x)︷ ︸︸ ︷
(−2x)′ e−2x dx

= −1

2
e−2x + c:
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¢ñá óýìöùíá ìå ôïí Ïñéóìü 11.4.1 - 2 Ý÷ïõìå

+∞∫
0

e−2x dx = lim
x→+∞

x∫
0

e−2t d t

= −1

2
lim

x→+∞
e−2t

∣∣x
0

= −1

2

 0︷ ︸︸ ︷
lim

x→+∞
e−2x−1

 =
1

2
:

¼ìïéá áðïäåéêíýåôáé üôé:

+∞∫
0

e−s xdx =
1

s
; üôáí s > 0: (11.4.1 - 7)

ÐáñáôÞñçóç 11.4.1 - 1

Ôï Ã.Ï. ïëïêëÞñùìá (Ó÷. 11.4.1 - 2)

+∞∫
0

e2xdx:

äåí õðÜñ÷åé, åðåéäÞ

+∞∫
0

e2x dx = lim
x→+∞

x∫
0

e2t d t

=
1

2
lim

x→+∞
e2t
∣∣x
0
=

1

2

 +∞︷ ︸︸ ︷
lim

x→+∞
e2x−1

 = +∞:

¼ìïéá áðïäåéêíýåôáé üôé äåí õðÜñ÷åé ôï Ã.Ï.

+∞∫
0

esxdx ; üôáí s > 0: (11.4.1 - 8)
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Ó÷Þìá 11.4.1 - 2: Ôï ïëïêëÞñùìá
+∞∫
0

e2xdx. Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò e2x üðïõ ðñïöáíþò limx→+∞ e2x = +∞.

ÐáñÜäåéãìá 11.4.1 - 2

Íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 11.4.1 - 3)

+∞∫
0

dx

1 + x2
:

Ëýóç. Áñ÷éêÜ åßíáé∫
dx

1 + x2
=

(
ìïñöÞ

f ′(x)

1 + f2(x)

)
tan−1 x+ c:

ÅðïìÝíùò óýìöùíá ìå ôïí Ïñéóìü 11.4.1 - 2 Ý÷ïõìå

+∞∫
0

dx

1 + x2
= lim

x→+∞

x∫
0

d t

1 + t2

= lim
x→+∞

tan−1 t
∣∣x
0

=

�
2︷ ︸︸ ︷

lim
x→+∞

tan−1 x−

0︷ ︸︸ ︷
tan−1 0 =

�

2
:



410 ÃåíéêåõìÝíá ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

ææ

ææ

a

x

fHxL
+¥

0

1 2 3 4 5 6
x

0.2

0.4

0.6

0.8

1.0

fHxL

Ó÷Þìá 11.4.1 - 3: Ôï ïëïêëÞñùìá
+∞∫
0

dx
1+x2 . Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò f(x) = 1
1+x2 üðïõ ðñïöáíþò limx→+∞ f(x) = 0.

¢ñá
+∞∫
0

dx

1 + x2
=
�

2
: (11.4.1 - 9)

ÐáñáôÞñçóç 11.4.1 - 2

Óýìöùíá ìå ôïõò ïñéóìïýò ôùí ôñéãùíïìåôñéêþí óõíáñôÞóåùí ôïõ ÌáèÞìáôïò

ÐñáãìáôéêÝò óõíáñôÞóåéò

• ç óõíÜñôçóç tanx Ý÷åé ðåäßï ïñéóìïý ôïD = R−
{
± �

2 ; · · ·
}
êáé ãåíéêÜ

ôï D = R −
{
k� + �

2

}
, üôáí k = 0; ±1; : : : (Ó÷. 11.4.1 - 4a), åíþ ôï

ðåäßï ôéìþí ôçò åßíáé ôï T = R.

Ãåíéêüôåñá ç óõíÜñôçóç

tan!x; üôáí ! > 0; Ý÷åé ðåäßï ïñéóìïý ôï

D = R−
{
± �

2!
; · · ·

}
êáé ôéìþí ôï T = R: (11.4.1 - 10)
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• Ç áíôßóôñïöç óõíÜñôçóç tan−1 x = arctanx ïñßæåôáé ãéá êÜèå x ∈ R
êáé Ý÷åé ðåäßï ôéìþí ôï T =

(
−�

2 ;
�
2

)
(Ó÷. 11.4.1 - 4b). Ôüôå éó÷ýåé üôé

lim
x→−∞

tan−1 x = − �
2

êáé lim
x→+∞

tan−1 x =
�

2
: (11.4.1 - 11)

Ãåíéêüôåñá ç óõíÜñôçóç

tan−1 !x = arctan−1 !x; üôáí ! > 0; Ý÷åé

ðåäßï ïñéóìïý ôï D = R−
{
± �

2!
; · · ·

}
êáé ôéìþí ôï T = R: (11.4.1 - 12)

¢ñá üìïéá óýìöùíá ìå ôçí (11:4:1 − 11) êáé óôçí ðåñßðôùóç áõôÞ èá

éó÷ýåé üôé

lim
x→−∞

tan−1 !x = − �
2

êáé lim
x→+∞

tan−1 !x =
�

2
: (11.4.1 - 13)

æ æ
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Ó÷Þìá 11.4.1 - 4: (a) Ôï äéÜãñáììá (ìðëå êáìðýëç) ôçò tanx, üôáí

x ∈
(
−�

2 ;
�
2

)
. Ïé êáôáêüñõöåò åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �

2 .

Ðñïöáíþò åßíáé limx→+�=2 tanx = +∞ êáé limx→−�=2 tanx = −∞, åíþ

tan 0 = 0. (b) Ôï äéÜãñáììá (ìðëå êáìðýëç) ôçò tan−1 x = arctanx, üôáí

x ∈ [−5�; 5�]. Ïé ïñéæüíôéåò åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �
2 . Ôüôå åßíáé

limx→+∞ tan−1 x = + �
2 êáé limx→−∞ tanx = −�

2 , åíþ tan−1 0 = 0.
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¼ìïéá ôüôå áðïäåéêíýåôáé üôé

0∫
−∞

dx

1 + x2
= lim

x→−∞

0∫
x

d t

1 + t2

= lim
x→−∞

tan−1 t
∣∣ 0
x

=

0︷ ︸︸ ︷
tan−1 0−

−�
2︷ ︸︸ ︷

lim
x→−∞

tan−1 x = −
(
−�
2

)
=
�

2
:

¢ñá
0∫

−∞

dx

1 + x2
=
�

2
: (11.4.1 - 14)

ÓõíäõÜæïíôáò ôéò (11:4:1 − 9) êáé (11:4:1 − 14) êáé ëáìâÜíïíôáò õðüøç

ôçí (11:4:1− 6) ðñïêýðôåé üôé

+∞∫
−∞

dx

1 + x2
=

0∫
−∞

dx

1 + x2
+

+∞∫
0

dx

1 + x2
=
�

2
+
�

2
= �: (11.4.1 - 15)

ÐáñÜäåéãìá 11.4.1 - 3

¼ìïéá íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 11.4.1 - 5)

+∞∫
0

dx

1 + 4x2
:

Ëýóç. Áñ÷éêÜ åßíáé∫
dx

1 + 4x2
=

∫
dx

1 + (2x)2
=

1

2

∫
(2x)′

1 + (2x)2
dx

(
ìïñöÞ

f ′(x)

1 + f2(x)

)

=
1

2
tan−1(2x) + c:
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Ó÷Þìá 11.4.1 - 5: Ôï ïëïêëÞñùìá
+∞∫
0

dx
1+4x2 . Ç ìðëå êáìðýëç ïñßæåé ôï

äéÜãñáììá ôçò f(x) = 1
1+4x2 üðïõ ðñïöáíþò limx→+∞ f(x) = 0 .

¢ñá óýìöùíá ìå ôïí Ïñéóìü 11.4.1 - 2 Ý÷ïõìå

+∞∫
0

dx

1 + 4x2
= lim

x→+∞

x∫
0

d t

1 + 4t2

=
1

2
lim

x→+∞
tan−1(2t)

∣∣x
0

=
1

2

�
2︷ ︸︸ ︷

lim
x→+∞

tan−1(2x)−1

2

0︷ ︸︸ ︷
tan−1 0

=
�

4
:

ÐáñáôÞñçóç 11.4.1 - 3

Óýìöùíá ìå ôçí ÐáñáôÞñçóç 11.4.1 - 2 êáé ôéò (11:4:1 − 10), áíôßóôïé÷á

(11:4:1− 12)

• ç óõíÜñôçóç tan(2x) èá Ý÷åé ðåäßï ïñéóìïý D = R −
{
k� + �

4

}
êáé

ôéìþí üìïéá ôï T = R (Ó÷. 11.4.1 - 6a), áíôßóôïé÷á
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• ç áíôßóôñïöç óõíÜñôçóç tan−1 2x = arctan 2x èá ïñßæåôáé ãéá êÜèå

x ∈ R êáé èá Ý÷åé ðåäßï ôéìþí ôï
(
−�

2 ;
�
2

)
(Ó÷. 11.4.1 - 6b), åíþ

óýìöùíá ìå ôçí (11:4:1− 13) èá éó÷ýåé üôé

lim
x→−∞

tan−1 2x = − �
2

êáé lim
x→+∞

tan−1 2x =
�

2
:
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Ó÷Þìá 11.4.1 - 6: (a) Ôï äéÜãñáììá (ìðëå êáìðýëç) ôçò tan 2x, üôáí

x ∈
[
−�

4 ;
�
4

]
. Ïé êáôáêüñõöåò åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �

4 üðïõ

limx→+�=4 tan 2x = +∞ êáé limx→−�=4 tan 2x = −∞. (b) Ôï äéÜãñáììá

(ìðëå êáìðýëç) ôçò tan−1 2x = arctan 2x, üôáí x ∈ [−4�; 4�]. Ïé ïñéæüíôéåò
åõèåßåò åßíáé ïé áóýìðôùôåò x = ± �

2 . Ðñïöáíþò ëüãù ôçò (11:4:1− 13) åßíáé

limx→+∞ tan−1 2x = + �
2 êáé limx→−∞ tan 2x = −�

2 .

ÐáñÜäåéãìá 11.4.1 - 4

Íá õðïëïãéóôåß ôï Ã.Ï. (Ó÷. 11.4.1 - 7)

+∞∫
0

x e−2xdx:

Ëýóç. Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå∫
x e−2x dx =

∫
x

(
e−2x

−2

)′
dx = − 1

2
x e−2x +

1

2

∫
x′ e−2xdx

= − 1

2
x e−2x +

1

2

∫
e−2xdx

= − 1

2
x e−2x − 1

4
e−2x + c:
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¢ñá óýìöùíá ìå ôïí Ïñéóìü 11.4.1 - 2 êáé ôïí êáíüíá ôïõ de L'Hôpital

Ý÷ïõìå13

+∞∫
0

x e−2x dx = lim
x→+∞

x∫
0

t e−2t d t

= −1

2
lim

x→+∞
t e−2t

∣∣x
0
− 1

4
lim

x→+∞
e−2t

∣∣x
0

= −1

2


de L'Hôspital︷ ︸︸ ︷
lim

x→+∞
x e−2x −0

− 1

4

 0︷ ︸︸ ︷
lim

x→+∞
e−2x−1


= −1

2
lim

x→+∞

e−2x

x
+

1

4

= −1

2
lim

x→+∞

(
e−2x

)′
x′

+
1

4

= −1

2
(−2)

0︷ ︸︸ ︷
lim

x→+∞

e−2x

1
+
1

4
=

1

4
:

¼ìïéá áðïäåéêíýåôáé üôé

+∞∫
0

x e−sxdx =
1

s2
; üôáí s > 0: (11.4.1 - 16)

13ÂëÝðå ÌÜèçìá ÐáñÜãùãïò ÓõíÜñôçóçò - Õðïëïãéóìüò ïñéáêþí ôéìþí.

Èåþñçìá. Áí lim x→ x0 f(x) = +∞ êáé lim x→ x0 g(x) = +∞, üôáí x0 ∈ R Þ x0 = ±∞,

ôüôå, áí ïñßæåôáé ôï lim x→ x0

f ′(x)
g′(x) ; éó÷ýåé üôé lim x→ x0

f(x)
g(x)

= lim x→ x0

f ′(x)
g′(x) :
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Ó÷Þìá 11.4.1 - 7: Ôï ïëïêëÞñùìá
+∞∫
0

x e−2xdx. Ç ìðëå êáìðýëç ïñßæåé

ôï äéÜãñáììá ôçò x e−2x üðïõ åöáñìüæïíôáò ôïí êáíüíá ôïõ de L'Hôpital

ðñïêýðôåé üôé limx→+∞ x e−2x = 0.

ÁóêÞóåéò

1. Äåßîôå üôé

i)

+∞∫
1

1

x2
dx = 1 iii)

+∞∫
1

1

x3
dx =

1

2

ii)

+∞∫
0

e−5x dx =
1

5
iv)

+∞∫
0

xe−3x dx =
1

9
:

2. ¼ìïéá üôé ãåíéêÜ éó÷ýåé

+∞∫
0

x e−s x dx =
1

s2
; üôáí s > 0:

3. ×ñçóéìïðïéþíôáò ôéò ó÷Ýóåéò (11:4:1− 13) äåßîôå üôé

+∞∫
−∞

dx

x2 + k2
=
�

k
; üôáí k > 0:
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4. Íá õðïëïãéóôïýí ôá ðáñáêÜôù ãåíéêåõìÝíá ïëïêëçñþìáôá

i)

+∞∫
−∞

dx

x2 + 2x+ 2
ii)

+∞∫
e

dx

x ln2 x
:

5. Áí a > 0, äåßîôå üôé ôï ïëïêëÞñùìá

+∞∫
a

dx

xp

óõãêëßíåé, üôáí p > 1 êáé áðåéñßæåôáé, üôáí p < 1.

6. Äåßîôå üôé
+∞∫

−∞

xe−x
2
dx = 0:

ÁðáíôÞóåéò

1. ÁíÜëïãá ìå ëõìÝíá ðáñáäåßãìáôá.

2. Åßíáé ∫
xe−sx dx = −e−sx(1 + sx)

s2
;

ïðüôå ç ëýóç åßíáé áíÜëïãç ôïõ Ðáñáäåßãìáôïò 11.4.1 - 4.

3. ¼ìïéá áíÜëïãá ìå ôá Ðáñáäåßãìáôá 11.4.1 - 2 êáé 11.4.1 - 3 ëáìâÜíïíôáò õðüøç ôéò

ÐáñáôçñÞóåéò 11.4.1 - 2 êáé 11.4.1 - 3.

4.

(i)
+∞∫
−∞

dx

x2 + 2x+ 2
= tan−1(1 + x)

∣∣ 0
−∞ + tan−1(1 + x)

∣∣+∞
0

=
3�

4
+
�

4
= �;

(ii)
+∞∫
e

dx

x ln2 x
= − 1

lnx

∣∣∣∣+∞

e

= 1:

5. ÐñïöáíÞò.

6.

+∞∫
−∞

xe−x
2

dx =

0∫
−∞

xe−x
2

dx+

+∞∫
0

xe−x
2

dx

= − e−x
2

2

∣∣∣∣∣
0

−∞

− e−x
2

2

∣∣∣∣∣
+∞

0

= 0:



418 ÃåíéêåõìÝíá ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

11.4.2 ÃåíéêåõìÝíá ïëïêëçñþìáôá ôïõ â' åßäïõò

ÁíÜëïãá ìå ôçí ÐáñÜãñáöï 11.4.1, Ýóôù üôé ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý

ôï (a; â ] åßíáé ïëïêëçñþóéìç óôï [x; â ] ãéá êÜèå x ∈ (a; â ], ïðüôå èá Ý÷åé

Ýííïéá óôçí ðåñßðôùóç áõôÞ ç óõíÜñôçóç

I(x) =

â∫
x

f(t) d t ãéá êÜèå x ∈ (a; â ]: (11.4.2 - 1)

Ïñéóìüò 11.4.2 - 1. Ïñßæåôáé ùò Ã.Ï. ôïõ â' åßäïõò ôçò f óôï (a; â ] ôï

ïëïêëÞñùìá
â∫

a+

f(x) dx: (11.4.2 - 2)

Ïñéóìüò 11.4.2 - 2. Ôï Ã.Ï. (11:4:2−2) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ
üôé óõãêëßíåé ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ôï limx→ a+ I(x). Óôçí ðåñßðôùóç

áõôÞ ãñÜöåôáé
â∫

a+

f(x) dx = I;

åíþ, üôáí äåí õðÜñ÷åé ôï limx→ a+ I(x), ëÝãåôáé üôé ôï Ã.Ï. (11:4:2−2) äåí

õðÜñ÷åé Þ üôé áðïêëßíåé.

¼ìïéá ìå ôç âïÞèåéá ôçò óõíÜñôçóçò

J(x) =

x∫
a

f(t) d t ãéá êÜèå x ∈ [a; â): (11.4.2 - 3)

åßíáé äõíáôüí íá ïñéóôåß ôï Ã.Ï. â' åßäïõò ôçò óõíÜñôçóçò f ìå ðåäßï ïñéóìïý

[a; â).

¸óôù ôþñá ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý (a; â) ôÝôïéá, þóôå ç f íá

åßíáé ïëïêëçñþóéìç óôï [x; y] ãéá êÜèå x; y ∈ (a; â).
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Ïñéóìüò 11.4.2 - 3. Ïñßæåôáé ùò Ã.Ï. ôïõ â' åßäïõò ôçò f óôï (a; â) ôï

ïëïêëÞñùìá
â−∫

a+

f(x) dx: (11.4.2 - 4)

Ïñéóìüò 11.4.2 - 4. Ôï Ã.Ï. (11:4:2−4) ëÝãåôáé üôé õðÜñ÷åé Þ äéáöïñåôéêÜ
üôé óõãêëßíåé üôáí êáé ìüíïí, üôáí õðÜñ÷ïõí ôá Ã.Ï.

î∫
a+

f(x) dx êáé

â−∫
î

f(x) dx ìå î ∈ (a; â); (11.4.2 - 5)

åíþ ïñßæåôáé ùò ôéìÞ ôïõ ï ðñáãìáôéêüò áñéèìüò

î∫
a+

f(x) dx +

â−∫
î

f(x) dx: (11.4.2 - 6)

Ïñéóìüò 11.4.2 - 5. Ôï Ã.Ï. (11:4:2 − 4) ëÝãåôáé üôé äåí õðÜñ÷åé Þ üôé

áðïêëßíåé, üôáí ôïõëÜ÷éóôïí Ýíá áðü ôá Ã.Ï. (11:4:2− 5) äåí õðÜñ÷åé.

¼ìïéá áðïäåéêíýåôáé üôé ç ýðáñîç Þ ìç ôïõ Ã.Ï. (11:4:2−4) åßíáé áíåîÜñôçôç
áðü ôçí åêëïãÞ ôïõ óçìåßïõ î óôçí (11:4:2− 6).

ÐáñÜäåéãìá 11.4.2 - 1

Óýìöùíá ìå ôïí Ïñéóìü 11.4.2 - 2 Ý÷ïõìå (Ó÷. 11.4.2 - 1)

1∫
0+

dx√
x

=

1∫
0+

x−1=2 dx = lim
x→ 0+

1∫
x

t−1=2 d t

= lim
x→ 0+

t−
1
2
+1

−1
2 + 1

∣∣∣∣∣
1

x

= lim
x→ 0+

2
√
t
∣∣∣ 1
x

= 2:
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Ó÷Þìá 11.4.2 - 1: Ôï ïëïêëÞñùìá
1∫

0+

dx√
x
üðïõ ç êáìðýëç ïñßæåé ôï äéÜãñáììá

ôçò x−1=2, üôáí x ∈ [0:05; 1].

11.4.3 ÃåíéêåõìÝíá ïëïêëçñþìáôá ìåéêôïý åßäïõò

Óôçí êáôçãïñßá áõôÞ áíÞêïõí ôá Ã.Ï. ðïõ ç ïëïêëçñùôÝá óõíÜñôçóç äåí

ïñßæåôáé óå Ýíá óõãêåêñéìÝíï óçìåßï óôï Ýíá Üêñï ïëïêëÞñùóçò, åíþ ôï

Üëëï Üêñï åßíáé ôï ∞.

Åéäéêüôåñá Ýóôù ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý (a; +∞) êáé óçìåßï

î ∈ (a; +∞), ôÝôïéï þóôå ôá Ã.Ï.

î∫
a+

f(x) dx êáé

+∞∫
î

f(x) dx (11.4.3 - 1)

íá õðÜñ÷ïõí óôï R Þ ôï Ýíá íá áðåéñßæåôáé èåôéêÜ Þ áñíçôéêÜ Þ êáé ôá äýï íá

áðåéñßæïíôáé èåôéêÜ Þ áñíçôéêÜ.

Ïñéóìüò 11.4.3 - 1. Ïñßæåôáé ùò Ã.Ï. ìåéêôïý åßäïõò ôçò f óôï (a; +∞)

ôï ïëïêëÞñùìá
+∞∫
a+

f(x) dx: (11.4.3 - 2)



ÓõíÜñôçóç ãÜììá 421

Ïñéóìüò 11.4.3 - 2. Ôï Ã.Ï. (11:4:3 − 2) èá ëÝãåôáé üôé õðÜñ÷åé Þ üôé

óõãêëßíåé üôáí êáé ìüíïí, üôáí õðÜñ÷ïõí ôá Ã.Ï.

î∫
a+

f(x) dx êáé

+∞∫
î

f(x) dx ìå î ∈ (a; +∞); (11.4.3 - 3)

åíþ ïñßæåôáé ùò ç ôéìÞ ôïõ ï ðñáãìáôéêüò áñéèìüò

î∫
a+

f(x) dx +

+∞∫
î

f(x) dx: (11.4.3 - 4)

Ïñéóìüò 11.4.3 - 3. Ôï Ã.Ï. (11:4:3− 2) èá ëÝãåôáé üôé äåí õðÜñ÷åé Þ üôé

áðïêëßíåé, üôáí ôïõëÜ÷éóôïí Ýíá áðü ôá Ã.Ï. (11:4:3− 3) äåí õðÜñ÷ïõí.

Áðïäåéêíýåôáé üôé ç ôéìÞ ôùí Ã.Ï. (11:4:3− 3) åßíáé áíåîÜñôçôç áðü ôçí

åêëïãÞ ôïõ óçìåßïõ î óôçí (11:4:3−4). ¼ìïéá ïñßæåôáé ôï Ã.Ï. ôïõ ìåéêôïý

åßäïõò ôçò f óôï (−∞; â).
Ìßá åöáñìïãÞ ôùí Ã.Ï. ìåéêôïý åßäïõò äßíåôáé óôçí ðáñÜãñáöï ðïõ áêïëïõèåß.

11.4.4 ÓõíÜñôçóç ãÜììá

Ïñéóìüò 11.4.4 - 1 (óõíÜñôçóçò ãÜììá). Ïñßæåôáé áðü ôï ãåíéêåõìÝíï

ïëïêëÞñùìá ìåéêôïý åßäïõò (gamma function)

Γ(a) =

+∞∫
0+

e−xxa−1 dx; (11.4.4 - 1)

üôáí a > 0 Þ üôáí ï a åßíáé ìéãáäéêüò áñéèìüò ìå Re(a) > 0.

Ðñüêåéôáé ãéá ìéá óõíÜñôçóç ìå ðïëëÝò åöáñìïãÝò óå äéÜöïñá ðñïâëÞìáôá

ôùí åöáñìïóìÝíùí ìáèçìáôéêþí.

Ôüôå óýìöùíá ìå ôïí Ïñéóìü 11.4.3 - 2, áí î = 1, Ý÷ïõìå

Γ(a) =

+∞∫
0+

e−xxa−1 dx =

1∫
0+

e−xxa−1 dx+

+∞∫
1

e−xxa−1 dx:
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Áðïäåéêíýåôáé üôé ôá ãåíéêåõìÝíá ïëïêëçñþìáôá ôïõ äåîéïý ìÝëïõò õðÜñ÷ïõí,

ïðüôå êáé ôï ïëïêëÞñùìá (11:4:4− 1) èá õðÜñ÷åé.

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç ôåëéêÜ áðïäåéêíýåôáé üôé

Γ(a+ 1) = aΓ(a): (11.4.4 - 2)

Áðü ôçí (11:4:4− 2) ðñïêýðôïõí:

i)

Γ(n+ 1) = n ! ãéá êÜèå n = 0; 1; 2; : : : (11.4.4 - 3)

üðïõ ðñïöáíþò åßíáé Γ(1) = 1, äçëáäÞ ç óõíÜñôçóç ãÜììá åßíáé äõíáôüí

íá èåùñçèåß ùò ç ãåíßêåõóç ôçò ðáñáãïíôéêÞò óõíÜñôçóçò,

ii) åðåéäÞ

Γ(a) =
Γ(a+ 1)

a
=

Γ(a+ 2)

a(a+ 1)
= : : : =

Γ(a+ k + 1)

a(a+ 1) : : : (a+ k)
(11.4.4 - 4)

üðïõ a > 0 êáé k áêÝñáéïò, Ýôóé þóôå a+ k + 1 > 0, ç (11:4:4− 4) ìå

ôçí (11:4:4− 3) äßíïõí ôç äõíáôüôçôá íá ïñéóôåß ç óõíÜñôçóç Γ(a) ãéá

a ̸= 0 Þ áñíçôéêïý áêåñáßïõ áñéèìïý (Ó÷. 11.4.4 - 1).

Ìßá ðñïóÝããéóç ôçò óõíÜñôçóçò ãÜììá äßíåôáé áðü ôïí ôýðï

Γ(a+ 1) ≈
√
2�a

(a
e

)2
(11.4.4 - 5)

ðïõ åßíáé ãíùóôüò ùò ôýðïò ôïõ Stirling, åíþ ìßá åéäéêÞ ôéìÞ ôçò åßíáé ç

Γ

(
1

2

)
=
√
�: (11.4.4 - 6)

ÐáñáôÞñçóç 11.4.4 - 1

Ïé ôéìÝò ôçò óõíÜñôçóçò ãÜììá äßíïíôáé áðü ðßíáêåò Þ áðü ôá ìáèçìáôéêÜ

ðáêÝôá MATHEMATICA êáé MATLAB.
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GHaL

Ó÷Þìá 11.4.4 - 1: Ç óõíÜñôçóç ãÜììá, üôáí a ∈ [−2; 5].

ÅöáñìïãÝò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

Äßíïíôáé óôç óõíÝ÷åéá ìéá óåéñÜ åöáñìïãþí ôùí ïñéóìÝíùí ïëïêëçñùìÜôùí,

ðïõ êýñéá åìöáíßæïíôáé óôïí õðïëïãéóìü äéáöüñùí ÷ñÞóéìùí óôéò èåôéêÝò

åðéóôÞìåò ìåãåèþí.

11.5 Åìâáäüí åðßðåäïõ ó÷Þìáôïò

ÁíÜëïãá ìå ôéò óõíôåôáãìÝíåò ðïõ ÷ñçóéìïðïéïýíôáé ãéá ôçí ðåñéãñáöÞ ôçò

åîßóùóçò ôçò êáìðýëçò áðü ôçí ïðïßá äçìéïõñãåßôáé ôï ó÷Þìá, äéáêñßíïíôáé

ïé ðáñáêÜôù ðåñéðôþóåéò:

11.5.1 Ïñèïãþíéåò óõíôåôáãìÝíåò

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ãåùìåôñéêÜ ôï ïñéóìÝíï ïëïêëÞñùìá

ðáñéóôÜíåé åìâáäüí. Ùò óõíÝðåéá áõôÞò ôçò ãåùìåôñéêÞò éäéüôçôÜò ôïõ Ý÷ïõìå

ôïí ðáñáêÜôù ïñéóìü ôïõ åìâáäïý:

Ïñéóìüò 11.5.1 - 1 (åìâáäüí ó÷Þìáôïò). ¸óôù üôé ç óõíÜñôçóç f(x)

åßíáé ïëïêëçñþóéìç óôï [á; â] êáé f(x) ≥ 0 ãéá êÜèå x ∈ [á; â]. Ôüôå ôï

åìâáäüí ðïõ ðåñéêëåßåôáé áðü ôïí x-Üîïíá, ôéò åõèåßåò x = á, x = â êáé ôçí
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Ó÷Þìá 11.5.1 - 1: Åßíáé f(x) > 0 ãéá êÜèå x ∈ [a; b], ïðüôå E =
b∫
a
f(x) dx.

êáìðýëç y = f(x) äßíåôáé áðü ôïí ôýðï (Ó÷. 11.5.1 - 1)

E =

â∫
á

f(x) dx: (11.5.1 - 1)

Ãåíéêüôåñá, üôáí äåí åßíáé ãíùóôü ôï ðñüóçìï ôçò f(x), éó÷ýåé ï ðáñáêÜôù

ïñéóìüò ôïõ åìâáäïý:

Ïñéóìüò 11.5.1 - 2. ¸óôù üôé ç óõíÜñôçóç f(x) åßíáé ïëïêëçñþóéìç óôï

[á; â]. Ôüôå ôï åìâáäüí ðïõ ðåñéêëåßåôáé áðü ôïí x-Üîïíá, ôéò åõèåßåò x = á,

x = â êáé ôçí êáìðýëç y = f(x) äßíåôáé áðü ôïí ôýðï (Ó÷. 11.5.1 - 2)

E =

â∫
á

|f(x)| dx: (11.5.1 - 2)

Óôéò ðåñéðôþóåéò üðïõ ôï ó÷Þìá ðåñéïñßæåôáé áðü äýï êáìðýëåò, ôüôå ôï

åìâáäüí ïñßæåôáé ùò åîÞò:
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Ó÷Þìá 11.5.1 - 2: Åßíáé f(x) ≥ 0 ãéá êÜèå x ∈ [á; ] êáé f(x) ≤ 0 ãéá êÜèå

x ∈ [; â]. Ôüôå E =
∫
a
|f(x)| dx+

â∫

|f(x)| dx =

∫
a
f(x) dx−

â∫

f(x) dx.

Ïñéóìüò 11.5.1 - 3 (ãåíßêåõóç åìâáäïý ó÷Þìáôïò). ¸óôù üôé ïé óõíá-

ñôÞóåéò f(x); g(x) åßíáé ïëïêëçñþóéìåò óôï [á; â]. Ôüôå ôï åìâáäüí ðïõ

ðåñéêëåßåôáé áðü ôéò åõèåßåò x = á, x = â êáé ôéò êáìðýëåò f(x), g(x)

äßíåôáé áðü ôïí ôýðï (Ó÷. 11.5.1 - 3)

E =

â∫
á

|f(x)− g(x)| dx: (11.5.1 - 3)

ÐáñáôÞñçóç 11.5.1 - 1 (åìâáäüí êýêëïõ)

Õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò É =
a∫

−a

√
a2 − x2 dx

¸óôù üôé æçôåßôáé íá õðïëïãéóôåß ôï åìâáäüí ôïõ êýêëïõ ìå êÝíôñï ôçí áñ÷Þ

ôùí áîüíùí êáé áêôßíá r, ðïõ üðùò åßíáé ãíùóôü ç åîßóùóç ôùí óçìåßùí ôçò

ðåñéöÝñåéÜò ôïõ äßíåôáé áðü ôïí ôýðï

x2 + y2 = r2: (11.5.1 - 4)
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Ó÷Þìá 11.5.1 - 3: Åßíáé f(x) ≥ g(x) ãéá êÜèå x ∈ [á; â]. Ôüôå E =
â∫
á
[f(x)−

g(x)] dx.

Ãéá ôïí õðïëïãéóìü ôùí Üêñùí ïëïêëÞñùóçò óôïí ôýðï (11:5:1− 3), ðñÝðåé

íá ðñïóäéïñéóôïýí ôá óçìåßá ðïõ ï êýêëïò ìå åîßóùóç (11:5:1 − 4), ôÝìíåé

ôïí x-Üîïíá, äçëáäÞ üôáí y = 0. Ôüôå

x2 = r2 Þ |x| = |r|; ïðüôå x = ±r:

¢ñá x ∈ [−á; á].

Áðü ôçí åîßóùóç (11:5:1 − 4) ðñïêýðôåé ôüôå üôé y = ±
√
r2 − x2, ïðüôå

Ýóôù

y1 = f(x) =
√
r2 − x2 êáé y2 = g(x) = −

√
r2 − x2;

üðïõ ðñïöáíþò åßíáé y1(x) ≥ y2(x).

ÅðïìÝíùò óýìöùíá ìå ôïí ôýðï (11:5:1 − 3) ôï æçôïýìåíï åìâáäüí E,

ðïõ óýìöùíá ìå ôïí ãíùóôü ôýðï ôçò Ãåùìåôñßáò åßíáé E = �r2, èá éóïýôáé



Åìâáäüí åðßðåäïõ ó÷Þìáôïò 427

ìå

E = �r2 =

r∫
−r

[y1(x)− y2(x)] dx

=

r∫
−r

[√
r2 − x2 −

(
−
√
r2 − x2

)]
dx

= 2

r∫
−r

√
r2 − x2 dx: (11.5.1 - 5)

Áðü ôçí (11:5:1− 5) ðñïêýðôåé üôé

a∫
−a

√
a2 − x2 dx =

�a2

2
: (11.5.1 - 6)

Ï ôýðïò áõôüò èá ÷ñçóéìïðïéçèåß óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò.

ÐáñÜäåéãìá 11.5.1 - 1 (åìâáäüí Ýëëåéøçò)

Íá õðïëïãéóôåß ôï åìâáäüí ðïõ ðåñéêëåßåôáé áðü ôçí Ýëëåéøç (Ó÷. 11.5.1 - 4)

x2

á2
+
y2

â2
= 1: (11.5.1 - 7)

Ëýóç. ¼ìïéá üðùò êáé óôçí ÐáñáôÞñçóç 11.5.1 - 1 ï ðñïóäéïñéóìüò ôùí

Üêñùí ïëïêëÞñùóçò óôïí ôýðï (11:5:1−3) õðïëïãßæåôáé èÝôïíôáò óôçí (11:5:1−
7) y = 0. Ôüôå

x2 = á2 Þ |x| = |á|; ïðüôå x = ±á: ¢ñá x ∈ [−á; á]:

Áðü ôçí åîßóùóç (11:5:1− 7) ðñïêýðôåé üôé

x2

á2
+
y2

â2
= 1; ïðüôå y = ± â

√
1− x2

á2
:

ÅðïìÝíùò

y1 = f(x) = â

√
1− x2

á2
êáé y2 = g(x) = −â

√
1− x2

á2
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Ó÷Þìá 11.5.1 - 4: Ç Ýëëåéøç x2

á2 + y2

â2 = 1.

üðïõ ðñïöáíþò åßíáé y1(x) ≥ y2(x).
Ôüôå óýìöùíá ìå ôïí ôýðï (11:5:1−3) ôï æçôïýìåíï åìâáäüí E èá éóïýôáé

ìå

E =

á∫
−á

[y1(x)− y2(x)] dx =

á∫
−á

[
â

√
1− x2

á2
−

(
−â
√
1− x2

á2

)]
dx

= 2 â

á∫
−á

√
1− x2

á2
dx =

2 â

á

á∫
−á

√
á2 − x2 dx

óýìöùíá ìå ôïí ôýðï (11:5:1− 6)

=
2 â

á

�á2

2
= �áâ:

ÐáñÜäåéãìá 11.5.1 - 2

Íá õðïëïãéóôåß ôï åìâáäüí ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôï ãñÜöçìá

ôçò óõíÜñôçóçò f(x) = x(x− 2)(x− 3) êáé ôïí x-Üîïíá (Ó÷. 11.5.1 - 5).
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Ó÷Þìá 11.5.1 - 5: ÐáñÜäåéãìá 11.5.1 - 2.

Ðßíáêáò 11.5.1 - 1: ÐáñÜäåéãìá 11.5.1 - 2.

−∞ 0 2 3 +∞

x - + + +

x− 2 - - + +

x− 3 - - - +

f(x) - + - +

Ëýóç. Ôï ãñÜöçìá ôçò óõíÜñôçóçò ôÝìíåé ôïí x-Üîïíá óôá óçìåßá üðïõ

f(x) = 0; äçëáäÞ ôá x = 0; 2; 3:

ÅðåéäÞ äåí ãíùñßæïõìå ôï ðñüóçìï ôçò f(x), üôáí x ∈ [0; 2]∪[2; 3] ÷ñçóéìïðïéåßôáé
ï ôýðïò (11:5:1− 2), ïðüôå ôï æçôïýìåíï åìâáäüí èá åßíáé

E =

2∫
0

|f(x)| dx+

3∫
2

|f(x)| dx: (11.5.1 - 8)

Ôï ðñüóçìï ôçò f(x) õðïëïãßæåôáé óôïí Ðßíáêá 11.5.1 - 1.

ÅðïìÝíùò, åðåéäÞ

f(x) ≥ 0; üôáí x ∈ [0; 2] êáé f(x) ≤ 0; üôáí x ∈ [2; 3];
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ï ôýðïò (11:5:1− 8) ãñÜöåôáé

E =

2∫
0

|f(x)| dx+

3∫
2

|f(x)| dx

=

2∫
0

x(x− 2)(x− 3) dx −
3∫

2

x(x− 2)(x− 3) dx

=

[
3x2 − 5x3

3
+
x4

4

] 2

0

−
[
3x2 − 5x3

3
+
x4

4

] 3

2

=
8

3
−
(
− 5

12

)
=

37

12
:

ÐáñÜäåéãìá 11.5.1 - 3

Íá õðïëïãéóôåß ôï åìâáäüí ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôéò êáìðýëåò

y1 = 2x2 + 10 êáé y2 = 4x+ 16; üôáí x ∈ [−2; 5] (Ó÷. 11:5:1− 6):

Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ôá óçìåßá ôïìÞò ôùí êáìðõëþí

y1 = 2x2 + 10 êáé y2 = 4x+ 16 (11.5.1 - 9)

ùò åîÞò:

y1(x) = y2(x); ïðüôå 2x2 + 10 = 4x+ 16; äçëáäÞ

2x2 − 4x− 6 = 0: ¢ñá x = −1; 3:

¸óôù ã(−1; 0) êáé ä(3; 0). Ôüôå óýìöùíá ìå ôïí ôýðï (11:5:1 − 3) ôï

æçôïýìåíï åìâáäüí åßíáé

E =

−1∫
−2

|y1(x)− y2(x)| dx+

3∫
−1

|y1(x)− y2(x)| dx

+

5∫
3

|y1(x)− y2(x)| dx: (11.5.1 - 10)
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Ó÷Þìá 11.5.1 - 6: ÐáñÜäåéãìá 11.5.1 - 3.

Ãéá íá õðïëïãéóôïýí ôá ïëïêëçñþìáôá óôçí (11:5:1−10), ðñÝðåé íá áðáëåéöèïýí
ôá áðüëõôá. Áõôü ãßíåôáé åîåôÜæïíôáò ôï ðñüóçìï ôçò äéáöïñÜò y1(x)−y2(x).

¸óôù

y1(x)− y2(x) ≥ 0 Þ ëüãù ôçò (11:5:1− 9) (x+ 1)(x− 3) ≥ 0;

äçëáäÞ

x ≤ −1 Þ x ≥ 3:

Ôüôå ç (11:5:1− 10) ãñÜöåôáé

E =

−1∫
−2

[y1(x)− y2(x)] dx+

3∫
−1

[y2(x)− y1(x)] dx+

5∫
3

[y1(x)− y2(x)] dx

=

−1∫
−2

(
2x2 − 4x− 6

)
dx+

3∫
−1

(
−2x2 + 4x+ 6

)
dx+

5∫
3

(
2x2 − 4x− 6

)
dx

=

[
2x3

3
− 4x2

2
− 6x

]−1

−2

+

[
−2x3

3
+

4x2

2
+ 6x

]3
−1

+

[
2x3

3
− 4x2

2
− 6x

]5
3

=
14

3
+

64

3
+

64

3
=

142

3
:
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Ó÷Þìá 11.5.1 - 7: ÐáñÜäåéãìá 11.5.1 - 4. Ç ìðëå êáìðýëç ïñßæåé ôçí y1(x) =

x2.

ÐáñÜäåéãìá 11.5.1 - 4

¼ìïéá ôï åìâáäüí ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôéò êáìðýëåò

y1(x) = x2 êáé y2(x) = 8− x2 (Ó÷. 11:5:1− 7):

Ëýóç. Ôá êïéíÜ óçìåßá ôïìÞò ôùí äýï êáìðõëþí õðïëïãßæïíôáé èÝôïíôáò

y1(x) = y2(x); ïðüôå x2 = 8− x2: ¢ñá x = ±2:

Óôç óõíÝ÷åéá õðïëïãßæåôáé ôï ðñüóçìï ôçò äéáöïñÜò y1(x)− y2(x).
¸óôù

y1(x)− y2(x) ≥ 0 Þ 2x2 − 8 ≥ 0; ïðüôå (x+ 2)(x− 2) ≥ 0:

¢ñá

y1(x)− y2(x) ≤ 0; üôáí − 2 ≤ x ≤ 2:
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Ó÷Þìá 11.5.1 - 8: ÐáñÜäåéãìá 11.5.1 - 5. H êáöÝ êáìðýëç äåß÷íåé ôï ãñÜöçìá

ôçò y2(x) = x, ç ìðëå ôçò y1 = 8x êáé ç êüêêéíç ôçò y3(x) =
1
x2 .

Ôüôå óýìöùíá ìå ôïí ôýðï (11:5:1− 8) ôï æçôïýìåíï åìâáäüí éóïýôáé ìå

E =

2∫
−2

[y2(x)− y1(x)] dx =

2∫
−2

(
8− 2x2

)
dx

= 8x− 2x3

3

∣∣∣∣ 2
−2

=
64

3
:

ÐáñÜäåéãìá 11.5.1 - 5

¼ìïéá ôï åìâáäüí ôçò ðåñéï÷Þò ðïõ ðåñéêëåßåôáé áðü ôéò êáìðýëåò

y1(x) = 8x; y2(x) = x êáé y3(x) =
1

x2
(Ó÷. 11:5:1− 8):

Ëýóç. Ôá êïéíÜ óçìåßá êáé ôùí ôñéþí êáìðõëþí õðÜñ÷ïõí ìüíï ãéá x ≥ 0,

åíþ ç óõíÜñôçóç y3(x) ïñßæåôáé ãéá x ∈ R − {0}. Ðñïöáíþò ïé êáìðýëåò

(åõèåßåò) y1(x) êáé y2(x) ôÝìíïíôáé óôï óçìåßï (0; 0), äçëáäÞ óôçí áñ÷Þ ôùí

áîüíùí. Ôï êïéíü óçìåßï, Ýóôù A, ôçò y1(x) êáé y3(x) õðïëïãßæåôáé èÝôïíôáò

y1(x) = y3(x) Þ 8x =
1

x2
; ïðüôå x =

1

2
;
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(ïé Üëëåò äýï ñßæåò äåí ëáìâÜíïíôáé õðüøç), åíþ ôï êïéíü óçìåßï, Ýóôù B,

ôçò y2(x) êáé y3(x) èÝôïíôáò

y2(x) = y3(x) Þ x =
1

x2
; ïðüôå x = 1

üðïõ üìïéá ïé Üëëåò äýï ñßæåò äåí ëáìâÜíïíôáé õðüøç.

¸óôù E = E1 + E2 ôï æçôïýìåíï åìâáäüí. ÅðåéäÞ ôï óçìåßï x = 0 äåí

áíÞêåé óôï ðåäßï ïñéóìïý ôçò y3(x), ôï E äåí èá ðñïêýøåé áðü óõíäõáóìü

ôçò y3(x) ìå ôçí y1(x) Þ ôçí y2(x) êáé Üêñï ïëïêëÞñùóçò ôï 0.

ÅðïìÝíùò

- ôï åìâáäüí E1 èá ðñÝðåé íá ïñßæåôáé áðü ôçí y1(x) = 8x êáé ôçí y2(x) =

x ìå x ∈ [0; 0:5], üðïõ ðñïöáíþò y1(x) ≥ y2(x), äçëáäÞ

Å1 =

0:5∫
0

[y1(x)− y2(x)] dx = 7

0:5∫
0

x dx =
7

8

- êáé ôï åìâáäüí E2 èá ïñßæåôáé áðü ôçí y3(x) =
1
x2 êáé ôçí y2(x) = x

ìå x ∈ [0:5; 1], üðïõ ðñïöáíþò y3(x) ≥ y2(x), äçëáäÞ

Å2 =

1∫
0:5

[y3(x)− y2(x)] dx =

1∫
0:5

(
1

x2
− x
)
dx

=

[
−1

x
− x2

2

] 1

0:5

=
5

8
:

¢ñá

E = E1 + E2 =
3

2
:

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï åìâáäüí ôïõ ó÷Þìáôïò ðïõ ðåñéêëåßåôáé áðü

i) ôçí ðáñáâïëÞ y = 4x− x2 êáé ôïí x-Üîïíá,
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ii) ôçí êáìðýëç y = lnx, ôïí Üîïíá ôùí x êáé ôçí åõèåßá x = e,

iii) ôçí êáìðýëç y = x(x− 1)(x− 2) êáé ôïí x-Üîïíá,

iv) ôçí êáìðýëç y2 = x êáé ôéò åõèåßåò y = 1 êáé y = 8,

v) áðü ìßá çìéðåñßïäï ôçò çìéôïíéêÞò êáìðýëçò y = sinx êáé ôïõ x-Üîïíá,

vi) ôçí êáìðýëç y = tanx, ôïõ Üîïíá ôùí x êáé ôçò åõèåßáò x = �=3,

vii) ôçí õðåñâïëÞ xy = m2, ôùí êÜèåôùí åõèåéþí x = a êáé x = 3a ìå a > 0

êáé ôïõ x-Üîïíá,

viii) ôçí êáìðýëç Agnesi ìå åîßóùóç y = a2=
(
x2 + a2

)
êáé ôïõ x-Üîïíá,

ix) ôçí êáìðýëç y = x2, ôçí åõèåßá y = 8 êáé ôïí y-Üîïíá,

x) áðü ôéò ðáñáâïëÝò y2 = 2px êáé x2 = 2py,

xi) ôçí ðáñáâïëÞ y = x2 êáé ôçí åõèåßá y = 3− 2x,

xii) ôéò ðáñáâïëÝò y = x2, y = x2=2 êáé ôçò åõèåßáò y = 2x,

xiii) ôéò ðáñáâïëÝò y = x2=3 êáé y = 4− 2x2=3.

2. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ðåñéêëåßåôáé áðü ôçí êáìðýëç y = 1=
(
1 + x2

)
êáé ôçí ðáñáâïëÞ y = x2=2.

3. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ðåñéêëåßåôáé áðü

i) ôéò êáìðýëåò y = ex, y = e−x êáé ôçí åõèåßá x = 1,

ii) áðü ôçí õðåñâïëÞ x2=a2 − y2=b2 = 1 êáé ôçí åõèåßá x = 2a.

4. Íá õðïëïãéóôåß ôï åìâáäüí ôçò áóôåñïåéäïýò êáìðýëçò ìå åîßóùóç

x2=3 + y2=3 = a2=3:

5. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ðåñéêëåßåôáé áðü

i) ôçí êáìðýëç y = a cosh (x=a), ôïõ Üîïíá ôùí y êáé ôçò åõèåßáò y =

a
(
e2 + 1

)
=2e,
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ii) ôçí êáìðýëç a2y2 = x2
(
a2 − x2

)
.

6. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ðåñéÝ÷åôáé óôï åóùôåñéêü ôçò êáìðýëçò(x
5

)2
+
(y
4

)2=3
= 1:

7. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ïñßæåôáé áðü

i) ôçí éóïóêåëÞ õðåñâïëÞ x2− y2 = 9, ôïõ Üîïíá ôùí x êáé ôçò äéáìÝôñïõ

ðïõ äéÝñ÷åôáé áðü ôï óçìåßï (5; 4),

ii) ôçí êáìðýëç y = 1=x2, ôïõ Üîïíá ôùí x êáé ôçò åõèåßáò x = 1, üôáí

x > 1,

iii) ôçí êáìðýëç y2 = x3=(2a− x) êáé ôçí áóõìðôùôéêÞ ôçò åõèåßá x = 2a

ìå a > 0.

8. Íá õðïëïãéóôåß ôï åìâáäüí ôùí äýï ôìçìÜôùí óôá ïðïßá ï êýêëïò x2 +

y2 = 8 ôÝìíåôáé áðü ôçí ðáñáâïëÞ y2 = 2x.

9. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ðåñéÝ÷åôáé ìåôáîý ôïõ êýêëïõ x2 + y2 = 16 êáé

ôçò ðáñáâïëÞò x2 = 12(y − 1).

ÁðáíôÞóåéò

1. i) Óçìåßá x = 0; 4. Óýìöùíá ìå ôïí ôýðï (11:5:1− 1): E = 32
3
. ii) Óçìåßá x = 1; e

E = 1. iii) Óçìåßá x = 0; 1; 2. Óýìöùíá ìå ôïí ôýðï (11:5:1− 2): E = 1
4
+ 1

4
= 1

2
.

iv) Óçìåßï ôïìÞò y =
√
x êáé y = 1 ôï 1. ¼ìïéá ìå y = 8 ôï 64. Ôüôå

E = 8 · 64−
64∫
0

√
x dx−

1−
1∫

0

√
x dx

 =
511

3
:

v) Óçìåßá x = 0; �. E = 2. vi) Óçìåßá x = 0; �=3. E = ln 2.

vii) Óçìåßá x = a; 3a. E = m2 ln 3. viii) Óçìåßá x = 0; +∞. E = a tan−1
(
x
a

) ∣∣+∞
0

=
a�
2
. ix) Óçìåßá x = −2

√
2; 2

√
2. Óõììåôñßá ùò ðñïò ôïí y-Üîïíá. Óýìöùíá ìå ôïí

ôýðï (11:5:1− 2):

E = 2

2
√
2 · 8−

2
√
2∫

0

x2 dx

 =
64

√
2

3
:

x) Óçìåßá x = 0; 2
√
2. Óýìöùíá ìå ôïí ôýðï (11:5:1− 2): E = 4

√
2− 8

√
2

3
= 4

√
2

3
:

xi) Óçìåßá x = −3; 1. ¼ìïéá ìå ôïí ôýðï (11:5:1− 2): E = 20− 28
3

= 32
3
:
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xii) ¸óôù f1(x) =
x2

2
, f2(x) = x2quad êáé f3(x) = 2x. Ôüôå ìå ôïí ôýðï (11:5:1−2):

E =

2∫
0

[f2(x)− f1(x)] dx+

4∫
2

[f3(x)− f1(x)] dx =
4

3
+

8

3
= 4:

xiii) ¸óôù f1(x) = x2

3
êáé f2(x) = 4 − 2x2

3
. Óçìåßá x = −2; 2. Ìå ôïí ôýðï

(11:5:1− 2):

E =

2∫
0

[f2(x)− f1(x)] dx =
16

9
− 112

9
=

32

3
:

2. ¸óôù f1(x) =
1

1+x2 êáé f2(x) =
x2

2
. Óçìåßá x = −1; 1. Ìå ôïí ôýðï (11:5:1− 2):

E =

2∫
0

[f1(x)− f2(x)] dx =
�

2
− 1

3
≈ 1:237 463:

3. i) ¸óôù f1(x) = ex êáé f2(x) = e−x. Óçìåßá x = 0 êáé åõèåßá x = 1. Ìå ôïí ôýðï

(11:5:1− 2):

E =

1∫
0

[f1(x)− f2(x)] dx = e− 1− e− 1

e
≈ 1:086 161:

ii) 14Ç õðåñâïëÞ ôÝìíåé ôïí x-Üîïíá óôá óçìåßá x = ±a. Åßíáé y = f(x) = ± b
a

√
x2 − a2.

Ëüãù óõììåôñßáò åßíáé E = 4E1, üôáí

E1 =

2a∫
a

f(x) dx =
1

2
ab

[
2
√
3− ln

(
2 +

√
3
)]

; ïðüôå

E = 2ab
[
2
√
3− ln

(
2 +

√
3
)]

≈ 4:294 287 ab;

üôáí åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç áðïäåéêíýåôáé üôé∫ √
a2 − x2 dx =

1

2

√
x2 − a2 − 1

2
a2 ln

[
2
(
x+

√
x2 − a2

)]
:

ÁíÜëïãá êáé ïé õðüëïéðåò áóêÞóåéò.

11.5.2 ÐáñáìåôñéêÞ åîßóùóç

Ïñéóìüò 11.5.2 - 1. Áí ìßá êáìðýëç ïñßæåôáé ìå ðáñáìåôñéêÞ åîßóùóç ôçò

ìïñöÞò

x = x(t) êáé y = y(t); üôáí t ∈ [t1; t2] ;

14ÂëÝðå ÌÜèçìá ÁíáëõôéêÞ Ãåùìåôñßá - ÕðåñâïëÞ.
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Ó÷Þìá 11.5.2 - 1: ÐáñÜäåéãìá 11.5.2 - 1. Ôï ðñþôï ôåôáñôçìüñéï ôçò

Ýëëåéøçò x2

9 + y2

4 = 1.

ôüôå ôï åìâáäüí E ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé áðü ôçí

êáìðýëç, ôéò êÜèåôåò åõèåßåò x = á, x = â êáé ôïí Üîïíá ôùí x, éóïýôáé

ìå

E =

t2∫
t1

y(t)x′(t) d t; (11.5.2 - 1)

üôáí y(t) ≥ 0 ãéá êÜèå t ∈ [t1; t2] êáé ïé ôéìÝò t1 êáé t2 ðñïêýðôïõí áðü ôçí

åîßóùóç x = x (t).

ÐáñÜäåéãìá 11.5.2 - 1

Íá õðïëïãéóôåß ôï åìâáäüí ôçò Ýëëåéøçò ðïõ åêöñÜæåôáé ìå ôçí ðáñáìåôñéêÞ

åîßóùóç

x = á cos t êáé y = â sin t: (11.5.2 - 2)

Ëýóç. Ëüãù ôçò óõììåôñßáò ôçò Ýëëåéøçò áñêåß íá õðïëïãéóôåß ôï åìâáäüí

åíüò ôåôáñôçìïñßïõ áõôÞò (Ó÷. 11.5.2 - 1) êáé ôï áðïôÝëåóìá íá ðïëëáðëáóéá-

óôåß åðß 4.

ÈÝôïíôáò óôçí 1ç åîßóùóç (x = á cos t) ôçò (11:5:2− 2) äéáäï÷éêÜ x = 0

êáé x = a ðñïêýðôïõí ùò üñéá ïëïêëÞñùóçò ôá t1 = �=2 êáé t2 = 0, åíþ åßíáé
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y > 0 ãéá êÜèå t ∈ [0; �=2]. Ôüôå óýìöùíá ìå ôïí ôýðï (11:5:2− 1) åßíáé

0∫
ð=2

â sin á (− sin t) d t = áâ

ð=2∫
0

sin2 t d t =
ðáâ

4
:

¢ñá E = �áâ.

ÐáñáôÞñçóç 11.5.2 - 1

Ï ðáñáðÜíù ôñüðïò õðïëïãéóìïý ôïõ åìâáäïý ôçò Ýëëåéøçò ìå ôç âïÞèåéá ôçò

ðáñáìåôñéêÞò ðáñÜóôáóÞò ôçò åßíáé åìöáíþò åõêïëüôåñïò ôïõ áíôßóôïé÷ïõ

ôñüðïõ ìå ôéò ïñèïãþíéåò óõíôåôáãìÝíåò (ÐáñÜäåéãìá 11.5.1 - 1). Áõôü

åßíáé ìéá áðüäåéîç ôçò ÷ñçóéìüôçôáò ôùí ðáñáìåôñéêþí ðáñáóôÜóåùí ôùí

êáìðõëþí.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï åìâáäüí ôïõ ó÷Þìáôïò ðïõ ðåñéÝ÷åôáé óôï åóùôåñéêü

ôçò áóôåñïåéäïýò êáìðýëçò15 (astroid curve) ìå ðáñáìåôñéêÞ åîßóùóç (Ó÷.

11.5.2 - 2)

x = a cos3 t êáé y = b sin3 t:

2. ¼ìïéá ôïõ ó÷Þìáôïò ðïõ ðåñéêëåßåôáé áðü

i) ôïí Üîïíá ôùí x êáé Ýíá ôüîï ôçò êõêëïåéäïýò êáìðýëçò16 (cycloid

curve) ìå ðáñáìåôñéêÞ åîßóùóç (Ó÷. 11.5.2 - 3a)

x = a(t− sin t) êáé y = a(1− cos t);

ii) ôïí êëÜäï ôçò êáìðýëçò ìå ðáñáìåôñéêÞ åîßóùóç (ãåíßêåõóç ôçò êõêëï-

åéäïýò êáìðýëçò)

x = at− b sin t êáé y = a− b cos t; üðïõ 0 < b ≤ a

êáé ôçò åöáðôüìåíÞò ôçò óôá ÷áìçëüôåñá óçìåßá ôçò (Ó÷. 11.5.2 - 3b),

15ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Astroid

Åðßóçò mathworld:wolfram:com=Astroid:html
16ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Cycloid

Åðßóçò mathworld:wolfram:com=Cycloid:html
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Ó÷Þìá 11.5.2 - 2: Ç áóôåñïåéäÞò êáìðýëç, üôáí a = b = 1.

2 4 6 8 10 12
xHtL

0.5
1.0
1.5
2.0

yHtL

(a) 2 4 6 8 10 12
xHtL

-1

1

2

3

yHtL

a=1, b=2

(b)

Ó÷Þìá 11.5.2 - 3: (a) Ç êõêëïåéäÞò êáìðýëç êáé (b) ç ãåíßêåõóÞ ôçò.

iii) ôçí êáñäéïåéäÞ êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

x = a(2 cos t− cos 2t) êáé y = a(2 sin t− sin 2t):

ÁðáíôÞóåéò

1. Óýìöùíá ìå ôçí (11:5:2− 1) êáé ëüãù óõììåôñßáò åßíáé

E = 4

�=2∫
0

(
−3ab cos2 t sin4 t

)
d t =

3�ab

8
:

2. i) ¼ìïéá E = á2
2�∫
0

(1− cos t)2 d t = 3a2�,

ii) E =
2�∫
0

(a− b cos t)2 d t =
(
2a2 + b2

)
�,

iii) E = −2á2
2�∫
0

(sin t− sin2t) (2 sin t− sin2t) d t = 12a2�.
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Ó÷Þìá 11.5.3 - 1: åìâáäüí ó÷Þìáôïò óå ðïëéêÝò óõíôåôáãìÝíåò.

11.5.3 ÐïëéêÝò óõíôåôáãìÝíåò

Ïñéóìüò 11.5.3 - 1. ¸óôù üôé

r = r(�); üôáí � ∈ [�1; �2]

åßíáé ç åîßóùóç óå ðïëéêÝò óõíôåôáãìÝíåò ôïõ ôìÞìáôïò (Ó÷. 11.5.3 - 1),

ðïõ ïñßæåôáé áðü ôçí áñ÷Þ ôùí áîüíùí êáé ôá óçìåßá A (r; �1) êáé B (r; �2).

Ôüôå ôï åìâáäüí E ôïõ ó÷Þìáôïò AOB äßíåôáé áðü ôï ïëïêëÞñùìá

E =
1

2

�2∫
�1

r2(�) d�: (11.5.3 - 1)

ÐáñÜäåéãìá 11.5.3 - 1

Íá õðïëïãéóôåß ôï åìâáäüí ðïõ ðåñéêëåßåôáé áðü ôïõò ëçìíßóêïõò Bernoulli

(Bernoulli's lemniscate)17 (Ó÷. 11.5.3 - 2a) ìå åîßóùóç

r2 = a2 cos 2�:

Ëýóç. Ëüãù ôçò óõììåôñßáò ôçò êáìðýëçò õðïëïãßæåôáé ìüíï ôï åìâáäüí

17ÂëÝðå: http : ==en:wikipedia:org=wiki=Lemniscate of Bernoulli

êáé åðßóçò mathworld:wolfram:com=Lemniscate:html
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(b)

Ó÷Þìá 11.5.3 - 2: Ï ëçìíßóêïò ôïõ Bernoulli r2 = 2 cos 2�, üôáí (a) � ∈ [0; �]

(ìðëå) êáé � ∈ [�; 2�] (êüêêéíç êáìðýëç). (b) � ∈ [0; �=4].

ôïõ 1ïõ ôåôáñôçìïñßïõ (Ó÷. 11.5.3 - 2b), ïðüôå

1

4
E =

1

2

ð=4∫
0

a2 cos 2� d� =
a2

2

[
1

2
sin 2�

]�=4
0

=
a2

4
:

¢ñá E = a2:

¢óêçóç

Íá õðïëïãéóôåß ôï åìâáäüí ôïõ ó÷Þìáôïò ðïõ ïñßæåôáé áðü ôçí

i) êáìðýëç r = a sin 3� (Ó÷.11.5.3 - 3a),

ii) êáìðýëç r = 2a cos 3� ðïõ åßíáé óôï åîùôåñéêü ôïõ êýêëïõ ìå áêôßíá

r = 2a, üôáí a > 0 (Ó÷.11.5.3 - 3b),

iii) êáìðýëç r = 2 + cos �,

iv) ðáñáâïëÞ r = a= cos2 (�=2) êáé ôéò äýï çìéåõåèåßåò � = �=4 êáé � = �=2,

v) Ýëëåéøç ìå åîßóùóç r = p=(1 + å cos �), üðïõ å < 1.

ÁðáíôÞóåéò

i) Óýìöùíá ìå ôçí (11:5:3− 1) åßíáé

E = a2
�∫

0

sin2 3� d� =
�a2

2
;
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Ó÷Þìá 11.5.3 - 3: ÁóêÞóåéò ÐáñáãñÜöïõ 11.5.3, üôáí a = 1 êáé � ∈ [0; �]:

(a) ç (i) êáé (b) ç (ii).

ii) Ôï åìâáäüí ôïõ êýêëïõ åßíáé 4�a2. ¢ñá ôï åìâáäüí ôïõ åóùôåñéêïý ìÝñïõò åßíáé

E = 4�a2 − a2
�∫

0

cos2 3� d� = 2�a2:

ÁíÜëïãá êáé ïé õðüëïéðåò áóêÞóåéò.

11.6 Åìâáäüí åðéöÜíåéáò áðü ðåñéóôñïöÞ

18

11.6.1 Ïñèïãþíéåò óõíôåôáãìÝíåò

Ïñéóìüò 11.6.1 - 1. ¸óôù üôé ç óõíÜñôçóç f | [á; â ] åßíáé ðáñáãùãßóéìç
ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â ]. Áí � åßíáé ìßá åõèåßá ðïõ äåí

ôÝìíåé ôï ãñÜöçìá ôçò óõíÜñôçóçò y = f(x) åêôüò ßóùò áðü ôá óçìåßá á,

â êáé d = �(x) ç áðüóôáóç ôõ÷üíôïò óçìåßïõ M(x; f(x)) ôïõ äéáãñÜììáôïò

ôçò f(x) áðü ôçí � (Ó÷. 11.6.1 - 1), ôüôå ôï åìâáäüí E ôçò åðéöÜíåéáò ðïõ

ðñïêýðôåé áðü ôçí ðåñéóôñïöÞ ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé

18ÂëÝðå åðßóçò âéâëéïãñáößá êáé

https : ==en:wikipedia:org=wiki=Surface of revolution

Åðßóçò mathworld:wolfram:com=Revolution:html
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Ó÷Þìá 11.6.1 - 1: Ïñéóìüò 11.6.1 - 1: ç óõíÜñôçóç f(x) óå ïñèïãþíéåò

óõíôåôáãìÝíåò êáé ï Üîïíáò ðåñéóôñïöÞò � (ðñÜóéíç åõèåßá).

áðü ôï ôüîï ôïõ äéáãñÜììáôïò ôçò f(x), üôáí x ∈ [á; â ], ôéò åõèåßåò x = á

êáé x = â ãýñù áðü ôçí åõèåßá � äßíåôáé áðü ôïí ôýðï

E = 2�

â∫
á

�(x)

√
1 +

[
d f(x)

dx

]2
dx: (11.6.1 - 1)

Ï Ïñéóìüò 11.6.1 - 1 óôçí ðåñßðôùóç ðïõ ç åõèåßá � óõìðßðôåé ìå ôïí

x-Üîïíá ãñÜöåôáé ùò åîÞò:

Ïñéóìüò 11.6.1 - 2. ¸óôù üôé ç óõíÜñôçóç f | [á; â ] åßíáé ðáñáãùãßóéìç
ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â ]. Áí d = �(x) = f(x) ç áðüóôáóç

ôõ÷üíôïò óçìåßïõ M(x; f(x)) ôïõ äéáãñÜììáôïò ôçò f(x) áðü ôïí x-Üîïíá

(Ó÷. 11.6.1 - 2), ôüôå ôï åìâáäüí E ôçò åðéöÜíåéáò ðïõ ðñïêýðôåé áðü

ðåñéóôñïöÞ ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé áðü ôï ôüîï ôïõ

äéáãñÜììáôïò ôçò f(x), üôáí x ∈ [á; â ], ôéò åõèåßåò x = á, x = â ãýñù

áðü ôïí x-Üîïíá äßíåôáé áðü ôïí ôýðï

E = 2�

â∫
á

f(x)

√
1 +

[
df(x)

dx

]2
dx: (11.6.1 - 2)
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Ó÷Þìá 11.6.1 - 2: Ïñéóìüò 11.6.1 - 2: ç óõíÜñôçóç f(x) óå ïñèïãþíéåò

óõíôåôáãìÝíåò êáé ï x-Üîïíáò ðåñéóôñïöÞò (ðñÜóéíç åõèåßá).

Óçìåßùóç 11.6.1 - 1

Áí ç åîßóùóç ôçò êáìðýëçò äßíåôáé äéáöïñåôéêÜ, ôüôå ôï åìâáäüí ôçò åðéöÜíåéáò

E äßíåôáé áðü ôïí ôýðï (11:6:1− 2) áëëÜæïíôáò êáôÜëëçëá ôéò ìåôáâëçôÝò.

ÐáñÜäåéãìá 11.6.1 - 1

Íá õðïëïãéóôåß ôï åìâáäüí ôçò åðéöÜíåéáò ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ

ãýñù áðü ôïí x-Üîïíá åíüò âñüã÷ïõ ôçò êáìðýëçò

y2 =
1

9
x(3− x)2:

Ëýóç. Ç êáìðýëç ôÝìíåé ôïí x-Üîïíá óôá óçìåßá x = 0; 3. Ãéá ôï Üíù

ìÝñïò ôçò êáìðýëçò (Ó÷. 11.6.1 - 4a), üôáí 0 ≤ x ≤ 3, Ý÷ïõìå

y = f(x) =
1

3

√
x (3− x);

åíþ
df(x)

dx
=

1− x
2
√
x
;
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Ó÷Þìá 11.6.1 - 3: ÐáñÜäåéãìá 11.6.1 - 1: (a) Ï âñü÷ïò ôçò êáìðýëçò y =
1
3

√
x (3 − x) ìðëå óõíå÷Þò êáé ôçò y = −1

3

√
x (3 − x) ìðëå äéáêåêïììÝíç

êáìðýëç êáé (b) ç ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

Ôüôå ðñïöáíþò åßíáé

d = �(x) = f(x) =
1

3

√
x (3− x) :

Áíôéêáèéóôþíôáò óôïí ôýðï (11:6:1− 2) ôï åìâáäüí ôçò åðéöÜíåéáò åßíáé

E = 2�
1

6

3∫
0

(3− x)(x+ 1) dx = 3�:

ÐáñÜäåéãìá 11.6.1 - 2

¼ìïéá ôï åìâáäüí ôçò åðéöÜíåéáò, ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ãýñù

áðü ôïí Üîïíá x = 1 ôçò êáìðýëçò

y =
√
x; üôáí x ∈ [2; 10]:

Ëýóç. Åßíáé

y = f(x) =
√
x êáé

√
1 +

[
df(x)

dx

]2
=

√
4x+ 1

2
√
x

;

åíþ

d = �(x) = |MN | − |KN | = f(x)− 1 =
√
x− 1:



Åìâáäüí åðéöÜíåéáò áðü ðåñéóôñïöÞ 447

d

M

N

K Ε

2 4 6 8 10
x

0.5

1.0

1.5

2.0

2.5

3.0

y

(a) (b)

Ó÷Þìá 11.6.1 - 4: ÐáñÜäåéãìá 11.6.1 - 1: (a) Ç êáìðýëç y =
√
x

ìðëå êáìðýëç êáé ï Üîïíáò ðåñéóôñïöÞò x = 1 (ðñÜóéíç åõèåßá). (b) Ç

ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

Áíôéêáèéóôþíôáò óôïí ôýðï (11:6:1− 1) ôï åìâáäüí ôçò åðéöÜíåéáò åßíáé

E = 2�
1

2

10∫
2

(√
x− 1

) √4x+ 1√
x

dx ≈ 71:811 630:

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï åìâáäüí ôçò åðéöÜíåéáò, ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ

ãýñù áðü ôïí x- Üîïíá åíüò ôüîïõ ôçò êáìðýëçò (Ó÷. 11.6.1 - 5)

y =
√
x− 1

2
; üôáí x ∈ [0; 1]:

2. ¼ìïéá ôï åìâáäüí ôçò åðéöÜíåéáò áðü ðåñéóôñïöÞ ãýñù áðü ôïí x- Üîïíá

åíüò ôüîïõ ôçò êáìðýëçò (Ó÷. 11.6.1 - 6)

y = e−x; üôáí x ∈ [0;+∞):
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Ó÷Þìá 11.6.1 - 5: ¢óêçóç 1 ÐáñáãñÜöïõ 11.6.1: (a) Ç êáìðýëç y =
√
x− 1

2

ìðëå êáìðýëç, üôáí x ∈ [0; 1] êáé (b) ç ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò

ãýñù áðü ôïí x-Üîïíá.

ÁðáíôÞóåéò

1. Åßíáé �(x) =
√
x− 1

2
: ¢ñá

E = 2�

 1∫
0

(√
1 + 4x

2
−

√
1 + 4x

2
√
x

)
dx


=

�

6
(1 + 4x)3=2

∣∣∣ 1
0
− �

2

[√
x(1 + 4x) +

1

2
sinh−1 (2√x

)] ∣∣∣∣ 1
0

≈ 0:684 178:

2. Åßíáé �(x) = e−x. Ìå ðáñáãïíôéêÞ ïëïêëÞñùóç

I =

∫
e−x

√
1 + e−2x dx = −

∫ √
1 + e−2x d

u︷︸︸︷
e−x = −

∫ √
1 + u2 d u

= −1

2

(
u
√

1 + u2 + sinh−1 u
)
= −1

2

[
e−x

√
1 + e−2x + sinh−1 (e−x)] :

Ôüôå, åðåéäÞ lim x→+∞ e−x = 0, åßíáé

E = 2�

∫
e−x

√
1 + e−2x dx = −� I

∣∣∣∣+∞

0

≈ 7:212:
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Ó÷Þìá 11.6.1 - 6: ¢óêçóç 2 ÐáñáãñÜöïõ 11.6.1: (a) Ç êáìðýëç y = e−x

ìðëå êáìðýëç, üôáí x ∈ [0; 4] êáé (b) ç ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò

ãýñù áðü ôïí x-Üîïíá.

11.6.2 ÐáñáìåôñéêÞ åîßóùóç

Óôçí ðåñßðôùóç ðïõ ç óõíÜñôçóç ïñßæåôáé ðáñáìåôñéêÜ, ôüôå ï Ïñéóìüò 11.6.1

- 1 ãñÜöåôáé:

Ïñéóìüò 11.6.2 - 1. ¸óôù üôé ç óõíÜñôçóç f | [á; â ] åßíáé ðáñáãùãßóéìç
ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â ] êáé Ý÷åé ôçí ðáñáêÜôù ðáñáìåôñéêÞ

åîßóùóç:

y = y(t) êáé x = x(t) ãéá êÜèå t ∈ [t0; t1] :

Áí � åßíáé ìßá åõèåßá ðïõ äåí ôÝìíåé ôï ãñÜöçìá ôçò óõíÜñôçóçò f åêôüò ßóùò

áðü ôá óçìåßá á, â êáé d = �(t) ç áðüóôáóç ôõ÷üíôïò óçìåßïõ M(x(t); y(t))

ôïõ äéáãñÜììáôïò ôçò f áðü ôçí � (Ó÷. 11.6.2 - 1), ôüôå ôï åìâáäüí E ôçò

åðéöÜíåéáò ðïõ ðñïêýðôåé áðü ôçí ðåñéóôñïöÞ ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ

ðïõ ïñßæåôáé áðü ôï ôüîï ôïõ äéáãñÜììáôïò ôçò f , üôáí t ∈ [t0; t1], ôéò åõèåßåò

x = á êáé x = â ãýñù áðü ôçí åõèåßá � äßíåôáé áðü ôïí ôýðï

E = 2�

t1∫
t0

�(t)

√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
d t: (11.6.2 - 1)
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Ó÷Þìá 11.6.2 - 1: Ïñéóìüò 11.6.2 - 1: ç óõíÜñôçóç f(x) ìå ðáñáìåôñéêÞ

åîßóùóç êáé ï Üîïíáò ðåñéóôñïöÞò � (ðñÜóéíç åõèåßá).

ÐáñÜäåéãìá 11.6.2 - 1

Íá õðïëïãéóôåß ôï åìâáäüí ôçò åðéöÜíåéáò ðïõ ó÷çìáôßæåôáé åê ðåñéóôñïöÞò

ôïõ ôüîïõ ôçò êõêëïåéäïýò êáìðýëçò

x = a(t− sin t); y = a(1− cos t)

ãýñù áðü ôïí Üîïíá óõììåôñßáò ôçò (Ó÷. 11.6.2 - 2).

Ëýóç. Ç åðéöÜíåéá ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ôçò êõêëïåéäïýò, üôáí t ∈
[0; �] (Ó÷. 11.6.2 - 2a), ãýñù áðü ôïí Üîïíá � ìå åîßóùóç åßíáé x = �a.

Ôüôå

d = �(t) = |MN | = |KN | − |KM | = �a− a(t− sin t); (11.6.2 - 2)

åíþ åßíáé√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
=

√
(a− a cos t)2 + (a sin t)2

= a
√
2
√
1− cos t: (11.6.2 - 3)
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Ó÷Þìá 11.6.2 - 2: ÐáñÜäåéãìá 11.6.2 - 1: (a) Ç êõêëïåéäÞò, üôáí a =

1, t ∈ [0; �] óõíå÷Þò ìðëå, t ∈ [�; 2�] äéáêåêïììÝíç ìðëå êáìðýëç êáé ï

Üîïíáò ðåñéóôñïöÞò x = � ðñÜóéíç åõèåßá. (b) Ç ðñïêýðôïõóá åðéöÜíåéá åê

ðåñéóôñïöÞò.

Õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò
∫ √

1− cos t d t

Éó÷ýåé üôé

sin2 t =
1− cos 2t

2
; ïðüôå 1− cos t = 2 sin2

t

2
:

¢ñá, åðåéäÞ t ∈ [0; �], Ý÷ïõìå

I =

∫ √
1− cos t d t =

∫ √
2 sin2

t

2
d t =

√
2

∫
sin

t

2
d t

= 2
√
2

∫ (
t

2

)′
sin

t

2
d t = −2

√
2 cos

t

2
;

äçëáäÞ

√
1− cos t =

√
2 sin

t

2
; åíþ (11.6.2 - 4)∫ √

1− cos t d t = −2
√
2 cos

t

2
: (11.6.2 - 5)
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¢ñá óýìöùíá ìå ôçí (11:6:2−1) êáé ôéò (11:6:2−2) - (11:6:2−4) Ý÷ïõìå

E = 2�

�∫
0

(�a− at+ a sin t)

(
2a sin

t

2

)
d t

= 2� a

�∫
0

� sin
(
t

2

)
−

ðáñáãïíôéêÞ︷ ︸︸ ︷
t sin

(
t

2

)
+

2 sin t
2
cos t

2︷︸︸︷
sin t sin

(
t

2

) d t

= 2� a

[
−2� cos

t

2
−
(
−2t cos t

2
+ 4 sin

t

2

)
+

(
sin

t

2
− 1

3
sin

3t

2

)]�
0

= 8�

(
� − 4

3

)
a2 ≈ 7:233 037 a2

ÐáñÜäåéãìá 11.6.2 - 2

¸óôù ç ðåñéöÝñåéá ìå ðáñáìåôñéêÞ åîßóùóç

x = a cos t êáé y = a sin t; üôáí t ∈ [0; 2�]: (11.6.2 - 6)

Íá õðïëïãéóôåß ôï åìâáäüí ôçò åðéöÜíåéáò ðïõ ó÷çìáôßæåôáé, üôáí ç ðåñéöÝñåéá

ðåñéóôñáöåß ãýñù áðü

i) ôçí åõèåßá x = −b, üôáí b > a, êáé

ii) ôïí x-Üîïíá.

Ëýóç.

i) ÐåñéóôñïöÞ ãýñù áðü ôçí åõèåßá x = −b
Ç áðüóôáóç d = �(t), üôáí t ç ðïëéêÞ ãùíßá ôõ÷üíôïò óçìåßïõ M(x; y)

ôçò ðåñéöÝñåéáò ôïõ êýêëïõ, áðü ôïí Üîïíá ðåñéóôñïöÞò x = −b óýìöùíá
ìå ôï Ó÷. 11.6.2 - 3(i) éóïýôáé ìå

d = �(t) = |KM | = |KN |+ |MN | = b+ a cos t: (11.6.2 - 7)
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Ó÷Þìá 11.6.2 - 3: (a) Ç ðåñéöÝñåéá áêôßíáò a = 1 êáé ï Üîïíáò ðåñéóôñïöÞò

x = −2 ðñÜóéíç åõèåßá êáé (b) ç ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

Åöáñìüæïíôáò ôïí ôýðï (11:6:2− 1) ìå

d x(t)

d t
= −a sin t êáé

d y(t)

d t
= a cos t;

ïðüôå √[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
=

√
(−a sin t)2 + (a cos t)2 = a;

(11.6.2 - 8)

óýìöùíá êáé ìå ôçí (11:6:2− 7) ðñïêýðôåé üôé

E = 2�

2�∫
0

�(t)

√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
d t

= 2�

2�∫
0

�(t) a d t = 2� a

2�∫
0

(b+ a cos t) d t

= 2� a (bt+ a sin t) | 2�0 = 4ab�2:

ii) ÐåñéóôñïöÞ ãýñù áðü ôïí x-Üîïíá

Óýìöùíá ìå ôï Ó÷. 11.6.2 - 4(i) ëüãù óõììåôñßáò áñêåß íá õðïëïãéóôåß

ôï åìâáäüí ôçò åðéöÜíåéáò ðïõ ðáñÜãåôáé áðü ôçí ðåñéóôñïöÞ ôïõ Üíù

ìÝñïõò (t ∈ [0; �]) ôçò ðåñéöÝñåéáò ìå ðáñáìåôñéêÞ åîßóùóç ôçí (11:6:2−
7) ãýñù áðü ôïí x-Üîïíá.
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d

t

M

-1.0 -0.5 0.5 1.0
x

-1.0

-0.5

0.5

1.0

y

(a) (b)

Ó÷Þìá 11.6.2 - 4: (a) Ç ðåñéöÝñåéá áêôßíáò a = 1 êáé ï Üîïíáò ðåñéóôñïöÞò

x = −2 ðñÜóéíç åõèåßá êáé (b) ç ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

Ôüôå ç áðüóôáóç d = �(t) ôõ÷üíôïò óçìåßïõM(x; y) áðü ôïí Üîïíá

ðåñéóôñïöÞò y = 0 éóïýôáé ìå

d = �(t) = y = a sin t; (11.6.2 - 9)

ïðüôå áðü ôïõò ôýðïõò (11:6:2−1) êáé (11:6:2−8), üôáí ëüãù ôïõ Üíù

ìÝñïõò ôçò ðåñéöÝñåéáò åßíáé t ∈ [0; �]), ðñïêýðôåé üôé

E = 2�

�∫
0

�(t)

√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
d t

= 2�

�∫
0

�(t) a d t = 2� a2
�∫

0

sin t d t

= 2� á2 (− cos t)
∣∣�
0
= 4�á2:
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ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï åìâáäüí ôçò åðéöÜíåéáò ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ

ãýñù áðü ôïí x-Üîïíá ôçò áóôåñïåéäïýò êáìðýëçò (Ó÷. 11.6.2 - 5) ìå

ðáñáìåôñéêÞ åîßóùóç

x = a cos3 t êáé y = a sin3 t; üôáí a > 0:

2. ¼ìïéá ôçò åðéöÜíåéáò ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ãýñù áðü ôïí

d

t

M

-3 -2 -1 1 2 3
x

-3

-2

-1

1

2

3

y

(a) (b)

Ó÷Þìá 11.6.2 - 5: ¢óêçóç 1 ÐáñáãñÜöïõ 11.6.2: (a) Ç áóôåñïåéäÞò, üôáí

a = 3, t ∈ [0; �=2] ìðëå, t ∈ [�=2; �] êáöÝ êáé t ∈ [�; 2�] äéáêåêïììÝíç ìðëå

êáìðýëç. (b) H ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

x-Üîïíá ôçò êáñäéïåéäïýò êáìðýëçò (Ó÷. 11.6.2 - 6) ìå ðáñáìåôñéêÞ åîßóùóç

x = a(2 cos t− cos 2t) êáé y = a(2 sin t− sin 2t):

3. Íá õðïëïãéóôåß ðñïóåããéóôéêÜ19 ç åðéöÜíåéá ðïõ ó÷çìáôßæåôáé åê

ðåñéóôñïöÞò ôçò Ýëëåéøçò
x2

a2
+
y2

b2
= 1

ãýñù áðü ôïí (i) x-Üîïíá (Ó÷. 11.6.2 - 7), (ii) y-Üîïíá (Ó÷. 11.6.2 - 8).

19ÂëÝðå Óçìåßùóç 11.6.2 - 1.



456 ÅöáñìïãÝò ïñéóìÝíïõ ïëïêëçñþìáôïò Êáè. Á. ÌðñÜôóïò

d

t

M

-3 -2 -1 1
x

-2

-1

1

2

y

(a) (b)

Ó÷Þìá 11.6.2 - 6: ¢óêçóç 2 ÐáñáãñÜöïõ 11.6.2: (a) Ç êáñäéïåéäÞò, üôáí t ∈
[0; �] ìðëå êáé t ∈ [�; 2�] äéáêåêïììÝíç ìðëå êáìðýëç. (b) H ðñïêýðôïõóá

åðéöÜíåéá åê ðåñéóôñïöÞò.

Óçìåßùóç 11.6.2 - 1

Óå ðïëëÝò ðåñéðôþóåéò ç ïëïêëÞñùóç ôïõ ôýðïõ (11:6:2−1) ëüãù ôïõ ñéæéêïý

åßíáé áäýíáôç Þ ðïëýðëïêç. Óôéò ðåñéðôþóåéò áõôÝò ï õðïëïãéóìüò ãßíåôáé

ðñïóåããéóôéêÜ êáé åéäéêüôåñá óôçí ðåñßðôùóç áõôÞ ìå ôï 2ïõ âáèìïý ðïëõþíõ-

ìï ôïõ Maclaurin. Ãéá Üëëåò ðñïóåããßóåéò ï áíáãíþóôçò ðáñáðÝìðåôáé óôç

âéâëéïãñáößá.

ÁðáíôÞóåéò

1. Ðñïöáíþò �(t) = a sin3 t. Ëüãù óõììåôñßáò áñêåß íá õðïëïãéóôåß ç åðéöÜíåéá ðïõ

äçìéïõñãåßôáé, üôáí t ∈ [0; �]. Åßíáé√[
d x(t)

d t

]2

+

[
d y(t)

d t

]2

=
3

2
a sin 2t:

ÅðåéäÞ ç ïëïêëçñùôÝá óõíÜñôçóç óôïí ôýðï (11:6:2− 1) åßíáé ðåñéôôÞ, Ý÷ïõìå

E = 2�

�=2∫
0

3

2
a2 sin3 t sin 2t d t =

3

5
a2 sin5 t

∣∣∣∣�=2
0

=
12�a2

5
:
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d

t

M

-4 -2 2 4
x

-3

-2

-1

1

2

3

y

(a) (b)

Ó÷Þìá 11.6.2 - 7: ¢óêçóç 3 i) ÐáñáãñÜöïõ 11.6.2: (a) Ç Ýëëåéøç, üôáí

a = 4, b = 3, t ∈ [0; �] ìðëå êáé t ∈ [�; 2�] äéáêåêïììÝíç ìðëå êáìðýëç. (b)

H ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

2. Åßíáé �(t) = 2 sin t− sin 2t. ¼ìïéá ëüãù óõììåôñßáò áñêåß íá õðïëïãéóôåß ç åðéöÜíåéá

ðïõ äçìéïõñãåßôáé, üôáí t ∈ [0; �]. Åßíáé√[
d x(t)

d t

]2

+

[
d y(t)

d t

]2

= 2
√
2
√
1− cos t:

Óýìöùíá ìå ôïõò ôýðïõò (11:6:2− 1) êáé (11:6:2− 5) Ý÷ïõìå

E = 2�

�∫
0

(2 sin t− sin 2t)
(
2
√
2
√
1− cos t

)
d t =

128�

5
:

3. Óýìöùíá ìå ôçí ÐáñáôÞñçóç 11.6.2 - 1 åßíáé:

f(t) =

√[
d x(t)

d t

]2

+

[
d y(t)

d t

]2

=
√
b2 cos2 t+ a2 sin2 t

≈ b+

(
a2 − b2

)
t2

2b
:

i) Åßíáé �(t) = b sin t, ïðüôå

E ≈ 2�

�∫
0

�(t)f(t) d t =
1

2

(
7�2 + 8

)
:

ii) Åßíáé �(t) = c+ a cos t, ïðüôå üìïéá

E ≈ 2�

2�∫
0

�(t)f(t) d t =
2

9
�
(
98�2 + 273

)
:
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d

t

MΕ

-6 -4 -2 2 4
x

-4

-2

2

4

y

(a) (b)

Ó÷Þìá 11.6.2 - 8: ¢óêçóç 3 ii) ÐáñáãñÜöïõ 11.6.2: (a) Ç Ýëëåéøç, üôáí

a = 4, b = 3, t ∈ [0; 2�] ìðëå êáìðýëç êáé ï Üîïíáò ðåñéóôñïöÞò x = −7
ðñÜóéíç åõèåßá. (b) H ðñïêýðôïõóá åðéöÜíåéá åê ðåñéóôñïöÞò.

11.7 ÌÞêïò ôüîïõ êáìðýëçò

¼ìïéá áíÜëïãá ìå ôéò óõíôåôáãìÝíåò ðïõ ÷ñçóéìïðïéïýíôáé ãéá ôçí ðåñéãñáöÞ

ôçò åîßóùóçò ôçò êáìðýëçò äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:

11.7.1 Ïñèïãþíéåò óõíôåôáãìÝíåò

Ç åîßóùóç ôçò êáìðýëçò åßíáé ôçò ìïñöÞò y = f(x)

Óôçí ðåñßðôùóç áõôÞ ôï ìÞêïò ôçò õðïëïãßæåôáé ùò åîÞò:

Ïñéóìüò 11.7.1 - 1 (ìÞêïò êáìðýëçò). ¸óôù üôé ç óõíÜñôçóç f(x) | [á; â]
åßíáé ðáñáãùãßóéìç ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â]. Ôüôå ôï ìÞêïò

L ôçò êáìðýëçò ðïõ ïñßæåé ç y = f(x) áðü ôï óçìåßï A(á; f(á)) Ýùò êáé ôï

óçìåßï B(â; f(â)) (Ó÷. 11.7.1 - 1) äßíåôáé áðü ôïí ôýðï

L =

â∫
á

√
1 + [f ′(x)]2 dx =

â∫
á

√
1 +

[
df(x)

dx

]2
dx: (11.7.1 - 1)

ÐáñÜäåéãìá 11.7.1 - 1

Íá õðïëïãéóôåß ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 11.7.1 - 2)

y = f(x) = 2x3=2; üôáí x ∈ [1; 3]:
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æ
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Α
Β

1 2 3 4
x

1
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3

fHxL

Ó÷Þìá 11.7.1 - 1: Ôï ôüîï AB ôçò êáìðýëçò y = f(x).

æ

æ

æ

æ

Α Β

0.5 1.0 1.5 2.0 2.5 3.0
x

2

4

6

8

10

fHxL

Ó÷Þìá 11.7.1 - 2: Ç êáìðýëç y = 2x3=2, üôáí x ∈ [1; 3].
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Ëýóç. Åöáñìüæïíôáò ôïí ôýðï (11:7:1− 1) üðïõ

f ′(x) = 2
3

2
x

3
2
−1 = 3x1=2

Ý÷ïõìå
√

1 + [f ′(x)]2 =
√
1 + 9x.

¢ñá

L =

3∫
1

√
1 + [f ′(x)]2 dx =

3∫
1

√
1 + 9x dx =

3∫
1

(1 + 9x)1=2 dx

=
1

9

3∫
1

(1 + 9x)′(1 + 9x)1=2 dx =
1

9

(1 + 9x)
1
2
+1

1
2 + 1

∣∣∣∣∣
3

1

=
4

27

(
28
√
7− 5

√
10
)
≈ 8:632541:

Ï õðïëïãéóìüò ôïõ ìÞêïõò ôçò êáìðýëçò ìå ôï MATHEMATICA Ýãéíå

ìå ôéò åíôïëÝò

Ðñüãñáììá 11.7.1 - 1 (ìÞêïò êáìðýëçò - ïñèïãþíéåò óõíôåôáãìÝíåò)

f[x_] := 2 x^(3/2)

length1 = Simplify[1 + D[f[x], x]^2, x > 0];

Print["Integrable function : ", length1]

z = Integrate[Sqrt[length1], {x, 1, 3}];

Print["Length = ", z " = ", N[z]]

ÐáñÜäåéãìá 11.7.1 - 2

¼ìïéá ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 11.7.1 - 3)

y = f(x) =
1

3

√
x (x− 3); üôáí x ∈ [1; 9]:

Ëýóç. ¼ìïéá åöáñìüæåôáé ï ôýðïò (11:7:1− 1) üðïõ ç f ′(x) õðïëïãßæåôáé
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fHxL

Ó÷Þìá 11.7.1 - 3: Ç êáìðýëç y = 1
3

√
x (x− 3), üôáí x ∈ [1; 9].

ùò åîÞò:

f ′(x) =
1

3

[
x1=2(x− 3)

]′
=

1

3

[(
x1=2

)′
(x− 3) + x1=2(x− 3)′

]

=
1

3

[
1

2
x

1
2
−1(x− 3) + x1=2

]

=
1

6
x−1=2(x− 3) +

1

3
x1=2 =

x− 1

2
√
x
:

Ôüôå

√
1 + [f ′(x)]2 =

√
1 +

(
x− 1

2
√
x

)2

=

√
1 +

(x− 1)2

4x
=
x+ 1

2
√
x
:
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ææ æ
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Α Β
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fHxL

Ó÷Þìá 11.7.1 - 4: Ç êáìðýëç y = ln
(
1− x2

)
, üôáí x ∈ [0; 0:5].

¢ñá

L =

9∫
1

√
1 + [f ′(x)]2 dx =

9∫
1

x+ 1

2
√
x
dx =

9∫
1

x

2
√
x
dx+

9∫
1

1

2
√
x
dx

=

9∫
1

√
x

2
dx+

9∫
1

1

2
x−1=2 dx =

1

2

9∫
1

x1=2 dx+
1

2

9∫
1

x−1=2 dx

=
1

2

x
1
2
+1

1
2 + 1

∣∣∣∣∣
9

1

+
1

2

x−
1
2
+1

−1
2 + 1

∣∣∣∣∣
9

1

=
1

3
x3=2

∣∣∣∣ 9
1

+ x1=2
∣∣∣ 9
1
= 9 + 3− 1

3
− 1 =

32

3
:

ÐáñÜäåéãìá 11.7.1 - 3

¼ìïéá ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 11.7.1 - 4)

y = f(x) = ln
(
1− x2

)
; üôáí x ∈ [0; 0:5]:

Ëýóç. ÅðåéäÞ ç óõíÜñôçóç y åßíáé ëïãáñéèìéêÞ, ãéá íá ïñßæåôáé ðñÝðåé

1− x2 > 0; äçëáäÞ (1 + x)(1− x) > 0 êáé ôåëéêÜ − 1 < x < 1:
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ÅðåéäÞ ôï äéÜóôçìá [0; 0:5] áíÞêåé óôï ðåäßï ïñéóìïý (−1; 1), ôï ðñüâëçìá

ïñßæåôáé.

Áñ÷éêÜ õðïëïãßæïõìå ôçí ðáñÜãùãï ôçò f(x) ùò åîÞò:

f ′(x) =

(
1− x2

)′
1− x2

=
−2x
1− x2

;

ïðüôå óýìöùíá ìå ôïí ôýðï (11:7:1− 1) Ý÷ïõìå

L =

1
2∫

0

√
1 +

(
−2x
1− x2

)2

dx =

1
2∫

0

√
(1− x2)2 + 4x2

(1− x2)2
dx

=

1
2∫

0

√
(1 + x2)2

1− x2
dx =

1
2∫

0

1 + x2

1− x2
dx (11.7.1 - 2)

Åßíáé Þäç ãíùóôü20 üôé, üôáí Ý÷ïõìå ïëïêëÞñùìá ñçôÞò óõíÜñôçóçò üðïõ ï

âáèìüò ôïõ áñéèìçôÞ åßíáé ìåãáëýôåñïò Þ ßóïò áðü ôïí âáèìü ôïõ ðáñïíïìáóôÞ,

áñ÷éêÜ ãßíåôáé ç äéáßñåóç. Óôçí ðåñßðôùóç üìùò ôïõ ðáñáðÜíù ïëïêëçñþìáôïò,

åðåéäÞ ï áñéèìçôÞò êáé ï ðáñïíïìáóôÞò åßíáé ôïõ ßäéïõ âáèìïý, ãéá åõêïëßá

ôñïðïðïéåßôáé êáôÜëëçëá ï áñéèìçôÞò þóôå íá äçìéïõñãçèåß ï ðáñïíïìáóôÞò,

äçëáäÞ

1 + x2

1− x2
=
−1 + 1 + 1 + x2

1− x2
=
−
(
1− x2

)
+ 2

1− x2

=
−
(
1− x2

)
1− x2

+
2

1− x2
= −1 + 2

1− x2
:

20ÂëÝðå ÌÜèçìá Áüñéóôï ÏëïêëÞñùìá - ÏëïêëÞñùóç ñçôþí óõíáñôÞóåùí.
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ÅðïìÝíùò óýìöùíá ìå ôçí (11:7:1− 2) åßíáé

L =

1
2∫

0

1 + x2

1− x2
dx =

1
2∫

0

(−1) dx+

1
2∫

0

2

1− x2
dx = −x

∣∣∣∣∣∣∣
1
2

0

+

1
2∫

0

2

1− x2
dx

= −1

2
+ 2

1
2∫

0

2

1− x2
dx: (11.7.1 - 3)

Ôï ïëïêëÞñùìá ôïõ äåîéïý ìÝëïõò åßíáé ç ðåñßðôùóç ïëïêëÞñùóçò ñçôÞò

óõíÜñôçóçò üðïõ ï âáèìüò ôïõ áñéèìçôÞ åßíáé ìéêñüôåñïò áðü ôïí âáèìü ôïõ

ðáñïíïìáóôÞ êáé õðïëïãßæåôáé áíáëýïíôáò ôç ñçôÞ óõíÜñôçóç óå Üèñïéóìá

áðëþí êëáóìÜôùí ùò åîÞò:

1

1− x2
=

1

(1− x)(1 + x)
=

A

1− x
+

B

1 + x
;

ïðüôå ðïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ìå (1− x)(1 + x) ðñïêýðôåé

1 = A(1 + x) +B(1− x); äçëáäÞ (A−B)x+A+B = 1

ðïõ ãéá íá éó÷ýåé ãéá êÜèå x ∈ R ðñÝðåé

A − B = 0

A + B = 1;
ïðüôå A =

1

2
êáé B =

1

2
:
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Ôüôå óýìöùíá êáé ìå ôçí (11:7:1− 3) Ý÷ïõìå

L = −1

2
+ 2

1
2∫

0

dx

1− x2
= −1

2
+ 2

1
2∫

0

(
1

2

1

1− x
+

1

2

1

1 + x

)
dx

= −1

2
+

1
2∫

0

dx

1− x
+

1
2∫

0

dx

1 + x

= −1

2
+

1
2∫

0

−(1− x)′dx
1− x

+

1
2∫

0

(1 + x)′dx

1 + x

= − 1

2
− ln |1− x|

∣∣∣∣ 1
2

0

+ ln |1 + x|

∣∣∣∣∣
1
2

0

= −1

2
−
[
ln

(
1− 1

2

)
− ln 1

]
+

[
ln

(
1 +

1

2

)
− ln 1

]

= −1

2
− ln

(
1

2

)
+ ln

(
3

2

)
= −1

2
− (− ln 2) + ln 3− ln 2

= −1

2
+ ln 3 ≈ 0:598 612 3:

Ç åîßóùóç ôçò êáìðýëçò åßíáé ôçò ìïñöÞò x = f(y)

Ôüôå ôï ìÞêïò õðïëïãßæåôáé ùò åîÞò:

Ïñéóìüò 11.7.1 - 2 (ìÞêïò êáìðýëçò). ¸óôù üôé ç óõíÜñôçóç f(y) | [ã; ä]
åßíáé ðáñáãùãßóéìç ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå y ∈ [ã; ä]. Ôüôå ôï ìÞêïò

L ôçò êáìðýëçò ðïõ ïñßæåé ç x = f(y) áðü ôï óçìåßï C(ã; f(ã)) Ýùò êáé ôï

óçìåßï D(ä; f(ä)) (Ó÷. 11.7.3 - 3) äßíåôáé áðü ôïí ôýðï

L =

ä∫
ã

√
1 + [f ′(y)]2 dy =

ä∫
ã

√
1 +

[
df(y)

dy

]2
dy: (11.7.1 - 4)
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∆
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Ó÷Þìá 11.7.1 - 5: Ôï ôüîï CD ôçò êáìðýëçò y = f(x).

ÐáñÜäåéãìá 11.7.1 - 4

Íá õðïëïãéóôåß ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 11.7.1 - 6)

x = f(y) =
1

2
y2; üôáí y ∈

[
0;

1

2

]
:

Ëýóç. Åöáñìüæïíôáò ôïí ôýðï (11:7:1− 4) üðïõ

f ′(y) =
1

2
2y = y

Ý÷ïõìå
√

1 + [f ′(y)]2 =
√

1 + y2.

¢ñá

L =

1∫
0

√
1 + y2 dy: (11.7.1 - 5)
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Ó÷Þìá 11.7.1 - 6: Ç êáìðýëç x = 1
2 y

2, üôáí y ∈ [0; 1].

Õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò É =
∫ √

1 + x2 dx

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç äéáäï÷éêÜ Ý÷ïõìå

I =

∫ √
1 + x2 dx = x

√
1 + x2 −

∫
x
(√

1 + x2
)′
dx

= x
√

1 + x2 −
∫
x
[(
1 + x2

) 1
2

]′
dx

= x
√

1 + x2 −
∫
x

[
1

2

2x

(1 + x2)
1
2

]
dx

= x
√

1 + x2 −
∫ x2+1−1︷︸︸︷

x2√
1 + x2

dx

= x
√

1 + x2 − I +
∫
dx
√

1 + x2 ;

ïðüôå

2I = x
√

1 + x2 +

∫
dx
√

1 + x2 = x
√

1 + x2 + sinh−1 x
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êáé ôåëéêÜ∫ √
1 + x2 dx =

1

2

(
x
√

1 + x2 + sinh−1 x
)
: (11.7.1 - 6)

Óýìöùíá ìå ôçí (11:7:1 − 6) ôüôå ðñïêýðôåé üôé ôï ìÞêïò ôçò êáìðýëçò

óôçí (11:7:1− 5) åßíáé

L =
1

2

(
y
√

1 + y2 + sinh1 y
)∣∣∣∣ 1

0

=
1

2

(√
2 + sinh−1 1

)
≈ 1:147 794:

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï ìÞêïò ôïõ ôüîïõ ôçò:

i) çìéêõâéêÞò ðáñáâïëÞò y2 = x3 áðü ôçí áñ÷Þ ôùí óõíôåôáãìÝíùí ìÝ÷ñé

ôï óçìåßï x = 4,

ii) ðáñáâïëÞò y = 2x1=2 áðü ôï óçìåßï x = 0 ìÝ÷ñé ôï x = 1,

iii) êáìðýëçò y = lnx áðü ôï óçìåßï x =
√
3 ìÝ÷ñé ôï x =

√
2,

iv) êáìðýëçò x = − ln cos y, üôáí y ∈ [0; �=3],

v) êáìðýëçò x = y2=4 − (ln y)=2 áðü ôï óçìåßï y = 1 ìÝ÷ñé ôï y = e.

2. ¼ìïéá ôï ìÞêïò ôïõ êëåéóôïý ôìÞìáôïò ôçò êáìðýëçò

9ay2 = x(x− 3a)2 ìå a > 0:

11.7.2 ÐáñáìåôñéêÞ åîßóùóç

¼ôáí ç åîßóùóç ôçò êáìðýëçò ïñßæåôáé ðáñáìåôñéêÜ, ôï ìÞêïò ôçò õðïëïãßæåôáé

ùò åîÞò:

Ïñéóìüò 11.7.2 - 1 (ìÞêïò êáìðýëçò ðáñáìåôñéêÞ åîßóùóç). ¸óôù üôé

ç åîßóùóç ôçò êáìðýëçò Ý÷åé ôçí ðáñáìåôñéêÞ ìïñöÞ

y = y(t) êáé x = x(t) ãéá êÜèå t ∈ [t0; t1] :
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Ó÷Þìá 11.7.2 - 1: ÐáñÜäåéãìá 11.7.2 - 1: ç êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

x = x(t) = 1
3(2t + 1)3=2, y = y(t) = t2

2 + 1, üôáí t ∈ [0; 3] (á = x(0); â =

x(3)).

Ôüôå ôï ìÞêïò L ôçò êáìðýëçò óôï äéÜóôçìá [t0; t1] äßíåôáé áðü ôïí ôýðï

L =

t1∫
t0

√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
d t: (11.7.2 - 1)

ÐáñÜäåéãìá 11.7.2 - 1

Íá õðïëïãéóôåß ôï ìÞêïò ôçò êáìðýëçò (Ó÷. 11.7.2 - 1) ìå ðáñáìåôñéêÞ

åîßóùóç

x = x(t) =
1

3
(2t+ 1)3=2; y = y(t) =

t2

2
+ 1; üôáí t ∈ [0; 3]:

Ëýóç. Áñ÷éêÜ åßíáé

d x(t)

d t
=

1

3

3

2
(2t+ 1)

3
2
−1(2t+ 1)′ =

1

2
(2t+ 1)1=2 · 2 = (2t+ 1)1=2

d y(t)

d t
= t:
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ÅðåéäÞ åßíáé t0 = 0 êáé t1 = 3, åöáñìüæïíôáò ôïí ôýðï (11:7:2−1) Ý÷ïõìå√[
d x(t)

d t

]2
+

[
d y(t)

d t

]2
=
√

(2t+ 1) + t2 =
√

(t+ 1)2 = t+ 1:

¢ñá óýìöùíá ìå ôçí (11:7:2− 1) åßíáé

L =

3∫
0

(t+ 1) d t =
t2

2
+ t

∣∣∣∣ 3
0

=
9

2
+ 3 =

15

2
:

Ï õðïëïãéóìüò ôïõ ìÞêïõò ôçò êáìðýëçò ìå ôï MATHEMATICA Ýãéíå

ìå ôéò åíôïëÝò

Ðñüãñáììá 11.7.2 - 1 (ìÞêïò êáìðýëçò ðáñáìåôñéêÞ åîßóùóç)

x[t_] := ((2 t + 1)^(3/2))/3

y[t_] := t^2/2 + 1

length1 = Simplify[Sqrt[D[x[t], t]^2 + D[y[t], t]^2], t > 0];

Print["Integrable function : ", length1]

Print["Length = ", Integrate[length1, {t, 0, 3}]]

¢óêçóç

Áí a > 0, íá õðïëïãéóôåß ôï ìÞêïò ôïõ ôüîïõ ôçò êáìðýëçò ìå åîßóùóç

i) x = a(cos t+t sin t), y = a(sin t−t cos t), üôáí t ∈ [0; 4�] (Ó÷. 11.7.3

- 3a),

ii) x = a(2 cos t − cos 2t), y = a(2 sin t − sin 2t), üôáí t ∈ [0; 2�]

(Ó÷. 11.7.3 - 3b).

ÁðáíôÞóåéò

i) ÏëïêëçñùôÝá óõíÜñôçóç ó÷Ýóçò (11:7:2− 1): at, ìÞêïò L = 8�2a,

ii) ¼ìïéá: 2a
√
2− 2 cos t üðïõ 2a

∫ √
2− 2 cos t d t = −4a

√
2− 2 cos t cot t

2
, ìÞêïò

L = 16a.



ÌÞêïò ôüîïõ êáìðýëçò 471

æ

æ

-10 -5 5
xHtL

-10

-5

5

yHtL

(a)

ææ

-3 -2 -1 1
xHtL

-2

-1

1

2

yHtL

(b)

Ó÷Þìá 11.7.2 - 2: ¢óêçóç ÐáñáãñÜöïõ 11.7.2, üôáí a = 1: (a) x = cos t+

t sin t, y = sin t − t cos t, üôáí t ∈ [0; 4�]. (b) x = 2 cos t − cos 2t,

y = 2 sin t− sin 2t, üôáí t ∈ [0; 2�] (êëåéóôÞ êáìðýëç).

11.7.3 ÐïëéêÝò óõíôåôáãìÝíåò

¼ôáí ç åîßóùóç ôçò êáìðýëçò ïñßæåôáé óå ðïëéêÝò óõíôåôáãìÝíåò, ôï ìÞêïò

ôçò õðïëïãßæåôáé ùò åîÞò:

Ïñéóìüò 11.7.3 - 1 (ìÞêïò êáìðýëçò ðïëéêÝò óõíôåôáãìÝíåò). ¸óôù

üôé ç åîßóùóç ôçò êáìðýëçò óå ðïëéêÝò óõíôåôáãìÝíåò åßíáé ôçò ìïñöÞò

r = r(�); üôáí � ∈ [�1; �2] ;

üðïõ �1 êáé �2 åßíáé ïé ôéìÝò ôçò ðïëéêÞò ãùíßáò óôá Üêñá óçìåßá ôïõ ôüîïõ

ôçò êáìðýëçò. Ôüôå ôï ìÞêïò L ôçò êáìðýëçò óôï ôüîï [�1; �2] äßíåôáé áðü

ôïí ôýðï

L =

�2∫
�1

√
r2 +

(
dr

d�

)2

d�: (11.7.3 - 1)

ÐáñÜäåéãìá 11.7.3 - 1

Æçôåßôáé ôï ìÞêïò ôçò êáìðýëçò ìå åîßóùóç (Ó÷. 11.7.3 - 1)

r = a sin3
�

3
; üôáí � ∈ [0; 3�]:
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Ó÷Þìá 11.7.3 - 1: ÐáñÜäåéãìá 11.7.3 - 1: ôï ôüîï ôçò êëåéóôÞò êáìðýëçò

r = a sin3 �
3 , üôáí � ∈ [0; 3�] êáé OA = a = 1.

Ëýóç. Åßíáé
dr

d�
= a sin2

�

3
cos

�

3
;

ïðüôå óýìöùíá ìå ôïí ôýðï (11:7:3 − 1) ôï óõíïëéêü ìÞêïò ôïõ ôüîïõ ôçò

êáìðýëçò åßíáé

L =

3�∫
0

√
a2 sin6

�

3
+ a2 sin4

�

3
cos2

�

3
d�

= a

3�∫
0

sin2
�

3
d� =

[
a

(
�

2
− 3

4
sin

2�

3

)] 3�

0

=
3a�

2
:

Ï õðïëïãéóìüò ôïõ ìÞêïõò ôçò êáìðýëçò êáé ç ãñáöéêÞ ðáñÜóôáóç ìå ôï

MATHEMATICA Ýãéíå ìå ôéò åíôïëÝò

Ðñüãñáììá 11.7.3 - 1 (ìÞêïò êáìðýëçò ìå ðïëéêÝò óõíôåôáãìÝíåò)

r[x_] := a (Sin[x/3])^3

length1 = Simplify[Sqrt[(r[x])^2 + (D[r[x], x])^2], {a > 0, x > 0}];

Print["Integrable function : ", length1]
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Print["Length = ", Integrate[length1, {x, 0, 3 Pi}]]

r[x_] := a (Sin[x/3])^3

data2 = {{0, 0}};

f1 = PolarPlot[r[x], {x, 0, 3 Pi}, AxesOrigin -> {0, 0},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 12},

AxesLabel -> {"\[Theta]", "r(\[Theta])"},

PlotStyle -> {Blue, Thickness[0.004]}];

f2 = ListPlot[data2, PlotStyle -> Red, PlotMarkers -> "\!\(\*

StyleBox[\"\[FilledCircle]\",\nFontSize->9]\)", Axes -> False];

f3 = Show[{Graphics[Text[O, {0.05, -0.05}]],

Graphics[Text[A, {0.05, -1.05}]]}];

fgr = Show[f1, f2, f3]

ÐáñÜäåéãìá 11.7.3 - 2

¼ìïéá ôï ìÞêïò ôçò Ýëéêáò ôïõ Áñ÷éìÞäç (Archimedes' spiral) ìå åîßóùóç

(Ó÷. 11.7.3 - 2)

r = a�; üôáí � ∈ [0; 2�]:

Ëýóç. Åßíáé
dr

d�
= a;

ïðüôå óýìöùíá ìå ôïí ôýðï (11:7:3 − 1) ôï óõíïëéêü ìÞêïò ôïõ ôüîïõ ôçò

Ýëéêáò, üôáí � ∈ [0; 2�], åßíáé

L =

2�∫
0

√
a2�2 + a2 d� = a

2�∫
0

√
1 + �2 d�

=
1

2
a
(
2�
√

1 + 4�2 + sinh−1 2�
)
≈ 21:256 290 a;

åðåéäÞ åßíáé ãíùóôü áðü ôçí (11:7:1− 6) üôé∫ √
1 + x2 dx =

1

2

(
x
√

1 + x2 + sinh−1 x
)
:
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Ó÷Þìá 11.7.3 - 2: ÐáñÜäåéãìá 11.7.3 - 2: ç Ýëéêá ôïõ Áñ÷éìÞäç, üôáí:

� ∈ [0; 2�] (1ç ðåñéóôñïöÞ êüêêéíç êáìðýëç), � ∈ [2�; 4�] (2ç ìðëå êáìðýëç),

� ∈ [4�; 6�] (3ç êáöÝ êáìðýëç) êáé a = 1.

¢óêçóç

1. Íá õðïëïãéóôåß ôï óõíïëéêü ìÞêïò ôçò êáñäéïåéäïýò êáìðýëçò

r = a(1 + cos �) ìå a > 0:

2. ¼ìïéá ôï ìÞêïò ôçò õðåñâïëéêÞò óðåéñïåéäïýò ìå åîßóùóç

r� = 1; üôáí � ∈
[�
3
; 5�
]
:

ÁðáíôÞóåéò

i) Óýìöùíá ìå ôç ó÷Ýóç (11:7:3− 1) ôï ìÞêïò L åßíáé

L =
√
2 a

2�∫
0

√
1 + cos � d� =

√
2 a

√
1 + cos � tan

�

2

∣∣∣∣ 2�
0

= 8a;

ii) ¼ìïéá åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç óôï áíôßóôïé÷ï áüñéóôï ïëïêëÞñùìá ìå

√
1 + x2

x2
=

(
− 1

x

)′ √
1 + x2
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(b)

Ó÷Þìá 11.7.3 - 3: ¢óêçóç ÐáñáãñÜöïõ 11.7.3, üôáí: (a) (i) � ∈ [0; 2�] êáé

a = 1 êáñäéïåéäÞò êáìðýëç, (b) (ii) � ∈ [�=3; 5�] õðåñâïëéêÞ óðåéñïåéäÞò.

ôåëéêÜ Ý÷ïõìå üôé

L =

5�∫
�=3

√
1 + x2

x2
dx =

[
−
√
1 + x2

x
+ sinh−1 x

] 5�

�=3

≈ 2:914 657:

11.8 ¼ãêïò óôåñåþí áðü ðåñéóôñïöÞ

21

11.8.1 Ïñèïãþíéåò óõíôåôáãìÝíåò

Ïñéóìüò 11.8.1 - 1. ¸óôù üôé ç óõíÜñôçóç f | [á; â ] åßíáé ðáñáãùãßóéìç
ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â ]. Ôüôå ï üãêïò ôïõ óôåñåïý ðïõ

ðñïêýðôåé áðü ôçí ðåñéóôñïöÞ ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé

áðü ôï ôüîï ôïõ äéáãñÜììáôïò ôçò f(x), üôáí x ∈ [á; â ], ôéò åõèåßåò x = á

êáé x = â ãýñù áðü ôïí

• x-Üîïíá (Ó÷. 11.8.1 - 1a), áíôßóôïé÷á ôïí

• y-Üîïíá (Ó÷. 11.8.1 - 1b)

21ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Solid of revolution
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äßíåôáé áðü ôïí ôýðï

Vx = �

â∫
á

f2(x) dx; áíôßóôïé÷á (11.8.1 - 1)

Vy = 2�

â∫
á

xf(x) dx: (11.8.1 - 2)

ΒΑ

A

A
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B
¢

fHxL
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(a)
ΒΑ
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¢
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fHxL

-3 -2 -1 1 2 3
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1.0

1.5

2.0

fHxL

(b)

Ó÷Þìá 11.8.1 - 1: Ïñéóìüò 11.8.1 - 1: (a) ï x-Üîïíáò ðåñéóôñïöÞò êáé (b) ï

y-Üîïíáò.

Óôçí ðåñßðôùóç ðïõ ôï äéÜãñáììá ôçò óõíÜñôçóçò åêöñÜæåôáé óôç ìïñöÞ

x = g(y), ï Ïñéóìüò 11.8.1 - 1 ãñÜöåôáé ùò åîÞò:

Ïñéóìüò 11.8.1 - 2. ¸óôù üôé ç óõíÜñôçóç g | [ã; ä ] åßíáé ðáñáãùãßóéìç
ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå y ∈ [ã; ä ]. Ôüôå ï üãêïò ôïõ óôåñåïý ðïõ

ðñïêýðôåé áðü ôçí ðåñéóôñïöÞ ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé

áðü ôï ôüîï ôïõ äéáãñÜììáôïò ôçò g(y), üôáí y ∈ [ã; ä ], ôéò åõèåßåò y = ã

êáé y = ä ãýñù áðü ôïí

• y-Üîïíá, áíôßóôïé÷á ôïí

• x-Üîïíá (Ó÷. 11.8.1 - 1b)
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äßíåôáé áðü ôïí ôýðï

Vy = �

ä∫
ã

g2(y) dy; áíôßóôïé÷á (11.8.1 - 3)

Vx = 2�

ä∫
ã

y g(y) dy: (11.8.1 - 4)

Ïé (11:8:1−3), áíôßóôïé÷á (11:8:1−4) ðñïêýðôïõí óôçí ðåñßðôùóç áõôÞ áðü

ôçí (11:8:1− 1), áíôßóôïé÷á (11:8:1− 2) ìå åíáëëáãÞ ôùí óõíôåôáãìÝíùí x

êáé y.

ÐáñÜäåéãìá 11.8.1 - 1

Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ôçò

çìéôïíïåéäïýò êáìðýëçò

y = sinx; üôáí 0 ≤ x ≤ �;

ùò ðñïò ôïí

i) x-Üîïíá (Ó÷. 11.8.1 - 2),

ii) y-Üîïíá (Ó÷. 11.8.1 - 3).

Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå:

i) ôýðïò (11:8:1− 1)

Vx = �

�∫
0

sin2 x dx =
�2

2
; êáé

ii) ôýðïò (11:8:1− 2)

Vy = 2�

�∫
0

x sinx dx = 2� [−x cosx+ sinx ]�0 = 2�2:



478 ÅöáñìïãÝò ïñéóìÝíïõ ïëïêëçñþìáôïò Êáè. Á. ÌðñÜôóïò

fHxL
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y

(a) (b)

Ó÷Þìá 11.8.1 - 2: ÐáñÜäåéãìá 11.8.1 - 1: (a) ç óõíÜñôçóç y = sinx, üôáí

x ∈ [0; �] (ìðëå óõíå÷Þò êáìðýëç) êáé ç óõììåôñéêÞ ôçò (ìðëå äéáêåêïììÝíç)

ùò ðñïò ôïí x-Üîïíá ðåñéóôñïöÞò. (b) Ôï óôåñåü åê ðåñéóôñïöÞò.

ÐáñÜäåéãìá 11.8.1 - 2

Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ôçò

êáìðýëçò

y = 1−
√
x; üôáí 0 ≤ x ≤ 2;

ùò ðñïò ôïí

i) x-Üîïíá (Ó÷. 11.8.1 - 4),

ii) y-Üîïíá (Ó÷. 11.8.1 - 5).

Ëýóç. ¼ìïéá Ý÷ïõìå:

i) ôýðïò (11:8:1− 1)

Vx = �

�∫
0

(
1−
√
x
)2
dx = �

[
x− 4x3=2

3
+
x2

2

] 2

0

≈ 0:718 683 ; êáé

ii) ôýðïò (11:8:1− 2) ìå xf(x) ≤ 0, üôáí x ∈ [1; 2]

Vy = 2�

1∫
0

x
(
1−
√
x
)
dx− 2�

2∫
1

x
(
1−
√
x
)
dx

= 2�

[
x2

2
− 2x5=2

5

] 1

0

− 2�

[
x2

2
− 2x5=2

5

] 2

1

≈ 2:907 492:
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sin x

(a) (b)

Ó÷Þìá 11.8.1 - 3: ÐáñÜäåéãìá 11.8.1 - 1: (a) ç óõíÜñôçóç y = sinx,

üôáí x ∈ [0; �] (êüêêéíç óõíå÷Þò êáìðýëç) êáé ç óõììåôñéêÞ ôçò (êüêêéíç

äéáêåêïììÝíç) ùò ðñïò ôïí y-Üîïíá ðåñéóôñïöÞò. (b) Ôï óôåñåü åê

ðåñéóôñïöÞò.

Ãåíßêåõóç Ïñéóìïý 11.8.1 - 1

Ïñéóìüò 11.8.1 - 3. ¸óôù üôé ïé óõíáñôÞóåéò f; g | [á; â ] åßíáé ðáñáãùãßóé-
ìåò ìå óõíå÷åßò ðáñáãþãïõò ãéá êÜèå x ∈ [á; â ]. Ôüôå ï üãêïò ôïõ óôåñåïý

ðïõ ðñïêýðôåé áðü ôçí ðåñéóôñïöÞ ôïõ êáìðõëüãñáììïõ ôñáðåæßïõ ðïõ ïñßæåôáé

áðü ôï ôüîï ôïõ äéáãñÜììáôïò ôçò f(x)− g(x), üôáí x ∈ [á; â ], ôéò åõèåßåò

x = á êáé x = â ãýñù áðü ôïí

• x-Üîïíá (Ó÷. 11.8.1 - 6), áíôßóôïé÷á ôïí

• y-Üîïíá

äßíåôáé áðü ôïí ôýðï

Vx = �

â∫
á

∣∣f2(x)− g2(x)∣∣ dx; áíôßóôïé÷á (11.8.1 - 5)

Vy = 2�

â∫
á

x |f(x)− g(x)| dx: (11.8.1 - 6)
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fHxL
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Ó÷Þìá 11.8.1 - 4: ÐáñÜäåéãìá 11.8.1 - 1: (a) ç óõíÜñôçóç y = 1−
√
x, üôáí

x ∈ [0; 2] (ìðëå óõíå÷Þò êáìðýëç) êáé ç óõììåôñéêÞ ôçò (ìðëå äéáêåêïììÝíç)

ùò ðñïò ôïí x-Üîïíá ðåñéóôñïöÞò. (b) Ôï óôåñåü åê ðåñéóôñïöÞò.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý, ðïõ ó÷çìáôßæåôáé

i) áðü ðåñéóôñïöÞ ãýñù áðü ôïí Üîïíá ôùí x, ôçò ðåñéï÷Þò ðïõ ðåñéâÜëëåôáé

áðü ôïí Üîïíá ôùí x êáé ôçí ðáñáâïëÞ y = ax− x2 ìå a > 0,

ii) áðü ôïí Üîïíá ôùí x, ôçò ðåñéï÷Þò ðïõ ðåñéâÜëëåôáé áðü ôçí êáìðýëç

y = a cosh(x=a), ôïí Üîïíá x êáé ôéò åõèåßåò x = ±a ìå a > 0,

iii) áðü ðåñéóôñïöÞ ãýñù áðü ôïí Üîïíá ôùí x, ôçò ðåñéï÷Þò ðïõ ðåñéâÜëëåôáé

áðü ôçí çìéêõâéêÞ ðáñáâïëÞ y2 = x3, ôïí Üîïíá ôùí x êáé ôçí åõèåßá

x = 1.

2. Íá õðïëïãéóôïýí ïé üãêïé ôùí óôåñåþí, ðïõ ó÷çìáôßæïíôáé áðü ðåñéóôñïöÞ

ôçò ðåñéï÷Þò, ðïõ ðåñéâÜëëåôáé áðü ôéò ãñáììÝò y = ex, x = 0 êáé y = 0 ãýñù

áðü ôïí Üîïíá ôùí (i) x êáé (ii) y.

3. Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý åê ðåñéóôñïöÞò ãýñù áðü ôçí åõèåßá

x = a êáé ôïõ ôìÞìáôïò ôçò ðáñáâïëÞò y2 = 4ax ìå a > 0, ðïõ ôÝìíåôáé áðü

ôçí ðáñáðÜíù åõèåßá.



¼ãêïò óôåñåþí áðü ðåñéóôñïöÞ 481
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Ó÷Þìá 11.8.1 - 5: ÐáñÜäåéãìá 11.8.1 - 1: (a) ç óõíÜñôçóç y = 1 −
√
x, üôáí x ∈ [0; 2] (êüêêéíç óõíå÷Þò êáìðýëç) êáé ç óõììåôñéêÞ ôçò

(êüêêéíç äéáêåêïììÝíç) ùò ðñïò ôïí y-Üîïíá ðåñéóôñïöÞò. (b) Ôï óôåñåü

åê ðåñéóôñïöÞò.

4. ¼ìïéá ï üãêïò ôïõ óôåñåïý åê ðåñéóôñïöÞò ãýñù áðü ôïí Üîïíá ôùí x

êáé ôçò ðåñéï÷Þò ðïõ ðåñéÝ÷åôáé ìåôáîý ôùí ðáñáâïëþí y = x2 êáé y =
√
x.

ÁðáíôÞóåéò

1. i) Vx = �
1∫
0

(
x− x2

)2
dx = �

30
: ii) Ëüãù óõììåôñßáò Vx = �

1∫
0

cosh2 x dx = �(1 +

sin 1 cos 1): iii) Ëüãù óõììåôñßáò Vx = �
1∫
0

x3 dx = �
4
:

2. x-Üîïíáò: Vx = �
1∫
0

e2x dx = �
2

(
e2 − 1

)
, y-Üîïíáò: Vy = 2�

1∫
0

xex dx = �.

ÁíÜëïãá ïé ÁóêÞóåéò 3, 4.

11.8.2 ÐáñáìåôñéêÞ åîßóùóç

Ïñéóìüò 11.8.2 - 1. ¸óôù ç óõíÜñôçóç f | [á; â ] ìå ðáñáìåôñéêÞ åîßóùóç

ôçò ìïñöÞò

x = x(t) êáé y = y(t); üôáí t ∈ [t0; t1] ;

üðïõ y(t) ≥ 0, åíþ ïé y(t) êáé x′(t) åßíáé óõíå÷åßò ãéá êÜèå t ∈ [t0; t1]. Ôüôå

ï üãêïò ôïõ óôåñåïý ðïõ ðñïêýðôåé áðü ôçí ðåñéóôñïöÞ ôçò êáìðýëçò ãýñù

áðü ôïí
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Ó÷Þìá 11.8.1 - 6: Ïñéóìüò 11.8.1 - 3 ìå ôïí x-Üîïíáò ðåñéóôñïöÞò.

i) x-Üîïíá (Ó÷. 11.8.2 - 1a) åßíáé

Vx = �

t1∫
t0

y(t)
∣∣x′(t)∣∣ d t; êáé (11.8.2 - 1)

ii) y-Üîïíá (Ó÷. 11.8.2 - 1b) åßíáé

Vy = 2�

t1∫
t0

x(t) y(t)
∣∣x′(t)∣∣ d t: (11.8.2 - 2)

ÐáñÜäåéãìá 11.8.2 - 1

Íá õðïëïãéóôåß ï üãêïò ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ôçò ðåñéöÝñåéáò ìå

ðáñáìåôñéêÞ åîßóùóç

x(t) = a+ r cos t êáé y(t) = b+ r sin t;

äçëáäÞ êÝíôñïõ K(a; b) êáé áêôßíáò r, ãýñù áðü ôïí

i) x- Üîïíá, üôáí t ∈ [0; �] (Ó÷. 11.8.2 - 2a), êáé
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Βt Α

M

1 2 3 4
xHtL

0.5

1.0

1.5

2.0

2.5

3.0

yHtL

(a)
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(b)

Ó÷Þìá 11.8.2 - 1: Ïñéóìüò 11.8.2 - 1: (a) ðåñéóôñïöÞ ãýñù áðü ôïí x-Üîïíá

(ðñÜóéíç åõèåßá) êáé (b) y-Üîïíá.

i) y- Üîïíá, üôáí t ∈ [0; 2�] (Ó÷. 11.8.2 - 3a).

Ëýóç.

i) Óýìöùíá ìå ôïí ôýðï (11:8:2− 1) Ý÷ïõìå

Vx = �

�∫
0

y(t)
∣∣x′(t)∣∣ dt = �r

�∫
0

sin t(b+ r sin t) d�

= −�r
4

[4b cos t+ r(−2t+ sin 2t)]�0 =
1

2
�r(4b+ �r):

ii) ÁíÜëïãá ìå ôïí ôýðï (11:8:2− 2) Ý÷ïõìå

Vy = 2�

2�∫
0

x(t)y(t)
∣∣x′(t)∣∣ dt

= −2�r
2�∫
0

sin t(b+ r sin t)(a+ r sin t) d�

=
�r

6
[12ab cos t+ r(−6at+ 3b cos 2t3r sin t

+3a sin 2t+ r sin 3t)] 2�0 = 2a�2r2:

Ôï Ó÷. 11.8.2 - 2b, áíôßóôïé÷á ôï Ó÷. 11.8.2 - 3b ãßíïíôáé ìå ôéò

ðáñáêÜôù åíôïëÝò ôïõ MATHEMATICA:
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(a) (b)

Ó÷Þìá 11.8.2 - 2: ÐáñÜäåéãìá 11.8.2 - 1: (a) ôï Üíù ìÝñïò ôçò ðåñéöÝñåéáò

x(t) = 2 + cos t êáé y(t) = 1 + sin t, üôáí � ∈ [0; �=4] ìðëå êáìðýëç (a = 2,

b = 1 êáé r = 1). (b) Ôï óôåñåü åê ðåñéóôñïöÞò ãýñù áðü ôïí x-Üîïíá -

ðñÜóéíç åõèåßá óå ó÷Þìá (a).

Ðñüãñáììá 11.8.2 - 1 (óôåñåü åê ðåñéóôñïöÞò)

x[t_] := 2 + Cos[t]; y[t_] := 1 + Sin[t]

RevolutionPlot3D[{x[t], y[t]}, {t, 0, Pi}, Boxed -> False,

RevolutionAxis -> {1, 0}, AxesLabel -> {"x", "y", "z"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 16}]

áíôßóôïé÷á

x[t_] := 2 + Cos[t]; y[t_] := 1 + Sin[t]

RevolutionPlot3D[{x[t], y[t]}, {t, 0, Pi}, Boxed -> False,

RevolutionAxis -> {0, 1}, AxesLabel -> {"x", "y", "z"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 16}]
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(a) (b)

Ó÷Þìá 11.8.2 - 3: ÐáñÜäåéãìá 11.8.2 - 1: (a) ç ðåñéöÝñåéá x(t) = 2+cos t êáé

y(t) = 1 + sin t, üôáí � ∈ [0; 2�] ìðëå êáìðýëç (a = 2, b = 1 êáé r = 1). (b)

Ôï óôåñåü åê ðåñéóôñïöÞò ãýñù áðü ôïí y-Üîïíá - ðñÜóéíç åõèåßá óå ó÷Þìá

(a).

ÁóêÞóåéò

1. ¸óôù ç êõêëïåéäÞò êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

x(t) = a(t− sin t) êáé y(t) = a(1− cos t); üôáí t ∈ [0; 2�]:

Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý áðü ðåñéóôñïöÞ ôçò ãýñù áðü ôïí

i) x- Üîïíá (Ó÷. 11.8.2 - 4), êáé

i) y- Üîïíá, (Ó÷. 11.8.2 - 5).

2. ¸óôù ç áóôåñïåéäÞò êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

x(t) = a cos3 t êáé y(t) = b sin3 t; üôáí t ∈ [0; 2�] êáé a; b > 0:

Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý áðü ðåñéóôñïöÞ ôçò ãýñù áðü ôïí

i) x- Üîïíá (Ó÷. 11.8.2 - 6), êáé

i) y- Üîïíá, (Ó÷. 11.8.2 - 7).
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(a) (b)

Ó÷Þìá 11.8.2 - 4: ¢óêçóç 1i ÐáñáãñÜöïõ 11.8.2: (a) ç êõêëïåéäÞò x(t) =

a(t− sin t) êáé y(t) = a(1− cos t), üôáí � ∈ [0; 2�] ìðëå êáìðýëç (a = 1). (b)

Ôï óôåñåü åê ðåñéóôñïöÞò ãýñù áðü ôïí x-Üîïíá - ðñÜóéíç åõèåßá óå ó÷Þìá

(a).

ÁðáíôÞóåéò

1. i) Óýìöùíá ìå ôïí ôýðï (11:8:2− 1) Ý÷ïõìå

Vx = �

2�∫
0

y(t)
∣∣x′(t)

∣∣ d t = �a2
2�∫
0

(cos t− 1)2 d t

=
1

4
�a2 [6t− 8 sin t+ sin 2t] 2�0 = 3�2a2:

ii) ¼ìïéá ìå ôïí ôýðï (11:8:2− 2) Ý÷ïõìå

Vy = 2�

2�∫
0

x(t)y(t)
∣∣x′(t)

∣∣ d t = 2�a3
2�∫
0

(cos t− 1)2 (t− sin t) d t

=
1

12
�a3 [−18 cos t− 9 cos 2t− 24 sin t

+2
(
9t2 + cos 3t

)
+ 3t sin 2t

] 2�

0
= 6�3a3:

2. i) Ëüãù óõììåôñßáò áñêåß íá õðïëïãéóôåß, üôáí t ∈ [0; �]. Óýìöùíá ìå ôïí ôýðï

(11:8:2− 1) Ý÷ïõìå

Vx = �

�∫
0

y(t)
∣∣x′(t)

∣∣ d t = 3�ab

�∫
0

cos2 t sin4 t d t

=
1

64
�ab [12t− 3 sin 2t− 3 sin 4t+ sin 6t]�0 =

3

16
�2ab:
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t

M

1 2 3 4 5 6
xHtL

0.5

1.0

1.5

2.0

yHtL

(a) (b)

Ó÷Þìá 11.8.2 - 5: ¢óêçóç 1ii ÐáñáãñÜöïõ 11.8.2: (a) üìïéá ç êõêëïåéäÞò

x(t) = a(t − sin t) êáé y(t) = a(1 − cos t), üôáí � ∈ [0; 2�] ìðëå êáìðýëç

(a = 1). (b) Ôï óôåñåü åê ðåñéóôñïöÞò ãýñù áðü ôïí y-Üîïíá - ðñÜóéíç

åõèåßá óå ó÷Þìá (a).

ii) ¼ìïéá ëüãù óõììåôñßáò áñêåß áñ÷éêÜ íá õðïëïãéóôåß, üôáí t ∈ [0; �=2], ïðüôå ìå ôïí

ôýðï (11:8:2− 2) Ý÷ïõìå

Ṽy = 2�

�∫
0

x(t)y(t)
∣∣x′(t)

∣∣ d t = 6�a2b

�=2∫
0

cos5 t sin4 t d t

=
1

420
�a2b

[
(249 + 220 cos 2t+ 35 cos 4t+ 35 cos 4t) sin5 t

]�=2
0

=
16

105
� a2b:

¢ñá

Vy = 2Ṽy =
32

105
�a2b:

11.8.3 ÐïëéêÝò óõíôåôáãìÝíåò

Ïñéóìüò 11.8.3 - 1. ¸óôù üôé ç óõíÜñôçóç f | [á; â ] åßíáé ðáñáãùãßóéìç
ìå óõíå÷Þ ðáñÜãùãï ãéá êÜèå x ∈ [á; â ] êáé Ý÷åé åîßóùóç óå ðïëéêÝò óõíôåôáã-

ìÝíåò ôçò ìïñöÞò

r = r(�); üôáí � ∈ [�1; �2] ;

üðïõ �1 êáé �2 åßíáé ïé ôéìÝò ôçò ðïëéêÞò ãùíßáò óôá Üêñá óçìåßá ôïõ ôüîïõ

ôçò êáìðýëçò (Ó÷. 11.8.3 - 1). Ôüôå ï üãêïò ôïõ óôåñåïý ðïõ ðñïêýðôåé

áðü ôçí ðåñéóôñïöÞ ôïõ êõêëéêïý ôüîïõ ìå � ∈ [�1; �2] äßíåôáé áðü ôïí ôýðï

V =
2�

3

�2∫
�1

r3(�) sin � d�: (11.8.3 - 1)
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t

M

-1.0 -0.5 0.5 1.0
xHtL

-1.0

-0.5

0.5

1.0

yHtL

(a) (b)

Ó÷Þìá 11.8.2 - 6: ¢óêçóç 2i ÐáñáãñÜöïõ 11.8.2: (a) ç áóôåñïåéäÞò x(t) =

a cos3 t êáé y(t) = b cos3 t, üôáí � ∈ [0; �] ìðëå óõíå÷Þò, � ∈ [�; 2�] ìðëå

äéáêåêïììÝíç êáìðýëç (a = b = 1). (b) Ôï óôåñåü åê ðåñéóôñïöÞò ãýñù áðü

ôïí x-Üîïíá - ðñÜóéíç åõèåßá óå ó÷Þìá (a).

Óçìåßùóç 11.8.3 - 1

Ï ôýðïò (11:8:3−1) ÷ñçóéìïðïéåßôáé åðßóçò üôáí ðñüêåéôáé ãéá ôïí üãêï áðü

ðåñéóôñïöÞ ãýñù áðü ôïí ðïëéêü Üîïíá ìéáò êëåéóôÞò êáìðýëçò.

ÐáñÜäåéãìá 11.8.3 - 1

Íá õðïëïãéóôåß ï üãêïò ðïõ ó÷çìáôßæåôáé áðü ðåñéóôñïöÞ ôçò êáìðýëçò

r(�) = a sin 2�; üôáí � ∈ [0; �=2]
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t

M

-1.0 -0.5 0.5 1.0
xHtL

-1.0

-0.5

0.5

1.0

yHtL

(a) (b)

Ó÷Þìá 11.8.2 - 7: ¢óêçóç 2i ÐáñáãñÜöïõ 11.8.2: (a) ç áóôåñïåéäÞò x(t) =

a cos3 t êáé y(t) = b cos3 t, üôáí � ∈ [0; �] ìðëå óõíå÷Þò, � ∈ [�; 2�] ìðëå

äéáêåêïììÝíç êáìðýëç (a = b = 1). (b) Ôï Üíù ìÝñïò ôïõ óôåñåïý åê

ðåñéóôñïöÞò ãýñù áðü ôïí y-Üîïíá - ðñÜóéíç åõèåßá óå ó÷Þìá (a).

ãýñù áðü ôïí ðïëéêü Üîïíá.

Ëýóç. Óýìöùíá ìå ôïí ôýðï (11:8:3− 1) Ý÷ïõìå

V =
2

3
�

�=2∫
0

r3(�) sin � d� =
2

3
�a3

�=2∫
0

sin3 2� sin � d�

(sin 2� = 2 sin � cos �)

=
16

3
�a3

�=2∫
0

sin4 � cos3 � d�

=
8

105
�a3

[
(9 + 5 cos 2�) sin5 �

]�=2
0

=
32

105
�a3:

¢óêçóç

Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý åê ðåñéóôñïöÞò ãýñù áðü ôïí ðïëéêü

Üîïíá ôùí êáìðõëþí
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ΒΘ Α

M

1 2 3 4
x

0.5

1.0

1.5

2.0

2.5

3.0

y

Ó÷Þìá 11.8.3 - 1: Ïñéóìüò 11.8.1 - 3 ìå ôïí ðïëéêü Üîïíá ðåñéóôñïöÞò

(ðñÜóéíç åõèåßá).

i) r(�) = a(1 + cos �) - êáñäéïåéäÞò êáìðýëç, üôáí �[0; �], êáé

ii) r(�) = a cos2 �, üôáí �[0; �=2].

ÁðáíôÞóåéò

Óýìöùíá ìå ôïí ôýðï (11:8:3− 1) Ý÷ïõìå

i)

V =
2

3
�

�∫
0

r3(�) sin � d� =
2

3
�a3

�∫
0

(1 + cos �)3 sin � d�

= − 1

48
a3� [(56 cos � + 28 cos 2� + 8 cos 3� + cos 4�]�0 =

8

3
�a3:

ii)

V =
2

3
�

�∫
0

r3(�) sin � d� =
2

3
�a3

�∫
0

cos6 � sin � d�

= − 2

21
a3� cos7 �

∣∣∣∣�=2
0

=
2

21
�a3:
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Θ

M

0.2 0.4 0.6 0.8
x

0.2

0.4

0.6

0.8

y

(a) (b)

Ó÷Þìá 11.8.3 - 2: ÐáñÜäåéãìá 11.8.3 - 1: (a) ç êáìðýëç r(�) = sin 2�, üôáí

� ∈ [0; �=4] ìðëå óõíå÷Þò êáé � ∈ [�=4; �=2] ìðëå äéáêåêïììÝíç. (b) Ôï

óôåñåü åê ðåñéóôñïöÞò ãýñù áðü ôïí ðïëéêü Üîïíá - ðñÜóéíç åõèåßá óå (a).
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ÌÜèçìá 12

ÓÅÉÑÅÓ

12.1 Áêïëïõèßåò áñéèìþí

Êñßíåôáé óêüðéìï íá äïèåß ðåñéëçðôéêÜ ðñéí áðü ôç ìåëÝôç ôùí óåéñþí ç

Ýííïéá ôçò áêïëïõèßáò áñéèìþí. Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç,

ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4].

12.1.1 Ïñéóìüò áêïëïõèßáò

Ïñéóìüò 12.1.1 - 1. ÊÜèå óõíÜñôçóç ôçò ìïñöÞò

a : N −→ Å : � −→ a(�); (12.1.1 - 1)

üðïõ N ôï óýíïëï ôùí öõóéêþí áñéèìþí êáé Å Ýíá ìç êåíü óýíïëï ëÝãåôáé

áêïëïõèßá óôïé÷åßùí ôïõ óõíüëïõ Å.

Óôçí (12:1:1−1) ôá ðñüôõðá, äçëáäÞ ïé öõóéêïß áñéèìïß, ëÝãïíôáé äåßêôåò,
åíþ ïé åéêüíåò ôïõò üñïé ôçò áêïëïõèßáò. Ç Ýêöñáóç a(�) èá óõìâïëßæåôáé

óõíÞèùò óôï åîÞò ìå a� êáé èá ëÝãåôáé ï �-ïóôüò Þ ï ãåíéêüò üñïò ôçò

áêïëïõèßáò, äçëáäÞ

a� = a(�) ãéá êÜèå � ∈ N:

495
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Åðßóçò ìéá áêïëïõèßá èá óõìâïëßæåôáé ìå (a�) ; � ∈ N Þ áíáëõôéêÜ a� ; � =

1; 2; : : :, åíþ èá ÷ñçóéìïðïéåßôáé êáé ï üñïò ç áêïëïõèßá a� ; � ∈ N.
Óôçí åéäéêÞ ðåñßðôùóç ðïõ ôï óýíïëï E ⊆ R, ôüôå ç áêïëïõèßá a� ëÝãåôáé

áêïëïõèßá ôùí ðñáãìáôéêþí áñéèìþí. ¢ñá:

Ïñéóìüò 12.1.1 - 2. Ïñßæåôáé ùò áêïëïõèßá ôùí ðñáãìáôéêþí áñéèìþí

êÜèå ìïíïóÞìáíôç áðåéêüíéóç ôïõ óõíüëïõ N ôùí öõóéêþí áñéèìþí óôï

óýíïëï ôùí ðñáãìáôéêþí áñéèìþí R.

Óôï åîÞò èá åîåôáóôïýí ìüíïí ïé áêïëïõèßåò ôùí ðñáãìáôéêþí áñéèìþí.

¢ìåóç óõíÝðåéá ôïõ Ïñéóìïý 12.1.1 - 2 åßíáé üôé ôï ðåäßï ïñéóìïý êáé

ôéìþí ìéáò áêïëïõèßáò, Ýóôù a� = a(�); � ∈ N, åßíáé äõíáôüí íá èåùñçèåß üôé
åßíáé õðïóýíïëï ôïõ áíôßóôïé÷ïõ ðåäßïõ ïñéóìïý êáé ôéìþí ôçò óõíÜñôçóçò

f(x); x ∈ D ⊆ R, üðùò áõôü öáßíåôáé óôï ðáñáêÜôù ðáñÜäåéãìá:

ÐáñÜäåéãìá 12.1.1 - 1

¸óôù ç áêïëïõèßá ìå ãåíéêü üñï

a� =
�

�2 + 1
ãéá êÜèå � ∈ N:

Äßíïíôáò óôï � äéáäï÷éêÜ ôéò ôéìÝò 1; 2; : : : ; �; : : : ðñïêýðôïõí ïé ðáñáêÜôù

üñïé ôçò áêïëïõèßáò:
1

2
;
1

5
; : : : ;

�

�2 + 1
; : : : :

Ôüôå ç áíôßóôïé÷ç óõíÜñôçóç èá Ý÷åé ôýðï

f(x) =
x

x2 + 1
ìå ðåäßï ïñéóìïý êáé ôéìþí ôï R:

ÐáñáôçñÞóåéò 12.1.1 - 1

• ¢ìåóá ðñïêýðôåé üôé ìßá áêïëïõèßá åßíáé ïñéóìÝíç, üôáí äßíåôáé ï

ãåíéêüò ôçò üñïò a� , üðùò óôï ÐáñÜäåéãìá 12.1.1 - 1.

• Ìßá áêïëïõèßá åßíáé åðßóçò ïñéóìÝíç, üôáí äßíïíôáé

- åðáñêåßò üñïé ôçò, üðùò 12; 22; 32; : : :, ïðüôå åýêïëá ðñïêýðôåé

üôé ïñßæåôáé ç áêïëïõèßá a� = �2; � ∈ N,
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- Ýíáò áíáãùãéêüò ôýðïò Þ áíáäñïìéêÞ ó÷Ýóç, ðïõ åðéôñÝðåé ôïí

õðïëïãéóìü ôïõ üñïõ a� áðü ôïí a�−1 Þ ãåíéêüôåñá áðü ïñéóìÝíïõò

ðñïçãïýìåíïýò ôïõ, üðùò

a� = a�−1 +
1

� − 1
; � = 2; 3; : : : ; üôáí a1 = −

1

4
:

• Åßíáé äõíáôüí óå ïñéóìÝíåò ðåñéðôþóåéò ïé ôéìÝò ôïõ äåßêôç � íá áñ÷ßæïõí

áðü ôï 0 Þ áðü êÜðïéï äåßêôç �0 > 1, üðùò

a� =
1

� + 1
; � = 0; 1; : : : ; Þ b� =

�

� − 3
; � = 4; 5; : : : :

• Ïé ôéìÝò ôïõ äåßêôç �, åíþ áñ÷ßæïõí áðü êÜðïéá ôéìÞ, ðñÝðåé ôåëéêÜ íá

ôåßíïõí óôï Üðåéñï, äéáöïñåôéêÜ äåí ïñßæåôáé áêïëïõèßá.

ÅðïìÝíùò ï ôýðïò

a� =
1

� + 1
; � = 1; 2; : : : ïñßæåé áêïëïõèßá, åíþ ï

b� =
1

� + 1
; � = 1; 2; : : : ; 10 äåí ïñßæåé.

12.1.2 ÐñÜîåéò ìåôáîý áêïëïõèéþí

¸óôù (a�), (b�); � ∈ N äýï áêïëïõèßåò. Ôüôå ïñßæïíôáé ãéá êÜèå � ∈ N ïé

ðáñáêÜôù ðñÜîåéò:

Éóüôçôá (a�) = (b�), üôáí a� = b� .

Ðñüóèåóç (a�) + (b�) = (a� + b�).

Ãéíüìåíï (a�) (b�) = (a�b�).

Ðçëßêï
(a�)

(b�)
=

(
a�
b�

)
ìå b� ̸= 0.

Ãéíüìåíï ìå ðñáãìáôéêü áñéèìü ë (a�) = (ëa�); ë ∈ R.

Áðüëõôç ôéìÞ |(a�)| = (|a� |).

ÔåôñáãùíéêÞ ñßæá
√

(a�) =
(√
a�
)
, êáé áíÜëïãá

Ñßæá k-ôÜîçò ìå k ≥ 2 k
√
(a�) =

(
k
√
a�
)
.
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ÐáñáôÞñçóç 12.1.2 - 1

Ïé ðñÜîåéò ôçò ðñüóèåóçò êáé ôïõ ãéíïìÝíïõ ãåíéêåýïíôáé åðáãùãéêÜ ãéá

ðåðåñáóìÝíï ðëÞèïò áêïëïõèéþí.

12.1.3 ÖñáãìÝíç áêïëïõèßá

Ïñéóìüò 12.1.3 - 1. Ç áêïëïõèßá (a�); � ∈ N åßíáé Üíù öñáãìÝíç ôüôå

êáé ìüíïí, üôáí õðÜñ÷åé ðñáãìáôéêüò áñéèìüò s, ôÝôïéïò þóôå áí ≤ s ãéá

êÜèå � ∈ N.

Ï áñéèìüò s, êáèþò êáé êÜèå Üëëïò ðñáãìáôéêüò áñéèìüò ðïõ åßíáé ìåãáëýôå-

ñïò áðü ôïí s, èá ëÝãåôáé Ýíá Üíù öñÜãìá ôçò áêïëïõèßáò.

Ïñéóìüò 12.1.3 - 2. Ç áêïëïõèßá (a�); � ∈ N åßíáé êÜôù öñáãìÝíç ôüôå

êáé ìüíïí, üôáí õðÜñ÷åé ðñáãìáôéêüò áñéèìüò ó, ôÝôïéïò þóôå ó ≤ a� ãéá

êÜèå � ∈ N.

Ï áñéèìüò ó, êáèþò êáé êÜèå Üëëïò ðñáãìáôéêüò áñéèìüò ðïõ åßíáé ìéêñüôå-

ñïò áðü ôïí ó, èá ëÝãåôáé ôüôå Ýíá êÜôù öñÜãìá ôçò áêïëïõèßáò.

Ïñéóìüò 12.1.3 - 3. Ç áêïëïõèßá (a�); � ∈ N åßíáé öñáãìÝíç ôüôå êáé

ìüíïí, üôáí åßíáé Üíù êáé êÜôù öñáãìÝíç, äçëáäÞ áí õðÜñ÷ïõí ðñáãìáôéêïß

áñéèìïß ó, s ìå ó ≤ s, ôÝôïéïé þóôå ó ≤ a� ≤ s ãéá êÜèå � ∈ N.

¢ñá ìßá áêïëïõèßá (a�); � ∈ N åßíáé öñáãìÝíç ôüôå êáé ìüíïí, üôáí

õðÜñ÷åé êëåéóôü äéÜóôçìá [ó; s] óôï ïðïßï áíÞêïõí üëïé ïé üñïé ôçò.

ÐáñÜäåéãìá 12.1.3 - 1

Ç áêïëïõèßá

a� =
1

�
; � ∈ N

åßíáé öñáãìÝíç, åðåéäÞ

0 ≤ a� =
1

�
≤ 1 ;

äçëáäÞ üëïé ïé üñïé ôçò áíÞêïõí óôï äéÜóôçìá [0; 1].
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Ïñéóìüò 12.1.3 - 4. Ç áêïëïõèßá (a�); � ∈ N åßíáé áðüëõôá öñáãìÝíç

ôüôå êáé ìüíïí, üôáí õðÜñ÷åé èåôéêüò ðñáãìáôéêüò áñéèìüò, ôÝôïéïò þóôå

|a� | ≤ è ãéá êÜèå � ∈ N.

Ôï è èá ëÝãåôáé ôüôå Ýíá áðüëõôï öñÜãìá ôçò áêïëïõèßáò. Åßíáé öáíåñü

üôé áí ï è åßíáé Ýíá áðüëõôï öñÜãìá, ôüôå êáé êÜèå Üëëïò èåôéêüò áñéèìüò

ö > è åßíáé åðßóçò Ýíá áðüëõôï öñÜãìá ôçò. Ãåíéêüôåñá éó÷ýåé:

Ðñüôáóç 12.1.3 - 1. Ìßá öñáãìÝíç áêïëïõèßá åßíáé áðüëõôá öñáãìÝíç êáé

áíôßóôñïöá.

Óýìöùíá ìå ôçí ðñüôáóç áõôÞ óôï åîÞò ï üñïò öñáãìÝíç êáé áðüëõôá

öñáãìÝíç áêïëïõèßá èá ÷ñçóéìïðïéïýíôáé ìå ôçí ßäéá óçìáóßá.

ÐáñÜäåéãìá 12.1.3 - 2

Ç áêïëïõèßá

a� =
�2 cos 5� +

√
� sin 2�

�2 + 1
; � ∈ N

åßíáé áðüëõôá öñáãìÝíç, åðåéäÞ

|a� | ≤
∣∣�2 cos 5� +√� sin 2�∣∣

�2 + 1
≤ �2 +

√
�

�2 + 1
≤ 2�2

�2 + 1
< 2;

äçëáäÞ |a� | < 2 ãéá êÜèå � ∈ N. Ôüôå ðñïöáíþò åßíáé −2 ≤ a� ≤ 2, äçëáäÞ

ç áêïëïõèßá a� åßíáé åðßóçò êáé öñáãìÝíç óýìöùíá ìå ôïí Ïñéóìü 12.1.3 - 3.

12.1.4 Ìïíïôïíßá áêïëïõèßáò

Äßíåôáé óôç óõíÝ÷åéá ç Ýííïéá ôçò ìïíïôïíßáò ìéáò áêïëïõèßáò.

¸óôù (a�); � ∈ N ìßá áêïëïõèßá ðñáãìáôéêþí áñéèìþí. Ôüôå èá ëÝãåôáé

üôé ç áêïëïõèßá åßíáé:

Ïñéóìüò 12.1.4 - 1 áýîïõóá ôüôå êáé ìüíïí, üôáí éó÷ýåé a� ≤ a�+1 ãéá

êÜèå � ∈ N.

Ïñéóìüò 12.1.4 - 2 ãíÞóéá áýîïõóá ôüôå êáé ìüíïí, üôáí éó÷ýåé a� <

a�+1 ãéá êÜèå � ∈ N.
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ÐáñÜäåéãìá 12.1.4 - 1

Ç áêïëïõèßá

a� = �2 + 1 ; � ∈ N

åßíáé ãíÞóéá áýîïõóá, åðåéäÞ

a1 = 2 < a2 = 5 < : : : :

Ïñéóìüò 12.1.4 - 3 öèßíïõóá ôüôå êáé ìüíïí, üôáí éó÷ýåé a� ≥ a�+1 ãéá

êÜèå � ∈ N.

Ïñéóìüò 12.1.4 - 4 ãíÞóéá öèßíïõóá ôüôå êáé ìüíïí, üôáí éó÷ýåé a� >

a�+1 ãéá êÜèå � ∈ N.

ÐáñÜäåéãìá 12.1.4 - 2

Ç áêïëïõèßá

a� =
1

�2 + 1
; � ∈ N

åßíáé ãíÞóéá öèßíïõóá, åðåéäÞ

a1 =
1

2
> a2 =

1

5
> : : : :

Ïñéóìüò 12.1.4 - 5 óôáèåñÞ ôüôå êáé ìüíïí, üôáí éó÷ýåé a�+1 = a� ãéá

êÜèå � ∈ N.

ÐáñÜäåéãìá 12.1.4 - 3

Ç áêïëïõèßá a� = 5; � ∈ N åßíáé óôáèåñÞ, åðåéäÞ a1 = 5 = a2 = 5 = : : : :

Ìßá áêïëïõèßá (a�); � ∈ N ðïõ áíÞêåé óå ìßá áðü ôéò êáôçãïñßåò ïñéóìþí

12.1.4 - 1 Þ 12.1.4 - 3 èá ëÝãåôáé ìïíüôïíç áêïëïõèßá, åíþ üôáí áíÞêåé óôéò

12.1.4 - 2 Þ 12.1.4 - 4 èá ëÝãåôáé ãíÞóéá ìïíüôïíç áêïëïõèßá.

ÐáñáôçñÞóåéò 12.1.4 - 1

1. ÊÜèå ãíÞóéá ìïíüôïíç áêïëïõèßá åßíáé êáé ìïíüôïíç. Ôï áíôßóôñïöï

äåí éó÷ýåé ðÜíôïôå.
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2. Áí ç áêïëïõèßá (a�); � ∈ N åßíáé áýîïõóá, ôüôå a� ≥ á1 ãéá êÜèå

� ∈ N, äçëáäÞ ç (a�) åßíáé êÜôù öñáãìÝíç ìå Ýíá êÜôù öñÜãìá ôïí

ðñþôï üñï ôçò, üðùò áõôü éó÷ýåé óôï ÐáñÜäåéãìá 12.1.4 - 1, üðïõ Ýíá

êÜôù öñÜãìá ôçò åßíáé ï áñéèìüò 2.

¼ìïéá, áí ç áêïëïõèßá (a�); � ∈ N åßíáé öèßíïõóá, ôüôå a� ≤ á1,

ãéá êÜèå � ∈ N, äçëáäÞ ç (a�) åßíáé Üíù öñáãìÝíç ìå Ýíá Üíù öñÜãìá

ôïí ðñþôï üñï ôçò, üðùò áõôü éó÷ýåé óôï ÐáñÜäåéãìá 12.1.4 - 2, üðïõ

Ýíá Üíù öñÜãìá ôçò åßíáé ï áñéèìüò 1=2..

3. Ãéá íá êáèïñéóôåß ôï åßäïò ôçò ìïíïôïíßáò ìéáò áêïëïõèßáò (a�); � ∈ N
ôéò ðåñéóóüôåñåò öïñÝò áêïëïõèåßôáé ìßá áðü ôéò ðáñáêÜôù ìåèüäïõò:

i) åîåôÜæåôáé ôï ðñüóçìï ôçò äéáöïñÜò

∆� = a�+1 − a� :

ÐáñÜäåéãìá 12.1.4 - 4

Ç áêïëïõèßá

a� =
�

� + 1
; � ∈ N

åßíáé ãíÞóéá áýîïõóá, åðåéäÞ

∆� = a�+1 − a� =
� + 1

� + 2
− �

� + 1
=

2

(� + 1)(� + 2)
> 0 ;

äçëáäÞ a�+1 > a� ãéá êÜèå � ∈ N.

ii) Áí ïé üñïé ôçò a� äéáôçñïýí ðñüóçìï, ôüôå óõíÞèùò óõãêñßíåôáé ï

ëüãïò a�+1=a� ìå ôç ìïíÜäá, ïðüôå áðü ôç óýãêñéóç áõôÞ åîÜãïíôáé

óõìðåñÜóìáôá ãéá ôç ìïíïôïíßá ôçò áêïëïõèßáò,

iii) õðïëïãßæåôáé ìåôáîý äýï Þ ôñéþí ðñþôùí üñùí ôçò áêïëïõèßáò ìßá

ó÷Ýóç, áðü ôçí ïðïßá ðñïêýðôåé ìßá Ýíäåéîç ìïíïôïíßáò êáé Ýðåéôá,

ìå ôç ìÝèïäï ôçò ôÝëåéáò åðáãùãÞò, áðïäåéêíýåôáé ç áíéóïôéêÞ

ó÷Ýóç, ç ïðïßá êáèïñßæåé ôåëéêÜ ôï åßäïò ôçò ìïíïôïíßáò ôçò áêïëïõ-

èßáò.
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé 4 ðñþôïé üñïé ôùí ðáñáêÜôù áêïëïõèéþí (a�); � ∈ N:

i)
1

�
iii) (−1)� 1 +

√
�

�

ii)
�√

�2 + 1
iv)

2�

� !
:

Óôç óõíÝ÷åéá íá õðïëïãéóôïýí ôá öñÜãìáôÜ ôùí.

2. Íá õðïëïãéóôïýí ïé 5 ðñþôïé üñïé ôçò áêïëïõèßáò, ðïõ ïñßæåôáé áðü ôïí

áíáäñïìéêü ôýðï

a� = 1 +
1

a�−1
; � = 2; 3; : : : ; üôáí a1 = −

3

5
:

3. Íá õðïëïãéóôïýí ïé 4 ðñþôïé üñïé ôùí ðáñáêÜôù áêïëïõèéþí (a�); � ∈ N:

i)
� sin 2�

�2 + 1
iii)

sin � + cos4 3�

�4

ii)
�3

5�2 + cos2 �
iv)

� + 5

2�
:

4. Óôçí ðñïçãïýìåíç Üóêçóç íá åîåôáóôåß ðïéåò áêïëïõèßåò åßíáé ìïíüôïíåò

êáé íá êáèïñéóôåß ôï åßäïò ìïíïôïíßáò ôïõò.

12.1.5 Ïñéóìüò óýãêëéóçò áêïëïõèéþí

Ïñéóìüò 12.1.5 - 1. Èá ëÝãåôáé üôé ìßá áêïëïõèßá (a�); � ∈ N óõãêëßíåé

óôïí ðñáãìáôéêü áñéèìü a Þ ôåßíåé óôïí áñéèìü a Þ ôï üñéü ôçò åßíáé ï

áñéèìüò a êáé áõôü èá óõìâïëßæåôáé ìå1

a� → a Þ lim
�−>+∞

a� = a Þ åí óõíôïìßá óôï åîÞò lim a� = a;

ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0 õðÜñ÷åé äåßêôçò í0 = í0("), äçëáäÞ

äåßêôçò ðïõ åîáñôÜôáé ãåíéêÜ áðü ôï ", ôÝôïéïò þóôå íá éó÷ýåé

|a� − a| < " ãéá êÜèå � ≥ �0("): (12.1.5 - 1)

1Ï óõìâïëéóìüò lim åßíáé ç óõãêïðÞ ôçò ëÝîçò limes, ðïõ óçìáßíåé üñéï êáé óôï åîÞò,

üôáí ÷ñçóéìïðïéåßôáé, èá óçìáßíåé lim � → +∞, åêôüò êáé áí äéáöïñåôéêÜ ïñßæåôáé.
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Óôçí åéäéêÞ ðåñßðôùóç ðïõ åßíáé a = 0, äçëáäÞ lim a� = 0, ç áêïëïõèßá (a�);

� ∈ N èá ëÝãåôáé ìçäåíéêÞ.

Áðü ôïí Ïñéóìü 12.1.5 - 1 ðñïêýðôåé ôüôå üôé:

Ðñüôáóç 12.1.5 - 1. Áí lim a� = a, ôüôå ç áêïëïõèßá �� = (a� − a);
� ∈ N åßíáé ìçäåíéêÞ êáé áíôßóôñïöá, äçëáäÞ

lim a� = a ⇐⇒ lim (a� − a) = 0: (12.1.5 - 2)

ÐáñÜäåéãìá 12.1.5 - 1

Ç áêïëïõèßá

a� =
1

�
; � ∈ N

åßíáé ìçäåíéêÞ, åðåéäÞ ãéá êÜèå " > 0 õðÜñ÷åé äåßêôçò í0 = í0("), ðïõ åßíáé

ìåãáëýôåñïò áðü ôï 1=".

ÐñÜãìáôé, áí

�0 =

[
1

"

]
+ 1 = �0(");

ôüôå ãéá êÜèå � ≥ �0(") èá åßíáé

� >
1

"
Þ

1

�
< ";

äçëáäÞ

|a� | =
1

�
< "; ïðüôå a� =

1

�
→ 0:

ÐáñÜäåéãìá 12.1.5 - 2

Ç áêïëïõèßá

a� =
�2 − �
�2 + 1

; � ∈ N

óõãêëßíåé óôï 1, åðåéäÞ óýìöùíá ìå ôçí Ðñüôáóç 12.1.5 - 1 åßíáé

|a� − 1| =
∣∣∣∣�2 − ��2 + 1

− 1

∣∣∣∣ = � + 1

�2 + 1
≤ 2

�
< " ìå " > 0;
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ïðüôå � > 2=". Ôüôå õðÜñ÷åé äåßêôçò �0 = �0("), ðïõ åßíáé ìåãáëýôåñïò áðü

ôï 2=" êáé áõôü åðåéäÞ, áí åßíáé

�0 = áêÝñáéï ìÝñïò ôïõ

[
2

"

]
+ 1 = �0(");

ôüôå ãéá êÜèå � ≥ �0(") èá åßíáé

� >
2

"
Þ

2

�
< "; äçëáäÞ |a� − 1| < ";

ïðüôå lim a� = 1.

ÐáñÜäåéãìá 12.1.5 - 3

Íá äåé÷èåß üôé ç áêïëïõèßá

a� = (−1)� ; � ∈ N

äåí óõãêëßíåé óôï R.
Ëýóç. Áí ìå ôçí åéò Üôïðïí áðáãùãÞ õðïôåèåß üôé óõãêëßíåé ðñïò Ýíáí

áñéèìü, Ýóôù x, ôüôå ãéá êÜèå " > 0, Üñá êáé ãéá " = 1=2, èá õðÜñ÷åé

äåßêôçò �0 ∈ N, Ýôóé þóôå

|(−1)� − x| ≤ 1

2
ãéá êÜèå � ≥ �0:

Ôüôå üìùò, åðåéäÞ �0 < �0 + 1 åßíáé

|(−1)�0 − x| <
1

2
êáé

∣∣(−1)�0+1 − x
∣∣ < 1

2
;

ïðüôå Ý÷ïõìå

∣∣(−1)�0+1 − (−1)�0
∣∣ ≤ ∣∣(−1)�0+1 − x

∣∣+ |(−1)�0 − x| < 1

2
+

1

2
= 1;

äçëáäÞ
∣∣(−1)�0+1 − (−1)�0

∣∣ < 1, åíþ ðñïöáíþò
∣∣(−1)�0+1 − (−1)�0

∣∣ = 2.

¢ñá ç õðüèåóç üôé ç áêïëïõèßá óõãêëßíåé ïäçãåß óå Üôïðï, ðïõ óçìáßíåé

üôé ç a� äåí óõãêëßíåé óôï R.
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12.1.6 Éäéüôçôåò óõãêëéíïõóþí áêïëïõèéþí

Äßíïíôáé óôç óõíÝ÷åéá ìå ôç ìïñöÞ ðñïôÜóåùí ïé êõñéüôåñåò éäéüôçôåò ôùí

óõãêëéíïõóþí áêïëïõèéþí:

Ðñüôáóç 12.1.6 - 1. Ôï üñéï ìéáò óõãêëßíïõóáò áêïëïõèßáò (a�); � ∈ N
åßíáé ìïíïóÞìáíôá ïñéóìÝíï.

Ðñüôáóç 12.1.6 - 2. ÊÜèå óõãêëßíïõóá áêïëïõèßá åßíáé öñáãìÝíç. Ôï

áíôßóôñïöï äåí éó÷ýåé ðÜíôïôå, äçëáäÞ õðÜñ÷ïõí öñáãìÝíåò áêïëïõèßåò ðïõ

äåí óõãêëßíïõí.

Ðñüôáóç 12.1.6 - 3. Ôï ãéíüìåíï ìçäåíéêÞò áêïëïõèßáò åðß öñáãìÝíç åßíáé

ìçäåíéêÞ áêïëïõèßá.

Áðü ôçí ðáñáðÜíù ðñüôáóç ðñïêýðôåé:

Ðüñéóìá 12.1.6 - 1. Áí lim a� = a êáé k ∈ R, ôüôå

lim (ka�) = ka: (12.1.6 - 1)

Ðñüôáóç 12.1.6 - 4. Áí ç (b�) ; � ∈ N åßíáé ìéá ìçäåíéêÞ áêïëïõèßá êáé ç

áêïëïõèßá (a�) ; � ∈ N öñÜóóåôáé áðü ôçí áêïëïõèßá (b�) ; � ∈ N áðü êÜðïéï

äåßêôç êáé ìåôÜ, Ýóôù �1, äçëáäÞ áí éó÷ýåé

|a� | ≤ k |b� | ìå k > 0 ãéá êÜèå � ≥ �1;

ôüôå ç (a�) ; � ∈ N åßíáé åðßóçò ìçäåíéêÞ áêïëïõèßá.

ÐáñÜäåéãìá 12.1.6 - 1

¸óôù ç áêïëïõèßá

a� =
5 sin2 �

�2 + � + 1
:

Ôüôå, åðåéäÞ óýìöùíá ìå ôçí Ðñüôáóç 12.1.6 - 4 åßíáé

|a� | =
∣∣∣∣ 5 sin2 �

�2 + � + 1

∣∣∣∣ = 5
∣∣sin2 �∣∣

|�2 + � + 1|
≤ 5

�2 + � + 1
<

k︷︸︸︷
5

b�︷︸︸︷
1

�

êáé éó÷ýåé üôé lim b� = 1
� = 0, èá ðñÝðåé êáé lim a� = 0.
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Ðüñéóìá 12.1.6 - 2. Áí |a� | ≤ |b� | ãéá êÜèå � ∈ N êáé ç (b�) åßíáé

ìçäåíéêÞ áêïëïõèßá, ôüôå êáé ç áêïëïõèßá (a�) åßíáé ìçäåíéêÞ.

Ðñüôáóç 12.1.6 - 5. Áí

b� ≤ a� ≤ � ãéá êÜèå � ≥ �0 êáé lim b� = lim � = a;

ôüôå èá ðñÝðåé êáé lim a� = a (éóïóõãêëßíïõóåò áêïëïõèßåò).

Ðñüôáóç 12.1.6 - 6. Áí äýï áêïëïõèßåò (a�) êáé (b�); � ∈ N óõãêëßíïõí

êáé éó÷ýåé a� < b� ãéá êÜèå � ∈ N, ôüôå a� ≤ b� .

Ðüñéóìá 12.1.6 - 3. Áí lim a� = a êáé a� < s ãéá êÜèå � ∈ N, ôüôå a ≤ s.

Ðüñéóìá 12.1.6 - 4. Áí lim a� = a êáé ó < a� ãéá êÜèå � ∈ N, ôüôå ó ≤ a.

12.1.7 ÐñÜîåéò ìåôáîý óõãêëéíïõóþí áêïëïõèéþí

¼ìïéá äßíïíôáé óôç óõíÝ÷åéá ïé äõíáôÝò ðñÜîåéò ìåôáîý óõãêëéíïõóþí áêïëïõ-

èéþí ìå ôç ìïñöÞ ôùí ðáñáêÜôù ðñïôÜóåùí:

Ðñüôáóç 12.1.7 - 1 (üñéï áèñïßóìáôïò). Áí lim a� = a êáé lim b� = b,

ôüôå õðÜñ÷åé ôï lim (a� + b�) êáé éó÷ýåé

lim (a� + b�) = a+ b: (12.1.7 - 1)

ÐáñáôçñÞóåéò 12.1.7 - 1

i) Ç éó÷ýò ôçò Ðñüôáóçò 12.1.7 - 1 åðåêôåßíåôáé êáé óôçí ðåñßðôùóç åíüò

ðåðåñáóìÝíïõ ðëÞèïõò óõãêëéíïõóþí áêïëïõèéþí, äçëáäÞ éó÷ýåé

lim (a1� + a2� + : : :+ ak� )

= lim a1� + lim a2� + : : :+ lim ak� ; (12.1.7 - 2)

åíþ äåí éó÷ýåé áí ôï ðëÞèïò ôùí ðñïóèåôÝùí äåí åßíáé ðåðåñáóìÝíï,

äçëáäÞ Üðåéñï.
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ii) Ôï áíôßóôñïöï ôçò Ðñüôáóçò 12.1.7 - 1 äåí éó÷ýåé ðÜíôïôå, äçëáäÞ: áí

ôï Üèñïéóìá äýï áêïëïõèéþí åßíáé óõãêëßíïõóá áêïëïõèßá, áõôü äåí

óõíåðÜãåôáé ðÜíôïôå üôé êáèåìéÜ áðü áõôÝò åßíáé óõãêëßíïõóá áêïëïõèßá.

Åßíáé åðßóçò äõíáôüí óôçí ðåñßðôùóç áõôÞ íá ìç óõãêëßíåé ïýôå ç ìßá

ïýôå ç Üëëç áêïëïõèßá.

Ðñüôáóç 12.1.7 - 2 (üñéï äéáöïñÜò). Áí lim a� = a êáé lim b� = b, ôüôå

õðÜñ÷åé ôï lim (a� − b�) êáé éó÷ýåé

lim (a� − b�) = a− b: (12.1.7 - 3)

Ðñüôáóç 12.1.7 - 3 (üñéï ãéíïìÝíïõ). Áí lim a� = a êáé lim b� = b, ôüôå

õðÜñ÷åé ôï lim (a� b�) êáé éó÷ýåé

lim (a� b�) = ab: (12.1.7 - 4)

ÐáñáôçñÞóåéò 12.1.7 - 2

i) Ç Ðñüôáóç 12.1.7 - 3 åðåêôåßíåôáé êáé óôçí ðåñßðôùóç åíüò ðåðåñáóìÝíïõ

ðëÞèïõò óõãêëéíïõóþí áêïëïõèéþí, äçëáäÞ

lim (a1� a2� · · · ak� ) = lim a1� lim a2� · · · lim ak� : (12.1.7 - 5)

Åéäéêüôåñá, áí ïé k-áêïëïõèßåò åßíáé ßóåò, äçëáäÞ

ai� = a� ; i = 1; 2; : : : ; k êáé lim a� = a;

ôüôå éó÷ýåé

lim (a�)
k = (lim a�)

k = ak ãéá êÜèå k ∈ N: (12.1.7 - 6)

ii) Ç (12:1:7 − 5) äåí éó÷ýåé áí ôï ðëÞèïò ôùí ðáñáãüíôùí äåí åßíáé

ðåðåñáóìÝíï.

iii) Ôï áíôßóôñïöï ôçò Ðñüôáóçò 12.1.7 - 3 äåí éó÷ýåé ãåíéêÜ.
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Áðü ôéò ÐñïôÜóåéò 12.1.7 - 1 êáé 12.1.7 - 3 ðñïêýðôåé üôé:

Ðüñéóìá 12.1.7 - 1. Áí lim a� = a êáé lim b� = b, ôüôå

lim (ka� + ëb�) = ka� + ëb� (12.1.7 - 7)

ãéá êÜèå k; ë ∈ R (ãñáììéêÞ éäéüôçôá).

Ç ãñáììéêÞ éäéüôçôá ãåíéêåýåôáé ùò åîÞò:

áí lim ai� = ai êáé ki ∈ R, ôüôå

lim (k1a1� + k2a2� + : : :+ k�ak� )

= k1 lim a1� + k2 lim a2� + : : :+ k� lim ak� ;

Ðñüôáóç 12.1.7 - 4 (üñéï ðçëßêïõ). Áí lim a� = a êáé lim b� = b ̸= 0

üðïõ b� ̸= 0 ãéá êÜèå � ∈ N, ôüôå õðÜñ÷åé ôï lim (a�=b�) êáé éó÷ýåé

lim
a�
b�

=
lim a�
lim b�

=
a

b
: (12.1.7 - 8)

ÐáñÜäåéãìá 12.1.7 - 1

¸óôù ç áêïëïõèßá

a� =
�2 + � + 5

3�2 + 1
;

ðïõ ãñÜöåôáé åðßóçò ùò åîÞò:

a� =
1 + 1

� + 5
�2

3 + 1
�2

:

Ôüôå, åðåéäÞ ç áêïëïõèßá

• 1

�
(ÐáñÜäåéãìá 12.1.5 - 1) óõãêëßíåé óôï ìçäÝí, êáé

• ç
1

�2
óýìöùíá ìå ôçí Ðñüôáóç 12.1.7 - 3, åðåéäÞ

1

�2
=

1

�
· 1
�
; åßíáé åðßóçò ìçäåíéêÞ;
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óýìöùíá ìå ôéò ÐñïôÜóåéò 12.1.7 - 1 êáé 12.1.7 - 4 Ý÷ïõìå üôé:

lim a� = lim
�2 + � + 5

3�2 + 1
=

lim
(
1 + 1

� + 5
�2

)
lim
(
3 + 1

�2

)
=

1 + lim
(
1
�

)
+ 5 lim

(
1
�2

)
3 + lim

(
1
�2

) =
1 + 0

3 + 0
=

1

3
:

ÐáñáôçñÞóåéò 12.1.7 - 3

i) Ôï áíôßóôñïöï ôçò Ðñüôáóçò 12.1.7 - 4 äåí éó÷ýåé ðÜíôïôå, äçëáäÞ ç

ýðáñîç ôïõ ïñßïõ lim (a�=b�) äåí óõíåðÜãåôáé ðÜíôïôå ôçí ýðáñîç åíüò

áðü ôá lim a� Þ lim b� .

ii) Óýìöùíá ìå ôçí Ðñüôáóç 12.1.7 - 4, áí a� = 1 êáé b� ̸= 0 ìå lim b� =

b ̸= 0, ôüôå áðü ôïí ôýðï (12:1:7− 6) Ý÷ïõìå

1

(b�)
k
=

1

bk
: (12.1.7 - 9)

ÓõíäõÜæïíôáò ôéò (12:1:7− 6) êáé (12:1:7− 9) ðñïêýðôåé üôé:

Ðüñéóìá 12.1.7 - 2. Áí a� ̸= 0 êáé lim a� = a ̸= 0, ôüôå éó÷ýåé

lim (a�)
k = ak ãéá êÜèå k = ±1; ±2; : : : : (12.1.7 - 10)

Ç (12:1:7− 10) áðïôåëåß ãåíßêåõóç ôçò (12:1:7− 6).

Ðñüôáóç 12.1.7 - 5 (üñéï áðüëõôçò ôéìÞò). Áí lim a� = a, ôüôå õðÜñ÷åé

ôï lim |a� | êáé éó÷ýåé
lim |a� | = |a|: (12.1.7 - 11)
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ÐáñáôçñÞóåéò 12.1.7 - 4

i) Ôï áíôßóôñïöï ôçò Ðñüôáóçò 12.1.7 - 5 äåí éó÷ýåé, üôáí a ̸= 0, äçëáäÞ:

áí lim |a� | = |a| ≠ 0; äåí óõíåðÜãåôáé üôé êáé lim a� = a

êáé áõôü åðåéäÞ åßíáé äõíáôüí ìßá áêïëïõèßá íá óõãêëßíåé áðüëõôá,

÷ùñßò üìùò ç ßäéá íá óõãêëßíåé.

ÅéäéêÜ, üôáí a = 0, éó÷ýåé ç ðáñáêÜôù éóïäõíáìßá:

lim a� = 0 ⇐⇒ − lim a� = 0 ⇐⇒ lim |a� | = 0: (12.1.7 - 12)

Ðñüôáóç 12.1.7 - 6 (üñéï ñßæáò). Áí lim a� = a, ôüôå

lim
√
|a� | =

√
|a| =

√
lim a� : (12.1.7 - 13)

ÐáñáôÞñçóç 12.1.7 - 1

Áðü ôçí Ðñüôáóç 12.1.7 - 6 ðñïêýðôåé üôé ôá óýìâïëá

lim êáé
√

åðéôñÝðåôáé íá åíáëëÜóóïíôáé áñéóôåñÜ áðü ôçí áêïëïõèßá (a�); � ∈ N.
Ç ãåíßêåõóç ôçò Ðñüôáóçò 12.1.7 - 6 äéáôõðþíåôáé ùò åîÞò:

Ðñüôáóç 12.1.7 - 7 (ãåíßêåõóç ñßæáò). Áí a� ≥ 0 ãéá êÜèå � ∈ N êáé

lim a� = a, ôüôå

lim k
√
a� = k

√
lim a� ìå k ∈ N: (12.1.7 - 14)

Áðü ôçí Ðñüôáóç 12.1.7 - 7 ðñïêýðôåé üôé:

Ðüñéóìá 12.1.7 - 3. Áí a > 0, ôüôå, áí

a� = a; åßíáé a� = lim �
√
a = 1; åíþ, áí

a� = �; lim �
√
� = 1:
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Óå óõìðëÞñùóç ôùí ðáñáðÜíù ðñïôÜóåùí äßíïíôáé óôç óõíÝ÷åéá ïé åîÞò:

Ðñüôáóç 12.1.7 - 8. ¸óôù ç áêïëïõèßá

a� = ù� ; � ∈ N ìå |ù| < 1:

Ôüôå lim a� = 0.

Ðñüôáóç 12.1.7 - 9. Áí ù ∈ R êáé |ù| < 1, ôüôå

lim a� = íkù� = 0 ; � ∈ N ìå k = 0; ±1; ±2; : : : :

Ðñüôáóç 12.1.7 - 10. ¸óôù ìßá áêïëïõèßá (a�); � ∈ N ìå a� ̸= 0 ãéá

êÜèå � ∈ N. Ôüôå, áí ∣∣∣∣a�+1

a�

∣∣∣∣ < 1; åßíáé lim a� = 0:

Ðñüôáóç 12.1.7 - 11. Ãéá êÜèå x ∈ R éó÷ýåé üôé

lim
x�

� !
= 0:

Ó÷åôéêÜ ôþñá ìå ôç óýãêëéóç ìïíüôïíùí áêïëïõèéþí äå÷üìáóôå üôé éó÷ýåé:

Áîßùìá 12.1.1. ÊÜèå ìïíüôïíç êáé öñáãìÝíç áêïëïõèßá ðñáãìáôéêþí áñéèìþí

óõãêëßíåé óå êÜðïéïí ðñáãìáôéêü áñéèìü.

Ôï áîßùìá áõôü, áí êáé áöïñÜ ìüíï ôéò ìïíüôïíåò áêïëïõèßåò, äßíåé ìßá

éêáíÞ óõíèÞêç ýðáñîçò ôïõ ïñßïõ áêïëïõèßáò. Åðßóçò åîáóöáëßæåé ôçí ýðáñîç

óôï R ôïõ ïñßïõ ìéáò áêïëïõèßáò ìå ïñéóìÝíåò ðñïûðïèÝóåéò, áëëÜ äåí äßíåé

êáìßá Ýíäåéîç ãéá ôïí õðïëïãéóìü ôïõ.

¢ìåóåò óõíÝðåéåò ôïõ áîéþìáôïò åßíáé ïé åðüìåíåò äýï ðñïôÜóåéò:
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Ðñüôáóç 12.1.7 - 12. Áí ìßá áêïëïõèßá (a�); � ∈ N åßíáé áýîïõóá êáé

Ý÷åé ùò Ýíá Üíù öñÜãìá ôïí áñéèìü s, ôüôå åßíáé óõãêëßíïõóá êáé éó÷ýåé

lim a� ≤ s.

Ðñüôáóç 12.1.7 - 13. Áí ìßá áêïëïõèßá (a�); � ∈ N åßíáé öèßíïõóá êáé

Ý÷åé ùò Ýíá êÜôù öñÜãìá ôïí áñéèìü ó, ôüôå åßíáé óõãêëßíïõóá êáé éó÷ýåé

ó ≤ lim a� .

12.1.8 Ï áñéèìüò e

Áðïäåéêíýåôáé óýìöùíá ìå ôïõò ïñéóìïýò ôçò ÐáñáãñÜöïõ 12.1.5 üôé ç áêïëïõ-

èßá

a� =

(
1 +

1

�

)�

; � ∈ N

åßíáé ãíÞóéá áýîïõóá, åíþ ç áêïëïõèßá

b� =

(
1 +

1

�

)�+1

; � ∈ N

åßíáé ãíÞóéá öèßíïõóá.

Åðßóçò áðïäåéêíýåôáé üôé éó÷ýåé:

2 = á1 ≤ a� < b� ≤ b1 = 4: (12.1.8 - 1)

Ôüôå óýìöùíá ìå ôï Áîßùìá 12.1.1 ãéá ôéò ïñéáêÝò ôéìÝò ôùí éó÷ýåé:

2 ≤ lim a� ≤ lim b� = 4: (12.1.8 - 2)

ÁëëÜ
lim a�
lim b�

= lim
a�
b�

= lim

(
1 +

1

�

)
= 1: (12.1.8 - 3)

Áðü ôéò 12:1:8− 1) êáé 12:1:8− 3) ðñïêýðôåé üôé lim a� = lim b� .

Ïñéóìüò 12.1.8 - 1 (áñéèìïý e). Ï áñéèìüò e ïñßæåôáé ùò ç êïéíÞ ïñéáêÞ

ôéìÞ ôùí áêïëïõèéþí (a�); � ∈ N êáé (b�); � ∈ N, äçëáäÞ

e = lim

(
1 +

1

�

)�

= lim

(
1 +

1

�

)�+1

(12.1.8 - 4)
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üðïõ éó÷ýåé üôé (
1 +

1

�

)�

≤ e ≤
(
1 +

1

�

)�+1

: (12.1.8 - 5)

Ï áñéèìüò e, ðïõ óõìâïëéóìüò ôïõ åéóÞ÷èç áðü ôïí Euler ôï 1736, ðáßæåé

óðïõäáßï ñüëï óôá ÌáèçìáôéêÜ êáé êõñßùò ôá ÅöáñìïóìÝíá, åíþ áðïäåéêíýå-

ôáé óôçí ÁíÜëõóç üôé äåí åßíáé ñçôüò, ïýôå áëãåâñéêüò, äçëáäÞ äåí áðïôåëåß

ñßæá êáìéÜò áëãåâñéêÞò åîßóùóçò (êáôÜ óõíÝðåéá äåí åßíáé Üññçôïò), áëëÜ,

üðùò êáé ï áñéèìüò �, ìç áëãåâñéêüò Þ õðåñâáôéêüò áñéèìüò.2 Ìßá ðñïóÝããéóÞ

ôïõ óôá 3 äåêáäéêÜ øçößá åßíáé e ≈ 2:718.

ÁóêÞóåéò

1. Íá åîåôáóôïýí ùò ðñïò ôç óýãêëéóç ïé ðáñáêÜôù áêïëïõèßåò (a�); � ∈ N:

i)
�

�4 + � + 1
iii)

(
5 +

1

�

)2

ii)
√
�2 + 4−

√
�2 + 1 iv)

(
9�2 + 5

4�2 + � + 1

)1=3

.

2. Äåßîôå üôé áí ìßá áêïëïõèßá (a�); � ∈ N åßíáé öñáãìÝíç, ôüôå êáé ç

áêïëïõèßá (a�=�); � ∈ N åßíáé öñáãìÝíç êáé óõãêëßíåé óôï ìçäÝí.

3. Äåßîôå üôé

lim
(√

(a+ �)(b+ �) − í
)
=
a+ b

2
:

4. Äåßîôå üôé ïé ðáñáêÜôù áêïëïõèßåò (a�); � ∈ N åßíáé ìçäåíéêÝò:

i)
sin � + cos2 �√

�
iii) �

(√
�4 + 5− �2

)
ii) 3

√
� + 1− 3

√
� iv)

2�� !

(3�)�
:

5. Óýìöùíá ìå ôçí (12:1:8−4) õðïëïãßóôå ôá üñéá ôùí ðáñáêÜôù áêïëïõèéþí

2Ôï üôé åßíáé õðåñâáôéêüò áðåäåß÷èç áðü ôïí Hermite êáé ç áíáêÜëõøç áõôÞ èåùñåßôáé ùò

ìßá áðü ôéò óðïõäáéüôåñåò áíáêáëýøåéò ôùí Ìáèçìáôéêþí. Ôï 1882 ï Lindemann áðÝäåéîå

üôé êáé ï áñéèìüò � åßíáé õðåñâáôéêüò êáé êáôÜ óõíÝðåéá ôï Üëõôï ôïõ ðñïâëÞìáôïò ôïõ

ôåôñáãùíéóìïý ôïõ êýêëïõ ìå êáíüíá êáé äéáâÞôç.
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ìå ãåíéêïýò üñïõò:

i)

(
1 +

1

5�

)�

ii)

(
1− 1

�

)�

iii)

(
3� + 1

3� − 1

)�

.

6. Äåßîôå üôé

lim
�
√
�2 + � = 1:

12.2 ÓåéñÝò áñéèìþí

12.2.1 Ïñéóìüò óåéñÜò

¸óôù (an); n ∈ N ìßá áêïëïõèßá ðñáãìáôéêþí áñéèìþí.3 Ôüôå ïñßæïíôáé

åðáãùãéêÜ ôá ðáñáêÜôù áèñïßóìáôá:

s1 = a1;

s2 = a1 + a2;

êáé ãåíéêÜ

sn+1 = sn + an+1 ãéá êÜèå n = 1; 2; : : : :

Ôá ðáñáðÜíù áèñïßóìáôá åßíáé ìïíïóÞìáíôá ïñéóìÝíá êáé ïñßæïõí ìßá íÝá

áêïëïõèßá, Ýóôù (sn); n ∈ N, ðïõ åßíáé ôá áèñïßóìáôá ôùí üñùí ôçò (an);

n ∈ N, ðïõ Ý÷åé ãåíéêü üñï ôïí sn = a1 + a2 + ::: + an. Ç áêïëïõèßá (sn);

n ∈ N, ðïõ óõìâïëßæåôáé ìå a1 + a2 + : : : Þ óõíôïìüôåñá

+∞∑
n=1

an; (12.2.1 - 1)

èá ëÝãåôáé óåéñÜ (series) ôùí ðñáãìáôéêþí áñéèìþí an.
4

ÊÜèå Üèñïéóìá sn ëÝãåôáé ôüôå êáé ìåñéêü Üèñïéóìá Þ ôìÞìá (partial

sum) ôçò óåéñÜò (12:2:1−1), åíþ ïé ðñáãìáôéêïß áñéèìïß an èá ëÝãïíôáé üñïé

ôçò óåéñÜò.

ÁíÜëïãá ìå ôéò ÐáñáôçñÞóåéò 12.2.1 - 1 ãéá ôéò áêïëïõèßåò Ý÷ïõìå êáé

ãéá ôçí ðåñßðôùóç ôùí óåéñþí ôá åîÞò:

3Óôï åîÞò ãéá äéÜêñéóç ìå ôïí áíôßóôïé÷ï äåßêôç ôùí áêïëïõèéþí ï äåßêôçò óôéò óåéñÝò

èá óõìâïëßæåôáé ìå n.
4ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=Series (mathematics)
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ÐáñáôçñÞóåéò 12.2.1 - 1

• ¢ìåóá ðñïêýðôåé üôé ìßá óåéñÜ åßíáé ïñéóìÝíç, üôáí äßíåôáé ï ãåíéêüò

ôçò üñïò a� , üðùò ãéá ðáñÜäåéãìá, áí

an =
1

n+ 1
; ôüôå

+∞∑
n=1

1

n+ 1
=

1

2
+

1

3
+ : : : :

• Ìßá óåéñÜ åßíáé åðßóçò ïñéóìÝíç, üôáí äßíïíôáé åðáñêåßò üñïé ôçò, üðùò

12; 22; 32; : : :, ïðüôå åýêïëá ðñïêýðôåé üôé ðñüêåéôáé ãéá ôç óåéñÜ

+∞∑
n=1

n2:

• Åßíáé äõíáôüí óå ïñéóìÝíåò ðåñéðôþóåéò ïé ôéìÝò ôïõ äåßêôç n íá áñ÷ßæïõí

áðü ôï 0, äçëáäÞ

+∞∑
n=0

an = a0 + a1 + a2 + : : : (12.2.1 - 2)

üðùò ãéá ðáñÜäåéãìá óôç óåéñÜ

+∞∑
n=0

1

n2 + 1
= 1 +

1

2
+

1

5
+ : : :

Þ áðü êÜðïéï äåßêôç n0 ìå n0 > 1, üðùò

+∞∑
n=3

n

n− 2
= 3 + 2 +

5

3
+ : : :

üðïõ n0 = 3.

• Ïé ôéìÝò ôïõ äåßêôç n, åíþ áñ÷ßæïõí áðü êÜðïéá ôéìÞ, ðñÝðåé ôåëéêÜ íá

ôåßíïõí óôï Üðåéñï, äéáöïñåôéêÜ äåí ïñßæåôáé óåéñÜ.

ÅðïìÝíùò ï ôýðïò

+∞∑
n=1

n

n2 + 1
ïñßæåé óåéñÜ, åíþ ï

10∑
n=1

n

n2 + 1
äåí ïñßæåé (Üèñïéóìá áñéèìþí).
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Ðáñáäåßãìáôá óåéñþí

Äßíïíôáé óôç óõíÝ÷åéá ìåñéêÜ ãíùóôÜ óôïí áíáãíþóôç ðáñáäåßãìáôá óåéñþí

ìå ôï áíôßóôïé÷ï ìåñéêü Üèñïéóìá, üðïõ áõôü åßíáé äõíáôüí íá õðïëïãéóôåß,

ôïíßæïíôáò üôé óôéò ðåñéóóüôåñåò ðåñéðôþóåéò ï õðïëïãéóìüò ôïõ ôåëéêïý

ôýðïõ ôïõ ìåñéêïý áèñïßóìáôïò åßíáé ðïëý äýóêïëïò Þ êáé áäýíáôïò.

ÁñìïíéêÞ óåéñÜ

+∞∑
n=0

1

n
: (12.2.1 - 3)

ìå ìåñéêü Üèñïéóìá ôçò ìïñöÞò

sn = 1 +
1

2
+

1

3
+ : : :+

1

n
:

ÃåùìåôñéêÞ óåéñÜ

+∞∑
n=0

ùn: (12.2.1 - 4)

Ôï ìåñéêü Üèñïéóìá ôçò ãåùìåôñéêÞò óåéñÜò äßíåôáé áðü ôïí ôýðï

sn =
1− ùn

1− ù
; üôáí ù ̸= 1; (12.2.1 - 5)

ÄåêáäéêÞ óåéñÜ

+∞∑
n=0

øn
10n

= ø0 +
ø1
10

+
ø2
102

+ : : : (12.2.1 - 6)

üðïõ ø0 áêÝñáéïò áñéèìüò, êáé ø1, ø2; : : : øçößá, äçëáäÞ áêÝñáéïé áñéèìïß

ìå 0 ≤ øn ≤ 9 ãéá êÜèå n = 1; 2; : : : :
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12.2.2 Ïñéóìüò óýãêëéóçò

Ïñéóìüò 12.2.2 - 1. Ç óåéñÜ
∑+∞

n=1 an ëÝãåôáé üôé óõãêëßíåé óôïí ðñáãìá-

ôéêü áñéèìü s êáé óõìâïëßæåôáé áõôü ìå
∑+∞

n=1 an = s ôüôå êáé ìüíïí, üôáí

ç áêïëïõèßá ôùí ìåñéêþí áèñïéóìÜôùí sn óõãêëßíåé óôïí áñéèìü s, äçëáäÞ

åßíáé

+∞∑
n=1

an = s; üôáí

lim
n→+∞

sn = lim
n→+∞

(a1 + a2 + : : :+ an)

= lim
n→+∞

n∑
k=1

ak = s: (12.2.2 - 1)

Ï áñéèìüò s èá ëÝãåôáé êáé Üèñïéóìá ôçò óåéñÜò.

Äéåõêñéíßæåôáé óôï óçìåßï áõôü, üôé óå áíôßèåóç ìå ôï Üèñïéóìá ðåðåñáóìÝ-

íïõ ðëÞèïõò ðñáãìáôéêþí áñéèìþí ðïõ åßíáé ðÜíôïôå Ýíáò ìïíïóÞìáíôá ïñéóìÝ-

íïò ðñáãìáôéêüò áñéèìüò, ôï Üèñïéóìá ìéáò óåéñÜò åíäÝ÷åôáé

• íá õðÜñ÷åé, áëëÜ íá ìçí åßíáé äõíáôüí íá õðïëïãéóôåß ôï ÜèñïéóìÜ ôçò,

• íá ìçí õðÜñ÷åé.

Ïñéóìüò 12.2.2 - 2. Ç óåéñÜ
∑+∞

n=1 an ëÝãåôáé üôé áðåéñßæåôáé èåôéêÜ,

áíôßóôïé÷á áñíçôéêÜ êáé óõìâïëßæåôáé áõôü ìå
∑+∞

n=1 an = +∞, áíôßóôïé÷á∑+∞
n=1 an = −∞ ôüôå êáé ìüíïí, üôáí ç áêïëïõèßá ôùí ìåñéêþí áèñïéóìÜôùí

sn áðåéñßæåôáé èåôéêÜ, áíôßóôïé÷á áñíçôéêÜ, äçëáäÞ

lim
n→+∞

sn = lim
n→+∞

(a1 + a2 + : : :+ an) (12.2.2 - 2)

= lim
n→+∞

n∑
k=1

ak = +∞; áíôßóôïé÷á −∞:

Óôçí ðåñßðôùóç áõôÞ ëÝãåôáé åðßóçò üôé ç óåéñÜ óõãêëßíåé êáô' åêäï÷Þ.
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ÐáñÜäåéãìá 12.2.2 - 1

Ç áñìïíéêÞ óåéñÜ (12:2:1− 4), äçëáäÞ ç

+∞∑
n=0

1

n
ìå ìåñéêü Üèñïéóìá sn = 1 +

1

2
+ + : : :+

1

n

áðïäåéêíýåôáé üôé áðåéñßæåôáé èåôéêÜ.5

Ïñéóìüò 12.2.2 - 3. Ç óåéñÜ
∑+∞

n=1 an ëÝãåôáé üôé áðïêëßíåé Þ êõìáßíåôáé

ôüôå êáé ìüíïí, üôáí ç áêïëïõèßá ôùí ìåñéêþí áèñïéóìÜôùí sn äåí óõãêëßíåé

ðñïò Ýíáí óõãêåêñéìÝíï ðñáãìáôéêü áñéèìü, ïýôå áðåéñßæåôáé èåôéêÜ Þ áñíçôéêÜ.

Óýãêëéóç ãåùìåôñéêÞò óåéñÜò

Ãéá ôç ãåùìåôñéêÞ óåéñÜ ìåñéêü Üèñïéóìá sn ôçò ìïñöÞò (12:2:1− 4), äçëáäÞ

sn =
1− ùn

1− ù
; üôáí ù ̸= 1;

äéáêñßíïõìå ôéò ðáñáêÜôù ðåñéðôþóåéò: áí

i) |ù| < 1, ôüôå óýìöùíá ìå ôçí Ðñüôáóç 12.1.7 - 8 åßíáé limùn = 0,

ïðüôå
+∞∑
n=0

ùn =
1

1− ù
: (12.2.2 - 3)

ÐáñÜäåéãìá 12.2.2 - 2

Óýìöùíá ìå ôçí (12:2:2− 3) åßíáé

+∞∑
n=1

1

3n
=

+∞∑
n=1

(
1

3

)n

=
1

1− 1
3

=
3

2
:

ii) ù ≥ 1, ôüôå áðåéñßæåôáé èåôéêÜ, åðåéäÞ ç áêïëïõèßá ôùí ìåñéêþí áèñïé-

óìÜôùí åßíáé áýîïõóá êáé ìç öñáãìÝíç.

5ÂëÝðå âéâëéïãñáößá.



Éäéüôçôá óýãêëéóçò 519

ÐáñÜäåéãìá 12.2.2 - 3

Ç ãåùìåôñéêÞ óåéñÜ

+∞∑
n=1

2n ìå ù = 2 > 1 áðåéñßæåôáé èåôéêÜ:

iii) ù ≤ −1, áðïêëßíåé. Ç ãåùìåôñéêÞ óåéñÜ

+∞∑
n=1

(−1)n ìå ù = −1 áðïêëßíåé:

Óýãêëéóç äåêáäéêÞò óåéñÜò

Áðïäåéêíýåôáé üôé ç äåêáäéêÞ óåéñÜ óõãêëßíåé ðÜíôïôå.

12.2.3 Éäéüôçôá óýãêëéóçò

Åýêïëá áðïäåéêíýåôáé ç ðáñáêÜôù ãñáììéêÞ éäéüôçôá, ðïõ áöïñÜ óõãêëßíïõóåò

óåéñÝò:

Èåþñçìá 12.2.3 - 1. Áí
∑+∞

n=1 an = a êáé
∑+∞

n=1 bn = b, ôüôå

+∞∑
n=1

(êan + ëbn) = êa+ ëb ãéá êÜèå ê; ë ∈ ℜ:

12.3 Óýãêëéóç óåéñÜò áñéèìþí

12.3.1 Áíáãêáßá óõíèÞêç óýãêëéóçò

Áñ÷éêÜ äßíåôáé ï ðáñáêÜôù ïñéóìüò, ðïõ êáèïñßæåé ôç ìïíïôïíßá ôùí ìåñéêþí

áèñïéóìÜôùí ôçò óåéñÜò:

Ïñéóìüò 12.3.1 - 1. Ç áêïëïõèßá sn ôùí ìåñéêþí áèñïéóìÜôùí ôçò óåéñÜò∑+∞
n=1 an ëÝãåôáé üôé åßíáé ôåëéêÜ ìïíüôïíç ôüôå êáé ìüíïí, üôáí ôåëéêÜ üëïé

ïé üñïé ôçò óåéñÜò åßíáé ìç áñíçôéêïß Þ ìç èåôéêïß áñéèìïß.
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Óýìöùíá ìå ôïí ïñéóìü áõôü áðïäåéêíýåôáé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 12.3.1 - 1. Ìßá óåéñÜ ðïõ ôåëéêÜ üëïé ïé üñïé ôçò åßíáé ìç áñíçôé-

êïß, áíôßóôïé÷á ìç èåôéêïß áñéèìïß óõãêëßíåé, üôáí ç áêïëïõèßá ôùí ìåñéêþí

áèñïéóìÜôùí åßíáé öñáãìÝíç êáé áðåéñßæåôáé, üôáí ç áêïëïõèßá ôùí ìåñéêþí

áèñïéóìÜôùí åßíáé ìç öñáãìÝíç.

Èåþñçìá 12.3.1 - 2 (áíáãêáßá óõíèÞêç). Áí

+∞∑
n=1

an = a; ôüôå lim
n→+∞

an = 0:

Ôï áíôßóôñïöï ôïõ èåùñÞìáôïò äåí éó÷ýåé ðÜíôïôå, üðùò áõôü öáßíåôáé

óôçí áñìïíéêÞ óåéñÜ

+∞∑
n=1

1

n
üðïõ lim

n→+∞

1

n
= 0;

åíþ åßíáé Þäç ãíùóôü üôé
+∞∑
n=1

1

n
= +∞:

ÐáñáôÞñçóç 12.3.1 - 1

Ôá óõìðåñÜóìáôá ôïõ ÈåùñÞìáôïò 12.3.1 - 2 èá ÷ñçóéìïðïéçèïýí ùò êñéôÞñéï

óýãêëéóçò ôïõ ãñáììéêïý öÜóìáôïò ôçò óåéñÜò Fourier.6

12.3.2 ÊñéôÞñéï óýãêñéóçò

Èåþñçìá 12.3.2 - 1. Áí |an| ≤ cn ôåëéêÜ ãéá üëïõò ôïõò äåßêôåò êáé

åðéðëÝïí ç óåéñÜ
∑+∞

n=1 cn óõãêëßíåé, ôüôå êáé ç óåéñÜ
∑+∞

n=1 an óõãêëßíåé.

6ÂëÝðå ÌáèÞìáôá ÅöáñìïóìÝíùí Ìáèçìáôéêþí - ÓåéñÜ Fourier.
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ÐáñÜäåéãìá 12.3.2 - 1

Ç óåéñÜ
1

1 · 2
+

1

2 · 22
+ : : :+

1

n · 2n
+ : : :

óõãêëßíåé, åðåéäÞ
1

n · 2n
<

1

2n

êáé ç ãåùìåôñéêÞ óåéñÜ

+∞∑
n=1

1

2n
=

+∞∑
n=1

(
1

2

)n

óõãêëßíåé, åðåéäÞ ù =
1

2
< 1:

Èåþñçìá 12.3.2 - 2. Áí éó÷ýåé an ≥ cn ≥ 0 ôåëéêÜ ãéá üëïõò ôïõò äåßêôåò

êáé åðéðëÝïí ç óåéñÜ
∑+∞

n=1 cn áðåéñßæåôáé èåôéêÜ, ôüôå êáé ç óåéñÜ
∑+∞

n=1 an

èá áðåéñßæåôáé èåôéêÜ.

ÐáñÜäåéãìá 12.3.2 - 2

Ç óåéñÜ
ln 2

2
+

ln 3

3
+ : : :+

lnn

n
+ : : :

áðïêëßíåé, åðåéäÞ lnn > 1
n êáé ç áñìïíéêÞ óåéñÜ

∑+∞
n=1

1
n áðïêëßíåé.

12.3.3 ÊñéôÞñéá óýãêëéóçò ôùí Cauchy êáé d'Alembert

Åßíáé ðñïöáíÝò üôé ôá ÈåùñÞìáôá 12.3.2 - 1 êáé 12.3.2 - 2 ôçò ÐáñáãñÜöïõ

12.3.2 Ý÷ïõí ðåñéïñéóìÝíåò åöáñìïãÝò, åðåéäÞ äåí åßíáé ðÜíôïôå äõíáôüí íá

ðñïóäéïñéóôïýí ïé êáôÜëëçëåò óåéñÝò ãéá óýãêñéóç.

Äßíïíôáé óôç óõíÝ÷åéá ôá ðáñáêÜôù äýï êñéôÞñéá, ðïõ êýñéá åöáñìüæïíôáé

óôïí Ýëåã÷ï ôçò óýãêëéóçò ôùí óåéñþí:

Èåþñçìá 12.3.3 - 1 (êñéôÞñéï ñéæþí ôïõ Cauchy). ¸óôù
∑+∞

n=1 an ìßá

óåéñÜ êáé

è = lim
n→+∞

n
√
|an|: (12.3.3 - 1)

Ôüôå, áí

i) è < 1 ç óåéñÜ óõãêëßíåé ðñïò ðåðåñáóìÝíï áñéèìü,
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ii) è > 1 ç óåéñÜ äåí óõãêëßíåé ðñïò ðåðåñáóìÝíï áñéèìü,

iii) è = 1 äåí åßíáé ãíùóôü áí ç óåéñÜ óõãêëßíåé.

ÐáñÜäåéãìá 12.3.3 - 1

Ç óåéñÜ

2

1
+

(
3

3

)2

+

(
4

5

)3

+ : : :+

(
n+ 1

2n− 1

)n

+ : : :

óõãêëßíåé, åðåéäÞ

lim
n→+∞

n

√(
n+ 1

2n− 1

)n

= lim
n→+∞

n+ 1

2n− 1
= lim

n→+∞

1 + 1
n

2− 1
n

=
1

2
= è < 1:

Èåþñçìá 12.3.3 - 2 (êñéôÞñéï ðçëßêùí d'Alembert).7 ¸óôù∑+∞
n=1 an ìßá óåéñÜ ìå an ̸= 0 ôåëéêÜ ãéá üëïõò ôïõò äåßêôåò êáé

è = lim
n→+∞

∣∣∣∣an+1

an

∣∣∣∣ (12.3.3 - 2)

Ôüôå, áí

i) è < 1 ç óåéñÜ óõãêëßíåé ðñïò ðåðåñáóìÝíï áñéèìü,

ii) è > 1 ç óåéñÜ äåí óõãêëßíåé ðñïò ðåðåñáóìÝíï áñéèìü,

iii) è = 1 ôï êñéôÞñéï äåí åöáñìüæåôáé.

ÐáñÜäåéãìá 12.3.3 - 2

Ç óåéñÜ
1

3
+

3

32
+

5

33
+ : : :+

2n− 1

3n
+ : : :

óõãêëßíåé, åðåéäÞ

lim
n→+∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→+∞

2(n+1)−1
3n+1

2n−1
3n − 1

=
1

3
lim

n→+∞

2n+ 1

2n− 1

=
1

3
lim

n→+∞

2 + 1
n

2− 1
n

=
1

3
· 1 =

1

3
= è < 1:

7ÐïëëÝò öïñÝò ëÝãåôáé êáé êñéôÞñéï ôïõ ëüãïõ.



ÁðëÞ óýãêëéóç áêïëïõèßáò óõíáñôÞóåùí 523

ÁóêÞóåéò

1. ×ñçóéìïðïéþíôáò ôï êñéôÞñéï óýãêñéóçò íá åîåôáóôåß áí óõãêëßíïõí ïé

ðáñáêÜôù óåéñÝò:

i)
2

5
+

1

2

(
2

5

)2

+ : : :+
1

n

(
2

5

)n

+ : : : iii) 2 +
22

2
+ : : :+

2n

n
+ : : :

ii)
1

22
+

1

52
+ : : :+

1

(3n− 1)2
+ : : : iv) 1 +

1√
2
+ : : :+
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2. Íá åîåôáóôïýí ùò ðñïò ôç óýãêëéóç ïé ðáñáêÜôù óåéñÝò, ðïõ ïé ãåíéêïß

ôïõò üñïé an åßíáé:
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2

iii)
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12.4 Áêïëïõèßåò êáé óåéñÝò óõíáñôÞóåùí

12.4.1 ÁðëÞ óýãêëéóç áêïëïõèßáò óõíáñôÞóåùí

Ãåíéêåýïíôáò ôïí Ïñéóìü 12.1.1 - 2 ôçò áêïëïõèßáò ôùí ðñáãìáôéêþí áñéèìþí,8

Ýóôù üôé ïé üñïé ôçò áêïëïõèßáò (a�) ; � ∈ N Ý÷ïõí ôç ìïñöÞ

x

12
;
x

22
; : : : ;

x

�2
; : : : Þ e−x

1
; e−x

2
; : : : ; ex

�
; : : : ; ê.ëð:

Åßíáé ðñïöáíÝò üôé óôçí ðåñßðôùóç áõôÞ êÜèå üñïò ôçò áêïëïõèßáò êáé êáôÜ

óõíÝðåéá êáé ï ãåíéêüò ôçò üñïò (a�) ; � ∈ N, èá åîáñôÜôáé åêôüò ôïõ � êáé

áðü ôï x, äçëáäÞ èá åßíáé a� = a�(x); � ∈ N. Ôüôå üìùò óôïõò üñïõò ôçò

8

Ïñéóìüò . Ïñßæåôáé ùò áêïëïõèßá ôùí ðñáãìáôéêþí áñéèìþí êÜèå ìïíïóÞìáíôç

áðåéêüíéóç ôïõ óõíüëïõ N ôùí öõóéêþí áñéèìþí óôï óýíïëï ôùí ðñáãìáôéêþí áñéèìþí

R.
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áêïëïõèßáò ðñÝðåé åêôüò áðü ôéò ôéìÝò ôïõ äåßêôç � íá åßíáé ãíùóôü êáé ôï

ðåäßï ïñéóìïý, Ýóôù D, ôçò ìåôáâëçôÞò x.
Åöüóïí ôï x åßíáé ðñáãìáôéêüò áñéèìüò, ïé ðáñáðÜíù áêïëïõèßåò a�(x);

� ∈ N èá ëÝãïíôáé óôï åîÞò áêïëïõèßåò ðñáãìáôéêþí óõíáñôÞóåùí Þ áðëÜ

áêïëïõèßåò óõíáñôÞóåùí êáé ãéá äéÜêñéóç áðü ôéò áíôßóôïé÷åò áêïëïõèßåò

ôùí ðñáãìáôéêþí áñéèìþí èá óõìâïëßæïíôáé ìå

f�(x); � ∈ N; üôáí x ∈ D Þ áðëÜ

f� | D ãéá êÜèå � ∈ N:

Ç Ýííïéá ôçò óýãêëéóçò ìéáò áêïëïõèßáò óõíáñôÞóåùí ìåôáöÝñåôáé áíÜëïãá

êáé óôçí ðåñßðôùóç áõôÞ ìå ôç äéáöïñÜ üôé ôï üñéï, åöüóïí õðÜñ÷åé, èá åßíáé

óõíÜñôçóç êáé èá ëÝãåôáé ïñéáêÞ ôéìÞ Þ êáé üñéï ôçò áêïëïõèßáò f� | D ãéá

êÜèå � ∈ N.
Ôüôå ï Ïñéóìüò 12.1.1 - 2 äéáôõðþíåôáé ùò åîÞò:9

Ïñéóìüò 12.4.1 - 3. Ç áêïëïõèßá f� | D ãéá êÜèå � ∈ N ëÝãåôáé üôé óõãêëß-

íåé êáôÜ óçìåßï Þ äéáöïñåôéêÜ üôé óõãêëßíåé áðëÜ ðñïò ôç óõíÜñôçóç f ,

üôáí ãéá êÜèå x ∈ D éó÷ýåé

lim
�→+∞

f�(x) = f(x) (12.4.1 - 1)

Þ éóïäýíáìá ãéá êÜèå å > 0 õðÜñ÷åé N = N(å; x) > 0, Ýôóé þóôå

|f�(x)− f(x)| < å ãéá êÜèå x ∈ D êáé � ≥ N:

9

Ïñéóìüò . Èá ëÝãåôáé üôé ìßá áêïëïõèßá (a�); � ∈ N óõãêëßíåé óôïí ðñáãìáôéêü áñéèìü

a Þ ôåßíåé óôïí áñéèìü a Þ ôï üñéü ôçò åßíáé ï áñéèìüò a êáé áõôü èá óõìâïëßæåôáé ìå

a� → a Þ lim �−>+∞ a� = a Þ åðßóçò lim a� = a ôüôå êáé ìüíïí, üôáí ãéá êÜèå " > 0

õðÜñ÷åé äåßêôçò í0 = í0("), äçëáäÞ äåßêôçò ðïõ åîáñôÜôáé ãåíéêÜ áðü ôï ", ôÝôïéïò þóôå

íá éó÷ýåé

|a� − a| < " ãéá êÜèå � ≥ �0("):

Óôçí åéäéêÞ ðåñßðôùóç ðïõ åßíáé a = 0, äçëáäÞ lim a� = 0, ç áêïëïõèßá (a�); � ∈ N èá

ëÝãåôáé ìçäåíéêÞ.
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¸óôù ôþñá üôé ï ãåíéêüò üñïò fn ìéáò óåéñÜò ðåñéÝ÷åé åêôüò áðü ôï n

êáé ìßá áíåîÜñôçôç ìåôáâëçôÞ, Ýóôù x ìå x ∈ D. Ôüôå ç ðñïêýðôïõóá óåéñÜ

+∞∑
n=1

fn(x) ìå x ∈ D (12.4.1 - 2)

ëÝãåôáé óåéñÜ óõíáñôÞóåùí.

Ïñéóìüò 12.4.1 - 4. Ç óåéñÜ
∑+∞

n=1 fn(x) ëÝãåôáé üôé óõãêëßíåé ãéá êÜèå

x ∈ D ôüôå êáé ìüíïí, üôáí

+∞∑
n=1

fn(x) = f(x): (12.4.1 - 3)

Óôçí ðåñßðôùóç áõôÞ ç óõíÜñôçóç f(x) ëÝãåôáé Üèñïéóìá ôçò óåéñÜò.

Óôï óçìåßï áõôü ðñÝðåé íá åîåôáóôåß êáôÜ ðüóï éäéüôçôåò ôçò ðáñáðÜíù

áêïëïõèßáò óõíáñôÞóåùí f� | D ãéá êÜèå � ∈ N, üðùò ç

• óõíÝ÷åéá,

• ïëïêëÞñùóç, êáé

• ç ðáñáãþãéóç

ìåôáâéâÜæïíôáé êáé óôçí ïñéáêÞ óõíÜñôçóç, äçëáäÞ ôçí f .

Ðñéí äïèåß áðÜíôçóç óôá åñùôÞìáôá áõôÜ, áíáöÝñïíôáé ìåñéêÜ ðáñáäåßãìáôá

ãéá ôçí êáëýôåñç êáôáíüçóç ôïõ èÝìáôïò.

ÓõíÝ÷åéá

ÐáñÜäåéãìá 12.4.1 - 1

¸óôù ç áêïëïõèßá ôùí óõíå÷þí óõíáñôÞóåùí

f�(x) = (1 + x)� ìå − 1 ≤ x ≤ 0:

Ôüôå ãéá êÜèå x ìå x ̸= 0 åßíáé

lim
�→+∞

f�(x) = lim
�→+∞

(1 + x)� = 0 = f(x);
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åíþ

f(0) = lim
�→+∞

f�(0) = 1:

¢ñá ç ïñéáêÞ óõíÜñôçóç ôçò ðáñáðÜíù áêïëïõèßáò Ý÷åé ôç ìïñöÞ

f(x) =

 0 áí x ̸= 0

1 áí x = 0;

ðïõ åýêïëá äéáðéóôþíåôáé üôé äåí åßíáé óõíå÷Þò óôï x = 0.

ÐáñÜäåéãìá 12.4.1 - 2

¼ìïéá, Ýóôù ç áêïëïõèßá ôùí óõíå÷þí óõíáñôÞóåùí

f�(x) =
x2�

(1 + x2)�
ìå x ∈ R:

Ôüôå, åðåéäÞ ç óåéñÜ
∑+∞

n=0 fn(x) ïñßæåé ìéá ãåùìåôñéêÞ ðñüïäï ìå ëüãï

ù =
x2

1 + x2
< 1;

èá ðñÝðåé óýìöùíá ìå ôïí ôýðï (12:2:2− 3) íá éó÷ýåé

+∞∑
n=0

fn(x) =
+∞∑
n=0

x2n

(1 + x2)n
=

+∞∑
n=0

(
x2

1 + x2

)n

=
+∞∑
n=0

ùn

= f(x) =


1

1−ù = 1

1− x2

1+x2

= 1 + x2 áí x ̸= 0

0 áí x = 0:

ÅðïìÝíùò ãéá ôçí ïñéáêÞ óõíÜñôçóç ôçò óåéñÜò éó÷ýåé üôé

f(0) = 0 ̸= 1 = lim
x→ 0

f(x);

äçëáäÞ äåí åßíáé óõíå÷Þò.

Áðü ôá Ðáñáäåßãìáôá 12.4.1 - 1 êáé 12.4.1 - 2 ðñïêýðôåé üôé ìßá óõãêëß-

íïõóá óåéñÜ óõíå÷þí óõíáñôÞóåùí åßíáé äõíáôüí íá Ý÷åé Üèñïéóìá ìç óõíå÷Þ

óõíÜñôçóç.
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ÏëïêëÞñùóç

ÐáñÜäåéãìá 12.4.1 - 3

¸óôù ç áêïëïõèßá ôùí óõíå÷þí óõíáñôÞóåùí

f�(x) = �x
(
1− x2

)�
ìå 0 ≤ x ≤ 1:

Ôüôå åýêïëá áðïäåéêíýåôáé üôé, áí 0 ≤ x ≤ 1, åßíáé

lim
�→+∞

f�(x) = 0 = f�(0):

Åðßóçò

lim
�→+∞

1∫
0

f�(x) dx = lim
�→+∞

�
1∫

0

x
(
1− x2

)�
dx


= − lim

�→+∞

�

2

(
1− x2

)�+1

� + 1

∣∣∣∣∣
1

0

= lim
�→+∞

�

2(� + 1)
=

1

2
:

ÁëëÜ
1∫

0

[
lim

�→+∞
f�(x)

]
dx =

1∫
0

0 dx = 0;

äçëáäÞ

lim
�→+∞

∫ 1

0
f�(x) dx ̸=

∫ 1

0

[
lim

�→+∞
f�(x)

]
dx

ðïõ óçìáßíåé üôé ç ôéìÞ ôïõ ïëïêëçñþìáôïò ôçò ïñéáêÞò óõíÜñôçóçò äåí åßíáé

ßóç ìå ôçí ïñéáêÞ ôéìÞ ôïõ ïëïêëçñþìáôïò ôçò áêïëïõèßáò ôùí óõíáñôÞóåùí.
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Ðáñáãþãéóç

ÐáñÜäåéãìá 12.4.1 - 4

¸óôù ç áêïëïõèßá ôùí óõíáñôÞóåùí

f�(x) =
sin(�x)

�
ìå x ∈ ℜ:

Ôüôå

lim
�→+∞

|f�(x)| = lim
�→+∞

|sin �x|
�

≤ lim
�→+∞

(
1

�

)
= 0 = f(x):

ÁëëÜ f ′�(x) = cos �x, åíþ åßíáé ãíùóôü üôé ç ïñéáêÞ ôéìÞ

lim
�→+∞

f ′�(x) = lim
�→+∞

cos �x

äåí ïñßæåôáé.10 ¢ñá üìïéá ìå ôéò ðáñáðÜíù äýï Üëëåò ðåñéðôþóåéò Ý÷ïõìå

åðßóçò üôé ç ôéìÞ ôçò ðáñáãþãïõ ôçò ïñéáêÞò óõíÜñôçóçò äåí åßíáé ßóç ìå

ôçí ïñéáêÞ ôéìÞ ôçò ðáñáãþãïõ ôçò áêïëïõèßáò ôùí óõíáñôÞóåùí .

Áðü ôá Ðáñáäåßãìáôá 12.4.1 - 1 Ýùò êáé 12.4.1 - 4 Üìåóá ðñïêýðôåé üôé

äåí ìåôáâéâÜæïíôáé ðÜíôïôå éäéüôçôåò ôùí óõãêëéíïõóþí óõíáñôÞóåùí óôçí

ïñéáêÞ óõíÜñôçóç. ÐñïêåéìÝíïõ íá äïèåß áðÜíôçóç óôï åñþôçìá ìå ðïéåò

óõíèÞêåò ãßíåôáé ç ìåôáâßâáóç ôùí éäéïôÞôùí êáé óôçí ïñéáêÞ óõíÜñôçóç,

áðáéôåßôáé ï ïñéóìüò ìéáò óýãêëéóçò éó÷õñüôåñçò åêåßíçò ôçò áðëÞò. Ç óýãêëé-

óç áõôÞ äßíåôáé óôçí ðáñÜãñáöï ðïõ áêïëïõèåß.

12.4.2 ÏìáëÞ óýãêëéóç áêïëïõèéþí êáé óåéñþí óõíáñôÞóåùí

ÏìáëÞ óýãêëéóç áêïëïõèéþí

Ïñéóìüò 12.4.2 - 1. Ìßá áêïëïõèßá óõíáñôÞóåùí f� | D ãéá êÜèå � ∈ N
ëÝãåôáé üôé óõãêëßíåé ïìáëÜ Þ ïìïéüìïñöá (uniform convergent) ðñïò ôç

óõíÜñôçóç f åðß ôïõ óõíüëïõ D êáé óõìâïëßæåôáé áõôü ìå f� ⇒ f ôüôå êáé

ìüíïí, üôáí ãéá êÜèå å > 0 õðÜñ÷åé áñéèìüò N = N(å), ðïõ åîáñôÜôáé ìüíïí

áðü ôï å, Ýôóé þóôå

|f�(x)− f(x)| < å ãéá êÜèå x ∈ D ìå � ≥ N: (12.4.2 - 1)

10ÂëÝðå ÌÜèçìá ÓõíÝ÷åéá ÓõíÜñôçóçò - ÁóõíÝ÷åéá ôïõ 2ïõ åßäïõò.



ÏìáëÞ óýãêëéóç áêïëïõèéþí êáé óåéñþí óõíáñôÞóåùí 529
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Ó÷Þìá 12.4.2 - 1: ïìáëÞ óýãêëéóç áêïëïõèéþí óõíáñôÞóåùí. Ç êüêêéíç

êáìðýëç åßíáé ôï äéÜãñáììá ôçò f�(x); � ≥ N, ç äéáêåêïììÝíç êáöÝ ôçò

f(x) + å êáé ç äéáêåêïììÝíç ìðëå ôçò f(x)− å.

Áðü ôïí Ïñéóìü 12.4.2 - 1 ðñïêýðôïõí ôá åîÞò:

• ç ó÷Ýóç |f�(x)− f(x)| < å éóïäõíáìåß ìå

f(x)− å < f�(x) < f(x) + å:

¢ñá ç ãñáöéêÞ ðáñÜóôáóç ôçò f�(x) ãéá êÜèå x ∈ D êáé � ∈ N
ðåñéÝ÷åôáé ìåôáîý ôùí åõèåéþí f(x) − å êáé f(x) + å (Ó÷. 12.4.2 -

1).

• Óõãêñßíïíôáò ìå ôïí Ïñéóìü 12.4.1 - 3 ôçò áðëÞò óýãêëéóçò ðñïêýðôåé

üôé, áí ç áêïëïõèßá f� | D ãéá êÜèå � ∈ N óõãêëßíåé ïìáëÜ, ôüôå èá

óõãêëßíåé êáé áðëÜ, ÷ùñßò íá éó÷ýåé ôï áíôßóôñïöï ðÜíôïôå. ÊáôÜ

óõíÝðåéá ç ïìáëÞ óýãêëéóç åßíáé éó÷õñüôåñç ôçò áðëÞò.

Åðßóçò ðñïêýðôïõí ïé ðáñáêÜôù ðñïôÜóåéò:

Ðñüôáóç 12.4.2 - 1. Áí ç áêïëïõèßá óõíáñôÞóåùí f� | D ãéá êÜèå � ∈ N
óõãêëßíåé ïìáëÜ ðñïò ôç óõíÜñôçóç f , ôüôå êáé ç áêïëïõèßá |f� | | D ãéá

êÜèå � ∈ N óõãêëßíåé ïìáëÜ ðñïò ôç óõíÜñôçóç |f | åðß ôïõ D.
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Ðñüôáóç 12.4.2 - 2. ¸óôù üôé ç áêïëïõèßá óõíáñôÞóåùí f� | D ãéá êÜèå

� ∈ N óõãêëßíåé ïìáëÜ ðñïò ôç óõíÜñôçóç f åðß ôïõ D üðïõ f(D) ⊆ [a; b ].

Áí g åßíáé ìßá óõíå÷Þò óõíÜñôçóç óôï [a; b ], ôüôå ç áêïëïõèßá ôùí óýíèåôùí

óõíáñôÞóåùí g ◦ f� |D ãéá êÜèå � ∈ N óõãêëßíåé ïìáëÜ ðñïò ôç óýíèåôç

óõíÜñôçóç g ◦ f åðß ôïõ D.

Óýìöùíá ìå ôçí Ðñüôáóç 12.4.2 - 2 ãéá êÜèå � ∈ N, áí

g(x) = |x|; ôüôå g (f�) = |f� | ;

g(x) = xa g (f�) = fa� ìå f� ≥ 0 êáé a ∈ N;

g(x) = sinx g (f�) = sin (f�) ;

g(x) = ex g (f�) = ef� ;

g(x) = lnx g (f�) = ln f� ìå f� > 0; ê.ëð.

Ý÷ïõìå ôçí õðü ïñéóìÝíåò óõíèÞêåò ïìáëÞ óýãêëéóç ôùí áíôßóôïé÷ùí óýíèåôùí

óõíáñôÞóåùí.

ÏìáëÞ óýãêëéóç óåéñþí

Ïñéóìüò 12.4.2 - 2. Ç óåéñÜ
∑+∞

n=1 fn(x) èá óõãêëßíåé ïìáëÜ åðß ôïõ D

ôüôå êáé ìüíïí, üôáí ç áêïëïõèßá (sn); n ∈ N ôùí ìåñéêþí áèñïéóìÜôùí

óõãêëßíåé ïìáëÜ åðß ôïõ D.

Äßíïíôáé óôç óõíÝ÷åéá ôá ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíá óôéò åöáñìïãÝò

êñéôÞñéá, ðïõ åîáóöáëßæïõí ôçí ïìáëÞ óýãêëéóç ìéáò óåéñÜò. Ï áíáãíþóôçò,

ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá.

Èåþñçìá 12.4.2 - 1 (êñéôÞñéï ôïõ Weierstrass). ¸óôù ç áêïëïõèßá óõ-

íáñôÞóåùí f� ãéá êÜèå � ∈ N ïñéóìÝíç åðß ôïõ D êáé a� ãéá êÜèå � ∈ N ìßá

áêïëïõèßá èåôéêþí ðñáãìáôéêþí áñéèìþí ôÝôïéá, þóôå

|f�(x)| ≤ a� ãéá êÜèå x ∈ D êáé � ∈ N:

Ôüôå, áí ç óåéñÜ
∑+∞

n=1 an óõãêëßíåé, ç óåéñÜ óõíáñôÞóåùí
∑+∞

n=1 fn(x) èá

óõãêëßíåé ïìáëÜ êáé áðüëõôá åðß ôïõ D.
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1 2 3 4 5 6
x

-1.0

-0.5

0.5

1.0

fnHxL

Ó÷Þìá 12.4.2 - 2: ÐáñÜäåéãìá 12.4.2 - 1: äéÜãñáììá f1(x) ðñÜóéíç, f2(x)

êüêêéíç, f4(x) ìðëå êáé f7(x) êáöÝ êáìðýëç, üôáí x ∈ [0; 2�].

ÐáñÜäåéãìá 12.4.2 - 1

Ç óåéñÜ

+∞∑
n=1

cos(nx)

n2
ìå ãåíéêü üñï fn(x) =

cos(nx)

n2
(Ó÷. 12.4.2 - 2)

óõãêëßíåé ïìáëÜ êáé áðüëõôá åðß ôïõ äéáóôÞìáôïò [0; 2�], åðåéäÞ

0 ≤
∣∣∣∣cos(nx)n2

∣∣∣∣ ≤ 1

n2

êáé ç óåéñÜ
+∞∑
n=1

1

n2

óõãêëßíåé.

ÐáñÜäåéãìá 12.4.2 - 2

¸óôù ç óåéñÜ
+∞∑
n=0

xn ìå |x| < 1:
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ÅðåéäÞ |x| < 1, ç óåéñÜ óõãêëßíåé áðëÜ (ãåùìåôñéêÞ óåéñÜ ìå ëüãï |ù| < 1)

êáé ôï ÜèñïéóìÜ ôçò éóïýôáé ìå

+∞∑
n=0

xn =
1

1− x
:

ÅîåôÜæåôáé ôþñá, áí óõãêëßíåé êáé ïìáëÜ. Åßíáé∣∣∣∣∣
+∞∑
k=0

xk − 1

1− x

∣∣∣∣∣ = ∣∣xn+1 + xn+2 + : : :
∣∣

üðïõ, üôáí 0 < x < 1, åßíáé
∣∣xn+1 + xn+2 + : : :

∣∣ > xn+1. ¢ñá

sn =

∣∣∣∣∣
+∞∑
k=0

xk − 1

1− x

∣∣∣∣∣ ≥ xn+1 ≥ 1

ãéá êÜèå x ∈ (0; 1), äçëáäÞ ç óýãêëéóç äåí åßíáé ïìáëÞ.

Èåþñçìá 12.4.2 - 2 (êñéôÞñéï d'Alembert). ¸óôù ç óåéñÜ

+∞∑
n=1

fn(x) (12.4.2 - 2)

üðïõ ãéá ôéò óõíáñôÞóåéò fn | D éó÷ýåé üôé

0 < |fn(x)| ≤ �n ãéá êÜèå n ∈ N êáé x ∈ D;

üôáí �n óôáèåñïß èåôéêïß áñéèìïß. Ôüôå, áí õðÜñ÷åé k ìå 0 < k < 1 ôÝôïéïò,

þóôå ∣∣∣∣ fn+1(x)

fn(x)

∣∣∣∣ ≤ k (12.4.2 - 3)

ôåëéêÜ ãéá üëïõò ôïõò äåßêôåò, ç óåéñÜ (12:4:2− 2) óõãêëßíåé ïìáëÜ åðß ôïõ

D.

Ôá ðáñáêÜôù èåùñÞìáôá áíáöÝñïíôáé óôç ìåôáâßâáóç éäéïôÞôùí óôçí

ïñéáêÞ óõíÜñôçóç ìéáò áêïëïõèßáò, áíôßóôïé÷á ìéáò óåéñÜò óõíáñôÞóåùí.
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ÏìáëÞ óýãêëéóç êáé óõíÝ÷åéá

Èåþñçìá 12.4.2 - 3. ¸óôù üôé ç áêïëïõèßá óõíáñôÞóåùí f� | D ãéá êÜèå

� ∈ N óõãêëßíåé ïìáëÜ åðß ôïõ D ðñïò ôç óõíÜñôçóç f . Áí êáèåìéÜ áðü ôéò

óõíáñôÞóåéò f� åßíáé óõíå÷Þò óå Ýíá óçìåßï, Ýóôù x0 ìå x0 ∈ D, ôüôå êáé ç
óõíÜñôçóç f èá åßíáé óõíå÷Þò óôï x0.

ÐáñáôçñÞóåéò 12.4.2 - 1

i) Óýìöùíá ìå ôï Èåþñçìá 12.4.2 - 3 éó÷ýåé

lim
x→x0

[
lim

�→+∞
f�(x)

]
= lim

x→x0
[f(x)] = f (x0)

= lim
�→+∞

f� (x0) (12.4.2 - 4)

= lim
�→+∞

[
lim

x→x0
fn(x)

]
:

ii) Ôï áíôßóôñïöï äåí éó÷ýåé ðÜíôïôå.

Ðüñéóìá 12.4.2 - 1. Áí ç óåéñÜ ôùí óõíáñôÞóåùí
∑+∞

n=1 fn óõãêëßíåé ïìáëÜ

ðñïò ìßá óõíÜñôçóç f åðß ôïõ D êáé êÜèå üñïò ôçò óåéñÜò åßíáé ìßá óõíå÷Þò

óõíÜñôçóç óôï óçìåßï x0 ìå x0 ∈ D, ôüôå êáé ç óõíÜñôçóç f èá åßíáé

óõíå÷Þò óôï x0.

ÐáñáôÞñçóç 12.4.2 - 1

Ìßá Üìåóç óõíÝðåéá ôïõ ðáñáðÜíù ðïñßóìáôïò åßíáé üôé åðéôñÝðåôáé óôçí

ðåñßðôùóç ôçò ïìáëÞò óýãêëéóçò ç åéóáãùãÞ ôïõ óõìâüëïõ ôïõ ïñßïõ åíôüò

ôïõ áèñïßóìáôïò ôçò óåéñÜò, äçëáäÞ

lim
x→x0

[
+∞∑
n=1

fn(x)

]
=

+∞∑
n=1

lim
x→x0

fn(x) =
+∞∑
n=1

fn (x0) : (12.4.2 - 5)

ÏìáëÞ óýãêëéóç êáé ïëïêëÞñùóç

Èåþñçìá 12.4.2 - 4. ¸óôù üôé ç áêïëïõèßá ôùí óõíå÷þí óõíáñôÞóåùí

f� | D ãéá êÜèå � ∈ N óõãêëßíåé ïìáëÜ åðß ôïõ D, üðïõ D = [a; b ], ðñïò
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ôç óõíÜñôçóç f . Ôüôå éó÷ýåé

lim
�→+∞

b∫
a

f�(x) dx =

b∫
a

f(x) dx: (12.4.2 - 6)

ÐáñáôÞñçóç 12.4.2 - 2

Óýìöùíá ìå ôï Èåþñçìá 12.4.2 - 4 èá éó÷ýåé

lim
�→+∞

b∫
a

f�(x) dx =

b∫
a

[
lim

�→+∞
f�(x)

]
dx =

b∫
a

f(x) dx: (12.4.2 - 7)

Ðüñéóìá 12.4.2 - 2. Áí ç óåéñÜ
∑+∞

n=1 fn ôùí óõíå÷þí óõíáñôÞóåùí åðß

ôïõ D = [a; b ] óõãêëßíåé ïìáëÜ åðß ôïõ D ðñïò ôç óõíÜñôçóç f(x), ôüôå

+∞∑
n=1

b∫
a

fn(x) dx =

b∫
a

[
+∞∑
n=1

fn(x)

]
dx =

b∫
a

f(x) dx: (12.4.2 - 8)

¢ñá üìïéá åðéôñÝðåôáé óôçí ðåñßðôùóç ôçò ïìáëÞò óýãêëéóçò ç åéóáãùãÞ

ôïõ óõìâüëïõ lim �→+∞, áíôßóôïé÷á ôïõ
∑+∞

n=1 åíôüò ôïõ óõìâüëïõ ôçò

ïëïêëÞñùóçò.

ÏìáëÞ óýãêëéóç êáé ðáñáãþãéóç

Èåþñçìá 12.4.2 - 5. Áí ìßá áêïëïõèßá óõíáñôÞóåùí f� | D ãéá êÜèå � ∈ N
óõãêëßíåé óå Ýíá óçìåßï x0 ìå x0 ∈ D üðïõ D = (a; b), õðÜñ÷åé ç ðáñÜãùãïò

ôùí üñùí ôçò áêïëïõèßáò óôï D êáé åðéðëÝïí ç áêïëïõèßá ôùí üñùí ôçò

óõãêëßíåé ïìáëÜ ðñïò ìßá óõíÜñôçóç, Ýóôù p(x) åðß ôïõ D, ôüôå

i) ç áêïëïõèßá ôùí óõíáñôÞóåùí f� | D ãéá êÜèå � ∈ N óõãêëßíåé ïìáëÜ

ðñïò ìßá óõíÜñôçóç, Ýóôù f ,

ii) õðÜñ÷åé ç ðáñÜãùãïò f ′ ôçò ïñéáêÞò óõíÜñôçóçò êáé éó÷ýåé

f ′(x) = p(x) ãéá êÜèå x ∈ D: (12.4.2 - 9)
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ÐáñáôÞñçóç 12.4.2 - 3

Óýìöùíá ìå ôï Èåþñçìá 12.4.2 - 5 éó÷ýåé[
lim

�→+∞
f�(x)

]′
= lim

�→+∞
f ′�(x) = f ′(x): (12.4.2 - 10)

Ðüñéóìá 12.4.2 - 3. Áí

i) ç óåéñÜ
∑+∞

n=1 fn(x) óõãêëßíåé ãéá Ýíá x0 ∈ D üðïõ D = (a; b),

ii) õðÜñ÷åé ç ðáñÜãùãïò f ′n(x); n = 1; 2; : : : ãéá êÜèå x ∈ D,

iii) ç óåéñÜ
∑+∞

n=1 f
′
n(x) óõãêëßíåé ïìáëÜ åðß ôïõ D,

ôüôå ç óåéñÜ
∑+∞

n=1 fn(x) óõãêëßíåé ïìáëÜ ðñïò ìßá óõíÜñôçóç, Ýóôù f(x)

åðß ôïõ D, ôçò ïðïßáò õðÜñ÷åé ç ðáñÜãùãïò f ′(x) êáé éó÷ýåé

+∞∑
n=1

f ′n(x) = f ′(x) ãéá êÜèå x ∈ D: (12.4.2 - 11)

Ç ó÷Ýóç (12:4:2− 11) ãñÜöåôáé

d

dx

[
+∞∑
n=1

fn(x)

]
=

+∞∑
n=1

[
d fn(x)

dx

]
ãéá êÜèå x ∈ D (12.4.2 - 12)

êáé áðïôåëåß ãåíßêåõóç ãéá óåéñÝò óõíáñôÞóåùí ôçò Þäç ãíùóôÞò ó÷Ýóçò ãéá

áèñïßóìáôá

d

dx

[
k∑

n=1

fn(x)

]
=

k∑
n=1

d fn(x)

dx
:

ÅðïìÝíùò êáé óôçí ðåñßðôùóç áõôÞ éó÷ýåé áíÜëïãç ðáñáôÞñçóç ãéá ôçí

åéóáãùãÞ ôïõ ôåëåóôÞ ðáñáãþãéóçò d=dx óôïõò üñïõò ôçò áêïëïõèßáò, áíôßóôïé-

÷á ôçò óåéñÜò óõíáñôÞóåùí.
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12.4.3 ÔñéãùíïìåôñéêÞ óåéñÜ

Ïñéóìüò 12.4.3 - 1. Ç óåéñÜ

a0
2

+ (a1 cosx+ b1 sinx) + : : :+ (an cosnx+ bn sinnx) + : : :

=
a0
2

+
+∞∑
n=1

(an cosnx+ bn sinnx) ; (12.4.3 - 1)

üôáí x ∈ R êáé a0, an, bn ∈ R ãéá êÜèå n ∈ N ïé óõíôåëåóôÝò, ëÝãåôáé

ôñéãùíïìåôñéêÞ óåéñÜ.

Åßíáé ðñïöáíÝò üôé êÜèå üñïò ôçò ôñéãùíïìåôñéêÞò óåéñÜò åßíáé ìéá ðåñéïäéêÞ

óõíÜñôçóç. Óýìöùíá ìå ôï êñéôÞñéï ôïõ Weierstrass (Èåþñçìá 12.4.2 - 1),

áí ç óåéñÜ

|a0|
2

+

+∞∑
n=1

( | an |+ | bn | ) (12.4.3 - 2)

óõãêëßíåé, ôüôå êáé ç ôñéãùíïìåôñéêÞ óåéñÜ èá óõãêëßíåé ïìáëÜ ðñïò ìéá

üìïéá ðåñéïäéêÞ óõíÜñôçóç, Ýóôù f(x), äçëáäÞ

a0
2

+
+∞∑
n=1

(an cosnx+ bn sinnx) = f(x): (12.4.3 - 3)

Áðïäåéêíýåôáé üôé, áí ç f(x) åßíáé ìßá ðåñéïäéêÞ óõíÜñôçóç ìå èåìåëéþäç

ðåñßïäï, Ýóôù T = 2�, ðïõ åßíáé äõíáôü íá ðáñáóôáèåß ìå ôç ìïñöÞ ôçò

ôñéãùíïìåôñéêÞò óåéñÜò (12:4:3 − 1), ôüôå ïé óõíôåëåóôÝò äßíïíôáé áðü ôïõò

ôýðïõò:

a0 =
1

�

�∫
−�

f(x) dx; êáé ãéá êÜèå n ∈ N

an =
1

�

�∫
−�

f(x) cosnx dx;

bn =
1

�

�∫
−�

f(x) sinnx dx: (12.4.3 - 4)



ÔñéãùíïìåôñéêÞ óåéñÜ 537

ÐáñáôÞñçóç 12.4.3 - 4

Ëüãù ôçò ðåñéïäéêüôçôáò ôçò f ôï äéÜóôçìá ïëïêëÞñùóçò [−�; �] óôïõò
ôýðïõò (12:4:3 − 4) åßíáé äõíáôü íá áíôéêáôáóôáèåß ìå êÜèå Üëëï äéÜóôçìá

ðëÜôïõò 2�, üðùò [0; 2�], ê.ëð., üôáí áõôü åîõðçñåôåß óôïí õðïëïãéóìü ôùí

óõíôåëåóôþí ôçò óåéñÜò.

Óýìöùíá êáé ìå ôçí ÐáñáôÞñçóç 12.4.3 - 4 ãåíéêüôåñá áðïäåéêíýåôáé

üôé, áí T åßíáé ç èåìåëéþäçò ðåñßïäïò ôçò ðåñéïäéêÞò óõíÜñôçóçò f | D, üôáí
D äéÜóôçìá ôïõ ðåäßïõ ïñéóìïý ôçò f ðëÜôïõò T , ôüôå ïé óõíôåëåóôÝò ôçò

ôñéãùíïìåôñéêÞò óåéñÜò (12:4:3− 1) äßíïíôáé áðü ôïõò ðáñáêÜôù ôýðïõò:

a0 =
2

T

∫
D

f(x) dx; êáé ãéá êÜèå n ∈ N

an =
2

T

∫
D

f(x) cos

(
2n�

T
x

)
dx;

bn =
2

T

∫
D

f(x) sin

(
2n�

T
x

)
dx; (12.4.3 - 5)

ðïõ ëÝãïíôáé åðßóçò êáé ôýðïé ôïõ Euler. Ç óåéñÜ (12:4:3− 1) åßíáé åðßóçò

ãíùóôÞ êáé ùò ç óåéñÜ Fourier ãéá ôçí ðåñéïäéêÞ óõíÜñôçóç f ìå óõíôåëå-

óôÝò Fourier ðïõ äßíïíôáé áðü ôïõò ôýðïõò (12:4:3− 5).

ÐáñÜäåéãìá 12.4.3 - 1

11 Íá áíáðôõ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. 12.4.3 - 1)

f(t) =


20

�
x; üôáí 0 ≤ x < �

0; üôáí � ≤ x < 2�

ìå f(x+ 2�) = f(x) ãéá êÜèå x ∈ R:

Óýìöùíá ìå ôïõò ôýðïõò (12:4:3− 5) Ý÷ïõìå

11Ãéá åöáñìïãÝò âëÝðå Á. ÌðñÜôóïò [1] Êåö. 2.
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2 4 6 8
t

0.5

1.0

1.5

2.0

2.5

3.0

fHtL

Ó÷Þìá 12.4.3 - 1: ÐáñÜäåéãìá 12.4.3 - 1: ç óõíÜñôçóç f(x) óôç èåìåëéþäç

ðåñßïäï.

a0 =
1

�

2�∫
0

f(x) dx =
20

�2

ð∫
0

x dx = 10;

bn =
1

2�

2�∫
0

f(x) cos(nx) dx =
20

�2

ð∫
0

x cos(nx) dx

=
20

�2
cos(nx) + nx sin(nx)

n2

∣∣∣∣�
0

=
20

n2�2
[(−1)n − 1] ;

bn =
1

�

2ð∫
0

f(x) sin(nx) dx =
20

�2

ð∫
0

x sin(nx) dx

=
20

�2
sin(nx)− nx cos(nx)

n2

∣∣∣∣�
0

= − 20

n�
cos(nð) = − 20

n�
(−1)n;

ïðüôå ç áíôßóôïé÷ç óåéñÜ Fourier åßíáé

f(x) = 5− 4:05 cosx− 0:45 cos 3x− 0:16 cos 5x− : : :

+6:37 sinx− 3:18 sin 2x+ 2:12 sin 3x− : : : :
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ÁóêÞóåéò

1. Íá ìåëåôçèåß ùò ðñïò ôçí ïìáëÞ óýãêëéóç ç ðáñáêÜôù áêïëïõèßá óõíáñôÞóåùí:

f�(x) =
� x

1 + �2x2
ãéá êÜèå � ∈ N:

2. ¼ìïéá ùò ðñïò ôçí ïìáëÞ óýãêëéóç ç óåéñÜ

+∞∑
n=1

1

1 + n2x
; üôáí x ∈ R:

3. Äåßîôå üôé
1∫

0

(
+∞∑
n=1

xn

n2

)
dx =

+∞∑
n=1

1

n2(n+ 1)
:

4. Íá áíáðôõ÷èïýí óå óåéñÜ Fourier ïé ðáñáêÜôù ðåñéïäéêÝò óõíáñôÞóåéò

f(x), ðïõ ï ðåñéïñéóìüò ôïõò óôç èåìåëéþäç ðåñßïäï åßíáé:

i) f(x) =

 1 áí −� ≤ x < ð

0 áí ð ≤ x < 3�
iii) f(x) = ex ; 0 ≤ x < 1

ii) f(x) = x ; 0 ≤ x < 1 iv) f(x) = | sinx|.

12.4.4 ÄõíáìïóåéñÝò

Ïñéóìüò 12.4.4 - 1. ÊÜèå óåéñÜ ôçò ìïñöÞò12

+∞∑
n=0

anx
n; áíôßóôïé÷á

+∞∑
n=0

an (x− x0)n (12.4.4 - 1)

ìå óõíôåëåóôÝò ôïõò ðñáãìáôéêïýò áñéèìïýò an; n = 1; 2; : : : êáé x ∈ R
ëÝãåôáé äõíáìïóåéñÜ (power series) Þ áêÝñáéá óåéñÜ ìå êÝíôñï ôï 0, áíôßóôïé-

÷á ôï x0.

Ó÷åôéêÜ ìå ôç óýãêëéóç ôùí äõíáìïóåéñþí éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

12ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Power series
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Èåþñçìá 12.4.4 - 1. ¸óôù ç äõíáìïóåéñÜ

+∞∑
n=1

anx
n; áíôßóôïé÷á ç (12.4.4 - 2)

+∞∑
n=1

an (x− x0)n : (12.4.4 - 3)

Áí óýìöùíá ìå ôï êñéôÞñéï óýãêëéóçò ôùí ñéæþí åßíáé

d = lim
n→+∞

n
√
|an|

Þ ôï êñéôÞñéï ôïõ ëüãïõ

d = lim
n→+∞

∣∣∣∣an+1

an

∣∣∣∣ ; (12.4.4 - 4)

ôüôå, áí

i) d = 0, ïé äõíáìïóåéñÝò óõãêëßíïõí ãéá êÜèå x ∈ R,

ii) d = +∞, ç äõíáìïóåéñÜ

• (12:4:4− 2) óõãêëßíåé ìüíïí, üôáí x = 0, áíôßóôïé÷á ç

• (12:4:4− 3), üôáí x = x0,

iii) d ̸= 0; +∞, Ýóôù

r =
1

d
(ôýðïò ôùí Cauchy-Hadamard): (12.4.4 - 5)

Ôüôå ç äõíáìïóåéñÜ (12:4:4− 2):

• óõãêëßíåé ãéá êÜèå x ∈ (−r; r),

• äåí óõãêëßíåé, üôáí |x| > r, åíþ ãéá

• x = ±r äåí åßíáé ãíùóôü áí óõãêëßíåé.

Ç äõíáìïóåéñÜ (12:4:4− 3):

• óõãêëßíåé ãéá êÜèå x ∈ (x0 − r; x0 + r),
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• äåí óõãêëßíåé, üôáí |x− x0| > r, åíþ ãéá

• x− x0 = ±r äåí åßíáé ãíùóôü áí óõãêëßíåé.

ÐáñáôçñÞóåéò 12.4.4 - 2

Áí åßíáé:

• d ̸= 0; +∞, ôüôå ï èåôéêüò áñéèìüò r = 1=d ïñßæåé ôçí áêôßíá óýãêëéóçò

ôçò äõíáìïóåéñÜò, åíþ ôï (−r; r), áíôßóôïé÷á ôï (x0 − r; x0 + r) ôï

äéÜóôçìá óýãêëéóçò,

• d = 0, åßíáé r = +∞ ôï R,

• d = +∞, ïñßæåôáé üôé åßíáé r = 0, áíôßóôïé÷á r = x0, åíþ ôï äéÜóôçìá

óýãêëéóçò óõìðßðôåé ìå ôï óçìåßï 0, áíôßóôïé÷á ôï x0.

ÐáñÜäåéãìá 12.4.4 - 1

¸óôù ç óåéñÜ
+∞∑
n=0

(x− 1)n

n !
;

ðïõ ïñßæåé ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=0

an (x− x0)n ìå êÝíôñï x0 = 1 êáé an =
1

n !
:

Åöáñìüæïíôáò ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→+∞

1
(n+1) !

1
n !

= lim
n→+∞

1

n+ 1
= 0;

üôáí

(n+ 1) ! = 1 · 2 · · · n · (n+ 1) êáé n ! = 1 · 2 · · · n:

¢ñá ç áêôßíá óýãêëéóçò åßíáé r = +∞ êáé ç äõíáìïóåéñÜ óõãêëßíåé ãéá

êÜèå x ∈ R.
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ÐáñÜäåéãìá 12.4.4 - 2

¸óôù ç óåéñÜ
+∞∑
n=1

xn

n
;

ðïõ ïñßæåé ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=1

an x
n ìå êÝíôñï x0 = 0 êáé an =

1

n
:

¼ìïéá åöáñìüæïíôáò ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = 1
n+1
1
n

= lim
n→+∞

n

n+ 1
= 1;

ïðüôå ç áêôßíá óýãêëéóçò åßíáé r = 1 êáé ôï äéÜóôçìá óýãêëéóçò ôï (−1; 1).
Óôï Üêñï x = −1 ç äõíáìïóåéñÜ áðïäåéêíýåôáé üôé óõãêëßíåé, åíþ óôï

Üêñï x = 1 áðåéñßæåôáé (áñìïíéêÞ óåéñÜ).

ÐáñÜäåéãìá 12.4.4 - 3

¸óôù ç óåéñÜ
+∞∑
n=1

(x+ 2)n

(n+ 1)2
;

ðïõ üìïéá ïñßæåé ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=1

an (x− x0)n ìå êÝíôñï x0 = −2 êáé an =
1

(n+ 1)2
:

¼ìïéá ìå ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = 1
(n+1+1)2

1
(n+1)2

= lim
n→+∞

(
n+ 1

n+ 2

)2

= 1;

ïðüôå ç áêôßíá óýãêëéóçò åßíáé r = 1 êáé ôï äéÜóôçìá óýãêëéóçò ôï

(x0 − r; x0 + r) = (2− 1; 2 + 1); äçëáäÞ ôï (1; 3):
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Óôï Üêñï x = 1, áíôßóôïé÷á x = 3 Ý÷ïõìå ôéò óåéñÝò ôùí áñéèìþí

+∞∑
n=1

3n

(n+ 1)2
; áíôßóôïé÷á

+∞∑
n=1

5n

(n+ 1)2

ïðüôå åöáñìüæïíôáò ôï êñéôÞñéï ðçëßêùí ôïõ d'Alembert Ý÷ïõìå

è = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→+∞

3n+1

(n+2)2

3n

(n+1)2

= 3 lim
n→+∞

(
n+ 1

n+ 2

)2

= 3 > 1;

äçëáäÞ áðåéñßæåôáé. ¼ìïéá áðåéñßæåôáé êáé ç Üëëç óåéñÜ, åðåéäÞ è̃ = 5 > 1.

ÐáñÜäåéãìá 12.4.4 - 4

¸óôù ç óåéñÜ
+∞∑
n=1

(
1 +

1

n

)n

(x+ 1)n ;

ðïõ üìïéá ïñßæåé ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=1

an (x− x0)n ìå êÝíôñï x0 = −1 êáé an =

(
1 +

1

n

)n

:

Ôüôå óýìöùíá ìå ôï êñéôÞñéï ôçò ñßæáò åßíáé

d = lim
n→+∞

n
√
|an| = lim

n→+∞

(
1 +

1

n

)
= 1

ïðüôå ç áêôßíá óýãêëéóçò åßíáé r = 1 êáé ôï äéÜóôçìá óýãêëéóçò

(x0 − r; x0 + r) = (−1− 1;−1 + 1); äçëáäÞ ôï (−2; 0) ê.ëð.

Áðïäåéêíýåôáé üôé éó÷ýåé ôï ðáñáêÜôù èåþñçìá ðáñáãþãéóçò êáé ïëïêëÞ-

ñùóçò äõíáìïóåéñþí:

Èåþñçìá 12.4.4 - 2. ¸óôù üôé ç óõíÜñôçóç f(x) | D áíáðôýóóåôáé óå

äõíáìïóåéñÜ ôçò ìïñöÞò

f(x) =
+∞∑
n=0

an (x− x0)n

êáé üôé r åßíáé ç áêôßíá óýãêëéóÞò ôçò. Ôüôå ç f
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i) åßíáé óõíå÷Þò óôï äéÜóôçìá D = (x0 − r; x0 + r),

ii) ðáñáãùãßæåôáé óôï D êáé éó÷ýåé

f ′(x) =
+∞∑
n=0

n an (x− x0)n−1 ; (12.4.4 - 6)

iii) ïëïêëçñþíåôáé óå êÜèå õðïäéÜóôçìá, Ýóôù [a; b ] ôïõ D êáé éó÷ýåé

b∫
a

f(x) dx =

b∫
a

+∞∑
n=0

an (x− x0)n dx =

+∞∑
n=0

an

b∫
a

(x− x0)n dx

=
+∞∑
n=0

an

[
(x− x0)n+1

n+ 1

] b
a

(12.4.4 - 7)

=

+∞∑
n=0

an
n+ 1

[
(b− x0)n+1 − (a− x0)n+1

]
:

¢óêçóç

Íá åîåôáóôïýí ùò ðñïò ôç óýãêëéóç ïé ðáñáêÜôù äõíáìïóåéñÝò ðïõ ïé ãåíéêïß

ôïõò üñïé an åßíáé:

i) xn v)
xn

(n!)2

ii)
2n

n2
xn vi)

(x− 5)n

n 3n

iii)
2n

n !
xn vii)

(x+ 3)n

n2

iv)
n3

3n
xn viii) nn (x− 1)n.

12.4.5 ÓåéñÜ Taylor

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç áðü ôï ÌÜèçìá ÐáñÜãùãïò ÓõíÜñôçóçò

üôé, áí f | (a; b) åßíáé ìéá óõíÜñôçóç ðïõ Ý÷åé ðáñáãþãïõò ìÝ÷ñé êáé �-ôÜîç,
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ôüôå éó÷ýåé ï ðáñáêÜôù ôýðïò ôïõ Taylor:

f(x) ≈ f(�) +
f ′(�)

1 !
(x− �) + f ′′(�)

2 !
(x− �)2

+ : : :+
f (�)(�)

� !
(x− �)� : (12.4.5 - 1)

Óôçí (12:4:5−1) ôï 2ï ìÝëïò åßíáé Ýíá ðïëõþíõìï � - âáèìïý, ðïõ ðñïóåããßæåé
ôçí f , åíþ ïé áñéèìïß f(�), f ′(�), : : :, f (�)(�) åßíáé ïé óõíôåëåóôÝò ôïõ ðïëõùíý-

ìïõ.

Óôçí ðåñßðôùóç üðïõ � = 0, ï ôýðïò (12:4:5− 1) ãñÜöåôáé óôç ìïñöÞ

f(x) = f(0) +
f ′(0)

1 !
x+

f ′′(0)

2 !
x2

+ : : :+
f (�)(0)

� !
x� (12.4.5 - 2)

êáé åßíáé ãíùóôüò ùò ôýðïò ôïõ Maclaurin, ìå óõíôåëåóôÝò ôïõò áñéèìïýò

f(0), f ′(0), : : :, f (�)(0).

Áí èåùñÞóïõìå üôé ïé ðáñáðÜíù ôýðïé ôïõ Taylor, áíôßóôïé÷á ôïõ Maclau-

rin, ïñßæïõí ôçí áêïëïõèßá ôùí ìåñéêþí áèñïéóìÜôùí äõíáìïóåéñþí ìå êÝíôñï

x0 = �, áíôßóôïé÷á x0 = 0, ôüôå, áí � → +∞, ïñßæïíôáé ïé:

óåéñÜ Taylor

f(x) = f(î) +
f ′(î)

1 !
(x− î) + : : :+

f (n)(î)

n !
(x− î)n + : : :

=

+∞∑
n=0

f (n)(î)

n !
(x− î)n; (12.4.5 - 3)

óåéñÜ Maclaurin

f(x) = f(0) +
f ′(0)

1 !
x+ : : :+

f (n)(0)

n !
xn + : : :

=

+∞∑
n=0

f (n)(0)

n !
xn: (12.4.5 - 4)
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ÐáñáôçñÞóåéò 12.4.5 - 3

i) Óå áíôßèåóç ìå ôçí ïñéáêÞ óõíÜñôçóç ôùí óåéñþí óõíáñôÞóåùí Þ ôùí

äõíáìïóåéñþí ðïõ äåí åßíáé ãíùóôÞ êáé ïýôå åßíáé äõíáôüí ôéò ðåñéóóüôå-

ñåò öïñÝò íá õðïëïãéóôåß, óôç óåéñÜ Taylor, áíôßóôïé÷á Maclaurin ç

ïñéáêÞ óõíÜñôçóç åßíáé ãíùóôÞ.

ii) Ï Ýëåã÷ïò ôçò óýãêëéóçò ôùí ðáñáðÜíù óåéñþí ãßíåôáé ìå ôï Èåþñçìá

12.4.4 - 1.

ÐáñÜäåéãìá 12.4.5 - 1

¸óôù ç óõíÜñôçóç

f(x) = ex

üðïõ åýêïëá õðïëïãßæåôáé üôé

f (n)(x) = ex ìå f (n)(0) = e0 = 1 ãéá êÜèå n ∈ N:

Ôüôå ç óåéñÜ Maclaurin (12:4:5− 4) ãñÜöåôáé

ex = 1 + x+
x2

2 !
+
x3

3 !
+ : : :+

xn

n !
+ : : :

=

+∞∑
n=0

xn

n !
: (12.4.5 - 5)

Ç óåéñÜ (12:4:5− 5) åßíáé ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=0

anx
n ìå êÝíôñï x0 = 0 êáé an =

1

n !
;

ïðüôå åöáñìüæïíôáò ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→+∞

1
(n+1) !

1
n !

= lim
n→+∞

1

n+ 1
= 0;

üôáí

(n+ 1) ! = 1 · 2 · · · n · (n+ 1) êáé n ! = 1 · 2 · · · n:
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¢ñá ç áêôßíá óýãêëéóçò åßíáé r = +∞ êáé ç äõíáìïóåéñÜ óõãêëßíåé

ãéá êÜèå x ∈ R, ðïõ óçìáßíåé üôé ç óõíÜñôçóç ex áíáðôýóóåôáé óå óåéñÜ

Maclaurin ãéá êÜèå x ∈ R.
Óýìöùíá ìå ôçí ÐáñáôÞñçóç 12.4.5 - 3-(ii), áí x = 1, Ý÷ïõìå ôçí ðáñáêÜôù

ðñïóÝããéóç ôïõ áñéèìïý e:

e = 2 +
1

2 !
+

1

3 !
+ : : :+

1

n !
+ : : : =

+∞∑
n=0

1

n !
:

ÐáñÜäåéãìá 12.4.5 - 2

Áðïäåéêíýåôáé üôé ãéá ôç óåéñÜ Maclaurin ôïõ sinx éó÷ýåé

sinx = x− x3

3 !
+
x5

5 !
− : : :+ (−1)n+1 x2n+1

(2n+ 1) !
+ : : :

=
+∞∑
n=0

(−1)n+1 x2n+1

(2n+ 1) !
: (12.4.5 - 6)

Ç (12:4:5− 6) åßíáé üìïéá ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=0

anx
n ìå êÝíôñï x0 = 0 üðïõ;

an =
(−1)n+1

(2n+ 1) !
êáé an+1 =

(−1)(n+1)+1

[2(n+ 1) + 1] !
=

(−1)n+2

(2n+ 3) !
;

üôáí

(2n+ 1) ! = 1 · 2 · · · 2n · (2n+ 1) êáé

(2n+ 3) ! = 1 · 2 · · · 2n · (2n+ 1) · (2n+ 2) · (2n+ 3)

Åöáñìüæïíôáò ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→+∞

∣∣∣∣∣∣
(−1)n+1

(2n+1) !

(−1)n+2

(2n+3) !

∣∣∣∣∣∣ = lim
n→+∞

1

(2n+ 2)(2n+ 3)
= 0:

¢ñá ç áêôßíá óýãêëéóçò åßíáé r = +∞ êáé ç äõíáìïóåéñÜ óõãêëßíåé

ãéá êÜèå x ∈ R, ðïõ óçìáßíåé üôé ç óõíÜñôçóç sinx áíáðôýóóåôáé óå óåéñÜ

Maclaurin ãéá êÜèå x ∈ R.
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ÐáñÜäåéãìá 12.4.5 - 3

ÁíÜëïãá ìå ôï ÐáñÜäåéãìá 12.4.5 - 2 áðïäåéêíýåôáé üôé ãéá ôç óåéñÜ Maclau-

rin ôïõ cosx, ðïõ äßíåôáé áðü ôïí ôýðï

cosx = 1− x2

2 !
+
x4

4 !
− : : :+ (−1)n+1 x2n

(2n)!
+ : : :

=

+∞∑
n=0

(−1)n+1 x2n

(2n) !

ìå

an =
(−1)n+1

(2n) !
êáé an+1 =

(−1)(n+1)+1

[2(n+ 1)] !
=

(−1)n+2

(2n+ 2) !
;

üôáí

(2n+ 1) ! = 1 · 2 · · · (2n− 1) · (2n) êáé

(2n+ 2) ! = 1 · 2 · · · 2n · (2n+ 1) · (2n+ 2);

åßíáé

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→+∞

∣∣∣∣∣∣
(−1)n+1

(2n) !

(−1)n+2

(2n+2) !

∣∣∣∣∣∣ = lim
n→+∞

1

(2n+ 1)(2n+ 2)
= 0:

¢ñá ç áêôßíá óýãêëéóçò åßíáé r = +∞ êáé ç äõíáìïóåéñÜ óõãêëßíåé ãéá

êÜèå x ∈ R, ïðüôå ç óõíÜñôçóç cosx áíáðôýóóåôáé óå óåéñÜ Maclaurin ãéá

êÜèå x ∈ R.

ÐáñÜäåéãìá 12.4.5 - 4

Ç óåéñÜ Maclaurin ôçò óõíÜñôçóçò

1

1− x
äßíåôáé áðü ôïí ôýðï

1

1− x
= 1 + x+ x2 + : : :+ xn + : : : =

+∞∑
n=0

xn;
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ðïõ åßíáé ôçò ìïñöÞò

+∞∑
n=0

anx
n ìå êÝíôñï x0 = 0 êáé an = 1:

Ôüôå áðü ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = 1;

ïðüôå ç áêôßíá óýãêëéóçò åßíáé r = 1 êáé ç äõíáìïóåéñÜ óõãêëßíåé ãéá êÜèå

x ∈ (−1; 1).
ÁíÜëïãá áðïäåéêíýåôáé üôé ç óåéñÜ Maclaurin ôçò

1

1 + x
ðïõ äßíåôáé áðü ôïí ôýðï

1

1− x
= 1− x+ x2 − : : :+ (−1)nxn + : : : =

+∞∑
n=0

(−1)nxn;

üìïéá óõãêëßíåé ãéá êÜèå x ∈ (−1; 1).

ÐáñÜäåéãìá 12.4.5 - 5

Ç óåéñÜ Taylor ôçò óõíÜñôçóçò lnx ìå êÝíôñï ôï óçìåßï � = 1 äßíåôáé áðü

ôïí ôýðï

lnx = (x− 1)− (x− 1)2

2
− : : :+ (−1)n−1 (x− 1)n

n
+ : : :

=
n∑

n=1

(−1)n−1 (x− 1)n

n
; üôáí x > 0: (12.4.5 - 7)

Ç (12:4:5− 7) åßíáé ìéá äõíáìïóåéñÜ ôçò ìïñöÞò

+∞∑
n=1

an (x− x0)n ìå êÝíôñï x0 = 1 êáé an =
(−1)n−1

n
:

Åöáñìüæïíôáò ôï êñéôÞñéï ôïõ ëüãïõ Ý÷ïõìå

d = lim
n→+∞

∣∣∣∣ an+1

an

∣∣∣∣ = lim
n→+∞

∣∣∣∣∣
(−1)n

n+1

(−1)n−1

n

∣∣∣∣∣ = lim
n→+∞

n

n+ 1
= 1:

¢ñá ç áêôßíá óýãêëéóçò åßíáé r = 1 êáé ç äõíáìïóåéñÜ óõãêëßíåé ãéá êÜèå

x ìå

x ∈ (1− x0; 1 + x0) ; äçëáäÞ x ∈ (0; 2):
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ÁóêÞóåéò

1. Äåßîôå üôé ïé ðáñáêÜôù óåéñÝò Maclaurin Ý÷ïõí ôá áíôßóôïé÷á äéáóôÞìáôá

óýãêëéóçò:

i)

1√
1 + x

= (1 + x)−1=2 = 1− 1

2
x+

1 · 3
2 · 4

x2 − 1 · 3 · 5
2 · 4 · 6

x3 + : : :

= 1 +

+∞∑
n=1

(−1)n 1 · 3 · · · (2n− 1)

2 · 4 · 6 · · · (2n)
xn : : : ìå x ∈ (−1; 1]

ii)

√
1− x = (1− x)1=2 = 1− 1

2
x− 1

2 · 4
x2 − 1 · 3

2 · 4 · 6
x3 + : : :

= 1−
+∞∑
n=1

1 · 3 · · · (2n− 3)

2 · 4 · 6 · · · (2n)
xn − : : : ìå x ∈ (−1; 1]:

2. ¼ìïéá ìå ôï ÐáñÜäåéãìá (12:4:5− 1), äåßîôå üôé ç óåéñÜ Maclaurin

ax = ex ln a =

+∞∑
n=0

(x ln a)n

n !

óõãêëßíåé ãéá êÜèå x ∈ R, üôáí a > 0.

13

13Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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ÐáñÜñôçìá A

ÓÅÉÑÁ FOURIER

A.1 ÅéóáãùãéêÝò Ýííïéåò

Ïé ðåñéïäéêÝò óõíáñôÞóåéò óõíáíôþíôáé óõ÷íÜ óå äéÜöïñá ðñïâëÞìáôá åöáñìï-

ãþí. Ç ðñïóðÜèåéá íá åêöñáóôïýí ïé óõíáñôÞóåéò áõôÝò ìå üñïõò áðëþí

ðåñéïäéêþí óõíáñôÞóåùí, üðùò åßíáé ïé óõíáñôÞóåéò ôïõ çìéôüíïõ êáé ôïõ

óõíçìéôüíïõ, Ý÷åé ìåãÜëç óçìáóßá óôç ìåëÝôç ôùí óõíáñôÞóåùí áõôþí, óôç

ëýóç äéÜöïñùí ìïñöþí äéáöïñéêþí åîéóþóåùí, óå ðñïâëÞìáôá ðñïóåããßóåùí

ê.ëð. Áðïäåéêíýåôáé óôá ÌáèçìáôéêÜ üôé óôçí ðåñßðôùóç ôùí ðåñéïäéêþí

óõíáñôÞóåùí, ç ðñïóÝããéóç áõôÞ åßíáé ç êáëýôåñç äõíáôÞ (best approxima-

tion), äçëáäÞ ç ïðïéáäÞðïôå Üëëçò ìïñöÞò ðñïóÝããéóç ôçò óõíÜñôçóçò Ý÷åé

ìåãáëýôåñï óöÜëìá. Ç õëïðïßçóç ôçò ðñïóðÜèåéáò áõôÞò, ðïõ îåêßíçóå áðü

ôïí Fourier, óõíå÷ßæåôáé áêüìá êáé óÞìåñá, óõìâÜëëïíôáò óôç ëýóç ðïëëþí

ðñïâëçìÜôùí áðü ôéò ðáñáðÜíù ðåñéðôþóåéò.1

Êñßíåôáé áðáñáßôçôï óôï óçìåßï áõôü íá ãßíåé ìéá õðåíèýìéóç ïñéóìÝíùí

ìáèçìáôéêþí åííïéþí áðáñáßôçôùí óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò.

A.1.1 ÐåñéïäéêÞ óõíÜñôçóç

Ïñéóìüò A.1.1 - 1 (ðåñéïäéêÞò óõíÜñôçóçò). Ìéá óõíÜñôçóç f(t) ìå ðåäßï

ïñéóìïý ôï R ëÝãåôáé ðåñéïäéêÞ, üôáí õðÜñ÷åé ô ∈ R ìå ô ̸= 0, Ýôóé þóôå íá

1Ï áíáãíþóôçò ãéá ðåñáéôÝñù ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá [3, 5] êáé óôï

âéâëßï Á. ÌðñÜôóïò [1] Êåö. 2.
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éó÷ýåé

f(t+ ô) = f(t) ãéá êÜèå t ∈ R: (A.1.1 - 1)

Ï åëÜ÷éóôïò èåôéêüò áñéèìüò ô ãéá ôïí ïðïßï éó÷ýåé ç (A:1:1 − 1) ëÝãåôáé

èåìåëéþäçò ðåñßïäïò êáé óõìâïëßæåôáé óõíÞèùò ìå T , åíþ ï áñéèìüò ô

ëÝãåôáé áðëÜ ðåñßïäïò.

ÐáñÜäåéãìá A.1.1 - 1

Ç óõíÜñôçóç

f(t) = | sin!t| üðïõ ù > 0

åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = �=ù, åíþ ç

f(t) = t; üôáí − � ≤ t < � êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ R

åßíáé ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï T = 2�.

Óôéò ðåñéðôþóåéò ðïõ ç óõíÜñôçóç äåí ïñßæåôáé óå üëï ôï R, ï ðáñáðÜíù

ïñéóìüò ãñÜöåôáé:

Ïñéóìüò A.1.1 - 2. Ìéá óõíÜñôçóç f(t) ìå ðåäßï ïñéóìïý ôï D ëÝãåôáé

ðåñéïäéêÞ, üôáí õðÜñ÷åé ô ∈ R ìå ô ̸= 0, Ýôóé þóôå íá éó÷ýåé

f(t+ ô) = f(t) ãéá êÜèå t; t+ ô ∈ D:

A.1.2 Éäéüôçôåò ðåñéïäéêþí óõíáñôÞóåùí

Ó÷åôéêÜ ìå ôéò ðåñéïäéêÝò óõíáñôÞóåéò éó÷ýïõí:

i) ôï äéÜãñáììá ìéáò ðåñéïäéêÞò óõíÜñôçóçò óå ìßá ðåñßïäï ëÝãåôáé êýìá

Þ êõìáôïìïñöÞ,

ii) áí ç ìåôáâëçôÞ ìéáò ðåñéïäéêÞò óõíÜñôçóçò óõìâïëßæåé ôï äéÜóôçìá,

ôüôå ç ðåñßïäüò ôçò ëÝãåôáé ìÞêïò êýìáôïò êáé óõìâïëßæåôáé ìå ë,
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iii) êÜèå ðåñéïäéêÞ óõíÜñôçóç f(t) ìå èåìåëéþäç ðåñßïäï T ãßíåôáé ðåñéïäéêÞ

ìå èåìåëéþäç ðåñßïäï 2�, èÝôïíôáò

t =
2ð

T
x ; (A.1.2 - 1)

iv) áí T åßíáé ç èåìåëéþäçò ðåñßïäïò, ôüôå ïñßæåôáé ùò óõ÷íüôçôá í ï

áñéèìüò

í =
1

T
(A.1.2 - 2)

êáé ùò êõêëéêÞ óõ÷íüôçôá ï

ù =
2ð

T
; (A.1.2 - 3)

Ïñéóìüò A.1.2 - 1. Ïñßæåôáé ùò áñìïíéêÞ êÜèå óõíÜñôçóç ôçò ìïñöÞò

f(t) = a cos(ùt+ è) Þ f(t) = a sin(ùt+ è): (A.1.2 - 4)

Éäéüôçôåò áñìïíéêÞò óõíÜñôçóçò

Ó÷åôéêÜ ìå ôçí áñìïíéêÞ óõíÜñôçóç éó÷ýïõí:

á) ôï äéÜãñáììÜ ôçò åßíáé ìßá çìéôïíïåéäÞò êáìðýëç Þ, üðùò óõíÞèùò

ëÝãåôáé, áñìïíéêü êýìá,

â) Ý÷åé êõêëéêÞ óõ÷íüôçôá ù ìå èåìåëéþäç ðåñßïäï T = 2�=ù,

ã) Ý÷åé ðëÜôïò a, ðïõ ðáñéóôÜíåé êáé ôç ìÝãéóôç ôéìÞ ôçò f ,

ä) Ý÷åé öÜóç ùt+ è ìå áñ÷éêÞ ãùíßá è.

Åðßóçò éó÷ýïõí ïé ðáñáêÜôù ðñïôÜóåéò:

Ðñüôáóç A.1.2 - 1. Ôï Üèñïéóìá äýï Þ ðåñéóóïôÝñùí áñìïíéêþí óõíáñôÞ-

óåùí ìå ôçí ßäéá êõêëéêÞ óõ÷íüôçôá, Ýóôù ù, åßíáé åðßóçò áñìïíéêÞ óõíÜñôç-

óç ìå ôçí ßäéá êõêëéêÞ óõ÷íüôçôá.
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ÐáñÜäåéãìá A.1.2 - 1

Åöáñìüæïíôáò ôçí Ðñüôáóç A.1.2 - 1 ãéá ù = 1 óôéò áñìïíéêÝò óõíáñôÞóåéò

f(t) = sin t êáé g(t) =
√
3 cos t ðñïêýðôåé üôé ç

h(t) = sin t+
√
3 cos t = 2

(
1

2
sin t+

√
3

2
cos t

)
= 2 cos

(
t− �

6

)
;

åßíáé üìïéá ìßá áñìïíéêÞ óõíÜñôçóç ìå ôçí ßäéá êõêëéêÞ óõ÷íüôçôá ù = 1.

Ðñüôáóç A.1.2 - 2. Ôï Üèñïéóìá äýï Þ ðåñéóóüôåñùí áñìïíéêþí óõíáñôÞ-

óåùí, ðïõ ç êáèåìéÜ Ý÷åé êõêëéêÞ óõ÷íüôçôá áêÝñáéï ðïëëáðëÜóéï ìéáò óõ÷íü-

ôçôáò, Ýóôù ù0, åßíáé ìßá ðåñéïäéêÞ - ãåíéêÜ ìç áñìïíéêÞ - óõíÜñôçóç ìå

óõ÷íüôçôá ôç ìéêñüôåñç óõ÷íüôçôá ôùí áñìïíéêþí óõíáñôÞóåùí.

Ðñüôáóç A.1.2 - 3. Ôï Üèñïéóìá äýï Þ ðåñéóóüôåñùí áñìïíéêþí óõíáñôÞ-

óåùí, ðïõ ïé óõ÷íüôçôÝò ôïõò Ý÷ïõí áíÜ äýï ðçëßêï ñçôü áñéèìü, åßíáé

ðåñéïäéêÞ - ãåíéêÜ ìç áñìïíéêÞ - óõíÜñôçóç.

A.2 ÓåéñÜ Fourier

A.2.1 Ïñéóìüò ôçò óåéñÜò

Óýìöùíá êáé ìå ôïí Ïñéóìü 12.4.3 - 1 ôçò ÐáñáãñÜöïõ 12.4.3 Ý÷ïõìå üôé:

Ïñéóìüò A.2.1 - 1 (ôñéãùíïìåôñéêÞ óåéñÜ). Ïñßæåôáé ùò ôñéãùíïìåôñé-

êÞ óåéñÜ êÜèå óåéñÜ ôçò ìïñöÞò

á0
2

+ (á1 cos t+ â1 sin t) + :::+ (án cosnt+ ân sinnt) + :::

=
á0
2

+
+∞∑
n=1

(án cosnt+ ân sinnt) ; (A.2.1 - 1)

üôáí t ∈ R êáé á0, án, ân ∈ R; n = 1; 2; : : : ïé óõíôåëåóôÝò ôçò óåéñÜò.

Áðü ôïí Ïñéóìü A.2.1 - 1 ðñïêýðôïõí ôá åîÞò:

• êÜèå üñïò ôçò óåéñÜò åßíáé ìßá ðåñéïäéêÞ óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï

T = 2�,
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• áí ç óåéñÜ (A:2:1− 1) óõãêëßíåé2 ïìáëÜ óôï R, èá ðñÝðåé óýìöùíá ìå
ôçí ÐáñÜãñáöï A.1.1, ç éäéüôçôá ôçò ðåñéïäéêüôçôáò íá ìåôáâéâÜæåôáé

êáé óôçí ïñéáêÞ óõíÜñôçóç, Ýóôù f(t), äçëáäÞ ç f(t) íá åßíáé üìïéá ìßá

ðåñéïäéêÞ óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï ßóç ìå T .

ÐáñáôçñÞóåéò A.2.1 - 1

Ôá âáóéêÜ åñùôÞìáôá ðïõ äçìéïõñãïýíôáé óôçí ðåñßðôùóç ôçò ôñéãùíïìåôñéêÞò

óåéñÜò åßíáé:

i) ðïéåò óõíèÞêåò ðñÝðåé íá åðáëçèåýïíôáé, Ýôóé þóôå ìßá ðåñéïäéêÞ óõíÜñôç-

óç íá áíáðôýóóåôáé óå ôñéãùíïìåôñéêÞ óåéñÜ,

ii) ï õðïëïãéóìüò ôùí óõíôåëåóôþí ôçò óåéñÜò (A:2:1− 1).

A.2.2 Èåþñçìá óåéñÜò Fourier

Äßíåôáé ôþñá ç áðÜíôçóç óôï åñþôçìá (i) ôùí ÐáñáôçñÞóåùí A.2.1 - 1 ìå ôç

âïÞèåéá ôïõ ðáñáêÜôù èåùñÞìáôïò:

Èåþñçìá A.2.2 - 1 (óåéñÜò Fourier). ¸óôù f(t) ìßá ðåñéïäéêÞ óõíÜñôç-

óç ìå èåìåëéþäç ðåñßïäï T = 2� ðïõ åßíáé êáôÜ ôìÞìáôá óõíå÷Þò óôï

äéÜóôçìá [−�; �] êáé ãéá ôçí ïðïßá õðÜñ÷ïõí ôüóï ç áñéóôåñÜ üóï êáé ç

äåîéÜ ðëåõñéêÞ ðáñÜãùãïò óå êÜèå óçìåßï ôïõ äéáóôÞìáôïò áõôïý. Ôüôå ç

óåéñÜ Fourier (A:2:1 − 1), ðïõ ïé óõíôåëåóôÝò ôçò äßíïíôáé áðü ôéò ó÷Ýóåéò

(A:2:3− 1) - (A:2:3− 3), óõãêëßíåé ïìáëÜ óôï R êáé ôï ÜèñïéóìÜ ôçò åßíáé

ç f(t), åêôüò áðü Ýíá óçìåßï, Ýóôù t0, ðïõ ç f(t) åßíáé áóõíå÷Þò êáé ðïõ ôï

ÜèñïéóìÜ ôçò åßíáé ï ìÝóïò üñïò ôïõ áñéóôåñïý êáé ôïõ äåîéïý ïñßïõ ôçò óôï

t0, äçëáäÞ

1

2

[
lim

t→ t0−0
f(t) + lim

t→ t0+0
f(t)

]
: (A.2.2 - 1)

2ÂëÝðå ÌÜèçìá ÓåéñÝò - ÏìáëÞ óýãêëéóç.
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A.2.3 Õðïëïãéóìüò ôçò óåéñÜò Fourier

Ó÷åôéêÜ ìå ôï åñþôçìá (ii) ôùí ÐáñáôçñÞóåùí A.2.1 - 1 áðïäåéêíýåôáé üôé

áí ç f(t) åßíáé ìßá ðåñéïäéêÞ óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï T = 2� ôÝôïéá,

þóôå íá åßíáé äõíáôü íá ðáñáóôáèåß ìå ôç ìïñöÞ ôçò ôñéãùíïìåôñéêÞò óåéñÜò

(A:2:1− 1), äçëáäÞ åðáëçèåýåé ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò A.2.2 - 1, ôüôå

ïé óõíôåëåóôÝò ôçò õðïëïãßæïíôáé áðü ôïõò ôýðïõò

á0 =
1

�

�∫
−�

f(t)d t; (A.2.3 - 1)

án =
1

�

�∫
−�

f(t) cosnt d t; (A.2.3 - 2)

ân =
1

�

�∫
−�

f(t) sinnt d t (A.2.3 - 3)

ãéá êÜèå n = 1; 2; : : : :

Ç óåéñÜ (A:2:1− 1) ëÝãåôáé ôüôå óåéñÜ Fourier3 (Fourier series) ãéá ôçí

ðåñéïäéêÞ óõíÜñôçóç f ìå óõíôåëåóôÝò Fourier ôïõò (A:2:3−1) - (A:2:3−3).

Ïé ôýðïé (A:2:3 − 1) - (A:2:3 − 3), ðïõ äßíïõí ôïõò óõíôåëåóôÝò ôçò óåéñÜò

(A:2:1− 1), ëÝãïíôáé êáé ôýðïé ôïõ Euler.

Ëüãù ôçò ðåñéïäéêüôçôáò ôçò f ôï äéÜóôçìá ïëïêëÞñùóçò [−�; �] åßíáé
äõíáôü íá áíôéêáôáóôáèåß ìå êÜèå Üëëï äéÜóôçìá ðëÜôïõò 2�, üðùò [0; 2�],

ê.ëð., üôáí áõôü åîõðçñåôåß óôïí õðïëïãéóìü ôùí óõíôåëåóôþí ôçò óåéñÜò.

¸óôù ôþñá üôé ç óõíÜñôçóç f(t) Ý÷åé ìßá ôõ÷ïýóá èåìåëéþäç ðåñßïäï T

êáé ðëçñïß ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò A.2.2 - 1. ÈÝôïíôáò

t =
T

2�
x; äçëáäÞ x =

2�

T
t

êáé, õðïèÝôïíôáò üôé t ∈
[−T

2 ;
T
2

]
, èá åßíáé x ∈ [−�; �], åíþ ç f , üôáí èåùñçèåß

ùò óõíÜñôçóç ôïõ x, èá åßíáé üìïéá ðåñéïäéêÞ ìå èåìåëéþäç ðåñßïäï 2�, ï

3ÂëÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=Fourier series
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ôýðïò (A:2:3− 1) ãñÜöåôáé

á0 =
1

�

�∫
−�

f

[(
T

2�

)
x

]
dx =

1

�

T=2∫
−T=2

f(t)
2�

T
dt =

2

T

T=2∫
−T=2

f(t) dt:

Ìå üìïéï ôñüðï áðïäåéêíýåôáé üôé ïé óõíôåëåóôÝò Fourier óôçí ðåñßðôùóç

áõôÞ äßíïíôáé áðü ôïõò ðáñáêÜôù ôýðïõò:

á0 =
2

T

T=2∫
−T=2

f(t) d t;

án =
2

T

T=2∫
−T=2

f(t) cos

(
2nð

T
t

)
d t; üôáí n = 1; 2; : : :(A.2.3 - 4)

ân =
2

T

T=2∫
−T=2

f(t) sin

(
2nð

T
t

)
d t; üôáí n = 1; 2; : : :

êáé ëÝãïíôáé åðßóçò ôýðïé ôïõ Euler ãéá ôïõò óõíôåëåóôÝò ôçò óåéñÜò Fourier,

ðïõ áíôéóôïé÷åß óôçí ðåñéïäéêÞ óõíÜñôçóç f(t) ìå èåìåëéþäç ðåñßïäï T . Ôüôå

ç óåéñÜ Fourier Ý÷åé ôç ìïñöÞ

f(t) =
á0
2

+

+∞∑
n=1

[
án cos

(
2nð

T
t

)
+ ân sin

(
2nð

T
t

)]
: (A.2.3 - 5)

¼ìïéá, ëüãù ôçò ðåñéïäéêüôçôáò ôçò f óôïõò ôýðïõò (A:2:3 − 4) åßíáé

äõíáôüí íá ÷ñçóéìïðïéçèåß êÜèå äéÜóôçìá ïëïêëÞñùóçò ðëÜôïõò T , üðùò

[0; T ], ê.ëð.

ÐáñÜäåéãìá A.2.3 - 1

Íá áíáðôõ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. A.2.3 - 1)

f(t) =

 t; üôáí 0 ≤ t < �

0; üôáí � ≤ t < 2�
êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ R:
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Ó÷Þìá A.2.3 - 1: ÐáñÜäåéãìá A.2.3 - 1: ç óõíÜñôçóç f(t) óôç èåìåëéþäç

ðåñßïäï, äçëáäÞ üôáí t ∈ [0; 2�].

Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 2�. Ôüôå óýìöùíá ìå ôïõò ôýðïõò

(A:2:3− 4) Ý÷ïõìå 4; 5

á0 =
1

�

2�∫
0

f(t) dt =
1

�

�∫
0

f(t) dt+
1

�

2�∫
�

f(t) dt =
1

�

�∫
0

t dt =
�

2
;

án =
1

�

2�∫
0

f(t) cos(nt) dt =
1

�

�∫
0

t cos(nt) dt =
1

�

�∫
0

t

[
sin(nt)

n

]′
dt

=
1

n�
t sin(nt)

∣∣∣∣�
0

− 1

n�

�∫
0

t′ sin(nt) d t

= 0− 1

n�

�∫
0

sin(nt) d t =
1

n2�
cos(nt)

∣∣∣∣�
0

=
1

n2�
[(−1)n − 1] ;

4ÐáñáãïíôéêÞ ïëïêëÞñùóç - ðåñßðôùóç ãéíïìÝíïõ ðïëõùíýìïõ ìå ôñéãùíïìåôñéêÞ

óõíÜñôçóç: áñ÷éêÜ äçìéïõñãåßôáé ç ðáñÜãùãïò ôçò ôñéãùíïìåôñéêÞò óõíÜñôçóçò. ÂëÝðå

åðßóçò Á. ÌðñÜôóïò [2] Êåö. 7.
5Õðåíèõìßæåôáé üôé: cos(n�) = (−1)n êáé sin(n�) = 0 ãéá êÜèå n = 1; 2; : : : :
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ân =
1

�

2ð∫
0

f(t) sin(nt) dt =
1

�

�∫
0

t sin(nt) dt (üìïéá)

=
1

�

sin(nt)− nt cos(nt)
n2

∣∣∣∣�
0

= − 1

n
cos(n�) = − 1

n
(−1)n

ãéá êÜèå n = 1; 2; : : : :

¢ñá óýìöùíá ìå ôçí (A:2:3− 5) ç áíôßóôïé÷ç óåéñÜ Fourier åßíáé

f(t) =
�

4
− 2

�
cos t+ sin t− 1

2
sin 2t− 2

2�
cos 3t+

1

3
sin 3t

−1

4
sin 4t− 2

25�
cos 5t+

1

5
sin 5t− 1

6
sin 6t

− 2

49�
cos 7t+

1

7
sin 7t− : : :

≈ 0:7854− 0:6366 cos t+ sin t− 0:5 sin 2t

−0:0710 cos 3t+ 0:3333 sin 3t− 0:25 sin 4t

−0:0255 cos 5t+ 0:2 sin 5t− 0:1667 sin 6t

−0:0130 cos 7t+ 0:1429 sin 7t− : : : : (A.2.3 - 6)

Óôï óçìåßï áóõíÝ÷åéáò t0 = � óýìöùíá ìå ôï Èåþñçìá A.2.2 - 1 - ôýðïò

(A:2:2− 1) - ôï Üèñïéóìá ôçò óåéñÜò éóïýôáé ìå

f (t0) =
1

2

[
lim

t→�−0
f(t) + lim

t→�+0
f(t)

]
=

1

2
(� + 0) =

�

2
: (A.2.3 - 7)

Óôï Ó÷. A.2.3 - 2 äßíåôáé ôï äéÜãñáììá ôçò f(t) óôç èåìåëéþäç ðåñßïäï

(Ýíôïíç ìðëå êáìðýëç), ôï äéÜãñáììá ôïõ áèñïßóìáôïò S5 ôùí 5 ðñþôùí üñùí

ôçò (A:2:3− 6) - êüêêéíç êáìðýëç, üðïõ

S5(t) = 0:7854− 0:6366 cos t+ sin t− 0:5 sin 2t− 0:0710 cos 3t

+0:3333 sin 3t− 0:25 sin 4t− 0:0255 cos 5t+ 0:2 sin 5t

êáé ôïõ áèñïßóìáôïò S14 (ðñÜóéíç êáìðýëç). Áðü ôï Ó÷. A.2.3 - 2 ðñïêýðôåé

üôé, åíþ ãéá t ∈ (0; 2�) ôï äéÜãñáììá ôïõ áèñïßóìáôïò ôùí n ðñþôùí üñùí
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Ó÷Þìá A.2.3 - 2: ÐáñÜäåéãìá A.2.3 - 1: äéÜãñáììá ôçò f(t) óôç èåìåëéþäç

ðåñßïäï (ìðëå), áèñïßóìáôïò S5 êüêêéíç êáé S14 ðñÜóéíç êáìðýëç.

ðñÝðåé íá ôåßíåé óôï äéÜãñáììá ôçò f , üôáí ôï n áõîÜíåé, óôï óçìåßï � -

óçìåßï áóõíÝ÷åéáò - äçìéïõñãïýíôáé êýìáôá, ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõí

êáé üôáí ôï Üèñïéóìá ôùí üñùí ôçò óåéñÜò áõîÜíåé. Ôï öáéíüìåíï áõôü åßíáé

ãíùóôü ùò öáéíüìåíï Gibbs. Èá ðñÝðåé íá óçìåéùèåß üôé ôá äéáãñÜììáôá

ôùí S5 êáé S14 äéÝñ÷ïíôáé áðü ôï óçìåßï (t0; f (t0) ), üðïõ ç f (t0) äßíåôáé áðü

ôçí (A:2:3− 7).

Ï õðïëïãéóìüò ôùí óõíôåëåóôþí ìå ôï MATHEMATICA Ýãéíå ìå ôéò

åíôïëÝò:

Ðñüãñáììá A.2.3 - 1 (óõíôåëåóôÝò óåéñÜò Fourier)

T = 2*Pi;a0 = Integrate[(2/T) t, {t, 0, Pi}]

an = Integrate[(2/T)*t*Cos[n t],{t,0,Pi}]

/.{Cos[n Pi]->(-1)^n,Sin[n Pi]->0}

bn = Integrate[(2/T)*t*Sin[n t],{t,0,Pi}]

/.{Cos[n Pi]->(-1)^n,Sin[n Pi]-> 0}

ÐáñÜäåéãìá A.2.3 - 2

Íá áíáðôõ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. A.2.3 - 3)

g(t) =

 e−t; üôáí 0 ≤ t < 1

0; üôáí 1 ≤ t < 2
êáé g(t+ 2) = g(t) ãéá êÜèå t ∈ R:
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Ó÷Þìá A.2.3 - 3: ÐáñÜäåéãìá A.2.3 - 2: (a) ç óõíÜñôçóç e−t, üôáí t ∈ R,
(b) ç óõíÜñôçóç g(t) óôç èåìåëéþäç ðåñßïäï, äçëáäÞ üôáí t ∈ [0; 2].

Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 2. Ôüôå óýìöùíá ìå ôïõò ôýðïõò

(A:2:3− 4) Ý÷ïõìå6

á0 =
2

2

2∫
0

g(t) dt =

1∫
0

g(t) dt+

2∫
1

g(t) dt =

1∫
0

e−t dt =
e− 1

e
;

án =

1∫
0

g(t) cos(n�t) dt =

1∫
0

e−t cos(n�t) dt = I

(A.2.3 - 8)

6ÐáñáãïíôéêÞ ïëïêëÞñùóç - ðåñßðôùóç ãéíïìÝíïõ åêèåôéêÞò ìå ôñéãùíïìåôñéêÞ

óõíÜñôçóç: åöáñìüæåôáé äýï öïñÝò ç ðáñáãïíôéêÞ ïëïêëÞñùóç, äçìéïõñãþíôáò óôçí 1ç

ðáñáãïíôéêÞ ôçí ðáñÜãùãï ôçò åõêïëüôåñçò áðü ôéò äýï óõíáñôÞóåéò (óôçí ðåñßðôùóç

áõôÞ ôçò åêèåôéêÞò) êáé üìïéá êáé óôç 2ç ðáñáãïíôéêÞ ïëïêëÞñùóç.
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üðïõ

I =

1∫
0

e−t cos(n�t) dt =

1∫
0

[
− e−t

]′
cos(n�t) dt

= − e−t cos(n�t)
∣∣ 1
0
+

1∫
0

e−t [cos(n�t)]′ d t

= −
[
e−1 cos(n�)− 1

]
− n�

1∫
0

e−t sin(n�t) d t

= −
[
(−1)n e−1 − 1

]
− n�

1∫
0

[
− e−t

]′
sin(n�t) d t

= −
[
(−1)n e−1 − 1

]
+ n� e−t sin(n�t)

∣∣ 1
0

−n�
1∫

0

e−t [sin(n�t)]′ d t

= −
[
(−1)n e−1 − 1

]
+ 0− n2�2

1∫
0

e−t cos(n�t) d t

= −
[
(−1)n e−1 − 1

]
+ 0− n2�2 I:

¢ñá ôåëéêÜ

án =
e− (−1)n

e (1 + n2�2)
ãéá êÜèå n = 1; 2; : : : :

¼ìïéá

ân =

1∫
0

g(t) sin(n�t) dt =

1∫
0

e−t sin(n�t) dt;

ïðüôå

ân =
n� [e− (−1)n]
e (1 + n2�2)

ãéá êÜèå n = 1; 2; : : : :
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ÅðïìÝíùò óýìöùíá ìå ôçí (A:2:3− 5) ç áíôßóôïé÷ç óåéñÜ Fourier åßíáé

g(t) = 0:3161 + 0:1259 cos�t+ 0:3954 sin�t+ 0:0156 cos 2�t

+0:0981 sin 2t+ 0:01522 cos 3�t+ 0:1435 sin 3�t

+0040 cos 4�t+ 0:0400 sin 4�t+ : : : : (A.2.3 - 9)

Óôï óçìåßï áóõíÝ÷åéáò t0 = 1 óýìöùíá ìå ôï Èåþñçìá A.2.2 - 1 - ôýðïò

(A:2:2− 1) - ôï Üèñïéóìá ôçò óåéñÜò éóïýôáé ìå

g (t0) =
1

2

[
lim

t→ 1−0
g(t) + lim

t→ 1+0
g(t)

]
=

1

2

(
e−1 + 0

)
=

e−1

2
≈ 0:1840: (A.2.3 - 10)

Óôï Ó÷. A.2.3 - 4 äßíåôáé ôï äéÜãñáììá ôçò g(t), üôáí t ∈ [0; 4] (Ýíôïíç

ìðëå êáìðýëç), ôï äéÜãñáììá ôïõ áèñïßóìáôïò S3 ôùí 3 ðñþôùí üñùí ôçò

(A:2:3 − 9) - êüêêéíç êáìðýëç - êáé ôïõ S14 - ðñÜóéíç êáìðýëç. ¼ðùò êáé

óôï Ó÷. A.2.3 - 2 áðü ôï Ó÷. A.2.3 - 4 ðñïêýðôåé üôé, åíþ ãéá t ∈ (0; 4)

ôï äéÜãñáììá ôïõ áèñïßóìáôïò ôùí n ðñþôùí üñùí ðñÝðåé íá ôåßíåé óôï

äéÜãñáììá ôçò g, üôáí ôï n áõîÜíåé, óôá óçìåßá áóõíÝ÷åéáò ti = 0; 1; 2; 3; 4

äçìéïõñãïýíôáé êýìáôá, ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõí êáé üôáí ôï Üèñïéóìá

ôùí üñùí ôçò óåéñÜò áõîÜíåé (öáéíüìåíï Gibbs). Èá ðñÝðåé åðßóçò íá óçìåéùèåß

üôé ôá äéáãñÜììáôá ôùí S3 êáé S14 äéÝñ÷ïíôáé áðü ôï óçìåßï (t0; g (t0) ), üôáí

t0 = 1 êáé g (t0) ≈ 0:1840 óýìöùíá ìå ôçí (A:2:3 − 10). ¼ìïéá êáé áðü ôá

Üëëá óçìåßá áóõíÝ÷åéáò (ti; g (ti) ) ìå ti = 0; 2; 3; 4.

ÐáñÜäåéãìá A.2.3 - 3

¼ìïéá ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. A.2.3 - 5)

g̃(t) = e−t; üôáí 0 ≤ t < 1 êáé g̃(t+ 1) = g̃(t) ãéá êÜèå t ∈ R:

Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 1. Ôüôå óýìöùíá ìå ôïõò ôýðïõò

(A:2:3−4) êáé áíÜëïãïõò õðïëïãéóìïýò ìå áõôïýò ôïõ Ðáñáäåßãìáôïò A.2.3

- 2 ôåëéêÜ Ý÷ïõìå



566 ÓåéñÜ Fourier Êáè. Á. ÌðñÜôóïò

1 2 3 4
t

0.2

0.4

0.6

0.8

1.0

fHtL

Ó÷Þìá A.2.3 - 4: ÐáñÜäåéãìá A.2.3 - 2: äéÜãñáììá ôçò g(t) üôáí t ∈ [0; 4]

ìðëå êáìðýëç, áèñïßóìáôïò S3 êüêêéíç êáé S14 ðñÜóéíç.
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Ó÷Þìá A.2.3 - 5: ÐáñÜäåéãìá A.2.3 - 3: (a) ç óõíÜñôçóç e−t, üôáí t ∈ R,
(b) ç óõíÜñôçóç g̃(t) óôç èåìåëéþäç ðåñßïäï, äçëáäÞ üôáí t ∈ [0; 1].
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á0 =
2

1

1∫
0

g̃(t) dt = 2

1∫
0

g̃(t) dt = 2

1∫
0

e−t dt = 2

(
1− 1

e

)
;

án =
2

1

1∫
0

g̃(t) cos(2n�t) dt = 2

1∫
0

e−t cos(2n�t) dt

=
2 e−t [− cos(2n�t) + 2n� sin(2n�t)]

1 + 4n2�2

∣∣∣∣ 1
0

=
2(e− 1)

e (1 + 4n2�2)
;

ân =
2

1

1∫
0

g̃(t) sin(2n�t) dt = 2

1∫
0

e−t sin(2n�t) dt

= − 2 e−t [2n� cos(2n�t) + sin(2n�t)]

1 + 4n2�2

∣∣∣∣ 1
0

=
4n�(e− 1)

e (1 + 4n2�2)

ãéá êÜèå n = 1; 2; : : : :

¢ñá óýìöùíá ìå ôçí (A:2:3− 5) ç áíôßóôïé÷ç óåéñÜ Fourier åßíáé

g(t) = 0:6321 + 0:0312 cos 2�t+ 0:1962 sin 2�t+ 0:0080 cos 4�t

+0:0100 sin 4t+ 0:0036 cos 6�t+ 0:0669 sin 6�t

+0020 cos 8�t+ 0:0502 sin 8�t+ : : : : (A.2.3 - 11)

Óôï óçìåßï áóõíÝ÷åéáò t0 = 1 óýìöùíá ìå ôï Èåþñçìá A.2.2 - 1 - ôýðïò

(A:2:2− 1) - ôï Üèñïéóìá ôçò óåéñÜò éóïýôáé ìå

g̃ (t0) =
1

2

[
lim

t→ 1−0
g̃(t) + lim

t→ 1+0
g̃(t)

]
=

1

2

(
e−1 + 0

)
=
e−1

2
≈ 0:1840:

Óôï Ó÷. A.2.3 - 6 äßíåôáé ôï äéÜãñáììá ôçò g̃(t), üôáí t ∈ [0; 3] (Ýíôïíç

ìðëå êáìðýëç), ôï äéÜãñáììá ôïõ áèñïßóìáôïò S3 ôùí 3 ðñþôùí üñùí ôçò

(A:2:3 − 11) - êüêêéíç êáìðýëç - êáé ôïõ S9 - ðñÜóéíç êáìðýëç. Áðü ôï

Ó÷. A.2.3 - 6 üìïéá ðñïêýðôåé üôé, åíþ ãéá t ∈ (0; 3) ôï äéÜãñáììá ôïõ

áèñïßóìáôïò ôùí n ðñþôùí üñùí ðñÝðåé íá ôåßíåé óôï äéÜãñáììá ôçò g̃, üôáí
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Ó÷Þìá A.2.3 - 6: ÐáñÜäåéãìá A.2.3 - 3: äéÜãñáììá ôçò g̃(t) üôáí t ∈ [0; 3]

ìðëå êáìðýëç, áèñïßóìáôïò S3 êüêêéíç êáé S9 ðñÜóéíç.

ôï n áõîÜíåé, óôá óçìåßá áóõíÝ÷åéáò 0; 1; 2; 3 äçìéïõñãïýíôáé åðßóçò êýìáôá,

ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõí êáé üôáí ôï Üèñïéóìá ôùí üñùí ôçò óåéñÜò

áõîÜíåé (öáéíüìåíï Gibbs). Åðßóçò ôá äéáãñÜììáôá ôùí S3 êáé S9 äéÝñ÷ïíôáé

áðü ôá óçìåßá áóõíÝ÷åéáò (ti; g (ti) ) ìå ti = 0; 1; 2; 3.

ÐáñÜäåéãìá A.2.3 - 4

¼ìïéá ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. A.2.3 - 7)

f̃(t) =

 sin t; üôáí 0 ≤ t < �

0; üôáí � ≤ t < 2�
êáé f̃(t+ 2�) = f̃(t) ãéá êÜèå t ∈ R

(çìéáíüñèùóç).

Ëýóç. Ç èåìåëéþäçò ðåñßïäïò åßíáé T = 2�. ¼ìïéá ìå ôïõò ôýðïõò (A:2:3−
4) êáé ãíùóôïýò ôýðïõò ôçò Ôñéãùíïìåôñßáò7 ôåëéêÜ Ý÷ïõìå8

72 sinA cosB = sin(A+B) + sin(A−B), 2 sinA sinB = cos(A−B)− cos(A+B).
8¼ôáí óôïõò ôýðïõò õðïëïãéóìïý ôùí óõíôåëåóôþí án êáé ân ðñïêýøïõí ðáñáóôÜóåéò,

ðïõ äåí ïñßæïíôáé ãéá êÜðïéåò ôéìÝò ôïõ n, ôüôå ï õðïëïãéóìüò ôùí áíôßóôïé÷ùí

óõíôåëåóôþí ãßíåôáé ÷ùñéóôÜ áíôéêáèéóôþíôáò óôïõò ôýðïõò (A:2:3 − 4) ôéò ôéìÝò áõôÝò,

üðùò óôéò ðåñéðôþóåéò ôùí óõíôåëåóôþí á1 êáé â1.
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Ó÷Þìá A.2.3 - 7: ÐáñÜäåéãìá A.2.3 - 4: (a) ç óõíÜñôçóç sin t, üôáí t ∈
[−2�; 4�], (b) ç óõíÜñôçóç f̃(t) óôç èåìåëéþäç ðåñßïäï, äçëáäÞ üôáí t ∈
[0; 2�] .

á0 =
2

2�

2�∫
0

f̃(t) dt =
1

�

�∫
0

f̃(t) dt =
1

�

�∫
0

sin t dt =
2

�
;

á1 =
2

2�

2�∫
0

f̃(t) cos

(
2�t

2�

)
dt =

1

�

�∫
0

sin t cos t dt = 0;

án =
2

2�

2�∫
0

f̃(t) cos

(
2n�t

2�

)
dt =

1

�

�∫
0

sin t cos(nt) dt

=
cos t cos(nt) + n sin t sin(nt)

� (n2 − 1)

∣∣∣∣�
0

= − 1 + (−1)n

�� (n2 − 1)
ãéá êÜèå n = 2; 3; : : : ;

â1 =
2

2�

2�∫
0

f̃(t) sin

(
2�t

2�

)
dt =

1

�

�∫
0

sin2 t dt =
1

2
;

ân =
2

2�

2�∫
0

f̃(t) sin

(
2n�t

2�

)
dt =

1

�

�∫
0

sin t sin(nt) dt

=
−n sin t cos(nt) + cos t sin(nt)

� (n2 − 1)

∣∣∣∣�
0

= 0 ãéá êÜèå n = 2; 3; : : : :
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Ó÷Þìá A.2.3 - 8: ÐáñÜäåéãìá A.2.3 - 4: äéÜãñáììá ôçò f̃(t) üôáí t ∈
[−2�; 4�] ìðëå êáìðýëç, áèñïßóìáôïò S3 êüêêéíç êáé S7 ðñÜóéíç.

¢ñá óýìöùíá ìå ôçí (A:2:3− 5) ç áíôßóôïé÷ç óåéñÜ Fourier åßíáé

f̃(t) = 0:3183 + 0:5 sin t− 0:2122 cos 2t− 0:0424 sin 4t

−0:0182 cos 6t− 0:0101 cos 8t− : : : : (A.2.3 - 12)

Óôï Ó÷. A.2.3 - 8 äßíåôáé ôï äéÜãñáììá ôçò f̃(t) óôï äéÜóôçìá [−2�; 4�]
(Ýíôïíç ìðëå êáìðýëç), ôï äéÜãñáììá ôïõ áèñïßóìáôïò S3 ôùí 3 ðñþôùí üñùí

ôçò (A:2:3− 12) - êüêêéíç êáìðýëç - êáé ôïõ S7 - ðñÜóéíç êáìðýëç. Ç f̃(t)

äåí Ý÷åé óçìåßá áóõíÝ÷åéáò, ïðüôå äåí åìöáíßæåôáé ôï öáéíüìåíï Gibbs.

A.2.4 ÃñáììéêÜ öÜóìáôá

Ï ãåíéêüò üñïò ôçò óåéñÜò Fourier, ðïõ áíôéóôïé÷åß óå ìßá ðåñéïäéêÞ óõíÜñôçóç

f(t) ìå èåìåëéþäç ðåñßïäï T , óýìöùíá ìå ôïí ôýðï (A:2:3− 5) ãñÜöåôáé

án cos

(
2nð

T
t

)
+ ân sin

(
2nð

T
t

)
= án cos(nùt) + ân sin(nùt); (A.2.4 - 1)

üðïõ n = 1; 2; : : : êáé ù = 2�=T .

¸óôù ân ̸= 0 êáé tanön = án=ân ãéá êÜèå n = 1; 2; : : :, üðïõ −� ≤ ön <
�. ×ñçóéìïðïéþíôáò êáôÜëëçëïõò ôñéãùíïìåôñéêïýò ìåôáó÷çìáôéóìïýò óôçí
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(A:2:4− 1) Ý÷ïõìå

án cos(nùt) + ân sin(nùt) = ân

[
án
ân

cos(nùt) + sin(nùt)

]
= ân [tanön cos(nùt) + sin(nùt)]

=
ân

cosön
[sinön cos(nùt) + cosön sin(nùt)]

= ân

√
1 + tan2 ön sin (nùt+ ön)

=
√
á2n + â2n sin (nùt+ ön) :

9¸óôù Cn =
(
á2n + â2n

)1=2
ãéá êÜèå n = 1; 2; : : :, åíþ ãéá n = 0 èÝôïõìå

C0 = |a0| =2. Ôüôå ç áíôßóôïé÷ç óåéñÜ Fourier ôçò f(t) ãñÜöåôáé

f(t) =
á0
2

+

+∞∑
n=1

Cn sin (nùt+ ön) (A.2.4 - 2)

êáé ëÝãåôáé óåéñÜ ôïõ çìéôüíïõ.

¼ìïéá èÝôïíôáò óôïí ãåíéêü üñï üðïõ tan èn = ân=án ìå án ̸= 0 ãéá

êÜèå n = 1; 2; : : : êáé −ð ≤ ön < ð, ðñïêýðôåé ç ðáñáêÜôù óåéñÜ ôçò f

f(t) =
á0
2

+
+∞∑
n=1

Cn cos (nùt− èn) (A.2.4 - 3)

ðïõ ëÝãåôáé óåéñÜ ôïõ óõíçìéôüíïõ.

Ôüôå |Cn sin (nùt+ ön)| ≤ Cn, áíôßóôïé÷á, |Cn cos (nùt− èn)| ≤ Cn ãéá

êÜèå n = 0; 1; : : :, äçëáäÞ ïé óõíôåëåóôÝò Cn äåß÷íïõí ôï ìÝãéóôï ðëÜôïò

ôáëÜíôùóçò êÜèå üñïõ ôçò óåéñÜò. Ïé óõíôåëåóôÝò áõôïß ëÝãïíôáé áñìïíéêïß

ðëÜôïõò êáé ôï äéÜãñáììÜ ôïõò ãñáììéêü öÜóìá ðëÜôïõò (line spectrum).

Åßíáé ðñïöáíÝò ôüôå üôé áðü ôç ìåëÝôç ôïõ ãñáììéêïý öÜóìáôïò ðñïêýðôåé

ç ôá÷ýôçôá óýãêëéóçò ôçò óåéñÜò óôçí f . Ïé ãùíßåò ön, áíôßóôïé÷á, èn;

n = 1; 2; : : : ïñßæïõí ôüôå ôïõò áñìïíéêïýò öÜóçò êáé ôï äéÜãñáììÜ ôïõò

ëÝãåôáé ãñáììéêü öÜóìá öÜóçò (phase spectrum).

9Éó÷ýåé üôé: cosön = 1=
√

1 + tan2 ön.
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ÐñÝðåé íá ôïíéóôåß óôï óçìåßï áõôü üôé, åöüóïí éó÷ýåé ôï Èåþñçìá A.2.2

- 1, ïðüôå ç óåéñÜ Fourier óõãêëßíåé óôçí f(t), ôá ðëÜôç Cn ðñÝðåé äéáñêþò

íá ìåéþíïíôáé êáé ôåëéêÜ íá óõãêëßíïõí óôï ìçäÝí, äéáöïñåôéêÜ óýìöùíá ìå

ôï Èåþñçìá 12.3.1 - 2 ç áêïëïõèßá Cn; n = 0; 1; : : : íá åßíáé ìçäåíéêÞ.

ÐáñÜäåéãìá A.2.4 - 1

Áðü ôç óåéñÜ Fourier ôçò ðåñéïäéêÞò óõíÜñôçóçò ôïõ Ðáñáäåßãìáôïò A.2.3 -

1 ìå óôñïããõëïðïßçóç ôùí áðïôåëåóìÜôùí óôá 5 äåêáäéêÜ øçößá ðñïêýðôåé

üôé ãéá ôïõò üñïõò ðåñéôôÞò ôÜîçò åßíáé:

C0 =
|a0|
2

= 0:78540; C1 =
√
a21 + b21 = 1:18545;

C3 =
√
a23 + b23 = 0:34076; C5 =

√
a25 + b25 = 0:20161

C7 =
√
a27 + b27 = 0:14345; : : : ;

åíþ ãéá ôïõò üñïõò Üñôéáò ôÜîçò

C2 =
√
a22 + b22 = |b2| = 0:5; C4 = |b4| = 0:25; C6 = |b6| = 0:1667; : : : :

Ôï áíôßóôïé÷ï ãñáììéêü öÜóìá ðëÜôïõò äßíåôáé óôï Ó÷. A.2.4 - 1. Áðü ôç

ìåëÝôç ôïõ äéáãñÜììáôïò ðñïêýðôåé üôé ç áíôßóôïé÷ç óåéñÜ Fourier óõãêëßíåé

áñãÜ ðñïò ôçí f . Åðßóçò äßíïíôáé ôï êõêëéêü äéÜãñáììá êáôáíïìÞò (pie

chart) óôï Ó÷. A.2.4 - 2 êáé öÜóçò óôï Ó÷. A.2.4 - 3.

Ï õðïëïãéóìüò ôùí áñìïíéêþí ðëÜôïõò ìå ôï MATHEMATICA Ýãéíå ìå

ôéò åíôïëÝò:10

Ðñüãñáììá A.2.4 - 1 (óåéñÜò Fourier áñìïíéêïß ðëÜôïõò)

f[t_]:= Piecewise[{{t, 0 <= t < Pi}, {0, Pi <= t < 2 Pi}}]

T = 2*Pi;

a0 = (2/T) Integrate[f[t],{t, 0, 2*Pi}];

C0 = Abs[a0]/2;Print["Co=", N[C0]];

Do[n = i; x = (2/T) Integrate[f[t]*Cos[2*n*Pi*t/T],

{t, 0, 2*Pi}];

10Ãéá MATHEMATICA âëÝðå Don [4].
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Ó÷Þìá A.2.4 - 1: ÐáñÜäåéãìá A.2.4 - 1: ôï ãñáììéêü öÜóìá ðëÜôïõò (linear

spectrum).

y = (2/T) Integrate[f[t]*Sin[2*n*Pi*t/T],

{t, 0, 2*Pi}];

z = Sqrt[x^2 + y^2];

Print["C", i,"=",N[z], {i, 1, 7}];

ÐáñÜäåéãìá A.2.4 - 2

Áðü ôç óåéñÜ Fourier ôçò ðåñéïäéêÞò óõíÜñôçóçò ôïõ Ðáñáäåßãìáôïò A.2.3 -

2 ìå óôñïããõëïðïßçóç ôùí áðïôåëåóìÜôùí óôá 5 äåêáäéêÜ øçößá ðñïêýðôåé

üôé ãéá ôïõò üñïõò ðåñéôôÞò ôÜîçò åßíáé:

C0 =
|a0|
2

= 0:31606; C1 =
√
a21 + b21 = 0:41490;

C3 =
√
a23 + b23 = 0:14433; C4 =

√
a24 + b24 = 0:05014; : : : ;

åíþ ãéá ôïõò üñïõò Üñôéáò ôÜîçò

C2 =
√
a22 + b22 = 0:09935; C4 = 0:05014; C6 = 0:03349; : : : :

Ôï áíôßóôïé÷ï ãñáììéêü öÜóìá ðëÜôïõò äßíåôáé óôï Ó÷. A.2.4 - 4. Áðü ôç

ìåëÝôç ôïõ äéáãñÜììáôïò ðñïêýðôåé üôé ç áíôßóôïé÷ç óåéñÜ Fourier óõãêëßíåé

åðßóçò áñãÜ ðñïò ôçí g.
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Ó÷Þìá A.2.4 - 2: ÐáñÜäåéãìá A.2.4 - 1: ôï äéÜãñáììá êáôáíïìÞò (pie chart)

ôïõ ãñáììéêïý öÜóìáôïò ðëÜôïõò.
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Ó÷Þìá A.2.4 - 3: ÐáñÜäåéãìá A.2.4 - 1: ôï öÜóìá öÜóåùí (phase spectrum).
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Ó÷Þìá A.2.4 - 4: ÐáñÜäåéãìá A.2.4 - 2: ôï ãñáììéêü öÜóìá ðëÜôïõò (linear

spectrum).

ÐáñÜäåéãìá A.2.4 - 3

¼ìïéá áðü ôç óåéñÜ Fourier ôçò ðåñéïäéêÞò óõíÜñôçóçò ôïõ Ðáñáäåßãìáôïò

A.2.3 - 3 ìå óôñïããõëïðïßçóç ôùí áðïôåëåóìÜôùí óôá 5 äåêáäéêÜ øçößá

ðñïêýðôåé üôé:

C0 =
|a0|
2

= 0:63212; C1 =
√
a21 + b21 = 0:19871;

C2 =
√
a22 + b22 = 0:10029; C3 =

√
a23 + b23 = 0:06698;

C4 =
√
a24 + b24 = 0:05026; C5 =

√
a25 + b25 = 0:04026; : : :

ìå áíôßóôïé÷ï ãñáììéêü öÜóìá ðëÜôïõò ðïõ äßíåôáé óôï Ó÷. A.2.4 - 5. Áðü ôç

ìåëÝôç ôïõ äéáãñÜììáôïò ðñïêýðôåé üôé ç áíôßóôïé÷ç óåéñÜ Fourier óõãêëßíåé

ãñÞãïñá ðñïò ôçí g̃.

ÐáñÜäåéãìá A.2.4 - 4

¼ìïéá áðü ôç óåéñÜ Fourier ôçò ðåñéïäéêÞò óõíÜñôçóçò ôïõ Ðáñáäåßãìáôïò

A.2.3 - 4 ìå óôñïããõëïðïßçóç ôùí áðïôåëåóìÜôùí óôá 5 äåêáäéêÜ øçößá
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Ó÷Þìá A.2.4 - 5: ÐáñÜäåéãìá A.2.4 - 3: ôï ãñáììéêü öÜóìá ðëÜôïõò (linear

spectrum).

Ý÷ïõìå:

C0 =
|a0|
2

= 0:31831; C1 =
√
a21 + b21 = 0:5;

C4 =
√
a24 + b24 = 0:04244; C6 =

√
a26 + b26 = 0:01819;

C8 =
√
a28 + b28 = 0:01011; C10 =

√
a210 + b210 = 0:00643; : : :

ìå áíôßóôïé÷ï ãñáììéêü öÜóìá ðëÜôïõò ðïõ äßíåôáé óôï Ó÷. A.2.4 - 6. Áðü ôç

ìåëÝôç ôïõ äéáãñÜììáôïò ðñïêýðôåé üôé ç áíôßóôïé÷ç óåéñÜ Fourier óõãêëßíåé

åðßóçò ãñÞãïñá ðñïò ôçí f̃ .

A.2.5 ÓåéñÜ Üñôéùí êáé ðåñéôôþí óõíáñôÞóåùí

Åßíáé Þäç ãíùóôü üôé ìßá óõíÜñôçóç f ìå ðåäßï ïñéóìïý, Ýóôù D, ëÝãåôáé
Üñôéá áíôßóôïé÷á ðåñéôôÞ, üôáí ãéá êÜèå t, −t ∈ D åßíáé f(−t) = f(t),

áíôßóôïé÷á, f(−t) = −f(t).
Áðü ôéò éäéüôçôåò ôùí óõíáñôÞóåùí áõôþí Ý÷ïõìå:

i) ôï äéÜãñáììá ìéáò Üñôéáò óõíÜñôçóçò åßíáé óõììåôñéêü ùò ðñïò ôïí

Üîïíá yy′, åíþ ìéáò ðåñéôôÞò óõììåôñéêü ùò ðñïò ôçí áñ÷Þ ôùí áîüíùí,
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Ó÷Þìá A.2.4 - 6: ÐáñÜäåéãìá A.2.4 - 4: ôï ãñáììéêü öÜóìá ðëÜôïõò (linear

spectrum).

ii) üôáí ç f åßíáé Üñôéá, ôüôå

á∫
−á

f(t)dt = 2

á∫
0

f(t) dt; (A.2.5 - 1)

åíþ, üôáí åßíáé ðåñéôôÞ,
á∫

−á

f(t) dt = 0; (A.2.5 - 2)

iii) ôï ãéíüìåíï ìéáò ðåñéôôÞò ìå ìßá Üñôéá åßíáé ðåñéôôÞ óõíÜñôçóç, åíþ ôï

ãéíüìåíï äýï Üñôéùí Þ äýï ðåñéôôþí óõíáñôÞóåùí åßíáé Üñôéá óõíÜñôçóç.

Ìå ÷ñÞóç ôùí ðáñáðÜíù éäéïôÞôùí (i)-(iii) áðïäåéêíýåôáé ôï ðáñáêÜôù

èåþñçìá:

Èåþñçìá A.2.5 - 1 (óåéñÜ Üñôéùí êáé ðåñéôôþí óõíáñôÞóåùí).

¸óôù f(t) ìßá ðåñéïäéêÞ óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï T ðïõ ðëçñïß

ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò A.2.2 - 1. Ôüôå, áí ç f(t) åßíáé Üñôéá, ôï

áíÜðôõãìÜ ôçò óå óåéñÜ Fourier åßíáé

f(t) =
á0
2

+

+∞∑
n=1

án cos

(
2nð

T
t

)
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üðïõ

á0 =
4

T

T=2∫
0

f(t)dt êáé

án =
4

T

T=2∫
0

f(t) cos

(
2nð

T
t

)
dt ãéá êÜèå n = 1; 2; : : : ;(A.2.5 - 3)

åíþ, üôáí åßíáé ðåñéôôÞ,

f(t) =
+∞∑
n=1

ân sin

(
2nð

T
t

)
üðïõ

ân =
4

T

T=2∫
0

f(t) sin

(
2nð

T
t

)
dt ãéá êÜèå n = 1; 2; : : : : (A.2.5 - 4)

Óýìöùíá ìå ôï Èåþñçìá A.2.5 - 1, üôáí ç f åßíáé

• Üñôéá, ðñÝðåé ân = 0 ãéá êÜèå n = 1; 2; : : :, åíþ, üôáí åßíáé

• ðåñéôôÞ, ðñÝðåé án = 0 ãéá êÜèå n = 0; 1; : : : :

ÐáñÜäåéãìá A.2.5 - 1

Íá áíáðôõ÷èåß óå óåéñÜ Fourier ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. A.2.5 - 1)

f(t) =


0 áí −� < t ≤ −�

2

1 áí −�
2

< t ≤ �

2

0 áí
�

2
< t < �

êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ R:

Ëýóç. Ç f åßíáé ìßá Üñôéá óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï T = 2�, ïðüôå

ân = 0 ãéá êÜèå n = 1; 2; :::. Ôüôå óýìöùíá ìå ôïõò ôýðïõò (A:2:5 − 3)
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Ó÷Þìá A.2.5 - 1: ÐáñÜäåéãìá A.2.5 - 1: ç óõíÜñôçóç f(t) óôç èåìåëéþäç

ðåñßïäï.

ïëïêëçñþíïíôáò óå äéÜóôçìá ðëÜôïõò T=2, äçëáäÞ óôï [0; �] = [0; �=2] ∪
[�=2; �] Ý÷ïõìå

á0 =
4

T

�=2∫
0

f(t)dt+
4

T

�∫
�=2

f(t)dt =
2

�

�=2∫
0

dt = 1

êáé

án =
2

�

�=2∫
0

cos(nt)dt =
2

n�
sin(nt)

∣∣∣∣�=2
0

=
2

nð
sin
(n�

2

)
:

ãéá êÜèå n = 1; 2; : : : :

Óôï Ó÷. A.2.5 - 2 äßíåôáé ôï äéÜãñáììá ôçò f(t) óôç èåìåëéþäç ðåñßïäï

(Ýíôïíç ìðëå êáìðýëç), ôï äéÜãñáììá ôïõ áèñïßóìáôïò S5 ôùí 5 ðñþôùí üñùí

(êüêêéíç êáìðýëç) êáé ôïõ S19 (ðñÜóéíç êáìðýëç).

Áðü ôï Ó÷. A.2.5 - 2 ðñïêýðôåé üôé, åíþ ãéá t ∈ (−�=2; �=2) ôï äéÜãñáììá
ôïõ áèñïßóìáôïò ôùí n ðñþôùí üñùí ðñÝðåé íá ôåßíåé óôï äéÜãñáììá ôçò f ,

üôáí ôï n áõîÜíåé, óôá óçìåßá áóõíÝ÷åéáò −�=2 êáé �=2 äçìéïõñãïýíôáé

êýìáôá, ðïõ åîáêïëïõèïýí íá õðÜñ÷ïõí êáé üôáí ôï Üèñïéóìá ôùí üñùí ôçò

óåéñÜò áõîÜíåé. Ôï öáéíüìåíï áõôü åßíáé Þäç ãíùóôü áðü ôá Ðáñáäåßãìáôá

A.2.3 - 1 Ýùò êáé A.2.3 - 3 ùò öáéíüìåíï Gibbs.
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Ó÷Þìá A.2.5 - 2: ÐáñÜäåéãìá A.2.5 - 1: äéÜãñáììá ôçò f(t) óôç èåìåëéþäç

ðåñßïäï, áèñïßóìáôïò S5 êüêêéíç êáé S19 ðñÜóéíç êáìðýëç.

ÐáñÜäåéãìá A.2.5 - 2

¼ìïéá ç ðåñéïäéêÞ óõíÜñôçóç (Ó÷. A.2.5 - 3)

f(t) = t; üôáí − � ≤ t < � êáé f(t+ 2�) = f(t) ãéá êÜèå t ∈ R:

Ëýóç. Ç f åßíáé ìßá ðåñéôôÞ óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï T = 2�, ïðüôå

án = 0 ãéá êÜèå n = 0; 1; : : : . Ôüôå óýìöùíá ìå ôïõò ôýðïõò (A:2:5 − 4)

ïëïêëçñþíïíôáò üìïéá óå äéÜóôçìá ðëÜôïõò T=2, äçëáäÞ óôï [0; �] Ý÷ïõìå

ân =
2

�

�∫
0

t sin(nt) dt = − 2

nð
t cos(nt)

∣∣∣∣�
0

+
2

nð

�∫
0

cos(nt) dt

= −2(−1)n

n
:

ÁíÜëïãï äéÜãñáììá ìå áõôü ôïõ Ó÷. A.2.5 - 2 ãßíåôáé êáé óôçí ðåñßðôùóç

áõôÞ.

¢óêçóç

Íá áíáðôõ÷èïýí óå óåéñÜ Fourier êáé íá ãßíåé ôï ãñáììéêü öÜóìá ôùí ðáñáêÜôù

ðåñéïäéêþí óõíáñôÞóåùí f(t), ðïõ ï ðåñéïñéóìüò ôïõò óôç èåìåëéþäç ðåñßïäï
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Ó÷Þìá A.2.5 - 3: ÐáñÜäåéãìá A.2.5 - 2: ç óõíÜñôçóç f(t), üôáí t ∈ [−�; �].

åßíáé:

i) f(t) =

 −1 áí −� ≤ t < 0

1 áí 0 ≤ t < �
v) f(t) = et ; 0 ≤ t < 1

ii) f(t) = t ; −1 ≤ t < 1 vi) f(t) = t2 ; −� ≤ t < �

iii) f(t) = t ; 0 ≤ t < 2� vii) f(t) = | sin t|

iv) f(t) =

 sin 2t áí 0 ≤ t < �

0; áí � ≤ t < 2�
viii) f(t) =

 −t ; −� ≤ t < 0

t ; 0 ≤ t < �:

ÁðáíôÞóåéò

(i) ðåñéôôÞ T = 2�; bn = 4
T

�∫
0

sin(nt)dt = 2[1−(−1)n]
n�

; n = 1; 2; : : : ,

(ii) áíÜëïãç ôïõ Ðáñáäåßãìáôïò A.2.5 - 2, T = 2, bn = − 2(−1)n

n�
; n = 1; 2; : : : ,

(iii) a0 = 2� ; an = 0; bn = − 2
n
; n = 1; 2; : : : :,

(iv) âëÝðå ÐáñÜäåéãìá A.2.3 - 4,

(v) üìïéá ÐáñÜäåéãìá A.2.3 - 3, a0 = 2− 2
e
, an = 2(e−1)

e(1+4n2�2)
,

bn = 4n�(e−1)

e(1+4n2�2)
; n = 1; 2; : : :,

(vi) Üñôéá a0 = 2�2

3
; an = 4(−1)n

n2 ; n = 1; 2; : : :,

(vii) T = �. ¼ôáí t ∈ [0; �=2] åßíáé | sin t| = sin t. Ëýóç üìïéá ìå ÐáñÜäåéãìá A.2.3 - 4,

a0 = 4
�
, an = 4

�(1−4n2)
; n = 1; 2; : : :,

(viii) Üñôéá T = 2�, a0 =
�∫
0

t dt = �, an = 2[−1+(−1)n]

n2�
; n = 1; 2; : : : :
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A.2.6 ÅêèåôéêÞ ìïñöÞ ôçò óåéñÜò Fourier

¸óôù ç ðåñéïäéêÞ óõíÜñôçóç f(t) ìå èåìåëéþäç ðåñßïäï T , ðïõ ôï áíÜðôõãìÜ

ôçò óå óåéñÜ Fourier åßíáé

f(t) =
á0
2

+

+∞∑
n=1

[án cos(nùt) + ân sin(nùt)] ; (1.2.6 - 1)

üðïõ ù = 2�=T .

Åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìáÌéãáäéêïß Áñéèìïß üôé áðü ôçí ôáõôüôçôá

ôïõ Euler

e±iè = cos è ± i sin è;

ðñïêýðôïõí ïé ôýðïé

sin è =
ei è − e−i è

2i
êáé cos è =

ei è + e−i è

2
: (1.2.6 - 2)

Áíôéêáèéóôþíôáò óôçí (1:2:6−1) ôïõò üñïõò ôïõ óõíçìéôüíïõ êáé ôïõ çìéôüíïõ
ìå ôéò (1:2:6− 2) ç óåéñÜ äéáäï÷éêÜ ãñÜöåôáé

f(t) =
á0
2

+

+∞∑
n=1

[
án
einùt + e−inùt

2
+ ân

einùt − e−inùt

2i

]

=
á0
2

+

+∞∑
n=1

[
1

2
(án − iân) einùt +

1

2
(án + iân) e

−inùt
]
:

Áí

c0 =
á0
2
; cn =

1

2
(án − iân) ; êáé

c−n =
1

2
(án + iân) ; (1.2.6 - 3)

ôüôå

f(t) = c0 +
+∞∑
n=1

(
cne

inùt + c−ne
−inùt)

= c0 +
+∞∑
n=1

cne
inùt +

−∞∑
n=−1

cne
−inùt;
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äçëáäÞ

f(t) =
+∞∑

n=−∞
cne

inùt: (1.2.6 - 4)

Ç (1:2:6 − 4) åßíáé ãíùóôÞ ùò ç åêèåôéêÞ Þ ìéãáäéêÞ ìïñöÞ ôçò óåéñÜò

Fourier.

Ïé óõíôåëåóôÝò cn ìå n = 0;±1;±2; : : : õðïëïãßæïíôáé Þ ìÝóù ôùí ôýðùí

(1:2:6 − 3), üôáí åßíáé ãíùóôÜ ôá án êáé ân Þ üðùò áðïäåéêíýåôáé áðü ôçí

f(t) óýìöùíá ìå ôïí ôýðï

cn =
1

T

T=2∫
−T=2

f(t)e−inùt dt ãéá êÜèå n = 0; ±1; ±2; : : : : (1.2.6 - 5)

ÅðåéäÞ ç óõíÜñôçóç f åßíáé ðñáãìáôéêÞ, áðü ôçí (1:2:6−5) ðñïêýðôåé üôé

ãåíéêÜ ïé óõíôåëåóôÝò cn åßíáé ìéãáäéêïß áñéèìïß, ãéá ôïõò ïðïßïõò óýìöùíá

ìå ôïõò ôýðïõò (1:2:6− 3) éó÷ýåé:

i)

c−n = cn ãéá êÜèå n = 1; 2; : : : ; åíþ (1.2.6 - 6)

ii) åðåéäÞ cn = |cn|eièn êáé c−n = |cn|e−ièn , ðñÝðåé

|cn| = |c−n| =
1

2

√
á2n + â2n ãéá êÜèå n = 1; 2; : : : : (1.2.6 - 7)

¼ðùò Ý÷åé Þäç áíáðôõ÷èåß óôçí ÐáñÜãñáöï A.2.4, åßíáé äõíáôüí êáé ãéá

ôçí åêèåôéêÞ ìïñöÞ ôçò óåéñÜò Fourier íá ïñéóôåß ôï áíôßóôïé÷ï ãñáììéêü

öÜóìá ðëÜôïõò, ôï ïðïßï üìùò óôçí ðåñßðôùóç áõôÞ åêôåßíåôáé áðü ôï −∞
ìÝ÷ñé ôï +∞, åðåéäÞ ïé ôéìÝò ôçò êõêëéêÞò óõ÷íüôçôáò åßíáé êáé áñíçôéêÝò,

äçëáäÞ ±ù, ±2ù, : : : ; üðùò åðßóçò êáé ôï öÜóìá ôùí öÜóåùí.

ÐáñÜäåéãìá A.2.6 - 1

¸óôù ç ðåñéïäéêÞ óõíÜñôçóç

g̃(t) = e−t; üôáí 0 ≤ t < 1 êáé g̃(t+ 1) = g̃(t) ãéá êÜèå t ∈ R
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ôïõ Ðáñáäåßãìáôïò A.2.3 - 3 (Ó÷. A.2.3 - 5) ìå èåìåëéþäç ðåñßïäï T = 1,

äçëáäÞ ù = 2�. Ôüôå óýìöùíá ìå ôïí ôýðï (1:2:6− 5) Ý÷ïõìå

cn =
1

1

1∫
0

e−te−inùt d t =

1∫
0

e−te−2ðn i t d t

=

1∫
0

e−(1+2nð i) t d t = − e−(1+2nð i) t

1 + 2nð i

∣∣∣∣∣
1

0

=
1− e−1

1 + 2nð i
=

(
1− 1

e

)
1− 2nð i

1 + 4n2�2
(1.2.6 - 8)

üðïõ

e−2nð i = cos(2nð)− i sin(2nð) = 1:

¢ñá óýìöùíá ìå ôçí (1:2:6−4) ç åêèåôéêÞ ìïñöÞ ôçò óåéñÜò Fourier åßíáé

g̃(t) =

(
1− 1

e

) +∞∑
n=−∞

1− 2nð i

1 + 4n2�2
e2nð i t: (1.2.6 - 9)

ÁíÜëïãá ìå ôï Ó÷. A.2.3 - 6 äßíåôáé óôï Ó÷. A.2.6 - 1 ôï äéÜãñáììá

ôçò g̃(t) óôç èåìåëéþäç ðåñßïäï (Ýíôïíç ìðëå êáìðýëç), ôï äéÜãñáììá ôïõ

áèñïßóìáôïò

S3 =

(
1− 1

e

) 3∑
n=−3

1− 2nð i

1 + 4n2�2
e2nð i t (êüêêéíç êáìðýëç)

êáé ôïõ S9 (ðñÜóéíç êáìðýëç). Ðáñáôçñïýìå üôé óôá óçìåßá áóõíÝ÷åéáò

åîáêïëïõèåß íá åìöáíßæåôáé ôï öáéíüìåíï Gibbs, åíþ ôá äéáãñÜììáôá ôùí

S3 êáé S9 äéÝñ÷ïíôáé áðü ôá óçìåßá áóõíÝ÷åéáò (ti; g (ti) ) ìå ti = 0; 1; 2; 3.

Áðü ôçí (1:2:6− 8), üôáí n = 7, ðñïêýðôåé

|c±7| = 0:01437; |c±6| = 0:01676; |c±5| = 0:02011;

|c±4| = 0:02513; |c±3| = 0:03349; |c±2| = 0:05014;

|c±1| = 0:09936; |c0| = 0:63212: (1.2.6 - 10)
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Ó÷Þìá A.2.6 - 1: ÐáñÜäåéãìá A.2.6 - 1: äéÜãñáììá ôçò g̃(t) üôáí t ∈ [0; 3]

ìðëå êáìðýëç, áèñïßóìáôïò S3 êüêêéíç êáé S9 ðñÜóéíç.

Ôüôå áðü ôï áíôßóôïé÷ï ãñáììéêü öÜóìá ðëÜôïõò (Ó÷. A.2.6 - 2), üðùò êáé

óôï áíôßóôïé÷ï (Ó÷. A.2.4 - 5), ðñïêýðôåé ç ãñÞãïñç óýãêëéóç ôçò óåéñÜò

(1:2:6−9) óôçí g̃(t). Åðßóçò ðáñáôçñïýìå üôé ïé ôéìÝò (1:2:6−10) åðáëçèåýïõí
ôéò (1:2:6− 6) - (1:2:6− 7).

To Ó÷. A.2.6 - 2 Ýãéíå ìå ôéò åîÞò åíôïëÝò ôïõ MATHEMATICA:

Ðñüãñáììá A.2.6 - 1 (óåéñÜò Fourier öÜóìá ðëÜôïõò)

Clear["n"];T = 1;

cn = Integrate[(1/T) Exp[-t]*Exp[-I*n*2*Pi*t],{t,0,1}];

m1 = Array[b1, {15, 1}];

Do[n = i; x = N[Abs[cn]]; m1[[i + 8]] = x;

Print["c", i, "=", x], {i, -7, 7}];

fgr1 = BarChart[m1, PlotLabel -> "Linear spectrum",

Joined -> True,BarSpacing -> 1.50,

AxesLabel->{"n", "|cn|"},ChartLabels -> {"-7","-6",

"-5","-4","-3","-2","-1","0","1","2","3","4","5","6",

"7"}, ChartStyle->24, PlotRange -> All]

¢óêçóç

Íá õðïëïãéóôåß ç åêèåôéêÞ ìïñöÞ ôçò óåéñÜò Fourier ôùí ðáñáêÜôù ðåñéïäéêþí

óõíáñôÞóåùí, ðïõ ï ðåñéïñéóìüò óôç èåìåëéþäç ðåñßïäï åßíáé:
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-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7
n

0.1

0.2

0.3

0.4

0.5

0.6

cn

Linear spectrum

Ó÷Þìá A.2.6 - 2: ÐáñÜäåéãìá A.2.6 - 1: ôï ãñáììéêü öÜóìá ðëÜôïõò (linear

spectrum).

i) f(t) = t ; −� ≤ t < � iii) f(t) = | sin t|

ii) f(t) = t2 ; −� ≤ t < � iv) f(t) =

 −1 áí −� ≤ t < 0

1 áí 0 ≤ t < �:

A.3 Ìåôáó÷çìáôéóìüò Fourier

A.3.1 Ïñéóìüò

Ïñéóìüò A.3.1 - 1 (ìåôáó÷çìáôéóìïý Fourier). ¸óôù ç óõíÜñôçóç f

ìå ðåäßï ïñéóìïý ôï R êáé ù ∈ R. Ôüôå ç ìéãáäéêÞ óõíÜñôçóç F ðïõ ïñßæåôáé

áðü ôï ãåíéêåõìÝíï ïëïêëÞñùìá ôïõ á' åßäïõò

F (ù) = F [f(t)] =
+∞∫

−∞

f(t)e−iùtdt; (1.3.1 - 1)

üôáí áõôü õðÜñ÷åé, ïñßæåé ôïí ìåôáó÷çìáôéóìü Fourier11 (Fourier transform)

ôçò f .

11ÂëÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=Fourier transform

Åðßóçò mathworld:wolfram:com=FourierTransform:html
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Ïñéóìüò A.3.1 - 2 (áíôßóôñïöïõ ìåôáó÷çìáôéóìïý Fourier). Ç óõíÜ-

ñôçóç F−1[F (ù)] = f(t), üôáí

f(t) = F−1[F (ù)] =
1

2ð

+∞∫
−∞

F (ù)eiùtdù; (1.3.1 - 2)

ïñßæåé ôïí áíôßóôñïöï ìåôáó÷çìáôéóìü Fourier.

¼ôáí ç ìåôáâëçôÞ t óõìâïëßæåé ôïí ÷ñüíï, ôüôå ç ù óõìâïëßæåé ôç óõ÷íüôçôá.

Áðïäåéêíýåôáé üôé, üôáí ç f åßíáé áðïëýôùò ïëïêëçñþóéìç, äçëáäÞ üôáí

éó÷ýåé
+∞∫

−∞

|f(t)dt| < +∞; (1.3.1 - 3)

ôüôå ï ìåôáó÷çìáôéóìüò Fourier ôçò f õðÜñ÷åé. Ç óõíèÞêç (1:3:1− 3) åßíáé

éêáíÞ ü÷é üìùò êáé áíáãêáßá, äçëáäÞ åßíáé äõíáôü íá õðÜñ÷ïõí óõíáñôÞóåéò,

ðïõ íá ìçí éêáíïðïéïýí ôçí (1:3:1−3) êáé íá Ý÷ïõí ìåôáó÷çìáôéóìü Fourier.

ÐáñÜäåéãìá A.3.1 - 1

¸óôù ç óõíÜñôçóç

f(t) =

 1 áí |x| < á

0 áí |x| > á
ìå á > 0:

Ôüôå, áí ù ̸= 0, åßíáé

F (ù) = F [f(t)] =
+∞∫

−∞

f(t)e−iùtdt =

á∫
−á

e−iùtdt =
2

ù
sin(ùá):

ÐáñÜäåéãìá A.3.1 - 2

¼ìïéá, Ýóôù

f(t) =

 e−t áí t > 0

0 áí t < 0:
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Ôüôå

F (ù) = F [f(t)] =
+∞∫
0

e−(1+iù)tdt

=
1

1 + iù

[
lim

t−>+∞
e−(1+iù)t − 1

]
=

1− iù
1 + ù2

:

A.3.2 Éäéüôçôåò ôïõ ìåôáó÷çìáôéóìïý Fourier

ÅðåéäÞ üðùò åßíáé Þäç ãíùóôü éó÷ýåé üôé eiùt = cosùt+ i sinùt, ç óõíÜñôçóç

F (ù) ðïõ ïñßæåôáé áðü ôïí ôýðï (1:3:1−1) åßíáé ãåíéêÜ ìßá ìéãáäéêÞ óõíÜñôç-
óç, ðïõ ãñÜöåôáé áíáëõôéêÜ ùò

F (ù) = R(ù) + iX(ù); (1.3.2 - 1)

üðïõ

R(ù) =

+∞∫
−∞

f(t) cos(ùt)dt (1.3.2 - 2)

ôï ðñáãìáôéêü ìÝñïò êáé

X(ù) =

+∞∫
−∞

f(t) sin(ùt)dt (1.3.2 - 3)

ôï öáíôáóôéêü ìÝñïò ôçò. Ç åêèåôéêÞ ìïñöÞ ôçò F (ù) ôüôå åßíáé

F (ù) = |F (ù)|eiö(ù); (1.3.2 - 4)

üðïõ |F (ù)| ôï ìÝôñï êáé ö(ù) ç öÜóç ôçò F .

Èåùñþíôáò ôþñá üôé ç óõíÜñôçóç f(t) åßíáé ðñáãìáôéêÞ, áðïäåéêíýïíôáé

ìå ôç âïÞèåéá ôùí ôýðùí (1:3:2− 1) - (1:3:2− 3) ïé ðáñáêÜôù ðñïôÜóåéò, ðïõ

ïñßæïõí ôéò éäéüôçôåò ôïõ ìåôáó÷çìáôéóìïý Fourier:

Ðñüôáóç A.3.2 - 1. Ç óõíÜñôçóç R åßíáé Üñôéá ùò ðñïò ù, åíþ ç X

ðåñéôôÞ, äçëáäÞ

R(−ù) = R(ù) êáé X(−ù) = −X(ù):
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ÐáñÜäåéãìá A.3.2 - 1

¸óôù

f(t) =

 1 áí 0 < t < 1

0 áí t < 0 Þ t > 1

Ôüôå

F (ù) = F [f(t)] =

+∞∫
−∞

f(t)e−iùtdt =

1∫
0

e−iùtdt =
1

i!

(
1− e−i!

)

=
i

ù
(cosù − 1) +

sinù

!
= R(!) +X(!) ìå ù ̸= 0

Ðñüôáóç A.3.2 - 2. F (−ù) = F (ù), üðïõ F (ù) ç óõæõãÞò óõíÜñôçóç

ôçò F (ù) êáé áíôßóôñïöá, äçëáäÞ üôáí éó÷ýåé ç ó÷Ýóç áõôÞ, ç f åßíáé

ðñáãìáôéêÞ óõíÜñôçóç.

Ðñüôáóç A.3.2 - 3. Áí ç F (ù) åßíáé ðñáãìáôéêÞ óõíÜñôçóç, ôüôå ç f åßíáé

Üñôéá óõíÜñôçóç êáé üôáí ç F (ù) åßíáé öáíôáóôéêÞ, ôüôå ç f åßíáé ðåñéôôÞ.

Ðñüôáóç A.3.2 - 4. Áí F1(ù) = F [f1(t)], F2(ù) = F [f2(t)] êáé k, ë ∈ R,
ôüôå éó÷ýåé ç ãñáììéêÞ éäéüôçôá

F [kf1(t) + ëf2(t)] = êF1(ù) + ëF2(ù)

ç ïðïßá ãåíéêåýåôáé åðáãùãéêÜ ùò åîÞò:

n∑
i=1

F [ëifi(t)] =
n∑
i=1

ëiF [fi(t)] ; (1.3.2 - 5)

üôáí ëi ∈ R; i = 1; 2; : : : ; n êáé n = 1; 2; : : : :

Ðñüôáóç A.3.2 - 5. Áí a ∈ R− {0}, ôüôå

F [f(at)] = 1

|a|
F
(ù
a

)
; (1.3.2 - 6)

üðïõ ãéá a = −1 åßíáé F [f(−t)] = F (−ù).
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Ðñüôáóç A.3.2 - 6. Áí t0 ∈ R, ôüôå

F [f (t− t0)] = F (ù)e−iùt0 : (1.3.2 - 7)

Ðñüôáóç A.3.2 - 7. Áí ù0 ∈ R, ôüôå

F
[
f(t)eiù0t

]
= F (ù − ù0) : (1.3.2 - 8)

Ðñüôáóç A.3.2 - 8. Éó÷ýåé

F [f(t) cos (ù0t)] =
1

2
[F (ù − ù0) + F (ù + ù0)] (1.3.2 - 9)

êáé

F [f(t) sin (ù0t)] =
1

2
[F (ù − ù0) + F (ù + ù0)] : (1.3.2 - 10)

Ðñüôáóç A.3.2 - 9. Áí limt→+∞ f(t) = 0, ôüôå

F [f ′(t)] = iùF (ù)

êáé ãåíéêÜ

F
[
f (n)(t)

]
= (iù)nF (ù): (1.3.2 - 11)

Ðñüôáóç A.3.2 - 10. Áí

+∞∫
−∞

f(t)dt = F (0) = 0 ìå ù ̸= 0, ôüôå

 x∫
−∞

f(t)dt

 =
1

iù
F (ù) =

1

iù
F [f(t)]: (1.3.2 - 12)
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Ðñüôáóç A.3.2 - 11. Éó÷ýåé

F [−itf(t)] = F ′(ù)

êáé ãåíéêÜ ãéá êÜèå n = 1; 2; : : : üôé

F [tnf(t)] = inF (n)(ù): (1.3.2 - 13)

Èá ðñÝðåé íá ôïíéóôåß óôï óçìåßï áõôü üôé ðïëëÝò éäéüôçôåò ôïõ ìåôáó÷çìá-

ôéóìïý Fourier åßíáé äõíáôü íá èåùñçèïýí ùò åéäéêÝò ðåñéðôþóåéò ôùí áíôßóôïé-

÷ùí éäéïôÞôùí ôïõ ìåôáó÷çìáôéóìïý Laplace ãéá s = iù.
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âáóéêÜ óôïé÷åßá, 74

äéåõèåôïýóåò, 77

åêêåíôñüôçôá, 75

åîßóùóç

áíáëõôéêÞ, 73

äéáíõóìáôéêÞ, 77

åöáðôïìÝíçò, 75

ðáñáìåôñéêÞ, 77

åóôßåò, 73

éäéüôçôåò, 74

éóïóêåëÞò, 76

êÝíôñï, 75

ïñéóìüò, 73

óõæõãÞò, 75

öÜóìá, 221

öÜóåùí (phase spectrum), 574

öáéíüìåíï Gibbs, 562, 565, 568, 579

öáóìáôéêÞ áêôßíá, 221
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ÏíïìÜôùí

binomial

coe�cient, 302

theorem, 304

circle, 66

complex number, 123

conic sections, 80

coordinates

cartesian, 14

cylindrical, 20

polar, 19

spherical, 21

determinant, 191

eigenvalue, 219

eigenvector, 219

ellipse, 68

axes, 70

eccentricity, 70

Fourier

series, 556

transform, 586

function

complex-valued, 155

error, 398

gamma, 421

real-valued, 91

continuity, 251

di�erentiation, 269

limit, 229

hyperbola, 73

axes, 74

integral

de�nite, 379

Dirichlet, 401

Fresnel, 399

improper, 404

inde�nite, 345

sine, 401

Leibniz rule, 306

line, 49

matrix

adjoint, 198

adjugate, 198

Algebra, 174

cofactor, 197

de�nition, 169

diagonal, 183

Hermitian, 186

inverse, 199

nonsingular, 199

Pauli, 190

positive, 184

power, 181

singular, 199

spectrum, 221
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strictly diagonal, 183

symmetric, 184

transpose, 184, 186

triangular, 187

method

Cramer, 208

Gauss, 211

name

Agnesi, 435

B�ezier, 311

Bernoulli, 441

Bernstein, 308, 311

Bolzano, 255

Cauchy, 521

Cauchy-Hadamard, 540

Cramer, 208

d'Alembert, 522, 532

de Moivre, 137

Dirichlet, 401

Euler, 140, 159, 558, 582

Fermat, 323

Fourier, 537, 558, 583

Fresnel, 399

Gauss, 135, 211

Gibbs, 562, 565, 568, 579

Hermite, 313

L'Hôpital, 294

Laguerre, 315

Laplace, 192

Legendre, 317

Leibniz, 306

Maclaurin, 319, 322, 545

Pascal, 305

Pauli, 190

Riemann, 382

Rolle, 324

Stirling, 422

Taylor, 319, 545

Weierstrass, 530

parabola, 78

Pascal's triangle, 305

product

cross, 35

dot, 33

inner, 33

scalar, 33

triple, 39

vector, 35

sequence, 495

series

Fourier, 556

de�nition, 558

evaluation, 559

even and odd function, 576

exponential form, 582

Gibbs phenomenon, 562

spectrum, 570

theorem, 557

functions, 523

Maclaurin, 544

power, 539

real numbers, 514

Taylor, 544

trigonometric, 536

surface, 61

system

linear

de�nition, 205

general, 216

vector, 23


