
ÌÜèçìá 4

SPLINES

4.1 ÓõíÜñôçóç spline

4.1.1 Ïñéóìïß êáé ó÷åôéêÜ èåùñÞìáôá

Óôï ÌÜèçìá ÐïëõùíõìéêÞ ðáñåìâïëÞ åîåôÜóôçêå ôï ðñüâëçìá ôçò åýñåóçò

ôùí ðïëõùíýìùí ðáñåìâïëÞò, äçëáäÞ ðïëõùíýìùí ðïõ óõíÝðéðôáí Þ äéáöïñåôé-

êÜ äéÝñ÷ïíôáí áðü Ýíá óýíïëï óçìåßùí ôçò ìïñöÞò (xi; f (xi)) ; i = 0; 1; : : : ; n,

üðïõ f(x) ìéá óõíÜñôçóç ìå Üãíùóôï óôéò ðåñéóóüôåñåò ðåñéðôþóåéò ôýðï.

Óôï ìÜèçìá áõôü èá äïèåß áðÜíôçóç óôï ðáñáðÜíù ðñüâëçìá ìå ôìçìáôéêÜ

ðïëõþíõìá (piecewise polynomials Þ splines), äçëáäÞ ðïëõþíõìá ðïõ åßíáé

äéáöïñåôéêïý ãåíéêÜ âáèìïý êáé ïñßæïíôáé óå äéáóôÞìáôá ôçò ìïñöÞò [xi; xi+1],

üðïõ xi < xi+1 ãéá êÜèå i = 0; 1; : : : ; n.
1Ôá ðïëõþíõìá áõôÜ ïñßæïíôáé óôç óõíÝ÷åéá:

Ïñéóìüò 4.1.1 - 1 (spline). ¸óôù x0; x1; : : : ; xn Ýíá óýíïëï óçìåßùí ðïõ

åßíáé äéáôåôáãìÝíá ùò åîÞò (Ó÷. 4.1.1 - 1):

x0 < x1 < : : : < xn: (4.1.1 - 1)

1ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Spline (mathematics)

Åðßóçò mathworld:wolfram:com=Spline:html
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Ó÷Þìá 4.1.1 - 1: Óçìåßá: x0 = −1:0; x1 = 0; x2 = 1; x3 = 2:5; x4 = 4; x5 =

5

Ôüôå ìéá óõíÜñôçóç spline Þ áðëÜ óôï åîÞò spline, Ýóôù s, âáèìïý m ìå

êüìâïõò (knots Þ breakpoints) óôá óçìåßá (4:1:1− 1), åßíáé ç óõíÜñôçóç ðïõ

ðëçñïß ôéò ðáñáêÜôù äýï éäéüôçôåò:

i) óå êáèÝíá áðü ôá äéáóôÞìáôá

(−∞; x0) ; [x0; x1) ; : : : ; [xn−1; xn) ; [xn;+∞) (4.1.1 - 2)

ç spline s åßíáé Ýíá ðïëõþíõìï âáèìïý ìéêñüôåñïõ Þ ßóïõ ôïõ m,

ii) ç spline s êáé ïé ðáñÜãùãïß ôçò ôÜîçò 1; 2; : : : ; m − 1 åßíáé óõíå÷åßò

óõíáñôÞóåéò óôï R.

ÐáñáôçñÞóåéò 4.1.1 - 1

Óýìöùíá ìå ôïí ðáñáðÜíù ïñéóìü Ý÷ïõìå üôé ç spline åßíáé:

i) Ýíá ôìçìáôéêü ðïëõþíõìï (piecewise polynomial), äçëáäÞ Ýíá ðïëõþíõ-

ìï áðïôåëïýìåíï áðü Ýíá óýíïëï åðéìÝñïõò ðïëõùíýìùí, ðïõ ðëçñïýí

ôéò ðáñáðÜíù äýï éäéüôçôåò.
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ii) Óå êáèÝíá áðü ôá õðïäéáóôÞìáôá (4:1:1−2) åßíáé ãåíéêÜ Ýíá äéáöïñåôéêïý

âáèìïý ðïëõþíõìï.

iii) Ï ìÝãéóôïò üëùí ôùí âáèìþí ôùí åðéìÝñïõò ðïëõùíýìùí ðïõ ïñßæïõí

ìéá spline, ïñßæåé êáé ôïí âáèìü ôçò.

ÅéäéêÜ, üôáí m = 3, ç spline èá ëÝãåôáé êõâéêÞ (cubic spline).

iv) Ç êáìðõëüôçôá (curvature) ìéáò êáìðýëçò C ìå åîßóùóç y = f(x)

äßíåôáé áðü ôïí ôýðï

k =
y′′

(1 + y′ 2)3=2
: (4.1.1 - 3)

ÅðåéäÞ ïé êáìðýëåò ôùí åðéìÝñïõò ðïëõùíýìùí èá ðñÝðåé íá äéÝñ÷ïíôáé

áðü ôá óçìåßá (xi; s (xi)); i = 0; 1; : : : ; n êáôÜ ôñüðï ôÝôïéï ðïõ íá

åëá÷éóôïðïéåßôáé ç êÜìøç ôùí, óýìöùíá êáé ìå ôçí (4:1:1−3) èá ðñÝðåé

óôïõò êüìâïõò xi; i = 0; 1; : : : ; n ç spline s íá åðáëçèåýåé, åêôüò ôçò

óõíèÞêçò

s (xi − 0) = s (xi + 0) ãéá êÜèå i = 0; 1; : : : ; n

ðïõ åîáóöáëßæåé ôç äéÝëåõóç áðü ôï óçìåßï (xi; s (xi)), ôïõëÜ÷éóôïí

åðßóçò êáé ôéò ðáñáêÜôù äýï óõíèÞêåò:2

s(1) (xi − 0) = s(1) (xi + 0) êáé s(2) (xi − 0) = s(2) (xi + 0):

Áõôü üìùò ãéá íá óõìâáßíåé èá ðñÝðåé ï âáèìüò ôçò s íá åßíáé ôïõëÜ÷éóôïí

3, äçëáäÞ ç s íá åßíáé ôïõëÜ÷éóôïí êõâéêÞ.

v) Ëüãù ôçò éäéüôçôáò (iv) ÷ñçóéìïðïéåßôáé óå ðëåßóôåò üóåò åöáñìïãÝò

üðùò åíäåéêôéêÜ óôéò äéóäéÜóôáôåò åéêüíåò, ôéò ãñáììáôïóåéñÝò, ôçí

ôñéóäéÜóôáôç ìïíôåëïðïßçóç ê.ëð.

vi) Ç óõíÝ÷åéá óôï ℜ ðñïûðïèÝôåé êáé ôç ìÝãéóôç äõíáôÞ óõíÝ÷åéá óôá

åðéìÝñïõò ðïëõþíõìá.

2Õðåíèõìßæåôáé üôé áí s′′(x) > 0, ôüôå ôï äéÜãñáììá ôçò s(x) óôñÝöåé ôá êïßëá Üíù Þ

åßíáé êõñôü êáé üôáí s′′(x) < 0 åßíáé êïßëï.
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Ó÷Þìá 4.1.1 - 2: ÐáñÜäåéãìá 4.1.1 - 1 ìå êüìâïõò óôá óçìåßá x0 = −1,

x1 = 1 êáé x2 = 2

vii) Áí üëá ôá äéáóôÞìáôá (4:1:1− 2) Ý÷ïõí ôï ßäéï ìÞêïò, ôüôå Ý÷ïõìå ìéá

ïìïéüìïñöç (uniform) spline, äéáöïñåôéêÜ ìéá ìç ïìïéüìïñöç (non

uniform) spline.

ÐáñÜäåéãìá 4.1.1 - 1

¸óôù ç óõíÜñôçóç (Ó÷. 4.1.1 - 2):

s(x) =



x3 + 2x+ 1 áí x ∈ (−∞;−1) âáèìüò 3

−3x2 − x x ∈ [−1; 1) 2

2x3 − 9x2 + 5x− 2 x ∈ [1; 2) 3

x3 − 3x2 − 7x+ 6 x ∈ [2;+∞) 3:

Äåßîôå üôé ïñßæåé ìéá êõâéêÞ spline.

Ëýóç. Ðáñáôçñïýìå üôé:

i) Ïé êüìâïé åßíáé óôá óçìåßá: x0 = −1, x1 = 1 êáé x2 = 2.

ii) Óå êáèÝíá áðü ôá äéáóôÞìáôá ïñéóìïý ôçò ç s(x) åßíáé Ýíá ðïëõþíõìï ôï

ðïëý 3ïõ âáèìïý. ¢ñá ï âáèìüò ôçò s(x) åßíáé m = 3. Ôüôå óýìöùíá
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ìå ôïí Ïñéóìü 4.1.1 - 1 (ii) ãéá íá ïñßæåé ç s(x) ìéá spline ðñÝðåé ç s(x)

êáé ïé ðáñÜãùãïé ôÜîçò 1, m−1 = 2 íá åßíáé óõíå÷åßò óõíáñôÞóåéò óôï

R. ¸÷ïõìå üôé:

x ∈ (−∞;−1) s(x) = x3 + 2x+ 1; s(1)(x) = 3x2 + 2;

s(2)(x) = 6x:

x ∈ [−1; 1) s(x) = −3x2 − x; s(1)(x) = −6x− 1;

s(2)(x) = −6:

¢ñá

s(−1− 0) = −2 = s(−1 + 0);

s(1)(−1− 0) = 5 = s(1)(−1 + 0); êáé

s(2)(−1− 0) = −6 = s(2)(−1 + 0);

ïðüôå éó÷ýåé ï Ïñéóìüò 4.1.1 - 1 (ii) ãéá ôï óçìåßï x0 = −1. ¼ìïéá

áðïäåéêíýåôáé üôé ï Ïñéóìüò 4.1.1 - 1 éó÷ýåé êáé ãéá ôá óçìåßá x1 = 1

êáé x2 = 2.

ÅðïìÝíùò ç s åßíáé ìéá êõâéêÞ spline (ÐáñáôçñÞóåéò 4.1.1 - 1 iii).

ii) Ç s åßíáé ìéá ìç ïìïéüìïñöç spline (ÐáñáôçñÞóåéò 4.1.1 - 1 v).

ÐáñáôÞñçóç 4.1.1 - 1

Óå ðïëëÝò åöáñìïãÝò ôï ðåäßï ïñéóìïý ìéáò spline ðåñéïñßæåôáé óôï äéÜóôçìá

[x0; xn]. Óôéò ðåñéðôþóåéò áõôÝò ï Ïñéóìüò 4.1.1 - 1 ôñïðïðïéåßôáé êáôÜëëçëá,

Ýôóé þóôå íá ðåñéëáìâÜíåé ôá Üêñá óçìåßá x0 êáé xn. ÓõãêåêñéìÝíá ï Ïñéóìüò

4.1.1 - 1 óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé:

Ïñéóìüò 4.1.1 - 2. ¸óôù x0; x1; : : : ; xn Ýíá óýíïëï óçìåßùí åíüò äéáóôÞ-

ìáôïò [a; b], ðïõ åßíáé äéáôåôáãìÝíá ùò åîÞò:

a = x0 < x1 < : : : < xn = b: (4.1.1 - 4)
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Ôüôå ìéá spline, Ýóôù s, óôï [a; b] âáèìïý m ìå åîùôåñéêïýò êüìâïõò óôá

óçìåßá a = x0, b = xn êáé åóùôåñéêïýò óôá x1; x2; : : : ; xn−1, åßíáé ç

óõíÜñôçóç ðïõ ðëçñïß ôéò ðáñáêÜôù äýï éäéüôçôåò:

i) óå êáèÝíá áðü ôá äéáóôÞìáôá

[x0; x1) ; [x1; x2) ; : : : ; [xn−1; xn] (4.1.1 - 5)

ç óõíÜñôçóç s åßíáé Ýíá ðïëõþíõìï âáèìïý ìéêñüôåñïõ Þ ßóïõ ôïõ m,

ii) ç óõíÜñôçóç s êáé ïé ðáñÜãùãïé ôçò ôÜîçò 1; 2; : : : ; m−1 åßíáé óõíå÷åßò

óõíáñôÞóåéò óôïõò åóùôåñéêïýò êüìâïõò.

Åöüóïí ç s(x) åßíáé ìéá spline, ôüôå ëüãù êáé ôçò éäéüôçôáò (ii) ôïõ

Ïñéóìïý 4.1.1 - 2, ç (4:1:1− 5) ðïëëÝò öïñÝò ãéá åõêïëßá ãñÜöåôáé êáé

[x0; x1] ; [x1; x2] ; : : : ; [xn−1; xn] : (4.1.1 - 6)

Ìéá åöáñìïãÞ ôïõ Ïñéóìïý 4.1.1 - 2 êáé ôçò (4:1:1 − 6) äßíåôáé óôï

ðáñÜäåéãìá ðïõ áêïëïõèåß:

ÐáñÜäåéãìá 4.1.1 - 2

¸óôù ç óõíÜñôçóç (Ó÷. 4.1.1 - 3):

s(x) =


1
4(x+ 2)3 áí x ∈ [−2;−1] âáèìüò 3

1
4

(
3|x|3 − 6x2 + 4

)
x ∈ [−1; 1] 3

1
4(2− x)3 x ∈ [1; 2] 3:

Äåßîôå üôé ç s(x) ïñßæåé üìïéá ìéá êõâéêÞ spline.3

Ëýóç. Ç s(x) ëüãù ôïõ |x|3 ãñÜöåôáé ùò åîÞò:

s(x) =



1
4(x+ 2)3 áí x ∈ [−2;−1] âáèìüò 3

1
4

(
−3x3 − 6x2 + 4

)
x ∈ [−1; 0] 3

1
4

(
3x3 − 6x2 + 4

)
x ∈ [0; 1] 3

1
4(2− x)3 x ∈ [1; 2] 3:

3Ç êáìðýëç ôçò s(x) ðåñéãñÜöåé óôéò Ðéèáíüôçôåò êáé ôç ÓôáôéóôéêÞ ôçí êáôáíïìÞ

(distribution) Irwin-Hall.
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Ó÷Þìá 4.1.1 - 3: ÐáñÜäåéãìá 4.1.1 - 3

i) Ïé åîùôåñéêïß êüìâïé åßíáé óôá óçìåßá: x0 = −2 êáé x4 = 2, åíþ ïé

åóùôåñéêïß óôá x1 = −1, x2 = 0 êáé x3 = 1.

ii) Óå êáèÝíá áðü ôá äéáóôÞìáôá ïñéóìïý ôçò ç óõíÜñôçóç s(x) åßíáé Ýíá

ðïëõþíõìï 3ïõ âáèìïý. ¢ñá ï âáèìüò ôçò s(x) åßíáé m = 3. Ôüôå

óýìöùíá ìå ôïí Ïñéóìü 4.1.1 - 2 (ii) ãéá íá ïñßæåé ç s(x) ìéá spline,

ðñÝðåé ç s(x) êáé ïé ðáñÜãùãïé ôÜîçò 1, m − 1 = 2 íá åßíáé óõíå÷åßò

óôïõò åóùôåñéêïýò êüìâïõò. ¸÷ïõìå üôé:

x ∈ [−2;−1] s(x) = 1
4(x+ 2)3;

s(1)(x) = 3
4(x+ 2)2;

s(2)(x) = 6
4(x+ 2):

x ∈ [−1; 0] s(x) = 1
4

(
−3x3 − 6x2 + 4

)
;

s(1)(x) = 1
4

(
−9x2 − 12x

)
;

s(2)(x) = 1
4 (−18x− 12) :
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¢ñá

s(−1− 0) = 1
4 = s(−1 + 0);

s(1)(−1− 0) = 3
4 = s(1)(−1 + 0); êáé

s(2)(−1− 0) = 3
2 = s(2)(−1 + 0);

ïðüôå éó÷ýåé ï Ïñéóìüò 4.1.1 - 1 (ii) ãéá ôï óçìåßï x1 = −1. ¼ìïéá

áðïäåéêíýåôáé üôé éó÷ýåé êáé ãéá ôá óçìåßá x2 = 0 êáé x3 = 1, ïðüôå ç

s åßíáé ìéá êõâéêÞ spline (ÐáñáôçñÞóåéò 4.1.1 - 1 iii).

ii) Ç s åßíáé ìéá ïìïéüìïñöç spline (ÐáñáôçñÞóåéò 4.1.1 - 1 v).

ÓõíÜñôçóçò áðïêïììÝíçò äýíáìçò

ÅéóÜãåôáé óôç óõíÝ÷åéá ç Ýííïéá ôçò óõíÜñôçóçò áðïêïììÝíçò äýíáìçò (trun-

cated power function) ùò åîÞò:4

Ïñéóìüò 4.1.1 - 3 Ç óõíÜñôçóç áðïêïììÝíçò äýíáìçò ôçò ìïñöÞò xm óõìâï-

ëßæåôáé ìå xm+ êáé ïñßæåôáé áðü ôç ó÷Ýóç (Ó÷. 4.1.1 - 4a):

xm+ =

 xm áí x ≥ 0

0 áí x < 0:
(4.1.1 - 7)

Ïñéóìüò 4.1.1 - 4 Ç óõíÜñôçóç áðïêïììÝíçò äýíáìçò ôçò ìïñöÞò (x− xi)
m

óõìâïëßæåôáé ìå (x− xi)
m
+ êáé ïñßæåôáé ùò åîÞò (Ó÷. 4.1.1 - 4b):

(x− xi)
m
+ =

 (x− xi)
m áí x ≥ xi

0 áí x < xi:
(4.1.1 - 8)

Ç åíôïëÞ ïñéóìïý ôçò óõíÜñôçóçò (4:1:1− 7), áíôßóôïé÷á ôçò (4:1:1− 8)
ìå ôï MATHEMATICA åßíáé:

4ÂëÝðå âéâëéïãñáößá êáé:

https : ==en:wikipedia:org=wiki=Truncated power function
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Ó÷Þìá 4.1.1 - 4: (a) Ç óõíÜñôçóç áðïêïììÝíçò äýíáìçò ôçò ìïñöÞò x+

âáèìïý m = 1 êáé (b) ç (x− 1)2+ âáèìïý m = 2

f[x_]:=If[x<0,0,x^m]

g[x_]:=If[x<x_i,0,(x-x_i)^m]

ÐáñáôÞñçóç 4.1.1 - 2

Ç s(x) = (x− xi)
m
+ åßíáé ìéá spline âáèìïý m ìå êüìâï óôï óçìåßï x = xi,

ãéá ôçí ïðïßá éó÷ýåé üôé:

s(m)(x) =
dm (x− xi)

m
+

d xm
= m ! (x− xi)

0
+

=

 m ! áí x ≥ xi

0 áí x < xi:
(4.1.1 - 9)

¢ñá ç s(m)(x) åßíáé áóõíå÷Þò óôï xi ìå ðëÜôïò áóõíÝ÷åéáò (jump disconti-

nuity) d = m !

Ç ðáñáðÜíù ïñéóèåßóá óõíÜñôçóç áðïêïììÝíçò äýíáìçò ÷ñçóéìïðïéåßôáé

óôçí åõêïëüôåñç ðáñÜóôáóç ìéáò spline. ÓõãêåêñéìÝíá áðïäåéêíýåôáé üôé

éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 4.1.1 - 1 ÊÜèå spline âáèìïý m ìå êüìâïõò óôá óçìåßá

x0 < x1 < : : : < xn
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ãñÜöåôáé ùò åîÞò:

s(x) = a0 + a1 x+ : : :+ am xm + c0 (x− x0)
m
+

+c1 (x− x1)
m
+ + : : :+ cn (x− xn)

m
+ (4.1.1 - 10)

=

m∑
i=0

ai x
i +

n∑
j=0

cj (x− xj)
m
+ ;

üôáí

cj =
s(m) (xj + 0)− s(m) (xj − 0)

m !
(4.1.1 - 11)

ãéá êÜèå j = 0; 1; : : : ; n.

Ï áíáãíþóôçò ãéá ôçí áðüäåéîç ôïõ èåùñÞìáôïò ðáñáðÝìðåôáé óôç âéâëéïãñáößá.

Ðüñéóìá 4.1.1 - 1 ¼ôáí ìéá spline s âáèìïý m ìå êüìâïõò óôá óçìåßá

x0 < x1 < : : : < xn

ïñßæåôáé óôï [x0; xn], ôüôå ãñÜöåôáé óôç ìïñöÞ

s(x) = b0 + b1 x+ : : :+ bm xm

+c1 (x− x1)
m
+ + : : :+ cn−1 (x− xn−1)

m
+ (4.1.1 - 12)

=

m∑
i=0

bi x
i +

n−1∑
j=1

cj (x− xj)
m
+

üðïõ ïé óõíôåëåóôÝò cj; j = 0; 1; : : : ; n äßíïíôáé áðü ôçí (4:1:1− 11).

Áðüäåéîç. ÅðåéäÞ x ∈ [x0; xn], áðü ôïí ôýðï (4:1:1− 10) ðñïêýðôåé üôé:

• áí x ≥ x0, óýìöùíá ìå ôïí Ïñéóìü 4.1.1 - 4 åßíáé (x− x0)
m
+ = (x− x0)

m,

êáé

• áí x ≤ xn, ôüôå (x− xn)
m
+ = 0.

¢ñá ï ôýðïò (4:1:1− 10) óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

s(x) =

ôåëéêÜ ìåôÜ ôéò ðñÜîåéò: b0+b1 x+:::+bm xm︷ ︸︸ ︷
a0 + a1 x+ : : :+ am xm + c0 (x− x0)

m
+

+c1 (x− x1)
m
+ + : : :+ cn−1 (x− xn−1)

m
+ ;
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äçëáäÞ ç áðïäåéêôÝá.

ÅöáñìïãÝò ôïõ ðïñßóìáôïò èá äïèïýí óôçí ÐáñÜãñáöï 4.1.3.

ÐáñÜäåéãìá 4.1.1 - 3

¸óôù ç spline ôïõ Ðáñáäåßãìáôïò 4.1.1 - 1:

s(x) =



x3 + 2x+ 1 áí x ∈ (−∞;−1)

−3x2 − x x ∈ [−1; 1)

2x3 − 9x2 + 5x− 2 x ∈ [1; 2)

x3 − 3x2 − 7x+ 6 x ∈ [2;+∞);

(4.1.1 - 13)

üðïõ ïé êüìâïé åßíáé óôá óçìåßá x0 = −1, x1 = 1 êáé x2 = 2, åíþ ï âáèìüò

ôçò s åßíáé m = 3. Ôüôå óýìöùíá ìå ôçí (4:1:1− 10) åßíáé

s(x) = x3 + 2x+ 1 + c0 (x− x0)
3
+ + c1 (x− x1)

3
+ + c2 (x− x2)

3
+

= x3 + 2x+ 1 + c0 (x+ 1)3+ + c1 (x− 1)3+ + c2 (x− 2)3+

üðïõ áðü ôçí (4:1:1− 11) ðñïêýðôåé üôé

c0 =
s(3) (x0 + 0)− s(3) (x0 − 0)

3 !
=

0− 6

6
= −1

c1 =
s(3) (x1 + 0)− s(3) (x1 − 0)

3 !
=

12− 0

6
= 2

c2 =
s(3) (x2 + 0)− s(3) (x2 − 0)

3 !
=

6− 12

6
= −1:

¢ñá

s(x) = x3 + 2x+ 1− (x+ 1)3+ + 2 (x− 1)3+ − (x− 2)3+ : (4.1.1 - 14)

Ç åðáëÞèåõóç üôé ç (4:1:1− 14) éóïýôáé ìå ôçí (4:1:1− 13) ãßíåôáé óýìöùíá

ìå ôïí Ïñéóìü 4.1.1 - 4 ùò åîÞò:

x ∈ (−∞;−1)

s(x) = x3 + 2x+ 1−

0︷ ︸︸ ︷
(x+ 1)3+ + 2 (x− 1)3+ − (x− 2)3+

= x3 + 2x+ 1;
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x ∈ [−1; 1)

s(x) = x3 + 2x+ 1− (x+ 1)3 +

0︷ ︸︸ ︷
2 (x− 1)3+ − (x− 2)3+

= x3 + 2x+ 1−
(
x3 + 3x2 + 3x+ 1

)
= −3x2 − x;

x ∈ [1; 2)

s(x) = x3 + 2x+ 1− (x+ 1)3 + 2 (x− 1)3 −

0︷ ︸︸ ︷
(x− 2)3+

= x3 + 2x+ 1−
(
x3 + 3x2 + 3x+ 1

)
+2
(
x3 − 3x2 + 3x− 1

)
= 2x3 − 9x2 + 5x− 2;

x ∈ [2;+∞)

s(x) = x3 + 2x+ 1− (x+ 1)3 + 2 (x− 1)3 − (x− 2)3

= x3 + 2x+ 1−
(
x3 + 3x2 + 3x+ 1

)
+2
(
x3 − 3x2 + 3x− 1

)
−
(
x3 − 6x2 + 12x− 8

)
= x3 − 3x2 − 7x+ 6:

Ç åíôïëÞ ïñéóìïý ôçò spline s(x) ôïõ Ðáñáäåßãìáôïò 4.1.1 - 3 ìå ôï
MATHEMATICA åßíáé:

s[x_]:=x^3+2x+1-If[x<-1,0,(x+1)^3]

+2 If[x<1,0,(x-1)^3]-If[x<2,0,(x-2)^3]

4.1.2 ÖõóéêÞ spline

Ïñéóìüò 4.1.2 - 1. Ìéá spline âáèìïý � èá ëÝãåôáé öõóéêÞ (natural), üôáí:

i) åßíáé ðåñéôôïý âáèìïý, äçëáäÞ ôçò ìïñöÞò � = 2m− 1, üôáí m =

1; 2; : : : ;

ii) óôá Üêñá äéáóôÞìáôá

(−∞; x0) êáé [xn;+∞)

ç s åßíáé Ýíá ðïëõþíõìï âáèìïý ≤m− 1.
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ÐáñáôçñÞóåéò 4.1.2 - 1

i) ÅðåéäÞ óýìöùíá ìå ôïí Ïñéóìü 4.1.1 - 1 (ii) ç spline êáé ïé ðáñÜãùãïß

ôçò ôÜîçò

1; 2; : : : ;

2(m−1)︷ ︸︸ ︷
(2m− 1)− 1

ðñÝðåé íá åßíáé óõíå÷åßò óõíáñôÞóåéò, ðñïêýðôåé ôüôå üôé óôïõò áêñáßïõò

êüìâïõò x0 êáé xn, üðïõ ëüãù ôïõ Ïñéóìïý 4.1.2 - 1 (ii) ç s åßíáé

âáèìïý m− 1, èá ðñÝðåé íá éó÷ýåé

s(j) (x0) = s(j) (xn) = 0 (4.1.2 - 1)

ãéá êÜèå j = m; m+ 1; : : : ; 2(m− 1).

ii) Óôçí åéäéêÞ ðåñßðôùóç ðïõ ç spline åßíáé êõâéêÞ, äçëáäÞ âáèìïý � =

3 = 2 · 2 − 1, ïðüôå m = 2, ôüôå, áí åßíáé êáé öõóéêÞ, óôá Üêñá

äéáóôÞìáôá ðñÝðåé íá åßíáé âáèìïý m− 1 = 2− 1 = 1. ¢ñá ç óõíèÞêç

(4:1:2 − 1) óôçí ðåñßðôùóç áõôÞ, åðåéäÞ 2(m − 1) = 2(2 − 1) = 2,

ãñÜöåôáé

s(2) (x0) = s(2) (xn) = 0: (4.1.2 - 2)

Áðïäåéêíýåôáé üôé êáé óôçí ðåñßðôùóç ôçò öõóéêÞò spline éó÷ýåé èåþñçìá

áíÜëïãï ôïõ ÈåùñÞìáôïò 4.1.1 - 1. ÓõãêåêñéìÝíá éó÷ýåé üôé:

Èåþñçìá 4.1.2 - 1. ÊÜèå öõóéêÞ spline âáèìïý 2m − 1 ìå êüìâïõò óôá

óçìåßá

x0 < x1 < : : : < xn

ãñÜöåôáé ùò åîÞò:

s(x) = a0 + a1 x+ : : :+ am−1 x
m−1 + c0 (x− x0)

2m−1
+

+c1 (x− x1)
2m−1
+ + : : :+ cn (x− xn)

2m−1
+ (4.1.2 - 3)

=
m−1∑
i=0

ai x
i +

n∑
j=0

cj (x− xj)
2m−1
+ ;
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üôáí

cj =
s(2m−1) (xj + 0)− s(2m−1) (xj − 0)

(2m− 1) !
(4.1.2 - 4)

ãéá êÜèå j = 0; 1; : : : ; n, åíþ ïé óõíôåëåóôÝò cj åðáëçèåýïõí ôéò ó÷Ýóåéò

c0 x
i
0 + c1 x

i
1 + : : :+ cn x

i
n = 0 (4.1.2 - 5)

ãéá êÜèå i = 0; 1; : : : ; m− 1.

Ïé ó÷Ýóåéò (4:1:2− 5) áíáëõôéêÜ ãñÜöïíôáé ùò åîÞò:

c0 + c1 + : : : + cn = 0

c0 x0 + c1 x1 + : : : + cn xn = 0

c0 x
2
0 + c1 x

2
1 + : : : + cn x

2
n = 0

...
...

c0 x
m−1
0 + c1 x

m−1
1 + : : : + cn x

m−1
n = 0:

(4.1.2 - 6)

Ðüñéóìá 4.1.2 - 1. ÊÜèå êõâéêÞ öõóéêÞ spline ìå êüìâïõò óôá óçìåßá

x0 < x1 < : : : < xn

ãñÜöåôáé óôç ìïñöÞ

s(x) = a0 + a1 x+ c0 (x− x0)
3
+ + c1 (x− x1)

3
+

+ : : :+ cn (x− xn)
3
+ ; (4.1.2 - 7)

üôáí

cj =
s(3) (xj + 0)− s(3) (xj − 0)

3 !
(4.1.2 - 8)

ãéá êÜèå j = 0; 1; : : : ; n, åíþ ïé óõíôåëåóôÝò cj åðáëçèåýïõí ôéò ó÷Ýóåéò

c0 + c1 + : : : + cn = 0;

c0 x0 + c1 x1 + : : : + cn xn = 0:
(4.1.2 - 9)

Ç áðüäåéîç ðñïêýðôåé Üìåóá áðü ôï Èåþñçìá 4.1.3 - 2.

¼ìïéá, üðùò êáé óôï Ðüñéóìá 4.1.1 - 1, åöáñìïãÝò ôùí ðáñáðÜíù èá

äïèïýí óôçí ÐáñÜãñáöï 4.1.3.

user
Highlight
4.1.2-1
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Ó÷Þìá 4.1.2 - 1: ÐáñÜäåéãìá 4.1.2 - 1

ÐáñÜäåéãìá 4.1.2 - 1

¸óôù ç spline (Ó÷. 4.1.2 - 1)

s(x) =



2x+ 1 áí x ∈ (∞;−1) âáèìüò 1

x3 + 3x2 + 5x+ 2 x ∈ [−1; 1) 3

−2x3 + 12x2 − 4x+ 5 x ∈ [1; 2) 3

20x− 11 x ∈ [2;+∞) 1:

Åýêïëá áðïäåéêíýåôáé5 üôé ç s åßíáé ìéá êõâéêÞ spline ìå êüìâïõò óôá óçìåßá

x0 = −1, x1 = 1 êáé x2 = 2. ÅðåéäÞ óôá äéáóôÞìáôá (−∞;−1) êáé [2;+∞) ç

s åßíáé 1ïõ âáèìïý, óýìöùíá ìå ôïí Ïñéóìü 4.1.2 - 1 ç s èá åßíáé ìéá êõâéêÞ

öõóéêÞ spline.

Ôüôå áðü ôçí (4:1:2− 7) Ý÷ïõìå üôé:

s(x) = 2x+ 1 + c0 (x− x0)
3
+ + c1 (x− x1)

3
+ + c2 (x− x2)

3
+

= 2x+ 1 + c0 (x+ 1)3+ + c1 (x− 1)3+ + c2 (x− 2)3+ ;

5Ç áðüäåéîç áöÞíåôáé óáí Üóêçóç (âëÝðå ÐáñÜäåéãìá 4.1.1 - 1).
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üðïõ áðü ôçí (4:1:2− 8) ðñïêýðôåé üôé:

c0 =
s(3) (x0 + 0)− s(3) (x0 − 0)

3 !
=

6− 0

6
= 1;

c1 =
s(3) (x1 + 0)− s(3) (x1 − 0)

3 !
=

−12− 6

6
= −3;

c2 =
s(3) (x2 + 0)− s(3) (x2 − 0)

3 !
=

0 + 12

6
= 2:

¢ñá

s(x) = 2x+ 1 + (x+ 1)3+ − 3 (x− 1)3+ + 2 (x− 2)3+ :

Ôüôå ðñïöáíþò éó÷ýåé ç (4:1:2− 8), äçëáäÞ

s(2) (−1) = s(2) (2) = 0;

åíþ óýìöùíá ìå ôçí (4:1:2− 9) åßíáé

c0 + c1 + c2 = 1− 3 + 2 = 0;

c0 · (−1) + c1 · 1 + c2 · 2 = −1− 3 + 4 = 0:

Ç åíôïëÞ ïñéóìïý ôçò spline s(x) ìå ôï MATHEMATICA åßíáé:

s[x_]:=2x+1+If[x<-1,0,(x+1)^3]

-3 If[x<1,0,(x-1)^3]+2 If[x<2,0,(x-2)^3]

4.1.3 Õðïëïãéóìüò spline

Áñ÷éêÜ ïñßæåôáé ç Ýííïéá ôçò ðáñåìâïëÞò ìÝóù ôçò spline ùò åîÞò:

Ïñéóìüò 4.1.3 - 1 (spline ðáñåìâïëÞò). Ç spline s(x) èá ëÝãåôáé üôé

ðáñåìâÜëëåôáé Þ üôé ïñßæåé ìéá ðáñåìâïëÞ (spline interpolation) óôá óçìåßá

S = {(xi; yi) ìå i = 0; 1; : : : ; n} ;

üðïõ x0 < x1 < : : : < xn, üôáí

s (xi) = yi ãéá êÜèå i = 0; 1; : : : ; n: (4.1.3 - 1)
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Ïñéóìüò 4.1.3 - 2. Ç spline s(x) èá ëÝãåôáé üôé ðáñåìâÜëëåôáé Þ üôé ïñßæåé

ìéá ðáñåìâïëÞ óôç óõíÜñôçóç f(x) óôïõò êüìâïõò x0 < x1 < : : : < xn, üôáí

s (xi) = f (xi) ãéá êÜèå i = 0; 1; : : : ; n: (4.1.3 - 2)

ÐáñáôÞñçóç 4.1.3 - 1

Ïé (4:1:3− 1), áíôßóôïé÷á ïé (4:1:3− 2) èá ëÝãïíôáé óôï åîÞò êáé óõíèÞêåò

ðáñåìâïëÞò.

ÐáñÜäåéãìá 4.1.3 - 1

¸óôù ç êõâéêÞ spline s(x) ôïõ Ðáñáäåßãìáôïò 4.1.1 - 1:

s(x) =



x3 + 2x+ 1 áí x ∈ (−∞;−1)

−3x2 − x x ∈ [−1; 1)

2x3 − 9x2 + 5x− 2 x ∈ [1; 2)

x3 − 3x2 − 7x+ 6 x ∈ [2;+∞)

ìå êüìâïõò óôá óçìåßá

x0 = −1; x1 = 1 êáé x2 = 2:

Ôüôå, åðåéäÞ6

s (x0 − 0) = s(−1− 0) = −2 = y0;

s (x1 − 0) = s(1− 0) = −4 = y1;

s (x2 − 0) = s(2− 0) = −12 = y2;

ç s(x) ïñßæåé ìéá êõâéêÞ spline ðáñåìâïëÞò, ðïõ äéÝñ÷åôáé áðü ôá óçìåßá (Ó÷.

4.1.3 - 1):

(x0; y0) = (−1;−2); (x1; y1) = (1;−4) êáé (x2; y2) = (2;−12):

6ÅðåéäÞ ëüãù ôïõ ïñéóìïý ôçò spline åßíáé s (xi − 0) = s (xi + 0) ãéá êÜèå i = 0; 1; 2,

áñêåß íá õðïëïãéóôïýí ìüíïí ïé ôéìÝò s (xi − 0) = yi; i = 0; 1; 2.
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Ó÷Þìá 4.1.3 - 1: ÐáñÜäåéãìá 4.1.3 - 1 ìå êüìâïõò óôá óçìåßá x0 = −1,

x1 = 1 êáé x2 = 2

ÐáñÜäåéãìá 4.1.3 - 2

¼ìïéá, Ýóôù ç êõâéêÞ spline s(x) ôïõ Ðáñáäåßãìáôïò 4.1.1 - 3:

s(x) =


1
4(x+ 2)3 áí x ∈ [−2;−1]

1
4

(
3|x|3 − 6x2 + 4

)
x ∈ [−1; 1]

1
4(2− x)3 x ∈ [1; 2]

ìå åóùôåñéêïýò êüìâïõò óôá óçìåßá

x0 = −1; x1 = 1 êáé x2 = 2:

Ôüôå, åðåéäÞ

s(−1− 0) =
1

4
= y0; s(0−) = 1 = y1 êáé s(1− 0) =

1

4
= y2;

ç s(x) ïñßæåé åðßóçò ìéá êõâéêÞ spline ðáñåìâïëÞò, ðïõ äéÝñ÷åôáé áðü ôá óçìåßá

(Ó÷. 4.1.3 - 2):

(x0; y0) =

(
−1;

1

4

)
; (x1; y1) = (0; 1) êáé (x2; y2) =

(
1;

1

4

)
:
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Ó÷Þìá 4.1.3 - 2: ÐáñÜäåéãìá 4.1.3 - 2

Ó÷åôéêÜ ìå ôçí ýðáñîç ôùí spline ðáñåìâïëÞò áðïäåéêíýåôáé üôé éó÷ýåé

ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 4.1.3 - 1 (ýðáñîçò spline ðáñåìâïëÞò). ÕðÜñ÷åé áêñéâþò ìéá

spline, Ýóôù s, ìå ðåäßï ïñéóìïý ôï [a; b] âáèìïý 2m − 1 êáé êüìâïõò óôá

óçìåßá

a = x0 < x1 < : : : < xn = b

üðïõ

n+ 1 ≥m; (4.1.3 - 3)

ðïõ åðáëçèåýåé ôéò óõíèÞêåò ðáñåìâïëÞò

s (xi) = yi ãéá êÜèå i = 0; 1; : : : ; n (4.1.3 - 4)

êáé ôéò óõíèÞêåò óôá Üêñá a = x0 êáé b = xn

s(j) (x0) = uj êáé s(j) (xn) = wj (4.1.3 - 5)

ãéá êÜèå j = 1; 2; : : : ; m− 1 Þ j = m; m+ 1; : : : ; 2(m− 1).
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ÐáñáôçñÞóåéò 4.1.3 - 1

Ïé óõíèÞêåò (4:1:3− 5):

• èá ëÝãïíôáé óôï åîÞò åðßóçò êáé óõíïñéáêÝò óõíèÞêåò ðáñåìâïëÞò,

• ãéá ôçí ðåñßðôùóç ìéáò êõâéêÞò spline7 ãñÜöïíôáé

s(1) (x0) = uj êáé s(1) (xn) = wj: (4.1.3 - 6)

ÐáñÜäåéãìá 4.1.3 - 3

Íá õðïëïãéóôåß ç êõâéêÞ spline s ìå êüìâïõò óôá óçìåßá x0 = −1, x1 = 1

êáé x2 = 2, ðïõ åðáëçèåýåé ôéò óõíèÞêåò ðáñåìâïëÞò (4:1:3− 4):

s(−1) = −2; s(1) = −4; s(2) = −12 (4.1.3 - 7)

êáé ôéò óõíïñéáêÝò (4:1:3− 5):

s(1)(−1) = 5; s(1)(2) = −7: (4.1.3 - 8)

Ëýóç. Óýìöùíá ìå ôá äåäïìÝíá ïé êüìâïé åßíáé

x0 = −1; x1 = 1 (åóùôåñéêüò êüìâïò) êáé x2 = 2:

¢ñá ï áñéèìüò ôùí êüìâùí åßíáé n = 3 êáé ï âáèìüò ôçò spline åðßóçò 3.

ÅðåéäÞ ï âáèìüò 3 ôçò spline ãñÜöåôáé

3 = 2 ·
m︷︸︸︷
2 −1; ïðüôå m = 2 êáé n+ 1 = 3 + 1 = 4 ≥ 2 = m;

ç óõíèÞêç (4:1:3− 3) åðáëçèåýåôáé êáé ç spline õðÜñ÷åé.
8Áðü ôï Ðüñéóìá 4.1.1 - 1 ðñïêýðôåé üôé åðåéäÞ ï âáèìüò ôçò åßíáé 3 êáé

ï åóùôåñéêüò êüìâïò ôï x1, ç s(x) èá åßíáé ôçò ìïñöÞò

s(x) = b0 + b1 x+ b2 x
2 + b3 x

3 + c (x− 1)3+: (4.1.3 - 9)

7Ï âáèìüò 3 ãñÜöåôáé 3 = 2 · 2− 1, ïðüôå m = 2.
8¼ôáí x ∈ [x0; xn] êáé ç spline s åßíáé âáèìïý m, èá Ý÷åé ôç ìïñöÞ

s(x) = b0 + b1 x+ : : :+ bm xm + c1 (x− x1)
m
+ + : : :+ cn−1 (x− xn−1)

m
+

üðïõ x1 < x2 < : : : < xn−1 åßíáé ïé åóùôåñéêïß êüìâïé.
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Ôüôå áðü ôçí åöáñìïãÞ ôùí óõíèçêþí ðáñåìâïëÞò (4:1:3−8) óôçí (4:1:3−9),

åðåéäÞ óýìöùíá ìå ôïí Ïñéóìü 4.1.1 - 4 åßíáé

(x− 1)3+ =

 0 áí x < 1

(x− 1)3 áí x ≥ 1;

ðñïêýðôåé üôé

s(−1) = b0 + b1(−1) + b2(−1)2 + b3(−1)3 + c

0︷ ︸︸ ︷
(x− 1)3+

= b0 − b1 + b2 − b3 = −2

s(1) = b0 + b1 + b2 + b3 + c

0︷ ︸︸ ︷
(x− 1)3+

= b0 + b1 + b2 + b3 = −4;

s(2) = b0 + b1 2 + b2 2
2 + b3 2

3 + c(2− 1)3

= b0 + 2 b1 + 4 b2 + 8 b3 + c = −12;

äçëáäÞ

b0 − b1 + b2 − b3 = − 2

b0 + b1 + b2 + b3 = − 4

b0 + 2 b1 + 4 b2 + 8 b3 +c = −12:

(4.1.3 - 10)

Áðü ôçí (4:1:3− 9) ðáñáãùãßæïíôáò Ý÷ïõìå

s(1)(x) = b1 + 2 b2 x+ 3 b3 x
2 + 3 c (x− 1)2+;
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ïðüôå áðü ôçí åöáñìïãÞ ôùí óõíïñéáêþí óõíèçêþí ðáñåìâïëÞò (4:1:3 − 8)

óôçí ðáñáðÜíù ó÷Ýóç ðñïêýðôåé üôé

s(1)(−1) = b1 + 2 b2(−1) + 3 b3(−1)2 + 3c

0︷ ︸︸ ︷
(x− 1)2+

= b1 − 2 b2 + 3 b3 = 5;

s(1)(2) = b1 + 2 b2 2 + 3 b3 2
2 + 3 c(2− 1)2

= b1 + 4 b2 + 12 b3 + 3 c = −7;

äçëáäÞ

b1 − 2 b2 + 3 b3 = 5

b1 + 4 b2 + 12 b3 + 3 c = −7:
(4.1.3 - 11)

Ôüôå áðü ôç ëýóç ôïõ óõóôÞìáôïò ôùí åîéóþóåùí (4:1:3−10) êáé (4:1:3−
11) ôåëéêÜ Ý÷ïõìå

b0 = 0; b1 = −1; b2 = −3; b3 = 0 êáé c = 2:

¢ñá ç spline s åßíáé ôçò ìïñöÞò

s(x) = −x− 3x2 + 2(x− 1)3+; üôáí x ∈ [−1; 2]

ðïõ óõìðßðôåé óôï äéÜóôçìá [−1; 2] ìå ôçí áíôßóôïé÷ç

s(x) =

 −3x2 − x áí x ∈ [−1; 1)

2x3 − 9x2 + 5x− 2 áí x ∈ [1; 2]:

ôïõ Ðáñáäåßãìáôïò 4.1.1 - 1.

Óôï Ðñüãñáììá 4.1.3 - 1 äßíåôáé ï õðïëïãéóìüò, ç ãñáöéêÞ ðáñÜóôáóç ôçò

spline s(x), üôáí x ∈ [−2; 3], ôùí êüìâùí ôçò êáé ôùí óçìåßùí ðáñåìâïëÞò

ìå ôï MATHEMATICA.
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Ó÷Þìá 4.1.3 - 3: ÐáñÜäåéãìá 4.1.3 - 3 ìå óçìåßá ðáñåìâïëÞò (−1;−2),

(1;−4) êáé (2;−12) ìå óõíïñéáêÝò óõíèÞêåò s(1)(−1) = 5 êáé s(1)(2) = −7

Ðñüãñáììá 4.1.3 - 1 (êõâéêÞò spline)

x0 = -1;x1 = 1;x2 = 2;

y0 = -2;y1 = -4;y2 = -12;

s[x_] := b0 + b1 x + b2 x^2 + b3 x^3

+ c If[x < x1, 0, (x - x1)^3]

y = D[s[x], x] /. x -> x0;

z = D[s[x], x] /. x -> x2;

sol = Solve[{s[x0] == y0, s[x1] == y1, s[x2] == y2,

y == 5, z == -7}, {b0, b1, b2, b3, c}]

s1[x_] := s[x] /. sol

Print["Spline s(x)=", s1[x]]

data = {{x0, 0}, {x1, 0}, {x2, 0}};

fgr1 = ListPlot[data, PlotStyle -> Red, PlotMarkers -> "."];

data1 = {{x0, y0}, {x1, y1}, {x2, y2}};

fgr2 = ListPlot[data1, PlotStyle -> Brown,

PlotMarkers -> "."];

fgr3 = Show[Plot[s1[x], {x, x0, x1}, PlotStyle -> Blue],

Plot[s1[x], {x, x1, x2}, PlotStyle -> Green]];

fgr = Show[fgr1, fgr2, fgr3,AxesLabel -> {"x", "s(x)"}]
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Õðïëïãéóìüò öõóéêþí spline

Ó÷åôéêÜ ìå ôïí õðïëïãéóìü ôùí öõóéêþí spline éó÷ýåé ôï ðáñáêÜôù ãåíéêü

èåþñçìá:

Èåþñçìá 4.1.3 - 2. ÕðÜñ÷åé áêñéâþò ìéá öõóéêÞ spline, Ýóôù s, ìå ðåäßï

ïñéóìïý ôï R âáèìïý 2m− 1 êáé êüìâïõò óôá óçìåßá

a = x0 < x1 < : : : < xn = b;

üôáí

n+ 1 ≥m; (4.1.3 - 12)

ðïõ åðáëçèåýåé ôéò óõíèÞêåò ðáñåìâïëÞò

s (xi) = yi ãéá êÜèå i = 0; 1; : : : ; n; (4.1.3 - 13)

üôáí yi ∈ R.

ÐáñÜäåéãìá 4.1.3 - 4

Íá õðïëïãéóôåß ç êõâéêÞ öõóéêÞ spline ìå êüìâïõò óôá óçìåßá

x0 = −1; x1 = 1; x2 = 2

ðïõ åðáëçèåýåé ôéò óõíèÞêåò ðáñåìâïëÞò

s(−1) = −1; s(1) = 11; êáé s(2) = 29: (4.1.3 - 14)

Ëýóç. Ï áñéèìüò ôùí êüìâùí åßíáé n = 3, åíþ ï âáèìüò ôçò spline 3, ðïõ

ãñÜöåôáé:

3 = 2 ·
m︷︸︸︷
2 −1; äçëáäÞ m = 2:

¢ñá n+ 1 = 3 + 1 = 4 ≥ 2 = m, ïðüôå åðáëçèåýåôáé ç óõíèÞêç (4:1:3− 12)

êáé ç spline õðÜñ÷åé.

Áðü ôï 9Ðüñéóìá 4.1.2 - 1 ðñïêýðôåé üôé ç spline èá Ý÷åé ôç ìïñöÞ

s(x) = a0 + a1 x+ c0 (x+ 1)3+ + c1 (x− 1)3+ + c2 (x− 2)3+: (4.1.3 - 15)

9ÊÜèå êõâéêÞ öõóéêÞ spline (2m − 1 = 3 = 2 · 2 − 1, ïðüôå m = 2) ìå êüìâïõò óôá

óçìåßá

x0 < x1 < : : : < xn
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Ôüôå áðü ôçí åöáñìïãÞ ôùí óõíèçêþí ðáñåìâïëÞò (4:1:3− 14) óôçí (4:1:3−
15) ðñïêýðôåé üôé:

s(−1) = a0 + a1(−1) +

0︷ ︸︸ ︷
c0 (x+ 1)3+ + c1 (x− 1)3+ + c2 (x− 2)3+

= a0 − a1 = −1;

s(1) = a0 + a1 + c0 (1 + 1)3 +

0︷ ︸︸ ︷
c1 (x− 1)3+ + c2 (x− 2)3+

= a0 + a1 + 8 c0 = 11;

s(2) = a0 + a1 2 + c0 (1 + 2)3 + c1 (2− 1)3 +

0︷ ︸︸ ︷
c2 (x− 2)3+

= a0 + 2 a1 + 27 c0 + c1 = 29;

äçëáäÞ

a0 − 3a1 = −1

a0 + a1 + 8 c0 = 11

a0 + 2 a1 + 27 c0 + c1 = 29:

(4.1.3 - 16)

Áðü ôçí (4:1:2− 9) Ý÷ïõìå

c0 + c1 + c2 = 0

c0 x0 + c1 x1 + c2 x2 = 0;

ïðüôå

c0 + c1 + c2 = 0

−c0 + c1 + 2 c2 = 0:
(4.1.3 - 17)

ãñÜöåôáé ùò åîÞò:

s(x) = a0 + a1 x+ c0 (x− x0)
3
+ + c1 (x− x1)

3
+ + : : :+ cn (x− xn)

3
+ ;

üôáí ïé óõíôåëåóôÝò cj åðáëçèåýïõí ôéò ó÷Ýóåéò

c0 + c1 + : : : + cn = 0;

c0 x0 + c1 x1 + : : : + cn xn = 0:
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Ó÷Þìá 4.1.3 - 4: ÐáñÜäåéãìá 4.1.3 - 4 ìå óçìåßá ðáñåìâïëÞò (−1;−1), (1; 11)

êáé (2; 29)

Áðü ôç ëýóç ôïõ óõóôÞìáôïò ôùí åîéóþóåùí (4:1:3− 16) êáé (4:1:3− 17)

ôåëéêÜ ðñïêýðôïõí ïé åîÞò óõíôåëåóôÝò:

a0 = 1; a1 = 2; c0 = 1; c1 = −3 êáé c2 = 2:

¢ñá óýìöùíá ìå ôçí (4:1:3 − 15) ç spline s, üôáí x ∈ R, èá åßíáé ôçò

ìïñöÞò (Ó÷. 4.1.3 - 4)

s(x) = s(x) = 1 + 2x+ (x+ 1)3+ − 3 (x− 1)3+ + 2 (x− 2)3+

ðïõ óõìðßðôåé ìå ôçí áíôßóôïé÷ç ìïñöÞ ôïõ Ðáñáäåßãìáôïò 4.1.2 - 1.

Óôï Ðñüãñáììá 4.1.3 - 2 äßíåôáé ï õðïëïãéóìüò, ç ãñáöéêÞ ðáñÜóôáóç ôçò

s(x) üôáí x ∈ [−2; 3] êáé ôùí óçìåßùí ðáñåìâïëÞò ìå ôï MATHEMATICA.

Ðñüãñáììá 4.1.3 - 2 (êõâéêÞò öõóéêÞò spline)

x0 = -1;x1 = 1;x2 = 2;y0 = -1;y1 =11;y2 =29;

s[x_] := a0 + a1 x + c0 If[x < x0, 0, (x - x0)^3]

+c1 If[x < x1, 0, (x - x1)^3]

+ c2 If[x < x2, 0, (x - x2)^3]

y = c0 + c1 + c2;

z = c0 x0 + c1 x1 + c2 x2;



Õðïëïãéóìüò spline 185

sol = Solve[{s[x0] == y0, s[x1] == y1, s[x2] == y2,

y == 0,z == 0}, {a0, a1, c0, c1, c2}]

s1[x_] := s[x] /. sol

Print["Spline s(x)=", s1[x]]

Plot[s1[x], {x, -2, 3}]

data = {{x0, y0}, {x1, y1}, {x2, y2}};

fgr1 = ListPlot[data, PlotStyle -> Red,

PlotMarkers -> "."];

fgr2 = Show[Plot[s1[x], {x, x0, x1}, PlotStyle -> Blue],

Plot[s1[x], {x, x1, x2}, PlotStyle -> Green]];

fgr = Show[fgr1, fgr2, PlotRange -> All,

AxesLabel -> {"x", "s(x)"}]

ÁóêÞóåéò

1. Áí x ∈ [−1; 2], íá ãñáöåß ç spline ôïõ Ðáñáäåßãìáôïò 4.1.1 - 3 óôç ìïñöÞ

(4:1:1− 12).

2. Äåßîôå üôé ç s(x) = (x− xi)
m
+ ïñßæåé ìéá spline âáèìïý m ìå êüìâï ôï

óçìåßï xi.

3. ÁéôéïëïãÞóôå ôïí åëÜ÷éóôï áñéèìü êüìâùí ðïõ áðáéôïýíôáé ãéá ìéá êõâéêÞ,

áíôßóôïé÷á 5ïõ âáèìïý (quintic) spline.

4. Íá õðïëïãéóôåß ç êõâéêÞ öõóéêÞ spline, ðïõ äéÝñ÷åôáé áðü ôá óçìåßá

ðáñåìâïëÞò

(0; 0); (1; 2); (2; 1) êáé (3; 0):

5. Íá ãñáöåß ôï ðñüãñáììá ìå ôï MATHEMATICA, áíôßóôïé÷á ôï MAT-

LAB, ðïõ õðïëïãßæåé ôç ëýóç ôçò ¢óêçóçò 4 êáé óôç óõíÝ÷åéá íá ãßíåé ç

ãñáöéêÞ ðáñÜóôáóç ôçò spline, ôùí êüìâùí êáé ôùí óçìåßùí ðáñåìâïëÞò.

6. Íá ãñáöïýí ôá áíôßóôïé÷á ÐñïãñÜììáôá ôùí 4.1.3 - 1 êáé 4.1.3 - 2 ìå

ôï MATLAB. Ðïéá ç ìïñöÞ ôùí ðñïãñáììÜôùí ìå ôï MATHEMATICA,

áíôßóôïé÷á ôï MATLAB ãéá ôçí ðåñßðôùóç ìéáò spline 5ïõ âáèìïý;

7. Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

1∫
0

e−x
2
dx ìå èåùñçôéêÞ ôéìÞ: I ≈ 0.746 824
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÷ñçóéìïðïéþíôáò ìéá êõâéêÞ spline ìå 3, áíôßóôïé÷á 4 éóáðÝ÷ïíôåò êüìâïõò,

üôáí

i) ïé óõíèÞêåò (4:1:3 − 5) óõìðßðôïõí ìå ôéò ôéìÝò ôçò ðáñáãþãïõ ôçò

ïëïêëçñùôÝáò óõíÜñôçóçò óôá Üêñá óçìåßá,

ii) ç spline åßíáé öõóéêÞ.

Óå êÜèå ðåñßðôùóç íá ãßíåé óýãêñéóç ìå ôç èåùñçôéêÞ ôéìÞ.
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