
1��MAJHMATIKA II��FULLADIO III��KampÔle
 sto ep�pedo kai sto q¸ro �Epif�neie
 sto q¸ro kaiefaptìmena ep�peda��Did�skwn: G. Smurl 
I. KampÔle
 sto ep�pedo.Mia kampÔlh sto ep�pedo mpore� na parastaje� me dÔo trìpou
:A. Me kartesian  ex�swsh th
 morf 
f(x; y) = 0; (1)ìpou f(x; y) sun�rthsh dÔo metablht¸n.Parade�gmata:(i) To gr�fhma y = f(x) mia
 sun�rthsh
 f(x) e�nai profan¸
 mia kampÔlh stoep�pedo. H ex�swsh y = f(x) , y � f(x) = 0 e�nai th
 morf 
 (1) (arke� na jèsoumef(x; y) = y � f(x)). P.q. h ex�swsh y = x2 parist�nei sto ep�pedo parabol  me �xonasummetr�a
 ton �xona Oy.(ii) H ex�swsh x2 + y2 = 1 , x2 + y2 � 1 = 0 e�nai th
 morf 
 (1) (ed¸ f(x; y) =x2 + y2 � 1) kai parist�nei sto ep�pedo to monadia�o kÔklo, dhl. ton kÔklo me kèntro toO(0; 0) kai akt�na 1.(iii) H ex�swsh y2 = x , y2 � x = 0 e�nai th
 morf 
 (1) (ed¸ f(x; y) = y2 � x) kaiparist�nei sto ep�pedo parabol  me �xona summetr�a
 ton �xona Ox.(iv) H ex�swsh x2=a2 + y2=b2 = 1 , x2=a2 + y2=b2 � 1 = 0 e�nai th
 morf 
 (1) (ed¸f(x; y) = x2=a2 + y2=b2 � 1) kai parist�nei sto ep�pedo èlleiyh me kèntro to O(0; 0).(v) H ex�swsh x3+ y3� 3xy = 0 e�nai th
 morf 
 (1) (ed¸ f(x; y) = x3+ y3� 3xy) kaiparist�nei sto ep�pedo mia kampÔlh pou lègetai fÔllo tou Kartèsiou. Sth shme�o O(0; 0)h kampÔlh tèmnei ton eautì th
.B. Me parametrikè
 exis¸sei
 th
 morf 
x = x(t); y = y(t); t 2 I; (2)



2ìpou I di�sthma sthn pragmatik  euje�a.H metablht  t lègetai par�metro
 kai se k�je tim  th
 paramètrou mèsa apì to Iantistoiqe� èna sugkekrimèno shme�o th
 kampÔlh
 M(x(t); y(t)). Kaj¸
 to t diatrèqei todi�sthma I, to shme�o M(x(t); y(t)) kine�tai p�nw sthn kampÔlh kai me autìn ton trìpokalÔptontai ìla ta shme�a th
.Apì fusik 
 �poyh
, oi exis¸sei
 (2) ekfr�zoun th jèsh enì
 kinhtoÔ se sun�rthshme to qrìno t, ìtan autì kine�tai kat� m ko
 th
 kampÔlh
.Ton�zoume ìti h anapar�stash mia
 kampÔlh
 sto ep�pedo me parametrikè
 exis¸sei
den e�nai monadik .Shmei¸noume tèlo
 ìti h met�bash apì ti
 parametrikè
 exis¸sei
 (2) sthn kartesian ex�swsh (1) mpore� na g�nei me apaloif  tou t, pr�gma ìqi p�nta eÔkolo sthn pr�xh. All�kai gia thn ant�strofh pore�a, dhl. gia thn eÔresh parametrik¸n exis¸sewn ìtan ma
d�netai h kartesian  ex�swsh, den up�rqei genik  mèjodo
 (bl. parade�gmata parak�tw ).Parade�gmata:(i) Oi exis¸sei
 x = 
os t; y = sin t; t 2 [0; 2�℄;apoteloÔn parametrikè
 exis¸sei
 tou monadia�ou kÔklou. Ed¸ h par�metro
 t e�nai hgwn�a pou sqhmat�zei h dianusmatik  akt�na OM enì
 shme�ou M tou kÔklou me tonjetikì hmi�xona Ox.Apalo�fonta
 to t apì ti
 parap�nw exis¸sei
 pa�rnoume th gnwst  kartesian  ex�-swsh x2 + y2 = 1 tou monadia�ou kÔklou.'Opw
  dh anafèrame, h anapar�stash mia
 kampÔlh
 sto ep�pedo me parametrikè
 exi-s¸sei
 den e�nai monadik . 'Etsi, gia to monadia�o kÔklo èqoume p.q. kai ti
 parametrikè
exis¸sei
 x = 
os(2t); y = sin(2t); t 2 [0; �℄:(ii) Oi exis¸sei
x = a 
os t; y = b sin t; t 2 [0; 2�℄; a > 0; b > 0;apoteloÔn parametrikè
 exis¸sei
 èlleiyh
.Me apaloif  tou t pa�rnoume th gnwst  kar-tesian  ex�swsh x2=a2 + y2=b2 = 1.(iii) Oi exis¸sei
 x = 3t1 + t3 ; y = 3t21 + t3 ;



3apoteloÔn parametrikè
 exis¸sei
 tou fÔllou tou Kartèsiou. ProkÔptoun jètonta
 y =tx sthn kartesian  ex�swsh x3 + y3 = 3xy.H kampÔlh èqei èna diplì shme�o sto O(0; 0) (dhl. pern�ei dÔo forè
 apì autì) pouantistoiqe� sti
 timè
 t = 0 kai t =1.(iv) Oi exis¸sei
 x = t� sin t; y = 1� 
os t;apoteloÔn parametrikè
 exis¸sei
 mia
 kampÔlh
 tou epipèdou pou lègetai kukloeid 
.H kukloeid 
 e�nai h kampÔlh pou diagr�fei èna sugkekrimèno shme�o th
 perifèreia
kuklikoÔ troqoÔ akt�na
 1, ìtan autì
 kul� (qwr�
 na olisja�nei) kat� m ko
 mia
 ori-zìntia
 euje�a
 gramm 
. Me �lla lìgia, e�nai h troqi� pou diagr�fei èna karf� se ènaperistrefìmeno l�stiqo autokin tou akt�na
 1.Efaptìmeno di�nusma � Ex�swsh efaptomènh
 kampÔlh
.'Otan melet�me thn k�nhsh enì
 swmatid�ou kat� m ko
 mia
 kampÔlh
 sto ep�pedo,jèloume to di�nusma th
 taqÔthta
 tou swmatid�ou na e�nai efaptìmeno sthn kampÔlh(p.q. h per�ptwsh th
 kuklik 
 k�nhsh
).Me b�sh autì to skeptikì mporoÔme na prosdior�soume èna efaptìmeno di�nusma(kai �ra thn ex�swsh
 th
 efaptomènh
) se shme�o kampÔlh
 tou epipèdou, ìtan aut anaparist�tai me parametrikè
 exis¸sei
.Sugkekrimèna, èstw h kampÔlh 
 me parametrikè
 exis¸sei

 : x = x(t); y = y(t); t 2 I;ìpou oi sunart sei
 x(t); y(t) e�nai paragwg�sime
 sto di�sthma I me suneq  par�gwgo.Tìte, to di�nusma (x0(t); y0(t)) = � dxdt ; dydt �e�nai efaptìmeno th
 kampÔlh
 
 sto shme�o (x(t); y(t)) kai ekfr�zei to di�nusma th
taqÔthta
 tou swmatid�ou pou kine�tai p�nw sthn 
.Par�deigma: D�netai h kampÔlh
 : x = et; y = ln(1 + t); t > 0:Na bre�te to di�nusma th
 taqÔthta
 kai thn ex�swsh th
 efaptomènh
 th
 kampÔlh
sto shme�o M(1; 0).



4LÔsh: To shme�o M(1; 0) antistoiqe� sthn tim  t = 0 th
 paramètrou.E�nai x0(t) = et; y0(t) = 1=(1 + t); opìte to di�nusma th
 taqÔthta
 sto shme�o Me�nai to (x0(0); y0(0)) = (1; 1):H efaptomènh th
 kampÔlh
 sto M(1; 0) e�nai par�llhlh sto di�nusma th
 taqÔthta
kai �ra èqei parametrikè
 exis¸sei
x = 1 + t; y = t:Me apaloif  tou t pa�rnoume thn kartesian  th
 ex�swsh y = x� 1.To prìblhma pou t�jetai fusiologik� e�nai h eÔresh th
 ex�swsh
 th
 efaptomènh
 seshme�o kampÔlh
 tou epipèdou, ìtan d�netai h kartesian  th
 ex�swsh. Se autì d�nei lÔshh parak�twPrìtash: D�netai h kampÔlh 
 : f(x; y) = 0; (3)ìpou h sun�rthsh f(x; y) èqei suneqe�
 merikè
 parag¸gou
 fx ; fy. E�nM0(x0; y0) shme�oth
 
, tìte:(i) to di�nusma (fx(x0; y0); fy(x0; y0))e�nai k�jeto sthn efaptomènh th
 
 sto M0.(ii) h kartesian  ex�swsh th
 efaptomènh
 th
 
 sto M0 e�naifx(x0; y0)(x� x0) + fy(x0; y0)(y � y0) = 0:Apìdeixh: H kampÔlh 
 èqei k�poie
 parametrikè
 exis¸sei
x = x(t); y = y(t) t 2 I: (4)Epeid  oi (3), (4) anaparistoÔn thn �dia kampÔlh, èqoumef(x(t); y(t)) = 0; 8t 2 I:Paragwg�zonta
 kai ta dÔo mèlh th
 parap�nw w
 pro
 t kai efarmìzonta
 ton kanìnath
 alus�da
 pa�rnoume �f�x � dxdt + �f�y � dydt = 0; 8t 2 I



5kai isodÔnama (fx ; fy) � (x0(t); y0(t)) = 0; 8t 2 I:H teleuta�a ma
 d�nei ìti se k�je shme�o M0(x0; y0) th
 kampÔlh
 
, to di�nusma(fx(x0; y0) ; fy(x0; y0))e�nai k�jeto sto di�nusma th
 taqÔthta
 kai �ra k�jeto sthn efaptomènh (") th
 
 stoM0.Me autìn ton trìpo apodeiknÔetai to skèlo
 (i) th
 prìtash
.Gia to skèlo
 (ii), jewroÔme èna tuqa�o shme�o M(x; y) th
 (").Ta shme�aM0 ;M an koun p�nw sthn efaptomènh (") opìte, sÔmfwna me ta parap�-nw, to di�nusma���!M0M = (x�x0; y�y0) ja e�nai k�jeto sto di�nusma (fx(x0; y0) ; fy(x0; y0)).IsodÔnama,(fx(x0; y0) ; fy(x0; y0)) � (x� x0 ; y � y0) = 0, fx(x0; y0)(x� x0) + fy(x0; y0)(y � y0) = 0ki ètsi prokÔptei h ex�swsh th
 efaptomènh
 sto shme�o M0(x0; y0). �Orismì
: To di�nusma (fx(x0; y0) ; fy(x0; y0))pou emfan�zetai sthn parap�nw prìtash onom�zetai kl�sh (gradient) th
 sun�rthsh
f(x; y) sto shme�o M0(x0; y0) kai sumbol�zetai me�!rf(M0) :SÔmfwna me thn prìtash, to di�nusma �!rf(M0) e�nai k�jeto sthn kampÔlh
 : f(x; y) = 0 sto M0, dhl. e�nai k�jeto sthn efaptomènh th
 
 sto M0.Par�deigma: Na bre�te èna k�jeto di�nusma kaj¸
 kai thn ex�swsh th
 efaptomènh
th
 kampÔlh
 x2 + xy + y2 = 7 sto shme�o M0(1; 2).LÔsh: Jètoume f(x; y) = x2 + xy + y2 � 7. E�naifx = 2x+ y; fy = 2y + xkai eidikìtera sto shme�o M0(1; 2),



6fx(M0) = 2 � 1 + 2 = 4; fy(M0) = 2 � 2 + 1 = 5:'Ena di�nusma k�jeto sthn kampÔlh sto shme�o M0(1; 2) e�nai h kl�sh�!rf(M0) = (fx(M0); fy(M0)) = (4; 5)kai h ex�swsh th
 efaptomènh
 th
 kampÔlh
 sto M0(1; 2) e�nai4(x� 1) + 5(y � 2) = 0, 4x+ 5y = 14:



7II. Stoiqei¸de
 upìbajro Analutik 
 Gewmetr�a
 tou q¸rou.A. Eswterikì ginìmeno dÔo dianusm�twn.'Estw �!u ; �!v dianÔsmata ston R3 .� gwn�a ' = \( �!u ; �!v ) twn �!u ; �!v e�nai h kurt  gwn�a kat� thn opo�a prèpei nastrafe� to di�nusma �!u , p�nw sto ep�pedo twn �!u ; �!v , ¸ste na g�nei omìrropo meto �!v .Apì ton orismì prokÔptei ìti \( �!u ; �!v ) = \( �!v ; �!u ) (sto ep�pedo autè
 oi dÔogwn�e
 e�nai ant�jete
!)Epiplèon 0 � ' � � kai ' = 0 (ant. � ) an �!u ; �!v omìrropa (ant. ant�rropa).� eswterikì ginìmeno twn �!u ; �!v e�nai o pragmatikì
 arijmì
�!u � �!v = jj�!u jj jj�!v jj 
os';ìpou jj�!u jj; jj�!v jj ta mètra twn �!u ; �!v kai ' h gwn�a twn �!u ; �!v .Apì ton orismì prokÔptoun oi parak�tw idiìthte
:(i) �!u � �!v = �!v � �!u(ii) �!u � �!u = jj�!u jj2(iii) �!u � �!v = 0, ( ta �!u ; �!v e�nai k�jeta ).(iv) (��!u ) � �!v = �(�!u � �!v ) = �!u � (��!v ) ; ìpou � 2 R.Upologismì
 eswterikoÔ ginomènou. To eswterikì ginìmeno dÔo dianusm�twnupolog�zetai eÔkola ìtan gnwr�zoume ti
 suntetagmène
 tou
. Sugkekrimèna, an�!u = (x1; y1; z1); �!v = (x2; y2; z2); tìte�!u � �!v = x1x2 + y1y2 + z1z2 :Apì thn parap�nw prokÔptei ìti e�n �!u ; �!v ; �!w tr�a dianÔsmata tou R3 isqÔei�!u � (�!v +�!w ) = �!u � �!v +�!u � �!w :



8B. Exwterikì ginìmeno dÔo dianusm�twn.'Estw �!u ; �!v dianÔsmata ston R3 .Exwterikì ginìmeno twn �!u ; �!v e�nai to di�nusma �!u ��!v pou èqei� mètro �so me jj�!u jjjj�!v jj sin'; ìpou ' h gwn�a twn �!u ; �!v .� dieÔjunsh k�jeth sto ep�pedo pou or�zoun oi fore�
 twn �!u ; �!v .� for� th for� k�nhsh
 dexiìstrofou koql�a ìtan autì
 strafe� apì to �!u pro
 to�!v .Idiìthte
: 'Estw �!u ; �!v ; �!w dianÔsmata ston R3 kai �; � 2 R. Tìte:(i) �!u ��!v = �( �!v ��!u ).(ii) �!u ��!v = �!0 , (�!u ; �!v par�llhla ).(iii) �!u � (��!v + ��!w ) = �(�!u ��!v ) + �(�!u ��!w ).Upologismì
 exwterikoÔ ginomènou.'Estw �!i = (1; 0; 0); �!j = (0; 1; 0); �!k = (0; 0; 1) ta monadia�a dianÔsmata twn axìnwn.E�n �!u = x1�!i + y1�!j + z1�!k = (x1; y1; z1); �!v = x2�!i + y2�!j + z2�!k = (x2; y2; z2);tìte
�!u ��!v = ����������

�!i �!j �!kx1 y1 z1x2 y2 z2
���������� = ���� y1 z1y2 z2 �����!i � ���� x1 z1x2 z2 �����!j + ���� x1 y1x2 y2 �����!k :Par�deigma: Na bre�te èna di�nusma k�jeto sta dianÔsmata�!u = (1; 2; 3); �!v = (2; 3; 1) :



9LÔsh: 'Ena tètoio di�nusma e�nai to exwterikì ginìmeno twn �!u ;�!v , dhl. to�!u ��!v = ����������
�!i �!j �!k1 2 32 3 1

���������� = ���� 2 33 1 �����!i � ���� 1 32 1 �����!j + ���� 1 22 3 �����!k= �7�!i + 5�!j ��!k = (�7; 5;�1):G. Parametrikè
 exis¸sei
 euje�a
 sto q¸ro.JewroÔme ston R3 èna stajerì shme�o M0 = (x0; y0; z0) kai èna stajerì di�nusma�!u = (a; b; 
).Oi parametrikè
 exis¸sei
 th
 euje�a
 (") pou dièrqetai apì to shme�oM0 = (x0; y0; z0)kai e�nai par�llhlh sto di�nusma �!u e�nai oi parak�tw:8<: x = x0 + tay = y0 + tbz = z0 + t
  se pinakopoihmènh morf 24 xyz 35 = 24 x0y0z0 35 + t24 ab
 35 ;ìpou t par�metro
 me auja�rete
 timè
 sto R.Par�deigma: Na gr�yete ti
 parametrikè
 exis¸sei
 th
 euje�a
 pou dièrqetai apìto shme�o M0(1; 2; 3) kai e�nai par�llhlo sto di�nusma �!u = (0; 1; 4).LÔsh: SÔmfwna me ta parap�nw oi zhtoÔmene
 parametrikè
 exis¸sei
 e�nai24 xyz 35 = 24 123 35+ t24 014 35 ; t 2 R;  8<: x = 1;y = 2 + tz = 3 + 4t ; t 2 R:



10D. Kartesian  ex�swsh epipèdou sto q¸ro.JewroÔme ston R3 èna stajerì shme�o M0 = (x0; y0; z0) kai èna stajerì di�nusma�!n = (n1; n2; n3). H kartesian  ex�swsh tou epipèdou (p) pou e�nai k�jeto sto di�nusma�!n kai dièrqetai apì to shme�o M0 e�nai(p) : n1(x� x0) + n2(y � y0) + n3(z � z0) = 0:Par�deigma: Na gr�yete thn kartesian  ex�swsh tou epipèdou pou e�nai k�jeto stodi�nusma �!n = (2;�1; 3) kai dièrqetai apì to shme�o M0(0; 1; 4).LÔsh: H zhtoÔmenh ex�swsh e�nai2(x� 0)� (y � 1) + 3(z � 4) = 0, 2x� y + 3z = 11:Shmantik  parat rhsh: H genik  morf  kartesian 
 ex�swsh
 epipèdou sto q¸roe�nai Ax+By + Cz = D;ìpou A;B;C;D 2 R kai ta A;B;C den e�nai ìla 0.E�n (p) to ep�pedo pou èqei thn parap�nw ex�swsh, tìte èna di�nusma k�jeto pro
 to(p) e�nai to �!n = (A;B;C).DÔo qarakthristikè
 ask sei
:1) Na bre�te thn kartesian  exiswsh tou epipèdou pou dièrqetai apì ta shme�aM1(1; 0; 2); M2(2; 1; 2); M3(1; 1; 3):LÔsh: 'Ena di�nusma k�jeto sto ep�pedo e�nai to�!n = ����!M1M2 �����!M1M3:E�nai ����!M1M2 = (1; 1; 0); ����!M1M3 = (0; 1; 1);opìte �!n = ����������
�!i �!j �!k1 1 00 1 1

���������� = ���� 1 01 1 �����!i � ���� 1 00 1 �����!j + ���� 1 10 1 �����!k= �!i ��!j +�!k = (1;�1; 1):



11'Ena shme�o tou epipèdou e�nai p.q. to M1(1; 0; 2), opìte h zhtoÔmenh ex�swsh e�nai1 � (x� 1)� 1 � (y � 0) + 1 � (z � 2) = 0, x� y + z = 3:2) Na bre�te ti
 parametrikè
 exis¸sei
 th
 euje�a
 (") pou e�nai h tom  twn epipèdwn( p1) : 3x� 6y � 2z = 7; ( p2) : 2x + y � 2z = 5:LÔsh: 'Ena di�nusma k�jeto sto ep�pedo (p1) e�nai to �!n 1 = (3;�6;�2) kai ènadi�nusma k�jeto sto (p2) e�nai to �!n 2 = (2; 1;�2). 'Epetai ìti ta dianÔsmata �!n 1 ;�!n 2e�nai kai ta dÔo k�jeta sthn euje�a ("), afoÔ h (") an kei kai sta dÔo parap�nw ep�peda.Sunep¸
, h (") ja e�nai par�llhlh sto exwterikì ginìmeno twn �!n 1 ;�!n 2, dhl. sto�!n 1 ��!n 2 = ����������
�!i �!j �!k3 �6 �22 1 �2

���������� = : : : = (14; 2; 15):
Gia na broÔme kai èna shme�o th
 ("), br�skoume èna koinì shme�o twn dÔo epipèdwn.Jètonta
 z = 0 sti
 exis¸sei
 twn epipèdwn kai lÔnonta
 to sÔsthma pou prokÔptei w
pro
 x; y pa�rnoume to shme�o (37=15; 1=15; 0).Apì ta parap�nw èpetai ìti oi parametrikè
 exis¸sei
 th
 (") e�nai8>>>><>>>>: x = 37=15 + 14t;y = 1=15 + 2tz = 15t ; t 2 R:



12III. KampÔle
 sto q¸ro.M�a kampÔlh ston trisdi�stato q¸ro R3 anaparist�tai sun jw
 me parametrikè
 exi-s¸sei
 th
 morf 
 x = x(t); y = y(t); z = z(t); t 2 I; (5)ìpou I di�sthma sthn pragmatik  euje�a.H metablht  t lègetai par�metro
 kai se k�je tim  th
 paramètrou mèsa apì to Iantistoiqe� èna sugkekrimèno shme�o th
 kampÔlh
 M(x(t); y(t); z(t)). Kaj¸
 to t diatrè-qei to di�sthma I, to shme�o M(x(t); y(t); z(t)) kine�tai p�nw sthn kampÔlh kai me autìnton trìpo kalÔptontai ìla ta shme�a th
.Apì fusik 
 �poyh
, oi exis¸sei
 (5) ekfr�zoun th jèsh enì
 kinhtoÔ se sun�rthshme to qrìno t, ìtan autì kine�tai sto q¸ro kai kat� m ko
 th
 kampÔlh
.Ton�zoume ìti (ìpw
 kai sto ep�pedo) h anapar�stash mia
 kampÔlh
 sto q¸ro meparametrikè
 exis¸sei
 den e�nai monadik .Parade�gmata:(i) Oi x = 1 + t; y = 2t; z = 2 + 3t; t 2 R;apoteloÔn parametrikè
 exis¸sei
 th
 euje�a
 pou dièrqetai apì to shme�o (1; 0; 2) kaie�nai par�llhlh sto di�nusma (1; 2; 3).(ii) Oi x = 
os t; y = sin t; z = 1; t 2 [0; 2�℄;apoteloÔn parametrikè
 exis¸sei
 tou kÔklou pou br�sketai p�nw sto ep�pedo z = 1 kaièqei kèntro to O(0; 0; 1) kai akt�na 1.Shm. ìti to ep�pedo z = 1 e�nai par�llhlo pro
 to ep�pedo xOy kai ìti h probol  touparap�nw kÔklou p�nw se autì e�nai o monadia�o
 kÔklo
 tou epipèdou xOy.(iii) Oi x = 
os t; y = sin t; z = t; t 2 [0;+1);apoteloÔn parametrikè
 exis¸sei
 kuklik 
 èlika
.Kaj¸
 to t aux�nei apì to 0, h probol  tou shme�ou M(x(t); y(t); z(t)) p�nw stoep�pedo xOy kine�tai p�nw sto monadia�o kÔklo kai tautìqrona h apìstas  tou t apì toep�pedo xOy aux�nei stajer� (kai �ra to M apomakrÔnetai apì to ep�pedo xOy).Efaptìmeno di�nusma kampÔlh
.



13'Estw h kampÔlh 
 sto q¸ro me parametrikè
 exis¸sei

 : x = x(t); y = y(t); z = z(t); t 2 I;ìpou oi sunart sei
 x(t); y(t); z(t) e�nai paragwg�sime
 sto di�sthma I me suneq par�gwgo. Se analog�a me ti
 kampÔle
 tou epipèdou , to di�nusma(x0(t); y0(t); z0(t)) = � dxdt ; dydt ; dzdt �e�nai efaptìmeno th
 kampÔlh
 
 sto shme�o (x(t); y(t); z(t)) kai ekfr�zei to di�nusmath
 taqÔthta
 enì
 swmatid�ou pou kine�tai p�nw sthn 
.Par�deigma: Na bre�te to di�nusma th
 taqÔthta
 kai ti
 parametrikè
 exis¸sei
th
 efaptomènh
 th
 kuklik 
 èlika
x = 
os t; y = sin t; z = t; t 2 [0;+1);sto shme�o M(�1; 0; �).LÔsh: To shme�o M(�1; 0; �) antistoiqe� sthn tim  t = � th
 paramètrou.E�nai x0(t) = � sin t; y0(t) = 
os t; z0(t) = 1 opìte to di�nusma th
 taqÔthta
 stoshme�o M e�nai to (x0(�); y0(�); z0(�)) = (0;�1; 1):H efaptomènh th
 kampÔlh
 sto M(�1; 0; �) e�nai par�llhlh sto di�nusma th
 taqÔthta
kai �ra èqei parametrikè
 exis¸sei
x = �1; y = �t; z = � + t; t 2 R:



14III. Epif�neie
 sto q¸ro � Efaptìmena ep�peda.Mia epif�neia S ston trisdi�stato q¸ro R3 èqei ex�swsh th
 morf 
S : F (x; y; z) = 0: (6)Parade�gmata:(i) To gr�fhma z = f(x; y) mia
 sun�rthsh
 dÔo metablht¸n f(x; y) e�nai mia epif�neiasto q¸ro. H ex�swsh z = f(x; y) gr�fetai z � f(x; y) = 0 kai �ra e�nai th
 morf 
 (6)gia F (x; y; z) = z � f(x; y).P.q. h ex�swsh z = x2 + y2 parist�nei sto q¸ro èna paraboloeidè
. H epif�neiabr�sketai p�nw apì to xy ep�pedo. Oi tomè
 aut 
 th
 epif�neia
 me ep�peda par�llhlapro
 to xy ep�pedo e�nai par�llhloi kÔkloi en¸ oi tomè
 th
 me ep�peda par�llhla pro
ta xz kai yz ep�peda e�nai parabolè
.(ii) H ex�swsh x2 + y2 + z2 = 1 e�nai th
 morf 
 (6) gia F (x; y; z) = x2 + y2 + z2 � 1kai parist�nei sto q¸ro sfa�ra me kèntro to O(0; 0; 0) kai akt�na 1.(iii) H ex�swsh x2 + y2 = z2 e�nai th
 morf 
 (6) gia F (x; y; z) = x2 + y2 � z2 kaiparist�nei sto q¸ro kuklikì k¸no me koruf  to O(0; 0; 0).H epif�neia e�nai mh fragmènh kai e�nai summetrik  w
 pro
 thn arq  twn axìnwn kaita tr�a ep�peda xOy; xOz; yOz.Oi tomè
 th
 me ep�peda par�llhla pro
 to xy ep�pedo e�nai par�llhloi kÔkloi.Oi tomè
 th
 me ep�peda pou den perièqoun ton �xona twn z kai e�nai par�llhla pro
ta xz kai yz ep�peda e�nai uperbolè
.H tom  th
 epif�neia
 me èna ep�pedo pou perièqei ton z-�xona e�nai zeÔgo
 eujei¸n.Efaptìmeno ep�pedoK�nhtro gia na d¸soume ton austhrì orismì kai thn kartesian  ex�swsh tou efaptì-menou epipèdou se shme�o epif�neia
 sto q¸ro apotele� h parak�twPrìtash: D�netai h epif�neia S : F (x; y; z) = 0; (7)ìpou h sun�rthsh F (x; y; z) èqei suneqe�
 merikè
 parag¸gou
 Fx ; Fy; Fz. 'EstwM0(x0; y0; z0)shme�o th
 S kai 
 kampÔlh pou dièrqetai apì to M0 kai br�sketai olìklhrh p�nw sthnepif�neia S. Tìte, h efaptomènh th
 
 sto shme�o M0 e�nai k�jeth sto di�nusma(Fx(M0); Fy(M0); Fz(M0)):



15Apìdeixh: H kampÔlh 
 èqei k�poie
 parametrikè
 exis¸sei
x = x(t); y = y(t); z = z(t); t 2 I: (8)Epeid  h kampÔlh (8) br�sketai olìklhrh p�nw sthn epif�neia (7), èqoumeF (x(t); y(t); z(t)) = 0; 8t 2 I:Paragwg�zonta
 kai ta dÔo mèlh th
 parap�nw w
 pro
 t kai efarmìzonta
 ton kanìnath
 alus�da
 pa�rnoume�F�x � dxdt + �F�y � dydt + �F�z � dzdt = 0; 8t 2 Ikai isodÔnama (Fx ; Fy ; Fz) � (x0(t); y0(t); z0(t)) = 0; 8t 2 I:H teleuta�a ma
 d�nei ìti se k�je shme�o M0(x0; y0; z0) th
 kampÔlh
 
, to di�nusma(Fx(M0) ; Fy(M0) ; Fz(M0))e�nai k�jeto sto di�nusma th
 taqÔthta
 sto M0 kai �ra k�jeto sthn efaptomènh th
 
sto M0. �Orismì
 1 : To di�nusma(Fx(M0) ; Fy(M0) ; Fz(M0))pou emfan�zetai sthn parap�nw prìtash onom�zetai kl�sh (gradient) th
 sun�rthsh
F (x; y; z) sto shme�o M0(x0; y0; z0) kai sumbol�zetai me�!rF (M0) :To di�nusma �!rF (M0) exart�tai mìno apì thn epif�neia S kai apì to shme�oM0.SÔmfwna me thn prìtash, e�nai k�jeto sthn S sto shme�o M0, dhl. e�nai k�jeto seìle
 ti
 efaptomène
 ìlwn twn kampul¸n pou dièrqontai apì to shme�o M0 kai br�skontaiolìklhre
 p�nw sthn epif�neia S. 'Epetai ìti ìle
 autè
 oi efaptomène
 e�nai sunep�pede
.Sugkekrimèna, perièqontai ìle
 sto ep�pedo pou dièrqetai apì to M0 kai e�nai k�jeto stodi�nusma �!rF (M0) .



16Diatup¸noume t¸ra fusiologik� ton parak�tw orismì:Orismì
 2: To ep�pedo pou or�zetai apì ti
 efaptomène
 ìlwn twn kampul¸n poudièrqontai apì to shme�o M0 kai br�skontai olìklhre
 p�nw sthn epif�neia S, onom�zetaiefaptìmeno ep�pedo th
 epif�neia
 S sto shme�o M0.SÔmfwna me ta parap�nw, h kartesian  ex�swsh tou efaptìmenou epipèdou th
 epif�-neia
 S sto shme�o M0(x0; y0; z0) e�naiFx(M0)(x� x0) + Fy(M0)(y � y0) + Fz(M0)(z � z0) = 0:Qarakthristikè
 ask sei
 sto efaptìmeno ep�pedo.1. Na bre�te èna k�jeto di�nusma kaj¸
 kai thn ex�swsh tou efaptìmenou epipèdouth
 epif�neia
 S sto shme�o M0, ìpouS : 
os(�x)� x2y + exz + yz = 4; M0(0; 1; 2):LÔsh: Jètoume F (x; y; z) = 
os(�x)� x2y + exz + yz � 4. Tìte,Fx = �� sin(�x)� 2xy + zexz; Fy = �x2 + z; Fz = xexz + ykai Fx(M0) = 2; Fy(M0) = 2; Fz(M0) = 1:'Ena di�nusma k�jeto sthn S sto shme�o M0 e�nai h kl�sh�!rF (M0) = (Fx(M0) ; Fy(M0) ; Fz(M0)) = (2; 2; 1):H ex�swsh tou efaptìmenou epipèdou sto M0(0; 1; 2) e�nai2(x� 0) + 2(y � 1) + (z � 2) = 0, 2x + 2y + z = 4:



172. D�nontai sto q¸ro oi kampÔle

1 : x = ln t; y = t ln t; z = t; t > 0kai 
2 : x = t� 1; y = sin(�t); z = 1; t 2 R:(i) Na de�xete ìti oi parap�nw kampÔle
 dièrqontai apì to shme�o M0(0; 0; 1).(ii) E�n S mia epif�neia pou perièqei ti
 
1 ; 
2 ; na bre�te thn kartesian  ex�swshtou efaptìmenou epipèdou th
 S sto shme�o M0.LÔsh:(i) Jètonta
 t = 1 sti
 parametrikè
 exis¸sei
 twn 
1 ; 
2 pa�rnoume kai sti
 dÔopeript¸sei
 to shme�o M0(0; 0; 1).(ii) Ta dianÔsmata th
 taqÔthta
 u1 ; u2 twn 
1 ; 
2 sto koinì tou
 shme�o M0 e�naipar�llhla sto efaptìmeno ep�pedo th
 S sto M0. Sunep¸
, to exwterikì tou
 ginìmenoja e�nai k�jeto sto efaptìmeno ep�pedo.Gia to u1 èqoume x0(t) = 1=t; y0(t) = ln t + 1; z0(t) = 1;opìte u1 = (x0(1); y0(1); z0(1)) = (1; 1; 1):Gia to u2 èqoume x0(t) = 1; y0(t) = � 
os(�t); z0(t) = 0;opìte u2 = (x0(1); y0(1); z0(1)) = (1;��; 0):Epomènw
, �!u 1 ��!u 2 = ����������
�!i �!j �!k1 1 11 �� 0

���������� = : : : = (�; 1;�� � 1)kai h ex�swsh tou efaptìmenou epipèdou sto M0(0; 0; 1) e�nai�(x� 0) + (y � 0)� (� + 1)(z � 1) = 0, �x+ y � (� + 1)z = �(� + 1):



183. Oi epif�neie
 S1 : x2 + y2 � z2 = 1; S2 : x + y + z = 5tèmnontai kat� m ko
 mia
 kampÔlh
 
. Na bre�te ti
 parametrikè
 exis¸sei
 th
 efapto-mènh
 th
 
 sto shme�o M0(1; 2; 2).LÔsh: JètoumeF (x; y; z) = x2 + y2 � z2 � 1; G(x; y; z) = x + y + z � 5:E�nai F (1; 2; 2) = G(1; 2; 2) = 0, opìte to shme�o M0(1; 2; 2) ìntw
 br�sketai p�nwsthn tom  
 twn S1 ; S2.Epeid  h kampÔlh 
 br�sketai olìklhrh p�nw sti
 epif�neie
 S1 ; S2 , h efaptomènhth
 sto shme�o M0(1; 2; 2) ja e�nai k�jeth sta dianÔsmata�!rF (M0) = (Fx(M0) ; Fy(M0) ; Fz(M0)); �!rG(M0) = (Gx(M0) ; Gy(M0) ; Gz(M0))kai �ra par�llhlh sto di�nusma �!rF (M0)��!rG(M0).E�nai Fx = 2x; Fy = 2y; Fz = �2z; Gx = Gy = Gz = 1; opìte�!rF (M0) = (2; 4;�4); �!rG(M0) = (1; 1; 1)kai sunep¸
, �!rF (M0)��!rG(M0) = ����������
�!i �!j �!k2 4 �41 1 1

���������� = : : : = (8;�6;�2):
Oi parametrikè
 exis¸sei
 th
 efaptomènh
 e�naix = 1 + 8t; y = 2� 6t; z = 2� 2t; t 2 R:



19'Alute
 ask sei
.1. Na bre�te to di�nusma th
 taqÔthta
 th
 kampÔlh
 
 th qronik  stigm  t0 , ìpou:(i) 
 : x = et 
os t; y = et sin t; t0 = 0(ii) 
 : x = 
os(3t); y = sin(3t); z = 3t; t0 = �=3(iii) 
 : x = et; y = et sin t; z = et 
os t; t0 = 02. Na bre�te thn ex�swsh th
 efaptomènh
 th
 ep�pedh
 kampÔlh
 f(x; y) = 0 stoshme�o M0, ìpou:(i) f(x; y) = x5 + 4xy3 � 3y5 � 2; M0(1; 1).(ii) f(x; y) = x3 + y3 � 2xy; M0(1; 1).3. Na bre�te èna k�jeto di�nusma kaj¸
 kai thn ex�swsh tou efaptìmenou epipèdouth
 epif�neia
 S sto shme�o M0, ìpou(i) S : x2 + y2 + z2 = 9; M0(1; 2; 2).(ii) S : z = ln(x2 + y2); M0(1; 0; 0).(iii) S : z = sinx + sin y + sin(x + y); M0(0; 0; 0).4. DÔo epif�neie
 S1; S2 tèmnontai kat� m ko
 mia
 kampÔlh
 
. Na bre�te ti
parametrikè
 exis¸sei
 th
 efaptomènh
 th
 
 sto shme�o M0; ìpou:(i) S1 : xyz = 1; S2 : x2 + 2y2 + 3z2 = 6; M0(1; 1; 1).(ii) S1 : x3 + 3x2y2 + y3 + 4xy = z2; S2 : x2 + y2 + z2 = 11; M0(1; 1; 3).5. Mia epif�neia S perièqei ti
 kampÔle

1 : x = 
os t; y = 2 sin t; z = t2=2 + 1;
2 : x = et; y = tet; z = t3=3 + 1 :Na bre�te thn ex�swsh tou efaptìmenou epipèdou th
 S sto koinì shme�o M0(1; 0; 1) twn
1 ; 
2.



206. Mia kampÔlh 
 e�nai efaptìmenh se mia epif�neia S sto shme�o M0, e�n h efapto-mènh th
 
 sto shme�o M0 br�sketai p�nw sto efaptìmeno ep�pedo th
 S sto M0.Me b�sh autì ton orismì na de�xete ìti(i) h kampÔlh x = ln t; y = t ln t; z = tef�ptetai sthn epif�neia xz2 � yz + 
os(xy) = 1sto shme�o M0(0; 0; 1).(ii) h kampÔlh x = t3=4� 2; y = 4=t� 3; z = 
os(t� 2)ef�ptetai sthn epif�neia x3 + y3 + z3 � xyz = 0sto shme�o M0(0;�1; 1).


