
1��MAJHMATIKA II��FULLADIO IV��Akrìtata sunart sewn dÔo metablht¸n�Akrìtata upì sunj kh kaimèjodo
 pollaplasiast¸n Lagrange��Did�skwn: G. Smurl 
I. Kr�sima shme�a�Topik� mègista kai topik� el�qista�Sagmatik� shme�a.Orismì
 1. 'Estw f(x; y) mi� sun�rthsh me suneqe�
 merikè
 parag¸gou
 sto anoiktìsÔnolo D � R2 kai (x0; y0) 2 D. To shme�o (x0; y0) lègetai kr�simo shme�o th
 f giato sÔnolo D, e�n fx(x0; y0) = 0; fy(x0; y0) = 0:Par�deigma: Na brejoÔn ta kr�sima shme�a th
 sun�rthsh
 f(x; y) = (x+ y)e�xy.LÔsh: E�naifx = e�xy + (x + y)e�xy(�y) = e�xy(1� xy � y2); fy = : : : e�xy(1� xy � x2):To sÔsthma fx = 0; fy = 0gr�fetai isodÔnama 1� xy = y2; 1� xy = x2;ap� ìpou pa�rnoume y2 = x2 ) y = �x.'Etsi gia y = x èqoume 1 � x2 � x2 = 0 ) x = �1=p2 kai prokÔptoun ta kr�simashme�a (1=p2 ; 1=p2); (�1=p2 ;�1=p2):Gia y = �x prokÔptei h ex�swsh 1 + x2 � x2 = 0 pou e�nai adÔnath.Orismì
 2. 'Estw f(x; y) mi� sun�rthsh orismènh sto anoiktì sÔnolo D � R2kai (x0; y0) 2 D. Ja lème ìti h f parousi�zei sto shme�o (x0; y0) topikì mègisto(ant.topikì el�qisto) sto sÔnoloD, e�n up�rqei èna
 anoiktì
 kuklikì
 d�sko
B((x0; y0); Æ)kèntrou (x0; y0) kai akt�na
 Æ > 0 pou br�sketai ex� olokl rou mèsa sto D kai tètoio
¸ste:gia k�je (x; y) 2 B((x0; y0); Æ), na isqÔei f(x; y) � f(x0; y0) (ant. f(x; y) � f(x0; y0)).'Ena shme�o topikoÔ meg�stou   topikoÔ elaq�stou lègetai topikì akrìtato th
 fsto sÔnolo D.



2Parat rhsh 1: SÔmfwna me ton parap�nw orismì, gia na èqei h f topikì akrìtatosto (x0; y0), ja prèpei h diafor� f(x; y)� f(x0; y0) na diathre� prìshmo p�nw se k�poionanoiktì kuklikì d�sko me kèntro to (x0; y0).Prìtash 1. 'Estw f(x; y) mi� sun�rthsh me suneqe�
 merikè
 parag¸gou
 sto anoiktìsÔnolo D � R2 kai (x0; y0) 2 D. E�n h f parousi�zei sto (x0; y0) topikì akrìtato, tìteto (x0; y0) e�nai kr�simo shme�o th
 f .Parat rhsh 2: H prìtash 1 ma
 lèei ìti ta topik� akrìtata mia
 sun�rthsh
 f(x; y)se èna anoiktì sÔnolo D ta anazhtoÔme an�mesa sta kr�sima shme�a th
 f . Dhl. takr�sima shme�a th
 f e�nai ��upoy fia�� topik� akrìtata. Up�rqei per�ptwsh ìmw
 k�poiokr�simo shme�o na mhn e�nai topikì akrìtato.Par�deigma 3. JewroÔme th sun�rthsh f(x; y) = x2 � y2. EÔkola br�skoume ìti hf èqei èna kai monadikì kr�simo shme�o, to (0; 0).A
 exet�soume to prìshmo th
 diafor�
 f(x; y)� f(0; 0) = x2� y2 p�nw se anoiktoÔ
d�skou
 me kèntro to (0; 0).'Ena
 tuqa�o
 anoiktì
 d�sko
 B me kèntro to (0; 0) perièqei shme�a kai twn dÔo axìnwn(ektì
 tou (0; 0)), dhl. shme�a th
 morf 
 (x; 0); x 6= 0 all� kai shme�a th
 morf 
(0; y); y 6= 0. Gia x 6= 0; y 6= 0 èqoumef(x; 0)� f(0; 0) = x2 > 0; f(0; y)� f(0; 0) = �y2 < 0kai �ra h diafor� f(x; y)� f(0; 0) den diathre� prìshmo p�nw ston B.'Epetai ìti to kr�simo shme�o (0; 0) den e�nai shme�o topikoÔ akrot�tou gia thn f .Orismì
 3. 'Ena kr�simo shme�o th
 f pou den e�nai topikì akrìtato lègetai sag-matikì shme�o   shme�o sèlla
 th
 f .Sto par�deigma 3, to shme�o (0; 0) e�nai sagmatikì shme�o gia th sun�rthsh f .Gia na qarakthr�soume ta kr�sima shme�a mia
 sun�rthsh
 f (dhl. na broÔme poi� apìaut� e�nai topik� akrìtata kai poi� sagmatik� shme�a) diajètoume to parak�tw krit riopou e�nai gnwstì san krit rio th
 deÔterh
 parag¸gou:Je¸rhma 1: 'Estw f(x; y) mi� sun�rthsh me suneqe�
 merikè
 parag¸gou
 mèqri kaideÔterh
 t�xh
 sto anoiktì sÔnolo D � R2 kai (x0; y0) 2 D èna kr�simo shme�o th
 f .JewroÔme th diakr�nousa �(x; y) = fxx � fyy � f 2xy:(i) E�n �(x0; y0) > 0 kai fxx(x0; y0) > 0; tìte h f parousi�zei sto (x0; y0) topikìel�qisto.



3(ii) E�n �(x0; y0) > 0 kai fxx(x0; y0) < 0; tìte h f parousi�zei sto (x0; y0) topikìmègisto.(iii) E�n �(x0; y0) < 0; tìte to (x0; y0) e�nai sagmatikì shme�o th
 f .(iv) E�n �(x0; y0) = 0, to krit rio den apofa�netai. Se aut  thn per�ptwsh exet�zoumeto prìshmo th
 diafor�
 f(x; y) � f(x0; y0) p�nw se anoiktoÔ
 d�skou
 me kèntro to(x0; y0).Lumèna parade�gmata:1. Na bre�te ta topik� akrìtata kai ta sagmatik� shme�a th
 sun�rthsh
 f(x; y) =x3 + 3xy2 � 3x2 � 3y2 + 4.LÔsh: Prosdior�zoume pr¸ta ta kr�sima shme�a th
 f lÔnonta
 to sÔsthmafx = 0fy = 0 9=;, 8<: 3x2 + 3y2 � 6x = 06xy � 6y = 0 , 8<: x2 + y2 � 2x = 0y(x� 1) = 0H deÔterh ex�swsh d�nei y = 0   x = 1.�Gia y = 0, h pr¸th ex�swsh d�nei x2� 2x = 0, x = 0   x = 2. 'Etsi lamb�noume takr�sima shme�a (0; 0); (2; 0).�Gia x = 1, h pr¸th ex�swsh d�nei y2 � 1 = 0 , y = 1   y = �1. 'Etsi lamb�noumeta kr�sima shme�a (1; 1); (1;�1).Sth sunèqeia jewroÔme th diakr�nousa�(x; y) = fxx � fyy � f 2xy = (6x� 6)(6x� 6)� 36y2 = 36[(x� 1)2 � y2℄:� �(0; 0) = 36 > 0; fxx(0; 0) = �6 < 0; opìte h f parousi�zei sto (0; 0) topikìmègisto.� �(2; 0) = 36 > 0; fxx(2; 0) = 6 > 0; opìte h f parousi�zei sto (2; 0) topikìel�qisto.� �(1;�1) = �36 < 0; opìte ta (1; 1); (1;�1) e�nai sagmatik� shme�a.2. 'Idio er¸thma me thn �sk. 1 gia th sun�rthsh f(x; y) = x4 + y3 � 6x2y.LÔsh. Prosdior�zoume pr¸ta ta kr�sima shme�a th
 f lÔnonta
 to sÔsthmafx = 0fy = 0 9=;, 8<: 4x3 � 12xy = 03y2 � 6x2 = 0 , 8<: x(x2 � 3y) = 0y2 � 2x2 = 0



4H pr¸th ex�swsh d�nei x = 0   x2 = 3y.�Gia x = 0, h deÔterh ex�swsh d�nei y = 0 ki ètsi lamb�noume to kr�simo shme�o (0; 0).�Gia x2 = 3y , x = �p3y h deÔterh ex�swsh d�nei y2 � 6y = 0, y = 0   y = 6.'Etsi, lamb�noume ta kr�sima shme�a (0; 0) (to èqoume brei  dh) kai (3p2; 6); (�3p2; 6).Sunep¸
, ta kr�sima shme�a e�naiO(0; 0); P (3p2; 6); Q(�3p2; 6):Sth sunèqeia jewroÔme th diakr�nousa�(x; y) = fxx � fyy � f 2xy = (12x2 � 12y)6y� 144x2 = 72(x2y � y2 � 2x2):Gia x2 = 3y (h ex�swsh aut  ikanopoie�tai apì ta shme�a P;Q) èqoume� = 72(3y2 � y2 � 6y) = 144(y2 � 3y); fxx = 24y;opìte �(�3p2; 6) = 144 � 18 > 0; fxx(�3p2; 6) = 24 � 6 > 0kai �ra h f parousi�zei sta shme�a P (3p2; 6); Q(�3p2; 6) topikì el�qisto.'Oson afor� to kr�simo shme�o O parathroÔme ìti �(0; 0) = 0 kai sunep¸
 to krit rioth
 deÔterh
 parag¸gou den apofa�netai. Ja prèpei loipìn na melet soume to prìshmoth
 diafor�
 f(x; y)� f(0; 0) = x4 + y3 � 6x2y p�nw se anoiktoÔ
 d�skou
 me kèntro to(0; 0).'Ena
 tuqa�o
 anoiktì
 d�sko
 B me kèntro to (0; 0) perièqei shme�a th
 morf 
(x; 0); x 6= 0 all� kai shme�a th
 morf 
 (0; y); y < 0. Gia x 6= 0; y < 0 èqoumef(x; 0)� f(0; 0) = x4 > 0; f(0; y)� f(0; 0) = y3 < 0kai �ra h diafor� f(x; y)� f(0; 0) den diathre� prìshmo p�nw ston B.'Epetai ìti to kr�simo shme�o (0; 0) e�nai sagmatikì shme�o.3. 'Idio er¸thma me thn �sk. 1 gia th sun�rthsh f(x; y) = x4 + y4� 2x2 +4xy� 2y2.LÔsh. Prosdior�zoume pr¸ta ta kr�sima shme�a th
 f lÔnonta
 to sÔsthmafx = 0fy = 0 9=;, 8<: 4x3 � 4x+ 4y = 04y3 + 4x� 4y = 0 , 8<: x3 � x + y = 0y3 + x� y = 0



5Me prìsjesh kat� mèlh pa�rnoume x3 + y3 = 0) y3 = �x3 ) y = �x. H pr¸th apì ti
arqikè
 exis¸sei
 t¸ra g�netai x3 � 2x = 0, x(x2 � 2) = 0, x = 0   x = �p2. 'Etsi,prokÔptoun ta kr�sima shme�aO(0; 0); P (p2;�p2); Q(�p2;p2):Sth sunèqeia jewroÔme th diakr�nousa�(x; y) = fxx � fyy � f 2xy = (12x2 � 4)(12y2 � 4)� 16 = 16[(3x2 � 1)(3y2 � 1)� 1℄:E�nai �(�p2;�p2) = 16 � 24 > 0; fxx(�p2;�p2) = 20 > 0kai �ra h f parousi�zei sta shme�a P; Q topikì el�qisto.'Oson afor� to kr�simo shme�o O parathroÔme ìti �(0; 0) = 0 kai sunep¸
 to krit rioth
 deÔterh
 parag¸gou den apofa�netai. Ja prèpei loipìn na melet soume to prìshmoth
 diafor�
 f(x; y)� f(0; 0) = x4 + y4 � 2x2 + 4xy � 2y2 p�nw se anoiktoÔ
 d�skou
 mekèntro to (0; 0).'Estw B tuqa�o
 anoiktì
 d�sko
 me kèntro to (0; 0).O B perièqei shme�a th
 morf 
 (x; 0); x 6= 0 me to x na e�nai auja�reta ��kont��� sto0. Gia x 6= 0 èqoume f(x; 0)� f(0; 0) = x4 � 2x2 = x2(x2 � 2)kai e�n to x epilege� ¸ste 0 < x < p2; pa�rnoumef(x; 0)� f(0; 0) < 0:Epiplèon, o B perièqei shme�a th
 euje�a
 y = x diaforetik� th
 arq 
, dhl. perièqeishme�a th
 morf 
 (x; x); x 6= 0. Gia x 6= 0 èqoumef(x; x)� f(0; 0) = 2x4 > 0:ParathroÔme loipìn ìti h diafor� f(x; y)� f(0; 0) den diathre� prìshmo p�nw stontuqa�o d�sko B kèntrou (0; 0). 'Epetai ìti to kr�simo shme�o (0; 0) e�nai sagmatikì shme�o.4. Na breje� h el�qisth apìstash th
 kwnik 
 epif�neia
 z2 = (x� 1)2+(y� 1)2 apìthn arq  twn axìnwn O(0; 0; 0).LÔsh: H apìstash enì
 tuqa�ou shme�ou (x; y; z) th
 dosmènh
 epif�neia
 apì thnarq  twn axìnwn isoÔtai med =px2 + y2 + z2 =px2 + y2 + (x� 1)2 + (y � 1)2:



6Ja prèpei loipìn na elaqistopoi soume thn parap�nw apìstash. Gia na apofÔgoume torizikì, parathroÔme ìti arke� na elaqistopoi soume to tetr�gwno th
 apìstash
 d , dhl.th sun�rthsh f(x; y) = x2 + y2 + (x� 1)2 + (y � 1)2:Prosdior�zoume pr¸ta ta kr�sima shme�a th
 f lÔnonta
 to sÔsthmafx = 0fy = 0 9=;, 8<: 2x+ 2(x� 1) = 02y + 2(y � 1) = 0ap� ìpou prokÔptei èna kai monadikì kr�simo shme�o (1=2; 1=2).H diakr�nousa � isoÔtai me fxx � fyy � f 2xy = 4 � 4 � 02 = 16 > 0; en¸ fxx = 4 > 0.'Epetai ìti h f parousi�zei sto (1=2; 1=2) topikì el�qisto �so me f(1=2; 1=2) = : : : 1.Epeid  h f parist�nei tetr�gwno apìstash
, to shme�o autì ja e�nai kai olikì el�qisto.Sunep¸
, h el�qisth apìstash twn shme�wn th
 epif�neia
 apì thn arq  twn axìnwnisoÔtai me p1 = 1 kai lamb�netai sta shme�a (1=2; 1=2; z0) th
 epif�neia
, ìpou z20 =(1=2� 1)2 +(1=2� 1)2 = 1=2) z0 = �1=p2. Dhl. h el�qisth apìstash lamb�netai stashme�a (1=2; 1=2; 1=p2); (1=2; 1=2;�1=p2)th
 epif�neia
.Proteinìmene
 ask sei
 gia lÔsh.1. Gia th sun�rthsh f(x; y) na prosdior�sete ta topik� akrìtata kai ta sagmatik�shme�a, ìpou(i) f(x; y) = 2x2 + 2xy + y2 + 6x+ 6y + 3.(ii) f(x; y) = x3 + y3 � 3xy(iii) f(x; y) = x3 + y2 � 3x(iv) f(x; y) = x4 � y4(v) f(x; y) = 4x2y + x4 + y3 + 4y2(vi) f(x; y) = y2 � y4 � x42. Na bre�te thn el�qisth apìstash th
 arq 
 O(0; 0; 0) apì thn epif�neia z2 = xy+4.3. Na bre�te thn el�qisth apìstash th
 arq 
 O(0; 0; 0) apì to ep�pedo 2x+3y�z = 1.4. Apì ìla ta orjog¸nia parallhlep�peda me stajerì �jroisma diast�sewn (dhl.m kou
, pl�tou
 kai Ôyou
) �so me k, na breje� autì pou èqei to mègisto ìgko.5. H jermokras�a T sta shme�a enì
 q¸rou e�nai T (x; y; z) = 400xyz2. Bre�te thmègisth kai thn el�qisth jermokras�a p�nw sth sfa�ra x2 + y2 + z2 = 1.



7II. Akrìtata upì sunj kh �Pollaplasiastè
 Lagrange.Ta akrìtata th
 sun�rthsh
 f(x; y) pou melet same sthn par�grafo I e�nai ��eleÔje-ra�� me thn ènnoia ìti oi metablhtè
 x; y  tan anex�rthte
. Suqn� ìmw
 parousi�zontaiprobl mata eÔresh
 twn akrot�twn th
 f(x; y) ìtan oi metablhtè
 sqet�zontai metaxÔtou
 mèsw mia
 sunj kh
 g(x; y) = 0: (1)H parap�nw ex�swsh parist�nei mia kampÔlh sto ep�pedo. H eÔresh twn akrot�twn th
 fupì th sunj kh (1) isoduname� me thn eÔresh twn akrot�twn tou periorismoÔ th
 f p�nwsthn kampÔlh (1). Prèpei na shmei¸soume ìti sthn per�ptwsh aut  den mporoÔme naefarmìsoume th mèjodo pou perigr�fetai sto je¸rhma 1 th
 paragr�fou I. To je¸rhma1 efarmìzetai mìno sthn per�ptwsh pou oi metablhtè
 x; y e�nai anex�rthte
 metaxÔtou
.A
 upojèsoume t¸ra ìti h (1) mpore� na luje� w
 pro
 th m�a metablht , p.q. thny = '(x). Tìte, o periorismì
 th
 f p�nw sthn kampÔlh (1) e�nai h sun�rthsh f(x; '(x))pou e�nai mia
 metablht 
. Jewrhtik� loipìn ja mporoÔsame broÔme ta akrìtata th
f(x; '(x)) me qr sh tou klasikoÔ logismoÔ gia sunart sei
 mia
 metablht 
 (monoto-n�a   krit rio deÔterh
 parag¸gou). Autì
 o trìpo
 ìmw
 parousi�zei sthn pr�xh dÔomeionekt mata.a. Pollè
 forè
 e�nai dÔskolo na luje� h (1) w
 pro
 m�a apì ti
 dÔo metablhtè
.b. Akìma kai sthn per�ptwsh pou katafèroume na lÔsoume thn (1) p.q. w
 pro
y = '(x), h sun�rthsh f(x; '(x)) pou prokÔptei suqn� e�nai per�plokh kai kajist� ep�ponhth diadikas�a eÔresh
 akrot�twn me qr sh tou klasikoÔ logismoÔ gia sunart sei
 mia
metablht 
.Mia enallaktik  mèjodo
 gia thn eÔresh twn kr�simwn shme�wn th
 f(x; y) upì th sun-j kh (1) e�nai h mèjodo
 twn pollaplasiast¸n Lagrange pou perigr�fetai sto parak�twJe¸rhma 2: Upojètoume ìti oi sunart sei
 f(x; y); g(x; y) èqoun suneqe�
 merikè
parag¸gou
 sto anoiktì sÔnolo D. Tìte, ta kr�sima shme�a th
 f(x; y) upì th sunj khg(x; y) = 0 prokÔptoun apì thn ep�lush tou sust mato
�!rf(x; y) = ��!rg(x; y); g(x; y) = 0; (x; y) 2 D:H metablht  � lègetai pollaplasiast 
 Lagrange.



8Lumèna parade�gmata.1. Na breje� h mègisth tim  th
 sun�rthsh
 f(x; y) = xy; upì th sunj khx28 + y22 = 1:LÔsh: 'Eqoume �!rf(x; y) = (fx ; fy) = (y; x):Epiplèon jètoume g(x; y) = x28 + y22 � 1kai èqoume �!rg(x; y) = (gx ; gy) = (x=4 ; y):EpilÔoume to sÔsthma�!rf(x; y) = ��!rg(x; y)g(x; y) = 0 9=;, 8><>: (y; x) = �(x=4 ; y)x28 + y22 = 1 , 8>>>>><>>>>>:
�x = 4y�y = xx28 + y22 = 1Pollaplasi�zonta
 kai ta dÔo mèlh th
 pr¸th
 me y kai th
 deÔterh
 me x pa�rnoume�xy = 4y2; �yx = x2kai sunep¸
 x2 = 4y2 , x = �2y:H g(x; y) = 0 t¸ra d�nei 4y28 + y22 = 1, y2 = 1, y = �1.Apì ta parap�nw prokÔptoun tèssera kr�sima shme�a:(2; 1); (�2; 1); (2;�1); (�2;�1):E�nai f(2; 1) = f(�2;�1) = 2; f(2;�1) = f(�2; 1) = �2, opìte h mègisth tim th
 f(x; y) = xy upì th sunj kh g(x; y) = 0 e�nai �sh me 2 kai lamb�netai sta shme�a(2; 1); (�2;�1).2. Na brejoÔn h el�qisth kai h mègisth apìstash th
 kampÔlh
 5x2 + 6xy + 5y2 = 8apì thn arq  O(0; 0).



9LÔsh: To tetr�gwno th
 apìstash
 enì
 shme�ou (x; y) apì thn arq  isoÔtai mex2 + y2. 'Eqoume loipìn na broÔme to mègisto kai to el�qisto th
 sun�rthsh
f(x; y = x2 + y2upì th sunj kh g(x; y) = 5x2 + 6xy + 5y2 � 8 = 0:'Eqoume �!rf(x; y) = (fx ; fy) = (2x; 2y)kai �!rg(x; y) = (gx ; gy) = (10x+ 6y ; 6x+ 10y):EpilÔoume to sÔsthma�!rf(x; y) = ��!rg(x; y)g(x; y) = 0 9=;, 8<: (2x; 2y) = �(10x+ 6y ; 6x+ 10y)5x2 + 6xy + 5y2 = 8 , 8>>>><>>>>: x = �(5x + 3y)y = �(3x+ 5y)5x2 + 6xy + 5y2 = 8Apì ti
 parap�nw exis¸sei
 prokÔptei eÔkola ìti � 6= 0. (An  tan � = 0, apì ti
 dÔopr¸te
 ja pa�rname x = y = 0, gegonì
 pou antif�skei me thn tr�th ex�swsh).Pollaplasi�zonta
 kai ta dÔo mèlh th
 pr¸th
 me y kai th
 deÔterh
 me x pa�rnoumexy = �(5xy + 3y2); yx = �(3x2 + 5yx)kai afair¸nta
 kat� mèlh 3�(y2 � x2) = 0, y = �x:�Gia y = x; h g(x; y) = 0 d�nei 5x2 + 6x2 + 5x2 = 8 , x2 = 1=2, x = �1=p2 kaipa�rnoume ta kr�sima shme�a(1=p2 ; 1=p2); (�1=p2 ;�1=p2):�Gia y = �x; h g(x; y) = 0 d�nei 5x2 � 6x2 + 5x2 = 8 , x2 = 2 , x = �p2 kaipa�rnoume ta kr�sima shme�a (p2 ;�p2); (�p2 ;p2):E�naif(1=p2 ; 1=p2) = f(�1=p2 ;�1=p2) = 1; f(p2 ;�p2) = f(p2 ;�p2) = 4;



10opìte h el�qisth (ant. h mègisth) apìstash th
 kampÔlh
 apì thn arq  isoÔtai me 1(ant. 2) kai lamb�netai sth shme�a (1=p2 ; 1=p2); (�1=p2 ;�1=p2) (ant. sta shme�a(p2 ;�p2); (�p2 ;p2)).3.Na bre�te thn el�qisth apìstash metaxÔ th
 euje�a
 x + y = 4 kai th
 èlleiyh
x2 + 4y2 = 4. D�netai ìti h èlleiyh br�sketai olìklhsh ��arister��� th
 euje�a
.LÔsh. H apìstash enì
 shme�ou (x; y) th
 èlleiyh
 apì thn euje�a e�naid(x; y) = jx+ y � 4jp2 :Epeid  ìmw
 to (x; y) br�sketai ��arister��� th
 euje�a
 x + y = 4, isqÔei x + y � 4 < 0,opìte d(x; y) = 4� x� yp2 :Prèpei loipìn na elaqistopoi soume th sun�rthsh d(x; y) upì th sunj kh g(x; y) =x2 + 4y2 � 4 = 0.'Eqoume �!rd(x; y) = (dx ; dy) = (�1=p2; �1=p2)kai �!rg(x; y) = (gx ; gy) = (2x ; 8y):EpilÔoume to sÔsthma�!rd(x; y) = ��!rg(x; y)g(x; y) = 0 9=;, 8<: (�1=p2; �1=p2) = �(2x ; 8y)x2 + 4y2 = 4 , 8>>>><>>>>: 2�x = �1=p28�y = �1=p2x2 + 4y2 = 4Apalo�fonta
 to � apì ti
 dÔo pr¸te
 exis¸sei
 pa�rnoumex = 4yopìte h tr�th ex�swsh d�nei16y2 + 4y2 = 4, y2 = 1=5, y = �1=p5:'Etsi, prokÔptoun ta kr�sima shme�a(4=p5 ; 1=p5); (�4=p5 ;�1=p5):



11Antikajist¸nta
 sthn d(x; y) br�skoume eÔkola ìti h el�qisth apìstash lamb�netaisto pr¸to shme�o kai isoÔtai me 4p5� 5p10 :Proteinìmene
 ask sei
 gia lÔsh.1. Na bre�te to mègisto kai to el�qisto th
 sun�rthsh
 f(x; y) upì th sunj khg(x; y) = 0, ìpou(i) f(x; y) = x+ y; g(x; y) = x2 + y2 � 1.(ii) f(x; y) = x2 + y2; g(x; y) = x + y � 1.(iii) f(x; y) = x3 � 3xy2 + 18y; g(x; y) = 3x2 � y3 � 6x.(iv) f(x; y) = xy; g(x; y) = x2 + 2y2 � 1.2. Na bre�te thn el�qisth kai th mègisth apìstash th
 kampÔlh
 g(x; y) = 0 apì thnarq  O(0; 0), ìpou(i) g(x; y) = x2 � 2x+ y2 � 4y(ii) g(x; y) = x2 + xy + y2 � 1(iii) g(x; y) = x4 + y4 + 3xy � 23. H jermokras�a se èna shme�o (x; y) mia
 ep�pedh
 metallik 
 pl�ka
 e�nai T (x; y) =4x2 � 4xy + y2. 'Ena murm gki kine�tai p�nw sth metallik  pl�ka se kuklik  troqi�kèntrou O(0; 0) kai akt�na
 1. Poi� e�nai h qamhlìterh kai poi� h uyhlìterh jermokras�apou antilamb�netai to murm gki?4. Na bre�te thn el�qisth apìstash metaxÔ th
 euje�a
 y = x + 1 kai th
 parabol 
y2 = x.


