
ÌÜèçìá 8

ÐÑÏÓÅÃÃÉÓÇ

ÏËÏÊËÇÑÙÌÁÔÙÍ -

ÌÅÑÏÓ II

8.1 Êáíüíåò ïëïêëÞñùóçò ôïõ Gauss

8.1.1 ÅéóáãùãéêÝò Ýííïéåò

¼ëïé ïé êáíüíåò ïëïêëÞñùóçò ôïõ ÌáèÞìáôïò 7 åß÷áí ðñïêýøåé áðü ôï

ðïëõþíõìï ðáñåìâïëÞò ôïõ Newton èåùñþíôáò êÜèå öïñÜ Ýíá áñéèìü éóïáðå-

÷üíôùí óçìåßùí. Ïé ôýðïé õðïëïãéóìïý ôùí óýíèåôùí êáíüíùí ôåëéêÜ ëáìâÜ-

íïõí ôç ìïñöÞ:

Ôñáðåæßïõ

I(f) ≈ h

2
f (x0) + h f (x1) + : : :+ h f (xN−1) +

h

2
f (xN )

= w0 f (x0) + w1 f (x1) + : : :+ wN−1 f (xN−1) + wN f (xN ) :

Simpson

I(f) ≈ h

3
f (x0) +

4h

3
f (x1) +

4h

3
f (x3) + : : :+

4h

3
f (x2N−1)

+
2h

3
f (x2) +

2h

3
f (x4) + : : :+

2h

3
f (x2N−2) +

h

3
f (x2N )

1
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=
h

3
f (x0) +

4h

3
f (x1) +

2h

3
f (x2) + : : :+

2h

3
f (x2N−2)

+
4h

3
f (x2N−1) +

h

3
f (x2N )

= w0 f (x0) + w1 f (x1) + w2 f (x2) + : : :+ w2N−2 f (x2N−2)

+w2N−1 f (x2N−1) + w2N f (x2N ) :

3=8 ôïõ Simpson

I(f) ≈ 3h

8
f (x0) +

9h

8
f (x1) + : : :+

9h

8
f (x3N−2)

+
9h

8
f (x2) + : : :+

9h

8
f (x3N−1)

+
6h

8
f (x3) + : : :+

6h

8
f (x3N−3) +

3h

8
f (x3N )

=
3h

8
f (x0) +

9h

8
f (x1) +

9h

8
f (x2) +

6h

8
f (x3) + : : :

+
6h

8
f (x3N−3) +

9h

8
f (x3N−2) +

9h

8
f (x3N−1) +

3h

8
f (x3N )

= w0 f (x0) + w1 f (x1) + w2 f (x2) + w3 f (x3) + : : :

+w3N−3 f (x3N−3) + w3N−2 f (x3N−2) + w3N−1 f (x3N−1)

+w3N f (x3N ) :

ÅðïìÝíùò üëïé ïé êáíüíåò ïëïêëÞñùóçò åßíáé äõíáôü íá ãñáöïýí ôåëéêÜ -

ðáñáëåßðïíôáò ÷ùñßò âëÜâç ôçò ãåíéêüôçôáò êáé ãéá ëüãïõò åõêïëßáò ôïí üñï

ìå äåßêôç 0 - óôç ìïñöÞ

I(f) =

b∫
a

f(x)dx ≈ w1f (x1) + w2f (x2) + : : :+ wnf (xn) (8.1.1 - 1)

üðïõ ïé óõíôåëåóôÝò ôùí ôéìþí f (xi); i = 1; 2; : : : ; n Þ üðùò óõíÞèùò

ëÝãïíôáé ôá âÜñç (weights) wi; i = 1; 2; : : : ; n äåí åîáñôþíôáé áðü ôç

óõíÜñôçóç f(x).
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Óôïõò êáíüíåò ïëïêëÞñùóçò ðïõ èá åîåôáóôïýí óôç óõíÝ÷åéá ôïõ ìáèÞìá-

ôïò êáé ðïõ åßíáé ãíùóôïß óáí êáíüíåò ïëïêëÞñùóçò ôïõ Gauss (Gaussian

quadrature), ç ïëïêëçñùôÝá óõíÜñôçóç áíôéêáèßóôáôáé ìå Üëëá ðñïóåããéóôéêÜ

ðïëõþíõìá, ïðüôå äçìéïõñãïýíôáé Üëëïé ôýðïé áñéèìçôéêÞò ïëïêëÞñùóçò ìå

óõíôåëåóôÝò êáôÜ êáíüíá ìç ñçôïýò áñéèìïýò. ¸÷åé áðïäåé÷èåß ðåéñáìáôéêÜ

üôé ïé ôýðïé ðïõ ðñïêýðôïõí áðü ôïõò êáíüíåò áõôïýò Ý÷ïõí ôï ðëåïíÝêôçìá

ìå êáôÜëëçëç åêëïãÞ ôùí óçìåßùí xi; i = 1; 2; : : : ; n íá äßíïõí ìåãáëýôåñç

áêñßâåéá áõôÞò ðïõ äßíåôáé áðü ôïõò ôýðïõò ôùí Newton-Cotes ìå ôïí ßäéï

áñéèìü óçìåßùí. Ôá óçìåßá ðáñåìâïëÞò óôéò ðåñéðôþóåéò áõôÝò ãåíéêÜ äåí

éóïáðÝ÷ïõí.

¸óôù ôï ïëïêëÞñùìá I(f) =
∫

b

a

f(x)dx. Áðïäåéêíýåôáé üôé ç ïëïêëçñùôÝá

óõíÜñôçóç åßíáé äõíáôüí íá ãñáöåß óôç ìïñöÞ

f(x) = w(x) g(x); (8.1.1 - 2)

üôáí w(x) åßíáé ìßá ìç áñíçôéêÞ ïëïêëçñþóéìç óõíÜñôçóç óôï [a; b] ðïõ

ëÝãåôáé óõíÜñôçóç âÜñïõò. Ôüôå ç (8:1:1− 2) óýìöùíá ìå ôçí (8:1:1− 1)

ãñÜöåôáé

I(f) =

∫
b

a

w(x) g(x) dx (8.1.1 - 3)

≈ w1 g (x1) + w2 g (x2) + : : :+ wn g (xn)

üðïõ ôá âÜñç wi; i = 1; 2; : : : ; n åîáñôþíôáé áðü ôá óçìåßá xi; i = 1; 2; : : : ; n

êáé ôç óõíÜñôçóç w(x) áëëÜ ü÷é áðü ôçí g(x).1

ÅðåéäÞ ç ìåëÝôç ôçò (8:1:1−3) óôç ãåíéêÞ ðåñßðôùóç îåöåýãåé ôïõ óêïðïý

ôïõ ìáèÞìáôïò, åîåôÜæåôáé ìüíïí ç ðåñßðôùóç üðïõ ç óõíÜñôçóç g(x) åßíáé

Ýíá ðïëõþíõìï âáèìïý Ýóôù m, äçëáäÞ

g(x) = Pm(x) = a0 + a1x+ : : :+ amx
m; (8.1.1 - 4)

üôáí ai ∈ ℜ ãéá êÜèå i = 0; 1; : : : ; m. Óôïí ôýðï (8:1:1 − 3) æçôåßôáé íá

ðñïóäéïñéóôïýí ôá wi êáé ôá óçìåßá xi; i = 1; 2; : : : ; n, Ýôóé þóôå ôï óöÜëìá

1Ç áðüäåéîç ðïõ áêïëïõèåß íá ðáñáëåéöèåß óå ðñþôç áíÜãíùóç.
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ôçò ðñïóÝããéóçò íá åßíáé åëÜ÷éóôï. Ç (8:1:1− 3) äéáäï÷éêÜ ãñÜöåôáé

I(f) =

b∫
a

w(x) [a0 + : : :+ amx
m] dx

= w1 g (x1) + w2 g (x2) + : : :+ wn g (xn) (8.1.1 - 5)

üðïõ ðñïöáíþò g (xi) = a0 + a1xi + : : : + amx
m
i

ãéá êÜèå i = 1; 2; : : : ; n.

Áðü ôçí (8:1:1− 5) ðñïêýðôåé ôüôå üôé

I(f) = a0

∫
b

a

w(x) dx+ a1

∫
b

a

xw(x) dx+ : : :+ am

∫
b

a

xmw(x) dx

= w1 (a0 + a1x1 + : : :+ amx
m

1 ) + w2 (a0 + a1x2 + : : :+ amx
m

2 )

+ : : :+ wn (a0 + a1xn + : : :+ amx
m

n )

Þ

a0

∫
b

a

w(x) dx+ a1

∫
b

a

xw(x) dx+ : : :+ am

∫
b

a

xmw(x) dx

= a0 (w1 + w2 + : : :+ wn) + a1 (w1x1 + w2x2 + : : :+ wnxn)

+ : : :+ am (w1x
m
1 + w2x

m
2 + : : :+ wnx

m
n ) :

ÅðåéäÞ ç ôåëåõôáßá éóüôçôá ðñÝðåé íá éó÷ýåé ãéá êÜèå ðïëõþíõìï ôçò ìïñöÞò

(8:1:1− 4), áðü ôçí åîßóùóç ôùí óõíôåëåóôþí ai; i = 0; 1; : : : ; m Ý÷ïõìå

w1 + w2 + : : :+ wn =

b∫
a

w(x) dx

w1 x1 + w2 x2 + : : :+ wn xn =

b∫
a

xw(x) dx

w1 x
2
1 + w2 x

2
2 + : : :+ wn x

2
n =

b∫
a

x2w(x) dx

...
...

w1 x
m
1 + w2 x

m
2 + : : :+ wn x

m
n =

b∫
a

xmw(x) dx;

(8.1.1 - 6)
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ðïõ ïñßæåé Ýíá óýóôçìám+1 åîéóþóåùí ìå n áãíþóôïõò ôá âÜñç w1; w2; : : :,

wn êáé åðßóçò n áãíþóôïõò ôá óçìåßá x1; x2; : : : ; xn. Ôï óýóôçìá áõôü èá

ðñÝðåé íá Ý÷åé ëýóç ãéá êÜèå óõíÜñôçóç w(x), ðïõ óçìáßíåé üôé m+ 1 ≤ 2n,

äçëáäÞ

m ≤ 2n− 1: (8.1.1 - 7)

Áðïäåéêíýåôáé üôé ãéá m = 2n− 1 ôï óýóôçìá (8:1:1− 7) Ý÷åé ðÜíôïôå ëýóç,

ðïõ üìùò åßíáé áñêåôÜ ðïëýðëïêç áêüìá êáé üôáí ôï ðëÞèïò ôùí óçìåßùí n

åßíáé ðïëý ìéêñü.

8.1.2 Êáíüíåò ïëïêëÞñùóçò ôùí Gauss-Legendre

Óôïí êáíüíá ïëïêëÞñùóçò ðïõ áêïëïõèåß, åîåôÜæåôáé ç ëýóç ôïõ óõóôÞìáôïò

(8:1:1 − 6) ãéá ôçí ðåñßðôùóç ðïõ ç óõíÜñôçóç âÜñïõò w(x) = 1 êáé ôï

äéÜóôçìá ïëïêëÞñùóçò [a; b] = [−1; 1]. Ôüôå ôï óýóôçìá ãñÜöåôáé

w1 + : : :+ wn =

1∫
−1

dx = 2

w1 x1 + : : :+ wn xn =

1∫
−1

x dx = 0

w1 x
2
1 + : : :+ wn x

2
n =

1∫
−1

x2 dx =
2

3

...
...

w1 x
m
1 + : : :+ wn x

m
n =

1∫
−1

xm dx

=


0; áí m ðåñéôôüò,
1

1 +m
; áí m Üñôéïò.

(8.1.2 - 1)

Áðü ôç èåùñßá ôùí ïñèïãþíéùí ðïëõùíýìùí ðñïêýðôåé üôé ôá óçìåßá xi;

i = 1; 2; : : : ; n ðïõ åðáëçèåýïõí ôï óýóôçìá (8:1:2 − 3) åßíáé ïé ñßæåò ôùí
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ðïëõùíýìùí Pn(x) ôïõ Legendre âáèìïý n, ðïõ äßíïíôáé áðü ôïí ôýðï2

Pn(x) =

[(
x2 − 1

)n] (n)
2n n !

(8.1.2 - 2)

ãéá êÜèå n = 1; 2; : : :, üôáí x ∈ [−1; 1], åíþ åßíáé P0(x) = 1.

Ìå åöáñìïãÞ ôïõ ôýðïõ (8:1:2− 2) ðñïêýðôåé üôé

P1(x) = x P3(x) =
1

2

(
5x3 − 3x

)
P2(x) =

1

2

(
3x2 − 1

)
P4(x) =

1

8

(
35x4 − 30x2 + 3

)
ê.ëð.

Ïé ñßæåò xi; i = 1; 2; : : : ; n êáé ôá áíôßóôïé÷á âÜñç wi üðïõ

wi =
2(

1− x2
i

)
[P ′

n (xi)]
2 ; i = 1; 2; : : : ; n

ãéá êÜèå ðåñßðôùóç äßíïíôáé áðü ðßíáêåò.

Áðïäåéêíýåôáé üôé:

i) ôá âÜñç wi åßíáé ðÜíôïôå èåôéêïß áñéèìïß,

ii) ïé ñßæåò xi åßíáé ðñáãìáôéêÝò êáé áíÜ äýï óõììåôñéêÝò ùò ðñïò ôï ìçäÝí,

iii) ôá âÜñç wi, ðïõ áíôéóôïé÷ïýí óå óõììåôñéêÝò ñßæåò, åßíáé ßóá ìåôáîý

ôïõò.

Áí ôï äéÜóôçìá ïëïêëÞñùóçò åßíáé äéÜöïñï ôïõ [−1; 1], ôüôå ìå ôï ìåôáó÷çìá-

ôéóìü3

x =
(b− a)t

2
+

b+ a

2
(8.1.2 - 3)

ôï ïëïêëÞñùìá ìå äéÜóôçìá ïëïêëÞñùóçò [a; b] ìåôáó÷çìáôßæåôáé óå áíôßóôïé÷ï

ìå Üêñá [−1; 1], äçëáäÞ

I(f) =

b∫
a

f(x) dx

=
b− a

2

1∫
−1

f

[
(b− a)x

2
+

b+ a

2

]
dx: (8.1.2 - 4)

2Ï ôýðïò (8:1:2− 2) åßíáé ãíùóôüò óáí ôýðïò ôïõ Rodrigues (Rodrigues formula).
3Áí x = a, ôüôå åýêïëá ðñïêýðôåé áðü ôçí (8:1:2 − 3) üôé t = −1, åíþ, áí x = b üôé

t = 1.
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ÅðïìÝíùò

I(f) =

b∫
a

f(x) dx

≈
n∑
i=1

wi

{
b− a

2
f

[
(b− a)xi

2
+

b+ a

2

]}

=
n∑
i=1

wi g (xi) ; (8.1.2 - 5)

üôáí

g (xi) =
b− a

2
f

[
(b− a)xi

2
+

b+ a

2

]
(8.1.2 - 6)

êáé óôï äåîéü ìÝëïò ÷ñçóéìïðïéÞèçêå ãéá ëüãïõò åõêïëßáò ôï xi áíôß ôïõ ti.

Ç ðáñáðÜíù ìÝèïäïò ïëïêëÞñùóçò åßíáé ãíùóôÞ óáí ïëïêëÞñùóç ôùí

Gauss-Legendre (Gauss-Legendre quadrature), åíþ ï (8:1:2 − 2) óáí ï

ôýðïò ïëïêëÞñùóçò ôùí Gauss-Legendre.

Óçìåßùóç 8.1.2 - 1

Ç ìÝèïäïò ïëïêëÞñùóç ôùí Gauss-Legendre

i) äßíåé ôç ìåãáëýôåñç áêñßâåéá áðü êÜèå Üëëç, ðïõ ÷ñçóéìïðïéåß ôïí ßäéï

áñéèìü óçìåßùí,

ii) äåí åßíáé äõíáôüí íá ÷ñçóéìïðïéçèåß ãéá ôéò ðåñéðôþóåéò åêåßíåò ðïõ ç

óõíÜñôçóç äßíåôáé ìå ôéò ôéìÝò ôçò óå ïñéóìÝíá óçìåßá xi, ôá ïðïßá

äå óõìðßðôïõí ìå ôéò ñßæåò ôùí ðïëõùíýìùí Legendre, åßíáé üìùò ç

êáëýôåñç ãéá ôéò ðåñéðôþóåéò ðïõ ç óõíÜñôçóç f(x) äßíåôáé ìå ôïí

áíáëõôéêü ôçò ôýðï.

ÐáñÜäåéãìá 8.1.2 - 1

Ìå ôïí ôýðï ôùí Gauss-Legendre ãéá 4 óçìåßá íá õðïëïãéóôåß ôï ïëïêëÞñùìá

1∫
−1

e−x
2
dx :
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Ðßíáêáò 8.1.2 - 1: ñéæþí ðïëõùíýìùí ôùí Pn; n = 1; 2; : : : ; 6 êáé ôùí

áíôßóôïé÷ùí âáñþí

Pn xi wi

P1 x1 = 0 w1 = 2:00000000

P2 −x1 = x2 = 0:57735027 w1 = w2 = 1:00000000

P3 −x1 = x3 = 0:77459667 w1 = w3 = 0:55555556

x2 = 0 w2 = 0:88888889

P4 −x1 = x4 = 0:86113631 w1 = w4 = 0:34785485

−x2 = x3 = 0:33998104 w2 = w3 = 0:65214515

P5 −x1 = x5 = 0:90617985 w1 = w5 = 0:23692689

−x2 = x4 = 0:53846931 w2 = w4 = 0:47862867

x3 = 0 w0 = 0:56888889

P6 −x1 = x6 = 0:93246951 w1 = w6 = 0:17132449

−x2 = x5 = 0:66120939 w2 = w5 = 0:36076157

−x3 = x4 = 0:23861919 w3 = w4 = 0:46791396
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Ðßíáêáò 8.1.2 - 2: ÐáñÜäåéãìá 8.1.2 - 1

xi wi wie
−x2

i

x1 = −0:86114 w1 = 0:34785 w1e
−x21 = 0:34785 ∗ e−(−0:86114)2 = 0:1657

x2 = −0:33998 w2 = 0:65214 w2e
−x22 = 0:65214 ∗ e−(−0:33998)2 = 0:5809

x3 = 0:33998 w3 = 0:65214 w3e
−x23 = 0:65214 ∗ e−(0:33998)2 = 0:5809

x4 = 0:86114 w4 = 0:34785 w1e
−x21 = 0:34785 ∗ e−(0:86114)2 = 0:1657

Ëýóç. Åßíáé (Ó÷. 8.1.2 - 1)

1∫
−1

e−x
2
dx ≈ w1 e

−x21 + w2 e
−x22 + w3 e

−x23 + w4 e
−x24 ;

üôáí ïé ñßæåò xi êáé ôá âÜñç wi; i = 1; 2; 3; 4 äßíïíôáé áðü ôïí Ðßíáêá 8.1.2 -

1. Ôüôå áðü ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 8.1.2 - 2 óýìöùíá êáé ìå ôïí ôýðï

(8:1:2− 5), üôáí óôçí ðåñßðôùóç áõôÞ åßíáé g (xi) = f (xi), ðñïêýðôåé üôé

1∫
−1

e−x
2
dx ≈ 1.4932 (áêñéâÞò ôéìÞ I =

√
� Erf(1) ≈ 1:49365):

Óçìåßùóç 8.1.2 - 2

¼ôáí ôï äéÜóôçìá ïëïêëÞñùóçò äåí åßíáé ôï [−1; 1], ôüôå ç ðáñáðÜíù ëýóç

áðáéôåß áñ÷éêÜ ôçí åöáñìïãÞ ôïõ ìåôáó÷çìáôéóìïý (8:1:2 − 3), üðùò áõôü

ãßíåôáé óôï ðáñáêÜôù ðáñÜäåéãìá.

ÐáñÜäåéãìá 8.1.2 - 2

¼ìïéá ìå ôïí ôýðï ôùí Gauss-Legendre ãéá 4 óçìåßá ôï ïëïêëÞñùìá (Ó÷.

8.1.2 - 2)

I =

1∫
0

e−x
2
dx:
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æ ææ æ

x1 x2 x3 x4-1.0 -0.5 0.5 1.0
x
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0.4

0.6

0.8

1.0

fHxL

(b)

Ó÷Þìá 8.1.2 - 1: ÐáñÜäåéãìá 8.1.2 - 1. (a) Ç ìðëå êáìðýëç åßíáé ôï

äéÜãñáììá ôçò óõíÜñôçóçò e−x
2
, åíþ ôï åìâáäüí ôïõ ó÷Þìáôïò éóïýôáé ìå

ôçí ôéìÞ ôïõ ïëïêëçñþìáôïò
1∫

−1
e−x

2
dx. (b) Ç êüêêéíç êáìðýëç åßíáé ôï

äéÜãñáììá ôïõ ðïëõùíýìïõ P4(x) =
1
8

(
3− 30x2 + 35x4

)
ôïõ Legendre, åíþ

ôá óçìåßá x1; x2; x3; x4 åßíáé ïé ñßæåò ôïõ

Ëýóç. Áñ÷éêÜ ìå ôïí ôýðï (8:1:2−3) ãßíåôáé ìåôáó÷çìáôéóìüò ôïõ äéáóôÞìáôïò

ïëïêëÞñùóçò óôï äéÜóôçìá [−1; 1] èÝôïíôáò

x =
(1− 0)t

2
+

1 + 0

2
= 0:5t+ 0:5; ïðüôå

dx = d(0:5t+ 0:5) = (0:5t+ 0:5)′ dt = 0:5 dt:

¢ñá

I =

1∫
0

e−x
2
dx =

1∫
−1

e−(0:5 t+0:5)20:5 dt =

1∫
−1

0:5 e−(0:5x+0:5)2 dx =

1∫
−1

g(x) dx;

üôáí ôåèåß ãéá åõêïëßá x áíôß ôïõ t êáé g(x) = 0:5 e−(0:5x+0:5)2 . Ôüôå áðü ôá

áðïôåëÝóìáôá ôïõ Ðßíáêá 8.1.2 - 3, üôáí

w1 g (x1) = 0:34785
[
0:5 e−[0:5 (−0:86114)+0:5]2

]
= 0:173 0886

w2 g (x2) = 0:65214
[
0:5 e−[0:5 (−0:33998)+0:5]2

]
= 0:292 4242

w3 g (x3) = 0:65214
[
0:5 e−[0:5 (0:33998)+0:5]2

]
= 0:208 143

w4 g (x4) = 0:34785
[
0:5 e−[0:5 (0:86114)+0:5]2

]
= 0:073 161 08;
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Ðßíáêáò 8.1.2 - 3: ÐáñÜäåéãìá 8.1.2 - 2

xi wi wi g (xi)

x1 = −0:86114 w1 = 0:34785 w1 g (x1) = 0:173 0886

x2 = −0:33998 w2 = 0:65214 w2 g (x2) = 0:292 4242

x3 = 0:33998 w3 = 0:65214 w3 g (x3) = 0:208 143

x4 = 0:86114 w4 = 0:34785 w1 g (x4) = 0:073 161 08

óýìöùíá êáé ìå ôïí ôýðï (8:1:2− 5) ðñïêýðôåé üôé

1∫
0

e−x
2
dx =

1∫
−1

0:5 e−(0:5x+0:5)2 dx =

1∫
−1

g(x) dx

≈ w1 g (x1) + w2 g (x2) + w3 g (x3) + w4 g (x4)

= 0.746 8169:

Ç èåùñçôéêÞ ôéìÞ åßíáé 0:746 8241 êáé ôï áðüëõôï óöÜëìá e = 7:213 364 ×
10−6.

ÐáñÜäåéãìá 8.1.2 - 3

¸óôù ôï ïëïêëÞñùìá (Ó÷. 8.1.2 - 3)

I =

0:6∫
0

x dx√
1 + x4

:

Íá ëõèåß ìå ôïí êáíüíá ôùí Gauss-Seidel ãéá 3, áíôßóôïé÷á 6 óçìåßá êáé íá

ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ôéìÞ

I =
1

2
arcsinh

(
x2

)∣∣∣∣ 0:6
0

≈ 0:176 3227

êáé ôçí áíôßóôïé÷ç ëýóç ðïõ ðñïêýðôåé áðü ôïõò óýíèåôïõò êáíüíåò ôïõ

ôñáðåæßïõ, Simpson êáé Simpson 3=8, üôáí h = 0:1.
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Ó÷Þìá 8.1.2 - 2: ÐáñÜäåéãìá 8.1.2 - 2. (a) Ç ìðëå êáìðýëç åßíáé ôï

äéÜãñáììá ôçò óõíÜñôçóçò e−x
2
, åíþ ôï åìâáäüí ôïõ ó÷Þìáôïò éóïýôáé ìå

ôçí ôéìÞ ôïõ ïëïêëçñþìáôïò
1∫
0
e−x

2
dx. (b) Ç êüêêéíç êáìðýëç åßíáé ôï

äéÜãñáììá ôçò óõíÜñôçóçò 0:5 e−(0:5x+0:5)2 , åíþ ôï åìâáäüí ôïõ ó÷Þìáôïò

éóïýôáé ìå ôçí ôéìÞ ôïõ ïëïêëçñþìáôïò
1∫

−1
0:5 e−(0:5x+0:5)2dx

Ëýóç. Êáíüíáò ôùí Gauss-Seidel ãéá 3 óçìåßá (Ó÷. 8.1.2 - 4a):

áñ÷éêÜ ìå ôïí ôýðï (8:1:2 − 3) ãßíåôáé ìåôáó÷çìáôéóìüò ôïõ äéáóôÞìáôïò

ïëïêëÞñùóçò óôï äéÜóôçìá [−1; 1] èÝôïíôáò

x =
(0:6− 0)t

2
+

0:6 + 0

2
= 0:3t+ 0:3; ïðüôå

dx = d(0:3t+ 0:3) = (0:3t+ 0:3)′ dt = 0:3 dt:

¢ñá

I =

0:6∫
0

x dx√
1 + x4

=

1∫
−1

0:3t+ 0:3√
1 + (0:3t+ 0:3)4

0:3 dt

=

1∫
−1

0:9 (x+ 1)√
1 + (0:3x+ 0:3)4

dx =

1∫
−1

g(x) dx;

üôáí üìïéá Ý÷åé ôåèåß ãéá åõêïëßá x áíôß ôïõ t êáé g(x) = 0:9(x+1)√
1+(0:3x+0:3)4

.

Ôüôå áðü ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 8.1.2 - 4, üôáí

w1 g (x1) = 0:55555556

 0:9 (−0:77459667 + 1)√
1 + [0:3(−0:77459667) + 0:3]4

 = 0:0112 7005
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Ó÷Þìá 8.1.2 - 3: ÐáñÜäåéãìá 8.1.2 - 3. Ç ìðëå êáìðýëç åßíáé ôï äéÜãñáììá

ôçò óõíÜñôçóçò x√
1+x4

, åíþ ôï åìâáäüí ôïõ ó÷Þìáôïò éóïýôáé ìå ôçí ôéìÞ

ôïõ ïëïêëçñþìáôïò
0:6∫
0

x dx√
1+x4

≈ 0:176 3227

Ðßíáêáò 8.1.2 - 4: ÐáñÜäåéãìá 8.1.2 - 3: êáíüíáò ôùí Gauss-Seidel ãéá 3

óçìåßá

xi wi wi g (xi)

x1 = −0:77459667 w1 = 0:55555556 w1 g (x1) = 0:0112 7005

x2 = 0 w2 = 0:88888889 w2 g (x2) = 0:0796 7796

x3 = 0:77459667 w3 = 0:55555556 w3 g (x3) = 0:0853 6724
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Ðßíáêáò 8.1.2 - 5: ÐáñÜäåéãìá 8.1.2 - 3: êáíüíáò ôùí Gauss-Seidel ãéá 6

óçìåßá

xi wi wi g (xi)

x1 = −0:9324695 w1 = 0:17132449 w1 g (x1) = 0:001 041 27

x2 = −0:66120939 w2 = 0:36076157 w2 g (x2) = 0:010 999 45

x3 = −0:23861919 w3 = 0:46791396 w3 g (x3) = 0:032 019 91

x4 = 0:23861919 w4 = 0:46791396 w4 g (x4) = 0:051 670 82

x5 = 0:66120939 w5 = 0:36076157 w5 g (x5) = 0:052 346 69

x6 = −0:9324695 w6 = 0:17132449 w6 g (x6) = 0:028 244 52

w2 g (x2) = 0:88888889

[
0:9 (0 + 1)√

1 + (0:3 ∗ 0 + 0:3])4

]
= 0:0796 7796

w3 g (x3) = 0:55555556

[
0:9 (0:77459667 + 1)√

1 + (0:3 ∗ 0:77459667 + 0:3])4

]
= 0:0853 6724;

óýìöùíá êáé ìå ôïí ôýðï (8:1:2− 5) ðñïêýðôåé üôé

0:6∫
0

x dx√
1 + x4

=

1∫
−1

0:9 (x+ 1)√
1 + (0:3x+ 0:3)4

dx =

1∫
−1

g(x) dx

≈ w1 g (x1) + w2 g (x2) + w3 g (x3)

= 0.176 3152;

äçëáäÞ õðÜñ÷åé áðüëõôï óöÜëìá e = 7:422 724× 10−6.

Êáíüíáò ôùí Gauss-Seidel ãéá 6 óçìåßá (Ó÷. 8.1.2 - 4b):

üìïéá áðü ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 8.1.2 - 5, óýìöùíá êáé ìå ôïí ôýðï

(8:1:2− 5), Ý÷ïõìå
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0:6∫
0

x dx√
1 + x4

=

1∫
−1

0:9 (x+ 1)√
1 + (0:3x+ 0:3)4

dx =

1∫
−1

g(x) dx

≈ w1 g (x1) + w2 g (x2) + w3 g (x3) + w4 g (x4)

+w5 g (x5) + w6 g (x6) = 0.176 322 7

êáé óõãêñßíïíôáò ìå ôç èåùñçôéêÞ ôéìÞ ðñïêýðôåé áðüëõôï óöÜëìá e = 3:450 799×
10−9.

æ æææ

x1 x2 x3-1.0 -0.5 0.5 1.0
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0.4
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(a)

æ ææ ææ æ

x1 x2 x3 x4 x5 x6-1.0 -0.5 0.5 1.0
x

-0.4

-0.2

0.2

0.4

gHxL

(b)

Ó÷Þìá 8.1.2 - 4: ÐáñÜäåéãìá 8.1.2 - 3: Ç ìðëå êáìðýëç åßíáé ôï

äéÜãñáììá ôçò óõíÜñôçóçò g(x) = 0:9(x+1)√
1+(0:3x+0:3)4

. Ç êüêêéíç êáìðýëç

åßíáé ç ãñáöéêÞ ðáñÜóôáóç ôïõ ðïëõùíýìïõ: (a) P3(x) = 1
2

(
−3x+ 5x3

)
ôïõ Legendre, åíþ ôá óçìåßá x1; x2; x3 åßíáé ïé ñßæåò ôïõ êáé (b) P6(x) =
1
16

(
−5 + 105x2 − 315x4 + 231x6

)
ôïõ Legendre, åíþ ôá óçìåßá x1; : : : ; x6

åßíáé ïé ñßæåò ôïõ

Óýíèåôïé êáíüíåò

Óýìöùíá ìå ôéò ôéìÝò ôïõ Ðßíáêá 8.1.2 - 6 ðñïêýðôïõí ôá åîÞò:

Ôñáðåæßïõ

I ≈ h

2
{f (x0) + 2 [f (x1) + : : :+ f (x5)] + f (x6)} = 0:176 094

ìå áðüëõôï óöÜëìá: e = 0:000 228 54.

Simpson

I ≈ h

3
{f (x0) + 4 [f (x1) + f (x3) + f (x5)]

+2 [f (x2) + f (x4)] + f (x6)} = 0:176 32
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Ðßíáêáò 8.1.2 - 6: ÐáñÜäåéãìá 8.1.2 - 3 Óýíèåôïé êáíüíåò: ïé ôéìÝò ôùí

óçìåßùí xi êáé ôùí ôéìþí f (xi) =
xi√
1+x4

i

xi f (xi) xi f (xi)

x0 = 0:0 0 x4 = 0:4 0:394 976

x1 = 0:1 0:099 995 x5 = 0:5 0:485 071

x2 = 0:2 0:199 840 x6 = 0:6 0:564 532

x3 = 0:3 0:298 792

ìå áðüëõôï óöÜëìá: e = 2:676 308× 10−6.

3=8 ôïõ Simpson

I ≈ 3h

8
{f (x0) + 3 [f (x1) + f (x4)] + 3 [f (x2) + f (x5)]

+ 2 f (x3) + f (x6)} = 0:176 3162

ìå áðüëõôï óöÜëìá: e = 6:470 302× 10−6.

Óõãêñßíïíôáò ôï åëÜ÷éóôï ôùí óöáëìÜôùí ôùí ðáñáðÜíù óýíèåôùí êáíü-

íùí ìå ôï áíôßóôïé÷ï óöÜëìá e = 3:450 799 × 10−9 ôïõ êáíüíá ôùí Gauss-

Legendre ãéá 6 óçìåßá Ý÷ïõìå ìéá ðñïöáíÞ ðåéñáìáôéêÞ åðáëÞèåõóç ôçò Ðáñá-

ôÞñçóçò 8.1.2 - 1(i).

¢óêçóç

¸óôù ôï ïëïêëÞñùìá

I =

0:6∫
0

x3 dx√
1 + x2

:

i) Íá ëõèåß ìå ôïí êáíüíá ôùí Gauss-Seidel ãéá 6 óçìåßá êáé íá ãßíåé

óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ôéìÞ

I =
1

3

(
x2 − 2

) √
1 + x2

∣∣∣∣ 0:6
0

≈ 0:029 149 26



Êáíüíåò ïëïêëÞñùóçò ôùí Gauss-Legendre 17

êáé ôçí áíôßóôïé÷ç ëýóç ðïõ ðñïêýðôåé áðü ôïõò óýíèåôïõò êáíüíåò ôïõ

ôñáðåæßïõ, Simpson êáé 3=8 ôïõ Simpson, üôáí h = 0:1.

ii) (ðñïáéñåôéêÜ) Ôï ïëïêëÞñùìá íá ãñáöåß ùò åîÞò:

I =

0:6∫
0

x3 dx√
1 + x2

=

0:1∫
0

x3 dx√
1 + x2

+ : : :+

0:6∫
0:5

x3 dx√
1 + x2

= I1 + : : :+ I6:

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá I åöáñìüæïíôáò óå êÜèå Ýíá áðü ôá

ðáñáðÜíù ïëïêëçñþìáôá Ii; i = 1; : : : ; 6 ôïí êáíüíá ôùí Gauss-Seidel

ãéá 6 óçìåßá êáé íá ãßíåé óýãêñéóç ôïõ áðïôåëÝóìáôïò ìå ôïí áíôßóôïé÷ï

ôçò ðåñßðôùóçò (i). Óôç óõíÝ÷åéá íá ãñáöåß ôï ðñüãñáììá ëýóçò ôçò

(ii) ìå ôï MATLAB.

4

4Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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