
ÌÜèçìá 5ÄÉÁÍÕÓÌÁÔÉÊÏÓÄÉÁÖÏÑÉÊÏÓ ËÏ�ÉÓÌÏÓ
5.1 ÅéóáãùãÞÓ�ï ìÜèçìá áõ�ü äßíïí�áé ïé âáóéêÝò Ýííïéåò �ïõ Äéáíõóìá�éêïý ÄéáöïñéêïýËïãéóìïý, ðïõ åßíáé ó÷å�éêÝò ìå �éò âáèìù�Ýò Þ �éò äéáíõóìá�éêÝò óõíáñ�Þóåéòìéáò Þ ðåñéóóü�åñùí ìå�áâëç�þí êáé ïé ïðïßåò óå ïñéóìÝíåò ðåñéð�þóåéòèåùñïýí�áé óáí ìéá ãåíßêåõóç �ùí ìÝ÷ñé �þñá Þäç ãíùó�þí ó�ïí áíáãíþó�çáí�ßó�ïé÷ùí êáíüíùí �ïõ Äéáöïñéêïý Ëïãéóìïý.Êñßíå�áé óêüðéìï ó�ï óçìåßï áõ�ü íá ãßíåé ìéá õðåíèýìéóç ïñéóìÝíùíó�ïé÷åßùí �çò èåùñßáò �ïõ Äéáíõóìá�éêïý ËïãéóìïýÏñéóìüò 5.1 - 1. ËÝãå�áé ðñïóáíá�ïëéóìÝíç åõèåßá Þ Üîïíáò ìéá åõèåßá,Ýó�ù å, ó�çí ïðïßá Ý÷åé ïñéó�åß Ýíá ó�áèåñü óçìåßï Ï, Ýíá åõèýãñáììï�ìÞìá ÏÁ ðïõ �ï ìÞêïò �ïõ èåùñåß�áé óáí ìïíÜäá ìÝ�ñçóçò, äçëáäÞ (ÏÁ) =
1 êáé èå�éêÞ ç öïñÜ áðü �ï Ï ðñïò �ï Á.Ïñéóìüò 5.1 - 2 (äéáíýóìá�ïò). Ïñßæå�áé óáí äéÜíõóìá êÜèå ðñïóáíá�ïëé-óìÝíï åõèýãñáììï �ìÞìá åðß �ïõ å Þ ðáñÜëëçëïõ ðñïò áõ�üí.Ó�ï åîÞò, åê�üò áí äéáöïñå�éêÜ ãñÜöå�áé, �á äéáíýóìá�á èá óõìâïëßæïí�áéìå Ýí�ïíá ãñÜììá�á, üðùò a, b ê.ëð., áí�ß �ïõ óõìâïëéóìïý −→a , −→b ê.ëð.1



2 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò¸ó�ù Ýíá ïñèïêáíïíéêü óýó�çìá óõí�å�áãìÝíùí Oxyz. Ôü�å ãéá �çíðáñÜó�áóç åíüò äéáíýóìá�ïò óõíáñ�Þóåé �ùí óõí�å�áãìÝíùí �ïõ äéáêñßíïí�áéïé ðáñáêÜ�ù äýï ðåñéð�þóåéò:i) Ç áñ÷Þ �ïõ äéáíýóìá�ïò íá óõìðßð�åé ìå �çí áñ÷Þ �ùí óõí�å�áãìÝíùíO êáé �ï �Ýëïò �ïõ íá åßíáé Ýíá óçìåßï M(x; y), áí�ßó�ïé÷á M(x; y; z).Ó�çí ðåñßð�ùóç áõ�Þ �ï äéÜíõóìá áõ�ü ëÝãå�áé äéÜíõóìá èÝóçò Þäéáíõóìá�éêÞ áê�ßíá �ïõ óçìåßïõ M êáé óõìâïëßæå�áé ìå r (x; y),áí�ßó�ïé÷á r (x; y; z) Þ áðëÜ r (Ó÷. 5.1 - 1a). Ôü�å ïé óõí�å�áãìÝíåò�ïõ r ïñßæïí�áé áðü �éò ðñïâïëÝò �ïõ ó�ïõò Üîïíåò óõí�å�áãìÝíùí êáéåßíáé ðñïöáíþò ïé ðñáãìá�éêïß áñéèìïß x, y, áí�ßó�ïé÷á x, y z, åíþóõìâïëéêÜ ãñÜöå�áér = r(x; y) = 〈x; y〉; áí�ßó�ïé÷á r = r(x; y; z) = 〈x; y; z〉:Óýìöùíá ìå �ïí êáíüíá �ïõ ðáñáëëçëïãñÜììïõ �ï Üèñïéóìá �ùí óõíéó�ùóþíäéáíõóìÜ�ùí x i, y j êáé z k èá ïñßæåé �ï äéÜíõóìá r, äçëáäÞr = x i+ y j; áí�ßó�ïé÷á r = x i+ y j+ z k; (5.1 - 1)åíþ �ï ìÝ�ñï �ïõ r éóïý�áé ìår = |r| =√x2 + y2 =
(x2 + y2)1=2 ;áí�ßó�ïé÷á (5.1 - 2)r = |r| =√x2 + y2 + z2 = (x2 + y2 + z2)1=2 :ii) �åíéêÜ, ü�áí �ï a åßíáé Ýíá �õ÷üí äéÜíõóìá �ïõ ℜ 3 ìå áñ÷Þ �ï óçìåßïA (x1; y1; z1) êáé �Ýëïò �ï Â (x2; y2; z2), üìïéá ìå �çí ðåñßð�ùóç (i),ïé óõí�å�áãìÝíåò �ïõ ïñßæïí�áé áðü �éò ðñïâïëÝò �ïõ ó�ïõò Üîïíåòóõí�å�áãìÝíùí êáé åßíáé ïé ðñáãìá�éêïß áñéèìïß a1 = x2 − x1, a2 =y2 − y1 êáé a3 = z2 − z1. ÓõìâïëéêÜ ãñÜöå�áé ó�çí ðåñßð�ùóç áõ�Þ ü�éa = a 〈a1; a2; a3〉 = a 〈x2 − x1; y2 − y1; z2 − z1〉 ;åíþ ç áíáëõ�éêÞ ÝêöñáóÞ �ïõ åßíáéa = a1i+ a2j+ a3k

= (x2 − x1) i+ (y2 − y1) j+ (z2 − z1)k: (5.1 - 3)



Âáèìù�Ü êáé äéáíõóìá�éêÜ ðåäßá 3Ôï ìÝ�ñï �ïõ äéáíýóìá�ïò a = a 〈a1; a2; a3〉 óõíáñ�Þóåé �ùí óõí�å�áãìÝíùíéóïý�áé ó�çí ðåñßð�ùóç áõ�Þ ìåa = |a| = √a21 + a22 + a23: (5.1 - 4)Áí�ßó�ïé÷åò åêöñÜóåéò ìå �éò (5:1−3) êáé (5:1−4) éó÷ýïõí ãéá �ïäéÜíõóìá a = a 〈a1; a2〉Ïñéóìüò 5.1 - 3. ¸ó�ù a �õ÷áßï äéÜíõóìá ìå a 6= 0. Ôü�å ïñßæå�áé óáíìïíáäéáßï äéÜíõóìá Þ äéáíõóìá�éêÞ ìïíÜäá êá�Ü �ç äéåýèõíóç �ïõ a êáéóõìâïëßæå�áé ìå n �ï äéÜíõóìá (Ó÷. 5.1 - 1b)n =
a
|a| : (5.1 - 5)Áí a = a1 i+a2 j+a3 k = 〈a1; a2; a3〉, �ü�å �ï ìïíáäéáßï äéÜíõóìá éóïý�áéìå n =

a1 i+ a2 j+ a3 k
√a21 + a22 + a23 =

1
√a21 + a22 + a23 〈a1; a2; a3〉 : (5.1 - 6)
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(b)Ó÷Þìá 5.1 - 1: (á) �ï äéÜíõóìá èÝóçò r =< 1:2; 0:9 >. (b) �ï äéÜíõóìáa =< 1:5;−1 > ìå êüêêéíç êáé �ï áí�ßó�ïé÷ï ìïíáäéáßï n ìå ðñÜóéíç ãñáììÞ5.2 Âáèìù�Ü êáé äéáíõóìá�éêÜ ðåäßá�éá íá ãßíïõí ðåñéóóü�åñï êá�áíïç�Ýò ïé Ýííïéåò �ïõ âáèìù�ïý êáé �ïõäéáíõóìá�éêïý ðåäßïõ, èåùñåß�áé ü�é óå �õ÷üí óçìåßï, Ýó�ù M , �ïõ ÷þñïõðïõ ìáò ðåñéâÜëëåé áí�éó�ïé÷ïýí



4 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò- Ýíáò ðñáãìá�éêüò áñéèìüò, Ýó�ù T , ðïõ óõìâïëßæåé �çí �éìÞ �çò èåñìï-êñáóßáò êáé (Ó÷. 5.2 - 1a)- Ýíá äéÜíõóìá, Ýó�ù v, ðïõ óõìâïëßæåé �çí �á÷ý�ç�á �ïõ áíÝìïõ ó�ïóçìåßï áõ�ü (Ó÷. 5.2 - 1b).
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(b)Ó÷Þìá 5.2 - 1: (á) Ç èåñìïêñáóßá T (âáèìù�ü ðåäßï) êáé (b) ç �á÷ý�ç�á vó�á äéÜöïñá óçìåßá M �ïõ ÷þñïõ (äéáíõóìá�éêü ðåäßï)¸ó�ù ∆ �ï óýíïëï �ùí ìå�ñÞóåùí �çò èåñìïêñáóßáò, áí�ßó�ïé÷á �çò�á÷ý�ç�áò ó�á ðáñáðÜíù óçìåßá M �ïõ ÷þñïõ. Ôü�å, üðùò åßíáé ãíùó�üáðü �ç ÖõóéêÞ, åðåéäÞ ïé �éìÝò �çò èåñìïêñáóßáò êáé �çò �á÷ý�ç�áò Þ èáìå�áâÜëëïí�áé Þ èá åßíáé ó�áèåñÝò óå ïñéóìÝíá áðü �á óçìåßá �ïõ M , �ïóýíïëï ∆ èá áðï�åëåß�áé áðü äéáöïñå�éêÜ åí ãÝíåé ó�ïé÷åßá, ðïõ åßíáé ó�çíðñþ�ç ðåñßð�ùóç áñéèìïß êáé ó�ç äåý�åñç äéáíýóìá�á. Ôü�å ïé �éìÝò ó�ï
∆ åßíáé äõíá�üí íá èåùñçèïýí óáí ïé �éìÝò (ðåäßï �éìþí) ìéáò óõíÜñ�çóçòf(x; y; z) ãéá �çí ðñþ�ç, ìéáò äéáíõóìá�éêÞò óõíÜñ�çóçò F(x; y; z) ãéá �çäåý�åñç ðåñßð�ùóç1.1Ç äéáíõóìá�éêÞ óõíÜñ�çóç äýï ìå�áâëç�þí, áí�ßó�ïé÷á �ñéþí ìå�áâëç�þí, èåùñåß�áéóáí åðÝê�áóç �çò Þäç ãíùó�Þò áðü �ï ÌÜèçìá: Äéáíõóìá�éêÞ ÓõíÜñ�çóç ìéáò ìå�áâëç�Þò.Ç ðáñáãþãéóç �ùí äéáíõóìá�éêþí óõíáñ�Þóåùí ðïëëþí ìå�áâëç�þí ãßíå�áé üìïéá ìååêåßíùí �çò ìéáò ìå�áâëç�Þò, ìüíïí ðïõ ç ïëéêÞ ðáñÜãùãïò F′(t) áí�éêáèßó�á�áé ó�çíðåñßð�ùóç áõ�Þ áðü �çí ìåñéêÞ ðáñÜãùãï ãéá êÜèå ìéá áðü �éò ìå�áâëç�Ýò.



Âáèìù�Ü êáé äéáíõóìá�éêÜ ðåäßá 5Óýìöùíá ìå �á ðáñáðÜíù, ü�áí ðåñéãñÜöå�áé Ýíá âáèìù�ü ìÝãåèïò, üðùòåßíáé ç èåñìïêñáóßá, èá ëÝãå�áé ü�é Ý÷ïõìå Ýíá âáèìù�ü ðåäßï êáé ç óõíÜñ�çóçðïõ �ï ðåñéãñÜöåé âáèìù�Þ óõíÜñ�çóç Þ áðëÜ ãéá åõêïëßá ó�ï åîÞò óõíÜñ�çóç,ðïõ èá óõìâïëßæå�áé ìå f , g ê.ëð. åíþ, ü�áí ðåñéãñÜöå�áé äéáíõóìá�éêüìÝãåèïò, üðùò åßíáé ç �á÷ý�ç�á, èá ëÝãå�áé ü�é Ý÷ïõìå äéáíõóìá�éêü ðåäßïêáé ç óõíÜñ�çóç ðïõ �ï ðåñéãñÜöåé äéáíõóìá�éêÞ óõíÜñ�çóç êáé èá óõìâïëßæå�áéìå F, G ê.ëð.Áí �þñá Oxyz åßíáé Ýíá ïñèïãþíéï óýó�çìá áîüíùí �ïõ ÷þñïõ ℜ 3, �ü�åç óõíÜñ�çóç f ãñÜöå�áé óõíáñ�Þóåé �ùí ìå�áâëç�þí x, y êáé z ùò f =f(x; y; z), åíþ ç äéáíõóìá�éêÞ óõíÜñ�çóç ùò F(x; y; z), ðïõ óå áí�éó�ïé÷ßá ìå�çí áíáëõ�éêÞ Ýêöñáóç �ïõ äéáíýóìá�ïò a = a1 i+a2 j+a3 k �çò �áñáãñÜöïõ5.1 èá ãñÜöå�áé ùò åîÞò:F = F(x; y; z) = P (x; y; z) i +Q(x; y; z) j +R(x; y; z)k; (5.2 - 1)ü�áí P , Q êáé R åßíáé ïé óõíéó�þóåò ùò ðñïò �ïí x, y êáé z-Üîïíá. Èá ðñÝðåéíá óçìåéùèåß ó�ï óçìåßï áõ�ü ü�é ïé �éìÝò �üóïí �ïõ âáèìù�ïý üóï êáé �ïõäéáíõóìá�éêïý ðåäßïõ åßíáé áíåîÜñ�ç�åò áðü �çí åêëïãÞ �ïõ óõó�Þìá�ïò �ùíáîüíùí.Ç áí�ßó�ïé÷ç Ýêöñáóç �çò (5:2− 1) ó�ï ℜ 2 åßíáéF = F(x; y) = P (x; y) i +Q(x; y) j: (5.2 - 2)Ôï ìÝ�ñï Þ ç áðüëõ�ç �éìÞ �çò äéáíõóìá�éêÞò óõíÜñ�çóçò (5:2−1) ïñßæå�áé�ü�å áðü �ç ó÷Ýóç |F| =
(P 2 +Q2 +R2

)1=2, åíþ �çò (5:2 − 2) áðü �çí
|F| = (P 2 +Q2

)1=2.�áñÜäåéãìá 5.2 - 1Óýìöùíá ìå �çí (5:1 − 1) �ï äéÜíõóìá èÝóçòr = x i+ y j+ z k = F(x; y; z);åßíáé ìéá äéáíõóìá�éêÞ óõíÜñ�çóç �ñéþí ìå�áâëç�þí, åíþ �ï ìÝ�ñï �ïõr = (x2 + y2 + z2)1=2 = f(x; y; z)ìéá âáèìù�Þ óõíÜñ�çóç. ¢ëëá ðáñáäåßãìá�á äéáíõóìá�éêþí óõíáñ�Þóåùí èáäïèïýí ó�ç óõíÝ÷åéá �ïõ ìáèÞìá�ïò.



6 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò5.3 Êá�åõèõíüìåíç ðáñÜãùãïòÅßíáé Þäç ãíùó�ü ó�ïí áíáãíþó�ç ü�é ç ðáñÜãùãïò ìéáò óõíÜñ�çóçò ìéáòìå�áâëç�Þò Þ êáé ãåíéêü�åñá ðïëëþí ìå�áâëç�þí, Ýó�ù f(x; y), áí�ßó�ïé÷áf(x; y; z), ïñßæåé �ï óõí�åëåó�Þ ìå�áâïëÞò �çò f ùò ðñïò �ïí áí�ßó�ïé÷ï Üîïíáóõí�å�áãìÝíùí, äçëáäÞ ç fx ùò ðñïò �ïí x-Üîïíá, ê.ëð. Ó�çí ðáñÜãñáöïáõ�Þ èá ãßíåé ìéá ãåíßêåõóç �çò ìå�áâïëÞò áõ�Þò, èåùñþí�áò ü�é ïé ìå�áâëç�Ýòx; y, áí�ßó�ïé÷á x; y; z ìå�áâÜëëïí�áé �áõ�ü÷ñïíá. Ç Ýííïéá �çò �áõ�ü÷ñïíçòìå�áâïëÞò äåí óçìáßíåé áðáñáß�ç�á ü�é ç ìå�áâïëÞ åßíáé ç ßäéá ãéá êÜèåìå�áâëç�Þ, äçëáäÞ åßíáé äõíá�üí íá Ý÷ïõìå äéáöïñå�éêÝò ìå�áâïëÝò ùò ðñïòx, y êáé z.�áñÜäåéãìá 5.3 - 1¸ó�ù Ýíá õëéêü óçìåßï ðïõ êéíåß�áé ó�ï ÷þñï áðü �ï óçìåßïA (x0; y0; z0) = A (1;−2; 0)ó�ï B (x1; y1; z1) = B (x0 +∆x; y0 +∆y; z0 +∆z) = B (2; 0; 6) :Ôü�å
∆x = x1 − x0 = 2− 1 = 1; ∆y = y1 − y0 = 0− (−2) = 2 êáé
∆z = z1 − z0 = 6− 3 = 3; äçëáäÞ ∆x 6= ∆y 6= ∆z:Óýìöùíá ìå �çí �áñÜãñáöï 5.1, ç ìå�áâïëÞ �çò èÝóçò �ïõ óçìåßïõ áðü�ï A ó�ï B èá ïñßæå�áé áðü �ç äéåýèõíóç �ïõ äéáíýóìá�ïòa = i+ 2j+ 3k = 〈1; 2; 3〉:ÅðåéäÞ üìùò õðÜñ÷ïõí Üðåéñá äéáíýóìá�á ðïõ Ý÷ïõí �çí ßäéá äéåýèõíóç ìå�ï äéÜíõóìá a, ï áêñéâÞò êáèïñéóìüò �çò äéåýèõíóçò �çò ðáñáðÜíù ìå�áâïëÞòãßíå�áé áðü �ï áí�ßó�ïé÷ï ìïíáäéáßï äéÜíõóìá, Ýó�ù n �ïõ a, äçëáäÞ ó�çóõãêåêñéìÝíç ðåñßð�ùóç áðü �ï äéÜíõóìán =

1√
12 + 22 + 32

(i+ 2 j+ 3k) = 1√
14

(i+ 2 j+ 3k)



Êá�åõèõíüìåíç ðáñÜãùãïò 7
=

(
1√
14
; 2√

14
; 3√

14

)

=

〈
1√
14
; 2√

14
; 3√

14

〉

= 〈n1; n2; n3〉 :Óçìåßùóç 5.3 - 1Óýìöùíá ìå �ï �áñÜäåéãìá 5.3 - 1, áí A (x0; y0), B (x1; y1) áí�ßó�ïé÷áA (x0; y0; z0), B (x1; y1; z1) åßíáé äýï äéáöïñå�éêÜ óçìåßá �ïõ ℜ 2, áí�ßó�ïé÷á�ïõ ℜ 3 ðïõ âñßóêïí�áé óå áðüó�áóç s, �ü�å, áí a =
−−→AB , óýìöùíá ìå �çí

(5:1− 6) �ï ìïíáäéáßï äéÜíõóìá n êá�Ü �ç äéåýèõíóç −−→AB èá ïñßæå�áé áðü �çó÷Ýóç n =

−−→AB
∣
∣
∣
−−→AB ∣

∣
∣

=
a
|a| = as :¸÷ïí�áò �þñá õð' üøéí êáé �ïõò áí�ßó�ïé÷ïõò ïñéóìïýò �ùí ðáñáãþãùíóõíÜñ�çóçò ìéáò Þ ðåñéóóü�åñùí ìå�áâëç�þí, ç ðáñÜãùãïò �çò óõíÜñ�çóçòf ó�ï óçìåßï A êá�Ü �ç äéåýèõíóç �ïõ ìïíáäéáßïõ äéáíýóìá�ïò n ïñßæå�áé ùòåîÞò:Ïñéóìüò 5.3 - 1 (êá�åõèõíüìåíç ðáñÜãùãïò). ¸ó�ù ç óõíÜñ�çóç f(x; y)

|S ⊆ ℜ 2, áí�ßó�ïé÷á f(x; y; z) |S ⊆ ℜ 3 ìå S áíïéê�ü óýíïëï, ðïõ õðï�ßèå�áéü�é ç Ý÷åé ðñþ�çò �Üîçò ìåñéêÝò ðáñáãþãïõò ó�ï S. Áí A (x0; y0), B (x1; y1)áí�ßó�ïé÷á A (x0; y0; z0), B (x1; y1; z1) åßíáé äýï äéáöïñå�éêÜ óçìåßá �ïõ S,ðïõ âñßóêïí�áé óå áðüó�áóç s =
∣
∣
∣
−−→AB ∣

∣
∣ = |a| êáé n = 〈n1; n2〉, áí�ßó�ïé÷án = 〈n1; n2; n3〉 �ï ìïíáäéáßï äéÜíõóìá êá�Ü �ç äéåýèõíóç −−→AB = a, çêá�åõèõíüìåíç ðáñÜãùãïò �çò f ó�ï óçìåßï A óõìâïëßæå�áé ìå (Dnf)A êáéïñßæå�áé áðü �çí ðáñáêÜ�ù ïñéáêÞ �éìÞ

(Dnf)A = lims→ 0

f (x0 + s n1; y0 + s n2)− f (x0; y0)s ;áí�ßó�ïé÷á (5.3 - 1)
(Dnf)A = lims→ 0

f (x0 + s n1; y0 + s n2; z0 + s n3)− f (x0; y0; z0)s ;åöüóïí õðÜñ÷åé.Éóïäýíáìá ï ðáñáðÜíù ïñéóìüò ãñÜöå�áé:



8 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïòÏñéóìüò 5.3 - 2 (êá�åõèõíüìåíç ðáñÜãùãïò). ¸ó�ù ç óõíÜñ�çóç f(x; y)
|S ⊆ ℜ 2, áí�ßó�ïé÷á f(x; y; z) |S ⊆ ℜ 3 ìå S áíïéê�ü óýíïëï, ðïõ õðï�ßèå�áéü�é ç Ý÷åé ðñþ�çò �Üîçò ìåñéêÝò ðáñáãþãïõò ó�ï S. Áí A (x0; y0), B (x1; y1)áí�ßó�ïé÷á A (x0; y0; z0), B (x1; y1; z1) åßíáé äýï äéáöïñå�éêÜ óçìåßá �ïõ S,ðïõ âñßóêïí�áé óå áðüó�áóç s =

∣
∣
∣
−−→AB ∣

∣
∣ = |a| êáé n �ï ìïíáäéáßï äéÜíõóìáêá�Ü �ç äéåýèõíóç −−→AB = a, ç êá�åõèõíüìåíç ðáñÜãùãïò �çò f ó�ï óçìåßïA óõìâïëßæå�áé ìå (Dnf)A = d fd s ∣∣∣n; A êáé ïñßæå�áé áðü �çí ðáñáêÜ�ù ïñéáêÞ�éìÞ

(Dnf)A =
d fd s ∣∣∣∣n; A = lims→ 0

f (x1; y1)− f (x0; y0)s ;áí�ßó�ïé÷á (5.3 - 2)
(Dnf)A =

d fd s ∣∣∣∣n; A = lims→ 0

f (x1; y1; z1)− f (x0; y0; z0)s ;åöüóïí õðÜñ÷åé.Ïñéóìüò 5.3 - 3. ¸ó�ù ç óõíÜñ�çóç f(x; y) |S ⊆ ℜ 2, áí�ßó�ïé÷á f(x; y; z)
|S ⊆ ℜ 3 ìå S áíïéê�ü óýíïëï, ðïõ õðï�ßèå�áé ü�é ç Ý÷åé ðñþ�çò �ÜîçòìåñéêÝò ðáñáãþãïõò ó�ï S. Áí ç êá�åõèõíüìåíç ðáñÜãùãïò �çò f õðÜñ÷åéóå êÜèå óçìåßï A (x0; y0), áí�ßó�ïé÷á A (x0; y0; z0) �ïõ S, �ü�å ëÝãå�áé ü�éõðÜñ÷åé ç êá�åõèõíüìåíç ðáñÜãùãïò (dire
tional derivative) �çò f ó�ï S êáéóõìâïëßæå�áé áõ�ü ìå Dnf =

(d fd s)n : (5.3 - 3)�áñá�Þñçóåéò 5.3 - 1i) Ç (5:3 − 2) ïñßæåé �ï óõí�åëåó�Þ ìå�áâïëÞò �çò f ó�ï óçìåßï A êá�Ü�ç äéåýèõíóç �ïõ ìïíáäéáßïõ äéáíýóìá�ïò n.ii) Ï �åëåó�Þò dd s ó�çí ðåñßð�ùóç áõ�Þ Ý÷åé åñìçíåßá áíÜëïãç �ùí �åëåó�þídd x êáé �� x , åíþ �ï áðåéñïó�ü d s, üðùò �ï áí�ßó�ïé÷ï d x, ïñßæå�áé áðü�ï üñéï lim s→ 0 s (âëÝðå ãåùìå�ñéêÞ åñìçíåßá ðáñáãþãïõ óõíÜñ�çóçòìéáò ìå�áâëç�Þò).



Êëßóç óõíÜñ�çóçò 9iii) Ç (5:3 − 1), áí�ßó�ïé÷á ç (5:3 − 2) åßíáé ðñáãìá�éêïß áñéèìïß, åíþ ç
(5:3 − 3) óõíÜñ�çóç (âëÝðå �áñÜäåéãìá 5.4 - 3).Ó�çí åðüìåíç ðáñÜãñáöï èá ãßíåé ï õðïëïãéóìüò �çò êá�åõèõíüìåíçòðáñáãþãïõ.5.4 Êëßóç óõíÜñ�çóçòÓýìöùíá ìå �çí (5:1 − 1), áírA = x0 i+ y0 j+ z0 k = 〈x0; y0; z0〉�ï äéÜíõóìá èÝóçò �ïõ óçìåßïõ A (x0; y0; z0), �ü�å Ý÷ïí�áò õð' üøéí êáé �ïíêáíüíá �ïõ ðáñáëëçëïãñÜììïõ ãéá �çí ðñüóèåóç äéáíõóìÜ�ùí �ï äéÜíõóìáèÝóçò rB �ïõ óçìåßïõ Â (x1; y1; z1) èá äßíå�áé áðü �ç ó÷ÝóçrB = rA + snü�áí n = 〈n1; n2; n3〉 �ï ìïíáäéáßï äéÜíõóìá êá�Ü �ç äéåýèõíóç −−→AB = a êáés = ∣
∣
∣
−−→AB ∣

∣
∣. ¢ñá (âëÝðå Ó÷. 5.4 - 1 ãéá �çí áí�ßó�ïé÷ç ðåñßð�ùóç ó�ï ℜ 2)r = rA + sn (5.4 - 1)

= (x0 + s n1) i+ (y0 + s n2) j+ (z0 + s n3)k
= x(s) i + y(s) j+ z(s)k = r(s):Ôü�å áðü �çí (5:4 − 1) ðñïêýð�åé ü�éd rd s =
dd s (rA + sn)

=
dd s (x0 + s n1) i+ dd s (y0 + s n2) j+ dd s (z0 + s n3)k

= n1 i+ n2 j+ n3 k = n: (5.4 - 2)Åöáñìüæïí�áò �ïí �ýðï (5:4−4) �ïõ ÈåùñÞìá�ïò 5.4 - 1 ãéá �ïí áëõóéäù�üêáíüíá ðáñáãþãéóçò óýíèå�çò óõíÜñ�çóçò2 êáé õðïèÝ�ïí�áò ü�é ç f Ý÷åé2
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Ó÷Þìá 5.4 - 1: Ç Åîßóùóç (5:4−2) ó�ï ℜ 2 üðïõ rA �ï êüêêéíï, n �ï ðñÜóéíïêáé a �ï ìðëå äéÜíõóìá�ïõëÜ÷éó�ïí 1çò �Üîçò ìåñéêÝò ðáñáãþãïõò ó�ï S óýìöùíá êáé ìå �éò (5:4−1)êáé (5:4− 2) Ý÷ïõìå
(d fd s)n =

�f�x d x(s)d s +
�f�y d y(s)d s +

�f�z d z(s)d s
=

(�f�x i+ �f�y j+ �f�z k) ·
(d x(s)d s i+ d y(s)d s j+ d z(s)d s k)Èåþñçìá 5.4 - 1 ¸ó�ù ç óõíÜñ�çóç f (x; y) |S ⊆ ℜ 2, áí�ßó�ïé÷á f (x; y; z) |S ⊆ ℜ 3êáé x = x(s); y = y(s), áí�ßó�ïé÷á x = x(s); y = y(s); z = z(s) ãéá êÜèå s ∈ A ⊆ ℜ,üðïõ A áíïéê�ü óýíïëï ìå �éò áí�ßó�ïé÷åò �éìÝò �çò f íá áíÞêïõí ó�ï S ãéá êÜèå s ∈ Aêáé åðß ðëÝïí ü�é õðÜñ÷åé ç ðáñÜãùãïò �çò f ó�ï (x(s); y(s)), áí�ßó�ïé÷á (x(s); y(s); z(s))ãéá êÜèå s ∈ A. Ôü�å ç óõíÜñ�çóç f = f(s) ðáñáãùãßæå�áé ó�ï s êáé éó÷ýåéd f(t)d s =

�f�x dxd s +
�f�y dyd s = fx dxd s + fy dyd s ; (5.4 - 3)áí�ßó�ïé÷ád f(t)d s =

�f�x dxd s +
�f�y dyd s +

�f�z dzd s = fx dxd s + fy dyd s + fz dzd s : (5.4 - 4)



Êëßóç óõíÜñ�çóçò 11
=

[( ��x i+ ��y j+ ��zk) f] ·  dd s (5:4−1)
︷ ︸︸ ︷

(x(s) i+ y(s) j + z(s)k) 
= (∇ f) · (5:4−2)

︷ ︸︸ ︷d r(s)d s = (∇ f) · n (5.4 - 5)üðïõ �ï óýìâïëï ∇ ïñßæå�áé ùò åîÞò:Ïñéóìüò 5.4 - 1 (äéáöïñéêüò �åëåó�Þò). Ïñßæå�áé óáí äéáöïñéêüò �åëåó�Þò(del) ó�ï ℜ 2 ï
∇ =

��x i+ ��y j = 〈 ��x ; ��y〉 ; (5.4 - 6)åíþ ó�ï ℜ 3 ï
∇ =

��x i+ ��y j+ ��zk =

〈 ��x ; ��y ; ��z〉 : (5.4 - 7)Áðü �çí (5:4 − 5) êáé �éò (5:4 − 6), áí�ßó�ïé÷á (5:4 − 7) Ý÷ïõìå �ïíðáñáêÜ�ù �ýðï õðïëïãéóìïý �çò êá�åõèõíüìåíçò ðáñáãþãïõDnf =

(d fd s)n = (∇ f) · n = 〈fx; fy〉 · 〈n1; n2〉
= fx n1 + fy n2; (5.4 - 8)áí�ßó�ïé÷áDnf =

(d fd s)n = (∇ f) · n = 〈fx; fy; fz〉 · 〈n1; n2; n3〉
= fx n1 + fy n2 + fz n3: (5.4 - 9)Ôï áíÜäåë�á∇ (nabla), åßíáé Ýíá óõìâïëéêü äéÜíõóìá ìå ðïëëÝò åöáñìïãÝòó�çí ðåñéãñáöÞ �ùí åîéóþóåùí äéáöüñùí ðñïâëçìÜ�ùí üðùò �ïõ çëåê�ñïìáãíç-�éêïý ðåäßïõ (åîéóþóåéò �ïõ Maxwell)3, õäñïäõíáìéêÞò, êõìá�éêÞò, ê.ëð. êáéÝ÷åé éäéü�ç�åò áíÜëïãåò ìå åêåßíåò �ùí ãíùó�þí äéáíõóìÜ�ùí.Óýìöùíá �þñá êáé ìå �ïõò �ýðïõò (5:4− 8), áí�ßó�ïé÷á (5:4− 9) ç êëßóçåíüò âáèìù�ïý ðåäßïõ ïñßæå�áé ó�ç óõíÝ÷åéá ùò åîÞò:3ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜ�óïò [1℄ Êåö. 4.



12 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïòÏñéóìüò 5.4 - 2 (êëßóç). ¸ó�ù ç óõíÜñ�çóç f(x; y)|S ⊆ ℜ 2, áí�ßó�ïé÷áf(x; y; z)|S ⊆ ℜ 3 ìå S áíïéê�ü óýíïëï, ðïõ Ý÷åé �ïõëÜ÷éó�ïí 1çò �ÜîçòìåñéêÝò ðáñáãþãïõò ó�ï S. Ôü�å ïñßæå�áé óáí êëßóç (gradient) �çò f çäéáíõóìá�éêÞ óõíÜñ�çóçgrad f = ∇f = fx i+ fy j = 〈fx ; fy〉 ; (5.4 - 10)áí�ßó�ïé÷ágrad f = ∇f = fx i+ fy j+ fz k = 〈fx ; fy ; fz〉 : (5.4 - 11)
�áñá�Þñçóåéò 5.4 - 1i) Óýìöùíá ìå �ïí Ïñéóìü 5.4 - 2 ç êëßóç åöáñìüæå�áé óå âáèìù�ÞóõíÜñ�çóç, äçëáäÞ óõíÜñ�çóç ðïõ ðåñéãñÜöåé âáèìù�ü ðåäßï êáé äçìéïõñãåß�ç äéáíõóìá�éêÞ óõíÜñ�çóç∇f , äçëáäÞ óõíÜñ�çóç ðïõ ðåñéãñÜöåé äéáíõóìá�éêüðåäßï. Åßíáé ðñïöáíÝò ü�é ç êëßóç óå óçìåßï ∇f |A åßíáé äéÜíõóìá.ii Ìå �ç âïÞèåéá �çò êëßóçò ïé áíáãêáßåò óõíèÞêåò ãéá �çí ýðáñîç áêñü�á�ùí�çò óõíÜñ�çóçò f(x; y) áí�ßó�ïé÷á �çò f(x; y; z) ãñÜöïí�áé

∇f = 〈fx ; fy〉 = 0;áí�ßó�ïé÷á
∇f = 〈fx ; fy ; fz〉 = 0:Éäéü�ç�åò¸ó�ù f; g|S ⊆ ℜ 2, áí�ßó�ïé÷á f; g|S ⊆ ℜ 3 êáé ë ∈ ℜ ó�áèåñÜ. Ôü�å:



Êëßóç óõíÜñ�çóçò 13Êá�åõèõíüìåíçò ðáñáãþãïõ Êëßóçò1. Dnf = 0 ∇f = 0, ü�áí f ó�áèåñÜ2. Dn (f + g) = Dnf +Dng ∇ (f + g) = ∇f +∇g3. Dn (f g) = f Dn g + g Dnf ∇ (f g) = f∇g + g∇f4. Dn (ëf) = ëDnf ∇ (ëf) = ë∇f5. Dn (fg) =
gDn f − fDn gg2 ∇

(fg) =
g∇f − f∇gg2 , ü�áí g (x) 6= 0.Ç áðüäåéîç �ùí éäéï�Þ�ùí áöÞíå�áé óáí Üóêçóç.�áñÜäåéãìá 5.4 - 1Áí f(x; y; z) = 3x2y − y3z2;íá õðïëïãéó�åß ç êëßóç ó�ï óçìåßï P (1;−2;−1).Ëýóç. Åßíáéfx = 6xy; fy = 3x2 − 3y2z2 êáé fz = −2y3z:¢ñá (Ó÷. 5.4 - 2a)

∇f = 6xy i+ 3
(x2 − y2z2) j− 2y3z k;ïðü�å (Ó÷. 5.4 - 2b)

∇fP (1;−2;−1) = −12 i− 9 j− 16k = 〈−12;−9;−16〉:
�áñÜäåéãìá 5.4 - 2¼ìïéá, áí f(x; y; z) = ln |r| ;
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(b)Ó÷Þìá 5.4 - 2: (á) Ç ãñáöéêÞ ðáñÜó�áóç �çò êëßóçò ∇f = 6xy i +
3
(x2 − y2z2) j − 2y3z k, ü�áí x; y; z ∈ [−1; 1] êáé (b) �ï äéÜíõóìá

∇fP (1;−2;−1) = −12 i− 9 j− 16k = 〈−12;−9;−16〉üðïõ r äéÜíõóìá èÝóçò, íá õðïëïãéó�åß ç êëßóç �çò f .Ëýóç. ÅðåéäÞ
|r| = r = (x2 + y2 + z2)1=2 åßíáé f(x; y; z) = 1

2
ln
(x2 + y2 + z2) :Ôü�å fx =

1

2

2x
︷ ︸︸ ︷
(x2 + y2 + z2)xx2 + y2 + z2 =

xx2 + y2 + z2 ;åíþ ëüãù �çò óõììå�ñßáò �çò f áíÜëïãïé �ýðïé õðïëïãßæïí�áé ãéá �éò ðáñáãþãïõòfy êáé fz. ¢ñá
∇f = fx i+ fy j+ fz k =

x i+ y j+ z kx2 + y2 + z2 =
rr2 :



Êëßóç óõíÜñ�çóçò 15�áñÜäåéãìá 5.4 - 3Íá õðïëïãéó�åß ç êá�åõèõíüìåíç ðáñÜãùãïò �çò óõíÜñ�çóçòf(x; y; z) = x2 + 2y2 + 3z2ó�ï óçìåßï P (2; 1; 3) êá�Ü �ç äéåýèõíóç �ïõ äéáíýóìá�ïò á = i− 2 j.Ëýóç. Áñ÷éêÜ õðïëïãßæå�áé ç êëßóç �çò f ùò åîÞò:
∇f = fx i+ fy j+ fz k = 2x i+ 4y j+ 6z k; (1)ïðü�å ó�ï óçìåßï P (2; 1; 3) èá Ý÷ïõìå

∇f |P (2;1;3) = 2 · 2 i+ 4 · 1 j+ 6 · 3k = 4 i+ 4 j+ 18k = 〈4; 4; 18〉: (2)Ôï ìïíáäéáßï äéÜíõóìá n êá�Ü �ç äéåýèõíóç �ïõ äéáíýóìá�ïò á åßíáén =
á
|á| = i− 2 j√

12 + 22
=

1√
5
i− 2√

5
j = 〈

1√
5
;− 2√

5

〉 : (3)ÅðïìÝíùò óýìöùíá êáé ìå �ç ãíùó�Þ éäéü�ç�á �ïõ åóù�åñéêïý ãéíïìÝíïõáðü �éò (2) êáé (3) ðñïêýð�åé
(Dnf)P (2;1;3) = (4i+ 4j+ 18k) · ( 1√

5
i− 2√

5
j)

= 〈4; 4; 18〉 · 〈 1√
5
;− 2√

5
; 0〉 =

4 · 1√
5

+
4 · (−2)√

5
+ 18 · 0

= − 4√
5

≈ −1:78885;äçëáäÞ óýìöùíá êáé ìå �éò �áñá�çñÞóåéò 5.3 - 1 (iii) ðñáãìá�éêüò áñéèìüò.¸ó�ù �þñá ü�é æç�åß�áé ç êá�åõèõíüìåíç ðáñÜãùãïò êá�Ü �ç äéåýèõíóç�ïõ äéáíýóìá�ïò á = i − 2 j ãåíéêÜ êáé ü÷é óå óõãêåêñéìÝíï óçìåßï. Ôü�åáðü �çí (1) êáé �çí (3) Ý÷ïõìåDnf = (2x i+ 4y j+ 6z k) · ( 1√
5
i− 2√

5
j)

= 〈2x; 4y; 6z〉 · 〈 1√
5
;− 2√

5
; 0〉 =

2x · 1√
5

+
4y · (−2)√

5
+ 6z · 0

=
2√
5
(x− 4y) ;



16 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïòäçëáäÞ üìïéá óýìöùíá ìå �éò �áñá�çñÞóåéò 5.3 - 1 (iii) âáèìù�Þ óõíÜñ�çóç.�áñÜäåéãìá 5.4 - 4¼ìïéá �çò óõíÜñ�çóçò f(x; y) = x exy + yó�ï óçìåßï P (2; 0) êá�Ü �ç äéåýèõíóç �çò ãùíßáò è = 2�=3.Ëýóç. �éá �ïí õðïëïãéóìü �çò êëßóç �çò f Ý÷ïõìåfx =

1
︷︸︸︷

(x)x exy + x y
︷ ︸︸ ︷

(xy)x exy = (1 + xy) exy;fy = x x
︷ ︸︸ ︷

(xy)y exy + 1 = x2exy + 1; ïðü�å
∇f = (1 + xy) exy i+ (x2exy + 1

) j:¢ñá ó�ï óçìåßï P (2; 0) èá åßíáé
∇f |P (2;0) = (1 + 0)e0 i+ (1 + 22e0) j = i+ 5 j = 〈1; 5〉:Ôï äéÜíõóìá êá�Ü �ç äéåýèõíóç �çò ãùíßáò è = 2�=3 åßíáéa = cos è i+ sin è j = cos

2�
3
i+ sin

2�
3
j = − 1

2
i+ √

3

2
j = 〈

− 1

2
; √3

2

〉üðïõ ðñïöáíþò |a| = (

− 1
2

)2
+
(√

3
2

)2
= 1. Ôü�å �ï ìïíáäéáßï äéÜíõóìá nêá�Ü �ç äéåýèõíóç �ïõ a åßíáén =

á
|á| = − 1

2
i+ √

3

2
j = 〈

− 1

2
; √3

2

〉 :ÅðïìÝíùò
(Dnf)P (2;0) = (i+ 5 j) · (− 1

2
i+ √

3

2
j) = 〈1; 5〉 ·〈− 1

2
; √3

2

〉

= 1 ·
(

−1

2

)

+ 5 ·
(√

3

2

)

=
5
√
3− 1

2
≈ 3:830127:



Êëßóç óõíÜñ�çóçò 17Óçìåßùóç 5.4 - 1�åíéêü�åñá �ï äéÜíõóìá a êá�Ü �ç äéåýèõíóç �çò ãùíßáò è åßíáéa = cos è i+ sin è j = 〈cos è ; sin è〉üðïõ ðñïöáíþò |a| = 1, ïðü�å �ï ìïíáäéáßï äéÜíõóìá n = a.�ñü�áóç 5.4 - 1. Ç ìÝãéó�ç �éìÞ �çò êá�åõèõíüìåíçò ðáñáãþãïõ Dnfìéáò óõíÜñ�çóçò f êá�Ü �ç äéåýèõíóç n éóïý�áé ìå |∇ f | êáé óõìâáßíåé,ü�áí �á ∇ f êáé n Ý÷ïõí �çí ßäéá äéåýèõíóç.Áðüäåéîç. ¸ó�ù è ç ãùíßá �ùí ∇ f êáé n. Ôü�å áðü �çí (5:4−5), óýìöùíáêáé ìå �ïí ïñéóìü �ïõ åóù�åñéêïý ãéíïìÝíïõ Ý÷ïõìåDnf = ∇f · n = |∇ f | |n| cos � = |∇ f | cos è: (5.4 - 12)¢ñá �ï ìÝãéó�ï óõìâáßíåé, ü�áí cos è = 1 Þ è = 0, äçëáäÞ �á ∇ f êáé nÝ÷ïõí �çí ßäéá äéåýèõíóç êáé ç ìÝãéó�ç �éìÞ ðñïöáíþò éóïý�áé ìå |∇ f |.�áñÜäåéãìá 5.4 - 5Áí �ï ýøïò h åíüò ëüöïõ äßíå�áé áðü �ïí �ýðïh = 1000 − 0:01x2 − 0:02y2;íá õðïëïãéó�åß ç äéåýèõíóç �çò ìÝãéó�çò ìå�áâïëÞò ó�ï óçìåßï (60; 100) êáéç �éìÞ �ïõ.Ëýóç. ¸ó�ù f(x; y) = 1000 − 0:01x2 − 0:02y2:Ôü�å óýìöùíá ìå �çí �ñü�áóç 5.4 - 1 ç ìÝãéó�ç ìå�áâïëÞ ãßíå�áé ó�çäéåýèõíóç
∇f = fx i+ fy j = 〈fx; fy〉 = 〈−0:02x;−0:04 y〉 ;ïðü�å ó�ï óçìåßï (60; 100) ç äéåýèõíóç åßíáé

∇f |(60;100) = ∇f(60; 100) = −1:2 i− 4 j = 〈−1:2;−4〉ìå �éìÞ |∇f(60; 100)| = √

(−1:2)2 + (−4)2 ≈ 4:176.



18 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 5.4 - 6¼ìïéá �çò óõíÜñ�çóçòf(x; y; z) = (x+ y)2 + (y + z)2 + (z + x)2ó�ï óçìåßï (2;−1; 2).Ëýóç. ¸÷ïõìå fx = 4x + 2y + 2z êáé ëüãù �çò óõììå�ñßáò �çò f èá åßíáéfy = 4y + 2z + 2x êáé fz = 4z + 2x+ 2y. ¢ñá
∇f = fx i+ fy j+ fz k = 〈4x+ 2y + 2z; 4y + 2z + 2x; 4z + 2x+ 2y〉 ;ïðü�å ó�ï óçìåßï (2;−1; 2) ç äéåýèõíóç åßíáé

∇f(2;−1; 2) = 10 i+ 4 j+ 10k = 〈10; 4; 10〉ìå �éìÞ |∇f(2;−1; 2)| = √
102 + 42 + 102 ≈ 14:69694.�ñü�áóç 5.4 - 2. Ôï äéÜíõóìá �çò êëßóçò ∇f (x0; y0) åßíáé êÜèå�ï ó�çíåðéöÜíåéá f (x; y)− k = 0 ó�ï óçìåßï (x0; y0), áí�ßó�ïé÷á �ï ∇f (x0; y0; z0)ó�çí f (x; y; z) − k = 0 ó�ï (x0; y0; z0). (Ó÷. 5.4 - 3)¢ìåóç óõíÝðåéá �çò �ñü�áóçò 5.4 - 2 åßíáé �ï ðüñéóìá:�üñéóìá 5.4 - 1. Ôï åöáð�üìåíï åðßðåäï ó�çí åðéöÜíåéá f (x; y) − k = 0ó�ï óçìåßï (x0; y0), áí�ßó�ïé÷á ó�çí f (x; y; z)− k = 0 ó�ï (x0; y0; z0) åßíáéêÜèå�ï ó�ï äéÜíõóìá �çò êëßóçò ∇f (x0; y0), áí�ßó�ïé÷á ∇f (x0; y0).Óýìöùíá ìå �ï ðáñáðÜíù ðüñéóìá áðïäåéêíýå�áé ü�é:�üñéóìá 5.4 - 2. ¸ó�ù �ï åðßðåäï ð ìå åîßóùóç f(x; y; z) = Ax + By +Cy +D = 0. Ôü�å �ï äéÜíõóìá ∇f = 〈A;B;C〉 åßíáé êÜèå�ï ó�ï ð.�áñÜäåéãìá 5.4 - 7Íá äåé÷èåß ü�é ç êá�åõèõíüìåíç ðáñÜãùãïò �çò g(x; y) = y2x óå êÜèå óçìåßï�çò Ýëëåéøçò 2x2+y2 = 1, ìå x 6= 0, ó�çí êá�åýèõíóç �ïõ ìïíáäéáßïõ êÜèå�ïõó�çí Ýëëåéøç ó�ï óçìåßï áõ�ü åßíáé ßóç ìå ìçäÝí.Ëýóç. ¸ó�ù P = P (x0; y0) �õ÷üí óçìåßï �çò Ýëëåéøçò. Óýìöùíá ìå �çí
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Ó÷Þìá 5.4 - 3: Ôï äéÜíõóìá �çò êëßóçò åßíáé êÜèå�ï ó�çí åðéöÜíåéá êáé ó�ïåöáð�üìåíï åðßðåäï�ñü�áóç 5.4 - 2 �ï äéÜíõóìá �çò êëßóçò ∇f (x0; y0) åßíáé êÜèå�ï ó�çí Ýëëåéøçf(x; y) = 2x2 + y2 − 1 ó�ï óçìåßï áõ�ü. Ôü�å, åðåéäÞ
∇f (x0; y0) = 〈fx; fy〉 = 〈4x0; 2 y0〉 ;�ï áí�ßó�ïé÷ï ìïíáäéáßï n = 〈n1; n2〉 éóïý�áé ìån =

4x0 i+ 2 y0 j
√

16x20 + 4 y20 =
4x0 i+ 2 y0 j
2
√

4x20 + y20
=

〈

2x0
√

4x20 + y20 ; y0
√

4x20 + y20〉 = 〈n1; n2〉 (1)Ç êëßóç �çò óõíÜñ�çóçò g(x; y) ó�ï óçìåßï (x0; y0) åßíáé
∇g (x0; y0) = 〈gx; gy〉 = 〈

−y20x20 ; 2 y0x0 〉 : (2)Áðü �éò (1) êáé (2) óýìöùíá êáé ìå �çí (5:4 − 8) - �ýðïò õðïëïãéóìïý -ðñïêýð�åé ü�é
(Dng)P (x0;y0) = 2x0

√

4x20 + y20 (−y20x20)+
y0

√

4x20 + y20 2 y0x0 = 0;äçëáäÞ ç áðïäåéê�Ýá.



20 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò5.4.1 Óõí�çñïýìåíá äéáíõóìá�éêÜ ðåäßáÔá ðåäßá áõ�Ü óõíáí�þí�áé ó�ç ÖõóéêÞ êáé åöáñìïãÝò �ùí èá äïèïýí ó�áåðéêáìðýëéá ïëïêëçñþìá�á.Ïñéóìüò 5.4 - 3 (óõí�çñïýìåíï ðåäßï). Ôï äéáíõóìá�éêü ðåäßï ðïõ ðåñé-ãñÜöå�áé áðü �ç äéáíõóìá�éêÞ óõíÜñ�çóç F èá ëÝãå�áé óõí�çñïýìåíï (
on-servative �eld), ü�áí F = ∇ö: (5.4 - 15)Ó�éò ðåñéð�þóåéò áõ�Ýò ç âáèìù�Þ óõíÜñ�çóç ö ïñßæå�áé óáí �ï äõíáìéêü(potential) �ïõ äéáíõóìá�éêïý ðåäßïõ.�áñÜäåéãìá 5.4 - 8¸ó�ù �ï äéáíõóìá�éêü ðåäßï ðïõ ðåñéãñÜöå�áé áðü �ç äéáíõóìá�éêÞ óõíÜñ�çóçF(x; y; z) = xi+ yj+ zk. Æç�åß�áé íá õðïëïãéó�åß �ï äõíáìéêü �ïõ, åöüóïíõðÜñ÷åé.Ëýóç. ¸ó�ù ö(x; y; z) �ï äõíáìéêü �ïõ ðåäßïõ. Ôü�åF = x i+ y j+ z k = ∇ö = öx i+ öy j+ öz k;ïðü�å öx = x; öy = y êáé öz = z;äçëáäÞ dö = öx dx+ öy dy + öz dz = x dx+ y dy + z dz
=

1

2

(x2 + y2 + z2)x dx+
1

2

(x2 + y2 + z2)y dy
+
1

2

(x2 + y2 + z2)z dz = d (x2 + y2 + z2) :¢ñá ö(x; y; z) = x2 + y2 + z2 + 
;ü�áí 
 ó�áèåñÜ.
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False

Ó÷Þìá 5.4 - 4: �áñÜäåéãìá 5.4 - 9: ç ìïñöÞ �ïõ ðåäßïõ Coulomb�áñÜäåéãìá 5.4 - 9¸ó�ù �ï ðåäßï Coulomb (Ó÷. 5.4 - 4), ðïõ ðåñéãñÜöå�áé áðü �ç äéáíõóìá�éêÞóõíÜñ�çóç F =
qq′
4ðå0 rr3 =

qq′
4ðå0 x i+ y j+ z k

(x2 + y2 + z2)3=2 :Ôü�å ç F åßíáé äõíá�üí íá èåùñçèåß óáí ç êëßóç �çò âáèìù�Þò óõíÜñ�çóçòö = ö(x; y; z) = − qq′
4ðå0 1r = − qq′

4ðå0 (x2 + y2 + z2)−1=2 ;ïðü�å ç ö ïñßæåé ó�çí ðåñßð�ùóç áõ�Þ �ï äõíáìéêü �ïõ ðåäßïõ Coulomb.Åßíáé ðñïöáíÝò ü�é õðÜñ÷ïõí êáé äéáíõóìá�éêÜ ðåäßá ðïõ äåí åßíáé ïéêëßóåéò âáèìù�þí ðåäßùí. Ôïõ åßäïõò áõ�ïý �á ðåäßá ëÝãïí�áé ìç óõí�çñïý-ìåíá.ÁóêÞóåéò1. Íá õðïëïãéó�åß ç êëßóç �ùí ðáñáêÜ�ù óõíáñ�Þóåùíi) ex sin y vi) e−x2 − y1=2ii) ln
(x2 + y2 − z2) vii) sin

(x2 + y2)− z2



22 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò2. Íá õðïëïãéó�åß ç äéåõèõíüìåíç ðáñÜãùãïò �ùí ðáñáêÜ�ù óõíáñ�Þóåùí fó�ï óçìåßï P êá�Ü �ç äéåýèõíóç �ïõ äéáíýóìá�ïò a, ü�áíi) f = x2 + y2 + z2, P (1; 2; 3), a = i+ j− kii) f = ex−y, P (0;−1), a = i+ 2 jiii) f = ex cos 2y, P (1; �; 0), á = i+ k.3. Íá âñåèåß ç ó�áèåñÜ 
, Ý�óé þó�å óå êÜèå óçìåßï �ïìÞò �ùí äýï óöáéñþí
(x− 
)2 + y2 + z2 = 3; x2 + (y − 1)2 + z2 = 1�á áí�ßó�ïé÷á åöáð�üìåíá åðßðåäá íá åßíáé êÜèå�á ìå�áîý �ïõò.4. Íá âñåèåß ï ãåùìå�ñéêüò �üðïò �ùí óçìåßùí �çò åðéöÜíåéáò (y + z)2 +

(z − x)2 = 16, ó�á ïðïßá ç åõèåßá ðïõ åßíáé êÜèå�ç ó�çí åðéöÜíåéá, íá åßíáéðáñÜëëçëç ó�ï yz-åðßðåäï.5. Íá âñåèïýí �á a; b; 
, Ý�óé þó�å ïé óöáßñåò
(x− b)2 + (y − b)2 + (z − 
)2 = 1 êáé x2 + y2 + z2 = 1íá �Ýìíïí�áé êÜèå�á.5.5 ÁðüêëéóçÏñéóìüò 5.5 - 1 (áðüêëéóç). ¸ó�ù Ýíá äéáíõóìá�éêü ðåäßï ðïõ ðåñéãñÜöå-�áé áðü �ç äéáíõóìá�éêÞ óõíÜñ�çóç F = P i+Qj+Rk, ü�áí P , Q êáé R ïéóõíéó�þóåò �çò F ùò ðñïò �ï ïñèïãþíéï óýó�çìá áîüíùí Oxyz êáé ü�é ç FÝ÷åé �ïõëÜ÷éó�ïí ðñþ�çò �Üîçò ìåñéêÝò ðáñáãþãïõò óå êÜèå óçìåßï (x; y; z)�ïõ ðåäßïõ ïñéóìïý �çò. Ôü�å ïñßæå�áé óáí áðüêëéóç (divergen
e) �çò F êáéóõìâïëßæå�áé ìå divF Þ ∇ · F, ç âáèìù�Þ óõíÜñ�çóçdivF = ∇ · F =

�P�x +
�Q�y +

�R�z : (5.5 - 1)Áí�ßó�ïé÷ïò ïñéóìüò äßíå�áé ü�áí F = P i+Qj.Óçìåßùóç 5.5 - 1Åßíáé ∇ ·F 6= F · ∇, äéáöïñå�éêÜ �ï ∇ ·F åßíáé óõìâïëéóìüò êáé äåí Ý÷åé �çíÝííïéá �ïõ åóù�åñéêïý ãéíïìÝíïõ.



Ôåëåó�Þò Lapla
e 23Éäéü�ç�åò �çò áðüêëéóçòi) ∇ · (ëF+ ìG) = ë∇ · F+ ì∇ ·G ãéá êÜèå ë; ì ∈ ℜ,ii) ∇ · (fG) = (∇f) ·G+ f (∇ ·G) ; ü�áí ç f åßíáé âáèìù�Þ óõíÜñ�çóç.�áñÜäåéãìá 5.5 - 1Áí F = x2zi+ y2j− z3k, íá õðïëïãéóèåß ç áðüêëéóç ó�ï óçìåßï (1;−1; 2).Ëýóç. Åßíáé P (x; y; z) = x2z, Q(x; y; z) = y2 êáé R(x; y; z) = −z3, ïðü�å
∇ · F = 2xz + 2y − 3z2:Ôü�å ∇ · F(1;−1;2) = −10.5.6 Ôåëåó�Þò Lapla
e¸ó�ù ü�é ç óõíÜñ�çóç f(x; y; z) Ý÷åé ìåñéêÝò ðáñáãþãïõò �ïõëÜ÷éó�ïí 2çò�Üîçò óå êÜèå óçìåßï �ïõ ðåäßïõ ïñéóìïý �çò. Ôü�å ç êëßóç �çò åßíáé
∇f =

�f�x i+ �f�y j+ �f�z k;ïðü�å ãéá �çí áðüêëéóç �çò äéáíõóìá�éêÞò óõíÜñ�çóçò ∇f Ý÷ïõìå
∇ · (∇f) =

��x (�f�x)+
��y (�f�y)+

��z (�f�z)
=

�2f�x2 +
�2f�y2 +

�2f�z2 : (5.6 - 1)Äßíïí�áé ó�ç óõíÝ÷åéá ïé ðáñáêÜ�ù ïñéóìïß.Ïñéóìüò 5.6 - 1 (�åëåó�Þò Lapla
e). Ï �åëåó�Þò Lapla
e åßíáé Ýíáò äéáöïñéêüò�åëåó�Þò 2çò �Üîçò êáé ïñßæå�áé ó�ï ℜ 2 ùò åîÞò:
∆ = ∇ 2 =

�2�x2 +
�2�y2 ; (5.6 - 2)åíþ áí�ßó�ïé÷á ó�ï ℜ 3 ùò:

∆ = ∇ 2 =
�2�x2 +

�2�y2 +
�2�z2 : (5.6 - 3)



24 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïòÓýìöùíá êáé ìå �çí (5:6− 1) Ý÷ïõìå �ïí ðáñáêÜ�ù ïñéóìü.Ïñéóìüò 5.6 - 2 (Lapla
ian óõíÜñ�çóçò). ¸ó�ù ç óõíÜñ�çóç f(x; y)
|S ⊆ ℜ 2, áí�ßó�ïé÷á f(x; y; z)|S ⊆ ℜ 3 ìå S áíïéê�ü óýíïëï, ðïõ Ý÷åé�ïõëÜ÷éó�ïí 2çò �Üîçò ìåñéêÝò ðáñáãþãïõò ó�ï S. Ôü�å ç Lapla
ian �çòf ïñßæå�áé ùò

∇ · (∇f) = ∇ 2f = ∆f =
�2f�x2 +

�2f�y2 ; (5.6 - 4)áí�ßó�ïé÷á
∇ · (∇f) = ∇ 2f = ∆f =

�2f�x2 +
�2f�y2 +

�2f�z2 : (5.6 - 5)ÅéäéêÜ, ü�áí
∇ 2f = 0 (5.6 - 6)ç f ëÝãå�áé áñìïíéêÞ êáé ç (5:6 − 6) ïñßæåé �çí åîßóùóç �ïõ Lapla
e.5.7 Ó�ñïâéëéóìüòÏñéóìüò 5.7 - 1 (ó�ñïâéëéóìüò). ¸ó�ù Ýíá äéáíõóìá�éêü ðåäßï ðïõ ðåñé-ãñÜöå�áé áðü �ç äéáíõóìá�éêÞ óõíÜñ�çóç F = P i + Q j + Rk üðïõ P , Qêáé R ïé óõíéó�þóåò �çò F ùò ðñïò Ýíá ïñèïãþíéï óýó�çìá áîüíùí Oxyzêáé ãéá �çí ïðïßá õðï�ßèå�áé ü�é õðÜñ÷ïõí �ïõëÜ÷éó�ïí ïé ðñþ�çò �ÜîçòìåñéêÝò ðáñÜãùãïé óå êÜèå óçìåßï �ïõ ðåäßïõ ïñéóìïý �çò. Ôü�å ïñßæå�áéóáí ó�ñïâéëéóìüò (
url) �çò F êáé óõìâïëßæå�áé ìå 
urlF Þ rotF Þ êáé ∇×F,ç äéáíõóìá�éêÞ óõíÜñ�çóç

∇× F =
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i j k��x ��y ��zP Q R ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

: (5.7 - 1)Áðü �çí (5:7 − 1) ðñïêýð�åé ü�é4
∇× F = (Ry −Qz) i+ (Pz −Rx) j+ (Qx − Py)k: (5.7 - 2)4ÂëÝðå ÌÜèçìá: Äéáíõóìá�éêÝò Óõíáñ�Þóåéò ìéáò ìå�áâëç�Þò, Ïñéóìüò 4:1− 9.



Ó�ñïâéëéóìüò 25Éäéü�ç�åò �ïõ ó�ñïâéëéóìïýÏé ðåñéóóü�åñï ÷ñçóéìïðïéïýìåíåò åßíáé:i) ∇× (F+G) = ∇× F+∇×G,ii) ∇× (ëF) = ë∇× F ãéá êÜèå ë ∈ ℜ,iii) ∇× (∇f) = 0, äçëáäÞ ï ó�ñïâéëéóìüò �çò êëßóçò åßíáé ìçäÝí,iv) ∇ · (∇× F) = 0 ç áðüêëéóç �ïõ ó�ñïâéëéóìïý åßíáé ìçäÝíÇ áðüäåéîç áöÞíå�áé óáí Üóêçóç.�áñÜäåéãìá 5.7 - 1¸ó�ù F = yzi+ zxj+ 2xyk. Ôü�åP (x; y; z) = yz; Q(x; y; z) = zx êáé R(x; y; z) = 2xy;ïðü�å
∇×F =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

i j k��x ��y ��zyz xz 2xy ∣∣∣∣∣∣∣∣∣∣ = xi− yj;äçëáäÞ �ï äéÜíõóìá ∇× F áíÞêåé ó�ï xy-åðßðåäï.5.7.1 Áó�ñüâéëá äéáíõóìá�éêÜ ðåäßáÏñéóìüò 5.7 - 2 (áó�ñüâéëï ðåäßï). ¸ó�ù Ýíá äéáíõóìá�éêü ðåäßï ðïõðåñéãñÜöå�áé áðü �ç äéáíõóìá�éêÞ óõíÜñ�çóç F. Ôü�å �ï ðåäßï èá ëÝãå�áéáó�ñüâéëï (irrotational �eld), ü�áí éó÷ýåé
∇× F = 0: (5.7 - 3)Óå ïðïéáäÞðï�å Üëëç ðåñßð�ùóç �ï ðåäßï èá ëÝãå�áé ó�ñïâéëü (vortex �eld).



26 Äéáíõóìá�éêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜ�óïò�áñÜäåéãìá 5.7 - 2Ôï äéáíõóìá�éêü ðåäßïF = 4x3y3z2 i+ 3x4y2z2 j+ 2x4y3z kåßíáé áó�ñüâéëï, åðåéäÞ
∇× F =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

i j k��x ��y ��z
4x3y3z2 3x4y2z2 2x4y3z ∣∣∣∣∣∣∣∣∣∣ = 0:Áðïäåéêíýå�áé ü�é éó÷ýåé �ï ðáñáêÜ�ù èåþñçìá.Èåþñçìá 5.7 - 1. ¸íá äéáíõóìá�éêü ðåäßï åßíáé áó�ñüâéëï, ü�áí åßíáéóõí�çñïýìåíï êáé áí�ßó�ñïöá.ÅöáñìïãÝò �ïõ èåùñÞìá�ïò èá äïèïýí ó�ï ÌÜèçìá �ùí Åðéêáìðýëéùí ÏëïêëçñùìÜ�ùí.ÁóêÞóåéò1. Íá õðïëïãéó�åß ï ó�ñïâéëéóìüò �ùí äéáíõóìá�éêþí ðåäßùí ðïõ ðåñéãñÜöïí�áéáðü �éò ðáñáêÜ�ù äéáíõóìá�éêÝò óõíáñ�Þóåéò F:i) x2i+ y2j+ z2k,ii) xi+ yzj− (x2 + z2)k.2. Äåßî�å ü�é �ï ðáñáêÜ�ù ðåäßï åßíáé áó�ñüâéëïF = 6xyi + (3x2 − 3y2z2) j− 2y3zk:55Áðáãïñåýå�áé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ �ïõ ðáñüí�ïò ó�ï óýíïëü �ïõ Þ�ìçìÜ�ùí �ïõ ÷ùñßò �ç ãñáð�Þ Üäåéá �ïõ Êáè. Á. ÌðñÜ�óïõ.E-mail: bratsos�teiath.gr URL: http://users.teiath.gr/bratsos/
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