
ÌÜèçìá 7

ÐÑÏÓÅÃÃÉÓÇ

ÏËÏÊËÇÑÙÌÁÔÙÍ -

ÌÅÑÏÓ I

¼ìïéá, üðùò êáé óôï ÌÜèçìá 6, ç ðñïóÝããéóç ôçò ôéìÞò ôïõ ïñéóìÝíïõ

ïëïêëçñþìáôïò

I(f) =

b∫
a

f(x) dx

÷ñçóéìïðïéåßôáé óôéò ðáñáêÜôù ðåñéðôþóåéò:

i) üôáí ëüãù ôçò ðïëýðëïêçò ìïñöÞò ôïõ ôýðïõ ìéáò óõíÜñôçóçò åßíáé

áäýíáôïò ï èåùñçôéêüò õðïëïãéóìüò ôïõ, êáé

ii) üôáí äåí åßíáé ãíùóôüò ï ôýðïò ôçò óõíÜñôçóçò, áëëÜ ìüíïí ïé ôéìÝò

ôçò óå ïñéóìÝíá óçìåßá

Ïé ðñïóåããßóåéò ðïõ èá åîåôáóôïýí óôï ìÜèçìá áõôü âáóßæïíôáé óôïí

ôýðï ðáñåìâïëÞò ôïõ Newton. Óýìöùíá ìå ôïí áñéèìü êáé ôïí ôñüðï ðïõ

óõíäõÜæïíôáé ôá óçìåßá ðáñåìâïëÞò ðñïêýðôïõí ïé ìÝèïäïé õðïëïãéóìïý Þ

üðùò óõíÞèùò ëÝãïíôáé ïé êáíüíåò ïëïêëÞñùóçò.
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7.1 Áðëïß êáíüíåò ïëïêëÞñùóçò

ÁíÜëïãá ìå ôï èåùñïýìåíï áñéèìü ôùí óçìåßùí ðáñåìâïëÞò Ý÷ïõìå ôïõò

ðáñáêÜôù êáíüíåò.

7.1.1 Êáíüíáò ôïõ ïñèïãùíßïõ

ÅéóáãùãéêÝò Ýííïéåò

¸óôù ôï ïñéóìÝíï ïëïêëÞñùìá

I(f) =

b∫
a

f(x) dx (7.1.1 - 1)

üðïõ ç f(x) èåùñåßôáé üôé åßíáé ìßá óõíå÷Þò óõíÜñôçóç óôï [a; b] Þ ãåíéêüôåñá

óôçí ðåñßðôùóç ðïõ äåí åßíáé ãíùóôüò ï ôýðïò ôçò üôé åßíáé ãíùóôÝò ïé ôéìÝò

ôçò óôá n+ 1 äéáöïñåôéêÜ óçìåßá x0, x1, : : :, xn ôïõ [a; b]. Ôüôå, üðùò åßíáé

Þäç ãíùóôü, éó÷ýåé ï ðáñáêÜôù ôýðïò ðáñåìâïëÞò ôïõ Newton

f(x) ≈ Pn(x) = f [x0] + f [x0; x1] (x− x0) + : : : (7.1.1 - 2)

+f [x0; x1; : : : ; xn] (x− x0) · · · (x− xn−1) :

ÕðïèÝôïíôáò üôé f(x) > 0 ãéá êÜèå x ∈ [a; b], ôï ïëïêëÞñùìá (7:1:1− 1)

ãåùìåôñéêÜ éóïýôáé ìå ôï åìâáäüí ôïõ ó÷Þìáôïò ðïõ ïñßæåôáé áðü ôïí x-

Üîïíá, ôéò åõèåßåò x = a, x = b êáé ôï äéÜãñáììá ôçò y = f(x) (Ó÷. 7.1.1 -

1).

Óçìåßï ðáñåìâïëÞò : x0

ÅðåéäÞ õðÜñ÷åé Ýíá óçìåßï ðáñåìâïëÞò1, áðü ôçí (7:1:1 − 2) ðñïêýðôåé ôüôå

üôé

f(x) ≈ P0(x) = f [x0] = f (x0) ;

ïðüôå

I(f) =

b∫
a

f(x) dx ≈ f (x0)

b∫
a

dx = (b− a)f (x0) (7.1.1 - 3)

1¢ñá n + 1 = 0 + 1, ïðüôå n = 0 êáé åðïìÝíùò ôï ðïëõþíõìï ðáñåìâïëÞò èá åßíáé

ìçäåíéêïý âáèìïý. ÂëÝðå ÌÜèçìá 3 Èåþñçìá ôïõ Lagrange.
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Ó÷Þìá 7.1.1 - 1: ÃåùìåôñéêÞ åñìçíåßá ïñéóìÝíïõ ïëïêëçñþìáôïò
b∫
a
f(x) dx

ðïõ åßíáé ãíùóôüò óáí ï êáíüíáò ôïõ ïñèïãùíßïõ (rectangle rule).

ÁíÜëïãá ìå ôéò èÝóåéò ôïõ óçìåßïõ x0 äéáêñßíïõìå ôéò åîÞò ðåñéðôþóåéò:

• Áí x0 = a, áíôßóôïé÷á x0 = b, ôüôå áðü ôçí (7:1:1 − 3) Ý÷ïõìå (Ó÷.

7.1.1 - 2a)

I(f) =

b∫
a

f(x) dx ≈ (b− a)f(a); (7.1.1 - 4)

áíôßóôïé÷á (Ó÷. 7.1.1 - 2b)

I(f) =

b∫
a

f(x) dx ≈ (b− a)f(b): (7.1.1 - 5)

• ¸óôù ôþñá üôé x0 = (a+ b)=2. Ôüôå ç (7:1:1− 3) ãñÜöåôáé

I(f) =

b∫
a

f(x) dx ≈ (b− a)f

(
a+ b

2

)
(7.1.1 - 6)

ðïõ åßíáé ãíùóôüò óáí ï êáíüíáò ôïõ ìÝóïõ óçìåßïõ (midpoint rule).

(Ó÷. 7.1.1 - 3)
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(ii)

Ó÷Þìá 7.1.1 - 2: (i) ÐñïóÝããéóç (7:1:1 − 4) ìå: x0 = a, ya = f(a) êáé (ii)

(7:1:1− 5) ìå: x0 = b, yb = f(b). Ç ìðëå êáìðýëç äåß÷íåé ôï äéÜãñáììá ôçò

f(x)
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Ó÷Þìá 7.1.1 - 3: Êáíüíáò ôïõ ìÝóïõ óçìåßïõ (7:1:1 − 6) ìå: c = x0 = a+b
2

êáé yc = f(c). Ç ìðëå êáìðýëç äåß÷íåé ôï äéÜãñáììá ôçò f(x)

7.1.2 Êáíüíáò ôïõ ôñáðåæßïõ

Óçìåßá ðáñåìâïëÞò : x0, x1

Ôüôå, åðåéäÞ ôá óçìåßá ðáñåìâïëÞò åßíáé 2, áðü ôçí (7:1:1− 2) ðñïêýðôåé üôé

f(x) ≈ P1(x) = f (x0) + f [x0; x1] (x− x0) ;

äçëáäÞ ôï ðïëõþíõìï ðáñåìâïëÞò åßíáé 1ïõ âáèìïý, ïðüôå ðñüêåéôáé ãéá

åõèåßá ãñáììÞ. ÈÝôïíôáò (Ó÷. 7.1.2 - 1)

x0 = a; x1 = b êáé h = b− a;

áðü ôçí (7:1:1− 1) ôåëéêÜ ðñïêýðôåé üôé

I(f) ≈
b∫

a

P1(x) dx =
h

2
{f(a) + f(b)}: (7.1.2 - 1)
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Ó÷Þìá 7.1.2 - 1: Áðëüò êáíüíáò ôïõ ôñáðåæßïõ (7:1:2 − 1) ìå: x0 = a,

ya = f(a) êáé x1 = b, yb = f(b). Ç ìðëå êáìðýëç äåß÷íåé ôï äéÜãñáììá ôçò

f(x) êáé ç êüêêéíç ôïõ ðïëõùíýìïõ P1(x)

Ï ôýðïò (7:1:2−1) åßíáé ãíùóôüò óáí ï êáíüíáò ôïõ ôñáðåæßïõ (trapezoidal

rule).

7.1.3 Êáíüíáò ôïõ Simpson

Óçìåßá ðáñåìâïëÞò : x0, x1, x2

Ôüôå, åðåéäÞ ôá óçìåßá åßíáé 3, ôï ðïëõþíõìï ðáñåìâïëÞò åßíáé 2ïõ âáèìïý

(ðáñáâïëÞ), äçëáäÞ

f(x) ≈ P2(x) = f (x0) + f [x0; x1] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1) :

ÈÝôïíôáò (Ó÷. 7.1.3 - 1)

x0 = a; x1 =
a+ b

2
; x3 = b ìå h =

b− a

2

êáé áíôéêáèéóôþíôáò óôçí (7:1:1 − 1) ôåëéêÜ Ý÷ïõìå ôïí ðáñáêÜôù êáíüíá

ïëïêëÞñùóçò

I(f) ≈
b∫

a

P2(x) dx

=
b− a

6

{
f(a) + 4f

(
a+ b

2

)
+ f(b)

}

=
h

3
{f (x0) + 4f (x1) + f (x2)} (7.1.3 - 1)
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Ó÷Þìá 7.1.3 - 1: Áðëüò êáíüíáò ôïõ Simpson (7:1:2 − 1) ìå: x0 = a,

x1 = c = a+b
2 , x2 = b, ya = f(a), yc = f(c) êáé yb = f(b). Ç ìðëå êáìðýëç

äåß÷íåé ôï äéÜãñáììá ôçò f(x) êáé ç êüêêéíç ôïõ ðïëõùíýìïõ P2(x)

ðïõ åßíáé ãíùóôüò óáí ï êáíüíáò ôïõ Simpson2 (Simpson's rule).

7.1.4 Êáíüíáò ôùí 3/8

Óçìåßá ðáñåìâïëÞò : x0, x1, x2, x3

¼ìïéá, åðåéäÞ ôá óçìåßá åßíáé 4, ôï ðïëõþíõìï ðáñåìâïëÞò åßíáé 3ïõ âáèìïý,

äçëáäÞ

f(x) ≈ P3(x) = f (x0) + f [x0; x1] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1)

+f [x0; x1; x2; x3] (x− x0) (x− x1) (x− x2) :

Áêïëïõèþíôáò ðáñüìïéïõò õðïëïãéóìïýò ìå åêåßíïõò ôçò ÐáñáãñÜöïõ

7.1.3 èåùñþíôáò üôé ôï äéÜóôçìá [a; b] õðïäéáéñåßôáé óå 3 éóïáðÝ÷ïíôá äéáóôÞìá-

ôá áðü ôá óçìåßá (Ó÷. 7.1.4 - 1)

x0 = a; x1 = x0 +
a+ b

3
; x2 = x0 +

2(a+ b)

3
; x3 = b ìå h =

b− a

3

áðïäåéêíýåôáé üôé ï ôýðïò õðïëïãéóìïý ôïõ ïëïêëçñþìáôïò (7:1:1−1) ôåëéêÜ

ãñÜöåôáé ùò åîÞò:

I(f) ≈
b∫

a

P3(x) dx

2ÁêñéâÝóôåñá êáíüíáò ôïõ Simpson ìå 2ïõ âáèìïý ðïëõþíõìï ðáñåìâïëÞò (Simpson's

rule with quadratic interpolating polynomial).
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Ó÷Þìá 7.1.4 - 1: Áðëüò êáíüíáò ôùí 3=8 ôïõ Simpson (7:1:4−1) ìå: x0 = a,

x1 = c = a+b
3 , x2 = c = 2(a+b)

3 , x3 = b, ya = f(a) êáé yb = f(b). Ç ìðëå

êáìðýëç äåß÷íåé ôï äéÜãñáììá ôçò f(x) êáé ç êüêêéíç ôïõ ðïëõùíýìïõ P3(x)

=
3h

8
{f (x0) + 3f (x1) + 3f (x2) + f (x3)} : (7.1.4 - 1)

Ï ôýðïò (7:1:4 − 1) åßíáé ãíùóôüò óáí ï êáíüíáò ôùí 3=8 ôïõ Simpson

(Simpson's 3=8 rule).3

¼ëïé ïé ðáñáðÜíù êáíüíåò ïëïêëÞñùóçò åßíáé ãíùóôïß åðßóçò êáé óáí

êáíüíåò ïëïêëÞñùóçò ôùíNewton-Cotes (Newton-Cotes rules) êáé ÷áñáêôç-

ñéóôéêü ôïõò åßíáé ç ðñïóÝããéóç ôïõ ïëïêëçñþìáôïò (7:1:1−1) ìå éóïáðÝ÷ïíôá

óçìåßá. Ïé áíôßóôïé÷ïé ôýðïé ëÝãïíôáé ôüôå êáé ôýðïé ïëïêëÞñùóçò ôùí

Newton-Cotes (Newton-Cotes formulas).4

7.2 Óýíèåôïé êáíüíåò

Ç áêñßâåéá ôùí ôýðùí óôïõò áðëïýò êáíüíåò ïëïêëÞñùóçò åßíáé ðåñéïñéóìÝíç,

êõñßùò üôáí ôï äéÜóôçìá ïëïêëÞñùóçò åßíáé ìåãÜëï. ¸íáò ôñüðïò ãéá íá

Ý÷ïõìå êáëýôåñç áêñßâåéá åßíáé íá áõîçèåß ï áñéèìüò ôùí óçìåßùí ðáñåìâïëÞò,

ðïõ üìùò üðùò åßíáé öõóéêü èá äõóêïëÝøåé ðåñéóóüôåñï ôïí õðïëïãéóìü ôïõ

ôýðïõ. ¸íáò Üëëïò ôñüðïò ôüôå, ðïõ ðáñáêÜìðôåé ôéò äõóêïëßåò áõôÝò, åßíáé

íá õðïäéáéñåèåß êáôÜëëçëá ôï äéÜóôçìá ïëïêëÞñùóçò óå åðéìÝñïõò õðïäéáóôÞ-

ìáôá êáé íá åöáñìïóôåß Ýíáò áðü ôïõò ðáñáðÜíù êáíüíåò óå êáèÝíá áðü ôá

3Åðßóçò åßíáé ãíùóôüò êáé óáí êáíüíáò ôïõ Simpson ìå 3ïõ âáèìïý ðïëõþíõìï

ðáñåìâïëÞò (Simpson's rule with cubic interpolating polynomial).
4Ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [3] Êåö. 9.
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õðïäéáóôÞìáôá áõôÜ.

Ç ðáñáðÜíù äéáäéêáóßá, üôáí ãåíéêåõôåß, ïäçãåß óôïõò ëåãüìåíïõò óýíèå-

ôïõò êáíüíåò ïëïêëÞñùóçò (composite quadrature rules), ïé êõñéüôåñïé

ôùí ïðïßùí óõíáíôþíôáé óôéò åöáñìïãÝò äßíïíôáé óôç óõíÝ÷åéá.

7.2.1 Óýíèåôïò êáíüíáò ôïõ ôñáðåæßïõ

¸óôù üôé ôï äéÜóôçìá ïëïêëÞñùóçò [a; b] õðïäéáéñåßôáé óå N ôï ðëÞèïò

õðïäéáóôÞìáôá ðëÜôïõò (Ó÷. 7.2.1 - 1)

h =
b− a

N
áðü ôá N + 1 óçìåßá xi = a+ ih; i = 0; 1; : : : ; N:

Ôüôå óýìöùíá ìå ãíùóôÞ éäéüôçôá ôùí ïñéóìÝíùí ïëïêëçñùìÜôùí êáé ôïí

ôýðï (7:1:1− 1) Ý÷ïõìå

I(f) =

b=xN∫
a=x0

f(x) dx

=

x1∫
x0

f(x) dx+

x2∫
x1

f(x) dx+ : : :+

xN∫
xN−1

f(x) dx

≈ h

2
{f (x0) + f (x1)}+

h

2
{f (x1) + f (x2)}

+ : : :+
h

2
{f (xN−1) + f (xN )} ;

äçëáäÞ

I(f) ≈ h

2
{f (x0) + 2 [f (x1) + : : :+ f (xN−1)] + f (xN )} (7.2.1 - 1)

ðïõ åßíáé ãíùóôüò óáí ï óýíèåôïò êáíüíáò ôïõ ôñáðåæßïõ (composite

trapezoidal rule). Ï õðïëïãéóìüò äßíåôáé óôïí Áëãüñéèìï 7.2.1 - 1.
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Ó÷Þìá 7.2.1 - 1: óýíèåôïò êáíüíáò ôïõ ôñáðåæßïõ. Ç ìðëå êáìðýëç äåß÷íåé

ôï äéÜãñáììá ôçò f(x)

Áëãüñéèìïò 7.2.1 - 1 (óýíèåôïõ êáíüíá ôïõ ôñáðåæßïõ)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá a; b; N; h = (b− a)=N

¸óôù S0 = f (a) + f (b) ; S1 = 0:

Ãéá i = 1; 2; : : : ; N − 1

x = x0 + ih;

S1 := S1 + f(x)

ôÝëïò i

I =
h

2
(S0 + 2S1)
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7.2.2 Óýíèåôïò êáíüíáò ôïõ Simpson

Õðïäéáéñþíôáò ôï äéÜóôçìá ïëïêëÞñùóçò [a; b] óå 2N ôï ðëÞèïò õðïäéáóôÞìáôá5

ðëÜôïõò h = (b−a)=2N áðü ôá 2N+1 óçìåßá x0, x1, : : :, x2N , üìïéá óýìöùíá

ìå ãíùóôÞ éäéüôçôá ôùí ïñéóìÝíùí ïëïêëçñùìÜôùí êáé ôïí ôýðï (7:1:1− 1)

Ý÷ïõìå

I(f) =

b=x2N∫
a=x0

f(x) dx

=

x2∫
x0

f(x) dx+

x4∫
x2

f(x) dx+ : : :+

x2N∫
x2N−2

f(x) dx

≈ h

3
{f (x0) + 4f (x1) + f (x2)}

+
h

3
{f (x2) + 4f (x3) + f (x4)}+ : : :

+
h

3
{f (x2N−2) + 4f (x2N−1) + f (x2N )} ;

äçëáäÞ

I(f) ≈ h

3
{f (x0) + 4 [f (x1) + f (x3) + : : :+ f (x2N−1)]

+2 [f (x2) + f (x4) + : : :+ f (x2N−2)]

+f (x2N )} (7.2.2 - 1)

ðïõ åßíáé ãíùóôüò óáí óýíèåôïò êáíüíáò ôïõ Simpson (composite Simp-

son's rule). Ï õðïëïãéóìüò äßíåôáé óôïí Áëãüñéèìï 7.2.2 - 1.

ÐáñÜäåéãìá 7.2.2 - 1

Æçôåßôáé íá õðïëïãéóôåß ìå ôï óýíèåôï êáíüíá ôïõ ôñáðåæßïõ, áíôßóôïé÷á ôïõ

Simpson ôï ïëïêëÞñùìá

I =

∫ 1:2

0

dx√
1 + x2

; üôáí h = 0:1:

5ÅðåéäÞ ï áðëüò êáíüíáò ôïõ Simpson áðáéôåß ãéá ôçí åöáñìïãÞ ôïõ 3 óçìåßá, äçëáäÞ

2 õðïäéáóôÞìáôá, ç õðïäéáßñåóç ôïõ [a; b] ðñÝðåé íá ãßíåé óå Üñôéï áñéèìü õðïäéáóôçìÜôùí.
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Ó÷Þìá 7.2.2 - 1: óýíèåôïò êáíüíáò ôïõ Simpson. Ç ìðëå êáìðýëç äåß÷íåé

ôï äéÜãñáììá ôçò f(x)

Áëãüñéèìïò 7.2.2 - 1 (óýíèåôïõ êáíüíá ôïõ Simpson)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá a; b êáé n = 2N Üñôéïò

¸óôù h = (b− a)=n; S0 = f (a) + f (b) ; S1 = S2 = 0:

Ãéá i = 1; 2; : : : ; n− 1

x = x0 + ih

áí i Üñôéïò S2 = S2 + f(x); äéáöïñåôéêÜ S1 = S1 + f(x)

ôÝëïò i

I =
h

3
(S0 + 4S1 + 2S2)
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Ðßíáêáò 7.2.2 - 1: ÐáñÜäåéãìá 7.2.2 - 1: ïé ôéìÝò (xi; f (xi))

xi f (xi) xi f (xi)

0.0 0.100 000 0.7 0.819 2319

0.1 0.995 037 0.8 0.780 8688

0.2 0.980 580 0.9 0.743 2941

0.3 0.957 826 1.0 0.707 1068

0.4 0.928 476 1.1 0.672 6728

0.5 0.894 427 1.2 0.640 1844

0.6 0.857 492

Ç èåùñçôéêÞ ôéìÞ åßíáé I = ln
(
x+

√
x2 + 1

)∣∣∣1:2
0

≈ 1:015 973.

Ëýóç. Áí a0 = x0 = 0 êáé b = x12 = 1:2, ôüôå ï ôýðïò (7:2:1 − 1) ãéá ôï

óýíèåôï êáíüíá ôïõ ôñáðåæßïõ äßíåé

I ≈ h

2
{f (x0) + 2 [f (x1) + : : :+ f (x11)] + f (x12)} = 1:015 711;

áíôßóôïé÷á ï ôýðïò (7:2:2− 1) ãéá ôï óýíèåôï êáíüíá ôïõ Simpson

I ≈ h

3
{f (x0) + 4 [f (x1) + f (x3) + f (x5) + f (x7) + f (x9) + f (x11)]

+2 [f (x2) + f (x4) + f (x6) + f (x8) + f (x10)] + f (x12)}

= 1:015 973:

Óôïí Ðßíáêá 7.2.2 - 1 äßíïíôáé ïé ôéìÝò (xi; f (xi)) ôùí ðáñáðÜíù õðïëïãéóìþí,

åíþ óôïí Ðßíáêá 7.2.2 - 2 ïé ôéìÝò ôùí óöáëìÜôùí ôïõ ïëïêëçñþìáôïò I ãéá

äéÜöïñåò ôéìÝò ôïõ h.

Áðü ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 7.2.2 - 2 ðñïêýðôåé üôé ï óýíèåôïò

êáíüíáò ôïõ Simpson ãéá ôéìÝò ôïõ h ìå h ≤ 0:001, ïðüôå ôï n åßíáé áñêåôÜ

ìåãÜëï, äßíåé áêñéâÝóôåñá áðïôåëÝóìáôá áðü ôïí áíôßóôïé÷ï ôïõ ôñáðåæßïõ,

åíþ, üôáí h = 0:0001, ïðüôå Ý÷ïõìå ìåãáëýôåñç áýîçóç ôïõ n, áêñéâÝóôåñá

áðïôåëÝóìáôá ðñïêýðôïõí áðü ôïí êáíüíá ôïõ ôñáðåæßïõ. ÈåùñçôéêÜ åßíáé
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Ðßíáêáò 7.2.2 - 2: ÐáñÜäåéãìá 7.2.2 - 1: ôá óöÜëìáôá ôçò ïëïêëÞñùóçò ôïõ

I ãéá ôéò äéÜöïñåò ôéìÝò ôïõ h

h ÓöÜëìá ôñáðåæßïõ ÓöÜëìá Simpson

0.1000 2.62E-04 9.06E-09

0.0500 6.55E-05 1.39E-09

0.0100 2.62E-06 7.69E-10

0.0010 2.55E-08 7.68E-10

0.0001 5.06E-10 7.68E-10

áíáìåíüìåíï, üôáí ç ëåðôüôçôá ôçò äéáìÝñéóçò ôåßíåé óôï ìçäÝí Þ äéáöïñåôéêÜ

üôáí ôï h ôåßíåé óôï ìçäÝí, ç áñéèìçôéêÞ ôéìÞ ôïõ ïëïêëçñþìáôïò íá ôåßíåé

óôç èåùñçôéêÞ ôéìÞ ôïõ. ÐïëëÝò öïñÝò üìùò, üðùò êáé ðáñáðÜíù, óõìâáßíåé

ôï h íá åëáôôþíåôáé, ÷ùñßò íá Ý÷ïõìå êáé áíôßóôïé÷ç ìåßùóç ôïõ óöÜëìáôïò.

Áõôü êýñéá ïöåßëåôáé áöåíüò ìåí óôï óöÜëìá ðïõ ðáñïõóéÜæåé ï êáíüíáò

ïëïêëÞñùóçò ðïõ ÷ñçóéìïðïéåßôáé êáé áöåôÝñïõ óôá óöÜëìáôá óôñïããõëïðïß-

çóçò ðïõ õðåéóÝñ÷ïíôáé óôïõò äéÜöïñïõò õðïëïãéóìïýò.

7.2.3 Óýíèåôïò êáíüíáò ôùí 3/8

Õðïäéáéñþíôáò ôï äéÜóôçìá ïëïêëÞñùóçò óå 3N ôï ðëÞèïò õðïäéáóôÞìáôá6

ðëÜôïõò h = (b− a)=3N áðü ôá 3N + 1 óçìåßá x0, x1, : : :, x3N . Ôüôå üìïéá

Ý÷ïõìå

I(f) =

b=x3N∫
a=x0

f(x) dx

=

x3∫
x0

f(x) dx+

x6∫
x3

f(x) dx+ : : :+

x3N∫
x3N−3

f(x) dx

6ÅðåéäÞ ï áðëüò êáíüíáò ôùí 3=8 áðáéôåß ãéá ôçí åöáñìïãÞ ôïõ 4 óçìåßá, äçëáäÞ 3

õðïäéáóôÞìáôá, ç õðïäéáßñåóç ôïõ [a; b] ðñÝðåé íá ãßíåé óå áñéèìü õðïäéáóôçìÜôùí, ðïõ íá

åßíáé ðïëëáðëÜóéï ôïõ 3.
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Ó÷Þìá 7.2.3 - 1: óýíèåôïò êáíüíáò ôùí 3=8 ôïõ Simpson. Ç ìðëå êáìðýëç

äåß÷íåé ôï äéÜãñáììá ôçò f(x)

≈ 3h

8
{f (x0) + 3f (x1) + 3f (x2) + f (x3)}

+
3h

8
{f (x3) + 3f (x4) + 3f (x5) + f (x6)}+ : : :

+
3h

8
{f (x3N−3) + 3f (x3N−2) + 3f (x3N−1) + f (x3N )} ;

ïðüôå

I(f) ≈ 3h

8
{f (x0) + 3 [f (x1) + f (x4) + : : :+ f (x3N−2)]

+3 [f (x2) + f (x5) + : : :+ f (x3N−1)]

+2 [f (x3) + f (x6) + : : :+ f (x3N−3)]

+f (x3N )} (7.2.3 - 1)

ðïõ åßíáé ãíùóôüò óáí óýíèåôïò êáíüíáò ïëïêëÞñùóçò ôùí 3=8 ôïõ

Simpson (composite 3=8 Simpson's rule).
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ÐáñÜäåéãìá 7.2.3 - 1

¸óôù üôé æçôåßôáé íá õðïëïãéóôåß ìå ôï óýíèåôï êáíüíá ôùí 3/8 ôï ïëïêëÞñùìá

I ôïõ Ðáñáäåßãìáôïò 7.2.2 - 1. Ôüôå óýìöùíá ìå ôïí ôýðï (7:2:3− 1), üôáí

h = 0:1, Ý÷ïõìå

I ≈ 3h

8
{f (x0) + 3 [f (x1) + f (x4) + f (x7) + f (x10)]

+3 [f (x2) + f (x5) + f (x8) + f (x11)]

+2 [f (x3) + f (x6) + f (x9)] +f (x12)}

= 1:015 973:

ÁóêÞóåéò

1. ¸óôù üôé ôï äéÜóôçìá ïëïêëÞñùóçò [a; b] õðïäéáéñåßôáé óå N ôï ðëÞèïò

õðïäéáóôÞìáôá ðëÜôïõò (Ó÷. 7.2.3 - 2)

h =
b− a

N
áðü ôá N + 1 óçìåßá xi = a+ ih; i = 0; 1; : : : ; N:

Åöáñìüæïíôáò ôïí ôýðï (7:1:1− 6) ôïõ áðëïý êáíüíá ôïõ ìÝóïõ óçìåßïõ óå

êÜèå Ýíá õðïäéÜóôçìá, õðïëïãßóôå ôïí áíôßóôïé÷ï ôýðï ôïõ óýíèåôïõ êáíüíá.

Óôç óõíÝ÷åéá åöáñìüóôå ôïí ôýðï áõôü óôïí õðïëïãéóìü ôïõ ïëïêëçñþìáôïò

ôïõ Ðáñáäåßãìáôïò 7.2.2 - 1 êáé óõãêñßíáôå ôá áðïôåëÝóìáôá ìå ôá áíôßóôïé÷á

ôùí Üëëùí ìåèüäùí.

2. Íá õðïëïãéóôåß ìå ôïõò ðáñáðÜíù óýíèåôïõò êáíüíåò ôï ïëïêëÞñùìá

1:2∫
0

e−x2 dx; üôáí h = 0:1

êáé íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ôéìÞ I = 0:806 745.

3. Åßíáé ãíùóôü üôé
1∫

0

dx

1 + x2
=

�

4
:
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Ó÷Þìá 7.2.3 - 2: óýíèåôïò êáíüíáò ôïõ ìÝóïõ óçìåßïõ. Ç ìðëå êáìðýëç

äåß÷íåé ôï äéÜãñáììá ôçò f(x)

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá ìå ôï óýíèåôï êáíüíá ôïõ ôñáðåæßïõ êáé ôïõ

Simpson üôáí ôï h = 0:1; 0:01 êáé íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå

ôç èåùñçôéêÞ ôéìÞ.

4. Ìå ôï óýíèåôï êáíüíá ôïõ ôñáðåæßïõ íá õðïëïãéóôåß ôï ïëïêëÞñùìá

1∫
0

xe−x2 dx;

üôáí h = 0:1 êáé íá ãßíåé óýãêñéóç ôïõ áðïôåëÝóìáôïò ìå ôç èåùñçôéêÞ ôéìÞ

ôïõ ïëïêëçñþìáôïò.

5. ¼ìïéá ìå ôï óýíèåôï êáíüíá ôïõ Simpson êáé ôùí 3/8 ôï ïëïêëÞñùìá

0:6∫
0

(
1− x2

)3=2
dx;

üôáí h = 0:1, 0:05 êáé íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ

ôéìÞ ôïõ ïëïêëçñþìáôïò (0:439 919).
7

7Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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