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� ͨͅͲ͢͠͸͢͝ Ͳͳ͠ ͲʹͲͳͫ͝͠ͳ͠ ͢Ͱͫͫͨͩ͠ͽͬ ͤͭͨͲͽͲͤ͸ͬ �
��� ͨͅͲ͢͠͸͢͝ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� ͌ͧͮͣͮ͜ͱ ͯͪͮͨ͠͠͵͝ͱ ͳͮʹ (BVTT � � � � � � � � � � � � � � � � � � � � � � � � � � �

� ͐ͬͩͤ͞͠ͱ �
��� ͏ͰͨͲͫͮ͞ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� ͐Ͱ͛ͭͤͨͱ ͫͤͳͭ͠ͼ ͯͨͬ͛ͩ͸ͬ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ͉ͣͨͻͳͦͳͤͱ ͳ͸ͬ ͯͰ͛ͭͤ͸ͬ ͯͨͬ͛ͩ͸ͬ � � � � � � � � � � � � � � � � � � � � � ��
��� ͒ͳͮͨͶͤͨͽͣͤͨͱ ͯͰ͛ͭͤͨͱ ͢Ͱͫͫ͠ͽͬ ͯͬͩ͞͠͠� � � � � � � � � � � � � � � � � � � � � � � ��
��� ͊ͪͨͫͩ͠͸ͳͻͱ ͯͬͩ͞͠͠ͱ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ͓͛ͭͦ ͯͬͩ͞͠͠ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� ̓Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ ��
��� ̓Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ � ͨͅͲ͢͠͸͢͝ � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ͯͪ͞ͅʹͲͦ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͫͤ ͳͦ ͮͧͤͨ͡͝͠ ͯͨͬ͛ͩ͸ͬ � � � � � � � � � � � � ��
��� ͯͪ͞ͅʹͲͦ ͩͪͨͫͩ͠͸ͳͮͼ ͲʹͲͳͫ͝͠ͳͮͱ � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ͌ͤͧͮͣͮͪͮ͢͞͠ ͤͯͪ͞ʹͲͦͱ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ � � � � � � � � � � � � � � � � � ��

� ͏Ͱͥͮ͞ʹͲͤͱ ��
��� ͔ͯͮͪͮͨ͢Ͳͫͻͱ ͮͰͨͥͮʹͲͽͬ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ͉ͣͨͻͳͦͳͤͱ ͳ͸ͬ ͮͰͨͥͮʹͲͽͬ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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͏ͨ ͲͦͫͤͨͽͲͤͨͱ ͠ʹͳ͜ͱ ͢Ͱ͛͵ͳͦͩͬ͠ ͨ͢͠ ͳͨͱ ͬ͛ͩͤ͢͠ͱ ͳͮʹ ͯͰͮͯͳʹͶͨͩͮ͠ͼ ͫͧͫ͠͝͠ͳͮͱ k̓Ͱͫͫͨͩ͠͝
̸ͪͤ͢͡Ͱ͠{ ͯͮʹ ͣͨͣ͛Ͳͩͮͬͳͨ͠ ͮͨ ͵ͮͨͳͦͳ͜ͱ ͳͮʹ̶́ ͤͭͫͬͮ͠͝ʹ ͳͮʹ ͓ͫͫ͝͠ͳͮͱ͍͠ʹͯͦ͢ͽͬ͌ͦͶͬͨͩ͠ͽͬ
ͳͮʹ ͐ͬͤͯͨ͠Ͳͳͦͫͮ͞ʹ ̈́ʹͳͨͩ͝ͱ ́ͳͳͨͩ͝ͱ�
͕ͨͪͮͣͮͭͮͼͬ ͬ͠ ͯͮ͠ͳʹͯͽͲͮʹͬ ͬ͜͠ ͯͤͰ͢͞Ͱͫͫ͠͠ ͳ͸ͬ ͯ͠Ͱͣ͠ͻͲͤ͸ͬ ͳͮʹ ͫͧͫ͠͝͠ͳͮͱ ͩͨ͠ Ͳͤ ͩ͠�
ͫ͞͠ ͯͤͰͯ͞ͳ͸Ͳͦ ͣͤͬ ͯͮ͠ͳͤͪͮͼͬ ͬ͜͠ ͮͪͮͩͪͦͰ͸ͫͬͮ͜ Ͳͼ͢͢Ͱͫͫ͠͠ ͤͨͲ͢͠͸͢͝ͱ Ͳͳͦͬ ̓Ͱͫͫͨͩ͠͝ ̸ͪ�
ͤ͢͡Ͱ͠� ͯͤͨͣ͝ͅ ͯͰͻͩͤͨͳͨ͠ ͨ͢͠ ͳͦͬ ͯͰͽͳͦ ͩͣͮ͜Ͳͦ ͳ͸ͬ ͲͦͫͤͨͽͲͤ͸ͬ ͠ʹͳͽͬ ͩͨ͠
 ͬͯ͠͠ͻ͵ͤʹͩͳ͠

ʹͯ͛ͰͶͮʹͬ ͠Ͱͩͤͳ͜ͱ ͤͪͪͤ͞ͷͤͨͱ ͩͨ͠ ͪͤ͠͡ͷͤ͞ͱ
 ͮͯͮͨͣͯͮ͠͝ͳͤ ͤͯͨͲͫͬ͝͠Ͳͦ ͪͧ͠ͽͬ ͤͬͨ͞͠ ͤͭͨ͠Ͱͤͳͨͩ͛
ͤʹͯͰͻͲͣͤͩͳͦ� ͭ͞ͅͲͮʹ ͤʹͯͰͻͲͣͤͩͳ͠ ͤͬͨ͞͠ ͲͶͻͪͨ͠ ͝ ͯ͠Ͱ͠ͳͦͰ͝Ͳͤͨͱ ͯͮʹ ͠͵ͮͰͮͼͬ ͳͮ ͯͤͰͨͤͶͻ�
ͫͤͬͻ ͳͮʹͱ
 ͩͧ͠ͽͱ ͩͨ͠ ͳͮͬ ͳͰͻͯͮ ͯ͠ͰͮʹͲ͞͠Ͳͦͱ�
͓ͮ ͼ͵ͮͱ ͳ͸ͬ ͲͦͫͤͨͽͲͤ͸ͬ ͠ʹͳͽͬ ͣͤͬ ͤͬͨ͞͠ k͠ʹͲͳͦͰͻ{ ͯ͠ͻ ͫͧͦͫ͠͠ͳͨͩ͝ Ͳͩͮͯͨ͛ ͩͨ͠ ͣͤͬ ͣ͞�
ͬͮʹͫͤ ͫ͜͵͠Ͳͦ Ͳͤ ͯͮͣͤͭͤͨ͠͞ͱ� ́ͯͻ ͳͦͬ ͛ͪͪͦ ͫͤͰͨ͛
 ͯͨͲͳͤͼͮʹͫͤ ͻͳͨ ͦ ͼͪͦ ͯͮʹ ͯͤͰͨ͜Ͷͮʹͬ ͤ͞�
ͬͨ͠ ͧͤͫͤͪͨͽͣͮʹͱ Ͳͦͫ͠Ͳ͞͠ͱ ͨ͢͠ ͳͮʹͱ ͵ͮͨͳͦͳ͜ͱ ͯͮʹ Ͳͯͮʹͣ͛ͥͮʹͬ ͧͤͳͨͩ͜ͱ ͤͯͨͲͳͫͤ͝ͱ
 ͤͯͨͲͳͫͤ͝ͱ
ͫͦͶͬͨͩͮ͠ͼ
 ͮͨͩͮͬͮͫͨͩ͛
 ͩͪͯ� ͐ͤͰͨͪͫ͛ͬͤͨ͠͡ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠
 ͯͬͩͤ͞͠ͱ ͩͨ͠ ͮͰͥͮ͞ʹͲͤͱ
 ͩ͠�
ͧͽͱ ͩͨ͠ ͳͦ ͬ͢͸Ͱͨͫ͞͠ ͫͤ ͳͦͬ ͬͬͮͨ͜͠ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͶͽͰ͸ͬ ͩͨ͠ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͯͤͨͩͮͬ͠͞Ͳͤ͸ͬ

ͩʹͰ͞͸ͱ ͸ͱ ͫͧͦͫ͠͠ͳͨͩ͜ͱ ͣͮͫ͜ͱ ͯͮʹ ͳͨͱ ͶͰͦͲͨͫͮͯͮͨͮͼͫͤ ͨ͢͠ ͬ͠ ͫͮͬͳͤͪͮͯͮͨ͝Ͳͮʹͫͤ Ͱͤͪͨ͠Ͳͳͨͩ͛
ͯͰͮͪͫ͡͝͠ͳ͠� ̺Ͷͮʹͫͤ ͳͦ ͬ͢ͽͫͦ ͻͳͨ ͮͳͨͣͯͮ͝ͳͤ ͫ͛ͧͤͳͤ Ͳͳͮ ͫ͛ͧͦͫ͠ ͠ʹͳͻ ͧ͠ Ͳ͠ͱ ͵ͬͤ͠͞ ͨͣͨ͠͞ͳͤͰ͠
ͶͰ͝Ͳͨͫͮ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͳ͸ͬ Ͳͯͮʹͣͽͬ Ͳ͠ͱ�

͍ͮͫ͜͡Ͱͨͮͱ ����
͍ͩͮ͞ͱ ͓ͲͨͰ͞͡͠ͱ ۗ ̈́ͦͫ͝ͳͰͦͱ ͌ͦͳͲͮͼͣͦͱ
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ͨͅͲ͢͠͸͢͝ Ͳͳ͠ ͲʹͲͳͫ͝͠ͳ͠
͢Ͱͫͫͨͩ͠ͽͬ ͤͭͨͲͽͲͤ͸ͬ

��� ͨͅͲ͢͠͸͢͝

̺ͬ͠ ͯ͠ͻ ͳ͠ ͯͰͽͳ͠ ͩͨ͠ ͳ͠ʹͳͻͶͰͮͬ͠ Ͳͦͫͬ͠ͳͨͩͻͳͤͰ͠ ͯͰͮͪͫ͡͝͠ͳ͠ ͯͮʹ ͽͧͦͲͬ͠ Ͳͳͦͬ ͬ͛ͩͦ͢͠
ͳͦͱ ͤͨͲ͢͠͸͢͝ͱ ͳͦͱ ͢Ͱͫͫͨͩ͠͝ͱ ͛ͪͤ͢͡Ͱ͠ͱ ͤͬͨ͞͠ ͳ͠ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠� ́ͱ ͣͮͼͫͤ ͫͤͰͨͩ͛ ͯͪ͛͠
ͯͰͮͪͫ͡͝͠ͳ͠ ͳ͠ ͮͯͮ͞͠ ͨ͢͠ ͬ͠ ͪʹͧͮͼͬ ͯͨ͠͠ͳͮͼͬ ͳͦͬ ͤͯͪ͞ʹͲͦ ͤͬͻͱ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ ͤͭͨ�
ͲͽͲͤ͸ͬ�

͐Ͱͻͪͦͫ͡͠ �� ͏ ́ͬͳͽͬͦͱ ͯͤ͢͝ Ͳͳͦ ͪ͠͹ͩ͝ ͳͦͬ ͐͠Ͱ͠Ͳͩͤʹ͝ ͨ͢͠ ͷͽͬͨ͠ ͩͨ͠ ͯ͝Ͱͤ � ͩͨͪ͛ ͫͪ͝͠
ͩͨ͠ � ͩͨͪ͛ ͯ͠ͳ͛ͳͤͱ ͩͨ͠ ͯͪ͝Ͱ͸Ͳͤ � ͤʹͰͽ ͩͨ͠ �� ͪͤͯͳ͛� ͓ͦͬ ͤͯͻͫͤͬͦ ͤͣͮͫ͛ͣ͡͠ ͯͤ͢͝ ͩͨ͠ ͯ͛ͪͨ
Ͳͳͦ ͪ͠͹ͩ͝ ͩͨ͠ ͯ͝Ͱͤ � ͩͨͪ͛ ͫͪ͝͠ ͩͨ͠ � ͩͨͪ͛ ͯ͠ͳ͛ͳͤͱ ͩͨ͠ ͯͪ͝Ͱ͸Ͳͤ � ͤʹͰͽ ͩͨ͠ �� ͪͤͯͳ͛� ́ͬ
ͩͨ͠ ͧʹͫ͛ͳͨ͠ ͯͻͲͮ ͯͪ͝Ͱ͸Ͳͤ Ͳʹͬͮͪͨͩ͛ ͩ͛ͧͤ ͵ͮͰ͛
 ͣͤͬ ͧʹͫ͛ͳͨ͠ ͯͻͲͮ ͩͬͬ͜͠͠ ͳͮ ͩͨͪͻ ͳ͠ ͫͪ͝͠
ͩͨ͠ ͮͨ ͯ͠ͳ͛ͳͤͱ� ͓ͽͰ͠ ͧͪͤͨ͜ ͬ͠ ͭͬͯ͛ͤͨ͠͠ Ͳͳͦ ͪ͠͹ͩ͝ ͩͨ͠ ͬ͠ ͯ͛Ͱͤͨ � ͩͨͪ͛ ͫͪ͝͠ ͩͨ͠ � ͩͨͪ͛
ͯ͠ͳ͛ͳͤͱ
 ͩͨ͠ ͜Ͷͤͨ � ͤʹͰͽ� ͈͠ ͳͮʹ ͵ͳ͛Ͳͮʹͬ ͳ͠ ͶͰͫ͝͠ͳ͠� ͔ͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͮͨ ͳͨͫ͜ͱ ͬ͛͠ ͩͨͪͻ ͣͤͬ
ͫͤͳ͛ͪͪͮͬ͠͡ͳͨ͠�
͋ͼͲͦ� ̓ͨ͠ ͬ͠ ͣͤͨ ͮ ́ͬͳͽͬͦͱ ͬ͠ ͳͮʹ ͵ͳ͛ͬͮʹͬ ͳ͠ ͶͰͫ͝͠ͳ͠ ͶͰͤͨ͛ͥͤͳͨ͠ ͬ͠ ͪͼͲͤͨ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ
ͲͼͲͳͦͫ͠� ̺Ͳͳ͸ ͻͳͨ ͬ͜͠ ͩͨͪͻ ͫͪ͝͠ ͩ͛ͬͤͨ x ͤʹͰͽ ͩͨ͠ ͬ͜͠ ͩͨͪͻ ͯ͠ͳ͛ͳͤͱ ͩ͛ͬͤͨ y ͤʹͰͽ� ͓ͻͳͤ ͫͤ
͛͡Ͳͦ ͳ͠ ͣͤͣͮͫͬ͜͠ ͜Ͷͮʹͫͤ ͻͳͨ ͨͲͶͼͤͨ ͳͮ ͩ͠ͻͪͮʹͧͮ ͲͼͲͳͦͫ͠�

5x+ 3y = 7.4 	���

4x+ 7y = 9.6 	���


͋ͼͬͮͬͳ͠ͱ ͳͮ ͲͼͲͳͦͫ͠ ͳ͸ͬ ͤͭͨͲͽͲͤ͸ͬ 	���

 	���

 ͧ͠ ͡Ͱͮͼͫͤ ͯͻͲͮ ͩ͛ͬͤͨ ͳͮ ͬ͜͠ ͩͨͪͻ ͫͪ͝͠ ͩͨ͠
ͳͮ ͬ͜͠ ͩͨͪͻ ͯ͠ͳ͛ͳͤͱ�

�



� ̸̴̴͈̼̽̾͂ �� ̸̴̶̶̼̺͋ͅ ̴͆ͅ ̴̴͇̺͆̿͆ͅͅ ̶̴̼̈́̿̿̽͋̀ ̸̸̼́͋͋̀ͅͅ

͐ͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦͬ ͤͭ͞Ͳ͸Ͳͦ 	���
 ͫͤ 4 ͩͨ͠ ͳͦͬ 	���
 ͫͤ 5 ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

20x+ 12y = 29.6 	���

20x+ 35y = 48 	���


́͵ͨ͠Ͱͮͼͫͤ ͳͦͬ 	���
 ͯ͠ͻ ͳͦͬ 	���
 ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ

23y = 18.4 ⇒ y =
18.4

23
= 0.8 ͤʹͰͽ. 	���


͓ͽͰ͠
 ͪͼͬͮʹͫͤ ͳͦͬ 	���
 ͸ͱ ͯͰͮͱ x ͩͨ͠ ͜Ͷͮʹͫͤ

x =
7.4− 3y

5
. 	���


́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ 	���
 Ͳͳͦͬ 	���
 ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ

x =
7.4− 3(0.8)

5
= 1 ͤʹͰͽ.

̸Ͱ͠
 ͬ͜͠ ͩͨͪͻ ͫͪ͝͠ ͩ͛ͬͤͨ 1 ͤʹͰͽ ͩͨ͠ ͬ͜͠ ͩͨͪͻ ͯ͠ͳ͛ͳͤͱ ͩ͛ͬͤͨ 0.8 ͤʹͰͽ� ͯͮͫͬ͜ͅ͸ͱ
 ͨ͢͠ ͬ͠ ͯ͛Ͱͤͨ
ͳͰ͞͠ ͩͨͪ͛ ͫͪ͝͠ ͩͨ͠ ͯͬ͜ͳͤ ͩͨͪ͛ ͯ͠ͳ͛ͳͤͱ ͮ ́ͬͳͽͬͦͱ ͧ͠ ͯͪͦͰͽͲͤͨ�

3 · 1 + 5 · (0.8) = 7 ͤʹͰͽ.

̸Ͱ͠ ͳ͠ ͶͰͫ͝͠ͳ͛ ͳͮʹ ͳͮʹ ͵ͳ͛ͬͮʹͬ ͩ͠Ͱͨ͡ͽͱ ͨ͢͠ ͬ͠ ͷ͸ͬ͞Ͳͤͨ�

͓ͮ ͤͯͻͫͤͬͮ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͠͵ͮͰ͛ ͬ͜͠ ͩͪ͠ͲͲͨͩͻ ͯͰͻͪͦͫ͡͠ ͅʹͩͪͤͣͤͨ͞͠ͱ ̓ͤ͸ͫͤͳͰ͞͠ͱ ͯͮʹ ͨ͢͠ ͬ͠
ͪʹͧͤ͞ ͯͨ͠͠ͳͤ͞ͳͨ͠ ͦ ͤͯͪ͞ʹͲͦ ͤͬͻͱ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ�
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͈͜ͳͮʹͫͤ BD = x
 CE = y ͩͨ͠ AF = z� ̓ͬ͸Ͱͥͮ͞ʹͫͤ ͯ͠ͻ ͳͦͬ ͅʹͩͪͤͣͤͨ͞͠ ̓ͤ͸ͫͤͳͰ͞͠ ͻͳͨ ͳ͠
ͤ͵ͯ͠ͳͻͫͤͬ͠ ͳͫͫ͝͠ͳ͠ ͯ͠ͻ Ͳͦͫͤͮ͞ Ͳͳͮͬ ͩͼͩͪͮ ͤͬͨ͞͠ ͞Ͳ͠
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BD = BF = x, CD = CE = y ͩͨ͠ AE = AF = z.
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BD +DC = a ⇔ x+ y = a 	���

CE + EA = b ⇔ y + z = b 	���

AF + FB = c ⇔ z + x = c 	���
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We do not consider here computational methods for the solution of linear systems of equations. 

Prerequisites: matrix and vector operations; “2 ⇥ 2” linear algebra: linear independence, the ma-
trix inverse, eigenvalues and eigenvectors, the determinant; elementary mechanics: force balances, 
Hooke’s Law. 

2 A Model Equilibrium Problem 

2.1 Description 

We will introduce here a simple system of springs and masses, shown in Figure 1, which will serve 
throughout this nutshell to illustrate various concepts associated with linear systems. Mass 1 has 
mass m1; Mass 1 is connected to a stationary wall by a spring with sti↵ness k1, and to Mass 2 by 
a spring with sti↵ness k2. Mass 2 has mass m2; Mass 2 is connected only to Mass 1 (by the spring 
with sti↵ness k2). We shall assume that k1 � 0 and k2 � 0. 

Figure 1: A system of two masses and two springs anchored to a single wall. 

We denote the displacements of Mass 1 and Mass 2 by u1 and u2, respectively: positive values 
correspond to displacement away from the wall; we choose our reference such that in the absence 
of applied forces — the springs unstretched — u1 = u2 = 0. We next introduce (steady) forces f1 
and f2 on Mass 1 and Mass 2, respectively; positive values correspond to force away from the wall. 
We would like to find the equilibrium displacements of the two masses, u1 and u2, for prescribed 
forces f1 and f2. 

We note that while all real systems are inherently dissipative and therefore are characterized 
not just by springs and masses but also dampers, the dampers (or damping coe�cients) typically 
do not a↵ect the system at equilibrium — since d/dt vanishes in the steady state — and hence for 
equilibrium considerations we may neglect losses. Of course, it is damping which ensures that the 
system ultimately achieves a stationary (time-independent) equilibrium. 

We now derive the equations which must be satisfied by the displacements u1 and u2 at equi-
librium. We first consider the forces on Mass 1, as shown in Figure 2. Note we apply here Hooke’s 
law — a constitutive relation — to relate the force in the spring to the compression or extension 
of the spring. In equilibrium the sum of the forces on Mass 1 — the applied forces and the forces 
due to the spring — must sum to zero, which yields 

f1 � k1 u1 + k2(u2 � u1) = 0 . 

(More generally, for a system not in equilibrium, the right-hand side would be m1ü1 rather than 
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Figure 2: The forces on Mass 1. 

zero.) A similar identification of the forces on Mass 2, shown in Figure 3, yields for force balance 

f2 � k2(u2 � u1) = 0 . 

This completes the physical statement of the problem. 

Figure 3: The forces on Mass 2. 

Mathematically, our equations correspond to a system of n = 2 linear equations, more precisely, 
2 equations in 2 unknowns: 

(k1 + k2) u1 � k2 u2 = f1 , (1) 

�k2 u1 + k2 u2 = f2 . (2) 

Here u1 and u2 are unknown, and are placed on the left-hand side of the equations, and f1 and 
f2 are known, and placed on the right-hand side of the equations. In this nutshell we ask several 
questions about this linear system — and more generally about linear systems of n equations in 
n unknowns. First, existence: when do the equations have a solution? Second, uniqueness: if 
a solution exists, is it unique? Although these issues appear quite theoretical, in most cases the 
mathematical subtleties are in fact informed by physical (modeling) considerations. 

To achieve these goals we must first express these equations in matrix form in order to best 
take advantage of both the theoretical and practical machinery of linear algebra. We write our two 
equations in two unknowns as Ku = f , where K is a 2 ⇥ 2 matrix, u = (u1 u2)T is a 2 ⇥ 1 vector, 
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Figure 2: The forces on Mass 1. 

zero.) A similar identification of the forces on Mass 2, shown in Figure 3, yields for force balance 

f2 � k2(u2 � u1) = 0 . 

This completes the physical statement of the problem. 

Figure 3: The forces on Mass 2. 

Mathematically, our equations correspond to a system of n = 2 linear equations, more precisely, 
2 equations in 2 unknowns: 

(k1 + k2) u1 � k2 u2 = f1 , (1) 

�k2 u1 + k2 u2 = f2 . (2) 

Here u1 and u2 are unknown, and are placed on the left-hand side of the equations, and f1 and 
f2 are known, and placed on the right-hand side of the equations. In this nutshell we ask several 
questions about this linear system — and more generally about linear systems of n equations in 
n unknowns. First, existence: when do the equations have a solution? Second, uniqueness: if 
a solution exists, is it unique? Although these issues appear quite theoretical, in most cases the 
mathematical subtleties are in fact informed by physical (modeling) considerations. 

To achieve these goals we must first express these equations in matrix form in order to best 
take advantage of both the theoretical and practical machinery of linear algebra. We write our two 
equations in two unknowns as Ku = f , where K is a 2 ⇥ 2 matrix, u = (u1 u2)T is a 2 ⇥ 1 vector, 

3  

͒Ͷͫ͝͠ ���� ͏ͨ ͣʹͬ͛ͫͤͨͱ ͯͮʹ ͠Ͳͩͮͼͬͳͨ͠ Ͳͳͮ ͒ͽͫ͠ ��

̺ͳͲͨ
 ͩ͠ͳͪͮ͢͠͝ʹͫͤ Ͳͳͮ ͩ͠ͻͪͮʹͧͮ ͲͼͲͳͦͫ͠ ͳ͸ͬ ͣͼͮ ͢Ͱͫͫͨͩ͠ͽͬ ͤͭͨͲͽͲͤ͸ͬ ͫͤ ͬ͢͠ͽͲͳͮʹͱ ͳ͠
u1, u2�

(k1 + k2)u1 − k2u2 = f1 	����

−k2u1 + k2u2 = f2 	����


͐ͰͮͲͧ͜ͳͮʹͫͤ ͳͨͱ 	����
 ͩͨ͠ 	����
 ͩ͠ͳ͛ ͫͪͦ͜ ͩͨ͠ ͜Ͷͮʹͫͤ�

(k1 + k2)u1 − k2u1 = f1 + f2 ⇒ u1 =
f1 + f2

k1
.

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠
 ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͦͱ u1 ͯͮʹ ͫͻͪͨͱ ͡Ͱͩͫͤ͝͠ Ͳͳͦͬ 	����
 ͩͨ͠ ͪͼͬͮʹͫͤ ͸ͱ
ͯͰͮͱ u2�

−k2
f1 + f2

k1
+ k2u2 = f2 ⇒ u2 =

k2f1 + (k1 + k2)f2
k1k2

.

��� ͌ͧͮͣͮ͜ͱ ͯͪͮͨ͠͠͵͝ͱ ͳͮʹ (BVTT

͔ͯ͛ͰͶͮʹͬ ͯͮͪͪ͜ͱ ͫͧͮͣͮͨ͜ ͨ͢͠ ͬ͠ ͪͼͬͮʹͫͤ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠� ͇ ͩ͠ͳ۝ ͤͭͮͶͬ͝ ͩͧͨͤ͠Ͱ͸ͫͬͦ͜
ͫͧͮͣͮ͜ͱ ͤͬͨ͞͠ ͦ ͞͏͚͖ͤ͡͡ ͙ͦͤ ͓͓͛ͨ͐ͤ͢͝͡ ͦͧ͡ (BVTT� ́ͱ ͳͦͬ ͣͮͼͫͤ ͫͤ ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠�
͍͠ ͪʹͧͤ͞ ͳͮ ͲͼͲͳͦͫ͠�

⎧
⎪⎨

⎪⎩

x+ 2y − 3z = 4

x+ 3y + z = 11

2x+ 5y − 4z = 13.

	����




� ̸̴̴͈̼̽̾͂ �� ̸̴̶̶̼̺͋ͅ ̴͆ͅ ̴̴͇̺͆̿͆ͅͅ ̶̴̼̈́̿̿̽͋̀ ̸̸̼́͋͋̀ͅͅ

͐ͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	����
 ͫͤ ͩ͠ͳ͛ͪͪͦͪͮ ͲʹͬͳͤͪͤͲͳ͝
ͩ͛ͧͤ ͵ͮͰ͛
 ͜ͳͲͨ ͽͲͳͤ ͬ͠ ͳͦͬ ͯͰͮͲͧ͜Ͳͮʹͫͤ ͠ͰͶͨͩ͛ Ͳͳͦ ͣͤͼͳͤͰͦ ͩͨ͠
 Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠
 Ͳͳͦͬ ͳͰ͞ͳͦ

ͬ͠ ͯ͛Ͱͮʹͫͤ ͣͼͮ ͤͭͨͲͽͲͤͨͱ Ͳͳͨͱ ͮͯͮͤ͞ͱ ͣͤͬ ʹͯ͛ͰͶͤͨ ͦ ͫͤͳͪͦ͠͡ͳ͝ x� ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠


ۦ ͯͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͤͯ͞ −1 ͩͨ͠ ͳͦͬ ͯͰͮͲͧ͜ͳͮʹͫͤ Ͳͳͦ ͣͤͼͳͤͰͦ


ۦ ͯͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͤͯ͞ −2 ͩͨ͠ ͳͦͬ ͯͰͮͲͧ͜ͳͮʹͫͤ Ͳͳͦͬ ͳͰ͞ͳͦ�

̺ͳͲͨ ͬ͠ͳ͞ ͨ͢͠ ͳͦ ͣͤͼͳͤͰͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	����
 ͯ͠͞Ͱͬͮʹͫͤ ͳͦͬ

y + 4z = 7,

ͩͨ͠ ͬ͠ͳ͞ ͨ͢͠ ͳͦͬ ͳͰ͞ͳͦ ͜Ͷͮʹͫͤ ͳͦͬ
y + 2z = 5.

͓ͨͱ ͢Ͱ͛͵ͮʹͫͤ ͯ͛ͪͨ ͻͪͤͱ ͫͥ͠͞ ͩͨ͠ ͜Ͷͮʹͫͤ ͳͮ ͩ͠ͻͪͮʹͧͮ 	ͨͲͮͣͼͬͫͮ͠
 ͲͼͲͳͦͫ͠�
⎧
⎪⎨

⎪⎩

x+ 2y − 3z = 4

y + 4z = 7

y + 2z = 5.

	����


͐͠Ͱ͠ͳͦͰ͝Ͳͳͤ ͻͳͨ ͢Ͱ͛͵ͮʹͫͤ ͳͮʹͱ ͲʹͬͳͤͪͤͲͳ͜ͱ ͜ͳͲͨ ͽͲͳͤ ͮͨ ͬ͠ͳ͞ͲͳͮͨͶͮͨ ͲʹͬͳͤͪͤͲͳ͜ͱ ͬ͠ ͤͬͨ͞͠
ͮ ͬ͜͠ͱ ͩ͛ͳ͸ ͯ͠ͻ ͳͮͬ ͛ͪͪͮͬ�
͒ͳͮ ͤͯͻͫͤͬͮ ͫ͡͝͠ ͬͮͮ͢͠ͼͫͤ ͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͩͨ͠ ͯͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦ ͣͤͼͳͤͰͦ ͤͭ͞Ͳ͸Ͳͦ
ͳͮʹ 	����
 ͫͤ ͩ͠ͳ͛ͪͪͦͪͮ ͲʹͬͳͤͪͤͲͳ͝ ͜ͳͲͨ ͽͲͳͤ ͬ͠ ͳͦͬ ͯͰͮͲͧ͜Ͳͮʹͫͤ Ͳͳͦͬ ͳͰ͞ͳͦ ͬ͠ ͯͪͤ͠͠͞�
ͷͮʹͫͤ ͳͮͬ ͛ͬ͢͸Ͳͳͮ y ͯ͠ͻ ͳͦͬ ͳͰ͞ͳͦ� ̺ͳͲͨ
 ͯͮͪͪͯͪ͠͠Ͳͨ͛ͥͮʹͫͤ ͳͦ ͣͤͼͳͤͰͦ ͤͯ͞ (−1) ͩͨ͠ ͳͦͬ
ͯͰͮͲͧ͜ͳͮʹͫͤ Ͳͳͦͬ ͳͰ͞ͳͦ
 ͮͯͻͳͤ ͯ͠͞Ͱͬͮʹͫͤ ͳͦͬ ͤͭ͞Ͳ͸Ͳͦ

−2z = −2.

̓Ͱ͛͵ͮʹͫͤ ͩͨ͠ ͯ͛ͪͨ ͳͨͱ ͤͭͨͲͽͲͤͨͱ ͻͪͤͱ ͫͥ͠͞ ͯͰͮͲ͜Ͷͮͬͳ͠ͱ ͽͲͳͤ ͮͨ ͬ͠ͳ͞ͲͳͮͨͶͮͨ ͲʹͬͳͤͪͤͲͳ͜ͱ ͬ͠
ͤͬͨ͞͠ ͮ ͬ͜͠ͱ ͩ͛ͳ͸ ͯ͠ͻ ͳͮͬ ͛ͪͪͮͬ ͩͨ͠ ͜Ͷͮʹͫͤ�

⎧
⎪⎨

⎪⎩

x+ 2y − 3z = 4

y + 4z = 7

− 2z = −2.

	����


͋ͫͤ͜ ͳͽͰ͠ ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠ 	����
 ͜Ͷͤͨ ͵ͳ͛Ͳͤͨ Ͳͤ ͩͪͨͫͩ͠͸ͳ͝ ͫͮͰ͵͝� ͓ͽͰ͠ ͯͮʹ ͜Ͷͤͨ ͵ͳ͛Ͳͤͨ
Ͳͳͦ ͫͮͰ͵͝ ͠ʹͳ͝ ͳͮ ͲͼͲͳͦͫ͠ ͪͼͬͤͳͨ͠ ͤͼͩͮͪ͠ ͭͤͩͨͬͽͬͳ͠ͱ ͬ͠ ͪͼͲͮʹͫͤ ͯͰͽͳ͠ ͳͦͬ ͳͤͪͤʹͳ͠͞͠
ͤͭ͞Ͳ͸Ͳͦ� ́ͯͻ ͳͦͬ ͳͰ͞ͳͦ ͤͭ͞Ͳ͸Ͳͦ ͪͮͨͯͻͬ
 ͜Ͷͮʹͫͤ�

−2z = −2 ⇒ z = 1.



���� ̸̷̻̿͂͂ͅ ̴̴̼͈̺̓̾͂ͅ ͇͆͂ ("644 �

́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ z ͯͮʹ ͡Ͱͩͫͤ͝͠ Ͳͳͦͬ ͣͤͼͳͤͰͦ ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

y + 4 · 1 = 7 ⇒ y = 3,

ͮͯͻͳͤ ͡Ͱͩͫͤ͝͠ ͩͨ͠ ͳͮ y� ͓ͪͮ͜ͱ
 ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͨͱ ͬ͢͸Ͳͳ͜ͱ ͯͪͮͬ͜ ͳͨͫ͜ͱ ͳ͸ͬ y ͩͨ͠ z Ͳͳͦͬ
ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

x+ 2 · 3− 3 · 1 = 4 ⇒ x = 1.

̺ͳͲͨ ͦ ͪͼͲͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ ͦ ͳͰͨ͛ͣ͠ (x, y, z) = (1, 3, 1)�
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͊ͤ͵͛ͪͨͮ͠ �

͐ͬͩͤ͞͠ͱ

��� ͏ͰͨͲͫͮ͞

͏ͨ ͯͬͩͤ͞͠ͱ ͤͬͨ͞͠ ͬ͜͠ ͯ͠ͻ ͳ͠ ͣͮͫͨͩ͛ ͧͤͫͪͨ͜͠ ͳͦͱ ̓Ͱͫͫͨͩ͠͝ͱ ̸ͪͤ͢͡Ͱ͠ͱ� ͣͅͽ ͧ͠ ͩ͛ͬͮʹͫͤ ͫͨ͠ ͫͨ�
ͩͰ͝ ͤͨͲ͢͠͸͢͝ Ͳͳͮʹͱ ͯͬͩͤ͞͠ͱ ͩʹͰ͞͸ͱ Ͳͤ ͻͳͨ ͠͵ͮͰ͛ ͳͦ ͲͶ͜Ͳͦ ͳͮʹͱ ͫͤ ͳ͠ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠�
́ͪͪ͛ ͳͨ ͤͬͨ͞͠ ͬ͜͠ͱ ͯͬͩ͞͠͠ͱ�
̺Ͳͳ͸ m,n ∈ N
 ͻͯͮʹ ͫͤ N Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮ Ͳͼͬͮͪͮ ͳ͸ͬ ͵ʹͲͨͩͽͬ ͠Ͱͨͧͫͽͬ� ͈͜ͳͮʹͫͤ Tn =

{1, 2, . . . , n} ͩͨ͠ Tm = {1, 2, . . . ,m}� ̺ͬ͠ͱ ͯͬͩ͞͠͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ m × n ͤͬͨ͞͠ ͫͨ͠ Ͳʹͬ͛ͰͳͦͲͦ
f : Tm × Tn → R� ̓ͨ͠ ͩ͛ͧͤ (i, j) ∈ Tm × Tn
 ͧ͜ͳͮʹͫͤ aij = f

(
(i, j)

)
� ̺ͳͲͨ
 ͳͮ ͯͤͣͮ͞ ͳͨͫͽͬ

f(Tm × Tn) ͳͦͱ f ͯͤͰͨ͜Ͷͤͨ ͳͮʹͱ ͠Ͱͨͧͫͮͼͱ aij 
 ͨ͢͠ ͻͪ͠ ͳ͠ i ∈ Tm
 j ∈ Tn� ́ʹͳͮ͞ ͮͨ ͠Ͱͨͧͫͮ͞
ͧͤ͸Ͱͮͼͫͤ ͻͳͨ ͜Ͷͮʹͬ ͫͨ͠ ͮͰͨͲͫͬͦ͜ ͧ͜Ͳͦ Ͳͳͮ Ͳͼͬͮͪͮ ͳͨͫͽͬ f(Tm×Tn)
 ͦ ͮͯͮ͞͠ ͩͧͮ͠Ͱͥͤ͞ͳͨ͠ ͯ͠ͻ
ͳͮʹͱ ͣͼͮ ͣͤͩ͞ͳͤͱ (i, j) ∈ Tm×Tn� ́ʹͳ͝ ͤͬͨ͞͠ ͦ ͠ʹͲͳͦͰ͝ ͫͧͦͫ͠͠ͳͨͩ͝ ͧͤͽͰͦͲͦ ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ ͦ
ͮͯͮ͞͠ ͣͤͬ ͧ͠ ͫ͠ͱ ͯ͠͠ͲͶͮͪ͝Ͳͤͨ ͯ͠ͻ ͤͣͽ ͩͨ͠ Ͳͳͮ ͤͭ͝ͱ� 	̽ͫ͸ͱ ͩͨ͠ Ͳͳ͠ ͫͧͦͫ͠͠ͳͨͩ͛ ͤͬͨͩ͢ͻͳͤͰ͠

͠ʹͳ͝ ͦ ͧͤͽͰͦͲͦ ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ ͤ͵͠Ͱͫͻͥͤͳͨ͠ ͩʹͰ͞͸ͱ Ͳͤ ͧͫ͜͠ͳ͠ ͧͤ͸Ͱͦͳͨͩ͝ͱ ͵ͼͲͤ͸ͱ�

̓ͨ͠ ͤͫ͛ͱ
 ͬ͜͠ͱ ͯͬͩ͞͠͠ͱ ͧ͠ ͤͬͨ͞͠ ͫͨ͠ ͮͰͧͮ͢ͽͬͨ͠ ͣͨ͛ͳͭͦ͠ ͠Ͱͨͧͫͽͬ Ͳͤ ͢Ͱͫͫ͜͠ͱ ͩͨ͠ Ͳͳͪͤ͝ͱ� ́ͬ
ͳ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ ͯͬͩ͞͠͠ A ͤͬͨ͞͠ ͯͰͫ͢͠͠ͳͨͩͮ͞ ͠Ͱͨͧͫͮ͞ ͳͻͳͤ ͮ ͯͬͩ͞͠͠ͱ ͪͤ͜͢ͳͨ͠ ͯͰͫ͢͠͠ͳͨͩͻͱ

ͤͬͽ ͬ͠ ͤͬͨ͞͠ ͫͨͣͨͩͮ͢͠͞ ͳͻͳͤ ͮ A ͪͤ͜͢ͳͨ͠ ͫͨͣͨͩ͢͠ͻͱ ͯͬͩ͞͠͠ͱ� ͯͤͨͣ͝ͅ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͠ͲͶͮͪͦ�
ͧͮͼͫͤ ͩʹͰ͞͸ͱ ͫͤ ͯͰͫ͢͠͠ͳͨͩͮͼͱ ͯͬͩͤ͞͠ͱ
 ͻͳͬ͠ ͧ͠ ͬ͠͠͵ͤͰͻͫ͠Ͳͳͤ Ͳͤ ͬͬ͜͠ ͯͬͩ͞͠͠ Ͷ͸Ͱ͞ͱ ͛ͪͪͮ
ͯͰͮͲͣͨͮͰͨͲͫͻ ͧ͠ ͤͬͬͮͮͼͫͤ ͯͰͫ͢͠͠ͳͨͩͻ�
́ͱ ͣͮͼͫͤ ͫͤͰͨͩ͛ ͯ͠Ͱͣͤͫ͢͠͞͠ͳ͠ ͯͨͬ͛ͩ͸ͬ�

	͠
 ͐ͬͩ͞͠͠ͱ 2× 2�
(

1 2

−3 4

)
�

	͡
 ͐ͬͩ͞͠͠ͱ 3× 3�

⎛

⎜⎝
0 2 3

7 5 8

9 0 −6

⎞

⎟⎠�

�
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	͢
 ͐ͬͩ͞͠͠ͱ 1× 3� (3 1 2)�

	ͣ
 ͐ͬͩ͞͠͠ͱ 3× 1�

⎛

⎜⎝
4

6

5

⎞

⎟⎠�

	ͤ
 ͐ͬͩ͞͠͠ͱ 1× 1� (2019)�

	Ͳͳ
 ͐ͬͩ͞͠͠ͱ 2× 3�
(

7 5 8

9 0 −6

)
�

	ͥ
 ͐ͬͩ͞͠͠ͱ 3× 2�

⎛

⎜⎝
2 3

5 8

0 −6

⎞

⎟⎠�

	ͦ
 ͐ͬͩ͞͠͠ͱ 1× n� (a1 a2 . . . an)
 ͻͯͮʹ ai ∈ R ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , n�

	ͧ
 ͐ͬͩ͞͠͠ͱ n× 1�

⎛

⎜⎜⎜⎜⎝

b1

b2
���
bn

⎞

⎟⎟⎟⎟⎠

 ͻͯͮʹ bj ∈ R ͨ͢͠ ͩ͛ͧͤ j = 1, 2, . . . , n�

̓ͤͬͨͩͽͱ
 ͳ͠ ͲͳͮͨͶͤ͞͠ ͫ͜Ͳ͠ Ͳͳͮʹͱ ͯͬͩͤ͞͠ͱ ͫͯͮͰͮͼͬ ͬ͠ ͤͬͨ͞͠ ͮͯͮͨͮͨͣͯͮ͝ͳͤ ͯͰͫ͢͠͠ͳͨͩͮ͞ ͠Ͱͨͧͫͮ͞
Ͷ͸Ͱ͞ͱ ͩͬͬͬ͜͠͠ ͯͤͰͨͮͰͨͲͫͻ�
͊͛ͧͤ ͯͬͩ͞͠͠ͱ ͜Ͷͤͨ ͢Ͱͫͫ͜͠ͱ ͩͨ͠ Ͳͳͪͤ͝ͱ ͮͨ ͮͯͮͤ͞ͱ ͤͬͨ͞͠ ͯͪ͝Ͱ͸ͱ ͩͧͮ͠ͰͨͲͫͬͤ͜ͱ� ̺ͳͲͨ ͨ͢͠ ͯ͠Ͱ͛�
ͣͤͨͫ͢͠ ͮ ͯͬͩ͞͠͠ͱ Ͳͳͮ ͐͠Ͱ͛ͣͤͨͫ͢͠ 	͡
 ͜Ͷͤͨ ͳͰͤͨͱ ͢Ͱͫͫ͜͠ͱ ͩͨ͠ ͳͰͤͨͱ Ͳͳͪͤ͝ͱ� ͇ ͯͰͽͳͦ
 ͣͤͼͳͤͰͦ
ͩͨ͠ ͳͰ͞ͳͦ ͢Ͱͫͫ͠͝ ͳͮʹ ͤͬͨ͞͠

(0 2 3), (7 5 8), (9 0 − 6),

ͬ͠ͳ͞ͲͳͮͨͶ͠
 ͤͬͽ ͦ ͯͰͽͳͦ
 ͣͤͼͳͤͰͦ ͩͨ͠ ͳͰ͞ͳͦ Ͳͳͪͦ͝ ͳͮʹ ͤͬͨ͞͠
⎛

⎜⎝
0

7

9

⎞

⎟⎠ ,

⎛

⎜⎝
2

5

0

⎞

⎟⎠ ,

⎛

⎜⎝
3

8

−6

⎞

⎟⎠ ,

ͬ͠ͳ͞ͲͳͮͨͶ͠�
͓ͪͮ͜ͱ
 ͦ ͤͬͨͩ͢͝ ͫͮͰ͵͝ ͤͬͻͱ ͯͬͩ͞͠͠m× n ͤͬͨ͞͠

A =

⎛

⎜⎜⎜⎜⎝

a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n
���

���
���

���
am1 am2 am3 . . . amn

⎞

⎟⎟⎟⎟⎠
.



���� ̼̼͂̈́̿͂ͅ ��

͓͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ ͯͬͩ͞͠͠ A ͤͬͨ͞͠ ͮͨ ͠Ͱͨͧͫͮ͞ aij 
 ͨ͢͠ i = 1, . . . ,m ͩͨ͠ j = 1, . . . , n�
͏ A ͜Ͷͤͨ m ͢Ͱͫͫ͜͠ͱ ͩͨ͠ n Ͳͳͪͤ͝ͱ� ͏ͨ m ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͤͬͨ͞͠ ͮͨ ͤͭ͝ͱ�

(a11 a12 . . . a1n), (a21 a22 . . . a2n), . . . (am1 am2 . . . amn).

͏ͨ n Ͳͳͪͤ͝ͱ ͳͮʹ ͤͬͨ͞͠�
⎛

⎜⎜⎜⎜⎝

a11

a21
���

am1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

a12

a22
���

am2

⎞

⎟⎟⎟⎟⎠
, . . .

⎛

⎜⎜⎜⎜⎝

a1n

a2n
���

amn

⎞

⎟⎟⎟⎟⎠
.

̺ͳͲͨ
 ͤͬͨͩ͛͢
 ͦ i�ͮͲͳ͝ ͢Ͱͫͫ͠͝ ͳͮʹ ͯͬͩ͞͠͠ A ͤͬͨ͞͠ ͦ

(ai1 ai2 . . . ain) ͨ͢͠ i = 1, 2, . . . ,m,

ͩͨ͠ ͦ j�ͮͲͳ͝ Ͳͳͪͦ͝ ͳͮʹ ͤͬͨ͞͠ ͦ
⎛

⎜⎜⎜⎜⎝

a1j

a2j
���

amj

⎞

⎟⎟⎟⎟⎠
ͨ͢͠ j = 1, 2, . . . , n.

͓ͮͬ ͯ͠Ͱͯ͛ͬ͠͸m×n ͯͬͩ͞͠͠A ͳͮͬ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ 	ͨ͢͠ ͪͻͮ͢ʹͱ ͯͪ͠ͻͳͦͳ͠ͱ ͩͨ͠ Ͳʹͬͳͮͫ͞͠ͱ
 ͩͨ͠
͸ͱ A = (aij)� ͈͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮʹͱ ͯͬͩͤ͞͠ͱ 	Ͳʹͬͧ͝͸ͱ
 ͫͤ ͩͤ͵ͪ͠͠͞͠ ͢Ͱ͛ͫͫ͠ͳ͠ ͳͮʹ ͤͪͪͦͬͨ�
ͩͮͼ ͝ ͳͮʹ ͪ͠ͳͨͬͨͩͮͼ ͪ͠͵͠͡͝ͳͮʹ
 ͯ�Ͷ� A,B,C, . . .� ͔ͯ͛ͰͶͮʹͬ ͯͮͪͪ͛ ͤͣͦ͞ ͯͨͬ͛ͩ͸ͬ� ́ͱ ͣͮͼͫͤ
ͫͤͰͨͩͮͼͱ ͯ͠ͻ ͠ʹͳͮͼͱ ͯͮʹ ͧ͠ Ͳʹͬͬ͠ͳ͝Ͳͮʹͫͤ ͯͮͪͼ Ͳͼͬͳͮͫ͠ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠�

ۦ ̺ͬ͠ͱ ͯͬͩ͞͠͠ͱ m× n ͪͤ͜͢ͳͨ͠ ͫͦͣͤͬͨͩͻͱ ͬ͠ ͻͪ͠ ͳͮʹ ͳ͠ ͲͳͮͨͶͤ͞͠ ͤͬͨ͞͠ ͫͦͣͬ͜� ͈͠ Ͳʹͫ�
ͮͪͥͮ͡͞ʹͫͤ ͳͮͬ ͫͦͣͤͬͨͩͻ ͯͬͩ͞͠͠ 0m×n 	͝
 ͯͪ͠ͽͱ
 0 ͻͳͬ͠ ͦ ͣͨ͛Ͳͳ͠Ͳ͝ ͳͮʹ ͯͰͮͩͼͯͳͤͨ ͯ͠ͻ
ͳ͠ ͣͤͣͮͫͬ͜͠
 ͩͨ͠ ͣͤͬ ͯͰͯͤͨ͜ ͬ͠ ͳͮͬ Ͳʹ͢Ͷͮ͜ʹͫͤ ͫͤ ͳͮͬ ͠Ͱͨͧͫͻ 0
� ͐�Ͷ�

02×3 =

(
0 0 0

0 0 0

)
.

ۦ ̺ͬ͠ͱ ͯͬͩ͞͠͠ͱm×n ͪͤ͜͢ͳͨ͠ ͳͤͳͰ͢͠͸ͬͨͩͻͱ ͬ͠m = n
 ͣͦͪͣ͠͝ ͬ͠ ͜Ͷͤͨ ͳͮͬ ͣͨͮ͞ ͠Ͱͨͧͫͻ
͢Ͱͫͫ͠ͽͬ ͩͨ͠ Ͳͳͦͪͽͬ� ͐�Ͷ�


A =

⎛

⎜⎝
−1 0 2

2 −1 3

0 5 −3

⎞

⎟⎠ , B =

(
−1 2

5 −1

)
.
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͇ ͣͨ͢͠ͽͬͨͮͱ ͤͬͻͱ n × n ͳͤͳͰ͢͠͸ͬͨͩͮͼ ͯͬͩ͞͠͠ (aij) ͯͮ͠ͳͤͪͤ͞ͳͨ͠ ͯ͠ͻ ͳ͠ ͲͳͮͨͶͤ͞͠ a11

a22, . . . , ann ͩͨ͠ ͪͤ͜͢ͳͨ͠ ͓ͯͣ͛͜ ͖͓͕͛Ͱ͛ͤ͟͡ ͳͮʹ ͯͬͩ͞͠͠� ͯͮͫͬ͜ͅ͸ͱ
 ͦ ͩͼͰͨ͠ ͣͨ͢͠ͽͬͨͮͱ ͳͮʹ
ͯͬͩ͞͠͠ A Ͳͳͮ ͯ͠Ͱ͛ͣͤͨͫ͛͢ ͫ͠ͱ ͤͬͨ͞͠� −1,−1,−3�

ۦ ̺ͬ͠ͱ ͳͤͳͰ͢͠͸ͬͨͩͻͱ n × n ͯͬͩ͞͠͠ͱ ͪͤ͜͢ͳͨ͠ ͣͨ͢͠ͽͬͨͮͱ
 ͬ͠ ͻͪ͠ ͳ͠ ͲͳͮͨͶͤ͞͠ ͯͮʹ ͣͤͬ
͡Ͱ͞Ͳͩͮͬͳͨ͠ ͯ͛ͬ͸ Ͳͳͦͬ ͩͼͰͨ͠ ͣͨ͢͠ͽͬͨͻ ͳͮʹ ͤͬͨ͞͠ ͞Ͳ͠ ͫͤ ͫͦͣͬ͜� ̈́ͦͪͣ͠͝

aij = 0 ͨ͢͠ i ̸= j,

ͻͯͮʹ i, j = 1, 2, . . . , n� ͐�Ͷ�


A =

⎛

⎜⎜⎜⎜⎝

−1 0 0 0

0 2 0 0

0 0 0 0

0 0 0 4

⎞

⎟⎟⎟⎟⎠
.

ۦ ͏ ͣͨ͢͠ͽͬͨͮͱn×n ͯͬͩ͞͠͠ͱ ͯͮʹ ͻͪ͠ ͳ͠ ͲͳͮͨͶͤ͞͠ ͳͦͱ ͣͨ͢͠͸ͬͮ͞ʹ ͳͮʹ ͤͬͨ͞͠ ͫͮͬ͛ͣͤͱ ͪͤ͜͢ͳͨ͠
ͫͮͬͣͨͮ͠͠͞ͱ ͩͨ͠ Ͳʹͫͮͪͥͤ͡͞ͳͨ͠ ͫͤ In� ͐�Ͷ�


I3 =

⎛

⎜⎝
1 0 0

0 1 0

0 0 1

⎞

⎟⎠ , I2 =

(
1 0

0 1

)
.

ۦ ̺ͬ͠ͱ ͳͤͳͰ͢͠͸ͬͨͩͻͱ n × n ͯͬͩ͞͠͠ͱ ͪͤ͜͢ͳͨ͠ ͛ͬ͸ ͳͰͨ͢͸ͬͨͩͻͱ ͬ͠ ͻͪ͠ ͳ͠ ͲͳͮͨͶͤ͞͠ ͯͮʹ
͡Ͱ͞Ͳͩͮͬͳͨ͠ ͩ͛ͳ͸ ͯ͠ͻ ͳͦͬ ͩͼͰͨ͠ ͣͨ͢͠ͽͬͨͻ ͳͮʹ ͤͬͨ͞͠ �� ̈́ͦͪͣ͠͝
 ͬ͠

aij = 0 ͨ͢͠ i > j,

ͻͯͮʹ i, j = 1, 2, . . . , n� ͐�Ͷ�


A =

⎛

⎜⎝
−1 0 2

0 2 3

0 0 5

⎞

⎟⎠ .

ۦ ̺ͬ͠ͱ ͳͤͳͰ͢͠͸ͬͨͩͻͱ n× n ͯͬͩ͞͠͠ͱ ͪͤ͜͢ͳͨ͠ ͩ͛ͳ͸ ͳͰͨ͢͸ͬͨͩͻͱ ͬ͠ ͻͪ͠ ͳ͠ ͲͳͮͨͶͤ͞͠ ͯͮʹ
͡Ͱ͞Ͳͩͮͬͳͨ͠ ͯ͛ͬ͸ ͯ͠ͻ ͳͦͬ ͩͼͰͨ͠ ͣͨ͢͠ͽͬͨͻ ͳͮʹ ͤͬͨ͞͠ �� ̈́ͦͪͣ͠͝
 ͬ͠

aij = 0 ͨ͢͠ i < j

ͻͯͮʹ i, j = 1, 2, . . . , n� ͐�Ͷ�


A =

⎛

⎜⎝
−1 0 0

1 2 0

−2 7 5

⎞

⎟⎠ .
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͐͠Ͱ͠ͳ͝ͰͦͲͦ� ̽ͯ͸ͱ ͬ͢͸Ͱͥͮ͞ʹͫͤ ͯ͠ͻ ͳͦͬ ́ͬͪ͠ʹͳͨͩ͝ ̓ͤ͸ͫͤͳͰ͞͠ ͳͦͱ ̶͂ ͋ʹͩͤͮ͞ʹ
 ͳ͠ Ͳͦͫͤ͞͠
ͤͬͻͱ ͤͯͨͯͣͮ͜ʹ ͳ͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͫͤ (a, b)
 ͻͯͮʹ a, b ∈ R
 ͩͨ͠ ͳͮ (a, b) ͤͬͨ͞͠ ͳͮ 	ͣͨ͠ͳͤͳͫͬͮ͢͜͠

ͥͤͼͮ͢ͱ ͳ͸ͬ ͯͰͫ͢͠͠ͳͨͩͽͬ ͠Ͱͨͧͫͽͬ ͫͤ ͯͰͽͳͮ ͲͳͮͨͶͤͮ͞ ͳͮ a ͩͨ͠ ͣͤͼͳͤͰͮ ͳͮ b 	ͩͨ͠ ͻͶͨ ͨ͜͡͡͠͠ ͳͮ
ͬͮͨͩ͠ͳͻ ͣͨ͛Ͳͳͦͫ͠ (a, b)
� ͫͤ͞ͅͱ ͤͣͽ ͧ͠ ͳ͠ʹͳͥͮ͞ʹͫͤ ͳͮ ͣͨ͠ͳͤͳͫͬͮ͢͜͠ ͥͤͼͮ͢ͱ (a, b) ͤ͞ͳͤ ͫͤ ͳͮͬ

1× 2 ͯͬͩ͞͠͠ (a b)
 ͝ ͫͤ ͳͮͬ 2× 1 ͯͬͩ͞͠͠
(

a

b

)

 ͨ͢͠ ͩ͛ͧͤ a, b ∈ R�

͓ͪͮ͜ͱ
 ͮͰͥͮ͞ʹͫͤ ͩͨ͠ ͳͮͬ ͬ͛͠ͲͳͰͮ͵ͮ ͤͬͻͱ ͯͬͩ͞͠͠ A�

͏ͰͨͲͫͻͱ ������ ̭ͥͦͫ A = (aij) ͏͓ͤ͟ m × n ͓͓͑ͤ͢͟͜� ͂ ͬ͛͠ͲͳͰͮ͵ͮͱ ͦͧ͡ A ͔͓ͥͧ͑͗ͦ͛͘͞͡͝ ͗͞
AT ͓͛͜ ͓͗͑͛͟ ͏͓ͤ͟ n ×m ͓͓͑ͤ͢͟͜ (bij) ͧ͢͡ ͏ͩ͗͛ ͫͤ ͕͓ͣ͞͞͏ͤ ͦ͛ͤ ͥͦ͐͗ͤ͝ ͦͧ͡ A 	͓͛͜ ͫͤ ͥͦ͐͗ͤ͝ ͦ͛ͤ
͕͓ͣ͞͞͏ͤ ͦͧ͡ A
� ̷͙͓͖͐͝ ͚͓ ͏ͩͧ͗͡͞ bij = aji�

͐͠Ͱ͛ͣͤͨͫ͢͠�

́ͬ A =

(
−1 2 1

0 −1 2

)
, ͳͻͳͤ AT =

⎛

⎜⎝
−1 0

2 −1

1 2

⎞

⎟⎠ .

��� ͐Ͱ͛ͭͤͨͱ ͫͤͳͭ͠ͼ ͯͨͬ͛ͩ͸ͬ

͈͠ ͬ͠͠͵͜Ͱͮʹͫͤ ͳͮʹͱ ͮͰͨͲͫͮͼͱ ͳ͸ͬ ͯͰ͛ͭͤ͸ͬ ͫͤͳͭ͠ͼ ͯͨͬ͛ͩ͸ͬ ͨ͢͠ ͯͬͩͤ͞͠ͱ ͫͨͩͰͽͬ ͣͨ͠Ͳͳ͛Ͳͤ͸ͬ
ͪͪ͛͠ ͳͮ ͣͨͮ͞ ͧ͠ ͨͲͶͼͤͨ ͩͨ͠ ͨ͢͠ ͯͬͩͤ͞͠ͱ ͮͯͮͨ͠Ͳͣͯͮ͝ͳͤ ͣͨ͛Ͳͳ͠Ͳͦͱ�
̺Ͳͳ͸

A =

(
a11 a12

a21 a22

)
ͩͨ͠ B =

(
b11 b12

b21 b22

)
.

ۦ ͉Ͳͻͳͦͳ͠ ͯͨͬ͛ͩ͸ͬ� ͋ͫͤ͜ ͻͳͨ ͮͨ ͯͬͩͤ͞͠ͱ ͤͬͨ͞͠ ͞Ͳͮͨ
 ͩͨ͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ A = B
 ͬ͠

aij = bij , i = 1, 2, j = 1, 2.

͐͠Ͱͻͫͮͨ͠ ͮͰͥͤ͞ͳͨ͠ ͦ ͨͲͻͳͦͳ͠ ͨ͢͠ ͮͯͮͨͮʹͲͣͯͮ͝ͳͤ ͯͬͩͤ͞͠ͱm× n�

	ͯͮͫͬ͜ͅ͸ͱ
 ͣͼͮ ͯͬͩͤ͞͠ͱ ͯͮʹ ͣͤͬ ͜Ͷͮʹͬ ͣͨͤ͞ͱ ͣͨ͠Ͳͳ͛Ͳͤͨͱ ͧ͠ ͤͬͨ͞͠ ͩ͠ͳ۝ ͬ͛ͩͦͬ͢͠ ͣͨ͠͵ͮ�
Ͱͤͳͨͩͮ͞�


ۦ ̸ͧͰͮͨͲͫ͠ ͯͨͬ͛ͩ͸ͬ� ͓ͮ ͛ͧͰͮͨͲͫ͠ ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ A ͩͨ͠ B ͤͬͨ͞͠ ͬ͜͠ͱ 2 × 2 ͯͬͩ͞͠͠ͱ
 ͮ
ͮͯͮͮ͞ͱ Ͳʹͫͮͪͥͤ͡͞ͳͨ͠ A+B ͩͨ͠ ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ

A =

(
a11 + b11 a12 + b12

a21 + b21 a22 + b22

)

͓ͮ ͣͨͮ͞ ͨͲͶͼͤͨ ͨ͢͠ ͳͮ ͛ͧͰͮͨͲͫ͠ ͣͼͮ ͯͨͬ͛ͩ͸ͬm× n
 ͨ͢͠ ͮͯͮͨͮʹͲͣͯͮ͝ͳͤm,n ∈ N�
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ۦ ̓ͨͬͻͫͤͬͮ͠Ͱͨͧͫͮͼ ͤͯ͞ ͯͬͩ͞͠͠ 	ͧͫ͡͠͸ͳͻͨͬ͢ͻͫͤͬͮ
�̺Ͳͳ͸λ ͬ͜͠ͱ ͯͰͫ͢͠͠ͳͨͩͻͱ ͠Ͱͨͧ�
ͫͻͱ� ͓ͻͳͤ ͮͰͥͤ͞ͳͨ͠ ͮ ͯͬͩ͞͠͠ͱ λA
 ͯͮʹ ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ

λA =

(
λa11 λa12

λa21 λa22

)
.

́ͬ͛ͪͮ͢͠ ͮͰͥͤ͞ͳͨ͠ ͳͮ ͨͬ͢ͻͫͤͬͮ ͠Ͱͨͧͫͮͼ ͫͤ ͯͬͩ͞͠͠m× n
m,n ∈ N�

ۦ ̓ͨͬͻͫͤͬͮ ͯͨͬ͛ͩ͸ͬ� ͓ͮ ͨͬ͢ͻͫͤͬͮ ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ A ͩͨ͠ B ͣͤͬ ͮͰͥͤ͞ͳͨ͠ ͫͤ ͳͮͬ ͣͨͮ͞ k͵ʹ�
Ͳͨͮͪͮͨͩ͢ͻ{ ͩͨ͠ ͬͫͤͬ͠͠ͻͫͤͬͮ ͳͰͻͯͮ ͻͯ͸ͱ ͳͮ ͛ͧͰͮͨͲͫ͠ ͯͨͬ͛ͩ͸ͬ�

͐�Ͷ�
 ͳͮ ͨͬ͢ͻͫͤͬͮ ͳ͸ͬ 2 × 2 ͯͨͬ͛ͩ͸ͬ A ͩͨ͠ B
 C = AB 	ͩͨ͠ ͻͶͨ BA
 ͤͬͨ͞͠ ͬ͜͠ͱ 2 × 2

ͯͬͩ͞͠͠ͱ C =

(
c11 c12

c21 c22

)
ͯͮʹ ͳ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ ͮͰͥͮͬ͞ͳͨ͠ ͸ͱ ͤͭ͝ͱ�

̓ͨ͠ ͳͮ c11
 ͯ͠͞Ͱͬͮʹͫͤ ͳͦͬ ͯͰͽͳͦ ͢Ͱͫͫ͠͝ (a11 a12) ͳͮʹ ͯͬͩ͞͠͠ A ͩͨ͠ ͳͦͬ ͯͮͪͪͯͪ͠͠�
Ͳͨ͛ͥͮʹͫͤ ͫͤ ͳͦͬ ͯͰͽͳͦ Ͳͳͪͦ͝

(
b11
b21

)
ͳͮʹ ͯͬͩ͞͠͠ B ͸ͱ ͤͭ͝ͱ�

(a11 a12)

(
b11

b21

)
= a11b11 + a12b21.

͈͠ ͣͮͼͫͤ ͠Ͱ͢ͻͳͤͰ͠ ͻͳͨ ͠ʹͳͮͼ ͳͮʹ ͤͣͮ͞ʹͱ ͮ ͯͮͪͪͪ͠͠Ͳͨ͠Ͳͫͻͱ ͤͬͨ͞͠ ͳͮ ͬ͢͸Ͳͳͻ ͫ͠ͱ ͯ͠ͻ
ͳͦͬ́ͬͪ͠ʹͳͨͩ͝ ̓ͤ͸ͫͤͳͰ͞͠ ͳͦͱ ̶͂ ͋ʹͩͤͮ͞ʹ ͤͲ͸ͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͳ͸ͬ ͣͨͬ͠ʹͲͫ͛ͳ͸ͬ (a11, a12)
ͩͨ͠ (b11, b21)� ͯͮͫͬ͜ͅ͸ͱ


c11 = a11b11 + a12b21.

̽ͫͮͨ͠ ͳͮ c12 ͤͬͨ͞͠ ͞Ͳͮ ͫͤ ͳͮ 	ͤͲ͸ͳͤͰͨͩͻ
 ͨͬ͢ͻͫͤͬͮ ͳͦͱ ͯͰͽͳͦͱ ͢Ͱͫͫ͠͝ͱ (a11 a12) ͳͮʹ
ͯͬͩ͞͠͠ A ͤͯ͞ ͳͦ ͣͤͼͳͤͰͦ Ͳͳͪͦ͝

(
b12
b22

)
ͳͮʹ ͯͬͩ͞͠͠ B� ̺ͳͲͨ


c12 = a11b12 + a12b22.

ͬͅͳͤͪͽͱ ͬ͛ͪͮ͢͠͠ ͜Ͷͮʹͫͤ

c21 = (a21 a22)

(
b11

b21

)
= a21b11 + a22b21,

c22 = (a21 a22)

(
b12

b22

)
= a21b12 + a22b22.

̈́ͦͪͣ͠͝
 ͤͬͨͩ͛͢
 ͳͮ cij ͲͳͮͨͶͤͮ͞ ͳͮʹ C = AB ͯͰͮͩͼͯͳͤͨ ͸ͱ ͳͮ ͤͲ͸ͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͳͦͱ
i�͢Ͱͫͫ͠͝ͱ ͳͮʹ A ͤͯ͞ ͳͦͬ j�Ͳͳͪͦ͝ ͳͮʹ B�
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͐͠Ͱ͛ͣͤͨͫ͢͠�
(

1 −2

−1 3

)(
4 −2

5 −1

)
=

(
1 · 4 + (−2) · 5 1 · (−2) + (−2) · (−1)

(−1) · 4 + 3 · 5 (−1) · (−2) + 3 · (−1)

)

=

(
−6 0

11 −1

)
.

͐͠Ͱͻͫͮͨ͠ ͮͰͥͤ͞ͳͨ͠ ͳͮ ͨͬ͢ͻͫͤͬͮ ͣͼͮ 3× 3 ͯͨͬ͛ͩ͸ͬ� ́ͱ ͣͮͼͫͤ ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠�
⎛

⎜⎝
a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞

⎟⎠

⎛

⎜⎝
b11 b12 b13

b21 b22 b23

b31 b32 b33

⎞

⎟⎠ =

⎛

⎜⎝
c11 c12 c13

c21 c22 c23

c31 c32 c33

⎞

⎟⎠ ,

ͻͯͮʹ
cij = ai1b1j + ai2b2j + ai3b3j ,

ͨ͢͠ ͩ͛ͧͤ i, j = 1, 2, 3� ̓ͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠
 ͯ͠Ͱͯ͛ͬ͠͸ ͜Ͷͮʹͫͤ ͲͶͦͫ͠ͳͨͩ͛ ʹͯͮ͢Ͱͫͫ͠͞Ͳͤͨ ͯͽͱ ͯͰͮ�
ͩͼͯͳͤͨ ͳͮ c21 ͲͳͮͨͶͤͮ͞ ͳͮʹ ͯͬͩ͞͠͠ C = AB 	ͯͰͮͲͮͶ͝� ͻͶͨ ͳͮʹ BA
�
͐͠Ͱ͛ͣͤͨͫ͢͠�
⎛

⎜⎝
−1 2 1

0 −1 2

1 −4 2

⎞

⎟⎠

⎛

⎜⎝
−1 0 0

1 2 0

−2 7 5

⎞

⎟⎠

=

⎛

⎜⎝
(−1) · (−1) + 2 · 1 + 1 · (−2) (−1) · 0 + 2 · 2 + 1 · 7 (−1) · 0 + 2 · 0 + 1 · 5
0 · (−1) + (−1) · 1 + 2 · (−2) 0 · 0 + (−1) · 2 + 2 · 7 0 · 0 + (−1) · 0 + 2 · 5
1 · (−1) + (−4) · 1 + 2 · (−2) 1 · 0 + (−4) · 2 + 2 · 7 1 · 0 + (−4) · 0 + 2 · 5

⎞

⎟⎠

=

⎛

⎜⎝
1 11 5

−5 12 10

−9 6 10

⎞

⎟⎠ .

ͅͰͥ͢͠ͻͫͤͬͮͨ ͬ͛ͪͮ͢͠͠
 ͫͯͮͰͮͼͫͤ ͯ͛ͬͳ͠ ͬ͠ ʹͯͮͪͮ͢͞Ͳͮʹͫͤ ͳͮ ͨͬ͢ͻͫͤͬͮ ͣͼͮ n×n ͯͨͬ͛ͩ͸ͬ ͨ͢͠
ͮͯͮͨͮͣͯͮ͝ͳͤ n ∈ N�

̓ͤͬͨͩ͛
 ͬ͠ ͜Ͷͮʹͫͤ ͬͬ͜͠ k × l ͯͬͩ͞͠͠ A ͩͨ͠ ͬͬ͜͠m× n ͯͬͩ͞͠͠ B
 ͻͯͮʹ k, l,m, n ∈ N

ͳͻͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮAB ͮͰͥͤ͞ͳͨ͠ ͫͻͬͮͬ ͤ͛ͬ l = m
 ͣͦͪͣ͠͝
 ͫͤ ͛ͪͪ͠ ͪͻͨ͢͠
 ͬ͠ ͮ ͠Ͱͨͧͫͻͱ
Ͳͳͦͪͽͬ ͳͮʹ A ͤͬͨ͞͠ ͞Ͳͮͱ ͫͤ ͳͮͬ ͠Ͱͨͧͫͻ ͢Ͱͫͫ͠ͽͬ ͳͮʹ B�

ͯͮͫͬ͜ͅ͸ͱ
 ͨ͢͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠
 ͨ͢͠ ͣͼͮ ͯͬͩͤ͞͠ͱ A
 B ͳ͠ ͨͬ͢ͻͫͤͬ͠ AB ͩͨ͠ BA ͮͰͥͮͬ͞ͳͨ͠ ͩͨ͠ ͳ͠
ͣͼͮ ͫͻͬͮͬ ͬ͠ ͮA ͤͬͨ͞͠ ͣͨ͛Ͳͳ͠Ͳͦͱm×n ͩͨ͠ ͮB ͤͬͨ͞͠ ͣͨ͛Ͳͳ͠Ͳͦͱ n×m
 ͨ͢͠ ͩ͛ͯͮͨ͠m,n ∈ N
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	ͻͶͨ ͯ͠͠Ͱ͠͞ͳͦͳ͠ ͫͤ m = n
� ̓ͨ͠ ͬ͠ ͩ͠ͳͬͮ͠͝Ͳͮʹͫͤ ͩͪ͠ͼͳͤͰ͠ ͳͮͬ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻ ͯͨͬ͛ͩ͸ͬ
͠ͱ ͣͮͼͫͤ ͣͼͮ ͩ͠ͻͫͦ ͯ͠Ͱͣͤͫ͢͠͞͠ͳ͠ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͮͼ ͫͦ ͳͤͳͰ͢͠͸ͬͨͩͽͬ ͯͨͬ͛ͩ͸ͬ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ̺Ͳͳ͸

A =

(
1 −2 3

4 −1 2

)
ͩͨ͠ B =

⎛

⎜⎝
2 5

−1 4

3 3

⎞

⎟⎠ .

͓ͻͳͤ

AB =

(
1 −2 3

4 −1 2

)

︸ ︷︷ ︸
2×3

⎛

⎜⎝
2 5

−1 4

3 3

⎞

⎟⎠

︸ ︷︷ ︸
3×2

=

(
1 · 2 + (−2) · (−1) + 3 · 3 1 · 5 + (−2) · 4 + 3 · 3
4 · 2 + (−1) · (−1) + 2 · 3 4 · 5 + (−1) · 4 + 2 · 3

)

=

(
13 6

15 22

)

︸ ︷︷ ︸
2×2

.

́ͩͻͫͦ ͜Ͷͮʹͫͤ

BA =

⎛

⎜⎝
2 5

−1 4

3 3

⎞

⎟⎠

︸ ︷︷ ︸
3×2

(
1 −2 3

4 −1 2

)

︸ ︷︷ ︸
2×3

=

⎛

⎜⎝
2 · 1 + 5 · 4 2 · (−2) + 5 · (−1) 2 · 3 + 5 · 2

(−1) · 1 + 4 · 4 (−1) · (−2) + 4 · (−1) (−1) · 3 + 4 · 2
3 · 1 + 3 · 4 3 · (−2) + 3 · (−1) 3 · 3 + 3 · 2

⎞

⎟⎠

=

⎛

⎜⎝
22 −9 16

15 −2 5

15 −9 15

⎞

⎟⎠

︸ ︷︷ ︸
3×3

.

͐͠Ͱ͠ͳͦͰ͝Ͳͳͤ ͻͳͨ AB ̸= BA�
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̓ͤͬͨͩ͛
 ͬ͠ ͜Ͷͮʹͫͤ ͬͬ͜͠ m × k ͯͬͩ͞͠͠ A ͩͨ͠ ͬͬ͜͠ k × n ͯͬͩ͞͠͠ B
 ͳͻͳͤ ͳͮ ͨͬ͢ͻͫͤͬͮ
C = AB ͤͬͨ͞͠ ͮm×n ͯͬͩ͞͠͠ͱ C = (cij)
 ͻͯͮʹ ͳͮ ij�ͲͳͮͨͶͤͮ͞ ͳͮʹ
 cij 
 ͤͬͨ͞͠ ͞Ͳͮ ͫͤ ͳͮ

ͤͲ͸ͳͤͰͨͩͻ ͨͬ͢ͻͫͤͬͮ ͳͦͱ i ͢Ͱͫͫ͠͝ͱ (ai1 ai2 . . . aik) ͳͮʹ A ͤͯ͞ ͳͦͬ j Ͳͳͪͦ͝

⎛

⎜⎝

b1j
b2j
���

bkj

⎞

⎟⎠

ͳͮʹ B� ̈́ͦͪͣ͠͝

cij =
k∑

ℓ=1

aiℓbℓj = ai1b1j + ai2b2j + · · ·+ aikbkj ,

ͻͯͮʹ i = 1, . . . ,m ͩͨ͠ j = 1, . . . , n�

����� ͉ͣͨͻͳͦͳͤͱ ͳ͸ͬ ͯͰ͛ͭͤ͸ͬ ͯͨͬ͛ͩ͸ͬ

́ͯͻ ͳͮʹͱ ͮͰͨͲͫͮͼͱ ͳͦͱ ͯͰͮͦͮ͢ͼͫͤͬͦͱ ͯ͠Ͱ͢͠Ͱ͛͵ͮʹ ͯͰͮͩͼͯͳͮʹͬ ͯͮͪͼ ͤͼͩͮͪ͠ ͮͨ ͩ͠ͻͪͮʹͧͤͱ
ͨͣͨͻͳͦͳͤͱ�

�� ̺Ͳͳ͸ A
 B ͣͼͮ m × n ͯͬͩͤ͞͠ͱ� ͓ͻͳͤ A + B = B + A� 	͌ͤͳͧͤ͠ͳͨͩ͝ ͨͣͨͻͳͦͳ͠ ͳͦͱ
ͯͰͻͲͧͤͲͦͱ�


�� ̺Ͳͳ͸ A
 B
 C ͳͰͤͨͱm× n ͯͬͩͤ͞͠ͱ� ͓ͻͳͤ (A+B) +C = A+ (B +C) = A+B +C �
	͐ͰͮͲͤͳͨ͠ͰͨͲͳͨͩ͝ ͨͣͨͻͳͦͳ͠ ͳͦͱ ͯͰͻͲͧͤͲͦͱ�


�� ̺Ͳͳ͸A ͬ͜͠ͱm×n ͯͬͩ͞͠͠ͱ� ͓ͻͳͤA+0 = 0+A = A� 	̾ͯ͠Ͱͭͦ ͫͦͣͤͬͨͩͮͼ ͲͳͮͨͶͤͮ͞ʹ�


�� ̺Ͳͳ͸ A ͬ͜͠ͱ m× n ͯͬͩ͞͠͠ͱ� ͓ͻͳͤ A+ (−A) = 0� 	̾ͯ͠Ͱͭͦ ͬ͠ͳͨͧ͜ͳͮʹ ͲͳͮͨͶͤͮ͞ʹ�


�� ̺Ͳͳ͸ A ͬ͜͠ͱ m× n ͯͬͩ͞͠͠ͱ ͩͨ͠ λ, µ ∈ R� ͓ͻͳͤ (λµ)A = λ(µA)�

�� ̺Ͳͳ͸ A ͬ͜͠ͱ k × ℓ ͯͬͩ͞͠͠ͱ
 B ͬ͜͠ͱ ℓ ×m ͯͬͩ͞͠͠ͱ
 ͩͨ͠ C ͬ͜͠ͱ m × n ͯͬͩ͞͠͠ͱ� ͓ͻͳͤ
(AB)C = A(BC) = ABC � 	͐ͰͮͲͤͳͨ͠ͰͨͲͳͨͩ͝ ͨͣͨͻͳͦͳ͠ ͳͮʹ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͮͼ�


�� ̺Ͳͳ͸A
B ͣͼͮ k×m ͯͬͩͤ͞͠ͱ ͩͨ͠C ͬ͜͠ͱm×n ͯͬͩ͞͠͠ͱ� ͓ͻͳͤ (A+B)C = AC+BC �
	ͯͨͫͤͅͰͨͲͳͨͩ͝ ͨͣͨͻͳͦͳ͠�


�� ́ͬD ͤͬͨ͞͠ ͬ͜͠ͱ k×m ͯͬͩ͞͠͠ͱ ͩͨ͠E
F ͣͼͮm×n ͯͬͩͤ͞͠ͱ
 ͳͻͳͤD(E+F ) = DE+DF �
	ͯͨͫͤͅͰͨͲͳͨͩ͝ ͨͣͨͻͳͦͳ͠�


�� ́ͬ A ͤͬͨ͞͠ ͳͤͳͰ͢͠͸ͬͨͩͻͱ n × n ͯͬͩ͞͠͠ͱ
 ͳͻͳͤ AIn = InA = A� 	̾ͯ͠Ͱͭͦ ͮʹͣͤͳ͜Ͱͮʹ
ͲͳͮͨͶͤͮ͞ʹ Ͳͳͮͬ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻ�
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͐ͰͮͲͮͶ͝
 ͤͬͨͩ͛͢ ͣͤͬ ͨͲͶͼͤͨ ͻͳͨ AB = BA
 ͩ͠ͻͫͦ ͩͨ͠ ͬ͠ ͮͨ ͯͬͩͤ͞͠ͱ A ͩͨ͠B ͤͬͨ͞͠ ͳͤͳͰ͢͠͸�
ͬͨͩͮ͞� ̈́ͦͪͣ͠͝ ͮ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻͱ ͯͨͬ͛ͩ͸ͬ ͣͤͬ ͤͬͨ͞͠ ͤͬ ͬͤͨ͢͜ ͬ͠ͳͨͫͤͳͧͤ͠ͳͨͩͻͱ�
͐�Ͷ�
 ͤͪͭ͜͢ͳͤ ͻͳͨ ͬ͠

A =

(
−1 2

1 0

)
ͩͨ͠ B =

(
2 1

0 1

)
,

ͳͻͳͤ

AB =

(
−2 1

2 1

)
ͪͪ͛͠ BA =

(
−1 4

1 0

)
.

́ͬ ͨ͢͠ ͣͼͮ ͯͬͩͤ͞͠ͱ A ͩͨ͠ B ͨͲͶͼͤͨ ͻͳͨ AB = BA
 ͳͻͳͤ ͧ͠ ͪͫͤ͜ ͻͳͨ ͮͨ ͯͬͩͤ͞͠ͱ A ͩͨ͠ B
ͫͤͳ͠ͳͧͤͬ͞ͳͨ͠�
ͯͨͯͪͮͬ͜ͅ
 ͬ͠ ͨ͢͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠

A =

(
1 1

2 2

)
ͩͨ͠ B =

(
−1 1

1 −1

)
,

ͳͻͳͤ ͤͬͨ͞͠ ͤͼͩͮͪͮ ͬ͠ ͤͪͭͤ͜͢ͳͤ ͻͳͨ

AB =

(
0 0

0 0

)
ͩͨ͠ BA =

(
1 1

−1 −1

)
.

ͯͮͫͬ͜ͅ͸ͱ
 ͩ͠ͻͫͦ ͩͨ͠ Ͳͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͳͤͳͰ͢͠͸ͬͨͩͽͬ ͯͨͬ͛ͩ͸ͬ
 ͬ͠ AB = 0
 ͣͤͬ ͨͲͶͼͤͨ ͯ͠͠�
Ͱ͠͞ͳͦͳ͠ ͻͳͨ BA = 0
 ͮͼͳͤ ͻͳͨ A = 0 ͝ B = 0�

��� ͒ͳͮͨͶͤͨͽͣͤͨͱ ͯͰ͛ͭͤͨͱ ͢Ͱͫͫ͠ͽͬ ͯͬͩ͞͠͠�

͊͠ͳ͠ͰͶͬ͝ ͳͮͬͥͮ͞ʹͫͤ ͩͨ͠ ͯ͛ͪͨ ͻͳͨ ͮͨ ͯͰ͛ͭͤͨͱ ͳͦͱ ͯͰͻͲͧͤͲͦͱ ͯͨͬ͛ͩ͸ͬ 	ͣͨ͞͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ
 ͩͨ͠
ͳͮʹ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͮͼ ͠Ͱͨͧͫͮͼ ͤͯ͞ ͯͬͩ͞͠͠ ͣͬͮ͞ʹͬ ͯ͛ͬͳ͠ ͯͬͩ͞͠͠ ͣͨ͞͠ͱ ͣͨ͛Ͳͳ͠Ͳͦͱ ͫͤ ͠ʹͳ͝
ͳ͸ͬ ͠ͰͶͨͩͽͬ ͯͨͬ͛ͩ͸ͬ� ́ʹͳͻ ͣͤͬ ͤͬͨ͞͠ ͯ͠͠Ͱ͠͞ͳͦͳͮ ͨ͢͠ ͳͮͬ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻ ͯͨͬ͛ͩ͸ͬ� ̓ͨ͠ ͬ͠
ͮͰͨͲͳͤ͞ ͳͮ ͨͬ͢ͻͫͤͬͮ AB ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ A ͩͨ͠ B ͯͰͯͤͨ͜ ͯ͠͠Ͱͨ͠ͳ͝ͳ͸ͱ ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ Ͳͳͦͪͽͬ
ͳͮʹ A ͬ͠ ͤͬͨ͞͠ ͞Ͳͮ ͫͤ ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͢Ͱͫͫ͠ͽͬ ͳͮʹ B�
͒ͳͮʹͱ ͯͬͩͤ͞͠ͱ ͻͫ͸ͱ ͫͯͮͰͮͼͫͤ ͬ͠ ͤ͵͠ͰͫͻͲͮʹͫͤ ͩͨ͠ ͩ͛ͯͮͨͮʹ ͛ͪͪͮʹ ͤͣͮ͞ʹͱ ͯͰ͛ͭͤͨͱ
 ͯͮʹ ͪͮ͜͢�
ͬͳͨ͠ ͲͳͮͨͶͤͨͽͣͤͨͱ ͯͰ͛ͭͤͨͱ ͢Ͱͫͫ͠ͽͬ� ́ͱ ͳͨͱ ͣͮͼͫͤ ͫ͜Ͳ͸ ͫͤͰͨͩͽͬ ͯ͠Ͱͣͤͨͫ͛͢͠ͳ͸ͬ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ̺Ͳͳ͸

A =

⎛

⎜⎝
1 5 8

3 1 2

7 6 4

⎞

⎟⎠ .
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͏ A ͤͬͨ͞͠ ͬ͜͠ͱ ͯͬͩ͞͠͠ͱ 3 × 3� ͏ͨ ͳͰͤͨͱ ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͤͬͨ͞͠ ͮͨ (1 5 8)
 (3 1 2) ͩͨ͠ (7 6 4)�
͓ͨͱ ͠Ͱͨͧͫͮͼͫͤ ͫͤ ͳͦ ͲͤͨͰ͛ ͯͮʹ ͤͫ͵ͬͥͮͬ͠͞ͳͨ͠ Ͳͳͮͬ ͯͬͩ͞͠͠ ͯ͠ͻ ͯ͛ͬ͸ ͯͰͮͱ ͳ͠ ͩ͛ͳ͸ ͩͨ͠ ͳͨͱ
Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͸ͱ ͤͭ͝ͱ�

r1 = (1 5 8), r2 = (3 1 2), r3 = (7 6 4).

́ͬ ͤͬͪͪ͛ͭͮ͠ʹͫͤ ͫͮͨ͠͡͠͞͠ ͳͦ ͧ͜Ͳͦ ͳ͸ͬ ͢Ͱͫͫ͠ͽͬ r1 ͩͨ͠ r2 ͳͮʹ A ͩͨ͠ ͣͨ͠ͳͦͰ͝Ͳͮʹͫͤ ͳͦͬ r3

ͻͯ͸ͱ ͤͬͨ͞͠
 ͳͻͳͤ ͯ͠͞Ͱͬͮʹͫͤ ͳͮͬ ͯͬͩ͞͠͠

B =

⎛

⎜⎝
3 1 2

1 5 8

7 6 4

⎞

⎟⎠ .

̓ͨ͠ ͬ͠ Ͳʹͫͮͪ͡͞Ͳͮʹͫͤ ͠ʹͳ͝ ͳͦͬ ͤͬͪͪ͢͠͠͝ ͢Ͱͫͫ͠ͽͬ ͩͨ͠ ͬ͠ ͩ͠ͳͪͬͮ͠͠͡͠͞ʹͫͤ ͳͨ ͩ͛ͬͫͤ͠ ͢Ͱ͛�
͵ͮʹͫͤ ⎛

⎜⎝
1 5 8

3 1 2

7 6 4

⎞

⎟⎠ −−−−→
r1↔r2

⎛

⎜⎝
3 1 2

1 5 8

7 6 4

⎞

⎟⎠ .

́ͬ͛ͪͮ͢͠
 ͨ͢͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠
 ͜Ͷͮʹͫͤ
⎛

⎜⎝
1 5 8

3 1 2

7 6 4

⎞

⎟⎠ −−−−→
r1↔r3

⎛

⎜⎝
7 6 4

3 1 2

1 5 8

⎞

⎟⎠ .

́ͱ ͣͮͼͫͤ ͛ͪͪͮ ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠�

͐͠Ͱ͛ͣͤͨͫ͢͠�
⎛

⎜⎜⎜⎜⎝

1 2 3

4 5 6

7 8 9

10 11 12

⎞

⎟⎟⎟⎟⎠
−−−−→
r1↔r2

⎛

⎜⎜⎜⎜⎝

4 5 6

1 2 3

7 8 9

10 11 12

⎞

⎟⎟⎟⎟⎠
−−−−→
r1↔r2

⎛

⎜⎜⎜⎜⎝

1 2 3

4 5 6

7 8 9

10 11 12

⎞

⎟⎟⎟⎟⎠
−−−−→
r1↔r3

⎛

⎜⎜⎜⎜⎝

7 8 9

4 5 6

1 2 3

10 11 12

⎞

⎟⎟⎟⎟⎠
−−−−→
r2↔r3

⎛

⎜⎜⎜⎜⎝

7 8 9

1 2 3

4 5 6

10 11 12

⎞

⎟⎟⎟⎟⎠
−−−−→
r1↔r4

⎛

⎜⎜⎜⎜⎝

10 11 12

1 2 3

4 5 6

7 8 9

⎞

⎟⎟⎟⎟⎠

͌ͤͯ͠Ͱͻͫͮͨͮ ͳͰͻͯͮ ͩ͛ͬͮʹͫͤ ͫͮͨͤ͠͡͠͞ͱ ͤͬͪͪ͢͜͠͠ͱ ͢Ͱͫͫ͠ͽͬ ͯ͛ͬ͸ Ͳͳͨͱ ͢Ͱͫͫ͜͠ͱ ͮͯͮͨͮʹͣͯͮ͝ͳͤ
ͯͬͩ͞͠͠ ͩͨ͠ ͳͮ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͬ͛ͪͮ͢͠͠�



�� ̸̴̴͈̼̽̾͂ �� ̴̸̼̓̀̽ͅ

͇ ͤͬͪͪ͢͠͠͝ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ ͯͬͩ͞͠͠ ͤͬͨ͞͠ ͦ ͯͰͽͳͦ ͲͳͮͨͶͤͨͽͣͦͱ ͯͰ͛ͭͦ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ
ͯͬͩ͞͠͠� ̓ͤͬͨͩ͛
 ͬ͠ ͜Ͷͮʹͫͤ ͬͬ͜͠ m× n ͯͬͩ͞͠͠

A =

⎛

⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎠
,

ͧ͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͨͱ ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͸ͱ ͤͭ͝ͱ�

ri = (ai1 ai2 . . . ain), i = 1, 2, . . . ,m,

ͩͨ͠ ͧ͠ Ͳͦͫͤͨͽͬͮʹͫͤ ͳͦͬ ͤͬͪͪ͢͠͠͝ ͳ͸ͬ ͢Ͱͫͫ͠ͽͬ i ͩͨ͠ j ͳͮʹ A ͢Ͱ͛͵ͮͬͳ͠ͱ ri ↔ rj �

́ͬ ͳͽͰ͠ ͯͮͪͪͯͪ͠͠Ͳͨ͛Ͳͮʹͫͤ ͫͨ͠ ͢Ͱͫͫ͠͝ ͤͬͻͱ ͯͬͩ͞͠͠ ͫͤ ͬͬ͜͠ ͫͦ ͫͦͣͤͬͨͩͻ ͠Ͱͨͧͫͻ ͯ͠͞Ͱ�
ͬͮʹͫͤ ͬͬ͜͠ ͬͮ͜ ͯͬͩ͞͠͠
 ͯͮʹ ͤͬͨ͞͠ ͯ͠Ͱͻͫͮͨͮͱ ͫͤ ͳͮͬ ͯͰͮͦͮ͢ͼͫͤͬͮ
 ͫͤ ͫͻͬͦ ͣͨ͠͵ͮͰ͛ ͻͳͨ ͦ
͢Ͱͫͫ͠͝ ͯͮʹ ͯͮͪͪͯͪ͠͠Ͳͨ͛Ͳͫͤ͠ ͜Ͷͤͨ ͵ͼͤͨ͢ ͩͨ͠ Ͳͳͦ ͧ͜Ͳͦ ͳͦͱ ͜Ͷͤͨ ͯ͛ͤͨ ͫͨ͠ ͢Ͱͫͫ͠͝ ͯͮʹ ͳ͠ Ͳͳͮͨ�
Ͷͤ͞͠ ͳͦͱ ͤͬͨ͞͠ ͳ͠ ͯͮͪͪͯͪ͛͠Ͳͨ͠ ͳ͸ͬ ͬ͠ͳ͞ͲͳͮͨͶ͸ͬ ͲͳͮͨͶͤ͞͸ͬ ͳͦͱ ͠ͰͶͨͩ͝ͱ ͢Ͱͫͫ͠͝ͱ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ̺Ͳͳ͸ ͮ ͯͬͩ͞͠͠ͱ

A =

⎛

⎜⎝
1 −1 2

3 5 2

2 −1 4

⎞

⎟⎠ .

́ͬ ͯͮͪͪͯͪ͠͠Ͳͨ͛Ͳͮʹͫͤ ͳͦ ͢Ͱͫͫ͠͝ r2 = (3 5 2) ͳͮʹ A ͤͯ͞ 2
 ͳͻͳͤ ͯ͠͞Ͱͬͮʹͫͤ ͳͮͬ ͯͬͩ͞͠͠

B =

⎛

⎜⎝
1 −1 2

6 10 4

2 −1 4

⎞

⎟⎠ .

̓ͨ͠ ͬ͠ Ͳʹͫͮͪ͡͞Ͳͮʹͫͤ ͠ʹͳͻͬ ͳͮͬ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻ ͳͦͱ ͢Ͱͫͫ͠͝ͱ r2 ͳͮʹ A ͤͯ͞ 2
 ͢Ͱ͛͵ͮʹͫͤ
⎛

⎜⎝
1 −1 2

3 5 2

2 −1 4

⎞

⎟⎠ −−−−−→
r2←2r2

⎛

⎜⎝
1 −1 2

6 10 4

2 −1 4

⎞

⎟⎠ .

͌ͤ ͯ͠Ͱͻͫͮͨͮ ͳͰͻͯͮ ͧ͠ ͯ͠ͰͨͲͳ͛ͬͮʹͫͤ ͳͮͬ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻ ͫͨ͠ͱ ͢Ͱͫͫ͠͝ͱ ͤͬͻͱ ͯͬͩ͞͠͠ ͤͯ͞
ͬͬ͜͠ ͫͦ ͫͦͣͤͬͨͩͻ ͯͰͫ͢͠͠ͳͨͩͻ ͠Ͱͨͧͫͻ�



���� ̸̷̸̼͉̼̼͆͂͋ͅͅ ̴̸̼̓̈́́ͅ ̶̴̈́̿̿͋̀ ̴̴̼̓̀̽� ��

̓ͤͬͨͩ͛ ͣͦͪͣ͠͝ ͜Ͷͮʹͫͤ�
⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

ai1 ai2 . . . ain
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

−−−−→
ri←λri

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

λai1 λai2 . . . λain
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

ͻͯͮʹ λ ∈ R \ {0}�
͏ ͯͮͪͪͯͪ͠͠Ͳͨ͠Ͳͫͻͱ ͢Ͱͫͫ͠͝ͱ ͤͬͻͱ ͯͬͩ͞͠͠ ͤͯ͞ ͬͬ͜͠ ͫͦ ͫͦ ͫͦͣͤͬͨͩͻ ͯͰͫ͢͠͠ͳͨͩͻ
͠Ͱͨͧͫͻ ͤͬͨ͞͠ ͦ ͣͤͼͳͤͰͦ ͲͳͮͨͶͤͨͽͣͦͱ ͯͰ͛ͭͦ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ ͯͬͩ͞͠͠�

͇ ͳͰ͞ͳͦ ͲͳͮͨͶͤͨͽͣͦͱ ͯͰ͛ͭͦ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ ͯͬͩ͞͠͠ ͤͬͨ͞͠ ͦ ͯͰͻͲͧͤͲͦ ͣͼͮ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ ͯͬͩ͞͠͠
ͩͨ͠ ͦ ͬ͠ͳͨͩ͠ͳ͛Ͳͳ͠Ͳͦ ͳͦͱ ͫͨ͠ͱ ͯ͠ͻ ͳͨͱ ͣͼͮ ͢Ͱͫͫ͜͠ͱ ͫͤ ͳͮ ͛ͧͰͮͨͲͫ͠ ͳ͸ͬ ͢Ͱͫͫ͠ͽͬ ͠ʹͳͽͬ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ̺Ͳͳ͸ ͮ ͯͬͩ͞͠͠ͱ

A =

⎛

⎜⎝
5 −1 0

−2 4 3

7 6 5

⎞

⎟⎠ .

́ͬ ͯͰͮͲͧ͜Ͳͮʹͫͤ ͳͨͱ ͢Ͱͫͫ͜͠ͱ r1 ͩͨ͠ r2 ͳͮʹ A ͩͨ͠ ͛ͪͮ͡ʹͫͤ ͳͮ ͛ͧͰͮͨͲͫ͠ r1 + r2 Ͳͳͦ ͧ͜Ͳͦ ͳͦͱ
r1
 ͤͬͽ ͣͨ͠ͳͦͰ͝Ͳͮʹͫͤ ͳͨͱ r2 ͩͨ͠ r3 Ͳͳͦ ͧ͜Ͳͦ ͳͮʹͱ Ͳͳͮͬ ͯͬͩ͞͠͠ A
 ͳͻͳͤ ͯ͠͞Ͱͬͮʹͫͤ ͳͮͬ ͯͬͩ͞͠͠

B =

⎛

⎜⎝
3 3 3

−2 4 3

7 6 5

⎞

⎟⎠ .

͒ʹͫͮͪͥͮ͡͞ʹͫͤ ͳ͠ ͯ͠Ͱͯ͛ͬ͠͸ ͢Ͱ͛͵ͮͬͳ͠ͱ

⎛

⎜⎝
5 −1 0

−2 4 3

7 6 5

⎞

⎟⎠ −−−−−−→
r1←r1+r2

⎛

⎜⎝
3 3 3

−2 4 3

7 6 5

⎞

⎟⎠ .



�� ̸̴̴͈̼̽̾͂ �� ̴̸̼̓̀̽ͅ

͌ͤ ͯ͠Ͱͻͫͮͨͮ ͳͰͻͯͮ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮ ͛ͧͰͮͨͲͫ͠ ͣͼͮ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ ͤͬͨͩͮ͢ͼ ͯͬͩ͞͠͠ ͩͨ͠
ͳͦͬ ͬ͠ͳͨͩ͠ͳ͛Ͳͳ͠Ͳͦ ͳͦͱ ͫͨ͠ͱ ͯ͠ͻ ͳͨͱ ͣͼͮ ͢Ͱͫͫ͜͠ͱ ͫͤ ͳͮ ͛ͧͰͮͨͲͫ͠ ͳ͸ͬ ͢Ͱͫͫ͠ͽͬ ͠ʹͳͽͬ�
⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

ai1 ai2 . . . ain
���

���
���

aj1 aj2 . . . ajn
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

−−−−−−→
ri←ri+rj

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

ai1 + aj1 ai2 + aj2 . . . ain + ajn
���

���
���

aj1 aj2 . . . ajn
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

͏ͨ ͯ͠Ͱͯ͛ͬ͠͸ ͳͰͤͨͱ ͲͳͮͨͶͤͨͽͣͤͨͱ ͯͰ͛ͭͤͨͱ ͢Ͱͫͫ͠ͽͬ ͤͬͨ͞͠ ͠Ͱͩͤͳ͜ͱ ͨ͢͠ ͬ͠ ͩ͛ͬͮʹͫͤ ͮͯͮͨͮʹͲͣ͝�
ͯͮͳͤ ͫͤͳ͠ͲͶͦͫ͠ͳͨͲͫͮͼͱ Ͳͳͨͱ ͢Ͱͫͫ͜͠ͱ ͤͬͻͱ ͳʹͶͮ͠͞ʹ ͯͬͩ͞͠͠� ͓ͨͱ ͣͼͮ ͳͤͪͤʹͳͤ͠͞ͱ ͳͨͱ ͩ͛ͬͮʹͫͤ
Ͳʹͬͧ͝͸ͱ ͳ͠ʹͳͻͶͰͮͬ͠ ͨ͢͠ ͤͭͮͨͩͮͬͻͫͦͲͦ ͶͽͰͮʹ ͩͨ͠ ͶͰͻͬͮʹ�
͐͠Ͱ͛ͣͤͨͫ͢͠�

⎛

⎜⎝
5 2 −1

−1 −8 7

2 −3 9

⎞

⎟⎠ −−−−−→
r2←3r2

⎛

⎜⎝
5 2 −1

−3 −24 21

2 −3 9

⎞

⎟⎠ −−−−−−→
r3←r2+r3

⎛

⎜⎝
5 2 −1

−3 −24 21

−1 −27 30

⎞

⎟⎠ .

͓ͮ ͯ͠Ͱͯ͛ͬ͠͸ ͳͮ ͢Ͱ͛͵ͮʹͫͤ ͩͨ͠ ͫͤ ͫ͞͠ ͯͰ͛ͭͦ ͸ͱ ͤͭ͝ͱ�
⎛

⎜⎝
5 2 −1

−1 −8 7

2 −3 9

⎞

⎟⎠ −−−−−−−→
r3←r3+3r2

⎛

⎜⎝
5 2 −1

−3 −24 21

−1 −27 30

⎞

⎟⎠ .

̈́ͦͪͣ͠͝ ͯͰͮͲͧ͜Ͳͫͤ͠ Ͳͤ ͫͨ͠ ͢Ͱͫͫ͠͝ ͳͮ ͯͮͪͪͯͪ͛͠Ͳͨͮ ͫͤ ͬ͜͠ ͫͦ ͫͦͣͤͬͨͩͻ ͠Ͱͨͧͫͻ ͫͨ͠ͱ ͛ͪͪͦͱ
͢Ͱͫͫ͠͝ͱ� !
̽ͳͬ͠ ͤͬͪͪ͛͠Ͳͮʹͫͤ ͣͼͮ ͢Ͱͫͫ͜͠ͱ ͤͬͻͱ ͯͬͩ͞͠͠ ͦ ͯͰ͛ͭͦ ͠ʹͳ͝ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͤͩͳͤͪͤ͞ͳͨ͠ ͭͤͶ͸�
ͰͨͲͳ͛ ͩͨ͠ ͬ͠ ͵ͬͤ͠͞ͳͨ͠ ͩͧ͠͠Ͱ͛� ̽ͳͬ͠ ͻͫ͸ͱ Ͳͤ ͬͬ͜͠ ͯͬͩ͞͠͠ ͯͰͮͲͧ͜ͳͮʹͫͤ Ͳͤ ͫͨ͠ ͢Ͱͫͫ͠͝ ͳͮ
ͯͮͪͪͯͪ͛͠Ͳͨͮ ͫͨ͠ͱ ͛ͪͪͦͱ ͢Ͱͫͫ͠͝ͱ ͠ʹͳͻ ͫͯͮͰͮͼͫͤ ͬ͠ ͳͮ ͩ͛ͬͮʹͫͤ ͳ͠ʹͳͻͶͰͮͬ͠ ͩͨ͠ ͨ͢͠ ͯͮͪͪ͜ͱ
͢Ͱͫͫ͜͠ͱ ͫͥ͠͞�
͐͠Ͱ͛ͣͤͨͫ͢͠�

⎛

⎜⎜⎜⎜⎝

−2 −1 3

4 −2 1

−3 2 4

7 −8 5

⎞

⎟⎟⎟⎟⎠
−−−−−−−→
r1←r1+2r3
r2←r2+3r1
r3←r3+4r2
r4←r4+5r1

⎛

⎜⎜⎜⎜⎝

−8 3 11

−2 −5 10

13 −6 8

−3 −13 20

⎞

⎟⎟⎟⎟⎠
−−−−→
r1↔r3

⎛

⎜⎜⎜⎜⎝

13 −6 8

−2 −5 10

−8 3 11

−3 −13 20

⎞

⎟⎟⎟⎟⎠
.



���� ̴̼̽̾̿̽͋͆͂ͅ ̴̴̼̓̀̽ͅ ��

͌ͤ ͲͳͮͨͶͤͨͽͣͤͨͱ ͯͰ͛ͭͤͨͱ ͢Ͱͫͫ͠ͽͬ ͫͯͮͰͮͼͫͤ ͬ͠ ͣͦͫͨͮʹͰ͢͝Ͳͮʹͫͤ ͯͮͪͪͮͼͱ ͬͮ͜ʹͱ ͯͬͩͤ͞͠ͱ� ͯͤͨͅ�
ͣ͝ ͠ʹͳͮ͞ Ͳʹͬͣͮͬ͜ͳͨ͠ ͫͤͳͭ͠ͼ ͳͮʹͱ ͮʹͲͨ͸ͣͽͱ ͩͨ͠ ͮ ͩͧͬ͜͠͠ͱ ͯ͠ͻ ͠ʹͳͮͼͱ ͜Ͷͤͨ ͫͨ͠ ͨͣͨ͠͞ͳͤͰͦ ͲͶ͜Ͳͦ
ͫͤ ͻͪͮʹͱ ͳͮʹͱ ʹͯͻͪͮͨͯͮʹͱ ͧ͠ ͶͰͤͨ͠Ͳͳͮͼͫͤ ͬͬ͜͠ ͮͰͨͲͫͻ ͨ͢͠ ͬ͠ ͭͤͩͧ͠͠Ͱ͞Ͳͮʹͫͤ ͳͦ ͲͶ͜Ͳͦ ͠ʹͳ͝�

͏ͰͨͲͫͻͱ ������ ̭͓ͤ͟ ͓͓͑ͤ͢͟͜A ͝͏͕͓͗ͦ͛͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ͱ ͐ ͓͛͜ ͖͓͛ͥͯͤ͟͡͞͡ ͗͞ ͦ͟͡ ͓͓͑͢͟͜B

͓͟ ͡B ͏ͩ͗͛ ͣͯͪ͗͛͢͜͡ ͓ͮ͢ ͦ͟͡A ͎͗ͦ͞ ͓ͮ͢ ͏͓͟ ͓͗͗ͣͥ͢͢͞͏͟͡ ͚͐ͤ͢͝͡ ͖ͥͦ͛ͩ͗͛ͫ͡Ͱ͟ ͎ͣ͗ͫ͢͟͠ ͕͓ͣ͞͞Ͱ͟�

́ͯͮͣͤͨͩͬͼͤͳͨ͠ ͦ ͤͭ͝ͱ ͯͰͻͳ͠Ͳͦ�

͐Ͱͻͳ͠Ͳͦ ������ ̭ͥͦͫ A ͓͛͜ B ͓͟ ͓͗͑͛͟ ͖ͯ͡ m × n ͓͑͗ͤ͢͟͜� ̴͟ ͡ A ͓͗͑͛͟ ͕͓͖͓ͣͬͥͯͤ͟͞͞͡͡͞͡ ͗͞
ͦ͟͡ B
 ͦͮͦ͗ ͓͛͜ ͡ B ͓͗͑͛͟ ͕͓͖͓ͣͬͥͯͤ͟͞͞͡͡͞͡ ͗͞ ͦ͟͡ A�

́ͯͻ ͠ʹͳͬ͝ ͳͦͬ ͯͰͻͳ͠Ͳͦ ͯͤ͜ͳͨ͠ ͳͮ ͩ͠ͻͪͮʹͧͮ ͯͻͰͨͲͫ͠�

͐ͻͰͨͲͫ͠ ������ ̭ͥͦͫA
B
 C ͓͟ ͓͗͑͛͟ ͦͣ͗͛ͤm×n ͓͑͗ͤ͢͟͜ ͦ͏ͦ͛͛͡͡ Ͱͥͦ͗ ͡A ͓͗͑͛͟ ͕͓͖ͣͬͥͯ͞͞͡͡�
͓ͤ͟͞͡ ͗͞ ͦ͟͡ B ͓͛͜ ͡ ͡ B ͓͗͑͛͟ ͕͓͖͓ͣͬͥͯͤ͟͞͞͡͡͞͡ ͗͞ ͦ͟͡ C � ͆ͮͦ͗ ͓͚͜͏͓ͤ͟ ͓ͮ͢ ͦͧͤ͡ A
 B
 C ͓͗͑͛͟
͕͓͖͓ͣͬͥͯͤ͟͞͞͡͡͞͡ ͗͞ ͦͧͤ͡ ͖ͯ͡ ͎ͧͤ͝͝͡�

̓ͨ͠ ͬ͠ Ͳʹͫͮͪ͡͞Ͳͮʹͫͤ ͻͳͨ ͮ ͯͬͩ͞͠͠ͱ A ͤͬͨ͞͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ͱ ͫͤ ͳͮͬ B ͢Ͱ͛͵ͮʹͫͤ A ∼ B�
̺ͳͲͨ ͯ͠ͻ ͳ͠ ͯ͠Ͱͯ͛ͬ͠͸ ͜Ͷͮʹͫͤ ͻͳͨ ͬ͠ A ∼ B ͳͻͳͤ ͨͲͶͼͤͨ ͩͨ͠ ͻͳͨ B ∼ A� ͯ͞ͅͲͦͱ
 ͬ͠ A
 B

C ͤͬͨ͞͠ ͳͰͤͨͱ ͯͬͩͤ͞͠ͱ ͳ͜ͳͮͨͮͨ ͽͲͳͤ A ∼ B ͩͨ͠ B ∼ C 
 ͳͻͳͤ ͯ͠ͻ ͳͮ ͐ͻͰͨͲͫ͠ ����� ͨͲͶͼͮʹͬ
ͤͯ͞Ͳͦͱ ͳ͠ ͤͭ͝ͱ� B ∼ A, C ∼ B, A ∼ C ͩͨ͠ C ∼ A�
͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͤͨͲ͛ͮ͢ʹͫͤ ͫͨ͠ ͡͠Ͳͨͩ͝ ͬͬͮͨ͜͠ ͯͬͩ͞͠͠�

��� ͊ͪͨͫͩ͠͸ͳͻͱ ͯͬͩ͞͠͠ͱ

̓ͨ͠ ͬ͠ ͤͨͲ͛ͮ͢͢͠ʹͫͤ ͳͦͬ ͬͬͮͨ͜͠ ͳͮʹ ͩͪͨͫͩ͠͸ͳͮͼ ͯͬͩ͞͠͠ ͧ͠ ͫ͠ͱ ͶͰͤͨ͠Ͳͳͤ͞ ͯͰͽͳ͠ ͩ͛ͯͮͨ͠ ͮͰͮ�
ͪͮ͢͞͠�

ۦ ͌ͨ͠ ͢Ͱͫͫ͠͝ ͝ Ͳͳͪͦ͝ ͤͬͻͱ ͯͬͩ͞͠͠ ͪͤ͜͢ͳͨ͠ kͫͦͣͤͬͨͩ͝{ ͤͬ͠ ͩ͛ͧͤ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͤͬͨ͞͠ ͫͦͣͬ͜�

ۦ ͇ͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͫͨ͠ͱ ͫͦ ͫͦͣͤͬͨͩ͝ͱ ͢Ͱͫͫ͠͝ͱ ri ͤͬͻͱ ͯͬͩ͞͠͠ ͤͬͨ͞͠ ͳͮ ͯͰͽͳͮ ͫͦ ͫͦͣͤ�
ͬͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ͏ ͯͬͩ͞͠͠ͱ

A =

⎛

⎜⎜⎜⎜⎝

0 1 −3 −1 1
2

0 0 0 0 0

0 0 0 −5 −1

0 0 −1 3
2

5
3

⎞

⎟⎟⎟⎟⎠

͜Ͷͤͨ
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ۦ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͯͰͽͳͦͱ ͢Ͱͫͫ͠͝ͱ ͳͮ �


ۦ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͳͰ͞ͳͦͱ ͢Ͱͫͫ͠͝ͱ ͳͮ ��


ۦ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͳ͜ͳ͠Ͱͳͦͱ ͢Ͱͫͫ͠͝ͱ ͳͮ ��� !

̺ͳͲͨ
 ͜Ͳͳ͸ ͮ m× n ͯͬͩ͞͠͠ͱ

A =

⎛

⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎠
, 	���


ͩͨ͠ ri = (ai1 ai2 . . . ain) ͬ͠ ͤͬͨ͞͠ ͦ i�ͮͲͳ͝ ͫͦ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͳͮʹ ͯͬͩ͞͠͠ A
 ͨ͢͠ ͩ͛ͯͮͨͮ
i ∈ {1, 2, . . . ,m}� ͇ͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ri ͤͬͨ͞͠ ͳͮ ai1
 ͬ͠ ai1 ̸= 0
 ͣͨ͠͵ͮͰͤͳͨͩ͛ ͦͤ͢ͳͨͩͻ
ͲͳͮͨͶͤͮ͞ ͳͦͱ ri ͤͬͨ͞͠ ͳͮ aij 
 ͻͯͮʹ aij ̸= 0 ͩͨ͠ ai1 = · · · = ai,j−1 = 0 ͩͨ͠ j > 1�

ͬͨ͞͠ͅ ͯͰͮ͵ͬ͜͠ͱ ͯ͠ͻ ͳͮͬ ͮͰͨͲͫͻ ͻͳͨ ͩ͛ͧͤ ͫͦ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͤͬͻͱ ͯͬͩ͞͠͠ ͜Ͷͤͨ ͫͮͬͣͨͩ͠ͻ ͦͤ͢�
ͳͨͩͻ ͲͳͮͨͶͤͮ͞�

͏ͰͨͲͫͻͱ ������ ̭͓ͤ͟ ͓͓͑ͤ͢͟͜ ͝͏͕͓͗ͦ͛ ͩͪͨͫͩ͠͸ͳͻͱ 	SPX FDIFMPO GPSN
 ͓ͮͦ͟ ͛ͥͩͯͧ͟͡ ͓ͦ ͓ͮ͜�
͚͓ͧ͝͡�

	J
 ̴͟ ͓͛͞ ͕͓ͣ͐͞͞ ͦͧ͡ ͓͓͑͢͟͜ ͓͗͑͛͟ ͙͖͗͛͐͟͜͞ ͦͮͦ͗ ͎͚͗͜ ͙͗ͮ͗͢͟͞ ͕͓ͣ͐͞͞ ͦͧ͡ ͓͗͑͛͟ ͓͛͜ ͓ͧͦ͐ ͙͖͗͞�
͛͐͟͜�

	JJ
 ͆͡ ͙͕͗ͦ͛ͮ͜ ͥͦ͛ͩ͗͑͡͡ ͎͚͗͜ ͙͞ ͙͖͗͛͐ͤ͟͜͞ ͕͓ͣ͐ͤ͞͞ ͔͓ͣ͑ͥ͗ͦ͛͜ ͓ͥͦ ͖͎͗͛͠ ͦͧ͡ ͙͕͗ͦ͛ͯ͜͡ ͥͦ͛ͩ͗͑ͧ͡͡
͎͚͗͜ ͙͕͙ͣͯ͗ͤ͢͟͡͡͞ ͕͓ͣ͐ͤ͞͞�

́ͱ ͣͮͼͫͤ ͯͽͱ ͤͩ͵Ͱ͛ͥͮͬͳͨ͠ ͩͨ͠ ͳʹͯͨͩ͛ ͮͨ ͯͨ͠͠ͳ͝Ͳͤͨͱ ͳͮʹ ͏ͰͨͲͫͮͼ ������ ́ͱ ͯ͛Ͱͮʹͫͤ ͳͮͬ ͯͰͮͦ�
ͮ͢ͼͫͤͬͮm× n ͯͬͩ͞͠͠ A�
̓ͨ͠ ͳͮ 	J
� ̺Ͳͳ͸ i ͬ͠ ͤͬͨ͞͠ ͮ ͫͨͩͰͻͳͤͰͮͱ ͵ʹͲͨͩͻͱ ͠Ͱͨͧͫͻͱ i ∈ {1, 2, . . . ,m} ͨ͢͠ ͳͮͬ ͮͯͮͮ͞
ͨͲͶͼͤͨ ri = � ⇔ ai1 = ai2 = · · · = ain = 0
 ͫͤ ͳͦͬ ʹͯͻͧͤͲͦ ͻͳͨ ʹͯ͛ͰͶͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͬ͜͠
ͳ͜ͳͮͨͮ i� ͓ͻͳͤ ͨ͢͠ ͩ͛ͧͤ j > i ͨͲͶͼͤͨ ͤͯ͞Ͳͦͱ ͻͳͨ rj = � ⇔ aj1 = aj2 = · · · = ajn = 0
 ͬ͠
ͨͲͶͼͤͨ ͨ͜͡͡͠͠ ͻͳͨ i < m� ͕ʹͲͨͩ͛
 ͬ͠ ͣͤͬ ʹͯ͛ͰͶͤͨ i ∈ {1, 2, . . . ,m} ͳ͜ͳͮͨͮ ͽͲͳͤ ri = �
 ͳͻͳͤ
ͣͤͬ ͜Ͷͮʹͫͤ ͬ͠ ͨͩͬͮͯͮͨ͠͝Ͳͮʹͫͤ ͳͦͬ ͯ͠͠͞ͳͦͲͦ 	J
 ͳͮʹ ͏ͰͨͲͫͮͼ ����� ͨ͢͠ ͬ͠ ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ A

ͩͪͨͫͩ͠͸ͳͻͱ�
̓ͨ͠ ͳͮ 	JJ
� ́ͱ ʹͯͮͧ͜Ͳͮʹͫͤ ͩ͠ͳ͠ͰͶͬ͝ ͻͳͨ ͮA ͜Ͷͤͨ ͫͦ ͫͦͣͤͬͨͩ͜ͱ ͢Ͱͫͫ͜͠ͱ� ̺Ͳͳ͸ ri
 i > 1
 ͫͨ͠ ͫͦ
ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͳͮʹA
 ͣͦͪͣ͠͝ ri ̸= �� ͓ͻͳͤ ri−1 ̸= �
 ͨ͢͠ͳ͞ ͬ͠ ͝ͳͬ͠ ri−1 = �
 ͳͻͳͤ Ͳͼͫ͵͸ͬ͠
ͫͤ ͳͦͬ ͯ͠͠͞ͳͦͲͦ 	J
 ͳͮʹ ͏ͰͨͲͫͮͼ �����
 ͧ͠ ͯ͜Ͱͤͯͤ ͬ͠ ͨͲͶͼͤͨ ͩͨ͠ ri = �
 ͯͮʹ ͣͤͬ ͨͲͶͼͤͨ� ̺Ͳͳ͸
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aij 
 ai−1,k ͬ͠ ͤͬͨ͞͠ ͳ͠ ͦͤ͢ͳͨͩ͛ ͲͳͮͨͶͤ͞͠ ͳ͸ͬ ͢Ͱͫͫ͠ͽͬ ri ͩͨ͠ ri−1
 ͬ͠ͳ͞ͲͳͮͨͶ͠� ͓ͻͳͤ ͨͲͶͼͤͨ�
k < j�
͔ͯ͛ͰͶͮʹͬ ͯͤͰͨͯͳͽͲͤͨͱ ͻͯͮʹ ͦ ͫͮͰ͵͝ ͤͬͻͱ ͯͬͩ͞͠͠ ͤͬͨ͞͠ ͳ͜ͳͮͨ͠ ͽͲͳͤ ͬ͠ ͫͦͬ ͜Ͷͤͨ ͬͬͮͨ͜͠ ͬ͠
ͤͪͤ͢Ͷͧͤ͞ ͳͮ 	J
 ͝ ͳͮ 	JJ
� ͓ͻͳͤ
 ͬ͠ ͨͩͬͮͯͮͨͤ͠͞ͳͨ͠ ͦ ͛ͪͪͦ Ͳʹͬͧͩͦ͝
 ͩͨ͠ ͯ͛ͪͨ ͪͫͤ͜ ͻͳͨ ͮ ͯͬͩ͞͠͠ͱ
ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ�
̺ͳͲͨ
 ͬ͠ ͬ͜͠ͱ ͯͬͩ͞͠͠ͱ ͜Ͷͤͨ ͳͮ ͯͮͪͼ ͫͨ͠ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͤͭͤͳ͛ͥͮʹͫͤ ͫͻͬͮͬ ͬ͠ ͨͲͶͼͤͨ ͳͮ 	JJ
�
ͯ͞ͅͲͦͱ
 ͬ͠ ͬ͜͠ͱ ͯͬͩ͞͠͠ͱ ͜Ͷͤͨ ͳͮ ͯͮͪͼ ͫͨ͠ ͫͦ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ 	ͦ ͮͯͮ͞͠ ͯ͠ͻ ͳͮ 	J
 ͮ͵ͤͪͤͨ͞ ͬ͠
ͤͬͨ͞͠ ͦ ͯͰͽͳͦ
 ͤͭͤͳ͛ͥͮʹͫͤ ͫͻͬͮͬ ͬ͠ ͨͲͶͼͤͨ ͳͮ 	J
�
̸Ͱ͠
 ͬ͜͠ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͮͯͮͮ͞ʹ ͫͻͬͮ ͦ ͯͰͽͳͦ ͢Ͱͫͫ͠͝ ͤͬͨ͞͠ ͫͦ ͫͦͣͤͬͨͩ͝ ͩͨ͠ ͻͪͤͱ ͮͨ ͤͯͻͫͤ�
ͬͤͱ 	ͤ͵ͻͲͮͬ ʹͯ͛ͰͶͮʹͬ
 ͤͬͨ͞͠ ͫͦͣͤͬͨͩ͜ͱ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ� ͯ͞ͅͲͦͱ
 ͳͮͬ ͫͦͣͤͬͨͩͻ ͯͬͩ͞͠͠ ͳͮͬ
ͧͤ͸Ͱͮͼͫͤ ͩͪͨͫͩ͠͸ͳͻ�
͐͠Ͱ͛ͣͤͨͫ͢͠�
͏ͨ ͩ͠ͻͪͮʹͧͮͨ ͯͬͩͤ͞͠ͱ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͮ͞�

A1 =

⎛

⎜⎜⎜⎜⎝

5 0 8 0

0 6 7 9

0 0 −1 3

0 0 0 5

⎞

⎟⎟⎟⎟⎠
A2 =

⎛

⎜⎜⎜⎜⎝

5 6 8 4

0 8 7 6

0 0 4 −3

0 0 0 0

⎞

⎟⎟⎟⎟⎠
A3 =

⎛

⎜⎜⎜⎜⎝

1 2 3

0 4 5

0 0 9

0 0 0

⎞

⎟⎟⎟⎟⎠

A4 =

⎛

⎜⎜⎜⎜⎜⎜⎝

2 0 1 3 0 −1
2

0 4 0 7 0 1

0 0 0 6 3 2

0 0 0 0 1 6

0 0 0 0 0 11

⎞

⎟⎟⎟⎟⎟⎟⎠
A5 =

⎛

⎜⎜⎜⎜⎜⎜⎝

6 0 1 0 2 3 0 0

0 3 0 0 0 0 5 0

0 0 0 0 1 0 1 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎠

͏ͨ ͯ͠Ͱͩ͛͠ͳ͸ ͯͬͩͤ͞͠ͱ ͣͤͬ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͮ͞�

B1 =

⎛

⎜⎜⎜⎜⎝

1 0 0 0 0

0 0 1 0 0

0 0 1 0 0

0 0 0 0 0

⎞

⎟⎟⎟⎟⎠
B2 =

⎛

⎜⎜⎜⎜⎝

1 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 1 0

⎞

⎟⎟⎟⎟⎠
B3 =

⎛

⎜⎜⎜⎜⎝

1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

⎞

⎟⎟⎟⎟⎠

̸ͲͩͦͲͦ� ͪͭ͜͢ͅͳͤ ͫͤ ͛͡Ͳͦ ͳͮͬ ͮͰͨͲͫͻ ͻͳͨ ͮͨ ͯͬͩͤ͞͠ͱAi
 i = 1, 2, 3, 4, 5
 ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͮ͞
 ͩͨ͠
ͨ͠ͳͨͮͪͮ͢͝Ͳͳͤ ͨ͢͠ͳ͞ ͮͨ ͯͬͩͤ͞͠ͱ B1
 B2 ͩͨ͠ B3 ͣͤͬ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͮ͞�

͌ͨ͠ ͤͨͣͨͩ͝ ͩ͠ͳͦͮ͢Ͱ͞͠ ͩͪͨͫͩ͠͸ͳͽͬ ͯͨͬ͛ͩ͸ͬ ͯͤͰͨ͢Ͱ͛͵ͤͳͨ͠ ͫ͜Ͳ͸ ͳͮʹ ͩ͠ͻͪͮʹͧͮʹ ͮͰͨͲͫͮͼ�

͏ͰͨͲͫͻͱ ������ ̭͓ͤ͟ ͓͛ͫͦͮͤ͜͜͝͞ ͓͓͑ͤ͢͟͜ ͝͏͕͓͗ͦ͛ͬͦͫͬͮ͢͜͠ͱ ͩͪͨͫͩ͠͸ͳͻͱ 	SFEVDFE SPX FDIFMPO
GPSN
 ͓͟
 ͗͛͢͢͝͏͟͡
 ͦ͡ ͙͕͗ͦ͛ͮ͜ ͥͦ͛ͩ͗͑͡͡ ͎͚͗͜ ͙͞ ͙͖͗͛͐ͤ͟͜͞ ͕͓ͣ͐ͤ͞͞ ͓͗͑͛͟ ͦ͡ 1
 ͓͛͜ ͓͗͑͛͟ ͦ͡ ͓͖͛ͮ͟͜͞͡
͙͞ ͙͖͗͛ͮ͟͜͞ ͥͦ͛ͩ͗͑͡͡ ͙ͦͤ ͙ͥͦ͐ͤ͝ ͙ͥͦ͟ ͓͑͢͡͡ ͔͓ͣ͑ͥ͗ͦ͛͜�



�� ̸̴̴͈̼̽̾͂ �� ̴̸̼̓̀̽ͅ

͐͠Ͱ͛ͣͤͨͫ͢͠� ͏ ͯͬͩ͞͠͠ͱ

A =

⎛

⎜⎜⎜⎜⎝

0 1 0 2 1
2

0 0 2 0 0

0 0 0 −1 −1

0 0 0 0 0

⎞

⎟⎟⎟⎟⎠

ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ ͪͪ͛͠ ͻͶͨ ͬͦͫͬͮ͢͜͠ͱ ͩͪͨͫͩ͠͸ͳͻͱ�
͏ ͯͬͩ͞͠͠ͱ

B =

⎛

⎜⎜⎜⎜⎝

1 0 0 2 1
2

0 1 −1 0 0

0 0 0 1 −1

0 0 0 0 0

⎞

⎟⎟⎟⎟⎠

ͤͯ͞Ͳͦͱ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ ͪͪ͛͠ ͻͶͨ ͬͦͫͬͮ͢͜͠ͱ ͩͪͨͫͩ͠͸ͳͻͱ�
͏ ͯͬͩ͞͠͠ͱ

C =

⎛

⎜⎜⎜⎜⎝

1 0 2 0 1
2

0 1 −1 0 0

0 0 0 1 −1

0 0 0 0 0

⎞

⎟⎟⎟⎟⎠

ͤͬͨ͞͠ ͬͦͫͬͮ͢͜͠ͱ ͩͪͨͫͩ͠͸ͳͻͱ
 ͤͬͽ ͮ ͯͬͩ͞͠͠ͱ

D =

⎛

⎜⎜⎜⎜⎝

1 0 2 0 1
2

0 1 −1 0 0

0 0 0 1 −1

0 0 0 1 0

⎞

⎟⎟⎟⎟⎠

ͣͤͬ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ� !

͏ͨ ͩͪͨͫͩ͠͸ͳͮ͞ ͯͬͩͤ͞͠ͱ ͜Ͷͮʹͬ ͫͤ͛ͪͦ͢ Ͳͦͫ͠Ͳ͞͠ ͩͨ͠ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͲͳͦͰͨͶͳͮͼͫͤ Ͳͤ ͠ʹͳͮͼͱ
ͨ͢͠ ͬ͠ ͪͼͲͮʹͫͤ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠�

͐͠Ͱ͠ͳ͝ͰͦͲͦ� ͐͠Ͱͯ͛ͬ͠͸
 ͨ͢͠ ͬ͠ ͮͰ͞Ͳͮʹͫͤ ͳͮͬ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠ ͲͳͦͰͨͶͧͩͫͤ͝͠ Ͳͳͦͬ ͠ͰͶ͝
ͳͮʹ ͤͪ͛ͶͨͲͳͮʹ ͵ʹͲͨͩͮͼ ͠Ͱͨͧͫͮͼ ͦ ͮͯͮ͞͠ ͯͮͣͤͨͩͬ͠ͼͤͳͨ͠ Ͳͳͦ ͧͤ͸Ͱ͞͠ Ͳʹͬͻͪ͸ͬ� ͒ͼͫ͵͸ͬ͠ ͫͤ
͠ʹͳ͝
 ͬ͠ ͫͨ͠ ͨͣͨͻͳͦͳ͠ ͪͦͧͤ͠ͼͤͨ ͨ͢͠ ͯͮͪͪͮͼͱ ͣͨ͠͵ͮͰͤͳͨͩͮͼͱ ͵ʹͲͨͩͮͼͱ ͠Ͱͨͧͫͮͼͱ
 ͩ͠ͻͫͦ ͩͨ͠
͛ͯͤͨͰͮʹͱ
 ͳͻͳͤ ͮͰͥͤ͞ͳͨ͠ ͬ͜͠ͱ ͫͮͬͣͨͩ͠ͻͱ ͵ʹͲͨͩͻͱ ͠Ͱͨͧͫͻͱ ͮ ͮͯͮͮ͞ͱ ͤͬͨ͞͠ ͮ ͤͪ͛ͶͨͲͳͮͱ ͨ͢͠ ͳͮͬ
ͮͯͮͮ͞ ͨͲͶͼͤͨ ͠ʹͳ͝ ͦ ͨͣͨͻͳͦͳ͠� ͨ̈́ͨ͠Ͳͧͦͳͨͩ͛ ͤ͡͡͠͞͸ͱ ͦ ͨͣͨͻͳͦͳ͠ ͠ʹͳ͝ ͤͬͨ͞͠ ͯͰͮ͵ͬ͠͝ͱ�

͇ ͯ͠Ͱͩ͛͠ͳ͸ ͯͰͻͳ͠Ͳͦ Ͳʹͬͣͤͨ͜ ͳͨͱ ͬͬͮͨͤ͜ͱ ͳ͸ͬ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫ͠͸ͬ ͯͨͬ͛ͩ͸ͬ ͩͨ͠ ͳͮʹ ͩͪͨͫͩ͠͸�
ͳͮͼ ͯͬͩ͞͠͠�

͐Ͱͻͳ͠Ͳͦ ������ ͎͚̽͗ ͓͓͑ͤ͢͟͜ ͓͗͑͛͟ ͕͓͖͓ͣͬͥͯͤ͟͞͞͡͡͞͡ ͗͞ ͏͓͟͟ ͓͛ͫͦͮ͜͜͝͞ ͓͓͑͢͟͜�



���� ̴̼̽̾̿̽͋͆͂ͅ ̴̴̼̓̀̽ͅ ��

͌͛ͪͨͲͳ͠
 ͨͲͶͼͤͨ ͩ͛ͳͨ ͯͤͰͨͲͲͻͳͤͰͮ ͯ͠ͻ ͠ʹͳͻ ͯͮʹ ͫ͠ͱ ͪͤͨ͜ ͦ ͐Ͱͻͳ͠Ͳͦ ������ ͒ʹͩͤͩ͢Ͱͨͫͬ͜͠

ͨͲͶͼͤͨ ͳͮ ͤͭ͝ͱ ͯͻͰͨͲͫ͠�

͐ͻͰͨͲͫ͠ ������ ͓͚̽͗ ͙͞ ͙͖͗͛ͮͤ͟͜͞ ͓͓͑ͤ͢͟͜ ͓͗͑͛͟ ͕͓͖͓ͣͬͥͯͤ͟͞͞͡͡͞͡ ͗͞ ͎͗͛ͣͧͤ͢͡ ͖͓͛ͨͣ͗ͦ͛ͯͤ͜͡͡
	͙͞ ͙͖͗͛ͯͤ͟͜͞͡ ͓͓͕͓͎ͥͦ͛͟͜͜
 ͓͛ͫͦͯͤ͜͜͝͞͡ ͓͑͗ͤ͢͟͜�

ͬͨ͞͠ͅ ͯͮͪͼ Ͳͦͫͬ͠ͳͨͩͻ ͳͻͲͮ ͨ͢͠ ͳ͠ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠
 ͪͪ͛͠ ͩͨ͠ ͨ͢͠ ͳͦ ̓Ͱͫͫͨͩ͠͝ ̸ͪͤ͢͡Ͱ͠
ͤͬͨͩ͢ͻͳͤͰ͠
 ͬ͠ ͫͯͮͰͮͼͫͤ ͬ͠ ͡Ͱ͞Ͳͩͮʹͫͤ ͬͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠ ͯͮʹ ͬ͠ ͤͬͨ͞͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼ�
ͬͫͮ͠ͱ ͫͤ ͣͮͲͫͬͮ͜ ͯͬͩ͞͠͠� ́ʹͳͻ ͤͯͨͳʹ͢Ͷ͛ͬͤͳͨ͠ ͫͤ ͫͨ͠ ͣͨͣͨͩ͠͠Ͳ͞͠ ͯͮʹ ͪͤ͜͢ͳͨ͠ ͩͪͨͫͩͮͯͮͦ͠͞Ͳͦ
ͩͨ͠ ͳͦͬ ͮͯͮ͞͠ ͯͤͰͨ͢Ͱ͛͵ͮʹͫͤ Ͳͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͫͤ ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠� ͇ ͩͪͨͫͩͮͯͮͦ͠͞Ͳͦ ͡͠Ͳͥͤ͞ͳͨ͠
Ͳͳͦ ͶͰ͝Ͳͦ ͯͮͪͪͽͬ ͲͳͮͨͶͤͨ͸ͣͽͬ ͯͰ͛ͭͤ͸ͬ ͢Ͱͫͫ͠ͽͬ�

͐͠Ͱ͛ͣͤͨͫ͢͠�͌ͤͳ͠ͳͰ͜ͷͳͤ ͳͮͬ ͩ͠ͻͪͮʹͧͮ ͯͬͩ͞͠͠ Ͳͤ ͩͪͨͫͩ͠͸ͳͻ�

A =

⎛

⎜⎜⎜⎜⎜⎜⎝

1 1 2 3 1

1 2 3 4 1

2 1 1 2 1

2 3 5 7 2

1 5 10 1 1

⎞

⎟⎟⎟⎟⎟⎟⎠
.

ͅ͵͠Ͱͫͻͥͮʹͫͤ ͲͳͮͬA ͳͨͱ ͲͳͮͨͶͤͨͽͣͤͨͱ ͯͰ͛ͭͤͨͱ ͢Ͱͫͫ͠ͽͬ ͯͮʹ ͯͤͰͨ͢Ͱ͛͵ͮͬͳͨ͠ Ͳͳ͠ ͣͤͭͨ͛ ͳͮʹ ͩͨ͠
ͯ͠͞Ͱͬͮʹͫͤ ͣͨͣͮ͠Ͷͨͩ͛ ͳͮʹͱ ͩ͠ͻͪͮʹͧͮʹͱ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ʹͱ ͯͬͩͤ͞͠ͱ ͫ͜ͶͰͨ ͬ͠ ͩ͠ͳͪͭͮ͠͝ʹͫͤ
Ͳͳͮͬ ͯͬͩ͞͠͠ B ͯͮʹ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ�

A =

⎛

⎜⎜⎜⎜⎜⎜⎝

1 1 2 3 1

1 2 3 4 1

2 1 1 2 1

2 3 5 7 2

1 5 10 1 1

⎞

⎟⎟⎟⎟⎟⎟⎠

r2←r2−r1

r3←r3−2r1

r4←r4−2r1

r5←r5−r1
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∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 1 2 3 1

0 1 1 1 0

0 −1 −3 −4 −1

0 1 1 1 0

0 4 8 −2 0

⎞

⎟⎟⎟⎟⎟⎟⎠
r3←r3+r2

r4←r4−r2

r5←r5−4r2

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 1 2 3 1

0 1 1 1 0

0 0 −2 −3 −1

0 0 0 0 0

0 0 4 −6 0

⎞

⎟⎟⎟⎟⎟⎟⎠ r4↔r5

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 1 2 3 1

0 1 1 1 0

0 0 −2 −3 −1

0 0 4 −6 0

0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎠ r4←r4+2r3

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 1 2 3 1

0 1 1 1 0

0 0 −2 −3 −1

0 0 0 −12 −2

0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎠
= B.

͏ ͯͬͩ͞͠͠ͱ B Ͳͳͮͬ ͮͯͮͮ͞ ͩ͠ͳͪͭͫͤ͠͝͠ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ� !

��� ͓͛ͭͦ ͯͬͩ͞͠͠

͒ͤ ͩ͛ͧͤ ͯͬͩ͞͠͠ ͤͯͨͲʹͬ͛ͯͳͮʹͫͤ ͫͨ͠ Ͷ͠Ͱͩ͠ͳͦͰͨͲͳͨͩ͝ ͯ͠Ͱ͛ͫͤͳͰͮ
 ͳͦͬ ͳ͛ͭͦ ͳͮʹ
 ͦ ͮͯͮ͞͠ ͤͬͨ͞͠
ͬ͜͠ͱ ͵ʹͲͨͩͻͱ ͠Ͱͨͧͫͻͱ� ̽ͯ͸ͱ ͜Ͷͮʹͫͤ ͣͦ͝ ͯͤͨ
 ͩ͛ͧͤ ͫͦ ͫͦͣͤͬͨͩͻͱ ͯͬͩ͞͠͠ͱ ͤͬͨ͞͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼ�
ͬͫͮ͠ͱ ͫͤ ͛ͯͤͨͰͮʹͱ ͩͪͨͫͩ͠͸ͳͮͼͱ ͯͬͩͤ͞͠ͱ� ͇ ͤͯͻͫͤͬͦ ͯͰͻͳ͠Ͳͦ Ͳʹͬͣͤͨ͜ ͬͬ͜͠ ͯͬͩ͞͠͠ ͫͤ ͳͮʹͱ
͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ͼͱ ͳͮʹ ͩͪͨͫͩ͠͸ͳͮͼͱ ͯͬͩͤ͞͠ͱ�

͐Ͱͻͳ͠Ͳͦ ������ ̭ͥͦͫ A ͏͓ͤ͟ ͙͞ ͙͖͗͛ͮͤ͟͜͞ ͓͓͑ͤ͢͟͜� ͆ͮͦ͗ ͮ͛͝͡ ͛͡ ͓͛ͫͦ͑͜͜͝͞͡ ͓͑͗ͤ͢͟͜ ͛͡ ͑͛͢͡͡͡
͓͗͑͛͟ ͕͓͖͓ͣͬͥͯ͛͟͞͞͡͡͞͡ ͗͞ ͦ͟͡ A ͏ͩͧ͟͡ ͦ͡ ͖͑͛͡ ͚͐ͤ͢͝͡ ͙͞ ͙͖͗͛͟͜͞Ͱ͟ ͕͓ͣ͞͞Ͱ͟�

͏ ͵ʹͲͨͩͻͱ ͠Ͱͨͧͫͻͱ ͮ ͮͯͮͮ͞ͱ ͤͩ͵Ͱ͛ͥͤͨ ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͫͦ ͫͦͣͤͬͨͩͽͬ ͢Ͱͫͫ͠ͽͬ ͤͬͻͱ ͩͪͨ�
ͫͩ͠͸ͳͮͼ ͯͬͩ͞͠͠
 ͮ ͮͯͮͮ͞ͱ ͤͬͨ͞͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ͱ ͫͤ ͳͮͬ A ͮͬͮͫ͛ͥͤͳͨ͠ ͳ͛ͭͦ 	SBOL

ͳͮʹA
 ͩͨ͠ Ͳʹͫͮͪͥͤ͡͞ͳͨ͠ ͫͤ r(A) ͝ SBOL(A)�



���� ̴̺͆́ ̴̴̼̓̀̽ ��

͐͠Ͱ͠ͳͦͰ͝Ͳͤͨͱ

�� ͏ ͮͰͨͲͫͻͱ ͳͦͱ ͳ͛ͭͦͱ ͤͬͻͱ ͯͬͩ͞͠͠ ͣͬͤͨ͞ ͳ͠ʹͳͻͶͰͮͬ͠ ͩͨ͠ ͫͨ͠ ͫͧͮͣͮ͜ ͨ͢͠ ͬ͠ ʹͯͮͪͮͥͮ͢͞ʹͫͤ
ͳͦͬ ͳ͛ͭͦ ͤͬͻͱ ͯͬͩ͞͠͠ A� ̺ͳͲͨ
 ͨ͢͠ ͬ͠ ͡Ͱͮͼͫͤ ͳͦͬ ͳ͛ͭͦ ͤͬͻͱ ͫͦ ͫͦͣͤͬͨͩͮͼ ͯͬͩ͞͠͠ A

ͳͮͬ ͩͪͨͫͩͮͯͮͨͮ͠ͼͫͤ
 ͣͦͪͣ͠͝ ͡Ͱ͞Ͳͩͮʹͫͤ ͬͬ͜͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫ͠ͻ ͳͮʹ ͩͪͨͫͩ͠͸ͳͻ� ͓ͻͳͤ

ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͫͦ ͫͦͣͤͬͨͩͽͬ ͢Ͱͫͫ͠ͽͬ ͳͮʹ ͩͪͨͫͩ͠͸ͳͮͼ ͯͬͩ͞͠͠ ͤͬͨ͞͠ ͦ ͳ͛ͭͦ ͳͮʹ A� ͏
ͫͦͣͤͬͨͩͻͱ ͯͬͩ͞͠͠ͱ ͧͤ͸Ͱͮͼͫͤ ͻͳͨ ͜Ͷͤͨ ͳ͛ͭͦ 0
 ͩͨ͠ ͤͬͨ͞͠ ͮ ͫͮͬͣͨͩ͠ͻͱm× n ͯͬͩ͞͠͠ͱ ͯͮʹ
͜Ͷͤͨ ͳ͛ͭͦ 0� ͇ ͬͬͮͨ͜͠ ͳͦͱ ͳ͛ͭͦͱ ͤͬͻͱ ͯͬͩ͞͠͠ ͧ͠ ͫ͠ͱ ͶͰͤͨ͠Ͳͳͤ͞ ͫ͜͠Ͳ͸ͱ ͯ͠Ͱͩ͛͠ͳ͸ ͨ͢͠
ͳͦ ͪͼͲͦ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ�

�� ̺Ͳͳ͸ A ͬ͜͠ͱ ͫͦ ͫͦͣͤͬͨͩͻͱm× n ͯͬͩ͞͠͠ͱ� ͓ͻͳͤ ͨͲͶͼͤͨ ͻͳͨ�

1 ≤ r(A) ≤ NJO{m,n},

ͻͯͮʹ ͫͤ NJO{m,n} Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮͬ ͫͨͩͰͻͳͤͰͮ ͯ͠ͻ ͳͮʹͱ ͠Ͱͨͧͫͮͼͱm
 n�

͌͜ͶͰͨ ͳͽͰ͠ ͤͨͲ͛ͫͤ͢͢͠͠ ͻͪͤͱ ͳͨͱ ͬͩͤ͢͠͠͠͞ͱ ͬͬͮͨͤ͜ͱ ͯͮʹ ͧ͠ ͫ͠ͱ ͶͰͤͨ͠Ͳͳͮͼͬ ͨ͢͠ ͳͦͬ ͤͯͪ͞ʹͲͦ
ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͫͤ ͳͦ ͮͧͤͨ͡͝͠ ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ
 ͻͯ͸ͱ ͧ͠ ͣͮͼͫͤ Ͳͳͮ ͤͯͻͫͤͬͮ ͩͤ͵͛�
ͪͨͮ͠�
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͊ͤ͵͛ͪͨͮ͠ �

̓Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠

��� ̓Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ � ͨͅͲ͢͠͸͢͝

͐Ͱͨͬ ͠ͰͶ͞Ͳͮʹͫͤ ͳͦ ͫͤͪ͜ͳͦ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͧ͠ ͯͰͯͤͨ͜ ͬ͠ ͯͮͼͫͤ ͪ͢͞͠ ͪͻͨ͢͠ ͨ͢͠
ͳͮ Ͳͼͬͮͪͮ ͳ͸ͬ ͪͼͲͤͽͬ ͳͮʹͱ� ̽ͯ͸ͱ ͬ͢͸Ͱͥͮ͞ʹͫͤ ͯ͠ͻ ͳͦ ̶͂ ͋ʹͩͤͮ͞ʹ ͮͨ ͪͼͲͤͨͱ ͤͬͻͱ ͲʹͲͳͫ͝͠ͳͮͱ
ͣͼͮ ͤͭͨͲͽͲͤ͸ͬ ͫͤ ͣͼͮ ͬ͢͠ͽͲͳͮʹͱ 	ͻͳͬ͠ ʹͯ͛ͰͶͮʹͬ
 ͤͬͨ͞͠ ͥͤͼͦ͢ ͯͰͫ͢͠͠ͳͨͩͽͬ ͠Ͱͨͧͫͽͬ�
͊͠ͳ۝ ͬͪͮ͢͠͠͞͠
 ͧͤ͸Ͱͮͼͫͤ ͳͽͰ͠ ͳͦ ͤͬͨͩ͢͝ ͫͮͰ͵͝ ͤͬͻͱ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱm×n
 ͣͦͪͣ͠͝
m ͢Ͱͫͫͨͩ͠ͽͬ ͤͭͨͲͽͲͤ͸ͬ ͫͤ n ͬ͢͠ͽͲͳͮʹͱ
 ͻͯͮʹ m,n ∈ N ͩͨ͠ n ≥ 2 ͽͲͳͤ ͬ͠ ͫͨͪ͛ͫͤ ͨ͢͠
ͲͼͲͳͦͫ͠� ͇ ͫͮͰ͵͝ ͠ʹͳͮͼ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ ͦ ͤͭ͝ͱ�

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
���

am1x1 + am2x2 + · · ·+ amnxn = bm

	���


͂͛ͥͮʹͫͤ ͬ͜͠ ͛ͩͨ͢ͲͳͰͮ Ͳͳ͠ ͠ͰͨͲͳͤͰ͛ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͨ͢͠ ͬ͠ ͣͦͪͽͲͮʹͫͤ ͻͳͨ ͮͨ ͤͭͨͲͽͲͤͨͱ
ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͪͫ͛ͬͮͬ͠͡ͳͨ͠ ͻͪͤͱ ͫͥ͠͞ ͸ͱ ͬ͜͠ Ͳͼͬͮͪͮ� ͓͠ aij 
 ͨ͢͠ i = 1, 2, . . . ,m ͩͨ͠ j =

1, 2, . . . , n
 ͤͬͨ͞͠ ͯͰͫ͢͠͠ͳͨͩͮ͞ ͠Ͱͨͧͫͮ͞ ͩͨ͠ ͪͮͬ͜͢ͳͨ͠ ͮͨ ͲʹͬͳͤͪͤͲͳ͜ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ
 ͤͬͽ ͳ͠
bi
 i = 1, . . . ,m
 ͮͬͮͫ͛ͥͮͬͳͨ͠ Ͳͳͧͤ͠Ͱͮ͞ ͻͰͮͨ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ� ͓͠ x1, x2, . . . , xn ͤͬͨ͞͠ ͮͨ
͛ͬ͢͸Ͳͳͮͨ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ�
͋ͫͤ͜ ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͜Ͷͤͨ ͪͼͲͦ ͳͦͬ n�͛ͣ͠ (ξ1, ξ2, . . . , ξn)
 ͻͯͮʹ ξi ∈ R ͨ͢͠ ͩ͛ͧͤ i =

1, 2, . . . , n
 ͬ͠ ͧ͜ͳͮͬͳ͠ͱ ͻͯͮʹ xi = ξi ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , n
 Ͳͳͨͱ ͤͭͨͲͽͲͤͨͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ
	���

 ͠ʹͳ͜ͱ ͤͯͪͦͧͤ͠ͼͮͬͳͨ͠ 	ͳ͠ʹͳͻͶͰͮͬ͠
� ͇ ͧ͜Ͳͦ ͳ͸ͬ ͠Ͱͨͧͫͽͬ ξi ͨ͢͠ i = 1, 2, . . . , n Ͳͳͦͬ n�
͛ͣ͠ (ξ1, ξ2, . . . , ξn)
 ͣͦͪͽͬͤͨ ͩͨ͠ ͳͮ Ͳͤ ͯͮͨͻͬ ͛ͬ͢͸Ͳͳͮ xi ͬ͠ͳͨͲͳͮͨͶͤ͞ ͦ ͩ͛ͧͤ ͫ͞͠ ͽͲͳͤ ͬ͠
ͤͯͪͦͧͤ͠ͼͮͬͳͨ͠ ͻͪͤͱ ͮͨ ͤͭͨͲͽͲͤͨͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ�
̈́ͤͬ ͧ͠ ͫ͠ͱ ͯ͠͠ͲͶͮͪ͝Ͳͤͨ ͳͮ ͯͽͱ ͮͰͥͤ͞ͳͨ͠ ͠ʹͲͳͦͰ͛ Ͳͳ͠ ͫͧͦͫ͠͠ͳͨͩ͛ ͫͨ͠n�͛ͣ͠ (x1, x2, . . . , xn)

ͻͯͮʹ xi ∈ R ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , n
 ͣͦͪͣ͠͝ ͳͮ ͳͨ ͯͰͫ͢͠͠ͳͨͩ͛ ͤͬͨ͞͠ ͳ͠ ͫͧͦͫ͠͠ͳͨͩ͛ ͬ͠ͳͨͩͤ͞�

��
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ͫͤͬ͠ (x1, x2, . . . , xn)
 ͝ ͪͪͨ͠ͽͱ ͻͯ͸ͱ ͪͫͤ͜ ͳͮ ͮͬͳͮͪͮͨͩ͢ͻ TUBUVT ͳ͸ͬ ͬ͠ͳͨͩͤͨͫͬ͜͸ͬ (x1, x2, . . . , xn)�
́ʹͳͻ ͤͬͨ͞͠ ͩ͛ͳͨ ͯͮʹ ͬ͠͠͵͜Ͱͤͳͨ͠ Ͳͳͦ ͧͤ͸Ͱ͞͠ Ͳʹͬͻͪ͸ͬ� ͫͤ͞ͅͱ ͩͰ͠ͳ͛ͫͤ ͤͣͽ ͻͳͨ ͳͮ ͬ͠ͳͨͩͤͫͤͬͮ͞
(x1, x2, . . . , xn)
 ͻͯͮʹ xi ∈ R ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , n
 ͣͦͪͽͬͤͨ ͳͮ Ͳͼͬͮͪͮ ͳ͸ͬ 	ͣͨ͠ͳͤͳ͢͠�
ͫͬ͜͸ͬ
 ͯͰͫ͢͠͠ͳͨͩͽͬ ͠Ͱͨͧͫͽͬ x1, x2, . . . , xn Ͳͳͮʹͱ ͮͯͮͮ͞ʹͱ ͦ ͲͤͨͰ͛ 	ͣͨ͛ͳͭͦ͠
 ͫͤ ͳͦͬ ͮͯͮ͞͠
ͳͮʹͱ ͢Ͱ͛͵ͮʹͫͤ ͯͥͤͨ͠͞ ͮʹͲͨͽͣͦ Ͱͻͪͮ
 ͩͨ͠ ͻͳͨ ͩ͛ͯͮͨͮͨ ͯ͠ͻ ͠ʹͳͮͼͱ ͫͯͮͰͤ͞ ͬ͠ ͤͫ͵ͬͥͮͬ͠͞ͳͨ͠
ͯ͠Ͱͯ͛ͬ͠͸ ͯ͠ͻ ͫͨ͠ ͵ͮͰ͛ Ͳͤ ͠ʹͳ͝ ͳͦ Ͳʹͪͪͮ͢͝ x1, x2, . . . , xn�
͓ͮ Ͳͼͬͮͪͮ ͻͪ͸ͬ ͳ͸ͬ ͣͨ͠ͳͤͳͫͬ͢͜͠͸ͬ n�͛ͣ͸ͬ (x1, x2, . . . , xn)
 ͻͯͮʹ xi ∈ R ͨ͢͠ ͩ͛ͧͤ i =

1, 2, . . . , n
 ͳͮ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͫͤ Rn ͩͨ͠ ͳͮ ͮͬͮͫ͛ͥͮʹͫͤ ͮ n�ͣͨ͛Ͳͳ͠ͳͮͱ ͅʹͩͪͤͣͤͨͮ͞ͱ ͶͽͰͮͱ�
͒ͤ ͠ʹͳͻ ͳͮ ͫ͛ͧͦͫ͠ ͧ͠ ͬ͠͠͵ͤͰͧͮͼͫͤ ͯͮͪͪ͜ͱ ͵ͮͰ͜ͱ Ͳͳͮ Ͳͼͬͮͪͮ Rn�

͋ͫͤ͜ ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ ͬ͠ ͜Ͷͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͫ͞͠ ͪͼͲͦ
(ξ1, ξ2, . . . , ξn)� ́ͬ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͣͤͬ ͜Ͷͤͨ ͩͫͫ͠͞͠ ͪͼͲͦ ͪͫͤ͜ ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠ ͤ͞�
ͬͨ͠ ͣ͠ͼͬ͠ͳͮ� ͒ͤ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͮͰͥͤ͞ͳͨ͠ ͩͪ͛͠ ͳͮ Ͳͼͬͮͪͮ ͳ͸ͬ ͪͼͲͤ͸ͬ ͳͮʹ
ͤ͛ͬ ͠ʹͳͻ ͨ͜͡͡͠͠ ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ� ̈́ͼͮ ͲʹͲͳͫ͝͠ͳ͠ ͪͮͬ͜͢ͳͨ͠ ͨͲͮͣͼͬͫ͠͠ ͬ͠ ͜Ͷͮʹͬ ͳͮ
ͣͨͮ͞ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ�

͒ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͬ͠ͳͨͲͳͮͨͶͮͼͫͤ ͳͰͤͨͱ ͯͬͩͤ͞͠ͱ�

	J
 ͓ͮͬ ͯͬͩ͞͠͠

A =

⎛

⎜⎜⎜⎜⎝

a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n
���

���
���

���
am1 am2 am3 . . . amn

⎞

⎟⎟⎟⎟⎠
, 	���


ͮ ͮͯͮͮ͞ͱ ͮͬͮͫ͛ͥͤͳͨ͠ ͮ ͯͬͩ͞͠͠ͱ 	ͳ͸ͬ ͲʹͬͳͤͪͤͲͳͽͬ
 ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ�

	JJ
 ͳͮͬ ͯͬͩ͞͠͠

C =

⎛

⎜⎜⎜⎜⎝

a11 a12 a13 . . . a1n b1

a21 a22 a23 . . . a2n b2
���

���
���

���
���

am1 am2 am3 . . . amn bm

⎞

⎟⎟⎟⎟⎠
, 	���


ͮ ͮͯͮͮ͞ͱ ͪͤ͜͢ͳͨ͠ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���

 ͩͨ͠

	JJJ
 ͳͮͬ ͯͬͩ͞͠͠ Ͳͳͪͦ͝

B =

⎛

⎜⎜⎜⎜⎝

b1

b2
���
bm

⎞

⎟⎟⎟⎟⎠
, 	���


ͮ ͮͯͮͮ͞ͱ ͮͬͮͫ͛ͥͤͳͨ͠ ͦ Ͳͳͪͦ͝ ͳ͸ͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ�
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ͬͨ͞͠ͅ ͯͰͮ͵ͬ͜͠ͱ ͻͳͨ Ͳͤ ͩ͛ͧͤ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ m × n
 ͮͨ ͳͰͤͨͱ ͯͬͩͤ͞͠ͱ
 ͮ ͯͬͩ͞͠͠ͱ ͳͮʹ Ͳʹ�
Ͳͳͫ͝͠ͳͮͱ
 ͮ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ
 ͩͨ͠ ͮ ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰ͸ͬ ͤͬͨ͞͠ ͫͮͬͣͨͩ͛͠
ͮͰͨͲͫͬͮͨ͜� ͯ͞ͅͲͦͱ ͤͬͨ͞͠ ͯͰͮ͵ͬ͜͠ͱ ͻͳͨ ͮ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͜Ͷͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͣͼͮ Ͳͳͪͤ͝ͱ�
́ͬͳ͞ͲͳͰͮ͵͠
 Ͳͤ ͩ͛ͧͤ ͯͬͩ͞͠͠ C 
 ͮ ͮͯͮͮ͞ͱ ͜Ͷͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͣͼͮ Ͳͳͪͤ͝ͱ ͬ͠ͳͨͲͳͮͨͶͤ͞ ͩ͠Ͱͨ͡ͽͱ
ͬ͜͠ ͲͼͲͳͦͫ͠ ͳͮ ͮͯͮͮ͞ ͜Ͷͤͨ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ ͳͮͬ C �
͓ͪͮ͜ͱ
 Ͳͳͮ ͲͼͲͳͦͫ͠ 	���
 ͬ͠ͳͨͲͳͮͨͶͮͼͫͤ ͬͬ͜͠ ͩ͠ͻͫ͠ ͯͬͩ͞͠͠
 ͳͮͬ ͯͬͩ͞͠͠ Ͳͳͪͦ͝�

X =

⎛

⎜⎜⎜⎜⎝

x1

x2
���
xn

⎞

⎟⎟⎟⎟⎠
, 	���


ͮ ͮͯͮͮ͞ͱ ͮͬͮͫ͛ͥͤͳͨ͠ ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ͈ͤ͸Ͱͮͼͫͤ ͳͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠�
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

3x1 − 4x2 + 5x3 − 6x4 = 2

6x1 − 7x2 + 8x3 − 9x4 = 3

−2x1 + 3x2 + 4x3 − 5x4 = 7

8x1 − 9x2 + x3 + 2x4 = 4

5x1 − 6x2 − x3 − x4 = −1

	���


͏ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���
 ͤͬͨ͞͠ ͮ

A =

⎛

⎜⎜⎜⎜⎜⎜⎝

3 −4 5 −6

6 −7 8 −9

−2 3 4 −5

8 −9 1 2

5 −6 −1 −1

⎞

⎟⎟⎟⎟⎟⎟⎠
.

͏ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���
 ͤͬͨ͞͠ ͮ

C =

⎛

⎜⎜⎜⎜⎜⎜⎝

3 −4 5 −6 2

6 −7 8 −9 3

−2 3 4 −5 7

8 −9 1 2 4

5 −6 −1 −1 −1

⎞

⎟⎟⎟⎟⎟⎟⎠
.

͓ͮͬ ͯͬͩ͞͠͠ C ͳͮͬ ͯ͠͞Ͱͬͮʹͫͤ ͯ͠ͻ ͳͮͬ ͯͬͩ͞͠͠ A ͬ͠ kͤͯͨͲʹͬ͛ͷͮʹͫͤ{ ͳͮͬ ͯͬͩ͞͠͠ Ͳͳͪͦ͝ ͳ͸ͬ
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Ͳͳͧͤ͠Ͱͽͬ ͻͰ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���

 ͯͮʹ ͤͬͨ͞͠ ͮ

B =

⎛

⎜⎜⎜⎜⎜⎜⎝

2

3

7

4

−1

⎞

⎟⎟⎟⎟⎟⎟⎠
,

͸ͱ ͫͨ͠ ͤͯͨͯͪͮͬ͜ Ͳͳͪͦ͝ Ͳͳ͠ ͣͤͭͨ͛ ͳͮʹ ͯͬͩ͞͠͠ A�
͏ ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ ͮ

X =

⎛

⎜⎜⎜⎜⎝

x1

x2

x3

x4

⎞

⎟⎟⎟⎟⎠
.

́ͱ ͤͯͨͲͳͰ͜ͷͮʹͫͤ Ͳͳͮ ͠ͰͶͨͩͻ ͤͬͨͩ͢ͻ ͲͼͲͳͦͫ͠ 	���
� ͔ͯͮͪͮͥͮ͢͞ʹͫͤ ͳͮ ͨͬ͢ͻͫͤͬͮ ͳͮʹ ͯͬͩ͞͠͠ ͳͮʹ
ͲʹͲͳͫ͝͠ͳͮͱ A ͤͯ͞ ͳͮͬ ͯͬͩ͞͠͠ Ͳͳͪͦ͝ X ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͩͨ͠ ͜Ͷͮʹͫͤ�

AX =

⎛

⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

x1

x2
���
xn

⎞

⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎝

a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn
���

am1x1 + am2x2 + · · ·+ amnxn

⎞

⎟⎟⎟⎟⎠
(∗)
=

⎛

⎜⎜⎜⎜⎝

b1

b2
���
bm

⎞

⎟⎟⎟⎟⎠
= B,

ͻͯͮʹ ͨ͢͠ ͬ͠ ͯ͛Ͱͮʹͫͤ ͳͦͬ ͨͲͻͳͦͳ͠ (∗) ͶͰͦͲͨͫͮͯͮͨ͝Ͳͫͤ͠ ͳͮ ͻͳͨ ͪͦͧͤ͠ͼͮʹͬ ͮͨ ͤͭͨͲͽͲͤͨͱ ͳͮʹ
ͲʹͲͳͫ͝͠ͳͮͱ 	���
�
̺ͳͲͨ
 ͨ͢͠ ͳͮ ͳʹͶͻͬ ͲͼͲͳͦͫ͠ 	���
 ͨͲͶͼͤͨ ͦ ͨͲͻͳͦͳ͠ ͯͨͬ͛ͩ͸ͬ AX = B
 ͫͤͳͭ͠ͼ ͳ͸ͬ ͳͰͨͽͬ
Ͷ͠Ͱͩ͠ͳͦͰͨͲͳͨͩͽͬ ͯͨͬ͛ͩ͸ͬ A
 X ͩͨ͠ B
 ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���
�
́ͬͳ͞ͲͳͰͮ͵͠
 ͠ͱ ͯ͛Ͱͮʹͫͤ ͬͬ͜͠ ͳʹͶͮ͠͞ m× n ͯͬͩ͞͠͠ A
 ͻͯͮʹ

A =

⎛

⎜⎜⎜⎜⎝

a11 a12 a13 . . . a1n

a21 a22 a23 . . . a2n
���

���
���

���
am1 am2 am3 . . . amn

⎞

⎟⎟⎟⎟⎠
.



���� ̶̴̴̼̈́̿̿̽ ̴̴͇̺͆̿͆ͅͅ � ̸̴̶̶̼̺͋ͅ ��

ͯ͞ͅͲͦͱ
 ͠ͱ ͯ͛Ͱͮʹͫͤ ͣͼͮ ͯͬͩͤ͞͠ͱ Ͳͳͪͦ͝
 ͳͮͬ n× 1 ͯͬͩ͞͠͠ Ͳͳͪͦ͝ X =

( x1
x2

���
xn

)
ͩͨ͠ ͳͮͬ m× 1

ͯͬͩ͞͠͠ Ͳͳͪͦ͝ B =

⎛

⎝
b1
b2
���

bm

⎞

⎠� ͔ͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͮͨ aij ͩͨ͠ bi ͤͬͨ͞͠ ͬ͢͸Ͳͳͮ͞ ͯͰͫ͢͠͠ͳͨͩͮ͞ ͠Ͱͨͧͫͮ͞

ͨ͢͠ ͻͪ͠ ͳ͠ i = 1, 2, . . . ,m ͩͨ͠ j = 1, 2, . . . , n�
ͅ͵۝ ͻͲͮͬ ͮA ͤͬͨ͞͠ ͯͬͩ͞͠͠ͱm×n ͩͨ͠ ͮX ͤͬͨ͞͠ ͯͬͩ͞͠͠ͱ n×1
 ͜Ͷͤͨ ͬͻͦͫ͠ ͳͮ ͨͬ͢ͻͫͤͬͮ ͯͨͬ͛ͩ͸ͬ
AX 
 ͮ ͮͯͮͮ͞ͱ ͤͬͨ͞͠ ͬ͜͠ͱ ͯͬͩ͞͠͠ͱm× 1� ͔ͯͮͧ͜ͳͮʹͫͤ ͳͽͰ͠ ͻͳͨ ͨͲͶͼͤͨ ͦ ͨͲͻͳͦͳ͠ ͯͨͬ͛ͩ͸ͬ

AX = B ⇔

⎛

⎜⎜⎜⎜⎝

a11 a12 . . . a1n

a21 a22 . . . a2n
���

���
���

am1 am2 . . . amn

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

x1

x2
���
xn

⎞

⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎝

b1

b2
���
bm

⎞

⎟⎟⎟⎟⎠

⇔

⎛

⎜⎜⎜⎜⎝

a11x1 + a12x2 + · · ·+ a1nxn

a21x1 + a22x2 + · · ·+ a2nxn
���

am1x1 + am2x2 + · · ·+ amnxn

⎞

⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎝

b1

b2
���
bm

⎞

⎟⎟⎟⎟⎠

⇔

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
���

am1x1 + am2x2 + · · ·+ amnxn = bm

̈́ͦͪͣ͠͝
 ͫͤ ͳͦͬ ʹͯͻͧͤͲͦ ͻͳͨ ͨͲͶͼͤͨ ͦ ͨͲͻͳͦͳ͠ ͯͨͬ͛ͩ͸ͬ AX = B ͩ͠ͳͪͭͫͤ͠͝͠ ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠
	���
 ͤͯͪͦͧͤ͠ͼͤͳͨ͠ ͩͨ͠ ͜Ͷͤͨ ͯͬͩ͞͠͠ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͳͮͬA
 ͯͬͩ͞͠͠ Ͳͳͪͦ͝ ͳ͸ͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰ͸ͬ
ͳͮͬ B ͩͨ͠ ͯͬͩ͞͠͠ Ͳͳͪͦ͝ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮͬ X �
ͯͮͫͬ͜ͅ͸ͱ
 ͣͤͭͫͤ͞͠ ͳͦͬ ͨͲͮͣʹͬͫ͠͞͠�

͓ͮ ͲͼͲͳͦͫ͠ 	���
 ͤͯͪͦͧͤ͠ͼͤͳͨ͠ ͬ͠ ͩͨ͠ ͫͻͬͮͬ ͬ͠ ͨͲͶͼͤͨ AX = B ͨ͢͠ ͳͮʹͱ ͯͬͩͤ͞͠ͱ A

X ͩͨ͠ B
 ͻͯ͸ͱ ͮͰͥͮͬ͞ͳͨ͠ Ͳͳͨͱ 	���

 	���
 ͩͨ͠ 	���

 ͬ͠ͳ͞ͲͳͮͨͶ͠�

ͯͨͫͤͬͫͤ͞͠ͅ Ͳͤ ͠ʹͳ͝ ͳͦͬ ͨͲͻͳͦͳ͠ ͨ͢͠ ͬ͠ ͣͤͭͮ͞ʹͫͤ ͻͳͨ Ͳͤ ͩ͛ͧͤ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͬ͠ͳͨͲͳͮͨͶ͞�
ͥͤͳͨ͠ ͫͨ͠ ͮͰͨͲͫͬͦ͜ ͤͭ͞Ͳ͸Ͳͦ ͯͨͬ͛ͩ͸ͬ ͯͮʹ Ͳʹͬͣͮͬ͜ͳͨ͠ ͫͤ ͳͮ ͲͼͲͳͦͫ͛ ͫ͠ͱ� ͌͜Ͳ͸ ͠ʹͳ͝ͱ ͳͦͱ
ͣͨ͠ͲͼͬͣͤͲͦͱ 	ͬͣͨ͠͠͠ͳͼͯ͸Ͳͦͱ
 ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ
 ͫ͜Ͳ͸ ͯͨͬ͛ͩ͸ͬ
 ͦ ͧͤ͸Ͱ͞͠ ͯͨͬ͛�
ͩ͸ͬ kͤͨͲ͛ͪͪͤͨ͡{ Ͳͳ͠ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ ͩͨ͠ ͫ͠ͱ ͮͦͧ͛͡ ͬ͠ ͳ͠ ͪͼͲͮʹͫͤ�
ͯͫͤ͞͠ͅ ͯͰͮͦͮ͢ʹͫͬ͜͸ͱ
 ͻͯ͸ͱ ͯ�Ͷ� Ͳͳͮ ͐͠Ͱ͛ͣͤͨͫ͢͠ ͳͦͱ Ͳͤͪͣ͞͠ͱ ��
 ͻͳͨ Ͳͤ ͳʹͶͻͬ ͢Ͱͫͫͨͩ͠ͻ Ͳͼ�
Ͳͳͦͫ͠ ͬ͠ͳͨͲͳͮͨͶͤ͞ ͬ͜͠ͱ ͫͮͬͣͨͩ͠ͻͱ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͯͮʹ ͜Ͷͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͣͼͮ Ͳͳͪͤ͝ͱ�



�� ̸̴̴͈̼̽̾͂ �� ̶̴̴̼̈́̿̿̽ ̴̴͇̺͆̿͆ͅͅ

́ͪͪ͛ ͩͨ͠ ͬ͠ͳ͞ͲͳͰͮ͵͠
 Ͳͤ ͮͯͮͨͮͬͣͯͮ͝ͳͤ ͯͬͩ͞͠͠ ͯͮʹ ͜Ͷͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͣͼͮ Ͳͳͪͤ͝ͱ ͬ͠ͳͨͲͳͮͨͶͤ͞
ͬ͜͠ ͫͮͬͣͨͩ͠ͻ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͳͮ ͮͯͮͮ͞ ͜Ͷͤͨ ͳͮͬ ͯͬͩ͞͠͠ ͠ʹͳͻͬ ͸ͱ ͤͯ͠ʹͭͦͫͬͮ͜�

͐͠Ͱ͛ͣͤͨͫ͢͠� ̺Ͳͳ͸ ͮ 3× 5 ͯͬͩ͞͠͠ͱ

C =

⎛

⎜⎝
2 −3 −4 −5 −6

1 0 4 3 2

−5 −8 7 −4 11

⎞

⎟⎠ .

͒ͳͮͬ ͯͬͩ͞͠͠ C ͬ͠ͳͨͲͳͮͨͶͤ͞ ͳͮ ͩ͠ͻͪͮʹͧͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ � ͤͭͨͲͽͲͤ͸ͬ ͫͤ � ͬ͢͠ͽͲͳͮʹͱ�
⎧
⎪⎨

⎪⎩

2x1 − 3x2 − 4x3 − 5x4 = −6

x1 + 4x3 + 3x4 = 2

−5x1 − 8x2 + 7x3 − 4x4 = 11

	���


͓ͮ ͲͼͲͳͦͫ͠ 	���
 ͜Ͷͤͨ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ ͳͮͬ C ͯ͠ͻ ͳͮͬ ͮͯͮͮͬ͞ ͭͤͩͨͬ͝Ͳͫͤ͠ ͩͨ͠ ͤͬͨ͞͠ ͳͮ ͫͮ�
ͬͣͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͳͮ ͮͯͮͮ͞ ͜Ͷͤͨ ͸ͱ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ ͳͮͬ C �

̸Ͱ͠
 ͤͬͨͩ͛͢
 ʹͯ͛ͰͶͤͨ ͫͨ͠ ͯͪ͝Ͱͦͱ ͬ͠ͳͨͲͳͮ͞ͶͨͲͦ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͫͤ m ͤͭͨͲͽͲͤͨͱ
ͩͨ͠ n ͬ͢͠ͽͲͳͮʹͱ ͫͤ ͳͮʹͱ ͯͬͩͤ͞͠ͱ m × (n + 1)� ̺Ͷͮʹͫͤ ͣͨ͠ͳʹͯͽͲͤͨ
 ͫ͜ͶͰͨ ͤͣͽ
 ͻͪͤͱ ͳͨͱ ͬ͜�
ͬͮͨͤͱ ͯͮʹ ͫ͠ͱ ͤͬͨ͞͠ ͯ͠͠Ͱ͠͞ͳͦͳͤͱ ͨ͢͠ ͬ͠ ͪͼͲͮʹͫͤ ͳ͠ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ ͫͤ ͳͦ ͮͧͤͨ͡͝͠ ͳ͸ͬ
ͯͨͬ͛ͩ͸ͬ�

��� ͯͪ͞ͅʹͲͦ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͫͤ ͳͦ ͮͧͤͨ͡͝͠ ͯͨͬ͛ͩ͸ͬ

́ͰͶͨͩ͛
 ͠ͱ ͬ͠͠͵͜Ͱͮʹͫͤ ͩ͛ͯͮͨͤͱ ͯ͠Ͱ͠ͳͦͰ͝Ͳͤͨͱ ͲͶͤͳͨͩ͛ ͫͤ ͳͦͬ ͳ͛ͭͦ ͤͬͻͱ ͯͬͩ͞͠͠�
͐͠Ͱ͠ͳͦͰ͝Ͳͤͨͱ�

�� ̓ͨ͠ ͩ͛ͧͤ ͯͬͩ͞͠͠ A ͨͲͶͼͤͨ A ∼ A
 ͣͦͪͣ͠͝ ͮ A ͤͬͨ͞͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ͱ ͫͤ ͳͮͬ ͤ͠ʹͳͻ
ͳͮʹ�

�� ́ͬ A
 B ͤͬͨ͞͠ ͣͼͮ ͯͬͩͤ͞͠ͱ ͳ͜ͳͮͨͮͨ ͽͲͳͤ A ∼ B
 ͳͻͳͤ ͨͲͶͼͤͨ r(A) = r(B)
 ͣͦͪͣ͠͝ ͣͼͮ
͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮͨ͠ ͯͬͩͤ͞͠ͱ ͜Ͷͮʹͬ ͳͦͬ ͣͨ͞͠ ͳ͛ͭͦ�

�� ͇ ͳ͛ͭͦ ͤͬͻͱ ͩͪͨͫͩ͠͸ͳͮͼ ͯͬͩ͞͠͠ ͤͬͨ͞͠ ͞Ͳͦ ͫͤ ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͫͦ ͫͦͣͤͬͨͩͽͬ ͢Ͱͫͫ͠ͽͬ ͳͮʹ�

�� ̺Ͳͳ͸ A ͬ͜͠ͱ ͩͪͨͫͩ͠͸ͳͻͱ ͯͬͩ͞͠͠ͱ ͫͤ ͳ͛ͭͦ r(A)� ͓ͻͳͤ ͮͨ ͫͦ ͫͦͣͤͬͨͩ͜ͱ ͢Ͱͫͫ͜͠ͱ ͳͮʹ A

ͤͬͨ͞͠ ͩ͠Ͱͨ͡ͽͱ ͮͨ ͯͰͽͳͤͱ r(A) ͢Ͱͫͫ͜͠ͱ ͳͮʹ� ́ͬ ͮ ͩͪͨͫͩ͠͸ͳͻͱ ͯͬͩ͞͠͠ͱ A ͫͤ ͳ͛ͭͦ r(A)

͜Ͷͤͨ m ͢Ͱͫͫ͜͠ͱ ͫͤ m > r(A)
 ͳͻͳͤ ͮͨ ͤͯͨͯͪͮͬ͜ m − r(A) ͫͤͳ͛ ͳͨͱ ͯͰͽͳͤͱ r(A) ͫͦ
ͫͦͣͤͬͨͩ͜ͱ ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͤͬͨ͞͠ ͻͪͤͱ ͫͦͣͤͬͨͩ͜ͱ�



���� ̸̼͇̺̓̾ͅ ̶̴̼̈́̿̿̽͋̀ ̴͇̺͆̿͆͋̀ͅͅ ̸̿ ̺͆ ̵̸̴̺̻̼͂ ̴̼̓̀̽͋̀ ��

͐͠Ͱ͛ͣͤͨͫ͢͠� ͏ͨ ͩͪͨͫͩ͠͸ͳͮ͞ ͯͬͩͤ͞͠ͱAi
 i = 1, 2, 3, 4, 5
 ͳͮʹ ͐͠Ͱͣͤͫ͢͠͞͠ͳͮͱ ͳͦͱ Ͳͤͪͣ͞͠ͱ ��
͜Ͷͮʹͬ ͬ͠ͳ͞ͲͳͮͨͶ͠ ͳ͛ͭͤͨͱ�

r(A1) = 4, r(A2) = 3, r(A3) = 3, r(A4) = 5, r(A5) = 5.

͏ͰͨͲͫͻͱ ������ ̶͓͛ ͦ͛ͤ ͓͎͕͗ͤ͟͜ ͦͫ͟ ͙ͥ͗͛͞Ͱͥ͗ͫ͟ ͓ͧͦͰ͟
 ͚͓ ͎ͧ͗͘͟͡͡͞͡͞ ͏͓͟ ͕͓ͣ͛ͮ͜͞͞ ͙͓ͥͯͥͦ͞
͓͛ͫͦͮ͜͜͝͞ ͓͟ ͡ ͓ͦ͑ͥͦ͛ͩͤ͟͡͡ ͓͙͗ͧ͢͠͞͏ͤ͟͡ ͓͓͑ͤ͢͟͜ ͦͧ͡ ͓ͥͧͥͦ͐ͦͤ͞͡ ͓͗͑͛͟ ͓͛ͫͦͮͤ͜͜͝͞�

͐͠Ͱ͠ͳ͝ͰͦͲͦ� ̺Ͳͳ͸ 	͒
 ͬ͠ ͤͬͨ͞͠ ͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠� ͓ͻͳͤ ͮ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ
ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ� ͒ͳͮ ͐͠Ͱ͛ͣͤͨͫ͢͠ ͳͦͱ Ͳͤͪͣ͞͠ͱ �� ͩͪͨͫͩͮͯͮͨ͠͝Ͳͫͤ͠ ͳͮͬ ͯͬͩ͞͠͠ A� ͇ ͣͨ͞͠
ͣͨͣͨͩ͠͠Ͳ͞͠ ͳͦͱ ͩͪͨͫͩͮͯͮͦ͠͞Ͳͦͱ ͳͮʹA ͫ͠ͱ ͣͬͤͨ͞
 ͻͯ͸ͱ ͜Ͷͮʹͫͤ ͯͤͨ
 ͩͨ͠ ͳͦͬ ͳ͛ͭͦ ͳͮʹA� ͒ʹͩͤ͢�
ͩͰͨͫͬ͜͠
 Ͳͳͮ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͠ʹͳͻ ͣͤͭͫͤ͞͠ ͻͳͨA ∼ B
 ͻͯͮʹ ͮB ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻͱ
 ͨ͢͠ ͳͮͬ ͮͯͮͮͬ͞
͵ͬͤ͠͞ͳͨ͠ ͯ͠ͻ ͳͦ ͫͮͰ͵͝ ͳͮʹ ͻͳͨ ͜Ͷͤͨ � ͫͦ ͫͦͣͤͬͨͩ͜ͱ ͢Ͱͫͫ͜͠ͱ� ̸Ͱ͠ r(A) = r(B) = 4� ͯͮͫ͜ͅ�
ͬ͸ͱ
 ͳͮ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͠ʹͳͻ ͯͮ͠ͳͤͪͤ͞ ͳ͠ʹͳͻͶͰͮͬ͠ ͩͨ͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ʹͯͮͪͮͨ͢Ͳͫͮͼ ͳͦͱ ͳ͛ͭͦͱ ͤͬͻͱ
ͯͬͩ͞͠͠�

͇ ͩ͠ͻͪͮʹͧͦ ͯͰͻͳ͠Ͳͦ ͯͮ͠ͳͤͪͤ͞ ͳͮ ͩͪͤͨͣ͞ ͨ͢͠ ͳͦ ͪͼͲͦ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͫͤ ͳͦ ͮ͡�
ͧͤͨ͝͠ ͳ͸ͬ ͯͨͬ͛ͩ͸ͬ�

͐Ͱͻͳ͠Ͳͦ ������ ̴͟ ͖ͯ͡ ͓͓ͥͧͥͦ͐ͦ͞ 	ͅ
 ͓͛͜ 	̩ͅ
 ͏ͩͧ͟͡ ͓͙͗ͧ͢͠͞͏ͧͤ͟͡ ͓͑͗ͤ͢͟͜ ͦͧͤ͡ ͓͑͗ͤ͢͟͜ C ͓͛͜
C ′
 ͓͓ͦ͑ͥͦ͛ͩ͟͡
 ͓͛͜ ͛ͥͩͯ͗͛ C ∼ C ′
 ͦͮͦ͗ ͓ͦ ͓͓ͥͧͥͦ͐ͦ͞ 	ͅ
 ͓͛͜ 	̩ͅ
 ͓͗͑͛͟ ͖͓͓͛ͥͯ͟͡͞
 ͖͙͓͖͐͝ ͏ͩͧ͟͡
ͦ͡ ͖͑͛͡ ͥͯ͟͡͝͡ ͯͥ͗ͫ͟͝�

͒ʹͫͮͪͨ͡Ͳͫͻͱ� ̺ͬ͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͯͮʹ ͜Ͷͤͨ ͯͬͩ͞͠͠ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͳͮͬ ͯͬͩ͞͠͠ A ͩͨ͠
Ͳͳͪͦ͝ ͳ͸ͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰ͸ͬ ͳͦ Ͳͳͪͦ͝ b
 ͧ͠ ͳͮ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͸ͱ

Ax = b,

ͤͬͬͮͽͬͳ͠ͱ ͻͳͨ x ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ ͩͨ͠ ͻͳͨ ͦ ͤͭ͞Ͳ͸Ͳͦ Ax = b ͤͬͨ͞͠ ͦ
ͫͮͬͣͨͩ͠͝ ͤͭ͞Ͳ͸Ͳͦ ͯͨͬ͛ͩ͸ͬ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮ ͲͼͲͳͦͫ͠�

͇ ͐Ͱͻͳ͠Ͳͦ kͩͪͤͨͣ͞{ ����� ͫ͠ͱ ͯ͠Ͱ͜Ͷͤͨ ͳ͠ʹͳͻͶͰͮͬ͠ ͩͨ͠ ͫͨ͠ ͫͧͮͣͮ͜ ͨ͢͠ ͬ͠ ͪͼͬͮʹͫͤ
͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠� ́ͱ ͯͤͰͨ͢Ͱ͛ͷͮʹͫͤ ͳͦ ͫͧͮͣͮ͜ Ͳͤ ͤͬͨͩ͢͜ͱ ͢Ͱͫͫ͜͠ͱ�
̺Ͳͳ͸ ͻͳͨ ͜Ͷͮʹͫͤ ͬ͠ ͪͼͲͮʹͫͤ ͬ͜͠ ͲͼͲͳͦͫ͠ 	͒
 ͯͮʹ ͤͩ͵Ͱ͛ͥͤͳͨ͠ ͫͮͬͣͨͩ͛͠ ͫͤ ͳͦͬ ͤͭ͞Ͳ͸Ͳͦ ͯͨͬ͛�
ͩ͸ͬAx = b
 ͻͯͮʹA ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ
 b ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ Ͳͳͧͤ͠Ͱͽͬ
ͻͰ͸ͬ ͩͨ͠ x ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ� ͈͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͯͨͮ ͯ͠Ͱ͠Ͳͳ͠ͳͨͩ͛ ͫͤ
(A|b) ͳͮͬ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	͒

 ͫͨ͠ͱ ͩͨ͠ ͠ʹͳͻͱ ͯͰͮͩͼͯͳͤͨ ͯ͠ͻ ͳͮͬ A ͬ͠
ͤͯͨͲʹͬ͛ͷͮʹͫͤ Ͳͳͮ ͳͪͮ͜ͱ ͳͮʹ A ͫͨ͠ ͤͯͨͯͪͮͬ͜ Ͳͳͪͦ͝
 ͳͦͬ b�
͊ͪͨͫͩͮͯͮͨͮ͠ͼͫͤ ͳͮͬ ͯͬͩ͞͠͠ (A|b)� ̺Ͳͳ͸ C ′ ͬ͠ ͤͬͨ͞͠ ͬ͜͠ͱ ͩͪͨͫͩ͠͸ͳͻͱ ͯͬͩ͞͠͠ͱ ͯͮʹ ͤͬͨ͞͠
͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ͱ ͫͤ ͳͮͬ (A|b)� ̺Ͳͳ͸ 	̶͒
 ͬ͠ ͤͬͨ͞͠ ͳͮ ͢Ͱͫͫͨͩ͠ͻ ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠ ͯͮʹ



�� ̸̴̴͈̼̽̾͂ �� ̶̴̴̼̈́̿̿̽ ̴̴͇̺͆̿͆ͅͅ

ͮͰͥͤͨ͞ ͮ C ′� ͋ͼͬͮʹͫͤ ͳͮ 	̶͒
 ͩͨ͠ ͳͻͳͤ ͳͮ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ ͳͮʹ 	̶͒
 	ͤ͵۝ ͻͲͮͬ ʹͯ͛ͰͶͤͨ
 ͤͬͨ͞͠ ͳ͠ʹ�
ͳͻͶͰͮͬ͠ ͩͨ͠ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ ͳͮʹ 	͒
� ́ͬ ͳͮ 	̶͒
 ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ
 ͳͻͳͤ ͩͨ͠ ͳͮ 	͒
 ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ�
͇ ͣͨͣͨͩ͠͠Ͳ͞͠ ͳͦͱ ͩͪͨͫͩͮͯͮͦ͠͞Ͳͦͱ ͫͤ ͳͦͬ ͮͯͮ͞͠ ͪͼͬͮʹͫͤ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͫͤ ͳͦ ͮͧͤͨ͡͝͠
ͯͨͬ͛ͩ͸ͬ ͤͬͨ͞͠ Ͳͳͦͬ ͮʹͲ͞͠ ͦ ͬ͢͸Ͳͳ͝ ͫ͠ͱ ͫͧͮͣͮ͜ͱ ͯͪͮͨ͠͠͵͝ͱ ͳͮʹ (BVTT�

̓ͤͬͨͩ͛
 ͮͯͮͨͮͣͯͮ͝ͳͤ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͳͰͤͨͱ ͣʹͬ͠ͳͻͳͦͳͤͱ ͸ͱ ͯͰͮͱ ͳͮ Ͳͼͬͮͪͮ ͳ͸ͬ
ͪͼͲͤͽͬ ͳͮʹ�

	J
 ͍͠ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ
 ͣͦͪͣ͠͝ ͬ͠ ͫͦͬ ͜Ͷͤͨ ͩͫͫ͠͞͠ ͪͼͲͦ�

	JJ
 ͍͠ ͜Ͷͤͨ ͩ͠Ͱͨ͡ͽͱ ͫ͞͠ ͪͼͲͦ�

	JJJ
 ͍͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ�

̺ͳͲͨ
 ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͣͤͬ ͫͯͮͰͤ͞ ͬ͠ ͜Ͷͤͨ ͩ͠Ͱͨ͡ͽͱ ͣͼͮ ͪͼͲͤͨͱ ͻͯ͸ͱ
 ͯ�Ͷ�
 Ͳʹͫͬͤͨ͡͠͞ ͫͤ
ͳͨͱ ͤͭͨͲͽͲͤͨͱ ͣͤʹͳ͜Ͱͮʹ ͧͫͮ͡͠ͼ�
͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͣͬͮ͞ʹͫͤ ͳͰ͞͠ ͯ͠Ͱͣͤͫ͢͠͞͠ͳ͠
 ͬ͜͠ ͨ͢͠ ͩ͛ͧͤ ͫ͞͠ ͯ͠ͻ ͳͨͱ ͯ͠Ͱͯ͛ͬ͠͸ ͯͤͰͨͯͳͽͲͤͨͱ�

͐͠Ͱ͛ͣͤͨͫ͢͠ 	ͲͼͲͳͦͫ͠ ͫͤ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ
�
͈ͤ͸Ͱͮͼͫͤ ͳͮ ͲͼͲͳͦͫ͠

⎧
⎪⎨

⎪⎩

2x1 − 2x2 + 4x3 = 2

x2 − 2x3 = 0

3x1 + 2x2 + 4x3 = 1.

͏ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠

(A|b) =

⎛

⎜⎝
2 −2 4 2

0 1 −2 0

3 2 4 1

⎞

⎟⎠

́ͬͥͦ͠ͳͮͼͫͤ ͫͨ͠ ͲͤͨͰ͛ ͲͳͮͨͶͤͨ͸ͣͽͬ ͯͰ͛ͭͤ͸ͬ ͢Ͱͫͫ͠ͽͬ
 ͯͮʹ ͬ͠ ͫͤͳ͠ͳͰͯͮ͜ʹͬ ͳͮͬ (A|b) Ͳͤ ͬͬ͜͠
ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠� ͩͅͳͤͪͮͼͫͤ ͳ͠ ͩ͠ͻͪͮʹͧ͠ ͫ͡͝͠ͳ͠�

⎛

⎜⎝
2 −2 4 2

0 1 −2 0

3 2 4 1

⎞

⎟⎠
r3←r3− 3

2 r1

∼

⎛

⎜⎝
2 −2 4 2

0 1 −2 0

0 5 −2 −2

⎞

⎟⎠
r3←r3−5r2

∼

⎛

⎜⎝
2 −2 4 2

0 1 −2 0

0 0 8 −2

⎞

⎟⎠ .
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ͯͮͫͬ͜ͅ͸ͱ
 ͩ͠ͳͪͭͫͤ͠͝͠ Ͳ۝ ͬͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮ ͨͲͮͣͼͬͫͮ͠ ͲͼͲͳͦͫ͠�
⎧
⎪⎨

⎪⎩

2x1 − 2x2 + 4x3 = 2

x2 − 2x3 = 0

8x3 = −2.

͋ͼͬͮʹͫͤ ͳͦͬ ͳͤͪͤʹͳ͠͞͠ ͩͨ͠ ͡Ͱ͞Ͳͩͮʹͫͤ x3 = −1/4� ́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͠ʹͳ͝ Ͳͳͦ ͣͤͼͳͤͰͦ
ͩͨ͠ ͡Ͱ͞Ͳͩͮʹͫͤ x2 = −1/2� 5ͪͮ͜ͱ
 ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͨͱ ͬ͢͸Ͳͳ͜ͱ ͯͪͤͻͬ ͳͨͫ͜ͱ ͳ͸ͬ x2 ͩͨ͠ x3 Ͳͳͦͬ
ͯͰͽͳͦ ͩͨ͠ ͡Ͱ͞Ͳͩͮʹͫͤ x1 = 1�

͐͠Ͱ͛ͣͤͨͫ͢͠ 	ͲͼͲͳͦͫ͠ ͫͤ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ
�
͈ͤ͸Ͱ͝Ͳͳͤ ͳͮ ͲͼͲͳͦͫ͠ ⎧

⎪⎨

⎪⎩

x1 + 2x3 = 0

x2 − x3 = 0

x4 = −1

.

͏ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ ͮ

(A|b) =

⎛

⎜⎝
1 0 2 0 0

0 1 −1 0 0

0 0 0 1 −1

⎞

⎟⎠

ͩͨ͠ ͪͯͮ͜͡ʹͫͤ ͛ͫͤͲ͠ ͻͳͨ ͤͬͨ͞͠ 	ͬͦͫͬͮ͢͜͠ͱ
 ͩͪͨͫͩ͠͸ͳͻͱ� ͏ͯͻͳͤ
 ͪͼͬͮͬͳ͠ͱ ͯ͠ͻ ͳͮ ͳͪͮ͜ͱ ͯͰͮͱ
ͳͦͬ ͠ͰͶ͝ ͜Ͷͮʹͫͤ

x4 = −1,

x2 = x3,

x1 = −2x3.

́ͬ ͧ͜Ͳͮʹͫͤ x3 = s
 ͻͯͮʹ s ͤͬͨ͞͠ ͮͯͮͨͮͲͣͯͮ͝ͳͤ ͯͰͫ͢͠͠ͳͨͩͻͱ ͠Ͱͨͧͫͻͱ ͩ͠ͳͪͮ͢͠͝ʹͫͤ ͻͳͨ

(x1, x2, x3, x4) = (−2x3, x3, x3,−1) = (−2s, s, s,−1).

̈́ͦͪͣ͠͝ ͳͮ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ ͳͦͱ ͯ͠Ͱͯ͛ͬ͠͸ ͫͮͰ͵͝ͱ�

͐͠Ͱ͛ͣͤͨͫ͢͠ 	ͣ͠ͼͬ͠ͳͮ ͲͼͲͳͦͫ͠
�

͈ͤ͸Ͱ͝Ͳͳͤ ͳͮ ͲͼͲͳͦͫ͠ ⎧
⎪⎨

⎪⎩

3x1 + 2x2 + x3 = 3

2x1 + x2 + x3 = 0

6x1 + 2x2 + 4x3 = 6.
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͏ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠

(A|b) =

⎛

⎜⎝
3 2 1 3

2 1 1 0

6 2 4 6

⎞

⎟⎠

ͩͅͳͤͪͮͼͫͤ ͳ͠ ͩ͠ͻͪͮʹͧ͠ ͫ͡͝͠ͳ͠�
⎛

⎜⎝
3 2 1 3

2 1 1 0

6 2 4 6

⎞

⎟⎠ r2←r2− 2
3 r1

r3←r3−2r1

∼

⎛

⎜⎝
3 2 1 3

0 −1
3

1
3 −2

0 −2 2 0

⎞

⎟⎠
r3←r3−6r2

∼

⎛

⎜⎝
3 2 1 3

0 −1
3

1
3 −2

0 0 0 12

⎞

⎟⎠ .

͊͠ͳͪͭͫͤ͠͝͠ Ͳڼ ͬͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠ ͻͯͮʹ ͳͮ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͳͤͪͤʹͳ͠͞͠ͱ
͢Ͱͫͫ͠͝ͱ ͤͬͨ͞͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͪͦ͝� ͯͮͫͬ͜ͅ͸ͱ
 ͦ ͳͤͪͤʹͳ͠͞͠ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͨͲͮͣͼͬͫͮ͠ʹ
͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ 0x1 + 0x2 + 0x3 = 12
 Ͳʹͬͤͯͽͱ ͳͮ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ�

̸Ͱ͠
 ͻͯ͸ͱ ͤͣͫͤ͞͠ ͯ͠Ͱͯ͛ͬ͠͸
 ͨ͢͠ ͬ͠ ͪͼͲͮʹͫͤ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͳͮ ͬ͛ͮ͢͢͠͠ʹͫͤ Ͳͤ ͬ͜͠
ͨͲͮͣͼͬͫ͠ͻ ͳͮʹ ͩͪͨͫͩ͠͸ͳͻ� ͈͠ ͣͮͼͫͤ ͯ͠Ͱͩ͛͠ͳ͸ ͻͳͨ ͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ n × n ͲͼͲͳͦͫ͠ ͳͮʹ
ͮͯͮͮ͞ʹ ͦ ͣͨ͢͠ͽͬͨͮͱ ͳͮʹ ͤͯ͠ʹͭͦͫͬͮ͜ʹ ͯͬͩ͛͞͠ ͳͮʹ ͜Ͷͤͨ ͻͪ͠ ͳ͠ ͲͳͮͨͶͤ͞͠ ͳͦͱ ͫͦ ͫͦͣͤ�
ͬͨͩ͛ ͤͬͨ͞͠ ͦ ͯͪͮ͠ͼͲͳͤͰͦ ͩͨ͠ ͡͠ͲͨͩͻͳͤͰͦ ͯͤͰͯ͞ͳ͸Ͳͦ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ
 Ͳͳͦͬ
ͮͯͮ͞͠ ͡͠Ͳͥͤ͞ͳͨ͠ ͤͬͨͩ͛͢ ͦ ͪͼͲͦ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ�

��� ͯͪ͞ͅʹͲͦ ͩͪͨͫͩ͠͸ͳͮͼ ͲʹͲͳͫ͝͠ͳͮͱ

́ͱ ͣͮͼͫͤ ͳͽͰ͠ ͯͽͱ ͤͯͨͪͼͮͬͳͨ͠ ͳ͠ ͯͪͮ͠ͼͲͳͤͰ͠ ͩͪͨͫͩ͠͸ͳ͛ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ n ͤͭͨͲͽͲͤ͸ͬ
ͫͤ n ͬ͢͠ͽͲͳͮʹͱ ͳ͸ͬ ͮͯͮ͞͸ͬ ͳ͠ ͣͨ͢͠ͽͬͨ͠ ͲͳͮͨͶͤ͞͠ ͤͬͨ͞͠ ͻͪ͠ ͫͦ ͫͦͣͤͬͨͩ͛� ̓ͨ͠ ͳͮ Ͳͩͮͯͻ ͠ʹͳͻ
ͧͤ͸Ͱͮͼͫͤ ͳͮ ͩ͠ͻͪͮʹͧͮ ͩͪͨͫͩ͠͸ͳͻ n× n ͲͼͲͳͦͫ͠ Ͳͳͦ ͤͬͨͩ͢͝ ͳͮʹ ͫͮͰ͵͝
 ͨ͢͠ n ∈ N�

a11x1 + a12x2 + · · ·+ a1,n−1xn−1 + a1nxn = b1

a22x2 + · · ·+ a2,n−1xn−1 + a2nxn = b2

� � � ���
an−1,n−1xn−1 + an−1,nxn = bn−1

annxn = bn

ͻͯͮʹ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ aii ̸= 0 ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , n�
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̓ͨ͠ ͬ͠ ͪͼͲͮʹͫͤ ͳͮ ͲͼͲͳͦͫ͠ ͠ʹͳͻ ͩͮͪͮ͠ʹͧͮͼͫͤ ͫͨ͠ ͣͨͣͨͩ͠͠Ͳ͞͠ ͦ ͮͯͮ͞͠ ͪͤ͜͢ͳͨ͠ ͮͯͨͲͧͮͣͰͻ�
ͫͦͲͦ ͝ ͬ͛ͣ͠Ͱͮͫͦ ͬ͠ͳͨͩ͠ͳ͛Ͳͳ͠Ͳͦ�
͒ʹͩͤͩ͢Ͱͨͫͬ͜͠
 ͡Ͱ͞Ͳͩͮʹͫͤ ͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ ͬͬ͜͠�ͬͬ͜͠ ͯ͠ͻ ͳͮ ͳͪͮ͜ͱ ͯͰͮͱ ͳͦͬ ͠ͰͶ͝� ́ͰͶͨͩ͛

͡Ͱ͞Ͳͩͮʹͫͤ ͳͮ xn ͯ͠ͻ ͳͦͬ ͳͤͪͤʹͳ͠͞͠ ͤͭ͞Ͳ͸Ͳͦ� xn = bn/ann
 ͻͯͮʹ ann ̸= 0 ͯ͠ͻ ͳͦͬ ʹͯͻͧͤͲͦ�
͌ͤͳ͛ ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ xn Ͳͳͦͬ ͫ͜͠Ͳ͸ͱ ͯͰͮͦͮ͢ͼͫͤͬͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ

ͣͦͪͣ͠͝ ͳͦͬ an−1,n−1xn−1 + an−1,nxn = bn−1� ́ʹͳ͝ ͳͽͰ͠ ͤͬͨ͞͠ ͫͨ͠ ͯͰ͸ͳͮ͛ͧͫͨ͡͠ ͤͭ͞Ͳ͸Ͳͦ
ͫͤ ͫͻͬͮ ͛ͬ͢͸Ͳͳͮ ͳͮ xn−1� ͓ͦͬ ͪͼͬͮʹͫͤ ͩͨ͠ ͡Ͱ͞Ͳͩͮʹͫͤ ͳͮͬ ͛ͬ͢͸Ͳͳͮ xn−1�
́͵ͮͼ ͜Ͷͮʹͫͤ ͡Ͱͤͨ ͳͽͰ͠ ͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ xn ͩͨ͠ xn−1
 ͳͮʹͱ ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ Ͳͳͦͬ ͫ͜͠Ͳ͸ͱ
ͯͰͮͦͮ͢ͼͫͤͬͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͯͮʹ ͯͤͰͨ͜Ͷͤͨ ͳ͠ xn−2
 xn−1 ͩͨ͠ xn� ́ʹͳ͝ ͤͬͨ͞͠ ͫͨ͠
ͯͰ͸ͳͮ͛ͧͫͨ͡͠ ͤͭ͞Ͳ͸Ͳͦ ͫͤ ͫͻͬͮ ͛ͬ͢͸Ͳͳͮ ͯͪͮͬ͜ ͳͮ xn−2� ͓ͦͬ ͪͼͬͮʹͫͤ ͩͨ͠ ͡Ͱ͞Ͳͩͮʹͫͤ ͳͮͬ ͛ͬ͢͸�
Ͳͳͮ xn−2
 ͩ�ͮ�ͩ� ̺ͳͲͨ ͲʹͬͤͶͥͮ͞ʹͫͤ ͳͦ ͣͨͣͨͩ͠͠Ͳ͞͠ ͤͯ͢͠͸ͨͩ͛͢ ͯͰͮͱ ͳ͠ ͯ͞Ͳ͸
 ͡Ͱ͞Ͳͩͮͬͳ͠ͱ ͯ͠ͻ
ͩ͛ͧͤ ͫ͞͠ ͯ͠ͻ ͳͨͱ ͤͭͨͲͽͲͤͨͱ ͩͨ͠ ͬͬ͜͠ ͛ͬ͢͸Ͳͳͮ
 ͫ͜ͶͰͨ Ͳͳͮ ͳͪͮ͜ͱ ͬ͠ ͵ͳ͛Ͳͮʹͫͤ Ͳͳͦͬ ͯͰͽͳͦ ͤͭ͞�
Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͯ͠ͻ ͳͦͬ ͮͯͮ͞͠ ʹͯͮͪͮͥͮ͢͞ʹͫͤ ͩͨ͠ ͳͮͬ x1� ͆͡ ͙͓ͥͯͥͦ͞ ͓ͧͦͮ ͏ͩ͗͛ ͓͖͛͐͟͜͞͡
͙ͯͥ͝
 ͓ͧͦ͐͟ ͧ͢͡ ͔ͣ͑ͥͧ͗͜͡͞ ͗͞ ͓ͧͦ͐͟ ͙ͦ ͖͓͖͓͓͛͛ͥ͑͜� ͒ͤ ͠ʹͳͬ͝ ͳͦ ͣͨͣͨͩ͠͠Ͳ͞͠ ͜Ͷͮʹͫͤ ͶͰͦͲͨͫͮ�
ͯͮͨ͝Ͳͤͨ ͮʹͲͨ͸ͣͽͱ ͳͦͬ ʹͯͻͧͤͲͦ ͻͳͨ aii ̸= 0 ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , n
 ͠͵ͮͼ Ͳͤ ͩ͛ͧͤ ͫ͡͝͠ ͨ͢͠
ͬ͠ ʹͯͮͪͮ͢͞Ͳͮʹͫͤ ͳͮͬ Ͳʹͩͤͩ͢Ͱͨͫͬͮ͜ ͛ͬ͢͸Ͳͳͮ ͧ͠ ͶͰͤͨ͠Ͳͳͤ͞ ͬ͠ ͪͼͲͮʹͫͤ ͫͨ͠ ͯͰ͸ͳͮ͛ͧͫͨ͡͠ ͤͭ͞�
Ͳ͸Ͳͦ
 ͦ ͮͯͮ͞͠ ͜Ͷͤͨ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͩ͠Ͱͨ͡ͽͱ ͤͯͤͨͣ͝ ͮ ͬ͠ͳ͞ͲͳͮͨͶͮͱ ͠Ͱͨͧͫͻͱ aii
 i = 1, 2, . . . , n

ͤͬͨ͞͠ ͣͨ͛͵ͮͰͮͱ ͳͮʹ ͫͦͣͤͬͻͱ�

��� ͌ͤͧͮͣͮͪͮ͢͞͠ ͤͯͪ͞ʹͲͦͱ ͳ͸ͬ ͢Ͱͫͫͨͩ͠ͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ ͫͤ ͳͦ
ͮͧͤͨ͡͝͠ ͯͨͬ͛ͩ͸ͬ

͓ͽͰ͠ ͤͫ͞͠Ͳͳͤ Ͳͤ ͧ͜Ͳͦ ͬ͠ ͬͯ͠͠ͳͼͭͮʹͫͤ ͫͤ ͪͤͯͳͮͫ͜Ͱͤͨͤͱ ͳͦ ͫͤͧͮͣͮͪͮ͢͞͠ ͤͯͪ͞ʹͲͦͱ ͳ͸ͬ ͢Ͱͫ͠�
ͫͨͩͽͬ ͲʹͲͳͦͫ͛ͳ͸ͬ� ͈ͤ͸Ͱͮͼͫͤ ͯ͛ͪͨ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ Ͳͳͦ ͤͬͨͩ͢͝ ͳͮʹ ͫͮͰ͵͝�

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
���

am1x1 + am2x2 + · · ·+ amnxn = bm

	���


͓ͮ ͲͼͲͳͦͫ͠ 	���
 ͜Ͷͤͨ m ͤͭͨͲͽͲͤͨͱ ͩͨ͠ n ͬ͢͠ͽͲͳͮʹͱ
 ͻͯͮʹ m,n ∈ N� ͈͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͫͤ
Ax = b ͳͦͬ ͬ͠ͳ͞ͲͳͮͨͶͦ ͤͭ͞Ͳ͸Ͳͦ ͯͨͬ͛ͩ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���

 ͻͯͮʹA ͤͬͨ͞͠ ͮm×n ͯͬͩ͞͠͠ͱ
ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ
 x ͤͬͨ͞͠ ͮ n×1 ͯͬͩ͞͠͠ͱ Ͳͳͪͦ͝ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ
 ͩͨ͠ b ͤͬͨ͞͠ ͮm×1 ͯͬͩ͞͠͠ͱ
Ͳͳͪͦ͝ ͳ͸ͬ Ͳͳͧͤ͠Ͱͽͬ ͻͰ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ� ͈͠ Ͳʹͫͮͪͥͮ͡͞ʹͫͤ
 ͸ͱ Ͳʹͬͧ͝͸ͱ
 ͫͤ (A|b) ͳͮͬ
ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ
͆͡ ͣ͢Ͱͦ͡ ͎͕͓ͣ͢͞ ͧ͢͡ ͎͗͗ͦͧ͗͘͠͡͞ ͥ͗ ͏͓͟ ͕͓ͣ͛ͮ͜͞͞ ͙͓ͥͯͥͦ͞ ͓͗͑͛͟ ͦ͡ ͓͟ ͏ͩ͗͛ ͐ ͖͗͟ ͏ͩ͗͛ ͯͥ͗͛ͤ͝� ̓ͨ͠
ͬ͠ ͳͮ ͤͪͭͮ͜͢ʹͫͤ ͠ʹͳͻ ͤͩͳͤͪͮͼͫͤ ͳͦͬ ͩ͠ͻͪͮʹͧͦ ͣͨͣͨͩ͠͠Ͳ͞͠�



�� ̸̴̴͈̼̽̾͂ �� ̶̴̴̼̈́̿̿̽ ̴̴͇̺͆̿͆ͅͅ

	�
 ́ͯͻ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ 	���
 ͩ͠ͳ͠Ͳͩͤʹ͛ͥͮʹͫͤ ͳͮͬ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ C = (A|b) ͳͮʹ
ͲʹͲͳͫ͝͠ͳͮͱ�

	�
 ͊ͪͨͫͩͮͯͮͨͮ͠ͼͫͤ ͳͮͬ ͯͬͩ͞͠͠ C ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ ͬͬ͜͠ ͨͲͮͣͼͬͫ͠ͻ ͳͮʹ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠
C ′�

	�
 ́ͬ
 ͩ͠ͳ͛ ͳͦ ͣͨͣͨͩ͠͠Ͳ͞͠ ͳͦͱ ͩͪͨͫͩͮͯͮͦ͠͞Ͳͦͱ
 ͩͨ͠ ͯͰͨͬ ͵ͳ͛Ͳͮʹͫͤ Ͳͳͮͬ ͩͪͨͫͩ͠͸ͳͻ ͯ͞�
ͬͩ͠͠C ′ ͯͰͮͩͼͷͤͨ 	Ͳͤ ͩ͛ͯͮͨͮͬ ͤͬͣͨ͛ͫͤͲͮ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫͮ͠ ͯͬͩ͞͠͠ ͳͮʹC
 ͙͕͗ͦ͛ͮ͜ ͥͦ͛͡�
ͩ͗͑͡ ͙ͥͦ͟ ͓͓ͦ͗͗ͧͦ͑͝ ͙ͥͦ͐͝
 ͳͻͳͤ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ ͩͨ͠ ͦ ͣͨͣͨͩ͠͠Ͳ͞͠ Ͳͳ͠�
ͫ͠ͳ͛�

	�
 ́ͬ ͣͤͬ ͯͰͮͩͼͷͤͨ ͦ ͯͤͰͯ͞ͳ͸Ͳͦ Ͳͳͮ 	�

 ͩͨ͠ ͳͮ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͳͤͪͤʹͳ͠͞͠ͱ ͫͦ ͫͦͣͤ�
ͬͨͩ͝ͱ ͢Ͱͫͫ͠͝ͱ ͳͮʹ ͯͬͩ͞͠͠ C ′ ͡Ͱ͞Ͳͩͤͳͨ͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͪͦ͝
 ͳͻͳͤ ͳͮ ͲͼͲͳͦͫ͠ 	���

ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ�

	�
 ́ͬ ͣͤͬ ͯͰͮͩͼͷͮʹͬ ͳ͠ 	�
 ͩͨ͠ 	�

 ͳͻͳͤ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ
 ͣͦͪͣ͠͝ ͜Ͷͤͨ
ͳͮʹͪ͛ͶͨͲͳͮͬ ͫ͞͠ ͪͼͲͦ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ́ͱ ʹͯͮͧ͜Ͳͮʹͫͤ ͻͳͨ ͮ ͩͪͨͫͩ͠͸ͳͻͱ ͯͬͩ͞͠͠ͱ C ′ Ͳͳͮͬ ͮͯͮͮ͞ ͩ͠ͳͪͭͫͤ͠͝͠ ͤͬͨ͞͠ ͮ
ͤͭ͝ͱ�

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 3 4 0 7 8 0 1

0 4 5 7 0 2 6 2

0 0 3 2 5 0 7 1

0 0 0 0 6 3 6 9

0 0 0 0 0 1 0 7

0 0 0 0 0 0 2 0

0 0 0 0 0 0 0 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

ͅ͵۝ ͻͲͮͬ ͦ ͳͤͪͤʹͳ͠͞͠ ͢Ͱͫͫ͠͝ ͳͮʹ ͯͬͩ͞͠͠ C ′ ͤͬͨ͞͠ ͫͦ ͫͦͣͤͬͨͩ͝ ͩͨ͠ ͳͮ ͦͤ͢ͳͨͩͻ ͳͦͱ ͲͳͮͨͶͤͮ͞
͡Ͱ͞Ͳͩͤͳͨ͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͪͦ͝
 ͯͤ͜ͳͨ͠ ͻͳͨ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ�
́ͱ ͧͤ͸Ͱ͝Ͳͮʹͫͤ ͩͨ͠ ͳͮͬ ͯͬͩ͞͠͠ C ′
 ͮ ͮͯͮͮ͞ͱ ʹͯͮͧ͜ͳͮʹͫͤ ͻͳͨ ͤͬͨ͞͠ ͮ ͬ͠ͳ͞ͲͳͮͨͶͮͱ ͩͪͨͫͩ͠͸ͳͻͱ
ͯͬͩ͞͠͠ͱ ͩ͛ͯͮͨͮʹ ͛ͪͪͮʹ ͲʹͲͳͫ͝͠ͳͮͱ

C ′ =

⎛

⎜⎜⎜⎜⎜⎜⎝

7 3 2 0 1

0 0 4 2 3

0 0 0 1 2

0 0 0 0 0

0 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎠
.



���� ̸̷̶̴̻̼̿͂͂̾͂ ̸̼͇̺̓̾ͅͅ ̶̴̼̈́̿̿̽͋̀ ̴͇̺͆̿͆͋̀ͅͅ ��

ͣͅͽ ͦ ͳͤͪͤʹͳ͠͞͠ ͫͦ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͳͮʹ C ′ ͤͬͨ͞͠ ͦ (0 0 0 1 2) ͩͨ͠ ͣͤͬ ͤͬͨ͞͠ ͳͦͱ ͫͮͰ͵͝ͱ
ͯͮʹ ͯͤͰͨ͢Ͱ͛͵ͤͳͨ͠ Ͳͳͮ ͫ͡͝͠ 	�
 ͯ͠Ͱͯ͛ͬ͠͸� 	̈́ͦͪͣ͠͝
 ͳͮ ͦͤ͢ͳͨͩͻ ͳͦͱ ͲͳͮͨͶͤͮ͞ ͤͬͨ͞͠ ͳͮ 1 ͩͨ͠
ͣͤͬ ͡Ͱ͞Ͳͩͤͳͨ͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͦͪͦ�
 ͯͮͫͬ͜ͅ͸ͱ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ�

͐͠Ͱ͠ͳ͝ͰͦͲͦ� ͔ͯ͛ͰͶͮʹͬ ͢Ͱͫͫͨͩ͛͠ ͲʹͲͳͫ͝͠ͳ͠ m × n ͯͮʹ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳ͠ Ͳͤ ͩ͛ͧͤ ͫ͞͠ ͯ͠ͻ
ͳͨͱ ͯͤͰͨͯͳͽͲͤͨͱ� m = n
 m > n
 m < n�
͐͠Ͱͣͤͫ͢͠͞͠ͳ͠�

	J
 ͈ͤ͸Ͱͮͼͫͤ ͳͮ ͲͼͲͳͦͫ͠ {
x− y = 1

x− y = −1
.

́ʹͳͻ ͤͬͨ͞͠ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ 2× 2 ͩͨ͠ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ ͨ͢͠ͳ͞ ͬ͠ ʹͯ͝ͰͶͬ͠ x ͩͨ͠ y ͳ͠
ͮͯͮ͞͠ ͤͯͪͧͤ͠͝ʹͬ͠ ͳͨͱ ͤͭͨͲͽͲͤͨͱ ͳͮʹ
 ͳͻͳͤ ͤͯͤͨͣ͝ 1 = x − y = −1
 ͧ͠ ͞ͲͶʹͤ 1 = −1

͛ͳͮͯͮ�

	JJ
 ͈ͤ͸Ͱͮͼͫͤ ͳͮ ͲͼͲͳͦͫ͠ ⎧
⎪⎨

⎪⎩

x− y = 1

x− y = −1

x+ 2y = 3

.

́ʹͳͻ ͤͬͨ͞͠ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ 3 × 2
 ͳͮ ͮͯͮͮ͞ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ ͨ͢͠ͳ͞ ͣͤͬ ͫͯͮͰͤ͞ ͬ͠
ͪͦͧͤ͠ͼͮʹͬ ͮͨ ͯͰͽͳͤͱ ͣͼͮ ͤͭͨͲͽͲͤͨͱ ͳͮʹ 	ͻͯ͸ͱ Ͳͳͮ 	J

�

	JJJ
 ͈ͤ͸Ͱͮͼͫͤ ͳͮ ͲͼͲͳͦͫ͠ {
x+ y + z = 0

x+ y + z = 1
.

́ʹͳͻ ͤͬͨ͞͠ ͬ͜͠ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ 2× 3
 ͳͮ ͮͯͮͮ͞ ͤͬͨ͞͠ ͣ͠ͼͬ͠ͳͮ ͨ͢͠ͳ͞ ͣͨ͠͵ͮͰͤͳͨͩ͛ ͧ͠
ʹͯ͝ͰͶͬ͠ ͠Ͱͨͧͫͮ͞ x, y, z ∈ R ͽͲͳͤ ͬ͠ ͨͲͶͼͤͨ 0 = x+ y + z = 1 ⇒ 0 = 1
 ͛ͳͮͯͮ�

́ͱ ͜Ͱͧͮʹͫͤ ͳͽͰ͠ Ͳͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͻͯͮʹ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ 	���
 ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ� ͉ͲͶͼͤͨ ͦ
ͩ͠ͻͪͮʹͧͦ ͯͰͻͳ͠Ͳͦ�

͐Ͱͻͳ͠Ͳͦ ������ ͆͡ ͙͓ͥͯͥͦ͞ 	���
 ͓͗͑͛͟ ͔͔͓ͥͧ͛ͥͦͮ͞ ͓͟ ͓͛͜ ͮ͟͟͞͡ ͓͟ ͛ͥͩͯ͗͛ r(A) = r(A|b) =

r(C)
 ͖͙͓͖͐͝ ͮ͟͟͞͡ ͙ͥͦ͟ ͙͗ͣ͑ͦͫͥ͢͢ ͧ͢͡ ͙ ͎͙ͦ͠ ͦͧ͡ ͓͓͑͢͟͜ ͦͧ͡ ͓ͥͧͥͦ͐ͦͤ͞͡ ͓͗͑͛͟ ͙͑ͥ ͗͞ ͙ͦ͟ ͎͙ͦ͠
ͦͧ͡ ͓͙͗ͧ͢͠͞͏ͧ͟͡ ͓͓͑͢͟͜ ͦͧ͡ ͓ͥͧͥͦ͐ͦͤ͞͡�

͏ͯͬͩ͞͠͠ͱA ͤͬͨ͞͠ ͯͬͩ͞͠͠ͱm×n ͩͨ͠ ͨ͢͠ ͳͦͬ ͳ͛ͭͦ ͳͮʹ
 ͻͯ͸ͱ ͜Ͷͮʹͫͤ ͣͦ͝ ͯͤͨ
 ͨͲͶͼͤͨ ͻͳͨ r(A) ≤
NJO{m,n}
 ͻͯͮʹ ͫͤ NJO{m,n} Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳͮͬ ͫͨͩͰͻͳͤͰͮ ͯ͠ͻ ͳͮʹͱ ͵ʹͲͨͩͮͼͱ ͠Ͱͨͧͫͮͼͱm
ͩͨ͠ n��

�̓ͤͬͨͩ͛
 ͬ͠ ͜Ͷͮʹͫͤ n ͯͰͫ͢͠͠ͳͨͩͮͼͱ ͠Ͱͨͧͫͮͼͱ
 ͜Ͳͳ͸ a1, a2, . . . , an
 Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͫͤ NBY{a1, a2, . . . , an} ͩͨ͠
NJO{a1, a2, . . . , an} ͳͮͬ ͫͤͪ͢͠ͼͳͤͰͮ ͩͨ͠ ͳͮͬ ͫͨͩͰͻͳͤͰͮ
 ͬ͠ͳ͞ͲͳͮͨͶ͠
 ͯ͠ͻ ͳͮʹͱ ͠Ͱͨͧͫͮͼͱ ͠ʹͳͮͼͱ�
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́͵ͮͼ ͪͮͨͯͻͬ
 ͯ͠ͻ ͳ͠ ͯͰͮͦͮ͢ͼͫͤͬ͠
 ͨ͢͠ ͳͮ Ͳʹͫͨ͡͡͠Ͳͳͻ ͲͼͲͳͦͫ͠ 	���
 ͨͲͶͼͤͨ ͻͳͨ�

r(A) = r(C) ≤ n,

ͳͻͳͤ ʹͯ͛ͰͶͮʹͬ ͩ͠Ͱͨ͡ͽͱ ͣͼͮ ͣʹͬ͠ͳͻͳͦͳͤͱ�

	J
 ͍͠ ͨͲͶͼͤͨ r(A) = r(C) = n� ͒ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͠ʹͳ͝ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͜Ͷͤͨ ͩ͠Ͱͨ͡ͽͱ
ͫ͞͠ ͪͼͲͦ�

	JJ
 ͍͠ ͨͲͶͼͤͨ r(A) = r(C) < n� ͓ͻͳͤ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ�

́ͱ ͯͤͰͨ͢Ͱ͛ͷͮʹͫͤ ͳͽͰ͠ ͳͦ ͣͨͣͨͩ͠͠Ͳ͞͠ ͳͦͱ ͪͼͲͦͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���
� ́ͰͶͨͩ͛
 ͤͪ͜͢Ͷͮʹͫͤ
ͬ͠ ͳͮ ͲͼͲͳͦͫ͠ 	���
 ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ� ̓ͨ͠ ͬ͠ ͳͮ ͯͤͳͼͶͮʹͫͤ ͠ʹͳͻ Ͳͳͮ ͯͰͽͳͮ Ͳͳ͛ͣͨͮ ͩͪͨͫͩͮ͠�
ͯͮͨͮͼͫͤ ͳͮͬ ͯͬͩ͞͠͠ C = (A|b) ͩͨ͠ ͡ͰͨͲͩͮʹͫͤ ͬͬ͜͠ ͢Ͱͫͫͮ͠͹Ͳͮͣͼͬͫ͠ͻ ͳͮʹ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠
C ′ = (A′|b′)
 ͻͯͮʹ A′ ͤͬͨ͞͠ ͮ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͳͮ ͮͯͮͮ͞ ͜Ͷͤͨ ͸ͱ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠
ͳͮͬ C ′� ͐Ͱͮ͵ͬ͠ͽͱ
 ͮ A′ ͤͬͨ͞͠ ͩͨ͠ ͠ʹͳͻͱ ͩͪͨͫͩ͠͸ͳͻͱ� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠


	�
 ͂Ͱ͞Ͳͩͮʹͫͤ ͳͦͬ ͳ͛ͭͦ r(C ′) ͳͮʹ C ′ = (A′|b′) ͩͨ͠ ͳͦͬ ͳ͛ͭͦ r(A′) ͳͮʹ A′� ͇ ͳ͛ͭͦ ͳͮʹ
C ′ ͩͨ͠ ͦ ͳ͛ͭͦ ͳͮʹ A′ ͤͬͨ͞͠ ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͫͦ ͫͦͣͤͬͨͩͽͬ ͢Ͱͫͫ͠ͽͬ ͳͮʹͱ ͩͨ͠
 ͵ʹͲͨͩ͛

ͳͨͱ ͯͰͮͲͣͨͮͰͥͮ͞ʹͫͤ ͯͪ͠ͽͱ ͩͮͨͳͽͬͳ͠ͱ ͳͮʹͱ ͯͬͩͤ͞͠ͱ C ′ ͩͨ͠ A′
 ͬ͠ͳ͞ͲͳͮͨͶ͠� ͓ͻͳͤ ͳͮ 	���

ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ ͬ͠ ͩͨ͠ ͫͻͬͮͬ ͬ͠ r(A′) = r(C ′) ≤ n��

͒ͳͦͬ ͯͰ͛ͭͦ ͠ʹͳͻ Ͳͦͫͬͤͨ͠͞� ͠
 ͻͳͨ ͳͮ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͳͤͪͤʹͳ͠͞͠ͱ ͫͦ ͫͦͣͤͬͨͩ͝ͱ
͢Ͱͫͫ͠͝ͱ ͳͮʹ ͯͬͩ͞͠͠ C ′ ͣͤͬ ͡Ͱ͞Ͳͩͤͳͨ͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͪͦ͝
 ͮͯͻͳͤ r(A′) = r(C ′)
 ͩͨ͠
͡
 ͻͳͨ r(C ′) ≤ n�

	�
 ̺Ͳͳ͸ ͪͮͨͯͻͬ ͻͳͨ ͯ͠ͻ ͳͮͬ ͪͤ͜͢Ͷͮ ͯͮʹ ͩ͛ͬͫͤ͠ Ͳͳͮ ͯͰͮͦͮ͢ͼͫͤͬͮ ͫ͡͝͠ ͡Ͱͩͫͤ͝͠ ͻͳͨ ͳͮ
	���
 ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ� ͌ͤͳ͛ ͤͪ͜͢Ͷͮʹͫͤ ͬ͠ ͨͲͶͼͤͨ r(C ′) = n ͝ r(C ′) < n� ́ͬ ͨͲͶͼͤͨ
r(C ′) = n
 ͳͻͳͤ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͩ͠Ͱͨ͡ͽͱ ͫ͞͠ ͪͼͲͦ
 ͤͬͽ ͬ͠ r(C ′) < n
 ͳͻͳͤ ͳͮ
͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ�

͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͯͤͰͨ͢Ͱ͛ͷͮʹͫͤ ͳͦ ͫͤͧͮͣͮͪͮ͢͞͠ ͨ͢͠ ͳͦͬ ͤͯͪ͞ʹͲͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ Ͳͤ
ͩ͛ͧͤ ͫ͞͠ ͯ͠ͻ ͳͨͱ ͣͼͮ ͠ʹͳ͜ͱ ͯͤͰͨͯͳͽͲͤͨͱ�

͐ͤͰͯ͞ͳ͸Ͳͦ �� r(A′) = r(C′) = n�
̽ͯ͸ͱ ͜Ͷͮʹͫͤ ͣͤͨ
 ͨͲͶͼͤͨ ͻͳͨ r(A′) = r(A) ≤ NJO{m,n} ⇒ r(A) ≤ m� ͯͮͫͬ͜ͅ͸ͱ
 ͯͤ͜ͳͨ͠ ͻͳͨ
n ≤ m� ̺ͳͲͨ ͤͣͽ ͜Ͷͮʹͫͤ ͣͼͮ ͯͤͰͨͯͳͽͲͤͨͱ�

	͠
 m = n ͩͨ͠ 	͡
 m > n.

�͐Ͱͮ͵ͬ͠ͽͱ
 ͜Ͷͮʹͫͤ ͻͳͨ A ∼ A′ ͩͨ͠ C ∼ C′
 ͛Ͱ͠ ͪͻ͢͸ ͳͦͱ ͐͠Ͱ͠ͳ͝ͰͦͲͦͱ � Ͳͳͦ Ͳͤͪͣ͞͠ �� ͜Ͷͮʹͫͤ ͻͳͨ
r(A) = r(A′) ͩͨ͠ r(C) = r(C′)� ͒ʹͬͤͯͽͱ ͳͮ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ⇔ r(A) = r(C) ⇔ r(A′) = r(C′)�



���� ̸̷̶̴̻̼̿͂͂̾͂ ̸̼͇̺̓̾ͅͅ ̶̴̼̈́̿̿̽͋̀ ̴͇̺͆̿͆͋̀ͅͅ ��

͇ ͣͨͣͨͩ͠͠Ͳ͞͠ ͳͦͱ ͪͼͲͦͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ ͯ͠Ͱͻͫͮͨ͠ ͩͨ͠ ͨ͢͠ ͳͨͱ ͣͼͮ ͠ʹͳ͜ͱ ͯͤͰͨͯͳͽͲͤͨͱ
	͠
 ͩͨ͠ 	͡
�

ͭͤͅͳ͛ͥͮʹͫͤ ͯͰͽͳ͠ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ 	͠

 ͻͯͮʹm = n = r(C′)�

͒ͤ ͠ʹͳͬ͝ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͳ͠ ͣͨ͢͠ͽͬͨ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ C ′ ͤͬͨ͞͠ ͻͪ͠ ͣͨ͛͵ͮͰ͠ ͳͮʹ 0� ̈́ͦͪͣ͠͝

c′ii ̸= 0
 ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , r(C ′) = m = n� ͓ͻͳͤ ͳͮ ͫͮͬͣͨͩ͠ͻ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͯͮʹ
ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮͬ ͯͬͩ͞͠͠ C ′
 ͜Ͳͳ͸ 	̶͒

 ͤͬͨ͞͠ ͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠ ͳͦͱ ͫͮͰ͵͝ͱ ͯͮʹ ͜Ͷͮʹͫͤ
ͣͦ͝ ͤͭͤͳ͛Ͳͤͨ Ͳͳͦͬ ͐͠Ͱ͛͢Ͱ͠͵ͮ ���� ͋ͼͬͮʹͫͤ ͠ʹͳͻ ͳͮ ͲͼͲͳͦͫ͠ 	̶͒
 ͫͤ ͮͯͨͲͧͮͣͰͻͫͦͲͦ
 ͻͯ͸ͱ
ͯͤͰͨ͢Ͱ͛ͷͫͤ͠ Ͳͳͦͬ ͐͠Ͱ͛͢Ͱ͠͵ͮ ���
 ͩͨ͠ ͯͰͮͲͣͨͮͰͥͮ͞ʹͫͤ ͳͦ ͫͮͬͣͨͩ͠͝ ͳͮʹ ͪͼͲͦ� ́ʹͳ͝ ͤͬͨ͞͠ ͩͨ͠
ͦ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͳͮʹ ͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ 	���
�

͈ͤ͸Ͱͮͼͫͤ ͳͽͰ͠ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ 	͡

 ͻͯͮʹm > n = r(C′)�

ͣͅͽ ͮͨm− n ͳͤͪͤʹͳͤ͠͞ͱ ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͯͬͩ͞͠͠ C ′ ͤͬͨ͞͠ ͫͦͣͤͬͨͩ͜ͱ� ́ʹͳͻ Ͳͦͫͬͤͨ͠͞ ͻͳͨ ͮͨ ͳͤͪͤʹ�
ͳͤ͠͞ͱm− n ͤͭͨͲͽͲͤͨͱ ͳͮʹ 	ͫͮͬͣͨͩͮ͠ͼ
 ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮͬ ͯͬͩ͞͠͠
C ′ ͤͬͨ͞͠ ͫͦͣͤͬͨͩ͜ͱ
 ͣͦͪͣ͠͝ ͤͬͨ͞͠ ͳͦͱ ͫͮͰ͵͝ͱ�

0x1 + 0x2 + · · ·+ 0xn = 0.

́ʹͳ͜ͱ ͳͨͱ ͫͦͣͤͬͨͩ͜ͱ ͤͭͨͲͽͲͤͨͱ ͣͤͬ ͳͨͱ ͪͫ͛ͬͮ͠͡ʹͫͤ ʹͯ۝ ͻͷͨͬ ͩͨ͠ ͜ͳͲͨ ͯͰͮͩͼͯͳͤͨ ͬ͜͠ ͩͪͨͫͩ͠͸ͳͻ
ͲͼͲͳͦͫ͠ ͻͯ͸ͱ ͠ʹͳͻ ͳͦͱ ͯͰͮͦͮ͢ͼͫͤͬͦͱ ͯͤͰͯ͞ͳ͸Ͳͦͱ 	͠
� ͓ͮ ͪͼͬͮʹͫͤ ͻͯ͸ͱ ͯͰͨͬ
 ͩͨ͠ ͦ ͫͮͬͣͨͩ͠͝
ͳͮʹ ͪͼͲͦ ͤͬͨ͞͠ ͩͨ͠ ͦ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͳͮʹ ͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ 	���
�

̺Ͷͮʹͫͤ ͣͦ͝ ͣͤͨ
 Ͳͳͦ Ͳͤͪͣ͞͠ ��
 ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͲʹͲͳͫ͝͠ͳͮͱ ͫͤ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ Ͳͳͦͬ ͯͤͰ͞�
ͯͳ͸Ͳͦ ͯͮʹm = n = 3� ́ͱ ͣͮͼͫͤ ͩͨ͠ ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ Ͳͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͯͮʹm > n�

͐͠Ͱ͛ͣͤͨͫ͢͠� ͍͠ ͤͯͨͪʹͧͤ͞ ͳͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x1 + 2x2 − 3x3 = 4

x1 + 3x2 + x3 = 11

x1 + x2 − 9x3 = −5

x1 + 2x2 − 4x3 = 3

2x1 + 5x2 − 4x3 = 13

	���


ͣͅͽ ͜Ͷͮʹͫͤ ͬ͜͠ ͲͼͲͳͦͫ͠ 5×3 	m = 5
 n = 3
� ͏ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠
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ͮ 5× 4 ͯͬͩ͞͠͠ͱ C ͯͮʹ ͳͮͬ ͩͪͨͫͩͮͯͮͨͮ͠ͼͫͤ ͸ͱ ͤͭ͝ͱ�

C =

⎛

⎜⎜⎜⎜⎜⎜⎝

1 2 −3 4

1 3 1 11

1 1 −9 −5

1 2 −4 3

2 5 −4 13

⎞

⎟⎟⎟⎟⎟⎟⎠

r2←r2−r1

r3←r3−r1

r4←r4−r1

r5←r5−2r1

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 2 −3 4

0 1 4 7

0 −1 −6 −9

0 0 −1 −1

0 1 2 5

⎞

⎟⎟⎟⎟⎟⎟⎠
r3←r3+r2

r5←r5−r2

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 2 −3 4

0 1 4 7

0 0 −2 −2

0 0 −1 −1

0 0 −2 −2

⎞

⎟⎟⎟⎟⎟⎟⎠
r3↔r4

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 2 −3 4

0 1 4 7

0 0 −1 −1

0 0 −2 −2

0 0 −2 −2

⎞

⎟⎟⎟⎟⎟⎟⎠ r4←r4−2r3

r5←r5−2r3

∼

⎛

⎜⎜⎜⎜⎜⎜⎝

1 2 −3 4

0 1 4 7

0 0 −1 −1

0 0 0 0

0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎠
= C ′.

̺ͳͲͨ
 ͩͪͨͫͩͮͯͮͨ͠͝Ͳͫͤ͠ ͳͮͬ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ C ͳͮʹ ͠ͰͶͨͩͮͼ ͢Ͱͫͫͨͩͮ͠ͼ ͲʹͲͳͫ͝͠ͳͮͱ 	���

ͩͨ͠ ͯ͝Ͱͫͤ͠ ͳͮͬ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠ C ′� ͇ ͳͤͪͤʹͳ͠͞͠ ͫͦ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͳͮʹ C ′ ͤͬͨ͞͠ ͦ

(0 0 − 1 − 1),

ͳͦͱ ͮͯͮ͞͠ͱ ͳͮ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͣͤͬ ͡Ͱ͞Ͳͩͤͳͨ͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͪͦ͝� ̸Ͱ͠ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠
ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ� ͯ͞ͅͲͦͱ
 ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͫͦ ͫͦͣͤͬͨͩͽͬ ͢Ͱͫͫ͠ͽͬ ͳͮʹ C ′ 	ͩͨ͠ ͳͮʹ A′
 ͤͬͨ͞͠
͞Ͳͮ ͫͤ 3� ̸Ͱ͠ r(C ′) = r(A′) = 3 = n� ̸Ͱ͠ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͩ͠Ͱͨ͡ͽͱ ͫ͞͠ ͪͼͲͦ�
͐͠Ͱ͠ͳͦͰͮͼͫͤ ͤͯ͞Ͳͦͱ
 ͻͳͨ ͳ͠ ͣͨ͢͠ͽͬͨ͠ ͲͳͮͨͶͤ͞͠ 	ͳ͸ͬ ͫͦ ͫͦͣͤͬͨͩͽͬ ͢Ͱͫͫ͠ͽͬ
 ͳͮʹ C ′ ͤͬͨ͞͠
ͻͪ͠ ͣͨ͛͵ͮͰ͠ ͳͮʹ ͫͦͣͤͬͻͱ�
̓ͨ͠ ͬ͠ ͡Ͱͮͼͫͤ ͳͽͰ͠ ͳͦ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͳͮʹ ͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ ͢Ͱ͛͵ͮʹͫͤ ͬ͜͠ ͬͮ͜ ͢Ͱͫͫͨͩ͠ͻ
ͲͼͲͳͦͫ͠ ͨ͢͠ ͳͮ ͮͯͮͮ͞ ͮ C ′ ͤͬͨ͞͠ ͮ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͛͞͠ͱ ͳͮʹ� ̈́ͦͪͣ͠͝ ͜Ͷͮʹͫͤ ͬ͠ ͪͼͲͮʹͫͤ ͳͮ
ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠ ⎧

⎪⎨

⎪⎩

x1 + 2x2 − 3x3 = 4

x2 + 4x3 = 7

− x3 = −1

	����


̽ͯ͸ͱ ͤͣͫͤ͞͠ Ͳͳͦͬ ͐͠Ͱ͛͢Ͱ͠͵ͮ ���
 ͪͼͬͮʹͫͤ ͳͮ ͲͼͲͳͦͫ͠ ͠ʹͳͻ ͫͤ ͮͯͨͲͧͮͣͰͻͫͦͲͦ� ̺ͳͲͨ
 ͯ͠ͻ
ͳͦͬ ͳͰ͞ͳͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	����
 ͯ͠͞Ͱͬͮʹͫͤ x3 = 1�
́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ x3 Ͳͳͦ ͣͤͼͳͤͰͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ 	����
 ͩͨ͠ ͜Ͷͮʹͫͤ�

x2 = 7− 4x3 = 7− 4 · 1 = 3.



���� ̸̷̶̴̻̼̿͂͂̾͂ ̸̼͇̺̓̾ͅͅ ̶̴̼̈́̿̿̽͋̀ ̴͇̺͆̿͆͋̀ͅͅ ��

͓ͪͮ͜ͱ
 ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͨͱ ͳͨͫ͜ͱ ͳ͸ͬ x2 ͩͨ͠ x3 ͯͮʹ ͡Ͱͩͫͤ͝͠ Ͳͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ 	����

ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

x1 = 4− 2x2 + 3x3 = 4− 2 · 3 + 3 · 1 = 1.

̸Ͱ͠ ͦ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͳͮʹ ͠ͰͶͨͩͮͼ ͫ͠ͱ ͲʹͲͳͫ͝͠ͳͮͱ 	���
 ͤͬͨ͞͠ ͦ (x1, x2, x3) = (1, 3, 1)� !

͐͠Ͱ͠ͳ͝ͰͦͲͦ� ̓ͨ͠ ͬ͠ ͤͫ͞͠Ͳͳͤ ͩ͠Ͱͨ͜͡ͲͳͤͰͮͨ ͳͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮͬ ͯ͞�
ͬͩ͠͠ C ′ ͤͬͨ͞͠ ͳͮ ͤͭ͝ͱ� ⎧

⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x1 + 2x2 − 3x3 = 4

x2 + 4x3 = 7

− x3 = −1

0x1 + 0x2 + 0x3 = 0

0x1 + 0x2 + 0x3 = 0

	����


͐Ͱͮ͵ͬ͠ͽͱ ͻͫ͸ͱ
 ͫͯͮͰͮͼͫͤ ͬ͠ ͬͮ͢͠͝Ͳͮʹͫͤ ͳͨͱ ͣͼͮ ͳͤͪͤʹͳͤ͠͞ͱ ͤͭͨͲͽͲͤͨͱ ͫͨ͠ͱ ͩͨ͠ ͤͬͨ͞͠ ͫͦͣͤͬͨ�
ͩ͜ͱ 	ͣͦͪͣ͠͝ ͜Ͷͮʹͬ ͻͪͮʹͱ ͳͮʹͱ ͲʹͬͳͤͪͤͲͳ͜ͱ ͫͦͣͬ͜

 ͩͨ͠ ͤͯͮͫͬ͜͸ͱ ͣͤͬ ͤͯͦͰͤ͛ͥͮʹͬ ͳͦ ͪͼͲͦ ͳͮʹ
͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ� ͕ʹͲͨͩ͛ ͳͮ ͲͼͲͳͦͫ͠ 	����
 ͤͬͨ͞͠ ͨͲͮͣͼͬͫͮ͠ ͫͤ ͳͮ 	����
 	ͤͬͨ͞͠ ͯͰͮ͵ͬ͜͠ͱ
ͻͳͨ ͩ͛ͧͤ ͪͼͲͦ ͳͮʹ ͤͬͻͱ ͲʹͲͳͫ͝͠ͳͮͱ ͤͬͨ͞͠ ͪͼͲͦ ͩͨ͠ ͳͮʹ ͛ͪͪͮʹ
�

͌͠ͱ ͜Ͷͤͨ ͯͮͫͤͬͤͨ͠͞ ͬ͠ ͤͭͤͳ͛Ͳͮʹͫͤ ͳͦͬ ͩ͠ͻͪͮʹͧͦ�

͐ͤͰͯ͞ͳ͸Ͳͦ �� r(A′) = r(C′) < n� ͒ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͠ʹͳ͝ ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͛ͯͤͨ�
Ͱͤͱ ͪͼͲͤͨͱ�

̓ͨ͠ ͬ͠ ͵ͳ͛Ͳͮʹͫͤ ͬ͠ ͯͮ͠͵͠Ͳ͞Ͳͮʹͫͤ ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ
 ͭͤͩͨͬ͛ͫͤ ͻͯ͸ͱ ͯͰͨͬ�
͐Ͱͽͳ͠ ͤͪ͜͢Ͷͮʹͫͤ ͬ͠ ͳͮ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ
 ͩͪͨͫͩͮͯͮͨ͠ͽͬͳ͠ͱ ͳͮͬ ͠ͰͶͨͩͻ ͤͯ͠ʹͭͦͫͬͮ͜
ͯͬͩ͞͠͠ C ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	���
 ͩͨ͠ ͯ͠͞Ͱͬͮͬͳ͠ͱ ͳͮͬ ͨͲͮͣͼͬͫ͠ͻ ͳͮʹ ͩͪͨͫͩ͠͸ͳͻ ͯͬͩ͞͠͠ C ′�
͔ͯͮͪͮͥͮ͢͞ʹͫͤ ͳͦͬ ͳ͛ͭͦ r(C ′)
 ͩͨ͠ ͤͪ͜͢Ͷͮʹͫͤ ͻͳͨ r(A′) = r(C ′) < n
 ͮͯͻͳͤ ͩ͠ͳͪͮ͢͠͝ʹͫͤ ͻͳͨ
ͳͮ ͠ͰͶͨͩͻ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ�
ͣͅͽ
 ͤ͡͡͠͞͸ͱ
 ͫͯͮͰͤ͞ ͬ͠ ͜Ͷͮʹͫͤ ͩͨ͠ ͳͨͱ ͳͰͤͨͱ ͣʹͬ͠ͳͻͳͦͳͤͱ ͨ͢͠ ͳͮʹͱ ͠Ͱͨͧͫͮͼͱm ͩͨ͠ n�

m < n ͝ m = n ͝ m > n.

͕ʹͲͨͩ͛
 ͨͲͶͼͤͨ ͯ͛ͬͳ͠ ͻͳͨ r(C ′) ≤ m� ͒ͳͦ Ͳʹͬ͜Ͷͤͨ͠ ͧ͠ ͤͭͤͳ͛Ͳͮʹͫͤ ͣͼͮ ͯͤͰͨͯͳͽͲͤͨͱ Ͳʹ�
Ͳͳͦͫ͛ͳ͸ͬ ͫͤ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ�

	͠
 ̺Ͳͳ͸ c′ii ̸= 0
 ͨ͢͠ ͩ͛ͧͤ i = 1, 2, . . . , r(C ′)
 ͻͯͮʹ ͫͤ c′ii Ͳʹͫͮͪͥͮ͡͞ʹͫͤ ͳ͠ ͣͨ͢͠ͽͬͨ͠
ͲͳͮͨͶͤ͞͠ ͳͮʹ C ′�

	͡
 ̺Ͳͳ͸ ͻͳͨ ʹͯ͛ͰͶͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͬ͜͠ i ∈ {1, 2, . . . , r(C ′)}
 ͽͲͳͤ ͬ͠ ͨͲͶͼͤͨ c′ii = 0�



�� ̸̴̴͈̼̽̾͂ �� ̶̴̴̼̈́̿̿̽ ̴̴͇̺͆̿͆ͅͅ

͈͠ ͤͭͤͳ͛Ͳͮʹͫͤ ͠ͰͶͨͩ͛ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ 	͠
 ͯͮʹ ͤͬͨ͞͠ ͦ ͯͨͮ kͤͼͩͮͪͦ{� ͒ͤ ͠ʹͳ͝ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ
ͮ ͯͬͩ͞͠͠ͱ C ′ ͜Ͷͤͨ ͳͦͬ ͩ͠ͻͪͮʹͧͦ ͫͮͰ͵͝�

C ′ =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a′11 a′12 . . . a′1r . . . a′1n b′1
0 a′22 . . . a′2r . . . a′2n b′2
���

���
���

���
���

0 0 . . . a′rr . . . a′rn b′r
0 0 . . . 0 . . . 0 0
���

���
���

���
���

0 0 . . . 0 . . . 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

ͻͯͮʹ
 ͨ͢͠ ͯͪ͠ͻͳͦͳ͠
 ͜Ͷͮʹͫͤ Ͳʹͫͮͪ͡͞Ͳͤͨ r = r(C ′)� ̈́ͦͪͣ͠͝
 ͬ͠ ͨͲͶͼͤͨ ͻͳͨ r < m
 ͳͻͳͤ ͮ C ′

͜Ͷͤͨ ͳͨͱ ͯͰͽͳͤͱ r ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͫͦ ͫͦͣͤͬͨͩ͜ͱ ͩͨ͠ ͳͨͱ ʹͯͻͪͮͨͯͤͱ m− r ͢Ͱͫͫ͜͠ͱ ͳͮʹ ͫͦͣͤͬͨͩ͜ͱ

ͤͬͽ ͬ͠ r = m
 ͳͻͳͤ ͮ C ′ ͣͤͬ ͧ͠ ͜Ͷͤͨ ͩͫͫ͠͞͠ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝� ͓͠ ͯͰͽͳ͠ r ͣͨ͢͠ͽͬͨ͠ ͲͳͮͨͶͤ͞͠
a′11, a

′
22, . . . , a

′
rr ͳͮʹ C ′
 Ͳͼͫ͵͸ͬ͠ ͫͤ ͳͦͬ ʹͯͻͧͤͲ͝ ͫ͠ͱ
 ͤͬͨ͞͠ ͫͦ ͫͦͣͤͬͨͩ͛� ͓ͻͳͤ ͳͮ ͬ͠ͳ͞ͲͳͮͨͶͮ

͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͳͮʹ ͯͬͩ͞͠͠ C ′ ͤͬͨ͞͠�

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a′11x1 + a′12x2 + · · ·+ a′1rxr + · · ·+ a′1nxn = b′1
a′22x2 + · · ·+ a′2rxr + · · ·+ a′2nxn = b′2

� � � ���
a′rrxr + · · ·+ a′rnxn = b′r

0 x1 + 0 x2 + · · ·+ 0 xr + · · ·+ 0 xn = 0
���

���
0 x1 + 0 x2 + · · ·+ 0 xr + · · ·+ 0 xn = 0

͓ͨͱ ͳͤͪͤʹͳͤ͠͞ͱm−r ͢Ͱͫͫ͜͠ͱ ͠ʹͳͮͼ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͫͯͮͰͮͼͫͤ ͬ͠ ͳͨͱ ͬͮ͢͠͝Ͳͮʹͫͤ ͫͨ͠ͱ ͩͨ͠ ͣͤͬ
ͤͯͦͰͤ͛ͥͮʹͬ ͳͮ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ ͳͮʹ ͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ 	���
� ͯͮͫͬ͜ͅ͸ͱ
 ͜Ͷͮʹͫͤ ͬ͠ ͪͼͲͮʹͫͤ
ͳͮ ͲͼͲͳͦͫ͠�

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a′11x1 + a′12x2 + · · ·+ a′1rxr + · · ·+ a′1nxn = b′1
a′22x2 + · · ·+ a′2rxr + · · ·+ a′2nxn = b′2

� � � ���
a′rrxr + · · ·+ a′rnxn = b′r

	����


͒ͤ ͩ͛ͧͤ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	����
 ͫͤͳ͠͵͜Ͱͮʹͫͤ ͳͮʹͱ n− r ͓ͦ͗͗ͧͦ͑ͧͤ͝͡ ͓͕͟Ͱͥͦͧͤ͡ xr+1

. . .
xn ͫͥ͠͞ ͫͤ ͳͮʹͱ ͬ͠ͳ͞ͲͳͮͨͶͮʹͱ ͲʹͬͳͤͪͤͲͳ͜ͱ ͳͮʹͱ Ͳͳͮ ͣͤͼͳͤͰͮ ͫͪͮ͜ͱ
 ͮͯͻͳͤ ͳͮ 	����
 ͢Ͱ͛͵ͤ�



���� ̸̷̶̴̻̼̿͂͂̾͂ ̸̼͇̺̓̾ͅͅ ̶̴̼̈́̿̿̽͋̀ ̴͇̺͆̿͆͋̀ͅͅ ��

ͳͨ͠ ͩͨ͠ ͸ͱ ͤͭ͝ͱ�
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a′11x1 + a′12x2 + · · ·+ a′1rxr = b′1 − a′1,r+1xr+1 − · · · a′1nxn
a′22x2 + · · ·+ a′2rxr = b′2 − a′2,r+1xr+1 − · · · a′2nxn

� � � ���
a′rrxr = b′r − a′r,r+1xr+1 − · · · a′rnxn

	����


͓ͽͰ͠ ͧͤ͸Ͱͮͼͫͤ ͳͮʹͱ n − r ͳͤͪͤʹͳͮ͠͞ʹͱ ͬ͢͠ͽͲͳͮʹͱ xr+1, . . . , xn
 ͸ͱ ͚͗͗ͯ͗ͣͧͤ͝͡ ͓͕͟Ͱͥͦͧͤ͡�
́ʹͳͻ Ͳͦͫͬͤͨ͠͞ ͳͮ ͤͭ͝ͱ� ́ͱ ͣͽͲͮʹͫͤ Ͳͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ xr+1, . . . , xn ͠ʹͧ͠͞Ͱͤͳͤͱ ͪͪ͛͠ Ͳͳͧͤ͠�
Ͱͮͯͮͨͦͫͬͤ͜ͱ ͳͨͫ͜ͱ� ̈́ͦͪͣ͠͝
 ͤͯͨͪͮ͜͢ʹͫͤ n − r ͠ʹͧ͠͞Ͱͤͳͤͱ ͳͨͫ͜ͱ
 ͜Ͳͳ͸ ξ1, . . . , ξn−r 
 ͩͨ͠ ͳͨͱ
Ͳͳͧͤ͠Ͱͮͯͮͨͮͼͫͤ� ͌ͤͳ͛ ͧ͜ͳͮʹͫͤ xr+1 = ξ1, . . . , xn = ξn−r � ͓ͻͳͤ ͨ͢͠ ͳͦ Ͳʹͩͤͩ͢Ͱͨͫͬͦ͜ ͠ʹͳ͝
(n−r)�͛ͣ͠ ͳͨͫͽͬ (ξ1, . . . , ξn−r)
 ͳͮ ͲͼͲͳͦͫ͠ 	����
 ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻ ͩͨ͠ ͳ͠ ͣͨ͢͠ͽͬͨ͠ ͲͳͮͨͶͤ͞͠
ͳͮʹ ͤͬͨ͞͠ ͫͦ ͫͦͣͤͬͨͩ͛� ̸Ͱ͠ ͜Ͷͤͨ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͨ͢͠ ͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ x1, x2, . . . , xr 
 ͮͨ ͮͯͮͮͨ͞
ͤͩ͵Ͱ͛ͥͮͬͳͨ͠ ͫ͜Ͳ͸ ͳͦͱ (n− r)�͛ͣ͠ͱ (ξ1, ξ2, . . . , ξn−r)
 ͯͮʹ ͤͬͨ͞͠ ͦ ͯͤͰͯ͞ͳ͸Ͳͦ ͳͦͱ ͐͠Ͱ͢͠Ͱ͛�
͵ͮʹ ����
́ͬ͛ͪͮ͢͠
 ͨ͢͠ ͮͯͮͨͣͯͮ͠͝ͳͤ Ͳͳͧͤ͠Ͱͮͯͮͨͦͫͬͦ͜ ͩ͛ͧͤ ͵ͮͰ͛ ͤͯͨͪͮ͢͝ ͳͨͫͽͬ ͳ͸ͬ ͫͤͳͪͦ͠͡ͳͽͬxr+1

. . . , xn
 ͳͮ ͲͼͲͳͦͫ͠ 	����
 ͜Ͷͤͨ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͨ͢͠ ͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ x1, x2, . . . , xr 
 ͦ ͮͯͮ͞͠
ͤͩ͵Ͱ͛ͥͤͳͨ͠ ͫ͜Ͳ͸ ͳ͸ͬ ͤͪͤͼͧͤͰ͸ͬ ͬ͢͠ͽͲͳ͸ͬ xr+1, . . . , xn� ͌ͤ ͳͮͬ ͳͰͻͯͮ ͠ʹͳͻ ͯͰͮͲͣͨͮͰͥͤ͞ͳͨ͠
ͳͮ ͛ͯͤͨͰͮ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ ͳͮʹ ͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ� ́ͱ ͯͤͰͨ͢Ͱ͛ͷͮʹͫͤ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͠ʹͳ͝
ͫͤ ͬ͜͠ ͯͪ͠ͻ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͨ͢͠ ͬ͠ ͬͤͨ͢͞ ͯͨͮ ͩ͠ͳͬͮͦ͠ͳ͝�

͐͠Ͱ͛ͣͤͨͫ͢͠� ͍͠ ͤͯͨͪʹͧͤ͞ ͳͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠
⎧
⎪⎨

⎪⎩

x1 + 2x2 + 3x3 + x4 = 1

−x1 + x2 + x3 − x4 = 2

x1 − x2 + x3 + x4 = 3

	����


͊ͪͨͫͩͮͯͮͨͮ͠ͼͫͤ ͳͮͬ ͤͯ͠ʹͭͦͫͬͮ͜ ͯͬͩ͞͠͠ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

C =

⎛

⎜⎝
1 2 3 1 1

−1 1 1 −1 2

1 −1 1 1 3

⎞

⎟⎠ r2←r2+r1

r3←r3−r1

∼

⎛

⎜⎝
1 2 3 1 1

0 3 4 0 3

0 −3 −2 0 2

⎞

⎟⎠
r3←r3+r2

∼

⎛

⎜⎝
1 2 3 1 1

0 3 4 0 3

0 0 2 0 5

⎞

⎟⎠ = C ′.



�� ̸̴̴͈̼̽̾͂ �� ̶̴̴̼̈́̿̿̽ ̴̴͇̺͆̿͆ͅͅ

̸ͫͤͲ͠ ͣͨͯͨ͠Ͳͳͽͬͮʹͫͤ ͻͳͨ r(A′) = r(C ′) = 3� ͣͅͽ n = 4
 ͛Ͱ͠ r(A′) = r(C ′) = 3 < 4 = n�
ͯͮͫͬ͜ͅ͸ͱ ͳͮ ͲͼͲͳͦͫ͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ ͫͤ n − r(C ′) = 4 − 3 = 1 ͤͪͤͼͧͤͰͮ ͛ͬ͢͸Ͳͳͮ�
͓͠ ͣͨ͢͠ͽͬͨ͠ ͲͳͮͨͶͤ͞͠ ͳͮʹ C ′ ͤͬͨ͞͠ ͳ͠ 1, 3, 2
 ͩͨ͠ ͤͬͨ͞͠ ͻͪ͠ ͫͦ ͫͦͣͤͬͨͩ͛� ̸Ͱ͠ ͤͯͨͪͮ͜͢ʹͫͤ ͸ͱ
ͤͪͤͼͧͤͰͮ ͛ͬ͢͸Ͳͳͮ ͳͮͬ x4�
̓Ͱ͛͵ͮʹͫͤ ͳͽͰ͠ ͳͮ ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮͬ ͯͬͩ͞͠͠ C ′�

⎧
⎪⎨

⎪⎩

x1 + 2x2 + 3x3 + x4 = 1

3x2 + 4x3 = 3

2x3 = 5

	����


͓ͮ ͲͼͲͳͦͫ͠ 	����
 ͢Ͱ͛͵ͤͳͨ͠ ͩͨ͠ ͸ͱ ͤͭ͝ͱ�
⎧
⎪⎨

⎪⎩

x1 + 2x2 + 3x3 = 1− x4

3x2 + 4x3 = 3

2x3 = 5

	����


͋ͼͬͮʹͫͤ ͳͽͰ͠ ͳͮ 	����
 ͫͤ ͮͯͨͲͧͮͣͰͻͫͦͲͦ
 Ͳͬ͠ ͮ ͤͪͤͼͧͤͰͮͱ ͛ͬ͢͸Ͳͳͮͱ x4 ͬ͠ ͤͬͨ͞͠ ͫͨ͠ ͬ͢͸Ͳͳ͝
Ͳͳͧͤ͠Ͱ͛� ́ͯͻ ͳͦͬ ͳͰ͞ͳͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ 	����
 ͯ͠͞Ͱͬͮʹͫͤ x3 = 5/2� ́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ
x3 Ͳͳͦ ͣͤͼͳͤͰͦ ͤͭ͞Ͳ͸Ͳͦ ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ

3x2 + 4 · 5
2
= 3 ⇔ x2 = −7

3
.

͓ͪͮ͜ͱ
 ͬ͠ͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͨͱ ͳͨͫ͜ͱ ͳ͸ͬ x2 ͩͨ͠ x3 ͯͮʹ ͡Ͱͩͫͤ͝͠ Ͳͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ 	����

ͩͨ͠ ʹͯͮͪͮͥͮ͢͞ʹͫͤ ͳͮ x1� ̺Ͷͮʹͫͤ�

x1 + 2 ·
(
− 7

3

)
+ 3 · 5

2
= 1− x4 ⇔ x1 = −11

6
− x4.

̸Ͱ͠ ͳͮ Ͳͼͬͮͪͮ ͳ͸ͬ ͪͼͲͤ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ 	����
 ͤͬͨ͞͠ ͻͪͤͱ ͮͨ ͳͤͳͰ͛ͣͤͱ ͠Ͱͨͧͫͽͬ ͳͦͱ ͫͮͰ͵͝ͱ(
− 11

6 − x4, −7
3 ,

5
2 , x4

)

 ͨ͢͠ ͻͪ͠ ͳ͠ x4 ∈ R�

̺ͳͲͨ
 ͫ͠ͱ ͫͤͨͬͤ͜ ͯͪͮͬ͜ ͦ ͳͤͪͤʹͳ͠͞͠ ͯͤͰͯ͞ͳ͸Ͳͦ ͻͯͮʹ r(A′) = r(C ′) < n
 ͮͯͻͳͤ ͜Ͷͮʹͫͤ ͬ͜͠
ͲͼͲͳͦͫ͠ ͫͤ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ
 ͩͨ͠ ʹͯ͛ͰͶͤͨ ͳͮʹͪ͛ͶͨͲͳͮͬ ͬ͜͠ i ∈ {1, 2, . . . , r(C ′)}
 ͽͲͳͤ ͬ͠
ͨͲͶͼͤͨ c′ii = 0 	ͪ͡� ͯͤͰͯ͞ͳ͸Ͳͦ 	͡
 Ͳͳͦ Ͳͤͪͣ͞͠ ��
� ͒ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ ͠ʹͳ͝ ͣͮʹͪͤͼͮʹͫͤ ͬ͛͠�
ͪͮ͢͠ ͫͤ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ 	͠
� ̈́ͦͪͣ͠͝ ͠͵ͮͼ ͡Ͱͮͼͫͤ ͳͮͬ r(C ′) ͩͨ͠ ͤͭ͠Ͳ͵ͪ͠͞Ͳͮʹͫͤ ͫͤ ͳͦ Ͳʹͬͧͩͦ͝
r(A′) = r(C ′) < n
 ͻͳͨ ͳͮ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ ͩͨ͠ ͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ
 ͤͯͨͪͮ͜͢ʹͫͤ Ͳͳͦ
Ͳʹͬ͜Ͷͤͨ͠ n−r(C ′) ͤͪͤͼͧͤͰͮʹͱ ͬ͢͠ͽͲͳͮʹͱ ͯ͠ͻ ͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ x1, x2, . . . , xn ͳͮʹ ͲʹͲͳͫ͝͠�
ͳͮͱ ͩͨ͠ kͪͼͬͮʹͫͤ{ ͳͮ ͲͼͲͳͦͫ͠ ͸ͱ ͯͰͮͱ ͳͮʹͱ ʹͯͻͪͮͨͯͮʹͱ�

͐͠Ͱ͠ͳ͝ͰͦͲͦ� ͇ ͳͤͪͤʹͳ͠͞͠ ͠ʹͳ͝ ͯͤͰͯ͞ͳ͸Ͳͦ 	͡
 ͜Ͷͤͨ ͫͨ͠ ͨͣͨͨ͠ͳͤͰͻͳͦͳ͠� ͒ͤ ͩ͛ͯͮͨͤͱ ͯͤͰͨͯͳͽ�
Ͳͤͨͱ ͤͬͨ͞͠ ͣʹͬ͠ͳͻͬ ͬ͠ ͩͪͨͫͩͮͯͮͨ͠͝Ͳͮʹͫͤ ͳͮͬ ͠ͰͶͨͩͻ ͯͬͩ͞͠͠ C ͫͤ ͳ͜ͳͮͨͮ ͳͰͻͯͮ ͽͲͳͤ ͬ͠ ͫͦͬ
ͤͫ͵ͬͥͤ͠͞ͳͨ͠ ͠ʹͳ͝ ͦ ͯͤͰͯ͞ͳ͸Ͳͦ 	͡

 ͪͪ͛͠ ͦ ͯͰͮͦͮ͢ͼͫͤͬͦ 	͠
 ͯͮʹ ͤͭͤͳ͛Ͳͫͤ͠� ͔ͯ͛ͰͶͮʹͬ ͻͫ͸ͱ
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ͩͨ͠ ͯͤͰͨͯͳͽͲͤͨͱ ͯͨͬ͛ͩ͸ͬ ͯͮʹ ͠ʹͳͻ ͫͯͮͰͤ͞ ͬ͠ ͫͦͬ ͤͬͨ͞͠ ͣʹͬ͠ͳͻ� ͏ͯͻͳͤ ͬͩ͢͠͠͠Ͳͳͨͩ͛ ͯͰͯͤͨ͜
ͬ͠ ͤͭͤͳ͛Ͳͮʹͫͤ ͠ʹͳͬ͝ ͳͦ ͣͤͼͳͤͰͦ ͯͤͰͯ͞ͳ͸Ͳͦ� ̓ͨ͠ ͳͨͱ ͯͪ͜͠ͱ ͯͤͰͨͯͳͽͲͤͨͱ ͲʹͲͳͦͫ͛ͳ͸ͬ ͯͮʹ ͤͭͤ�
ͳ͛ͥͮʹͫͤ ͤͫͤ͞ͱ ͤͣͽ
 ͣͦͪͣ͠͝ ͫͤ ͯͮͪͼ ͫͨͩͰͻ ͠Ͱͨͧͫͻ ͤͭͨͲͽͲͤ͸ͬ ͩͨ͠ ͬ͢͠ͽͲͳ͸ͬ
 ͤͬͨ͞͠ ͯͮͪͼ ͯͪ͠ͻ
ͬ͠ ͪͼͲͮʹͫͤ ͳͮ ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠ ͯͮʹ ͧ͠ ͯͰͮͩͼͷͤͨ ͸ͱ ͯͰͮͱ ͳͮʹͱ ͤͪͤͼͧͤͰͮʹͱ ͬ͢͠ͽͲͳͮʹͱ

ͩͨ͠ ͜ͳͲͨ ͣͤͬ ͯͰͮͩͼͯͳͤͨ ͩ͛ͯͮͨ͠ ͨͣͨ͠͞ͳͤͰͦ ͣʹͲͩͮͪ͞͠� ͒ͳͦ ͤͬͨͩ͢͝ ͯͤͰͯ͞ͳ͸Ͳͦ ͻͫ͸ͱ ͯͮʹ ͜Ͷͮʹͫͤ ͬ͠
ͬ͠ͳͨͫͤͳ͸ͯ͞Ͳͮʹͫͤ ͬ͜͠ ͲͼͲͳͦͫ͠ ͫͤ ͤͬͣͤͶͮͫͬ͜͸ͱ ͫͤ͛ͪͮ͢ ͠Ͱͨͧͫͻ ͬ͢͠ͽͲͳ͸ͬ
 ͠ʹͳ͝ ͦ ͯͤͰͯ͞ͳ͸Ͳͦ
ͯͨ͠͠ͳͤ͞ ͤͨͣͨͩͻ ͶͤͨͰͨͲͫͻ�

́ͱ ͣͮͼͫͤ ͳͽͰ͠ ͩͨ͠ ͬ͜͠ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͨ͢͠ ͠ʹͳ͝ ͳͦͬ ͯͤͰͯ͞ͳ͸Ͳͦ�

͐͠Ͱ͛ͣͤͨͫ͢͠� ͍͠ ͪʹͧͤ͞ ͳͮ ͲͼͲͳͦͫ͠�

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 + 2x2 − 2x3 + 3x4 − x5 = 2

2x1 + 4x2 − 3x3 + 4x4 + x5 = 5

5x1 + 10x2 − 8x3 + 11x4 + 5x5 = 11

3x1 + 6x2 − 6x3 + 7x4 = 7

	����


̺Ͳͳ͸ C ͬ͠ ͤͬͨ͞͠ ͮ ͤͯ͠ʹͭͦͫͬͮ͜ͱ ͯͬͩ͞͠͠ͱ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ� ͓ͮͬ ͩͪͨͫͩͮͯͮͨͮ͠ͼͫͤ ͩͨ͠ ͜Ͷͮʹͫͤ�

C =

⎛

⎜⎜⎜⎜⎝

1 2 −2 3 −1 2

2 4 −3 4 1 5

5 10 −8 11 5 11

3 6 −5 7 0 7

⎞

⎟⎟⎟⎟⎠
r2←r2+(−2)r1

r3←r3+(−5)r1

r4←r4+(−3)r1

∼

⎛

⎜⎜⎜⎜⎝

1 2 −2 3 −1 2

0 0 1 −2 3 1

0 0 2 −4 10 1

0 0 1 −2 3 1

⎞

⎟⎟⎟⎟⎠ r3←r3+(−2)r2

r4←r4+(−1)r2

∼

⎛

⎜⎜⎜⎜⎝

1 2 −2 3 −1 2

0 0 1 −2 3 1

0 0 0 0 4 −1

0 0 0 0 0 0

⎞

⎟⎟⎟⎟⎠
= C ′.

͐Ͱͮ͵ͬ͠ͽͱ ͳͮ ͲͼͲͳͦͫ͠ ͤͬͨ͞͠ Ͳʹͫͨ͡͡͠Ͳͳͻ
 ͠͵ͮͼ ͳͮ ͦͤ͢ͳͨͩͻ ͲͳͮͨͶͤͮ͞ ͳͦͱ ͳͤͪͤʹͳ͠͞͠ͱ ͫͦ ͫͦͣͤ�
ͬͨͩ͝ͱ ͢Ͱͫͫ͠͝ͱ ͳͮʹ C ′ ͤͬͨ͞͠ ͳͮ 4 ͩͨ͠ ͣͤͬ ͡Ͱ͞Ͳͩͤͳͨ͠ Ͳͳͦͬ ͳͤͪͤʹͳ͠͞͠ Ͳͳͪͦ͝� ̺Ͷͮʹͫͤ r(A′) =

r(C ′) = 3 < 5 = n
 ͻͯͮʹ n ͤͬͨ͞͠ ͳͮ ͯͪͧͮ͝ͱ ͳ͸ͬ ͬ͢͠ͽͲͳ͸ͬ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ� ̸Ͱ͠ ͳͮ ͲͼͲͳͦͫ͠
͜Ͷͤͨ ͛ͯͤͨͰͤͱ ͪͼͲͤͨͱ ͫͤ n− r(C ′) = 5− 3 = 2 ͤͪͤͼͧͤͰͮʹͱ ͬ͢͠ͽͲͳͮʹͱ�
̓ͨ͠ ͬ͠ ͳͮ ͪͼͲͮʹͫͤ ͲͶͦͫ͠ͳͥͮ͞ʹͫͤ ͳͮ ͩ͠ͻͪͮʹͧͮ ͢Ͱͫͫͨͩ͠ͻ ͲͼͲͳͦͫ͠ ͯͮʹ ͬ͠ͳͨͲͳͮͨͶͤ͞ Ͳͳͮͬ ͤͯ͠ʹ�
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ͭͦͫͬͮ͜ ͯͬͩ͞͠͠ C ′� ⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 + 2x2 − 2x3 + 3x4 − x5 = 2

x3 − 2x4 + 3x5 = 1

4x5 = −1

0x1 + 0x2 + 0x3 + 0x4 + 0x5 = 0

͐Ͱͮ͵ͬ͠ͽͱ ͫͯͮͰͮͼͫͤ ͬ͠ ͯ͠Ͱͪͤ͠͞ͷͮʹͫͤ ͳͦͬ ͳͤͪͤʹͳ͠͞͠ ͫͦͣͤͬͨͩ͝ ͢Ͱͫͫ͠͝ ͳͮʹ ͲʹͲͳͫ͝͠ͳͮͱ ͠ʹ�
ͳͮͼ
 ͨ͢͠ͳ͞ ͳͮ ͬͮ͜ ͲͼͲͳͦͫ͠ ͯͮʹ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻ ͜Ͷͤͨ ͳͮ ͣͨͮ͞ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ ͫͤ ͳͮ ͠ͰͶͨͩͻ� ̺ͳͲͨ
ͯ͠͞Ͱͬͮʹͫͤ ͳͮ ͩͪͨͫͩ͠͸ͳͻ ͲͼͲͳͦͫ͠�

⎧
⎪⎨

⎪⎩

x1 + 2x2 − 2x3 + 3x4 − x5 = 2

x3 − 2x4 + 3x5 = 1

4x5 = −1

	����


́ͯͻ ͳͦͬ ͳͰ͞ͳͦ ͤͭ͞Ͳ͸Ͳͦ ͯ͠͞Ͱͬͮʹͫͤ x5 = −1
4 � ́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ x5 Ͳͳͦ ͣͤͼͳͤͰͦ

ͤͭ͞Ͳ͸Ͳͦ ͩͨ͠ ͜Ͷͮʹͫͤ�

x3 − 2x4 + 3
(
− 1

4

)
= 1 ⇔ x3 − 2x4 =

7

4
. 	����


͓ͽͰ͠ ͯͰͯͤͨ͜ ͬ͠ ͤͯͨͪͭͮ͜ʹͫͤ ͖ͯ͡ ͚͗͗ͯ͗ͣͧͤ͝͡ ͓͕͟Ͱͥͦͧͤ͡ ͯ͠ͻ ͳͮʹͱ x1, x2, x3, x4 ͜ͳͲͨ ͽͲͳͤ ͛͡ ͖ͯ͡
͎͛͝͝͡ ͓͟ ͖͓ͣͥ͛ͣ͑ͦ͛͘͢͟͡͡͡ ͓͖͎͛͟͜͞͡ ͓ͮ͢ ͓ͧͦͯͤ͡ ͕͓͛ ͎͚͗͜ ͓͚͓͓ͧ͑ͣ͗ͦ ͕͗͛͗͢͝͞͏͟͡ ͥͯ͟͡͝͡ ͦ͛͞Ͱ͟ ͦͫ͟
͖ͯ͡ ͓ͧͦͰ͟ ͚͗͗ͯ͗ͣͫ͟͝ ͓͔͙͗ͦͦ͞͝Ͱ͟�
͒ͳͦ Ͳʹͩͤͩ͢Ͱͨͫͬͦ͜ ͯͤͰͯ͞ͳ͸Ͳͦ ͠ʹͳͻ ͬͤ͢͞ͳͨ͠ ͤͼͩͮͪ͠� ́ͬ ͣͨͪͭͮ͜͠ʹͫͤ ͸ͱ ͤͪͤͼͧͤͰͮʹͱ ͬ͢͠ͽͲͳͮʹͱ
ͳͮʹͱ x2, x4
 ͳͻͳͤ ͦ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͳͮʹ 	����
 ͩͨ͠ ͦ 	����
 ͢Ͱ͠͵ͮͬͳͨ͠ ͸ͱ ͤͭ͝ͱ�

x1 − 2x3 = 2− 2x2 − 3x4 + x5,

x3 =
7

4
+ 2x4,

́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦͬ ͳͨͫ͝ ͳͮʹ x5 = −1
4 Ͳͳͦͬ ͯͰͽͳͦ ͤͭ͞Ͳ͸Ͳͦ ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

{
x1 − 2x3 =

7
4 − 2x2 − 3x4

x3 =
7
4 + 2x4

	����


͓ͮ ͲͼͲͳͦͫ͠ 	����
 ͳͽͰ͠ ͤͬͨ͞͠ ͩͪͨͫͩ͠͸ͳͻ ͩͨ͠ ͨ͢͠ ͩ͛ͧͤ ͣͤͣͮͫͬͮ͜ ͥͤͼͮ͢ͱ ͳͨͫͽͬ ͳ͸ͬ x2
 x4

ͣ͜Ͷͤͳͨ͠ ͫͮͬͣͨͩ͠͝ ͪͼͲͦ ͸ͱ ͯͰͮͱ ͳͮʹͱ ͬ͢͠ͽͲͳͮʹͱ x1
 x3� ́ͬͳͨͩͧͨ͠Ͳͳͮͼͫͤ ͳͦ ͣͤͼͳͤͰͦ ͤͭ͞Ͳ͸Ͳͦ
ͳͮʹ 	����
 Ͳͳͦͬ ͯͰͽͳͦ
 ͩͨ͠ ͯ͠͞Ͱͬͮʹͫͤ�

x1 − 2
(7
4
+ 2x4

)
=

7

4
− 2x2 − 3x4 ⇔ x1 =

21

4
− 2x2 + x4.

̺ͳͲͨ ͳͮ Ͳͼͬͮͪͮ ͪͼͲͤ͸ͬ ͳͮʹ ͠ͰͶͨͩͮͼ ͲʹͲͳͫ͝͠ͳͮͱ 	����
 ͯͮ͠ͳͤͪͤ͞ͳͨ͠ ͯ͠ͻ ͻͪͤͱ ͳͨͱ ��͛ͣͤͱ�
(21
4

− 2x2 + x4, x2,
7

4
+ 2x4, x4, −

1

4

)
,



���� ̸̷̶̴̻̼̿͂͂̾͂ ̸̼͇̺̓̾ͅͅ ̶̴̼̈́̿̿̽͋̀ ̴͇̺͆̿͆͋̀ͅͅ ��

ͨ͢͠ ͩ͛ͧͤ x2, x4 ∈ R� !

͐͠Ͱ͠ͳ͝ͰͦͲͦ� ̽ͯ͸ͱ ͤͣͫͤ͞͠ Ͳͳͮ ͯͰͮͦͮ͢ͼͫͤͬͮ ͯ͠Ͱ͛ͣͤͨͫ͢͠ ͝ͳͬ͠ ͤͼͩͮͪͮ ͬ͠ ͯͰͮͲͣͨͮͰ͞Ͳͮʹͫͤ
ͳͮʹͱ ͣͼͮ ͤͪͤͼͧͤͰͮʹͱ ͬ͢͠ͽͲͳͮʹͱ x2 ͩͨ͠ x4 ͸ͱ ͯͰͮͱ ͳͮʹͱ ͮͯͮͮ͞ʹͱ ͯͰͮͲͣͨͮͰͥͮ͞ʹͫͤ ͳͮʹͱ ʹͯͻͪͮͨ�
ͯͮʹͱ� ͒ͳͦ ͤͬͨͩ͢͝ ͯͤͰͯ͞ͳ͸Ͳͦ
 ͫͤ ͫͤ͛ͪͮ͢ ͯͪͧͮ͝ͱ ͬ͢͠ͽͲͳ͸ͬ
 ͫͯͮͰͤ͞ ͬ͠ ͤͬͨ͞͠ ͠Ͱͩͤͳ͛ ͣͼͲͩͮͪͮ
ͬ͠ ͯͰͮͲͣͨͮͰ͞Ͳͮʹͫͤ ͳͮʹͱ ͤͪͤͼͧͤͰͮʹͱ ͬ͢͠ͽͲͳͮʹͱ�


