
ÌÜèçìá 2

ÁÑÉÈÌÇÔÉÊÇ ËÕÓÇ

ÓÕÓÔÇÌÁÔÙÍ

2.1 ÃñáììéêÜ óõóôÞìáôá

2.1.1 Ïñéóìüò ãñáììéêïý óõóôÞìáôïò

Ïñéóìüò 2.1.1 - 1. Ç ãåíéêÞ ìïñöÞ åíüò ãñáììéêïý óõóôÞìáôïò (linear

system) m-åîéóþóåùí ìå n-áãíþóôïõò x1, x2, : : :, xn åßíáé:

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
... · · ·

...

am1x1 + am2x2 + · · · + amnxn = bm;

(2.1.1 - 1)

üôáí ôá aij ìå i = 1; 2; : : : ; m; j = 1; 2; : : : ; n åßíáé ïé óõíôåëåóôÝò ôïõ

óõóôÞìáôïò êáé ôá bi; i = 1; 2; : : : ; m åßíáé ãíùóôïß áñéèìïß.
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Óçìåßùóç 2.1.1 - 1

¼ðùò ðñïêýðôåé áðü ôçí (2:1:1 − 1), êÜèå åîßóùóç åßíáé Ýíáò ãñáììéêüò

óõíäõáóìüò ôùí áãíþóôùí, äçëáäÞ ïé Üãíùóôïé ðïëëáðëáóéÜæïíôáé ìüíï ìå

óôáèåñÝò. Áí óå ìéá ôïõëÜ÷éóôïí åîßóùóç Ýíáò Üãíùóôïò, Ýóôù ï x1, åßíáé

óôç ìïñöÞ x21 Þ x1 x2 Þ sinx1 ê.ëð., ôüôå ôï óýóôçìá (2:1:1− 1) ëÝãåôáé ìç

ãñáììéêü (nonlinear).

ÐáñÜäåéãìá 2.1.1 - 1

Óýìöùíá ìå ôïí Ïñéóìü 2.1.1 - 1 ôï ãñáììéêü óýóôçìá

2x1 − x2 = 0

3x1 + x2 = 5
(2.1.1 - 2)

Ý÷åé 2 åîéóþóåéò êáé 2 áãíþóôïõò (m = n = 2), ôï

3x1 + x2 − 4x3 = 9

2x1 − x2 + 3x3 = −3

4x1 − 5x2 + 11x3 = −17

(2.1.1 - 3)

3 åîéóþóåéò êáé 3 áãíþóôïõò (m = n = 3), ôï

2x1+ 5x2+ 10x3 = −3

−2x1+ 2x2+ 3x3 = 3

4x1+ x2+ 4x3 = 1

4x1+ 3x2+ 4x3 = 11

(2.1.1 - 4)

4 åîéóþóåéò (m = 4) êáé 3 áãíþóôïõò (n = 3), åíþ ôï

x1+ x2− 2x3+ x4+ 3x5 = 2

2x1− x2+ 2x3+ 2x4+ 6x5 = 3

3x1+ 2x2− 4x3− 3x4− x5 = 0

(2.1.1 - 5)

3 åîéóþóåùí (m = 3) ìå 5 áãíþóôïõò (n = 5).
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Áí bi = 0 ãéá êÜèå i = 1; 2; : : : ; m, ôüôå ôï óýóôçìá (2:1:1− 1) ëÝãåôáé

ïìïãåíÝò êáé ìßá ðñïöáíÞò ëýóç ôïõ åßíáé ç

x1 = x2 = : : : = xn = 0;

åíþ, üôáí Ýíá ôïõëÜ÷éóôïí áðü ôá bi; i = 1; 2; : : : ; m åßíáé äéÜöïñï ôïõ

ìçäåíüò, ôüôå ëÝãåôáé ìç ïìïãåíÝò.

Ìå ôç âïÞèåéá ôùí ðéíÜêùí ôï óýóôçìá (2:1:1− 1) ãñÜöåôáé1
a11 a12 · · · a1n

a21 a22 · · · a2n
... · · ·

...

am1 am2 · · · amn


︸ ︷︷ ︸

A


x1

x2
...

xn


︸ ︷︷ ︸
x Þ −→x

=


b1

b2
...

bm


︸ ︷︷ ︸
b Þ −→

b

Þ

Ax = b; (2.1.1 - 6)

üðïõA ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí ôÜîçò (m;n) êáé b äéÜíõóìá

ôÜîçò m ìå A ∈ Rm×n, áíôßóôïé÷á A ∈ Cm×n êáé b ∈ Rm, áíôßóôïé÷á

b ∈ Cm.

ÐáñÜäåéãìá 2.1.1 - 2

Ôá óõóôÞìáôá ôïõ Ðáñáäåßãìáôïò 2.1.1 - 1 ãñÜöïíôáé óôç ìïñöÞ (2:1:1− 6)

äéáäï÷éêÜ ùò åîÞò:

• Óýóôçìá (2:1:1− 2):

2x1 − x2 = 0

3x1 + x2 = 5
ùò

A︷ ︸︸ ︷ 2 −1

3 1


x︷ ︸︸ ︷ x1

x2

 =

b︷ ︸︸ ︷ 0

5

;
1ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÃñáììéêÞ ¢ëãåâñá.
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• (2:1:1− 3):

3x1 + x2 − 4x3 = 9

2x1 − x2 + 3x3 = −3

4x1 − 5x2 + 11x3 = −17

ùò


3 1 −4

2 −1 3

4 −5 11




x1

x2

x3

 =


9

−3

−17

 ;
• (2:1:1− 4):

2x1+ 5x2+ 10x3 = −3

−2x1+ 2x2+ 3x3 = 3

4x1+ x2+ 4x3 = 1

4x1+ 3x2+ 4x3 = 11

ùò


2 5 10

−2 2 3

4 1 4

4 3 4




x1

x2

x3

 =


−3

3

1

11

 ;

• (2:1:1− 5):

x1+ x2− 2x3+ x4+ 3x5 = 2

2x1− x2+ 2x3+ 2x4+ 6x5 = 3

3x1+ 2x2− 4x3− 3x4− x5 = 0

ùò


1 1 −2 1 3

2 −1 2 2 6

3 2 −4 −3 −1





x1

x2

x3

x4

x5


=


2

3

0

 :
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2.1.2 ÌÝèïäïé ëýóçò

Ïé ìÝèïäïé ëýóçò ôïõ óõóôÞìáôïò (2:1:1 − 1) éóïäýíáìá ôïõ (2:1:1 − 6)

÷ùñßæïíôáé óôéò ðáñáêÜôù äýï êáôçãïñßåò:

• Üìåóåò (direct), êáé

• åðáíáëçðôéêÝò (iterative).

Áðü ôéò ðáñáðÜíù äýï êáôçãïñßåò ëýóåùí èá äïèïýí óôç óõíÝ÷åéá ìüíïí ïé

êõñéüôåñåò ðïõ áíáöÝñïíôáé óôçí ðåñßðôùóç üðïõ ï ðßíáêáò A ôùí óõíôåëåóôþí

ôùí áãíþóôùí åßíáé ôåôñáãùíéêüò ôÜîçò n êáé ç ïñßæïõóÜ ôïõ |A| ̸= 0.2

Óôçí ðáñÜãñáöï ðïõ áêïëïõèåß êñßíåôáé óêüðéìï íá äïèïýí ðåñéëçðôéêÜ

ïé êõñéüôåñåò Üìåóïé ìÝèïäïé ëýóçò.

2.2 ¢ìåóïé ìÝèïäïé ëýóçò ãñáììéêþí óõóôçìÜôùí

2.2.1 ÌÝèïäïò ôïõ Cramer

3ÅðåéäÞ |A| ̸= 0, ï ðßíáêáò A åßíáé áíôéóôñÝøéìïò, äçëáäÞ õðÜñ÷åé ï A−1,

ïðüôå áðü ôçí (2:1:1− 6) äéáäï÷éêÜ Ý÷ïõìå

Ax = b Þ

I︷ ︸︸ ︷
A−1Ax = A−1b Þ Ix = A−1b;

üðïõ I ï ìïíáäéáßïò ðßíáêáò ôÜîçò n, äçëáäÞ ôåëéêÜ

x = A−1 b: (2.2.1 - 1)

Áðïäåéêíýåôáé üôé ç (2:2:1− 1) óõíáñôÞóåé ôùí áãíþóôùí x1, x2, : : :, xn

ôïõ óõóôÞìáôïò ãñÜöåôáé åðßóçò ùò åîÞò:

xi =
|Ai|
|A|

; i = 1; 2; : : : ; n; (2.2.1 - 2)

2Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [3] Êåö. 3.
3Õðåíèõìßæåôáé üôé:

Ðüñéóìá 2.2.1 - 1. O ôåôñáãùíéêüò ðßíáêáò A èá åßíáé áíôéóôñÝøéìïò, áí |A| ̸= 0, åíþ

áí |A| = 0, ìç áíôéóôñÝøéìïò.

(ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÃñáììéêÞ ¢ëãåâñá)
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üôáí ìå |Ai| óõìâïëßæåôáé ç ïñßæïõóá ðïõ ðñïêýðôåé, áí ç i-óôÞëç ôïõ ðßíáêá
A áíôéêáôáóôáèåß áðü ôéò óõíôåôáãìÝíåò ôïõ äéáíýóìáôïò b.

Ç ìÝèïäïò áõôÞ, ðïõ åßíáé ãíùóôÞ óáí ìÝèïäïò ôïõ Cramer,4 ëüãù ôïõ

ìåãÜëïõ áñéèìïý ôùí ðñÜîåùí êáé ôùí õðåéóåñ÷üìåíùí óöáëìÜôùí óôñïããõëï-

ðïßçóçò (round-o� errors) ðïõ áðáéôïýíôáé ãéá ôïí õðïëïãéóìü ôïõ áíôßóôñïöïõ

ðßíáêá óôç ó÷Ýóç (2:2:1− 1), áíôßóôïé÷á ôùí ïñéæïõóþí óôç (2:2:1− 2), Ý÷åé

èåùñçôéêü ìüíïí åíäéáöÝñïí.

ÐáñÜäåéãìá 2.2.1 - 1

¸óôù ôï óýóôçìá

−3x1 + 6x2 − 11x3 = 5

3x1 − 4x2 + 6x3 = −2

4x1 − 8x2 + 13x3 = 4

ðïõ ãñÜöåôáé 
−3 6 −11

3 −4 6

4 −8 13




x1

x2

x3

 =


5

−2

4

 :
Óýìöùíá ìå ôç ó÷Ýóç (2:1:1 − 6) ï ðßíáêáò Á ôùí óõíôåëåóôþí ôùí

áãíþóôùí åßíáé

A =


−3 6 −11

3 −4 6

4 −8 13

 ;
ïðüôå ç ïñßæïõóÜ ôïõ |A| = 10. Ôüôå ï áíôßóôñïöïò ðßíáêáò A−1 éóïýôáé ìå

A−1 =


−0:4 1:0 −0:8

−1:5 0:5 −1:5

−0:8 0 −0:6

 :
4ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Cramer%27s rule
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ÅðïìÝíùò ï ôýðïò (2:2:1− 1) äßíåé ôçí ðáñáêÜôù ëýóç:
x1

x2

x3

 =


−0:4 1:0 −0:8

−1:5 0:5 −1:5

−0:8 0 −0:6




5

−2

4

 =


−7:2

−2:5

−6:4

 ;
äçëáäÞ

x1 =
|A1|
|A|

= −7:2 x2 =
|A2|
|A|

= −2:5; êáé

x3 =
|A3|
|A|

= −6:4:

Ç ðáñáðÜíù ëýóç ðñïêýðôåé åðßóçò êáé áðü ôïí ôýðï (2:2:1− 2) ùò åîÞò:

Ç ïñßæïõóá |A1| èá ðñïêýøåé áðü ôïí ðßíáêá

A =


−3 6 −11

3 −4 6

4 −8 13

 ;
üôáí ç 1ç óôÞëç áíôéêáôáóôáèåß áðü ôç óôÞëç ôùí ãíùóôþí üñùí ôïõ óõóôÞìáôïò,

äçëáäÞ

|A1| =


5 6 −11

−2 −4 6

4 −8 13

 = −72:

¼ìïéá ç 2ç óôÞëç

|A2| =


−3 5 −11

3 −2 6

4 4 13

 = −25

êáé ç 3ç óôÞëç

|A3| =


−3 6 5

3 −4 −2

4 −8 4

 = −64:
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¢ñá

x1 =
|A1|
|A|

= −7:2 x2 =
|A2|
|A|

= −2:5; êáé

x3 =
|A3|
|A|

= −6:4:

2.2.2 ÌÝèïäïò áðáëïéöÞò ôïõ Gauss

Ç ìÝèïäïò áðáëïéöÞò ôïõ Gauss Þ åéäéêüôåñá ìÝèïäïò ÷ùñßò äéÜôáîç5 (pivot-

ing) ðåñéãñÜöåôáé áðü ôá ðáñáêÜôù âÞìáôá (steps):

1ï âÞìá

¸óôù üôé ïé åîéóþóåéò ôïõ ãñáììéêïý óõóôÞìáôïò (2:1:1− 1):

a11 x1 + a12 x2 + · · · + a1n xn = b1

a21 x1 + a22 x2 + · · · + a2n xn = b2
... · · ·

...

an1 x1 + an2 x2 + · · · + ann xn = bn

(2.2.2 - 1)

Ý÷ïõí äéáôá÷èåß êáôÜ ôÝôïéï ôñüðï, þóôå a11 ̸= 0. Ôï a11 ëÝãåôáé êáé ïäçãü

óôïé÷åßï (pivot).

Ôüôå ï Üãíùóôïò x1 áðáëåßöåôáé áðü ôç 2ç, 3ç, : : :, n-ïóôÞ åîßóùóç,

áöáéñþíôáò:

m21 =
a21
a11

öïñÝò ôçí ðñþôç áðü ôç äåýôåñç åîßóùóç

m31 =
a31
a11

" " ôñßôç

...
...

...
...

mn1 =
an1
a11

" " ôåëåõôáßá;

5Ãéá Üëëåò ðåñéðôþóåéò âëÝðå âéâëéïãñáößá êáé Á. ÌðñÜôóïò [3] Êåö. 3. Åðßóçò

https : ==en:wikipedia:org=wiki=Gaussian elimination
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üôáí ôá

mi1; i = 2; 3; : : : ; n

åßíáé ïé ðïëëáðëáóéáóôÝò ôïõ Gauss ãéá ôï 1ï âÞìá.

Ç ìïñöÞ ôïõ óõóôÞìáôïò óôï ôÝëïò ôïõ 1ïõ âÞìáôïò åßíáé:

a11 x1 + a12 x2 + · · · + a1n xn = b1

a
(1)
22 x2 + · · · + a

(1)
2n xn = b

(1)
2

...
...

a
(1)
n2 x2 + · · · + a

(1)
nn xn = b

(1)
n ;

(2.2.2 - 2)

üðïõ ìå a
(k)
ij , b

(k)
i ; k = 1; 2; : : : ; n − 1 èá óõìâïëßæåôáé óôï åîÞò ç íÝá ôéìÞ

ôùí aij êáé bi óôï ôÝëïò ôïõ k-âÞìáôïò ãåíéêÜ.

Ôï óýóôçìá (2:2:2−2) åßíáé éóïäýíáìï ìå ôï áñ÷éêü (2:2:2−1), äçëáäÞ

áðü áõôü ðñïêýðôïõí ïé ßäéåò ìå ôï áñ÷éêü ëýóåéò, ëüãù ôçò äéáôÞñçóçò óôç

íÝá ìïñöÞ ôçò 1çò åîßóùóçò

a11 x1 + a12 x2 + · · ·+ a1n xn = b1

ôïõ áñ÷éêïý óõóôÞìáôïò.

2ï âÞìá

¼ìïéá, Ýóôù üôé ïé åîéóþóåéò ôïõ óõóôÞìáôïò (2:2:2 − 2) Ý÷ïõí äéáôá÷èåß

êáôÜ ôÝôïéïí ôñüðï, þóôå a
(1)
22 ̸= 0. Ôüôå ï Üãíùóôïò x2 áðáëåßöåôáé áðü ôçí

3ç, : : : , n-ïóôÞ åîßóùóç, áöáéñþíôáò

m32 =
a
(1)
32

a
(1)
22

öïñÝò ôç äåýôåñç áðü ôçí ôñßôç åîßóùóç

...
...

...

mn2 =
a
(1)
n2

a
(1)
22

" " ôåëåõôáßá:



62 ÁñéèìçôéêÞ Ëýóç ÓõóôçìÜôùí Êáè. Á. ÌðñÜôóïò

Ç ìïñöÞ ôïõ óõóôÞìáôïò óôï ôÝëïò ôïõ 2ïõ âÞìáôïò èá åßíáé:

a11 x1+ a12 x2 + a13 x3 + · · · + a1n xn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · · + a

(1)
2n xn = b

(1)
2

a
(2)
33 x3 + · · · + a

(2)
3n xn = b

(2)
3

...
...

a
(2)
n3 x3 + : : : + a

(2)
nn xn = b

(2)
n :

(2.2.2 - 3)

¼ìïéá ôï óýóôçìá (2:2:2 − 3) åßíáé éóïäýíáìï ìå ôï áñ÷éêü (2:2:2 −
1), äçëáäÞ áðü áõôü ðñïêýðôïõí ïé ßäéåò ìå ôï áñ÷éêü ëýóåéò, ëüãù ôçò

äéáôÞñçóçò óôç íÝá ìïñöÞ ôçò 1çò åîßóùóçò ôïõ (2:2:2 − 1) êáé ôçò 2çò ôïõ

(2:2:2− 2), äçëáäÞ ôùí

a11x1+ a12x2 + a13x3 + · · · + a1nxn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · · + a

(1)
2n xn = b

(1)
2 :

n-1 âÞìá

Óõíå÷ßæïíôáò ìå áõôü ôïí ôñüðï óôï ôÝëïò êáé ôïõ n − 1 âÞìáôïò, ç ìïñöÞ

ôïõ áñ÷éêïý óõóôÞìáôïò (2:2:2− 1) ôåëéêÜ èá åßíáé:

a11 x1 + a12 x2 + a13 x3 + · · · + a1n xn = b1

a
(1)
22 x2 + a

(1)
23 x3 + · · · + a

(1)
2n xn = b

(1)
2

a
(2)
33 x3 + · · · + a

(2)
3n xn = b

(2)
3

. . .
...

...

a
(n−1)
nn xn = b

(n−1)
n

(2.2.2 - 4)

ðïõ üìïéá ãéá ôïõò ðáñáðÜíù ëüãïõò åßíáé éóïäýíáìï ìå ôï áñ÷éêü.
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Áëãüñéèìïò 2.2.2 - 1 (áíÜäñïìçò áíôéêáôÜóôáóçò)∥∥∥∥∥∥∥∥∥∥∥∥

xn = cn=unn

xn−1 = [cn−1 − un−1; n xn] =un−1; n−1

...
...

x1 =

[
c1 −

n∑
j=2

u1j xj

]
= u11 :

Ôï óýóôçìá (2:2:2− 4) ãñÜöåôáé áðëïýóôåñá ùò

u11 x1 + u12 x2 + u13 x3 + · · · + u1n xn = c1

u22 x2 + u23 x3 + · · · + u2n xn = c2

u33 x3 + · · · + u3n xn = c3

. . .
...

...

unn xn = cn

Þ ìå ôç âïÞèåéá ôùí ðéíÜêùí
u11 u12 · · · u1n

u22 · · · u2n
. . .

...

unn




x1

x2
...

xn

 =


c1

c2
...

cn

 ;

äçëáäÞ

Ux = c ìå U ∈ Rn×n Þ U ∈ Cn×n; (2.2.2 - 5)

üðïõ ï U åßíáé Ýíáò Üíù ôñéãùíéêüò ðßíáêáò.

Ç ëýóç ôïõ óõóôÞìáôïò (2:2:2−5) ãßíåôáé ìå áíÜäñïìç áíôéêáôÜóôáóç

(backward substitution), äçëáäÞ áðü ôçí ôåëåõôáßá ðñïò ôçí 1ç åîßóùóç. Ç

äéáäéêáóßá ðåñéãñÜöåôáé óôïí Áëãüñéèìï 2.2.2 - 1.
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ÐáñÜäåéãìá 2.2.2 - 1

¸óôù ôï óýóôçìá

2x1 + 2x2 + 4x3 = 6

−x1 + 2x2 − 3x3 = 3

x1 + 2x2 − x3 = 5:

(2.2.2 - 6)

Ôüôå óýìöùíá ìå ôç ìÝèïäï áðáëïéöÞò ôïõ Gauss ç ëýóç ðñïêýðôåé ùò

åîÞò:

1ï âÞìá

Ãßíåôáé áðáëïéöÞ ôïõ áãíþóôïõ x1 áðü ôç 2ç êáé 3ç åîßóùóç ùò åîÞò:

Åîßóùóç 2 : = Åîßóùóç 2 − m21 ∗ Åîßóùóç 1 ; m21 = −1=2

Åîßóùóç 3 : = Åîßóùóç 3 − m31 ∗ Åîßóùóç 1 ; m31 = 1=2:

¢ñá óôï ôÝëïò ôïõ 1ïõ âÞìáôïò ôï óýóôçìá ãñÜöåôáé

2x1 + 2x2 + 4x3 = 6

3x2 − x3 = 6

x2 − 3x3 = 2;

ðïõ ðñïöáíþò åßíáé éóïäýíáìï ìå ôï áñ÷éêü óýóôçìá (2:2:2− 6), åðåéäÞ Ý÷åé

äéáôçñçèåß ç 1ç åîßóùóç.

2ï âÞìá

Áðáëåßöåôáé ï Üãíùóôïò x2 áðü ôçí 3ç åîßóùóç ùò åîÞò:

Åîßóùóç 3 : = Åîßóùóç 3 − m32 ∗ Åîßóùóç 2 ; m32 = 1=3:

¢ñá óôï ôÝëïò ôïõ 2ïõ âÞìáôïò ôï óýóôçìá èá Ý÷åé ôåëéêÜ ôç ìïñöÞ

2x1 + 2x2 + 4x3 = 6

3x2 − x3 = 6

− 8

3
x3 = 0

(2.2.2 - 7)
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ðïõ åßíáé åðßóçò éóïäýíáìï ìå ôï áñ÷éêü ëüãù ôçò äéáôÞñçóçò êáé ôçò 2çò

åîßóùóçò.

Ëýíïíôáò ôþñá ôï óýóôçìá (2:2:2 − 7) ìå ôçí áíÜäñïìç áíôéêáôÜóôáóç,

äçëáäÞ áðü ôçí 3ç ðñïò ôçí 1ç åîßóùóç, ðñïêýðôåé üôé ç ëýóç ôïõ áñ÷éêïý

óõóôÞìáôïò (2:2:2− 6) åßíáé:

x3 = 0

x2 = (6 + x3) =3 = (6 + 0)=3 = 2

x1 = (6− 2x2 − 4x3) =2 = (6− 2 · 2− 4 · 0) =2 = 1:

Óçìåßùóç 2.2.2 - 1

Ïé ðïëëáðëáóéáóôÝò ôïõ Gauss óýìöùíá ìå ôïõò äåßêôåò ôïõò ïñßæïõí

Ýíáí êÜôù ôñéãùíéêü ðßíáêá ôÜîçò (3; 3) ìå ìïíÜäåò óôç äéáãþíéï, ôïí

L =


1 0 0

−1=2 1 0

1=2 1=3 1

 ;
åíþ ïé óõíôåëåóôÝò ôïõ ôåëéêïý óõóôÞìáôïò (2:2:2 − 7) Ýíáí Üíù ôñéãùíéêü

ðßíáêá, ôïí

U =


2 2 4

0 3 −1

0 0 −8=3

 :
Åýêïëá ðñïêýðôåé ôüôå üôé

A =


2 2 4

−1 2 −3

1 2 −1

 = LU;

üðïõ A ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí ôïõ áñ÷éêïý óõóôÞìáôïò

(2:2:2− 6). Ãåíéêüôåñá éó÷ýåé:
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Èåþñçìá 2.2.2 - 1 (áðáëïéöÞò ôïõ Gauss). Ç ìÝèïäïò áðáëïéöÞò ôïõ

Gauss éóïäõíáìåß ìå ìéá äéáìÝñéóç ôïõ ðßíáêá A óå Ýíáí êÜôù ôñéãùíéêü

ìå ìïíÜäåò óôç äéáãþíéï êáé óå Ýíáí Üíù ôñéãùíéêü ðßíáêá, äçëáäÞ

A = LU: (2.2.2 - 8)

2.2.3 ÌÝèïäïò ôçò LU äéáìÝñéóçò

¸óôù üôé ï ôåôñáãùíéêüò ðßíáêáò A ôùí óõíôåëåóôþí ôùí áãíþóôùí ôïõ

ãñáììéêïý óõóôÞìáôïò (2:1:1− 1):

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
... · · ·

...

an1x1 + an2x2 + · · · + annxn = bn;

(2.2.3 - 1)

Ý÷åé äéáìåñéóôåß óå ãéíüìåíï äýï ðéíÜêùí ùò A = LU ìå L Ýíáí êÜôù

ôñéãùíéêü ðßíáêá ìå äéáãþíéá óôïé÷åßá ßóá ìå ôç ìïíÜäá êáé U Ýíáí Üíù

ôñéãùíéêü ðßíáêá,6 äçëáäÞ
a11 a12 · · · a1n

a21 a22 : : : a2n
... · · ·

...

an1 an2 · · · ann



=


1

l21 1
...

. . .

ln1 ln2 · · · 1




u11 u12 · · · u1n

u22 · · · u2n
. . .

...

unn

 : (2.2.3 - 2)

Ôüôå ðñïöáíþò åßíáé A ∈ Rn×n êáé Ax = b, üðïõ

x = [x1; x2; : : : ; xn]
⊤ êáé b = [b1; b2; : : : ; bn]

⊤ :

6ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÃñáììéêÞ ¢ëãåâñá.
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Ôï óýóôçìá (2:2:3−1): Ax = b óýìöùíá êáé ìå ôç äéáìÝñéóç (2:2:3−14)

ôïõ ðßíáêá A ãñÜöåôáé

(LU)x = b

Þ óýìöùíá ìå ôçí ðñïóåôáéñéóôéêÞ éäéüôçôá ôïõ ãéíïìÝíïõ ðéíÜêùí

L (Ux) = b: (2.2.3 - 3)

¸óôù Ux = y, üðïõ
u11 u12 · · · u1n

u22 · · · u2n
. . .

...

unn




x1

x2
...

xn

 =


y1

y2
...

yn;


ìå y = [y1; y2; : : : ; yn]

⊤ âïçèçôéêü äéÜíõóìá, äçëáäÞ

u11x1 + u12x2 + u13x3 + · · · + u1nxn = y1

u22x2 + u23x3 + · · · + u2nxn = y2

u33x3 + · · · + u3nxn = y3

. . .
...

unnxn = yn:

(2.2.3 - 4)

Ôüôå ôï áñ÷éêü óýóôçìá (2:2:3−1): Ax = b éóïäõíáìåß ìå ôá óõóôÞìáôá

Ly = b; êáé (2.2.3 - 5)

Ux = y; (2.2.3 - 6)

üðïõ ôï óýóôçìá (2:2:3− 5) Ý÷åé ôç ìïñöÞ
1

l21 1
...

. . .

ln1 ln2 · · · 1




y1

y2
...

yn

 =


b1

b2
...

bn;


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Áëãüñéèìïò 2.2.3 - 1 (áíôéêáôÜóôáóçò ðñïò ôá åìðñüò)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

y1 = b1

Ãéá i = 2; 3; : : : ; n

yi = bi

Ãéá j = 1; 2; : : : ; i− 1

yi = yi − lijyj

ôÝëïò j

ôÝëïò i

äçëáäÞ

y1 = b1

l21y1+ y2 = b2
...

...
. . .

. . .
...

ln1y1+ ln2y2 + ln3y3 + · · ·+ ln;n−1yn−1 + yn = bn:

(2.2.3 - 7)

Ôï óýóôçìá (2:2:3−12) ëýíåôáé ìå ôç ìÝèïäï ôçò ðñïò ôá åìðñüò áíôéêáôÜóôáóçò

(forward substitution) ùò åîÞò:

y1 = b1

y2 = b2 − l21y1
...

...

yn = bn − (ln1y1 + ln2y2 + ::+ ln;n−1yn−1) = bn −
n−1∑
j=1

lnj yj ;

ðïõ ðåñéãñÜöåôáé óôïí Áëãüñéèìï 2.2.3 - 1, åíþ ç ëýóç ôïõ óõóôÞìáôïò

(2:2:3 − 6), äçëáäÞ ôïõ (2:2:3 − 4) ãßíåôáé ìå ôç ìÝèïäï ôçò áíÜäñïìçò

áíôéêáôÜóôáóçò, ðïõ ðåñéãñÜöåôáé óôïí Áëãüñéèìï 2.2.2 - 1.

Ç ìÝèïäïò áõôÞ åßíáé ãíùóôÞ óáí ìÝèïäïò ôçò LU äéáìÝñéóçò (LU de-

composition Þ LU factorization) Þ ìÝèïäïò Doolittle.7

7ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=LU decomposition
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Áëãüñéèìïò 2.2.3 - 2 (ìÝèïäïò ôçò LU äéáìÝñéóçò)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

¸óôù A ∈ Rn×n

Ãéá i = 1; 2; : : : ; n

Ãéá j = i; i+ 1; : : : ; n

uij = aij −
i−1∑
k=1

lij ukj

ôÝëïò j

Ãéá j = i+ 1; i+ 2; : : : ; n

lij =

(
aji −

i−1∑
k=1

lik uki

)
=uii

ôÝëïò j

ôÝëïò i

Óôçí ðåñßðôùóç ðïõ êáôÜ ôç äéáìÝñéóç êÜðïéï áðü ôá äéáãþíéá óôïé÷åßá

ôïõ ðßíáêá U ìçäåíßæåôáé, ç ìÝèïäïò äåí åöáñìüæåôáé. Áõôü åßíáé ôï áíôßóôïé÷ï

ôçò ýðáñîçò ìçäåíéêïý ïäçãïý óôïé÷åßïõ êáôÜ ôçí åöáñìïãÞ ôçò ìåèüäïõ

áðáëïéöÞò Gauss êáé áíôéìåôùðßæåôáé ìå åíáëëáãÞ ôùí óôçëþí, üðùò óôç

ìÝèïäï Gauss ìå äéÜôáîç. Ï õðïëïãéóìüò ôùí ðéíÜêùí L êáé U ãßíåôáé ìå

ôïí Áëãüñéèìï 2.2.3 - 2, ðïõ åßíáé ãíùóôüò êáé óáí áëãüñéèìïò Doolittle

(Doolittle algorithm Þ Doolittle reduction).

ÐáñÜäåéãìá 2.2.3 - 1

¸óôù ôï óýóôçìá

2x1 + 2x2 + 4x3 = 6

−x1 + 2x2 − 3x3 = 3

x1 + 2x2 − x3 = 5:

(2.2.3 - 8)

ôïõ Ðáñáäåßãìáôïò 2.2.2 - 1, üðïõ ï ðßíáêáò A ôùí óõíôåëåóôþí ôùí áãíþóôùí

Åðßóçò mathworld:wolfram:com=LUDecomposition:html
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óýìöùíá ìå ôç äéáìÝñéóç (2:2:3− 14) ãñÜöåôáé A = LU , üðïõ

A︷ ︸︸ ︷
2 2 4

−1 2 −3

1 2 −1

 =

L︷ ︸︸ ︷
1

l21 1

l31 l32 1


U︷ ︸︸ ︷

u11 u12 u13

u22 u23

u33



=


u11 u12 u13

l21 u11 u22 + l21 u12 u23 + l21 u13

l31 u11 l32 u22 + l31 u12 u33 + l31 u13 + l32 u23

 : (2.2.3 - 9)

Óôçí ðáñáðÜíù ó÷Ýóç åîéóþíïíôáò ôá óôïé÷åßá ôïõ 1ïõ êáé ôïõ ôåëåõôáßïõ

ðßíáêá ðñïêýðôåé üôé

u11 = 2 u12 = 2 u13 = 4

l21 = −1=u11 u22 = 2− l21u12 u23 = −3− l21u13

= −1
2 = 2−

(
−1

2

)
= 3 = −3−

(
−1

2

)
4 = −1

l31 = 1=u11 l32 = (2− l31u12) =u22 u33 = −1− l31u13 − l32u23

= 1
2 =

(
2− 1

2 · 2
)
=3 = −1− 1

2 · 4− 1
3 · (−1)

= 1
3 = −8

3 :

Ôüôå ôï áñ÷éêü óýóôçìá (2:2:3− 8): Ax = b, üðïõ

b = [b1; b2; b3]
⊤ = [6; 3; 5]⊤;

éóïäõíáìåß ìå ôá óõóôÞìáôá

Ly = b; êáé (2.2.3 - 10)

Ux = y; (2.2.3 - 11)

üðïõ ôï óýóôçìá (2:2:3− 10) Ý÷åé óôçí ðåñßðôùóç áõôÞ ôç ìïñöÞ
1

l21 1

l31 l32 1




y1

y2

y3

 =


b1

b2

b3;


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äçëáäÞ

y1 = b1

l21 y1 + y2 = b2

l31 y1 + l32 y2 + y3 = b3

Þ áíôéêáèéóôþíôáò ôéò ôéìÝò lij ; i = 2; 3 êáé j = 1; 2

y1 = 6

−1
2 y1 + y2 = 3

1
2 y1 + 1

3 y2 + y3 = 5:

(2.2.3 - 12)

Ëýíïíôáò ôï óýóôçìá (2:2:3−12) ìå ôç ìÝèïäï ôçò ðñïò ôá åìðñüò áíôéêáôÜóôáóçò

(forward substitution) Ý÷ïõìå üôé

y1 = b1 = 6

y2 = b2 − l21y1 = 3 + 1
2 · 6 = 6

y3 = b3 − l31y1 − l32y2 = 5− 1
2 · 6− 1

3 · 6 = 0:

Ôüôå ôï óýóôçìá (2:2:3 − 11): Ux = b ðñïêýðôåé ç ëýóç ôïõ áñ÷éêïý

óõóôÞìáôïò (2:2:3− 8) ùò åîÞò:
u11 u12 u13

u22 u23

u33




x1

x2

x3

 =


y1

y2

y3

 ;
äçëáäÞ

u11 x1 + u12 x2 + u13 x3 = y1

u22 x2 + u23 x3 = y2

u33 x3 = y3

Þ áíôéêáèéóôþíôáò ôéò ôéìÝò uij ; i; j = 1; 2; 3 êáé yi; i = 1; 2; 3

2x1 + 2x2 + 4x3 = 6

3x2 − x3 = 6

−8
3 x3 = 0;

(2.2.3 - 13)
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ïðüôå ìå ôç ìÝèïäï ôçò áíÜäñïìçò áíôéêáôÜóôáóçò ðñïêýðôåé üôé

x3 = 0

x2 = (6 + x3) =3 = (6 + 0)=3 = 2

x1 = (6− 2x2 − 4x3) =2 = (6− 2 · 2− 4 · 0) =2 = 1;

äçëáäÞ ç ëýóç ðïõ åß÷å ðñïêýøåé êáé ìå ôç ìÝèïäï ôïõ Gauss.

Óçìåßùóç 2.2.3 - 1

¢ìåóá ðñïêýðôåé áðü ôç ëýóç ôïõ Ðáñáäåßãìáôïò 2.2.3 - 1 üôé ïé óõíôåëåóôÝò

ôùí ðéíÜêùí L êáé U åðáëçèåýïõí ôá óõìðåñÜóìáôá ôïõ ÈåùñÞìáôïò 2.2.2 -

1.

ÌÝèïäïò Crout

Ç ìÝèïäïò Crout (Crout's method Þ Crout matrix decomposition), åßíáé

ìéá ðáñáëëáãÞ ôçò LU äéáìÝñéóçò, üðïõ óôç äéáìÝñéóç ôïõ ðßíáêá A óôç

ìïñöÞ LU ï ðßíáêáò L åßíáé êÜôù ôñéãùíéêüò, åíþ ï U Üíù ôñéãùíéêüò ìå

ìïíÜäåò óôç äéáãþíéï, äçëáäÞ
a11 a12 · · · a1n

a21 a22 : : : a2n
... · · ·

...

an1 an2 · · · ann



=


l11

l21 l22
...

. . .

ln1 ln2 · · · lnn




1 u12 · · · u1n

1 · · · u2n
. . .

...

1

 : (2.2.3 - 14)

Ç ìÝèïäïò äßíåé áðïôåëÝóìáôá ðåñßðïõ ßäéáò áêñßâåéáò ìå ôçí ðñïçãïýìåíç.



¢ìåóïé ìÝèïäïé ëýóçò ãñáììéêþí óõóôçìÜôùí 73

2.2.4 ÌÝèïäïò Cholesky

8¼ôáí ï ðßíáêáòA ôùí óõíôåëåóôþí ôùí áãíþóôùí ôïõ ãñáììéêïý óõóôÞìáôïò

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
... · · ·

...

an1x1 + an2x2 + · · · + annxn = bn;

åßíáé óõììåôñéêüò, äçëáäÞ Ý÷åé ôç ìïñöÞ:
a11 a21 · · · an1

a21 a22 · · · an2
...

...

an1 an2 · · · ann


÷ñçóéìïðïéåßôáé ç äéáìÝñéóç

A = LL⊤; (2.2.4 - 1)

üðïõ L åßíáé Ýíáò êÜôù ôñéãùíéêüò ðßíáêáò ôçò ìïñöÞò

L =


l11

l21 l22
...

. . .

ln1 ln2 · · · lnn

 ;

ïðüôå ï áíÜóôñïöïò ðßíáêáò èá åßíáé:

L⊤ =


l11 l21 · · · ln1

l22 · · · ln2
. . .

...

lnn

 :
8Õðåíèõìßæåôáé - âëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÃñáììéêÞ ¢ëãåâñá - üôé:

Ïñéóìüò (óõììåôñéêüò ðßíáêáò). Ï ôåôñáãùíéêüò ðßíáêáò A ìå A ∈ Rn×n ëÝãåôáé

óõììåôñéêüò (symmetric), üôáí A = A⊤.
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¢ñá óýìöùíá ìå ôçí (2:2:4− 1) óôçí ðåñßðôùóç áõôÞ èá éó÷ýåé:

A =


a11 a21 · · · an1

a21 a22 · · · an2
...

...

an1 an2 · · · ann

 = LL⊤

=


l11

l21 l22
...

. . .

ln1 ln2 · · · lnn




l11 l21 · · · ln1

l22 · · · ln2
. . .

...

lnn

 : (2.2.4 - 2)

9Ç ìÝèïäïò áõôÞ åßíáé ãíùóôÞ óáí ìÝèïäïò Cholesky (Cholesky decompo-

sition Þ Cholesky triangle) êáé ï õðïëïãéóìüò ôùí lij ìå i = 1; 2; : : : ; n êáé

j = 1; 2; : : : ; i ãßíåôáé üðùò óôçí ìÝèïäï LU.

Ãéá ôçí åõêïëüôåñç êáôáíüçóç ôçò ìåèüäïõ äßíåôáé ôï ðáñáêÜôù ðáñÜäåéã-

ìá:

ÐáñÜäåéãìá 2.2.4 - 1

¸óôù üôé ï ðßíáêáòA ôùí óõíôåëåóôþí ôùí áãíþóôùí ôïõ ãñáììéêïý óõóôÞìáôïò

a11x1 + a12x2 + a13x3 = b1

a21x1 + a22x2 + a23x3 = b2

a31x1 + a32x2 + a33x3 = b3;

åßíáé óõììåôñéêüò, äçëáäÞ ôçò ìïñöÞò:
a11 a21 a31

a21 a22 a32

a31 a32 a33

 ;
9ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Cholesky decomposition

Åðßóçò mathworld:wolfram:com=CholeskyDecomposition:html
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ïðüôå óýìöùíá ìå ôç ó÷Ýóç (2:2:4 − 1) èá Ý÷ïõìå óôçí ðåñßðôùóç áõôÞ ôç

äéáìÝñéóç

A = LL⊤; (2.2.4 - 3)

üðïõ L åßíáé Ýíáò êÜôù ôñéãùíéêüò ðßíáêáò ôçò ìïñöÞò

L =


l11

l21 l22

l31 l32 l33


ìå áíÜóôñïöï ðßíáêá ôïí:

L⊤ =


l11 l21 l31

l22 l32

l33

 :

¢ñá áðü ôç ó÷Ýóç (2:2:4− 2) ðñïêýðôåé ôüôå üôé

A =


a11 a21 a31

a21 a22 a32

a31 a32 a33

 = LL⊤

=


l11

l21 l22

l31 l32 l33




l11 l21 l31

l22 l32

l33

 :

=


l211 l21 l11 l31 l11

l21 l11 l221 + l222 l31 l21 + l32 l22

l31 l11 l31 l21 + l32 l22 l231 + l232 + l233

 = LL⊤: (2.2.4 - 4)

Óôçí (2:2:4 − 4) åîéóþíïíôáò ôá óôïé÷åßá ôïõ ðßíáêá A êáé ôïõ LL⊤

ðñïêýðôåé üôé
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Äéáãþíéá óôïé÷åßá lkk üðïõ k = 1; 2; : : : ; n

• l11 =
√
a11,

• l22 =
√
a22 − l221,

• l33 =
√
a33 −

(
l231 + l232

)
, êáé ãåíéêÜ

• lkk =

√√√√akk −
k−1∑
j=1

l2kj :

Óôïé÷åßá lik üðïõ k = 1; 2; : : : ; n êáé i = k + 1; k + 2; : : : ; n

• l21 =
1

l11
a21,

• l31 =
1

l11
a31,

• l32 =
1

l22
(a32 − l31 l21), êáé ãåíéêÜ

• lik =
1

lkk

aik − k−1∑
j=1

lij lkj

 :

Ç ðáñáðÜíù äéáäéêáóßá ðåñéãñÜöåôáé åðßóçò êáé óôïí Áëãüñéèìï 2.2.4 -

1.

ÐáñÜäåéãìá 2.2.4 - 2

Åöáñìüæïíôáò ôç äéáäéêáóßá ôïõ Ðáñáäåßãìáôïò 2.2.4 - 1 íá õðïëïãéóôåß ï

ðßíáêáò L, üôáí

A =


a11 a21 a31

a21 a22 a32

a31 a32 a33

 =


25 15 −5

15 18 0

−5 0 11

 :
Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå:

• l11 =
√
a11 =

√
25 = 5,
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Áëãüñéèìïò 2.2.4 - 1 (ìÝèïäïò ôïõ Cholesky - äéáìÝñéóç êáôÜ óôÞëç)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá: A ∈ Rn×n óõììåôñéêüò èåôéêÜ ïñéóìÝíïò ìå A = LLT

êáé ôï óôïé÷åßï aij åðáíáãñÜöåôáé áðü ôï lij ; üôáí i ≥ j:

Ãéá k = 1; 2; : : : ; n

lkk =

(
akk −

k−1∑
j=1

l2kj

)1=2

Ãéá i = k + 1; k + 2; : : : ; n

lik =

(
aik −

k−1∑
j=1

aijakj

)
=akk

ôÝëïò i

ôÝëïò k

• l21 =
1

l11
a21 =

1

5
15 = 3,

• l31 =
1

l11
a31 =

1

5
(−5) = −1,

• l22 =
√
a22 − l221 =

√
18− 32 = 3,

• l32 =
1

l22
(a32 − l31 l21) =

1

3
[0− (−1)3] = 1,

• l33 =
√
a33 −

(
l231 + l232

)
=
√
11− [(−1)2 + 12] = 3.

¢ñá

L =


5 0 0

3 3 0

−1 1 3

 :

ÐáñáôçñÞóåéò 2.2.4 - 1

• Óå óýãêñéóç ìå ôç ìÝèïäï LU, óôç ìÝèïäï Cholesky ï õðïëïãéóìüò

ôïõ ðßíáêá U ãßíåôáé Üìåóá áðü ôç ó÷Ýóç U = L⊤. ÅðïìÝíùò Ý÷ïõìå
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ìåßùóç ôïõ áñéèìïý ôùí ðñÜîåùí ëýóçò ôïõ ãñáììéêïý óõóôÞìáôïò, ìå

Üìåóç óõíÝðåéá óå óõóôÞìáôá ìå ìåãÜëï áñéèìü åîéóþóåùí íá Ý÷ïõìå

áýîçóç ôçò áêñßâåéáò ëýóçò ôùí, åöüóïí åßíáé Þäç ãíùóôü üôé ç ìåßùóç

áõôÞ óõíåðÜãåôáé êáé ôçí áíôßóôïé÷ç ìåßùóç ôùí ëáèþí óôñïããõëïðïßç-

óçò.10

• Óå ðåñßðôùóç ðïõ êÜðïéï áðü ôá äéáãþíéá óôïé÷åßá ìçäåíßæåôáé, ôüôå ç

ìÝèïäïò äåí åöáñìüæåôáé. Óôçí ðåñßðôùóç áõôÞ ç üðïéá åíáëëáãÞ ôùí

óôçëþí áöáéñåß áðü ôïí A ôç óõììåôñéêÞ éäéüôçôá.

• Ç ìÝèïäïò åöáñìüæåôáé ðÜíôïôå, üôáí ï A åßíáé óõììåôñéêüò êáé èåôéêÜ

ïñéóìÝíïò,11 ïðüôå ôá äéáãþíéá óôïé÷åßá åßíáé èåôéêïß ðñáãìáôéêïß

áñéèìïß.

• ¼ôáí ïé õðüññéæåò ðïóüôçôåò åßíáé áñíçôéêÝò, ôá äéáãþíéá óôïé÷åßá èá

åßíáé öáíôáóôéêïß áñéèìïß.

¢óêçóç

1. Äåßîôå üôé, áí

A =


4 −2 −6

−2 10 9

−6 9 14

 ; ôüôå L =


2 0 0

−1 3 0

−3 2 1

 :
10ÂëÝðå ÌÜèçìá ÁñéèìçôéêÞ Ëýóç Åîéóþóåùí - ÓöÜëìáôá õðïëïãéóìþí.
11

Ïñéóìüò . ¸óôù A = (aij) ∈ Rn×n, áíôßóôïé÷á A ∈ Cn×n. Ôüôå ï A ëÝãåôáé

èåôéêÜ ïñéóìÝíïò (positive de�nite), üôáí ãéá êÜèå ìç ìçäåíéêü äéÜíõóìá x ìå x ∈ Rn,

áíôßóôïé÷á x ∈ Cn éó÷ýåé üôé

x⊤Ax > 0; áíôßóôïé÷á Re
(
xHAx

)
> 0:
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2. ¼ìïéá üôé, áí

A =


16 4 4 −4

4 10 4 2

4 4 6 −2

−4 2 −2 4

 ; ôüôå L =


4 0 0 0

1 3 0 0

1 1 2 0

−1 1 −1 1

 :

Óôç óõíÝ÷åéá åöáñìüæïíôáò ôçí áíôßóôïé÷ç äéáäéêáóßá ëýóçò ãñáììéêþí óõóôç-

ìÜôùí ìå ôçí LU äéáìÝñéóç (ÐáñÜäåéãìá 2.2.3 - 1, üðïõ Lx = y êáé L⊤y =

b), äåßîôå üôé ç ëýóç ôïõ óõóôÞìáôïò

Ax = b; üôáí b = [32; 26; 20; −6 ]⊤

åßíáé

x1 = 1; x2 = 2; x3 = 1; êáé x4 = −1:

2.2.5 Ëýóç óõóôçìÜôùí åéäéêÞò ìïñöÞò

Äßíïíôáé óôç óõíÝ÷åéá ïé ìÝèïäïé ëýóçò ìéáò åéäéêÞò êáôçãïñßáò ãñáììéêþí

óõóôçìÜôùí ðïõ ðáñïõóéÜæïíôáé êõñßùò óôçí áñéèìçôéêÞ ëýóç ìåñéêþí äéáöï-

ñéêþí åîéóþóåùí ìå ðåðåñáóìÝíåò äéáöïñÝò,12 ê.ëð., üðïõ ï ðßíáêáò ôùí

óõíôåëåóôþí ôùí áãíþóôùí, Ýóôù A, ðáñïõóéÜæåé ìéá åéäéêÞ óõììåôñßá.

Åéäéêüôåñá èá åîåôáóôïýí ïé ðåñéðôþóåéò, üðïõ ï ðßíáêáò A åßíáé:

Ôñéäéáãþíéïò

13Õðåíèõìßæåôáé üôé:

Ïñéóìüò 2.2.5 - 1 (ôñéäéáãþíéïò ðßíáêáò). ¸óôù A = (aij) ôåôñáãùíéêüò

ðßíáêáò ôÜîçò n, üðïõ aij = 0 ãéá êÜèå |i − j| > 1. Ôüôå ï A ëÝãåôáé

ôñéäéáãþíéïò (tridiagonal) êáé Ýíáò óõíÞèçò óõìâïëéóìüò ôïõ óôçí ðåñßðôùóç

12ÂëÝðå ÌÜèçìá ÁñéèìçôéêÞ Ìåñéêþí Äéáöïñéêþí Åîéóþóåùí - ÐáñáâïëéêÝò

Åîéóþóåéò.
13ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÃñáììéêÞ ¢ëãåâñá.
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áõôÞ åßíáé ï åîÞò:

A =



a1 c1

b2 a2 c2
. . .

. . .
. . .

bn−1 an−1 cn−1

bn an


: (2.2.5 - 1)

¸óôù ôþñá ôï ãñáììéêü óýóôçìá

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
... · · ·

...

an1x1 + an2x2 + · · · + annxn = bn;

(2.2.5 - 2)

üðïõ ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùíA åßíáé ôñéäéáãþíéïò, äçëáäÞ

Ý÷åé ôç ìïñöÞ (2:2:5 − 1). Ôüôå ôï óýóôçìá (2:2:5 − 2) óýìöùíá ìå ôçí

(2:2:5− 1) ãñÜöåôáé:

a1 x1 + c1 x2 = b1

b2 x1 + a2 x2 + c2 x2 = b2
...

...
...

...

bn−1 xn−2 + an−1 xn−1 + cn−1 xn = bn−1

bn xn−1 + an xn = bn:

(2.2.5 - 3)

Óôçí ðåñßðôùóç áõôÞ ï ðßíáêáò A óýìöùíá ìå ôç ìÝèïäï LU èá Ý÷åé ôç

ìïñöÞ:

A =



a1 c1

b2 a2 c2
. . .

. . .
. . .

bn−1 an−1 cn−1

bn an


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=

L︷ ︸︸ ︷

1

l2 1

. . .
. . .

ln−1 1

ln 1



U︷ ︸︸ ︷

u1 d1

u2 d2
. . .

. . .

un−1 dn−1

un


(2.2.5 - 4)

LU︷ ︸︸ ︷

u1 d1

u1 l2 u2 + l2 d1 d2
. . .

. . .
. . .

un−2 ln−1 un−1 + ln−1 dn−2 dn−1

un−1 ln un + ln dn−1


:

Óôçí (2:2:5 − 4) åîéóþíïíôáò ôá óôïé÷åßá ôïõ A êáé ôïõ ôåëéêïý ðßíáêá

LU ðñïêýðôåé üôé

Áëãüñéèìïò 2.2.5 - 1 (äéáìÝñéóçò ôñéäéáãþíéïõ ðßíáêá)

• u1 = a1 êáé d1 = c1.

• Ãéá i = 2; : : : ; n− 1

ui−1 li = bi ⇒ li =
bi

ui−1
;

ui + li di−1 = ai ⇒ ui = ai − li di−1;

di = ci ⇒ di = ci:

• Ãéá i = n

ln un−1 = bn ⇒ ln =
bn

un−1
;

un + ln dn−1 = an ⇒ un = an − ln dn−1:
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Ôüôå ç ëýóç ôïõ óõóôÞìáôïò Ax = b, ðïõ éóïäõíáìåß óýìöùíá ìå

ôçí ÐáñÜãñáöï 2.2.3 ìå ôç ëýóç ôùí óõóôçìÜôùí Ly = b êáé Ux = y,

ðåñéãñÜöåôáé áíáëõôéêÜ óôïí ðáñáêÜôù áëãüñéèìï:

Áëãüñéèìïò 2.2.5 - 2 (ôñéäéáãþíéïõ óõóôÞìáôïò)

Óýóôçìá:

• Ly = b, äçëáäÞ

1

l2 1

. . .
. . .

ln−1 1

ln 1





y1

y2
...

yn−1

yn


=



b1

b2
...

bn−1

bn


;

Þ

y1 = b1

l2 y1 + y2 = b2

...
...

ln yn−1 + yn = bn;

ïðüôå

∥∥∥∥∥∥∥∥∥∥∥

y1 = b1;

ãéá i = 2; : : : ; n

yi = bi − li yi−1;

êáé

• Ux = y, äçëáäÞ

u1 d1

u2 d2
. . .

. . .

un−1 dn−1

un





x1

x2
...

xn−1

xn


=



y1

y2
...

yn−1

yn


;
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Þ

u1 x1 + d1 x2 = y1

u2 x2 + d2 x3 = y2

...
...

un−1 xn−1 + dn−1 xn = yn−1

un xn = yn;

ïðüôå ç ëýóç ôïõ óõóôÞìáôïò (2:2:5− 2) åßíáé:∥∥∥∥∥∥∥∥∥∥∥∥

xn =
yn
un

;

ãéá i = n− 1; : : : ; 2; 1

xi =
yi − di xi+1

ui
:

Ï ðáñáðÜíù áëãüñéèìïò åßíáé ãíùóôüò êáé óáí áëãüñéèìïò ôïõ Thomas.

Ðåíôáäéáãþíéïò

14¼ìïéá õðåíèõìßæåôáé üôé:

Ïñéóìüò 2.2.5 - 2 (ôñéäéáãþíéïò ðßíáêáò).¸óôù A = (aij) ôåôñáãùíéêüò

ðßíáêáò ôÜîçò n, üðïõ aij = 0 ãéá êÜèå |i − j| > 2. Ôüôå ï A ëÝãåôáé

ðåíôáäéáãþíéïò (quindiagonal Þ pentadiagonal) êáé óõíÞèùò óõìâïëßæåôáé ùò

A =



a1 c1 e1

b2 a2 c2 e2

f3 b3 a3 c3 e3
. . .

. . .

fn−2 bn−2 an−2 cn−2 en−2

fn−1 bn−1 an−1 cn−1

fn bn an


(2.2.5 - 5)

14ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÃñáììéêÞ ¢ëãåâñá.
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ÁíÜëïãá ìå ôçí ðñïçãïýìåíç ðåñßðôùóç, ç äéáìÝñéóç ôïõ ðßíáêá A èá

åßíáé üìïéá ôçò ìïñöÞò A = LU , üðïõ:

L =



1

l2 1

f̃3 l3 1

. . .
. . .

. . .

f̃n−2 ln−2 1

f̃n−1 ln−1 1

f̃n ln 1


êáé

U =



u1 c̃1 ẽ1

u2 c̃2 ẽ2

u3 c̃3 ẽ3
. . .

. . .
. . .

un−2 c̃n−2 ẽn−2

un−1 c̃n−1

un


:

Ôüôå ï ðßíáêáò LU , ðïõ ãéá åõêïëßá äßíåôáé ãéá êÜèå ãñáììÞ ÷ùñéóôÜ

(ðßíáêáò ôÜîçò 7), èá åßíáé ôçò ìïñöÞò:

• 1-ãñáììÞ óôïé÷åßá:

u1; c̃1; ẽ1; 0; 0; 0; 0

• 2-ãñáììÞ:

l2 u1; c̃1 l2 + u2; c̃2 + ẽ1 l2; ẽ2; 0; 0; 0

• i-ãñáììÞ, üðïõ i = 3; : : : ; n− 2:

0; f̃i ui−2; c̃i−2 f̃i + li ui−1; ẽi−2 f̃i + c̃i−1 li + ui;

c̃i + ẽi−1 li; ẽi; 0
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Áëãüñéèìïò 2.2.5 - 3 (äéáìÝñéóçò ðåíôáäéáãþíéïõ ðßíáêá)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá: A = (aij) ∈ Rn×n; áíôßóôïé÷á A ∈ Cn×n;

üðïõ aij = 0 ãéá êÜèå |i− j| > 2

u1 = a1; c̃1 = c1; ẽ1 = e1;

l2 =
b2
u1

; u2 = a2 − c̃1 l2; c̃2 = c2 − ẽ1 l2; ẽ2 = e2;

Ãéá i = 3; 4; : : : ; n− 2

f̃i =
fi
ui−2

; li =
bi − c̃i−2 f̃i

ui−1
; ui = ai − c̃i−1 li − ẽi−2 f̃i;

c̃i = ci − ẽi−1 li; ẽi = ei;

ôÝëïò i

f̃n−1 =
fn−1

un−3
; ln−1 =

bn−1 − c̃n−3 f̃n−1

un−2
; un−1 = an−1 − c̃n−2 ln−1 − ẽn−3 f̃n−1;

c̃n−1 = cn−1 − ẽn−2 ln−1;

f̃n =
fn
un−2

; ln =
bn − c̃n−2 f̃n

un−1
; un = an − c̃n−1 ln − ẽn−2 f̃n:

• (n− 1)-ãñáììÞ:

0; 0; 0; f̃n−1 un−3; c̃n−3 f̃n−1 + ln−1 un−2;

ẽn−3 f̃n−1 + c̃n−2 ln−1 + un−1; c̃n−1 + ẽn−2 ln−1

• n-ãñáììÞ:

0; 0; 0; 0; f̃n un−2; c̃n−2 f̃n + ln un−1;

ẽn−2 f̃n + c̃n−1 ln + un:

Ôá óôïé÷åßá ôùí ðéíÜêùí L êáé U ðñïêýðôïõí åîéóþíïíôáò ôá óôïé÷åßá

ôïõ ðßíáêá LU ìå ôá áíôßóôïé÷á ôïõ ðßíáêá A. Ç äéáäéêáóßá áõôÞ ðåñéãñÜöåôáé

óôïí Áëãüñéèìï 2.2.5 - 3.

Ôüôå üìïéá, üðùò êáé óôçí ðåñßðôùóç ôïõ ôñéäéáãþíéïõ óõóôÞìáôïò, ç

ëýóç ôïõ óõóôÞìáôïò Ax = b, ðïõ éóïäõíáìåß óýìöùíá ìå ôçí ÐáñÜãñáöï
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2.2.3 åðßóçò ìå ôç ëýóç ôùí óõóôçìÜôùí Ly = b êáé Ux = y, ðåñéãñÜöåôáé

áíáëõôéêÜ óôïí ðáñáêÜôù áëãüñéèìï:

Áëãüñéèìïò 2.2.5 - 4 (ðåíôáäéáãþíéïõ óõóôÞìáôïò)

Óýóôçìá:

• Ly = b, äçëáäÞ

1

l2 1

f̃3 l3 1

. . .
. . .

. . .

f̃n−2 ln−2 1

f̃n−1 ln−1 1

f̃n ln 1





y1

y2

y3
...

yn−2

yn−1

yn


=



b1

b2

b3
...

bn−2

bn−1

bn


;

Þ

y1 = b1

l2 y1 + y2 = b2

f̃3 y1 + l3 y2 + y3 = b3

...
...

f̃n yn−2 + ln yn−1 + yn = bn;

ïðüôå ∥∥∥∥∥∥∥∥∥∥∥

y1 = b1; y2 = b2 − l2 y1

ãéá i = 3; : : : ; n

yi = bi − f̃i yi−2 − li yi−1;

êáé
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• Ux = y, äçëáäÞ



u1 c̃1 ẽ1

u2 c̃2 ẽ2

u3 c̃3 ẽ3
. . .

. . .
. . .

un−2 c̃n−2 ẽn−2

un−1 c̃n−1

un





x1

x2

x3
...

xn−2

xn−2

xn


=



y1

y2

y3
...

yn−2

yn−1

yn


;

Þ

u1 x1 + c̃1 x2 + ẽ1 x3 = y1

u2 x2 + c̃2 x3 + ẽ2 x4 = y2

u3 x3 + c̃3 x4 + ẽ3 x5 = y3

...
...

un−2 xn−2 + c̃n−2 xn−1 + ẽn−2 xn = yn−2

un−1 xn−1 + c̃n−1 xn = yn−1

un xn = yn;

ïðüôå ç ëýóç ôïõ óõóôÞìáôïò (2:2:5− 2) åßíáé:

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

xn =
yn
un

;

xn−1 =
yn−1 − c̃n−1 xn

un−1
;

ãéá i = n− 2; : : : ; 2; 1

xi =
yi − c̃i xi+1 − ẽi xi+2

ui
:
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¢óêçóç

1. Åöáñìüæïíôáò ôïõò Áëãüñéèìïõò 2.2.5 - 1 êáé 2.2.5 - 2 äåßîôå üôé ç ëýóç

ôïõ óõóôÞìáôïò:

−2x1 + x2 = 0

x1 − 2x2 + x3 = −4

x2 − 2x3 + x4 = 4

x3 − 2x4 = −1

åßíáé

x1 = 1; x2 = 2; x3 = −1 êáé x4 = 0:

2. ¼ìïéá ìå ôïõò Áëãüñéèìïõò 2.2.5 - 3 êáé 2.2.5 - 4 äåßîôå üôé ç ëýóç ôïõ

óõóôÞìáôïò:

5x1 − 4x2 + x3 = 9

−4x1 + 6x2 − 4x3 + x4 = −8

x1 − 4x2 + 6x3 − 4x4 + x5 = 0

x2 − 4x3 + 6x4 − 4x5 = −1

x3 − 4x4 + 5x5 = 7

åßíáé

x1 = 1; x2 = −1; x3 = 0; x4 = 2 êáé x5 = 3:
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2.3 ÁñéèìçôéêÝò ìÝèïäïé ëýóçò ãñáììéêþí óõóôçìÜôùí

2.3.1 Ïñéóìïß

¼ôáí ôï ðëÞèïò ôùí åîéóþóåùí åßíáé ó÷åôéêÜ ìéêñü, ôüôå åßíáé ðñïôéìüôåñï

ãéá ôç ëýóç ôïõ óõóôÞìáôïò (2:1:1− 1):

a11 x1 + a12 x2 + · · · + a1n xn = b1

a21 x1 + a22 x2 + · · · + a2n xn = b2
... · · ·

...

an1 x1 + an2 x2 + · · · + ann xn = bn

(2.3.1 - 1)

íá ÷ñçóéìïðïéçèïýí ïé Üìåóïé ìÝèïäïé ôçò ðñïçãïýìåíçò ðáñáãñÜöïõ. Óå

ìåãÜëï üìùò áñéèìü åîéóþóåùí ãéá ðåñéóóüôåñç áêñßâåéá ôùí ëýóåùí óõíÞèùò

ðñïôéìïýíôáé ïé åðáíáëçðôéêÝò ìÝèïäïé (iterative methods), ïé óçìáíôéêüôå-

ñåò ôùí ïðïßùí äßíïíôáé óôç óõíÝ÷åéá.

Åßíáé Þäç ãíùóôü üôé ôï óýóôçìá (2:3:1 − 1) ãñÜöåôáé óå äéáíõóìáôéêÞ

ìïñöÞ ùò

Ax = b; (2.3.1 - 2)

üðïõ ï ðßíáêáò A åßíáé ôåôñáãùíéêüò ôÜîçò n ìå |A| ̸= 0. Ôüôå Ý÷ïíôáò

õðüøç ôï áíÜëïãï ðñüâëçìá ôçò åýñåóçò ôùí ñéæþí ôçò Åîßóùóçò (1:1:1−2):

f(x) = 0;

ôïõ ÌáèÞìáôïò ÁñéèìçôéêÞ ëýóç åîéóþóåùí, èá ðñÝðåé êáé ãéá ôçí ðåñßðôùóç

ôïõ óõóôÞìáôïò (2:3:1−2) íá äçìéïõñãçèåß ãéá êÜèå Üãíùóôï x1; x2; : : : ; xn

÷ùñéóôÜ ìéá åðáíáëçðôéêÞ ó÷Ýóç áíÜëïãç ôçò (1:1:1− 3), äçëáäÞ ìéá ó÷Ýóç

ôçò ìïñöÞò

xi+1 = g (xi) ; i = 0; 1; : : : :

Áí ãéá åõêïëßá ç åðáíáëçðôéêÞ ó÷Ýóç ãéá ôïí Üãíùóôï, Ýóôù x1, ãñáöåß

óýìöùíá ìå ôá ðáñáðÜíù óôç ìïñöÞ

xi+1
1 = g1

(
xi1
)
; i = 0; 1; : : : ;
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ôüôå ãéá ôïí xk Üãíùóôï ç ó÷Ýóç áõôÞ èá ðñÝðåé íá Ý÷åé ôç ìïñöÞ

xi+1
k = gk

(
xik
)
; k = 1; 2; : : : ; n êáé i = 0; 1; : : : :

Þ üðùò óõíÞèùò ãñÜöåôáé15

x
(i+1)
k = gk

(
x
(i)
k

)
; k = 1; 2; : : : ; n êáé i = 0; 1; : : : : (2.3.1 - 3)

Ïé ôéìÝò ôùí áãíþóôùí ãéá êÜèå ôéìÞ ôïõ äåßêôç i Þ äéáöïñåôéêÜ ãéá êÜèå

åðáíÜëçøç, ïñßæïõí ôüôå Ýíá äéÜíõóìá ìå óõíôåôáãìÝíåò ôéò áíôßóôïé÷åò

ôéìÝò ôùí áãíþóôùí x
(i)
1 ; x

(i)
2 ; : : : ; x

(i)
n ôïõ óõóôÞìáôïò.

¸óôù

x
(i+1)
k =

[
x
(i)
1 ; x

(i)
2 ; : : : ; x(i)n

]⊤
ôï äéÜíõóìá áõôü. Ôüôå ôá äéáíýóìáôá

x
(i+1)
k ; k = 1; 2; : : : ; n êáé i = 0; 1; : : :

äçìéïõñãïýí ìéá áíôßóôïé÷ç áêïëïõèßá äéáíõóìÜôùí, ðïõ èåùñçôéêÜ èá ðñÝðåé

íá óõãêëßíåé óôç ëýóç ôïõ óõóôÞìáôïò (2:3:1− 2).

ÅðïìÝíùò ôï ðñüâëçìá ôçò åýñåóçò ôçò ëýóçò ôïõ óõóôÞìáôïò (2:3:1−2)

áíÜãåôáé óôïí ðñïóäéïñéóìü ôçò åðáíáëçðôéêÞò óõíÜñôçóçò gk óôçí (2:3:1−
3). Ôüôå, üðùò êáé óôï ÌÜèçìá ÁñéèìçôéêÞ ëýóç åîéóþóåùí, ï ôñüðïò

ðñïóäéïñéóìïý ôçò gk êáèïñßæåé êáé ôçí áíôßóôïé÷ç ìÝèïäï ëýóçò ôïõ óõóôÞìá-

ôïò. Ôá êñéôÞñéá äéáêïðÞò ôùí åðáíáëÞøåùí ôïõ ðáñáðÜíù ìáèÞìáôïò éó÷ýïõí

êáé óôçí ðåñßðôùóç ôùí åðáíáëçðôéêþí ìåèüäùí ãéá óõóôÞìáôá.

Óôç óõíÝ÷åéá åîåôÜæïíôáé ìüíïí ïé áñ÷éêÝò êëáóéêÝò ìÝèïäïé ðïõ ðñïêý-

ðôïõí áðü ôç ìïñöÞ (2:3:1− 3).16

15Óôá óõóôÞìáôá ÷ñçóéìïðïéåßôáé óõíÞèùò ï óõìâïëéóìüò (i + 1), äçëáäÞ ôï i + 1 óå

ðáñÝíèåóç ãéá íá äéáöÝñåé áðü ôïí äåßêôç k, ðïõ ÷ñçóéìïðïéåßôáé ãéá ôïõò áãíþóôïõò. Óôéò

åîéóþóåéò, ðïõ äåí áðáéôåßôáé áíÜëïãç äéÜêñéóç, ÷ñçóéìïðïéåßôáé ôï i+1 ÷ùñßò ðáñÝíèåóç.

16Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç ôïõ ðñïâëÞìáôïò, ðáñáðÝìðåôáé óôç

âéâëéïãñáößá.
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2.3.2 ÌÝèïäïò ôïõ Jacobi

Óýìöùíá ìå ôç ìÝèïäï ôïõ Jacobi ç åðáíáëçðôéêÞ ó÷Ýóç (2:3:1−3) äçìéïõñãåßôáé,

üôáí ôï óýóôçìá

a11 x1 + a12 x2 + · · · + a1n xn = b1

a21 x1 + a22 x2 + · · · + a2n xn = b2
... · · ·

...

an1 x1 + an2 x2 + · · · + amn xn = bn;

(2.3.2 - 1)

ëõèåß äéáãþíéá ãéá êÜèå Ýíáí Üãíùóôï ÷ùñéóôÜ, äçëáäÞ ç 1ç åîßóùóç ãéá ôïí

Üãíùóôï x1, ç 2ç ãéá ôïí x2 êáé ôåëéêÜ ç n-ïóôÞ ãéá ôïí xn èåùñþíôáò ôïõò

Üëëïõò áãíþóôïõò óå êÜèå ðåñßðôùóç óáí ãíùóôïýò.

¢ñá, üôáí a11 · · · ann ̸= 0, óýìöùíá ìå ôç äéáäéêáóßá ôçò ìåèüäïõ ôïõ

Jacobi áðü ôï óýóôçìá (2:3:2− 1) ðñïêýðôåé üôé:

x1 = − 1

a11
[a12 x2 + a13 x3 + : : :+ a1n xn] +

b1
a11

x2 = − 1

a22
[a21 x1 + a23 x3 + : : :+ a2n xn] +

b2
a22

... =
...

...

xn = − 1

ann
[an1 x1 + an2 x2 + : : :+ ann−1 xn−1] +

bn
ann

:

Ç åðáíáëçðôéêÞ ó÷Ýóç

x
(i+1)
k = gk

(
x
(i)
k

)
; i = 0; 1; : : : ; k = 1; 2; : : : ; n

ðñïêýðôåé ôüôå ùò åîÞò:

x
(i+1)
1 = − 1

a11

[
a12 x

(i)
2 + a13 x

(i)
3 + : : :+ a1n x

(i)
n

]
+

b1
a11

x
(i+1)
2 = − 1

a22

[
a21 x

(i)
1 + a23 x

(i)
3 + : : :+ a2n x

(i)
n

]
+

b2
a22

... (2.3.2 - 2)

x(i+1)
n = − 1

ann

[
an1 x

(i)
1 + an2 x

(i)
2 + : : :+ ann−1 x

(i)
n−1

]
+

bn
ann

:
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Áëãüñéèìïò 2.3.2 - 1 (ìåèüäïõ ôïõ Jacobi)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá: Ax = b ìå A ∈ Rn×n;

áñ÷éêÞ ôéìÞ x(0) =
[
x(0)
1 ; x(0)

2 ; : : : ; x(0)
n

]⊤
;

áêñßâåéá " êáé ìÝãéóôïò áñéèìüò åðáíáëÞøåùí N

Ãéá k = 1; 2; : : : ; N

Ãéá i = 1; 2; : : : ; n

x(k+1)
i =

(
bi −

i−1∑
j=1

aij x
(k)
j −

n∑
j=i+1

aij x
(k)
j

)
=aii

ôÝëïò i

áí
∥∥∥x− x(0)

∥∥∥ < ";

ôýðùóå x = [x1; x2; : : : ; xn]
⊤ STOP

x(0) = x

ôÝëïò k

Ôýðùóå \ÌÅÈÏÄÏÓ ÌÇ ÁÊÑÉÂÇÓ"

Ç ìÝèïäïò ðïõ ðåñéãñÜöåôáé óôçí åðáíáëçðôéêÞ ó÷Ýóç (2:3:2−2) åßíáé ãíùóôÞ

óáí ç ìÝèïäïò ôïõ Jacobi17 êáé ç äéáäéêáóßá ôçò ðåñéãñÜöåôáé óôïí Áëãüñéè-

ìï 2.3.2 - 1.

Óçìåßùóç 2.3.2 - 1

Óôá óõóôÞìáôá, óå áíôßèåóç ìå ôéò åîéóþóåéò üðïõ ç áñ÷éêÞ ôéìÞ x0 ôùí

åðáíáëÞøåùí åßíáé äõíáôüí íá ðñïóäéïñéóôåß ãñáöéêÜ Þ ìå ôç ìÝèïäï ôïõ

ìÝóïõ óçìåßïõ ê.ëð., äåí åßíáé åýêïëïò ðÜíôïôå ï ðñïóäéïñéóìüò ôùí áñ÷éêþí

ôéìþí x
(0)
1 ; x

(0)
2 ; : : : ; x

(0)
n . Ãéá ôïí ëüãï áõôü óõíÞèùò èÝôïõìå

x
(0)
1 = 0; x

(0)
2 = 0; : : : ; x(0)n = 0;

åêôüò áí äéáöïñåôéêÜ äßíåôáé.

17ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Jacobi method
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ÐáñÜäåéãìá 2.3.2 - 1

¸óôù ôï óýóôçìá

5x1 − 2x2 + 3x3 = −1

−3x1 + 9x2 + x3 = −5

x1 − x2 − 7x3 = 15

(2.3.2 - 3)

ìå ñßæåò

x∗1 = 1; x∗2 = 0 êáé x∗3 = −2:

Óýìöùíá ìå ôçí (2:3:2− 1) ôï óýóôçìá ãñÜöåôáé

x1 =
1

5
[2x2 − 3x3] − 1

5

x2 =
1

9
[3x1 − x3] − 5

9

x3 = − 1

7
[−x1 + x2] − 15

7
;

ïðüôå áðü ôçí (2:3:2− 2) ðñïêýðôåé ç ðáñáêÜôù åðáíáëçðôéêÞ ó÷Ýóç:

x
(i+1)
1 =

1

5

[
2x

(i)
2 − 3x

(i)
3

]
− 1

5

x
(i+1)
2 =

1

9

[
3x

(i)
1 − x

(i)
3

]
− 5

9

x
(i+1)
3 = − 1

7

[
−x

(i)
1 + x

(i)
2

]
− 15

7
;

üôáí i = 0; 1; : : : :

ÈÝôïíôáò óôçí (2:3:2−4) óýìöùíá ìå ôç Óçìåßùóç 2.3.2 - 1 óáí áñ÷éêÝò

ôéìÝò

x
(0)
1 = 0; x

(0)
2 = 0; x

(0)
3 = 0

äéáäï÷éêÜ Ý÷ïõìå:
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ãéá i = 0

x
(0+1)
1 = x

(1)
1 =

1

5

[
2x

(0)
2 − 3x

(0)
3

]
− 1

5
= −1

5
= 0:2;

x
(0+1)
2 = x

(1)
2 =

1

9

[
3x

(0)
1 − x

(0)
3

]
− 5

9
= −5

9
= −0:555 556;

x
(0+1)
3 = x

(1)
3 = − 1

7

[
−x

(0)
1 + x

(0)
2

]
− 15

7
= −15

7
= −2:142 857 :

ãéá i = 1

x
(1+1)
1 = x

(2)
1 =

1

5

[
2x

(1)
2 − 3x

(1)
3

]
− 1

5

=
1

5
[2 · (−0:555)− 3 · (−2:142)]− 0:2 = 0:863 492;

x
(1+1)
2 = x

(2)
2 =

1

9

[
3x

(1)
1 − x

(1)
3

]
− 5

9

=
1

9
[3 · 0:2− (−2:142)]− 0:555 = −0:384 127;

x
(1+1)
3 = x

(2)
3 = − 1

7

[
−x

(1)
1 + x

(1)
2

]
− 15

7

= − 1

7
[−0:2 + (−0:555)]− 2:142 857 = −2:034 921

êáé áíÜëïãá ãéá i = 2; 3; : : : : Ôá áðïôåëÝóìáôá ôçò ðáñáðÜíù äéáäéêáóßáò

ìÝ÷ñé êáé ôç 12ç åðáíÜëçøç äßíïíôáé óôïí Ðßíáêá 2.3.2 - 1. Óõãêñßíïíôáò ìå

ôéò ñßæåò ðñïêýðôåé ôüôå üôé óôç 12ç åðáíÜëçøç õðÜñ÷åé áêñßâåéá 5 äåêáäéêþí

øçößùí ãéá ôçí 1ç êáé ôç 2ç ñßæá êáé 6 äåêáäéêþí øçößùí ãéá ôçí 3ç.

Ç ëýóç ìå ôï MATHEMATICA äßíåôáé óôï Ðñüãñáììá 2.3.2 - 1.

Ðñüãñáììá 2.3.2 - 1 (ìåèüäïõ ôïõ Jacobi)

n = 12; x = 0; y = 0; z = 0;

f1[y_, z_] := (2 y - 3 z)/5 - 1/5;

f2[x_, z_] := (3 x - z)/9 - 5/9;
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Ðßíáêáò 2.3.2 - 1: ÐáñÜäåéãìá 2.3.2 - 1: áðïôåëÝóìáôá ìåèüäïõ ôïõ Jacobi

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

0 -0.200 000 -0.555 556 -2.142 857

1 0.863 492 -0.384 127 -2.092 063

2 0.901 587 -0.035 273 -1.964 626
...

...
...

...

9 0.999 939 -0.000 061 -2.000 003

10 0.999 977 -0.000 020 -2.000 000

11 0.999 992 -7.536 012×10−6 -2.000 000

f3[x_, y_] := -(-x + y)/7 - 15/7;

Do[x1 = f1[y, z]; y1 = f2[x, z]; z1 = f3[x, y];

Print[i, " , ", N[x1, 7], " , ", N[y1, 7], " , ",

N[z1, 7]]; x = x1; y = y1; z = z1, {i, 1, n}]

2.3.3 ÌÝèïäïò ôùí Gauss-Seidel

Ç ìÝèïäïò ôùí Gauss-Seidel18 ÷ñçóéìïðïéåß ôçí ßäéá äéáäéêáóßá ãéá ôç

äçìéïõñãßá ôçò åðáíáëçðôéêÞò ó÷Ýóçò (2:3:2− 2), äçëáäÞ ôçò ó÷Ýóçò

x
(i+1)
1 = − 1

a11

[
a12 x

(i)
2 + a13 x

(i)
3 + : : :+ a1n x

(i)
n

]
+

b1
a11

x
(i+1)
2 = − 1

a22

[
a21 x

(i)
1 + a23 x

(i)
3 + : : :+ a2n x

(i)
n

]
+

b2
a22

...

x(i+1)
n = − 1

ann

[
an1 x

(i)
1 + an2 x

(i)
2 + : : :+ ann−1 x

(i)
n−1

]
+

bn
ann

;

ìå ôç äéáöïñÜ üôé ç üðïéá ôéìÞ õðïëïãßæåôáé êáôÜ ôç äéÜñêåéá åöáñìïãÞò ôçò

åðáíáëçðôéêÞò äéáäéêáóßáò ÷ñçóéìïðïéåßôáé óáí ãíùóôÞ ãéá ôïí õðïëïãéóìü

ôùí õðüëïéðùí ôéìþí.

18ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Gauss− Seidel method
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ÅðïìÝíùò ç åðáíáëçðôéêÞ ó÷Ýóç ôçò ìåèüäïõ Ý÷åé ùò åîÞò:

x1
(i+1) = − 1

a11

[
a12 x

(i)
2 + a13 x

(i)
3 + : : :+ a1n x

(i)
n

]
+

b1
a11

x2
(i+1) = − 1

a22

[
a21 x1

(i+1) + a23 x
(i)
3 + : : :+ a2n x

(i)
n

]
+

b2
a22

x
(i+1)
3 = − 1

a33

[
a21 x1

(i+1) + a22 x2
(i+1) + : : :+ a2n x

(i)
n

]
+

b2
a22

... (2.3.3 - 1)

xn−1
(i+1) = − 1

an−1; n−1

[
an−1;1 x1

(i+1) + an−1;2 x2
(i+1) + : : :

+ann−2 xn−2
(i+1) + ann x

(i)
n

]
+

bn
ann

x(i+1)
n = − 1

ann

[
an1 x1

(i+1) + an2 x2
(i+1) + : : :+ ann−1 xn−1

(i+1)
]
+

bn
ann

:

Ç ìÝèïäïò ðåñéãñÜöåôáé áðü ôïí Áëãüñéèìï 2.3.3 - 1.

ÐáñÜäåéãìá 2.3.3 - 1

¸óôù ôï óýóôçìá (2:3:2− 3)

5x1 − 2x2 + 3x3 = −1

−3x1 + 9x2 + x3 = −5

x1 − x2 − 7x3 = 15

(2.3.3 - 2)

ôïõ Ðáñáäåßãìáôïò 2.3.2 - 1 ìå ñßæåò

x∗1 = 1; x∗2 = 0 êáé x∗3 = −2:

Óýìöùíá ìå ôçí (2:3:2 − 4) êáé ôçí (2:3:3 − 1) Ý÷ïõìå ôçí ðáñáêÜôù
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Áëãüñéèìïò 2.3.3 - 1 (ìåèüäïõ ôùí Gauss-Seidel)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá: Ax = b ìå A ∈ Rn×n;

áñ÷éêÞ ôéìÞ x(0) =
[
x(0)
1 ; x(0)

2 ; : : : ; x(0)
n

]⊤
;

áêñßâåéá " êáé ìÝãéóôïò áñéèìüò åðáíáëÞøåùí N

Ãéá k = 1; 2; : : : ; N

Ãéá i = 1; 2; : : : ; n

x(k+1)
i =

(
−

i−1∑
j=1

aij x
(k+1)
j −

n∑
j=1

aij x
(k)
j + bi

)
=aii

ôÝëïò i

áí
∥∥∥x− x(0)

∥∥∥ < "; ôýðùóå x = [x1; x2; : : : ; xn]
⊤ STOP

x(0) = x

ôÝëïò k

Ôýðùóå \ÌÅÈÏÄÏÓ ÌÇ ÁÊÑÉÂÇÓ"

åðáíáëçðôéêÞ ìÝèïäï ôùí Gauss-Seidel ãéá ôï óýóôçìá (2:3:3− 2):

x1
(i+1) =

1

5

[
2x

(i)
2 − 3x

(i)
3

]
− 1

5

x2
(i+1) =

1

9

[
3x1

(i+1) − x
(i)
3

]
− 5

9
(2.3.3 - 3)

x
(i+1)
3 = − 1

7

[
−x1

(i+1) + x2
(i+1)

]
− 15

7
; i = 0; 1; : : : :

¸÷ïíôáò õðüøç ôç Óçìåßùóç 2.3.2 - 1 êáé èÝôïíôáò óôçí (2:3:3− 3) óáí

áñ÷éêÝò ôéìÝò

x
(0)
1 = 0; x

(0)
2 = 0; x

(0)
3 = 0

äéáäï÷éêÜ Ý÷ïõìå:
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ãéá i = 0

x1
(0+1) = x

(1)
1 =

1

5

[
2x

(0)
2 − 3x

(0)
3

]
− 1

5
= −1

5
= 0:2

x2
(0+1) = x

(1)
2 =

1

9

[
3x1

(1) − x
(0)
3

]
− 5

9

=
1

9
[3 · 0:2− 0]− 5

9
= −0:622 222

x
(0+1)
3 = x

(1)
3 = − 1

7

[
−x1

(1) + x2
(1)
]
− 15

7

= − 1

7
[− 0:2 + (−0:622)]− 15

7
= −2:082 540 :

ãéá i = 1

x1
(1+1) = x

(2)
1 =

1

5

[
2x

(1)
2 − 3x

(1)
3

]
− 1

5

=
1

5
[2 · (−0:622)− 3 · (−2:082)]− 0:2 = 0:800 635

x2
(1+1) = x

(2)
2 =

1

9

[
3x1

(2) − x
(1)
3

]
− 5

9

=
1

9
[3 · 0:800− (−2:082)]− 0:555 = −0:057 284

x
(1+1)
3 = x

(2)
3 = − 1

7

[
−x1

(2) + x2
(2)
]
− 15

7

= − 1

7
[−0:800 + (−0:557)]− 2:142 857 = −2:020 297 :

¼ìïéá ãéá i = 2; 3; : : : : Ôá áðïôåëÝóìáôá ôçò ðáñáðÜíù äéáäéêáóßáò ìÝ÷ñé

êáé ôçí 7ç åðáíÜëçøç äßíïíôáé óôïí Ðßíáêá 2.3.3 - 1. Óõãêñßíïíôáò ôá

áðïôåëÝóìáôá ìå ôéò ñßæåò x∗1 = 1, x∗2 = 0 êáé x∗3 = −2 ðñïêýðôåé üôé

óôçí 7ç åðáíÜëçøç Ý÷ïõìå áêñßâåéá 6 äåêáäéêþí øçößùí, åíþ ìå ôç ìÝèïäï

ôïõ Jacobi, üðùò Ý÷åé ðñïêýøåé áðü ôïí Ðßíáêá 2.3.2 - 1, óôç 12ç åðáíÜëçøç

õðÞñ÷å áêñßâåéá 5 äåêáäéêþí øçößùí ãéá ôçí 1ç êáé ôç 2ç ñßæá êáé 6 äåêáäéêþí

ãéá ôçí 3ç.
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Ðßíáêáò 2.3.3 - 1: ÐáñÜäåéãìá 2.3.2 - 1: áðïôåëÝóìáôá ìåèüäïõ ôùí Gauss-

Seidel

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

0 -0.200 000 -0.622 222 -2.082 540

1 0.800 635 -0.057 384 -2.020 297

2 0.989 265 -0.001 323 -2.001 345

3 1.000 277 0.000 242 -1.999 995

4 1.000 094 0.000 031 -1.999 991

5 1.000 007 1.287 801×10−6 -1.999 999

6 1.000 000 -7.717 425×10−8 -2.000 000

Ç ëýóç ìå ôï MATHEMATICA äßíåôáé óôï Ðñüãñáììá 2.3.3 - 1.

Ðñüãñáììá 2.3.3 - 1 (ìåèüäïõ ôùí Gauss-Seidel)

n = 7; x = 0; y = 0; z = 0;

f1[y_, z_] := (2 y - 3 z)/5 - 1/5;

f2[x_, z_] := (3 x - z)/9 - 5/9;

f3[x_, y_] := -(-x + y)/7 - 15/7;

Do[x1 = f1[y, z]; y1 = f2[x1, z]; z1 = f3[x1, y1];

Print[i, " , ", N[x1, 7], " , ", N[y1, 7],

" , ",N[z1, 7]]; x = x1; y = y1; z = z1,

{i, 1, n}]

2.3.4 Óýãêëéóç ôùí ìåèüäùí

Ïé åðáíáëçðôéêÝò ó÷Ýóåéò (2:3:2 − 2) êáé (2:3:3 − 1) ôùí ìåèüäùí ôïõ Ja-

cobi êáé ôùí Gauss-Seidel áíôßóôïé÷á äåí óõãêëßíïõí ðÜíôïôå óôéò ñßæåò

ôïõ óõóôÞìáôïò (2:3:2 − 1). Áõôü óçìáßíåé üôé õðÜñ÷ïõí ðåñéðôþóåéò ðïõ

ç åöáñìïãÞ ôïõò óå ïñéóìÝíá óõóôÞìáôá äßíåé åðáíáëçðôéêÝò ó÷Ýóåéò ðïõ

áðïêëßíïõí.
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Ðßíáêáò 2.3.4 - 1: ÐáñÜäåéãìá 2.3.4 - 1 åðáíáëçðôéêÞ ó÷Ýóç (2:3:4 − 2):

áðïôåëÝóìáôá ìåèüäùí ôùí Jacobi êáé Gauss-Seidel

Jacobi Gauss-Seidel

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
1 x

(i+1)
2

0 -4.000 -6.000 -4.000 -34.000

1 -34.000 -34.000 -174.000 -1224.000

2 -174.000 -244.000 -6124.000 -42.874

3 -1244.000 -1244.000 -214.374 -1500.624

4 -6124.000 -8574.000 -7503.124 -52521.874

5 -42.874 -42.874

6 -214.374 -300.124

ÐáñÜäåéãìá 2.3.4 - 1

¸óôù ôï óýóôçìá

x1 − 5x2 = −4

7x1 − x2 = 6
ìå ñßæåò x∗1 = x∗2 = 1: (2.3.4 - 1)

Ôüôå óýìöùíá ìå ôá ðáñáðÜíù ðñïêýðôïõí ïé ðáñáêÜôù ìÝèïäïé ôùí Jacobi

êáé ôùí Gauss-Seidel:

x
(i+1)
1 = 5x

(i)
2 −4

x
(i+1)
2 = 7x

(i)
1 −6

êáé
x
(i+1)
1 = 5x

(i)
2 −4

x
(i+1)
2 = 7x

(i+1)
1 −6;

(2.3.4 - 2)

üôáí i = 0; 1; : : : :

ÈÝôïíôáò óôçí (2:3:4− 2) óáí áñ÷éêÝò ôéìÝò

x
(0)
1 = 0 êáé x

(0)
2 = 0

Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 2.3.4 - 1. ¢ìåóá ðñïêýðôåé ôüôå üôé êáé

ïé äýï ìÝèïäïé áðïêëßíïõí ìå ôá÷ýôåñá áðïêëßíïõóá ôç ìÝèïäï ôùí Gauss-

Seidel. ÁíÜëïãï áðïêëßíïí áðïôÝëåóìá èá ðñïêýøåé êáé ìå ïðïéáäÞðïôå Üëëç

áñ÷éêÞ ôéìÞ.
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Ïé óõíèÞêåò ðïõ åîáóöáëßæïõí ôç óýãêëéóç ôùí ðáñáðÜíù ìåèüäùí åßíáé

áíôéêåßìåíï ìåëÝôçò ôçò ÃñáììéêÞò ¢ëãåâñáò.19 Óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò

äßíåôáé ìéá áðü áõôÝò ôéò óõíèÞêåò ìå ôç ìïñöÞ ôïõ ðáñáêÜôù èåùñÞìáôïò:

Èåþñçìá 2.3.4 - 1. Áí ï ðßíáêáò A ∈ Rn×n åßíáé áõóôçñÜ äéáãþíéá ïñéóìÝ-

íïò, ôüôå ôï ãñáììéêü óýóôçìá Ax = b Ý÷åé áêñéâþò ìéá ëýóç óôçí ïðïßá

óõãêëßíïõí ïé ìÝèïäïé ôùí Jacobi êáé Gauss-Seidel ãéá êÜèå áñ÷éêÞ ôéìÞ.

Õðåíèõìßæåôáé üôé:

Ïñéóìüò 2.3.4 - 1. ¸óôù A = (aij) ôåôñáãùíéêüò ðßíáêáò ôÜîçò n. Ôüôå

ï A ëÝãåôáé áõóôçñÜ äéáãþíéá ïñéóìÝíïò (strictly diagonally dominant),

üôáí

|aii| >
∑
j ̸=i

|aij | ãéá êÜèå i; j = 1; 2; : : : ; n:

Óýìöùíá ìå ôïí Ïñéóìü 2.3.4 - 1 óôïí ðßíáêá

A =


−4 2 1

1 6 2

1 −2 5

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 éó÷ýåé

|a11| = | − 4| > |a12|+ |a13| = 2 + 1 = 3

|a22| = 6 > |a21|+ |a23| = 1 + 2 = 3

|a33| = 5 > |a31|+ |a32| = 1 + | − 2| = 3;

äçëáäÞ ï A åßíáé áõóôçñÜ äéáãþíéá ïñéóìÝíïò.

Óôï óýóôçìá (2:3:4− 1) ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí

A =

 1 −5

7 −1


ðñïöáíþò äåí åßíáé áõóôçñÜ äéáãþíéïò. ¼ôáí üìùò ôï óýóôçìá ãñáöåß óôç

ìïñöÞ

7x1 − x2 = 6

x1 − 5x2 = −4;
(2.3.4 - 3)

19ÂëÝðå âéâëéïãñáößá.
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Ðßíáêáò 2.3.4 - 2: ÐáñÜäåéãìá 2.3.4 - 1 åðáíáëçðôéêÞ ó÷Ýóç (2:3:4 − 4):

áðïôåëÝóìáôá ìåèüäùí ôùí Jacobi êáé Gauss-Seidel

Jacobi Gauss-Seidel

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
1 x

(i+1)
2

0 0.857 0.800 0.857 0.971

1 0.971 0.971 0.996 0.999

2 0.996 0.994 1.000 1.000

3 0.999 0.999 1.000 1.000

4 1.000 1.000

5 1.000 1.000

ôüôå ïé ðñïêýðôïõóåò ìÝèïäïé ôùí Jacobi êáé Gauss-Seidel

x
(i+1)
1 =

1

7
x
(i)
2 +

6

7

x
(i+1)
2 =

1

5
x
(i)
1 +

4

5

êáé
x
(i+1)
1 =

1

7
x
(i)
2 +

6

7

x
(i+1)
2 =

1

5
x
(i+1)
1 +

4

5
;

(2.3.4 - 4)

üôáí i = 0; 1; : : : ; óõãêëßíïõí èÝôïíôáò üìïéá óáí áñ÷éêÝò ôéìÝò

x
(0)
1 = 0 êáé x

(0)
2 = 0:

Ôá áðïôåëÝóìáôá äßíïíôáé óôïí Ðßíáêá 2.3.4 - 2.

Óçìåßùóç 2.3.4 - 1

Ç óõíèÞêç ï ðßíáêáò A óôï Èåþñçìá 2.3.4 - 1 íá åßíáé áõóôçñÜ äéáãþíéá

ïñéóìÝíïò åßíáé ìüíïí áíáãêáßá. Ãéá ðáñÜäåéãìá, Ýóôù ôï óýóôçìá

−4x1 + 5x2 = 1

x1 + 2x2 = 3;

üðïõ ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí

A =

 −4 5

1 2


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äåí åßíáé áõóôçñÜ äéáãþíéá ïñéóìÝíïò. ¼ìùò êáé ïé äýï ìÝèïäïé ìå áñ÷éêÞ

ôéìÞ, Ýóôù x
(0)
1 = x

(0)
2 = 0, óõãêëßíïõí óôç ëýóç x∗1 = x∗2 = 1 ôïõ óõóôÞìáôïò.

Óýãêñéóç ôùí ìåèüäùí

Ãåíéêüôåñá áðü ôçí ðåéñáìáôéêÞ åöáñìïãÞ ôùí ìåèüäùí ôïõ Jacobi êáé ôùí

Gauss-Seidel Ý÷ïõí ðñïêýøåé ôá ðáñáêÜôù áðïôåëÝóìáôá:

i) ç ìÝèïäïò ôùí Gauss-Seidel óõãêëßíåé, üôáí êáé ç ìÝèïäïò ôïõ Jacobi

óõãêëßíåé,

ii) ç ìÝèïäïò ôùí Gauss-Seidel åßíáé äõíáôüí íá óõãêëßíåé, üôáí ç ìÝèïäïò

ôïõ Jacobi áðïêëßíåé, êáé

iii) üôáí ïé ìÝèïäïé óõãêëßíïõí, ôüôå ç ìÝèïäïò ôùí Gauss-Seidel óõãêëßíåé

ôá÷ýôåñá áðü ôç ìÝèïäï ôïõ Jacobi.

ÁóêÞóåéò

1. Íá ëõèïýí ìå ôç ìÝèïäï ôïõ Jacobi êáé ôùí Gauss-Seidel ôá ðáñáêÜôù

óõóôÞìáôá:

i)
3x1 − x2 = 2

x1 + 4x2 = 5;

ii)
2x1 − x2 = 5

3x1 − 5x2 = 11;

iii)

2x1 − x2 = 2

x1 − 3x2 + x3 = −2

−x1 + x2 − 3x3 = −6;

iv)

4x1 + x2 + x3 = 5

x1 − 7x2 + 2x3 = −2

3x1 + 4x3 = 11:



104 ÁñéèìçôéêÞ Ëýóç ÓõóôçìÜôùí Êáè. Á. ÌðñÜôóïò

Ç äéáäéêáóßá íá óôáìáôÞóåé, üôáí ãéá ôï óöÜëìá éó÷ýåé

∣∣∣x(i+1) − x(i)
∣∣∣ < 10−3: (2.3.4 - 5)

2. ¼ìïéá ôá ðáñáêÜôù óõóôÞìáôá åöáñìüæïíôáò êáôÜëëçëç åíáëëáãÞ ôùí

åîéóþóåùí, Ýôóé þóôå íá åöáñìüæåôáé ôï Èåþñçìá 2.3.4 - 1:

i)
x1 − 2x2 = −1

2x1 + x2 = 3;

ii)
−x1 + 4x2 = 1

3x1 − 2x2 = 2;

iii)

2x1 − 3x2 = −7

x1 + 3x2 − 10x3 = 9

3x1 + x3 = 13;

iv)

x1 + 3x2 − x3 = 5

3x1 − x2 = 5

x2 + 2x3 = 1:

3. Äåßîôå üôé óôá ðáñáêÜôù óõóôÞìáôá

i)
−4x1 + 5x2 = 1

x1 + 2x2 = 3;

ii)

4x1 + 2x2 − 2x3 = 0

x1 − 3x2 − x3 = 7

3x1 − x2 + 4x3 = 5;

áí êáé äåí åöáñìüæåôáé ôï Èåþñçìá 2.3.4 - 1, õðÜñ÷åé ëýóç ìå ôéò ìåèüäïõò

ôùí Jacobi êáé Gauss-Seidel, ôçí ïðïßá êáé ðñïóäéïñßóôå ìå ôçí áêñßâåéá ðïõ

ïñßæåôáé óôç ó÷Ýóç (2:3:4− 5).

4. Íá ãñáöåß ðñüãñáììá ìå ôï MATLAB áíôßóôïé÷ï ôùí ÐñïãñáììÜôùí

2.3.2 - 1 êáé 2.3.3 - 1.
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Ðßíáêáò 1: ¢óêçóç 1. (i)

Jacobi Gauss-Seidel

i x
(i+1)
1 x

(i+1)
2 i x

(i+1)
1 x

(i+1)
2

0 0:666 667 1:250 000 1 0:666 667 1:083 333
...

...
...

...

6 1:000 193 0:999 855 5 0:999 984 1:000 004

Ðßíáêáò 2: ¢óêçóç 1. (ii)

Jacobi Gauss-Seidel

i x
(i+1)
1 x

(i+1)
2 i x

(i+1)
1 x

(i+1)
2

0 2:500 000 −2:200 000 1 2:500 000 −0:700 000
...

...
...

...

13 1:999 563 −0:999 781 7 2:000 365 −0:999 781

ÁðáíôÞóåéò

1. (i) ÈåùñçôéêÞ ëýóç x∗
1 = x∗

2 = 1. ÁðïôåëÝóìáôá óôïí Ðßíáêá 1.

(ii) ÈåùñçôéêÞ ëýóç x∗
1 = 2, x∗

2 = −1. ÁðïôåëÝóìáôá óôïí Ðßíáêá 2.

(iii) ÈåùñçôéêÞ ëýóç x∗
1 = x∗

2 = x∗
3 = 2. ÁðïôåëÝóìáôá óôïí Ðßíáêá 3.

ÐáñáôÞñçóç 2.3.4 - 1

Óôá áðïôåëÝóìáôá ôçò ìåèüäïõ ôùí Gauss-Seidel ãéá ôçí ¢óêçóç 1 (iii) ç ó÷Ýóç (2:3:4−5)

åðáëçèåýôçêå ãéá ôïõò áãíþóôïõò x2 êáé x3 óôçí 7ç åðáíÜëçøç, åíþ ãéá ôïí Üãíùóôï x1

óôçí 8ç.

(iv) ÈåùñçôéêÞ ëýóç x∗
1 = 0, x∗

2 = 1, x∗
3 = −1. ÁðïôåëÝóìáôá óôïí Ðßíáêá 4.

2. (i) ÅíáëëáãÞ 1çò ìå 2ç. (ii) ¼ìïéá. (iii) Ç 3ç íá ãßíåé 1ç. (iv) ÅíáëëáãÞ 1çò ìå

2ç.

3. (i) ÈåùñçôéêÞ ëýóç x∗
1 = x∗

2 = 1. ÁðïôåëÝóìáôá óôïí Ðßíáêá 5.

(ii) ÈåùñçôéêÞ ëýóç x∗
1 = 1, x∗

2 = −2, x∗
3 = 0. ÁðïôåëÝóìáôá óôïí Ðßíáêá 6.
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Ðßíáêáò 3: ¢óêçóç 1. (iii)

Jacobi

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

0 1:000 000 0:666 667 2:000 000
...

...
...

13 1:999 725 2:000 330 1:999 669

Gauss-Seidel

0 1:000 000 1:000 000 2:000 000
...

...
...

6 2:000 056 1.999 877 1.999 940

7 1.999 939

Ðßíáêáò 4: ¢óêçóç 1. (iv)

Jacobi

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

0 0 1:285 714 −1:000 000
...

...
...

7 −0:000 455 1:000 187 −0:999 129

Gauss-Seidel

0 0 1:285 714 −1:000 000
...

...
...

5 −0:000 507 1:000 230 −0:999 619
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Ðßíáêáò 5: ¢óêçóç 3. (i)

Jacobi Gauss-Seidel

i x
(i+1)
1 x

(i+1)
2 i x

(i+1)
1 x

(i+1)
2

0 −0:250 000 1:500 000 0 −0:250 000 1:625 000
...

...
...

...

29 1:000 867 1:000 867 18 0:999 735 1:000 132

Ðßíáêáò 6: ¢óêçóç 3. (ii)

Jacobi

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

0 0 −2:333 333 1:250 000
...

...
...

34 0:999 744 −2:000 297 0:000 807

Gauss-Seidel

0 0 −2:333 333 0:666 667
...

...
...

9 0:999 986 −1:999 931 0:000 028
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2.3.5 ÌÝèïäïò SOR

¸óôù ôï ãñáììéêü óýóôçìá:

Ax = b; üôáí A ∈ Rn×n êáé x; b ∈ Rn (2.3.5 - 1)

ìå

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

 (2.3.5 - 2)

êáé

x = [x1; x2; · · · ; xn]⊤ ; b = [b1; b2; · · · ; bn]⊤ :

Ôüôå ï ðßíáêáò A åßíáé äõíáôüí íá ãñáöåß óáí Üèñïéóìá åíüò äéáãþíéïõ,

Ýóôù D, åíüò áõóôçñÜ êÜôù ôñéãùíéêïý L êáé åíüò áõóôçñÜ Üíù ôñéãùíéêïý

U ðßíáêá ùò åîÞò:

D =


a11 0 · · · 0

0 a22 · · · 0
...

...
. . .

...

0 0 · · · ann

 ; L =


0 0 · · · 0 0

a21 0 · · · 0 0
...

...
. . .

...
...

an1 an2 · · · an;n−1 0



U =



0 a12 · · · a1n

0 0 · · · a2n
...

...
. . .

...

0 0 · · · an−1;n

0 0 · · · 0


;

äçëáäÞ

A = D + L+ U: (2.3.5 - 3)

Áðü ôçí (2:3:5− 1) ðñïêýðôåé üôé

(D + L+ U)x = b:
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Áí ! óôáèåñÜ ìå ! > 0, ç ðáñáðÜíù ó÷Ýóç ãñÜöåôáé

(!D + !L+ !U) x = ! b;

ïðüôå ðñïóèÝôïíôáò êáé óôá äýï ìÝëç ôïí üñï Dx

Dx+ !D x+ ! Lx+ ! U x = Dx+ ! b

ôåëéêÜ

(D + !L) x = ! b− [! U + (! − 1)D ] x: (2.3.5 - 4)

¸óôù üôé ï ðßíáêáò D + !L áíôéóôñÝöåôáé. Ôüôå áðü ôçí (2:3:5 − 4)

ðñïêýðôåé üôé

x = (D + !L)−1 {! b− [! U + (! − 1)D ] x}

= ! (D + !L)−1 b− (D + !L)−1 [! U + (! − 1)D ] x

(ìåôÜ ôéò ðñÜîåéò)

= L! x+ c = g(x); (2.3.5 - 5)

üôáí g ç åðáíáëçðôéêÞ óõíÜñôçóç.

¢ñá

x(i+1) = g(x(i));

ïðüôå êáôÜ ôá ãíùóôÜ ãéá ôçí k-óõíôåôáãìÝíç ôïõ x = [x1; x2; : : : ; xn]
⊤

Ý÷ïõìå ôçí åðáíáëçðôéêÞ ó÷Ýóç:

x
(i+1)
k = gk

(
x
(i)
k

)
; k = 1; 2; : : : ; n êáé i = 0; 1; : : : ;

äçëáäÞ

x
(i+1)
k = L! x

(i)
k + ck ; k = 1; 2; : : : ; n êáé i = 0; 1; : : : : (2.3.5 - 6)

Ç äéáäéêáóßá õðïëïãéóìïý óôçí (2:3:5 − 6) åðéôá÷ýíåôáé, üôáí óôï 2ï

ìÝëïò ïé üñïé x
(i)
k áíôéêáôáóôáèïýí, üðùò áõôü áíÜëïãá Ý÷åé Þäç ãßíåé óôçí

ÐáñÜãñáöï 2.3.3 ìå ôç ìÝèïäï ôùí Gauss-Seidel, ìå ôïõò Þäç õðïëïãéóìÝíïõò
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üñïõò x
(i)
1 ; : : : ; x

(i)
k−1. Óýìöùíá ìå ôçí ðáñáôÞñçóç áõôÞ, ç (2:3:5 − 6) ìåôÜ

ôéò ðñÜîåéò ôï 2ï ìÝëïò ôåëéêÜ ãñÜöåôáé:

x
(i+1)
1 = (1− ù)x

(i)
1

+
ù

a11

(
b1 − a12 x

(i)
2 − a13 x

(i)
3 − : : :− a1n x

(i)
n

)
;

...
...

x
(i+1)
k = (1− ù)x

(i)
k +

ù

akk

(
bk − ak1 x

(i+1)
1 − : : :− ak;k−1 x

(i+1)
k−1

−ak;k+1 x
(i)
k+1 − : : :− akn x

(i)
n

)
...

...

x(i+1)
n = (1− ù)x(i)n (2.3.5 - 7)

+
ù

ann

(
bn − an1 x

(i+1)
1 − an2 x

(i+1)
2 − : : :− an;n−1 x

(i+1)
n−1

)
:

Ç åðáíáëçðôéêÞ ìÝèïäïò ðïõ ðåñéãñÜöåôáé áðü ôçí (2:3:5−7) åßíáé ãíùóôÞ óáí

ìÝèïäïò ÷áëÜñùóçò 20 (relaxation method), åíþ ç óôáèåñÜ ! ùò ðáñÜìåôñïò

åðéôÜ÷õíóçò Þ óõíôåëåóôÞò ÷áëÜñùóçò (relaxation factor).

Ôüôå, áí

• 0 < ! < 1, ëÝãåôáé ìÝèïäïò õðï÷áëÜñùóçò (under-relaxation method)

êáé ÷ñçóéìïðïéåßôáé êõñßùò óå ðåñéðôþóåéò üðïõ ç ìÝèïäïò äåí óõãêëßíåé,

• ! > 1, õðåñ÷áëÜñùóçò (over-relaxation method) Þ ìÝèïäïò SOR

(Successive Over-Relaxation) êáé ÷ñçóéìïðïéåßôáé ãéá íá åðéôá÷ýíåé ôç

óýãêëéóç ôçò ìåèüäïõ, êáé

• ! = 1, ç ìÝèïäïò, ðïõ üðùò Ý÷åé Þäç ãñáöåß åßíáé ìéá ãåíßêåõóç ôçò

ìåèüäïõ Gauss-Seidel, óõìðßðôåé ìå áõôÞ.

Ç ìÝèïäïò ðåñéãñÜöåôáé áðü ôïí Áëãüñéèìï 2.3.5 - 1.

20ÂëÝðå âéâëéïãñáößá êáé:

https : ==en:wikipedia:org=wiki=Successive over − relaxation
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Áëãüñéèìïò 2.3.5 - 1 (ìåèüäïõ SOR)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá: Ax = b ìå A ∈ Rn×n; áñ÷éêÞ ôéìÞ x(0) =
[
x0
1; x

0
2; : : : ; x

0
n

]⊤
;

áêñßâåéá "; ðáñÜìåôñïò ù êáé ìÝãéóôïò áñéèìüò åðáíáëÞøåùí N

Ãéá k = 1; 2; : : : ; N

Ãéá i = 1; 2; : : : ; n

xi = (1− ù)x0
i +

ù

aii

(
bi −

i−1∑
j=1

aij xj −
n∑

j=i+1

aij x
0
j

)
ôÝëïò i

áí
∥∥∥x− x(0)

∥∥∥ < "; ôýðùóå x = [x1; x2; : : : ; xn]
⊤ STOP

x(0) = x

ôÝëïò k

Ôýðùóå \ÌÅÈÏÄÏÓ ÌÇ ÁÊÑÉÂÇÓ"

Óýãêëéóç ôçò ìåèüäïõ

Äßíïíôáé ôþñá ÷ùñßò áðüäåéîç, ìå ìïñöÞ èåùñçìÜôùí, ïé êõñéüôåñåò óõíèÞêåò

ðïõ áöïñïýí ôç óýãêëéóç ôçò ìåèüäïõ SOR.

Èåþñçìá 2.3.5 - 1 (Kahan). Áí aii ̸= 0 ãéá êÜèå i = 1; 2; : : : ; n, ôüôå

ñ (B!) ≥ |! − 1|; (2.3.5 - 8)

üðïõ ñ (B!) ç öáóìáôéêÞ áêôßíá ôïõ ðßíáêá B!.

Ðüñéóìá 2.3.5 - 1. H ìÝèïäïò SOR óõãêëßíåé ìüíïí, üôáí 0 < ! < 2.

Èåþñçìá 2.3.5 - 2 (Ostrowski-Reich). Áí A åßíáé Ýíáò èåôéêÜ ïñéóìÝíïò

ðßíáêáò êáé 0 < ! < 2, ôüôå ç ìÝèïäïò SOR óõãêëßíåé óôç ëýóç ôïõ

óõóôÞìáôïò Ax = b ãéá êÜèå áñ÷éêÞ ôéìÞ x(0).

Èåþñçìá 2.3.5 - 3 (ìåèüäïõ SOR). Áí ï ðßíáêáò A åßíáé èåôéêÜ ïñéóìÝíïò

êáé ôñéäéáãþíéïò, ôüôå ñ (BG) = [ñ (BJ)]
2 < 1 êáé ç êáëýôåñç åðéëïãÞ ôçò

ðáñáìÝôñïõ ! ãéá ôç óýãêëéóç ôçò ìåèüäïõ SOR åßíáé ç

! = 2

{
1 +

[
1− ñ (BJ)

2
]1=2}−1

ìå ñ (B!) = ! − 1: (2.3.5 - 9)
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ÐáñÜäåéãìá 2.3.5 - 1

¸óôù ôï óýóôçìá (2:3:2− 3)

5x1 − 2x2 + 3x3 = −1

−3x1 + 9x2 + x3 = −5

x1 − x2 − 7x3 = 15

(2.3.5 - 10)

ôùí ÐáñáäåéãìÜôùí 2.3.2 - 1 êáé 2.3.3 - 1 ìå ñßæåò

x∗1 = 1; x∗2 = 0 êáé x∗3 = −2:

Óýìöùíá ìå ôçí (2:3:5 − 7) Ý÷ïõìå ôçí ðáñáêÜôù åðáíáëçðôéêÞ ìÝèïäï

SOR ãéá ôï óýóôçìá (2:3:5− 10):

x
(i+1)
1 = (1− ù)x

(i)
1 +

ù

5

[
−1− (−2)x

(i)
2 − 3x

(i)
3

]
x
(i+1)
2 = (1− ù)x

(i)
2 +

ù

9

[
−5− (−3)x

(i+1)
1 − x

(i)
3

]
x
(i+1)
3 = (1− ù)x

(i)
3 +

ù

−7

[
15− x

(i+1)
1 − (−1)x

(i+1)
2

]
;

äçëáäÞ

x
(i+1)
1 = (1− ù)x

(i)
1 +

ù

5

[
−1 + 2x

(i)
2 − 3x

(i)
3

]
x
(i+1)
2 = (1− ù)x

(i)
2 +

ù

9

[
−5 + 3x

(i+1)
1 − x

(i)
3

]
x
(i+1)
3 = (1− ù)x

(i)
3 − ù

7

[
15− x

(i+1)
1 + x

(i+1)
2

]
: (2.3.5 - 11)

ÈÝôïíôáò óôçí (2:3:5− 11) óýìöùíá ìå

• ôç Óçìåßùóç 2.3.2 - 1 óáí áñ÷éêÝò ôéìÝò

x
(0)
1 = 0; x

(0)
2 = 0; x

(0)
3 = 0;

• ôï Èåþñçìá 2.3.5 - 2 (åðåéäÞ ï ðßíáêáò A ôùí óõíôåëåóôþí ôùí áãíþóôùí

ôïõ óõóôÞìáôïò (2:3:5− 10) åßíáé èåôéêÜ ïñéóìÝíïò),
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Ðßíáêáò 2.3.5 - 1: ÐáñÜäåéãìá 2.3.2 - 1: áðïôåëÝóìáôá ìåèüäïõ SOR, üôáí

! = 1:02

i x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

0 -0.204 000 -0.636 027 -2.122 762

1 0.839 711 -0.027 865 -2.016 841

2 1.002 144 0.003 195 -1.999 816

3 1.001 148 0.000 306 -1.999 881

4 1.000 029 -9.796 035×10−6 -1.999 997

5 0.999 993 -2.404 474×10−6 -2.000 001

6 1.000 000 -2.509 657×10−8 -2.000 000

äéáäï÷éêÜ Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ

• Ðßíáêá 2.3.5 - 1, üôáí ! = 1:02,

• Ðßíáêá 2.3.5 - 2, üôáí ! = 0:9, áíôßóôïé÷á ! = 1:2.

Óõãêñßíïíôáò ôá áðïôåëÝóìáôá ìå ôéò ñßæåò x∗1 = 1, x∗2 = 0, x∗3 =

−2 êáé ôá áíôßóôïé÷á ôçò ìåèüäïõ ôùí Gauss-Seidel (! = 1), ðïõ äßíïíôáé

óôïí Ðßíáêá 2.3.3 - 1, ðñïêýðôåé üôé õðÜñ÷åé ìéá áýîçóç ôçò áêñßâåéáò óôïí

õðïëïãéóìü ôçò ñßæáò x2, üôáí ! = 1:02, åíþ áõôü äåí óõìâáßíåé ãéá ôéò Üëëåò

äýï ôéìÝò ! = 0:9, áíôßóôïé÷á ! = 1:2. Óå êÜèå ðåñßðôùóç üìùò õðÜñ÷åé

óýãêëéóç ôùí äçìéïõñãïõìÝíùí åðáíáëçðôéêþí áêïëïõèéþí óýìöùíá êáé ìå

ôï Èåþñçìá 2.3.5 - 2.

Ç ëýóç ìå ôï MATHEMATICA äßíåôáé óôï Ðñüãñáììá 2.3.3 - 1.

Ðñüãñáììá 2.3.5 - 1 (ìåèüäïõ SOR)

n = 7; x = 0; y = 0; z = 0; ù = 1.02;

f1[x_, y_, z_] := (1 - \[Omega]) x + \[Omega] (-1 + 2 y - 3 z)/5;

f2[x_, y_, z_] := (1 - \[Omega]) y + \[Omega] (-5 + 3 x - z)/9;

f3[x_, y_, z_] := (1 - \[Omega]) z - \[Omega] (15 - x + y)/7;

Do[x1 = f1[x, y, z]; y1 = f2[x1, y, z]; z1 = f3[x1, y1, z];

Print[i, " , ", N[x1, 7], " , ", N[y1, 7], " , ", N[z1, 7]];

x = x1; y = y1; z = z1;, {i, 1, n}]
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Ðßíáêáò 2.3.5 - 2: ÐáñÜäåéãìá 2.3.2 - 1: áðïôåëÝóìáôá ìåèüäïõ SOR, üôáí

! = 0:9, áíôßóôïé÷á ! = 1:2

i ! x
(i+1)
1 x

(i+1)
2 x

(i+1)
3

6 0.9 0.999 803 -0.000 093 -2.000 025
...

...
...

...

11 1.000 000 -2.753 479×10−8 -2.000 000

6 1.2 0.999 553 0.000 173 -2.000 060
...

...
...

...

13 1.000 000 -2.875 747×10−8 -2.000 000

¢óêçóç

Íá ëõèåß ç ¢óêçóç 1 ôçò ÐáñáãñÜöïõ 2.3.3 ìå ôç ìÝèïäï SOR, üôáí ! =

0:9; 1:05; 1:2 êáé óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôá

áíôßóôïé÷á ôçò ìåèüäïõ ôùí Gauss-Seidel.

2.4 ÁñéèìçôéêÞ ëýóç ìç ãñáììéêþí óõóôçìÜôùí

2.4.1 Ïñéóìïß

¸íá ìç ãñáììéêü óýóôçìá (nonlinear system) n åîéóþóåùí ìå n áãíþóôïõò

x = [x1; x2; : : : ; xn]
⊤

Ý÷åé ãåíéêÜ ôç ìïñöÞ21

f1 (x1; x2; : : : ; xn) = 0

f2 (x1; x2; : : : ; xn) = 0
...

...

fn (x1; x2; : : : ; xn) = 0;

21Ï áíáãíþóôçò ãéá ìéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [1] Êåö. 8.
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üôáí ãéá êÜèå óõíÜñôçóç fi åßíáé

fi : Rn → R ãéá êÜèå i = 1; 2; : : : ; n:

Ôüôå ôï óýóôçìá (2:4:1− 1) éóïäýíáìá ãñÜöåôáé

F (x) = 0; (2.4.1 - 1)

üðïõ

F = [f1; f2; : : : ; fn]
⊤ êáé 0

äéáíýóìáôá ôÜîçò n. Óôçí ðåñßðôùóç áõôÞ ïé óõíáñôÞóåéò fi; i = 1; 2; : : : ; n

ëÝãïíôáé êáé óõíéóôþóåò ôçò F.

ÁíÜëïãá ìå ôç ìåèïäïëïãßá ôïõ ÌáèÞìáôïò ÁñéèìçôéêÞ ëýóç åîéóþóåùí,

áí F (x) = 0 åßíáé Ýíá ìç ãñáììéêü óýóôçìá ôçò ìïñöÞò (2:4:1− 1), æçôåßôáé

íá ðñïóäéïñéóôåß ìßá ôéìÞ ôïõ x, Ýóôù ç x∗, ìå

x∗ = [x∗1; x
∗
2; : : : ; x

∗
n]

⊤

ðïõ ëÝãåôáé êáé ñßæá ôïõ óõóôÞìáôïò, Ýôóé þóôå

F (x∗) = 0;

äçëáäÞ

f1 (x
∗
1; x

∗
2; : : : ; x

∗
n) = 0

f2 (x
∗
1; x

∗
2; : : : ; x

∗
n) = 0

...
...

fn (x
∗
1; x

∗
2; : : : ; x

∗
n) = 0:

¼ìïéá, üðùò êáé óôçí áñéèìçôéêÞ ëýóç ôùí åîéóþóåùí êáé óôçí ðåñßðôùóç

áõôÞ, ïé ìÝèïäïé ðñïóäéïñéóìïý ôçò ñßæáò x∗ åßíáé åðáíáëçðôéêÝò, äçëáäÞ

äçìéïõñãåßôáé ìéá êáôÜëëçëç ãéá êÜèå Üãíùóôï

xk ; k = 1; 2; : : : ; n åðáíáëçðôéêÞ áêïëïõèßá

ôçò ìïñöÞò:22

x
(i+1)
k = gk

(
x
(i)
1 ; x

(i)
2 ; : : : ; x(i)n

)
; i = 0; 1; : : : ;

22ÂëÝðå åðåîÞãçóç óõìâïëéóìïý óôçí Õðïóçìåßùóç 15 ôçò ÐáñáãñÜöïõ 2.3.



116 ÁñéèìçôéêÞ Ëýóç ÓõóôçìÜôùí Êáè. Á. ÌðñÜôóïò

üðïõ ç êÜèå ìéá áêïëïõèßá ðñÝðåé íá óõãêëßíåé óôçí áíôßóôïé÷ç ñßæá x∗k;

k = 1; 2; : : : ; n ôïõ óõóôÞìáôïò (2:4:1− 1).

ÐáñáôçñÞóåéò 2.4.1 - 1

ÃåíéêÜ, ãéá ôç ëýóç ôùí óõóôçìÜôùí ôçò ìïñöÞò (2:4:1−1) éó÷ýïõí ôá åîÞò:

• Ç ëýóç ôùí ìç ãñáììéêþí óõóôçìÜôùí åßíáé ðïëõðëïêüôåñç êáé êáôÜ

óõíÝðåéá äõóêïëüôåñç åêåßíçò ôùí åîéóþóåùí.

• Ï ðñïóäéïñéóìüò ôçò êáôÜëëçëçò áñ÷éêÞò ôéìÞò åßíáé äõó÷åñÝóôåñïò êáé

ôéò ðåñéóóüôåñåò öïñÝò óå ìåãÜëá óýíèåôá ðñïâëÞìáôá êáé áõèáßñåôïò.

• Äåí õðÜñ÷åé ðÜíôïôå áðëüò ôñüðïò ðïõ íá åîáóöáëßæåé ôç óýãêëéóç ôùí

åêÜóôïôå åöáñìïæüìåíùí ìåèüäùí, êáé

• õðÜñ÷åé ìåãÜëç áýîçóç ôùí áðáéôïýìåíùí õðïëïãéóìþí, üôáí ï áñéèìüò

ôùí åîéóþóåùí áõîÜíåôáé.

Ïé ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíåò ìÝèïäïé óôéò åöáñìïãÝò äßíïíôáé óôç

óõíÝ÷åéá.

2.4.2 ÌÝèïäïò ôùí äéáäï÷éêþí ðñïóåããßóåùí

¸óôù üôé ôï óýóôçìá (2:4:1− 1): F (x) = 0, äçëáäÞ ôï:

f1 (x1; x2; : : : ; xn) = 0

f2 (x1; x2; : : : ; xn) = 0
...

...

fn (x1; x2; : : : ; xn) = 0;

(2.4.2 - 1)

ãñÜöåôáé óôç ìïñöÞ:

x1 = g1 (x1; x2; : : : ; xn)

x2 = g2 (x1; x2; : : : ; xn)
...

...

xn = gn (x1; x2; : : : ; xn) ;

(2.4.2 - 2)
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äçëáäÞ

x = G (x) ; (2.4.2 - 3)

üðïõG (x) óõíå÷Þò óõíÜñôçóç, ðïõ ïñßæåé êáé ôçí åðáíáëçðôéêÞ óõíÜñôçóç

óôçí ðåñßðôùóç áõôÞ.

Áí

x∗ = [x∗1; x
∗
2; : : : ; x

∗
n]

⊤

åßíáé ìßá ñßæá ôïõ óõóôÞìáôïò (2:4:2 − 1), ôüôå ç x∗ èá åßíáé Ýíá óôáèåñü

óçìåßï ôçò (2:4:2− 2), äçëáäÞ èá ðñÝðåé íá éó÷ýåé

x∗1 = g1 (x
∗
1; x

∗
2; : : : ; x

∗
n)

x2 = g2 (x
∗
1; x

∗
2; : : : ; x

∗
n)

...
...

xn = gn (x
∗
1; x

∗
2; : : : ; x

∗
n) ;

Áðü ôçí (2:4:2− 2) ðñïêýðôåé ôüôå ç åðáíáëçðôéêÞ ó÷Ýóç

x
(i+1)
1 = g1

(
x
(i)
1 ; x

(i)
2 ; : : : ; x

(i)
n

)
x
(i+1)
2 = g2

(
x
(i)
1 ; x

(i)
2 ; : : : ; x

(i)
n

)
...

...

x
(i+1)
n = gn

(
x
(i)
1 ; x

(i)
2 ; : : : ; x

(i)
n

)
;

(2.4.2 - 4)

üôáí i = 0; 1; : : : : ìå áñ÷éêÞ ôéìÞ

x(0) =
[
x
(0)
1 ; x

(0)
2 ; : : : ; x(0)n

]⊤
:

Ç ìÝèïäïò áõôÞ ðñïóäéïñéóìïý ôçò ñßæáò åíüò óõóôÞìáôïò åßíáé ãíùóôÞ ùò

ç ìÝèïäïò ôùí äéáäï÷éêþí ðñïóåããßóåùí ãéá ìç ãñáììéêÜ óõóôÞìáôá.

ÐáñÜäåéãìá 2.4.2 - 1

¸óôù ôï óýóôçìá

f1 (x1; x2) = ex1 + x2 − 1 = 0

f2 (x1; x2) = x21 + x22 − 4 = 0
(2.4.2 - 5)
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ðïõ åßíáé ôçò ìïñöÞò (2:4:2 − 1). Áí óôçí (2:4:2 − 5) ç 1 åîßóùóç ëõèåß ùò

ðñïò ôïí Üãíùóôï x1 êáé ç 2ç ùò ðñïò ôïí x2, ôüôå

x1 = ln (1− x2) = g1 (x1; x2)

x2 = −
√

4− x21 = g2 (x1; x2) ;
(2.4.2 - 6)

äçëáäÞ Ý÷ïõìå Ýíá ðñüâëçìá ôçò ìïñöÞò (2:4:2−2). Ôüôå áðü ôçí (2:4:2−3)

óýìöùíá êáé ìå ôçí (2:4:2− 4) ðñïêýðôåé ç åðáíáëçðôéêÞ ó÷Ýóç:

x
(i+1)
1 = ln

(
1− x

(i)
2

)
x
(i+1)
2 = −

√
4− x

(i)
1 ;

(2.4.2 - 7)

üðïõ i = 0; 1; : : : :

Áí ç áñ÷éêÞ ôéìÞ åßíáé:

x(0) =
[
x
(0)
1 ; x

(0)
2

]⊤
= [1; −1:7 ]⊤ ;

ôüôå áðü ôçí (2:4:2 − 7), ìå áêñßâåéá 4 äåêáäéêþí øçößùí, ðñïêýðôïõí ôá

áðïôåëÝóìáôá ôïõ Ðßíáêá 2.4.2 - 1.

2.4.3 ÌÝèïäïò ôùí Gauss-Seidel

¼ìïéá, üðùò êáé óôçí ðåñßðôùóç ôùí ãñáììéêþí óõóôçìÜôùí ôçò ÐáñáãñÜöïõ

2.3.3, ìéá áýîçóç ôçò ôá÷ýôçôáò óýãêëéóçò ôçò (2:4:2−4) ãßíåôáé, üôáí óôïí

õðïëïãéóìü ôïõ üñïõ x
(i+1)
j ÷ñçóéìïðïéçèïýí ïé üñïé

x
(i+1)
1 ; x

(i+1)
2 ; : : : : : : ; x

(i+1)
j−1

áíôß ôùí

x
(i)
1 ; x

(i)
2 ; : : : ; x

(i)
j−1:

Ç ìÝèïäïò áõôÞ åßíáé Þäç ãíùóôÞ ùò ç ìÝèïäïò ôùí Gauss-Seidel.

Óôçí ðåñßðôùóç ôçò åðáíáëçðôéêÞò ó÷Ýóçò (2:4:2−7) ôïõ Ðáñáäåßãìáôïò

2.4.2 - 1 ãñÜöåôáé:

x
(i+1)
1 = ln

(
1− x

(i)
2

)
x
(i+1)
2 = −

√
4− x

(i+1)
1 ;

(2.4.3 - 1)
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Ðßíáêáò 2.4.2 - 1: ÐáñÜäåéãìá 2.4.2 - 1: áðïôåëÝóìáôá ìåèüäïõ äéáäï÷éêþí

ðñïóåããßóåùí

i x
(i+1)
1 x

(i+1)
2

0 0.993 252 -1.732 051

1 1.005 053 -1.735 929

2 1.006 471 -1.729 124

3 1.003 981 -1.728 299

4 1.003 678 -1.729 746

5 1.004 209 -1.729 922

6 1.004 273 -1.729 614

7 1.004 160 -1.729 577

8 1.004 147 -1.729 642

9 1.004 171 -1.729 650
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Ðßíáêáò 2.4.3 - 1: ÐáñÜäåéãìá 2.4.2 - 1: áðïôåëÝóìáôá ìåèüäïõ ôùí Gauss-

Seidel

i x
(i+1)
1 x

(i+1)
2

0 0.993 252 -1.735 929

1 1.006 471 -1.728 299

2 1.003 678 -1.729 922

3 1.004 273 -1.729 577

4 1.004 147 -1.72 965

5 1.004 173 -1.729 635

üðïõ i = 0; 1; : : : :

Èåùñþíôáò üìïéá óáí áñ÷éêÞ ôéìÞ ôçí

x(0) =
[
x
(0)
1 ; x

(0)
2

]⊤
= [1; −1:7 ]⊤ ;

áðü ôçí (2:4:3 − 1), ðñïêýðôïõí ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 2.4.3 - 1,

óýìöùíá ìå ôïí ïðïßï ç õðïëïãéæüìåíåò ñßæåò ðáñïõóéÜæïõí áêñßâåéá 4 äåêáäé-

êþí øçößùí óôçí 6ç åðáíÜëçøç áíôß ôçò áíôßóôïé÷çò áêñßâåéáò óôçí 10ç

åðáíÜëçøç ôçò ðñïçãïýìåíçò ìåèüäïõ.

2.4.4 ÌÝèïäïò ôïõ Newton

23Åßíáé Þäç ãíùóôü üôé ìå ôç ìÝèïäï ôïõ Newton, ç ñßæá, Ýóôù x∗, ôçò

åîßóùóçò f(x) = 0 õðïëïãßæåôáé áðü ôçí åðáíáëçðôéêÞ ó÷Ýóç:

xi+1 = xi −
f (xi)

f ′ (xi)
; i = 0; 1; : : : : (2.4.4 - 1)

23ÂëÝðå ÌÜèçìá ÁñéèìçôéêÞ Ëýóç Åîéóþóåùí - ÌÝèïäïò ôïõ Newton.
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Óôçí ðåñßðôùóç ôïõ ìç ãñáììéêïý óõóôÞìáôïò F (x) = 0, äçëáäÞ ôïõ:

f1 (x1; x2; : : : ; xn) = 0

f2 (x1; x2; : : : ; xn) = 0
...

...

fn (x1; x2; : : : ; xn) = 0;

(2.4.4 - 2)

üðïõ

x = [x1; x2; : : : ; xn]
⊤ ;

áðïäåéêíýåôáé24 üôé ç áíôßóôïé÷Þ ôçò (2:4:4 − 1) åðáíáëçðôéêÞ ó÷Ýóç ôçò

ìåèüäïõ ôïõ Newton åßíáé:

x(i+1) = x(i) − J−1
(
x(i)
)
F
(
x(i)
)
; i = 0; 1; : : : ; (2.4.4 - 3)

üôáí ìå J−1 óõìâïëßæåôáé ï áíôßóôñïöïò ðßíáêáò ôïõ:

J (x) =



@f1 (x)

@x1

@f1 (x)

@x2
· · · @f1 (x)

@xn

@f2 (x)

@x1

@f2 (x)

@x2
· · · @f2 (x)

@xn

... · · ·
...

@fn (x)

@x1

@fn (x)

@x2
· · · @fn (x)

@xn


: (2.4.4 - 4)

Ï (2:4:4− 4) ëÝãåôáé êáé ðßíáêáò Jacobi ôïõ óõóôÞìáôïò F (x) = 0.

ÅðåéäÞ ï êëáóéêüò õðïëïãéóìüò ôïõ áíôßóôñïöïõ ðßíáêá J−1, êõñßùò üôáí

ç ôÜîç ôïõ åßíáé ìåãÜëç, áðáéôåß ðïëëïýò õðïëïãéóìïýò ðïõ äçìéïõñãïýí

ðïëëÜ ëÜèç óôñïããõëïðïßçóçò êáé êáôÜ óõíÝðåéá ìç áêñéâÝò áðïôÝëåóìá, ï

õðïëïãéóìüò ãßíåôáé èÝôïíôáò óôçí (2:4:4− 3)

− J−1
(
x(i)
)
F
(
x(i)
)
= s(i); (2.4.4 - 5)

üðïõ ôï äéÜíõóìá

s(i) =
[
s
(i)
1 ; s

(i)
2 ; : : : ; s(i)n

]⊤
24ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜôóïò [1] Êåö. 8.



122 ÁñéèìçôéêÞ Ëýóç ÓõóôçìÜôùí Êáè. Á. ÌðñÜôóïò

Áëãüñéèìïò 2.4.4 - 1 (Newton ãéá ìç ãñáììéêÜ óõóôÞìáôá)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá: óýóôçìá F (x) = 0; áñ÷éêÞ ôéìÞ x(0);

áêñßâåéá " êáé ìÝãéóôïò áñéèìüò åðáíáëÞøåùí N

Ãéá k = 1; 2; : : : ; N

õðïëüãéóå J (x) ìå J (x)i;j = @fi (x)=@xj ; i; j = 1; 2; : : : ; n

ëýóå óýóôçìá J (x)y = −F (x)

x := x+ y

áí ∥y∥ < "; ôýðùóå x STOP

ôÝëïò k

Ôýðùóå \ÌÅÈÏÄÏÓ ÌÇ ÁÊÑÉÂÇÓ"

ðñïóäéïñßæåôáé áðü ôçí (2:4:4−5) ðïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ôçò áðü

áñéóôåñÜ ìå ôï J , üðïõ ôüôå ùò ãíùóôüí éó÷ýåé JJ−1 = I ìå I ôïí ìïíáäéáßï

ðßíáêá, äçëáäÞ ôåëéêÜ áðü ôï ãñáììéêü óýóôçìá:

J
(
x(i)
)
s(i) = −F

(
x(i)
)
: (2.4.4 - 6)

ÅðïìÝíùò óýìöùíá ìå ôéò (2:4:4−3) êáé (2:4:4−6) ç åðáíáëçðôéêÞ ó÷Ýóç

ôçò ìåèüäïõ ôïõ Newton ãéá óõóôÞìáôá ãñÜöåôáé:

J
(
x(i)
)
s(i) = −F

(
x(i)
)
;

x(i+1) = x(i) + s(i) ; i = 0; 1; : : : : (2.4.4 - 7)

Ç ìÝèïäïò ðåñéãñÜöåôáé áðü ôïí Áëãüñéèìï 2.4.4 - 1.

Óçìåßùóç 2.4.4 - 1

ÅðåéäÞ ãéá ôç óýãêëéóç ôçò ìåèüäïõ ç áñ÷éêÞ ôéìÞ íá åßíáé ðëçóßïí ôçò ñßæáò

x∗, ãéá ôïí ëüãï áõôü ðïëëÝò öïñÝò ç ìÝèïäïò ôïõ Newton ÷ñçóéìïðïéåßôáé óå

óõíäõáóìü ìå ôéò ìåèüäïõò ôùí äéáäï÷éêþí ðñïóåããßóåùí Þ ôùí Gauss-Seidel

ãéá íá ðñïêýøåé áðü áõôÝò ìßá áêñéâÞò áñ÷éêÞ ôéìÞ.
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ÐáñÜäåéãìá 2.4.4 - 1

¸óôù ôï óýóôçìá

f1 (x1; x2) = ex1 + x2 − 1 = 0

f2 (x1; x2) = x21 + x22 − 4 = 0
(2.4.4 - 8)

ôïõ Ðáñáäåßãìáôïò 2.4.2 - 1.

Ôüôå óýìöùíá ìå ôçí (2:4:4− 4) ï ðßíáêáò Jacobi ôïõ óõóôÞìáôïò åßíáé:

J (x) =


@f1 (x1; x2)

@x1

@f1 (x1; x2)

@x2

@f2 (x1; x2)

@x1

@f2 (x1; x2)

@x2

 ; (2.4.4 - 9)

üðïõ

@f1 (x1; x2)

@x1
=

@f1 (e
x1 + x2 − 1)

@x1
= ex1

@f1 (x1; x2)

@x2
=

@f1 (e
x1 + x2 − 1)

@x2
= 1

@f2 (x1; x2)

@x1
=

@f1
(
x21 + x22 − 4

)
@x1

= 2x1

@f2 (x1; x2)

@x2
=

@f1
(
x21 + x22 − 4

)
@x2

= 2x2:

¢ñá óýìöùíá ìå ôçí (2:4:4− 9) ï ðßíáêáò Jacobi ôïõ óõóôÞìáôïò åßíáé:

J (x) =

 ex1 1

2x1 2x2

 : (2.4.4 - 10)

Áí ç áñ÷éêÞ ôéìÞ åßíáé ßäéá ìå åêåßíç ôùí ôïõ Ðáñáäåßãìáôïò 2.4.2 - 1,

äçëáäÞ

x(0) =
[
x
(0)
1 ; x

(0)
2

]⊤
= [1; −1:7 ]⊤ ; (2.4.4 - 11)
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ôüôå áðü ôç äéáäï÷éêÞ åöáñìïãÞ ôçò åðáíáëçðôéêÞò ó÷Ýóçò (2:4:4− 7):

J
(
x(i)
)
s(i) = −F

(
x(i)
)
;

x(i+1) = x(i) + s(i) ; i = 0; 1; : : :

ìå s(i) =
[
s
(i)
1 ; s

(i)
2

]⊤
ðñïêýðôåé üôé:

Ãéá i = 0

J
(
x(0)

)
s(0) = −F

(
x(0)

)
;

x(1) = x(0) + s(0); (2.4.4 - 12)

üðïõ óýìöùíá ìå ôçí (2:4:4− 10) êáé ôçí áñ÷éêÞ ôéìÞ (2:4:4− 11) åßíáé

J
(
x(0)

)
= J

(
x
(0)
1 ; x

(0)
2

)
=

 ex1 1

2x1 2x2


x
(0)
1 =1; x

(0)
2 =−1:7

=

 2:7183 1

2 −3:4

 ;
åíþ

F
(
x(0)

)
=

 f1
(
x
(0)
1 ; x

(0)
2

)
f2
(
x
(0)
1 ; x

(0)
2

)


=

 ex1 + x2 − 1

x21 + x22 − 4


x
(0)
1 =1; x

(0)
2 =−1:7

=

 0:0183

−0:1100

 :
Ôüôå ôï óýóôçìá J

(
x(0)

)
s(0) = −F

(
x(0)

)
ãñÜöåôáé 2:7183 1

2 −3:4


 s

(0)
1

s
(0)
2

 = −

 0:0183

−0:1100


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Þ

2:7183 s
(0)
1 + s

(0)
2 = −0:0183

2 s
(0)
1 − 3:4 s

(0)
2 = 0:1100;

ïðüôå

s
(0)
1 = 0:0043; êáé s

(0)
2 = −0:0298:

ÅðïìÝíùò, óýìöùíá ìå ôçí (2:4:4 − 12), áíôéêáèéóôþíôáò ôéò ðáñáðÜíù

ôéìÝò óôçí x(1) = x(0) + s(0) Ý÷ïõìå üôé ïé ðñïóåããßóåéò ôùí ñéæþí ôïõ

óõóôÞìáôïò (2:4:4− 8) óôï ôÝëïò ôçò 1çò åðáíÜëçøçò åßíáé:

x
(1)
1 = x

(0)
1 + s

(0)
1 = 1 + 0:0043 = 1:0043; êáé

x
(1)
2 = x

(0)
2 + s

(0)
2 = −1:7− 0:0298 = −1:7298:

Ãéá i = 1

J
(
x(1)

)
s(1) = −F

(
x(1)

)
;

x(2) = x(1) + s(1); (2.4.4 - 13)

üðïõ üìïéá óýìöùíá ìå ôçí (2:4:4−10) êáé ôçí áñ÷éêÞ ôéìÞ (2:4:4−11) åßíáé

J
(
x(1)

)
= J

(
x
(1)
1 ; x

(1)
2

)
=

 ex1 1

2x1 2x2


x
(1)
1 =1:0043; x

(0)
2 =−1:7298

=

 2:7300 1

2:0086 −3:4596

 ;
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åíþ

F
(
x(1)

)
=

 f1
(
x
(1)
1 ; x

(1)
2

)
f2
(
x
(1)
1 ; x

(1)
2

)


=

 ex1 + x2 − 1

x21 + x22 − 4


x
(1)
1 =1:0043; x

(0)
2 =−1:7298

=

 −− 0:000 196

0:000 827

 :
Ôüôå ôï óýóôçìá J

(
x(1)

)
s(1) = −F

(
x(1)

)
ãñÜöåôáé 2:7300 1

2:0086 −3:4596


 s

(1)
1

s
(1)
2

 =

 −0:000 196

−0:000 827


Þ

2:7300 s
(1)
1 + s

(1)
2 = −0:000 196

2:0086 s
(1)
1 − 3:4596 s

(1)
2 = −0:000 827;

ïðüôå

s
(1)
1 = −0:000 131; êáé s

(1)
1 = 0:000 163:

ÅðïìÝíùò, üìïéá óýìöùíá ìå ôçí (2:4:4−12), áíôéêáèéóôþíôáò ôéò ðáñáðÜíù

ôéìÝò óôçí x(1) = x(0) + s(0) Ý÷ïõìå üôé ïé ðñïóåããßóåéò ôùí ñéæþí ôïõ

óõóôÞìáôïò (2:4:4− 8) óôï ôÝëïò ôçò 1çò åðáíÜëçøçò åßíáé:

x
(2)
1 = x

(1)
1 + s

(1)
1 = 1:0043− 0:000 131 = 1.004 169; êáé

x
(2)
2 = x

(1)
2 + s

(1)
2 = −1:7298 + 0:000 163 = -1.729 637:

Ïé ôéìÝò áõôÝò ðáñïõóéÜæïõí áêñßâåéá 4 äåêáäéêþí øçößùí óôç 2ç åðáíÜëçøç

êáé óõãêñéíüìåíåò ìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 2.4.3 - 1 ôçò ìåèüäïõ ôùí

Gauss-Seidel, óýìöùíá ìå ôïí ïðïßï ïé õðïëïãéæüìåíåò ñßæåò ðáñïõóßáæáí

áêñßâåéá 4 äåêáäéêþí øçößùí óôçí 6ç åðáíÜëçøç êáé ôá áðïôåëÝóìáôá ôïõ

Ðßíáêá 2.4.2 - 1 ôùí äéáäï÷éêþí ðñïóåããßóåùí ìå áíôßóôïé÷ç áêñßâåéá óôçí

10ç åðáíÜëçøç, áðïäåéêíýïõí üôé ç ìÝèïäïò ôïõ Newton óõãêëßíåé ôá÷ýôåñá

óôéò ñßæåò ôïõ óõóôÞìáôïò.
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ÁóêÞóåéò

1. Ôï óýóôçìá

5x21 − x22 = 0

x2 − 0:25 (sinx1 + cosx2) = 0

Ý÷åé ìßá ðñïóåããéóôéêÞ ëýóç ôçí [0:25; 0:25]⊤. Íá õðïëïãéóôåß ìå ôç ìÝèïäï

ôùí äéáäï÷éêþí ðñïóåããßóåùí êáé ôç ìÝèïäï ôùí Gauss-Seidel ç ëýóç ôïõ ìå

áêñßâåéá 10−5.

2. Íá õðïëïãéóôåß ìå ôç ìÝèïäï ôùí äéáäï÷éêþí ðñïóåããßóåùí êáé ôç ìÝèïäï

ôùí Gauss-Seidel êáé áêñßâåéá ôÜîçò 10−5 ç ëýóç ôùí ðáñáêÜôù óõóôçìÜôùí:

i)
x21 + x22 − x1 = 0

x21 − x22 − x2 = 0;

iv)
3x21 − x22 = 0

3x1x
2
2 − x31 = 1;

ii)

2x1 + x2 + x3 = 4

x1 + 2x2 + x3 = 4

x1x2x3 = 1;

v)

x21 + x2 = 37

x1 − x22 = 5

x1 + x2 + x3 = 3;

iii)

3x1 − cos (x2x3) = 0:5

x21 − 625x22 = 0

3e−x1x2 + 60x3 = 3− 10�;

vi)

x21 + 2x2 − x2 − 2x3 = 0

x21 − 8x22 + 10x3 = 0

x21 − 7x2x3 = 0:

3. Íá ëõèïýí ìå ôç ìÝèïäï ôïõ Newton ôá óõóôÞìáôá ôùí áóêÞóåùí 1 êáé

2 êáé íá óõãêñéèïýí ôá áðïôåëÝóìáôá.
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