
ÌÜèçìá 3

ÐÏËÕÙÍÕÌÉÊÇ

ÐÁÑÅÌÂÏËÇ

3.1 ÅéóáãùãÞ

Åßíáé ãíùóôü üôé óôá äéÜöïñá ðñïâëÞìáôá ôùí åöáñìïãþí ôéò ðåñéóóüôåñåò

öïñÝò ðáñïõóéÜæïíôáé óõíáñôÞóåéò ðïõ ðåñéãñÜöïíôáé áðü ðïëýðëïêïõò ôý-

ðïõò, äçëáäÞ ôýðïõò óôïõò ïðïßïõò õðåéóÝñ÷ïíôáé ôñéãùíïìåôñéêÝò, åêèåôéêÝò,

áíôßóôñïöåò ôñéãùíïìåôñéêÝò, ëïãáñéèìéêÝò, ê.ëð. óõíáñôÞóåéò. Ôüôå ç ëýóç

ôïõ ðñïâëÞìáôïò åßíáé äýóêïëç êáé ôéò ðåñéóóüôåñåò öïñÝò áäýíáôç. ÅðïìÝíùò

äçìéïõñãåßôáé Üìåóá ç áíÜãêç ôçò áíôéêáôÜóôáóçò áõôþí ôùí óõíáñôÞóåùí

ìå Üëëåò áðëïýóôåñåò, Ýôóé þóôå íá ãßíåé äõíáôÞ ç ëýóç ôùí ðáñáðÜíù

ðñïâëçìÜôùí. Óôçí êáôçãïñßá áõôÞ ðñïóôßèåíôáé êáé ïé ðåñéðôþóåéò ïé ïðïßåò

êáôÜ ôï ðëåßóôïí åìöáíßæïíôáé óôéò åöáñìïãÝò, üðïõ ï ôýðïò ôçò óõíÜñôçóçò,

Ýóôù f(x), åßíáé Üãíùóôïò êáé ïé ìüíåò ðëçñïöïñßåò ðïõ õðÜñ÷ïõí ãéá ôçí f

åßíáé Ýíá óýíïëï ôéìþí ôçò óôá óçìåßá (xi; f (xi)) ; i = 1; 2; : : : ; n.

Óôï ìÜèçìá áõôü, ïé óõíáñôÞóåéò ðïõ èá ÷ñçóéìïðïéçèïýí ãéá ôéò ðñïóåã-

ãßóåéò áõôÝò, èá åßíáé ïé ðïëõùíõìéêÝò. Ôá ðëåïíåêôÞìáôá ôçò ðñïóÝããéóçò

ìéáò óõíÜñôçóçò ìå Ýíá ðïëõþíõìï åßíáé ðïëëÜ êáé åíäåéêôéêÜ áíáöÝñåôáé üôé
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ç ðáñÜãùãïò, ôï ïëïêëÞñùìá ê.ëð., õðïëïãßæïíôáé åõêïëüôåñá ìå ôç ÷ñÞóç

ôïõ ðïëõùíýìïõ áíôß ôçò óõíÜñôçóçò, åíþ ôá áðïôåëÝóìáôÜ ôïõò åßíáé åðßóçò

ðïëõþíõìá. ÅðïìÝíùò ãßíåôáé Üìåóá áíôéëçðôÞ ç áíÜãêç áíáæÞôçóçò áõôïý

ôïõ åßäïõò ôçò ðñïóÝããéóçò ðïõ ðñüêåéôáé íá åîåôáóôåß óôç óõíÝ÷åéá.

3.1.1 Ó÷åôéêïß ïñéóìïß êáé èåùñÞìáôá

Åßíáé ãíùóôü óôá ÌáèçìáôéêÜ üôé ç ðñïóÝããéóç ìéáò óõíå÷ïýò óõíÜñôçóçò

ìå Ýíá ðïëõþíõìï, Ýóôù P , âáèìïý n ôçò ìïñöÞò:

Pn(x) = anx
n + an−1x

n−1 + : : :+ a0; üôáí ai ∈ R ; i = 0; 1; : : : ; n

åßíáé ðÜíôïôå äõíáôÞ êáé ìå üóç áêñßâåéá áðáéôåßôáé êÜèå öïñÜ.

ÓõãêåêñéìÝíá éó÷ýåé:

Èåþñçìá 3.1.1 - 1 (Weierstrass). Áí f åßíáé ìßá óõíÜñôçóç ïñéóìÝíç

êáé óõíå÷Þò óôï [a; b], ôüôå ãéá êÜèå " > 0 õðÜñ÷åé Ýíá ðïëõþíõìï P , Ýôóé

þóôå

|f(x)− P (x)| < "; ãéá êÜèå x ∈ [a; b]: (3.1.1 - 1)

Ôï Èåþñçìá 3.1.1 - 1 áíáöÝñåôáé óôçí ýðáñîç ôïõ ðïëõùíýìïõ P , äåí äßíåé

üìùò ôïí ôýðï ôïõ êáé åðïìÝíùò Ý÷åé ìáèçìáôéêü ìüíïí åíäéáöÝñïí.
1Ìéá ðñþôç áðÜíôçóç óôïí ðñïóäéïñéóìü ôïõ ôýðïõ ôïõ ðïëõùíýìïõ P

äßíåôáé áðü ôï ðïëõþíõìï ôïõ Taylor, áíôßóôïé÷á ôïõ Maclaurin, ðïõ üðùò

åßíáé Þäç ãíùóôü óôïí áíáãíþóôç, äßíåôáé áðü ôïí ôýðï

f(x) ≈ Pn(x) = f(�) +
f ′(�)

1!
(x− �) +

f ′′(�)

2!
(x− �)2

+ : : :+
f (n)(�)

n !
(x− �)n ; (3.1.1 - 2)

üôáí ôï óçìåßï � áíÞêåé óôï ðåäßï ïñéóìïý ôçò f êáé ïñßæåé ôï êÝíôñï ôïõ

ðáñáðÜíù áíáðôýãìáôïò, áíôßóôïé÷á

f(x) ≈ Pn(x) = f(0) +
f ′(0)

1!
x+

f ′′(0)

2!
x2

+ : : :+
f (n)(0)

n !
xn; (3.1.1 - 3)

1ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí - ÐáñÜãùãïò óõíÜñôçóçò.
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üôáí ôï êÝíôñï óôçí ðåñßðôùóç áõôÞ åßíáé ôï 0. Ìå ôá ðáñáðÜíù ðïëõþíõìá

õðïëïãßæåôáé ôüôå ìßá ðïëõùíõìéêÞ ðñïóÝããéóç ôçò óõíÜñôçóçò f óå Ýíá

óõãêåêñéìÝíï óçìåßï �, áíôßóôïé÷á ôï 0.

ÐáñáôçñÞóåéò 3.1.1 - 1

¸÷åé áðïäåé÷èåß ðåéñáìáôéêÜ üôé ôï ðïëõþíõìï ôïõ Taylor, áíôßóôïé÷á ôïõ

Maclaurin:

• äåí ðáñïõóéÜæåé áêñßâåéá ðïõ íá áõîÜíåôáé ðÜíôïôå áíÜëïãá ìå ôïí

âáèìü n ôïõ ðïëõùíýìïõ,

• áðáéôåß ôç ãíþóç ôïõ êÝíôñïõ �,

• ç ðñïóÝããéóç åßíáé áêñéâÞò ìüíïí ãéá ôéìÝò ôïõ x ðëçóßïí ôïõ �, áíôßóôïé÷á

ôï 0.

ÐáñÜäåéãìá 3.1.1 - 1

¸óôù ç óõíÜñôçóç

f(x) = sinx:

Ôï ðïëõþíõìï ôïõ Maclaurin P3(x) âáèìïý 3, áíôßóôïé÷á P5(x) âáèìïý

5 åßíáé

P3(x) = x− x3

3 !
; áíôßóôïé÷á P5(x) = x− x3

3 !
+
x5

5 !
:

Áðü ôï Ó÷. 3.1.1 - 1a åßíáé ðñïöáíÝò üôé, áí x → 0, ôá äéáãñÜììáôá

ôùí f; P3 êáé P5 óõìðßðôïõí, åíþ áðïêëßíïõí, üôáí ôï x áðïìáêñýíåôáé

áðü ôï 0.

ÁíÜëïãç ðáñáôÞñçóç éó÷ýåé ãéá ôç óõíÜñôçóç (Ó÷. 3.1.1 - 1b)

g(x) = e−x
2
;

üôáí ðñïóåããßæåôáé áðü ôá ðáñáêÜôù ðïëõþíõìá ôïõ Maclaurin

P2(x) = 1− x2; áíôßóôïé÷á P6(x) = 1− x2 +
x4

2
− x6

6
:
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Ó÷Þìá 3.1.1 - 1: (a) ÓõíÜñôçóç f(x) ìðëå, P3 êüêêéíç êáé P5 ðñÜóéíç

êáìðýëç. (b) ¼ìïéá g(x) ìðëå, P2 êüêêéíç êáé P6 ðñÜóéíç êáìðýëç

ÐáñÜäåéãìá 3.1.1 - 2

¸óôù ç óõíÜñôçóç

f(x) = ln(x− 1):

Ôï ðïëõþíõìï ôïõ Taylor ìå êÝíôñï � = 2 âáèìïý 2, áíôßóôïé÷á 4 åßíáé

P2(x) = x− 2− (x− 2)2

2
; áíôßóôïé÷á

P4(x) = x− 2− (x− 2)2

2
+

(x− 2)3

3
− (x− 2)4

4
:

Áðü ôï Ó÷. 3.1.1 - 2 ðñïêýðôåé üôé, áí x → 2, ôá äéáãñÜììáôá ôùí

f; P2 êáé P4 óõìðßðôïõí, åíþ áðïêëßíïõí, üôáí ôï x áðïìáêñýíåôáé áðü

ôï 2.

• Áðáéôåßôáé ï õðïëïãéóìüò ôùí ðáñáãþãùí ôçò f , ðïõ üìùò ôéò ðåñéóóü-

ôåñåò öïñÝò åßíáé äýóêïëïò Þ êáé áäýíáôïò, êáé

• ï ôýðïò (3:1:1 − 2), áíôßóôïé÷á (3:1:1 − 3) äåí åöáñìüæåôáé, üôáí ç

f åßíáé ãíùóôÞ ìüíï óå Ýíáí áñéèìü óçìåßùí ôïõ ðåäßïõ ïñéóìïý ôçò,

äçëáäÞ, üðùò óõìâáßíåé óôéò ðåñéóóüôåñåò åöáñìïãÝò, üôáí äåí åßíáé

ãíùóôüò ï áíáëõôéêüò ôçò ôýðïò.
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Ó÷Þìá 3.1.1 - 2: ÓõíÜñôçóç f(x) ìðëå, P2 êüêêéíç êáé P4 ðñÜóéíç êáìðýëç

3.2 ÐïëõùíõìéêÞ ðáñåìâïëÞ

3.2.1 Èåþñçìá ôïõ Lagrange

Ìéá ãåíéêüôåñç áíôéìåôþðéóç ôïõ ðáñáðÜíù ðñïâëÞìáôïò ðñïóÝããéóçò ìéáò

óõíÜñôçóçò, ðïõ îåðåñíÜ ôéò äõóêïëßåò ôçò ðñïçãïýìåíçò ðáñáãñÜöïõ, äßíåôáé

óôç óõíÝ÷åéá.
2Áñ÷éêÜ ïñßæåôáé ç Ýííïéá ôçò ðáñåìâïëÞò ùò åîÞò:

Ïñéóìüò 3.2.1 - 1 (ðïëõùíõìéêÞò ðáñåìâïëÞò). ¸óôù üôé x0, x1, : : :,

xn åßíáé n + 1 äéáöïñåôéêÜ ìåôáîý ôïõò óçìåßá åíüò äéáóôÞìáôïò [a; b] êáé

f(x) ìßá ðñáãìáôéêÞ óõíÜñôçóç ìå ðåäßï ïñéóìïý åðßóçò ôï [a; b] ôçò ïðïßáò

åßíáé ãíùóôÝò ïé ôéìÝò f (xi) ãéá êÜèå i = 0; 1; : : : ; n. Ôüôå ç ðïëõùíõìéêÞ

ðáñåìâïëÞ (polynomial interpolation) ïñßæåôáé áðü Ýíá ðïëõþíõìï, Ýóôù Pn

âáèìïý ≤ n, ðïõ äéÝñ÷åôáé áðü ôá óçìåßá (xi; f (xi)), äçëáäÞ Pn (xi) = f (xi)

ãéá êÜèå i = 0; 1; : : : ; n (Ó÷. 3.2.1 - 1).

Ï ðáñáðÜíù ïñéóìüò ãåíéêåýåôáé ãéá êÜèå óýíïëï óçìåßùí (xi; yi); i =

0; 1; : : : ; n, üôáí ôá xi åßíáé äéáöïñåôéêÜ ìåôáîý ôïõò.

2ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Polynomial interpolation
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Ó÷Þìá 3.2.1 - 1: Óçìåßá (0; 1); (1; 0); (3; 2); (5;−1) ìå ðïëõþíõìï

ðáñåìâïëÞò P3(x) = 1− 2:441667x+ 1:7x2 − 0:2583333x3

Ó÷åôéêÜ ìå ôçí ýðáñîç êáé ôï ìïíïóÞìáíôï ôïõ ðïëõùíýìïõ ðáñåìâïëÞò

Pn(x) éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 3.2.1 - 1 (ðáñåìâïëÞò ôïõ Lagrange). ¸óôù üôé x0, x1, : : :,

xn åßíáé n + 1 äéáöïñåôéêÜ ìåôáîý ôïõò óçìåßá åíüò äéáóôÞìáôïò [a; b] êáé

f(x) ìßá ðñáãìáôéêÞ óõíÜñôçóç ôçò ïðïßáò åßíáé ãíùóôÝò ïé ôéìÝò f (xi) ãéá

êÜèå i = 0; 1; : : : ; n. Ôüôå õðÜñ÷åé áêñéâþò Ýíá ðïëõþíõìï Pn(x) âáèìïý

≤ n, ðïõ äßíåôáé áðü ôïí ôýðï

Pn(x) = l0(x)f (x0) + l1(x)f (x1) + : : :+ ln(x)f (xn)

=
n∑
i=0

li(x)f (xi) ; (3.2.1 - 1)

üðïõ

li(x) =
(x− x0) (x− x1) · · · (x− xi−1) (x− xi+1) · · · (x− xn)

(xi − x0) (xi − x1) · · · (xi − xi−1) (xi − xi+1) · · · (xi − xn)

=
∏

0≤j≤n; j ̸=i

x− xj
xi − xj

: (3.2.1 - 2)
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êáé ôï ïðïßï ðáñåìâÜëëåôáé Þ óõìðßðôåé (ôáõôßæåôáé) ìå ôçí f(x) óôá óçìåßá

xi ãéá êÜèå i = 0; 1; : : : ; n.

Ï ôýðïò (3:2:1 − 1) åßíáé ãíùóôüò óáí ôýðïò ðáñåìâïëÞò ôïõ Lagrange,

åíþ ôá ðïëõþíõìá li(x); i = 0; 1; : : : ; n, ðïõ ïñßæïíôáé ìå ôïí ôýðï (3:2:1−2),

ëÝãïíôáé ðïëõþíõìá ðáñåìâïëÞò ôïõ Lagrange ãéá ôá óçìåßá Þ êüìâïõò

(nodes) x0, x1, : : :, xn.

ÐáñáôçñÞóåéò 3.2.1 - 1

Áðü ôïí ôýðï (3:2:1− 2) ðñïêýðôïõí ôá åîÞò:

i) óôïí áñéèìçôÞ êáèÝíá áðü ôá ðïëõþíõìá li(x) Ý÷åé üëïõò ôïõò ðáñÜãï-

íôåò åêôüò áðü ôïí ðáñÜãïíôá x − xi (äéáöïñåôéêÜ, áí åß÷å üëïõò, èá

ðñïÝêõðôå ðïëõþíõìï n+ 1 âáèìïý),

ii) ï ðáñïíïìáóôÞò ðñïêýðôåé áðü ôïí áñéèìçôÞ áíôéêáèéóôþíôáò ôï x ìå

ôï xi. ¢ñá ï ðáñïíïìáóôÞò åßíáé óôáèåñÜ.

Ðüñéóìá 3.2.1 - 1. Ôá ðïëõþíõìá li(x); i = 0; 1; : : : ; n åßíáé âáèìïý n êáé

åðéðëÝïí

li (xj) = äij =

 1 áí i = j

0 áí i ̸= j:
(3.2.1 - 3)

Áðüäåéîç. ¸÷ïíôáò õðüøç ôçí ÐáñáôÞñçóç 3.2.1 - 1(i) êáèÝíá áðü ôá

ðïëõþíõìá li(x) óôïí áñéèìçôÞ Ý÷åé üëïõò ôïõò ðáñÜãïíôåò åêôüò áðü ôïí

x − xi. ¢ñá, åðåéäÞ ç áñßèìçóç ôùí ðáñáãüíôùí óôïí áñéèìçôÞ áñ÷ßæåé áðü

ôï 0 êáé õðÜñ÷ïõí n äéáöïñåôéêïß ðáñÜãïíôåò, ï êáèÝíáò áðü ôïõò ïðïßïõò

åßíáé 1ïõ âáèìïý, ðñïêýðôåé ôåëéêÜ üôé ï âáèìüò ôïõ áñéèìçôÞ éóïýôáé ìå n

(ï ðáñïíïìáóôÞò åßíáé óôáèåñÜ).

Åðßóçò, üôáí

• i = j, ôüôå

li (xi) =
(xi − x0) (xi − x1) · · · (xi − xi−1) (xi − xi+1) · · · (xi − xn)

(xi − x0) (xi − x1) · · · (xi − xi−1) (xi − xi+1) · · · (xi − xn)
= 1;

åíþ, üôáí
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• j = 0 êáé i = 1, ôüôå

l1 (x0) =
(x− x0) (x− x2) · · · (x− xn)

(x1 − x0) (x1 − x2) · · · (x1 − xn)

∣∣∣∣
x=x0

=

0︷ ︸︸ ︷
(x0 − x0) (x0 − x2) · · · (x0 − xn)

(x1 − x0) (x1 − x2) · · · (x1 − xn)
= 0:

¼ìïéá ãéá ôïõò ãåíéêïýò äåßêôåò i; j ìå i ̸= j.

ÐáñÜäåéãìá 3.2.1 - 1 (ãñáììéêÞ ðáñåìâïëÞ)

Íá õðïëïãéóôåß ôï ðïëõþíõìï ðáñåìâïëÞò ôçò óõíÜñôçóçò f(x) óôá óçìåßá

(x0; f (x0)) êáé (x1; f (x1)).

Ëýóç. ÅðåéäÞ ï áñéèìüò ôùí óçìåßùí ðáñåìâïëÞò åßíáé 2, ðñÝðåé ôï æçôïýìåíï

ðïëõþíõìï íá åßíáé 1ïõ âáèìïý, äçëáäÞ óýìöùíá ìå ôïí ôýðï (3:2:1− 2) ôçò

ìïñöÞò

P (x) = P1(x) = l0(x) (x0) + l1(x) (x1) :

Ôüôå ôá ðïëõþíõìá ðáñåìâïëÞò l0(x), l1(x) óýìöùíá ìå ôéò ÐáñáôçñÞóåéò

3.2.1 - 1 õðïëïãßæïíôáé áðü ôïí ôýðï (3:2:1− 1) ùò åîÞò:

l0(x) =
x− x1
x0 − x1

êáé l1(x) =
x− x0
x1 − x0

:

¢ñá

P1(x) =
x− x1
x0 − x1

f (x0) +
x− x0
x1 − x0

f (x1) ;

äçëáäÞ

P1(x) =
f (x1)− f (x0)

x1 − x0
(x− x0) + f (x0) (3.2.1 - 4)

ðïõ åßíáé ãíùóôüò êáé óáí ï ôýðïò ôçò ãñáììéêÞò ðáñåìâïëÞò (Ó÷. 3.2.1

- 2).
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Ó÷Þìá 3.2.1 - 2: Óçìåßá (1; 2:5); (4;−1:5) ìå ðïëõþíõìï ðáñåìâïëÞò

P1(x) = 3:83− 1:33x

ÐáñÜäåéãìá 3.2.1 - 2

¼ìïéá íá õðïëïãéóôåß ôï ðïëõþíõìï ðáñåìâïëÞò ãéá ôá óçìåßá

(x0; f (x0)) = (−0:5; 1:5); (x1; f (x1)) = (0:8; 2:0) êáé

(x2; f (x2)) = (1:2;−1:5):

Ëýóç. ÅðåéäÞ óôçí ðåñßðôùóç áõôÞ ï áñéèìüò ôùí óçìåßùí ðáñåìâïëÞò åßíáé

3, ðñÝðåé ôï æçôïýìåíï ðïëõþíõìï íá åßíáé 2ïõ âáèìïý, äçëáäÞ ôçò ìïñöÞò

P (x) = P2(x) = l0(x) (x0) + l1(x)f (x1) + l2(x)f (x2) :

Óýìöùíá ìå ôéò ÐáñáôçñÞóåéò 3.2.1 - 1 üìïéá ôá ðïëõþíõìá ðáñåìâïëÞò l0(x),
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l1(x) êáé l2(x) õðïëïãßæïíôáé áðü ôïí ôýðï (3:2:1− 1) ùò åîÞò:

l0(x) =
x− x1
x0 − x1

x− x2
x0 − x2

=
x− 0:8

−0:5− 0:8

x− 1:2

−0:5− 1:2

= 0:434 389− 0:904 977x+ 0:452 489x2;

l1(x) =
x− x0
x1 − x0

x− x2
x1 − x2

=
x− (−0:5)

0:8− (−0:5)

x− 1:2

0:8− 1:2

= 1:153 846 + 1:346 154x− 1:923 077x2; êáé

l2(x) =
x− x0
x2 − x0

x− x1
x2 − x1

=
x− (−0:5)

1:2− (−0:5)

x− 0:8

1:2− 0:8

= −0:588 235− 0:441 177x+ 1:470; 588x2:

¢ñá áíôéêáèéóôþíôáò ôåëéêÜ (Ó÷. 3.2.1 - 3)

P2(x) = l0(x) 1:5 + l1(x) 2:0 + l2(x)(−1:5)

= 3:841 629 + 1:996 606x− 5:373 303x2:

ÐáñÜäåéãìá 3.2.1 - 3

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

É =

1∫
0

e−x
2
dx; (3.2.1 - 5)

üôáí ôá óçìåßá ðáñåìâïëÞò åßíáé:3

i) x0 = 0; x1 = 0:5; x2 = 1:0, êáé

ii) x0 = 0; x1 = 0:3; x2 = 0:6; x3 = 1:0.

Óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ôéìÞ

É = 0:746 824.

Ëýóç. ÁíÜëïãá ìå ôï ÐáñÜäåéãìá 3.2.1 - 2 Ý÷ïõìå:

3Åßíáé ðñïöáíÝò üôé óôéò ðåñéðôþóåéò áõôÝò üëá ôá óçìåßá ðáñåìâïëÞò ðñÝðåé íá áíÞêïõí

óôï äéÜóôçìá ïëïêëÞñùóçò.
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Ó÷Þìá 3.2.1 - 3: Óçìåßá (−0:5; 1:5); (0:8; 2:0); (1:2;−1:5) ìå ðïëõþíõìï

ðáñåìâïëÞò P2(x) = 3:842 + 1:997x− 5:373x2

Óçìåßá ðáñåìâïëÞò x0 = 0; x1 = 0:5; x2 = 1:0

ÅðåéäÞ ôá óçìåßá åßíáé 3, ôï ðïëõþíõìï ðáñåìâïëÞò èá åßíáé ôçò ìïñöÞò:

P2(x) = l0(x) (x0) + l1(x)f (x1) + l2(x)f (x2) ; (3.2.1 - 6)

üôáí

l0(x) =
x− x1
x0 − x1

x− x2
x0 − x2

=
x− 0:5

0− 0:5

x− 1:0

0− 1:0

= 1− 3x+ 2x2;

l1(x) =
x− x0
x1 − x0

x− x2
x1 − x2

=
x− 0

0:5− 0

x− 1:0

0:5− 1:0

= 4x− 4x2;

l2(x) =
x− x0
x2 − x0

x− x1
x2 − x1

=
x− 0

1:0− 0

x− 0:5

1:0− 0:5

= −x+ 2x2:
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¢ñá áíôéêáèéóôþíôáò óôçí (3:2:1− 6) ôåëéêÜ ðñïêýðôåé üôé

P2(x) = l0(x) e
0 + l1(x) e

−0:52 + l2(x) e
−12

= 1− 0:252 676x− 0:379 444x2: (3.2.1 - 7)

ÅðïìÝíùò

É1 =

1∫
0

P2(x) dx ≈ 0:747 180 ìå óöÜëìá

e1 = |0:747 180− 0:746 824| = 0:000 356:

Óçìåßá ðáñåìâïëÞò x0 = 0; x1 = 0:3; x2 = 0:6; x3 = 1:0

Óôçí ðåñßðôùóç áõôÞ ôá óçìåßá åßíáé 4, ïðüôå ôï ðïëõþíõìï ðáñåìâïëÞò åßíáé

ôçò ìïñöÞò:

P3(x) = l0(x) (x0) + l1(x)f (x1) + l2(x)f (x2) + l3(x)f (x3) ; (3.2.1 - 8)

üôáí

l0(x) =
x− x1
x0 − x1

x− x2
x0 − x2

x− x3
x0 − x3

=
x− 0:3

0− 0:3

x− 0:6

0− 0:6

x− 1:0

0− 1:0

= 1− 6x+ 10:555 56x2 − 5:555 556x3;

l1(x) =
x− x0
x1 − x0

x− x2
x1 − x2

x− x3
x1 − x3

=
x− 0

0:3− 0

x− 0:6

0:3− 0:6

x− 1:0

0:3− 1:0

= 9:523 81x− 25:396 83x2 + 15:873 02x3;

l2(x) =
x− x0
x2 − x0

x− x1
x2 − x1

x− x3
x2 − x3

=
x− 0

0:6− 0

x− 0:3

0:6− 0:3

x− 1:0

0:6− 1:0

= −4:166 667x+ 18:055 56x2 − 13:888 89x3;
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êáé

l3(x) =
x− x0
x3 − x0

x− x1
x3 − x1

x− x2
x3 − x2

=
x− 0

1:0− 0

x− 0:3

1:0− 0:3

x− 0:6

1:0− 0:6

= 0:642 857x− 3:214 286x2 + 3:571 429x3;

ïðüôå áíôéêáèéóôþíôáò óôçí (3:2:1− 8) ôåëéêÜ

P3(x) = l0(x) e
0 + l1(x) e

−0:32 + l2(x) e
−0:62 + l3(x) e

−12

= 1 + 0:033 616x− 1:24 093x2 + 0:575 195x3:

¢ñá

É2 =

1∫
0

P3(x) dx ≈ 0:746 963 ìå óöÜëìá

e2 = |0:746 963− 0:746 824| = 0:000 139:

Ôüôå ðñïöáíþò e2 < e1, ðïõ åðáëçèåýåé êáé ôï èåùñçôéêÜ áíáìåíüìåíï

áðïôÝëåóìá, äçëáäÞ üôé ç áýîçóç ôùí óçìåßùí ðáñåìâïëÞò áõîÜíåé êáé ôçí

áêñßâåéá ôçò ðñïóÝããéóçò. Óôï Ó÷. 3.2.1 - 4a äßíåôáé ç ãñáöéêÞ ðáñÜóôáóç

ôùí ðïëõùíýìùí P2 êáé P3 ìå ôá áíôßóôïé÷á óçìåßá ðáñåìâïëÞò, åíþ óôï

Ó÷. 3.2.1 - 4b ç ãñáöéêÞ ðáñÜóôáóç ôçò e−x
2
ìå üëá ôá ÷ñçóéìïðïéçèÝíôá

óçìåßá.

3.3 ÄéáéñåìÝíåò äéáöïñÝò. Ôýðïò ôïõ Newton

3.3.1 ÅéóáãùãéêÝò Ýííïéåò

Ôï ðïëõþíõìï ðáñåìâïëÞò Pn(x) ôïõ Lagrange, ðïõ ïñßæåôáé áðü ôïí ôýðï

(3:2:1 − 2), áðáéôåß ãéá ôïí õðïëïãéóìü ôïõ Ýíáí ìåãÜëï áñéèìü ðñÜîåùí.

ÓõãêåêñéìÝíá, üôáí ï õðïëïãéóìüò ôïõ ãßíåôáé ìå çëåêôñïíéêü õðïëïãéóôÞ,

áñ÷éêÜ õðïëïãßæåôáé ç ðáñÜóôáóç

(x− x0) (x− x1) · · · (x− xn)
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Ó÷Þìá 3.2.1 - 4: x ∈ [0; 1] (a) Ðïëõþíõìï P2 êüêêéíç (óçìåßá ìðëå), P3

ðñÜóéíç êáìðýëç (óçìåßá êüêêéíá) êáé (b) óõíÜñôçóç e−x
2

êáé óôç óõíÝ÷åéá ôá ðïëõþíõìá li(x); i = 0; 1; : : : ; n ìå êáôÜëëçëåò äéáéñÝóåéò

ôçò ðáñÜóôáóçò áõôÞò. ¼ðùò Ý÷åé Þäç ðñïêýøåé êáé áðü ôï ÐáñÜäåéãìá 3.2.1

- 3, ãéá íá áõîçèåß ç áêñßâåéá ôçò ðñïóÝããéóçò, ðñÝðåé íá ÷ñçóéìïðïéçèåß

êÜèå öïñÜ êáé ìåãáëýôåñïò áñéèìüò óçìåßùí ðáñåìâïëÞò xi. Áõôü üìùò ôüôå

Ý÷åé óáí áðïôÝëåóìá ìßá áíôßóôïé÷ç áýîçóç ôïõ âáèìïý ôùí áíôßóôïé÷ùí

ðïëõùíýìùí ðáñåìâïëÞò Pi(x), åíþ, üðùò ðñïêýðôåé áðü ôïí ôýðï (3:2:1−2),

óôïí õðïëïãéóìü ôùí ðïëõùíýìùí Pi(x) äåí ëáìâÜíåôáé õðüøç ç ìÝ÷ñé ôüôå

ãíþóç ôùí ðïëõùíýìùí P0, P1, : : :, Pi−1. Ùò óõíÝðåéá áõôþí åßíáé íá õðÜñ÷åé

êÜèå öïñÜ Ýíáò ìåãÜëïò áñéèìüò åðáíáëáìâáíüìåíùí ðñÜîåùí. ÓõíïëéêÜ,

üëåò áõôÝò ïé ðáñáðÜíù ðñÜîåéò áöåíüò ìåí êáèéóôïýí ôïí õðïëïãéóìü ôïõ

ðïëõùíýìïõ Pi(x) äõó÷åñÞ êáé áöåôÝñïõ äçìéïõñãïýí ðïëëÜ ëÜèç óôñïã-

ãõëïðïßçóçò. ÅðïìÝíùò, óå Ýíá ðñüâëçìá ìå ìåãÜëï áñéèìü äåäïìÝíùí ôï

ðïëõþíõìï ðïõ èá ðñïêýøåé, äåí èá äéÝñ÷åôáé áðü ôá óçìåßá ðáñåìâïëÞò,

äçëáäÞ èá õðÜñ÷åé óöÜëìá, ìå üôé áõôü óõíåðÜãåôáé óôçí ðåñáéôÝñù ëýóç

ôïõ ðñïâëÞìáôïò.

Ãéá ôïí ðåñéïñéóìü ôïõ ðáñáðÜíù áñéèìïý ôùí ðñÜîåùí ôï ðïëõþíõìï

ðáñåìâïëÞò Pn(x) óôá óçìåßá xi; i = 0; 1; : : : ; n, ôï Pn(x) ãñÜöåôáé ùò

åîÞò:

Pn(x) = A0 +A1 (x− x0) +A2 (x− x0) (x− x1)

+ : : :+An (x− x0) · · · (x− xn−1) ; (3.3.1 - 1)

üôáí ôá Ái; i = 0; 1; : : : ; n åßíáé óôçí ðåñßðôùóç áõôÞ ïé ðñïóäéïñéóôÝïé

óõíôåëåóôÝò ôïõ. Ôüôå, óå áíôßèåóç ìå ôïí ãíùóôü ôýðï ôùí äõíÜìåùí
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(power form)

Pn(x) = anx
n + an−1x

n−1 + : : :+ a1x+ a0;

üôáí ai; i = 0; 1; : : : ; n óõíôåëåóôÝò ìå an ̸= 0 êáé n = 0; 1; : : :, ï ôýðïò

3:3:1−1) ëáìâÜíåé õðüøç ôá óçìåßá ðáñåìâïëÞò x0, x1, : : :, xn−1 êáé üðùò èá

ðñïêýøåé óôç óõíÝ÷åéá åëá÷éóôïðïéåß ôéò áðáéôïýìåíåò ðñÜîåéò õðïëïãéóìïý

ôïõ.

3.3.2 ÄéáéñåìÝíåò äéáöïñÝò

4Óôçí (3:3:1−1) ï õðïëïãéóìüò ôùí óõíôåëåóôþí Ai; i = 0; 1; : : : ; n ãßíåôáé

åýêïëá ìå ôçí åéóáãùãÞ ôçò Ýííïéáò ôçò äéáéñåìÝíçò äéáöïñÜò, ðïõ ïñßæåôáé

óôç óõíÝ÷åéá ùò åîÞò: áí x0, x1, : : :, xn åßíáé n+1 äéáöïñåôéêÜ ìåôáîý ôïõò

óçìåßá åíüò äéáóôÞìáôïò [a; b] êáé f(x) ìßá ðñáãìáôéêÞ óõíÜñôçóç ìå ðåäßï

ïñéóìïý åðßóçò ôï [a; b] êáé ôçò ïðïßáò åßíáé ãíùóôÝò ïé ôéìÝò f (xi) ãéá êÜèå

i = 0; 1; : : : ; n− 1, ôüôå:

Ïñéóìüò 3.3.2 - 1. Ç äéáéñåìÝíç äéáöïñÜ ìçäåíéêÞò ôÜîçò óôï óçìåßï xi

óõìâïëßæåôáé ìå f [xi] êáé éóïýôáé ìå

f [xi] = f (xi) ; (3.3.2 - 1)

ãéá êÜèå i = 0; 1; : : : ; n.

Ïñéóìüò 3.3.2 - 2. Ç äéáéñåìÝíç äéáöïñÜ 1çò ôÜîçò óôá óçìåßá xi; xi+1

óõìâïëßæåôáé ìå f [xi; xi+1] êáé éóïýôáé ìå

f [xi; xi+1] =
f (xi+1)− f (xi)

xi+1 − xi
; (3.3.2 - 2)

ãéá êÜèå i = 0; 1; : : : ; n− 1.

Ïñéóìüò 3.3.2 - 3. Ç äéáéñåìÝíç äéáöïñÜ 2çò ôÜîçò óôá óçìåßá xi; xi+1; xi+2

óõìâïëßæåôáé ìå f [xi; xi+1; xi+2] êáé éóïýôáé ìå

f [xi; xi+1; xi+2] =
f [xi+1; xi+2]− f [xi; xi+1]

xi+2 − xi
; (3.3.2 - 3)

ãéá êÜèå i = 0; 1; : : : ; n− 2.

4ÂëÝðå âéâëéïãñáößá êáé:

https : ==en:wikipedia:org=wiki=Divided differences?searchDepth = 1
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ÃåíéêÜ ïñßæåôáé üôé:

Ïñéóìüò 3.3.2 - 4. Ç äéáéñåìÝíç äéáöïñÜ k-ôÜîçò óôá óçìåßá xi; xi+1; : : :,

xi+k óõìâïëßæåôáé ìå f [xi; xi+1; : : : ; xi+k] êáé éóïýôáé ìå

f [xi; xi+1; : : : ; xi+k]

=
f [xi+1; xi+2; : : : ; xi+k]− f [xi; xi+1; : : : ; xi+k−1]

xi+k − xi
; (3.3.2 - 4)

ãéá êÜèå i = 0; 1; : : : ; n− k.

Áðïäåéêíýåôáé üôé éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 3.3.2 - 1 (õðïëïãéóìïý äéáéñåìÝíùí äéáöïñþí). ¸óôù üôé

xi; i = 0; 1; : : : ; n åßíáé n + 1 äéáöïñåôéêÜ óçìåßá åíüò äéáóôÞìáôïò [a; b].

Ôüôå éó÷ýåé:

f [x0; x1; : : : ; xn] =
f [x1; x2; : : : ; xn]− f [x0; x1; : : : ; xn−1]

xn − x0
: (3.3.2 - 5)

Óçìåßùóç 3.3.2 - 1

Ïé ðáñáðÜíù ïñéóèåßóåò äéáöïñÝò óôç âéâëéïãñáößá åßíáé ãíùóôÝò óáí ïé ðñïò

ôá åìðñüò äéáéñåìÝíåò äéáöïñÝò. Óôï ìÜèçìá áõôü èá äéáôçñçèåß ãéá åõêïëßá

áðëÜ ï üñïò äéáéñåìÝíç äéáöïñÜ (âëÝðå åðßóçò ¢óêçóç 3).

ÐáñÜäåéãìá 3.3.2 - 1

Íá õðïëïãéóôïýí ïé äéáéñåìÝíåò äéáöïñÝò óôá óçìåßá

(0:3; 1:5) êáé (0:8; 2:5):

Ëýóç. ¸óôù

x0 = 0:3; f (x0) = 1; 5 êáé x1 = 0:8; f (x1) = 2; 5:

Ôüôå äéáäï÷éêÜ Ý÷ïõìå

f [x0] = f (0:3) = 1:5 êáé f [x1] = f (0:8) = 2:5

f [x0; x1] =
f (x1)− f (x0)

x1 − x0
=

2:5− 1:5

0:8− 0:3
= 2:

Ôá ðáñáðÜíù áðïôåëÝóìáôá õðïëïãßæïíôáé åðßóçò ìå ôç äéáäéêáóßá ôïõ Ðßíáêá

3.3.2 - 1.
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Ðßíáêáò 3.3.2 - 1: ÐáñÜäåéãìá 3.3.2 - 1: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò

1-ôÜîçò

xi f [xi] f [; ]

x0 = 0:3 f [x0] = 1:5

f [x0; x1] =
2:5− 1:5

0:8− 0:3
= 2

x1 = 0:8 f [x1] = 2:5

ÐáñÜäåéãìá 3.3.2 - 2

Íá õðïëïãéóôïýí ïé äéáéñåìÝíåò äéáöïñÝò óôá óçìåßá

(1:0; 2:0); (1:5; 2:8) êáé (1:7; 3:5):

Ëýóç. Áêïëïõèþíôáò áíÜëïãç äéáäéêáóßá ìå åêåßíç ôïõ Ðáñáäåßãìáôïò 3.3.2

- 1 Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 3.3.2 - 2.

Óôïí Ðßíáêá 3.3.2 - 3, áíôßóôïé÷á 3.3.2 - 4 äßíïíôáé ó÷çìáôéêÜ ïé õðïëïãéóìïß

ôùí äéáéñåìÝíùí äéáöïñþí 3çò, áíôßóôïé÷á 4çò-ôÜîçò, åíþ óôïí Áëãüñéèìï

3.3.2 - 1 ï ôñüðïò õðïëïãéóìïý ôùí ãåíéêÜ.

3.3.3 Ôýðïò ðáñåìâïëÞò ôïõ Newton

5Áðïäåéêíýåôáé üôé ìå ôç âïÞèåéá ôùí äéáéñåìÝíùí äéáöïñþí, ôï ðïëõþíõìï

(3:3:1− 1) ãñÜöåôáé

Pn(x) = f [x0] + f [x1; x0] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1) + : : : (3.3.3 - 1)

+f [x0; x1; : : : ; xk] (x− x0) · · · (x− xn−1) :

5ÂëÝðå âéâëéïãñáößá êáé:

https : ==en:wikipedia:org=w=index:php?title = Newton polynomial&searchDepth = 2
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Ðßíáêáò 3.3.2 - 2: ÐáñÜäåéãìá 3.3.2 - 2: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò

2-ôÜîçò

xi f [xi] f [; ] f [; ; ]

x0 = 1:0 f [x0] = 2:0

f [x0; x1]

=
2:8− 2:0

1:5− 1:0
= 1:6

x1 = 1:5 f [x1] = 2:8

f [x0; x1; x2]

=
f [x1; x2]− f [x0; x1]

x2 − x1

=
3:5− 1:6

1:7− 1:0

= 2:714 286

f [x1; x2]

=
3:5− 2:8

1:7− 1:5
= 3:5

x2 = 1:7 f [x2] = 3:5
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Ðßíáêáò 3.3.2 - 3: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò 3çò-ôÜîçò

xi f [xi] f [; ] f [; ; ] f [; ; ; ]

x0 f [x0]

f [x0; x1]

= f(x1)−f(x0)
x1−x0

x1 f [x1]
f [x0; x1; x2]

= f [x1;x2]−f [x0;x1]
x2−x0

f [x1; x2]

= f(x2)−f(x1)
x2−x1

f [x0; x1; x2; x3]

= f [x1;x2;x3]−f [x0;x1;x2]
x3−x0

x2 f [x2]
f [x1; x2; x3]

= f [x2;x3]−f [x1;x2]
x3−x1

f [x2; x3]

= f(x3)−f(x2)
x3−x2

x3 f [x3]
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Ðßíáêáò 3.3.2 - 4: õðïëïãéóìüò äéáéñåìÝíçò äéáöïñÜò 4çò-ôÜîçò

xi f [xi] f [; ] f [; ; ] f [; ; ; ] f [; ; ; ; ]

x0 f [x0]

f [x0; x1]

x1 f [x1] f [x0; x1; x2]

f [x1; x2] f [x0; x1; x2; x3]

x2 f [x2] f [x1; x2; x3] f [x0; x1; x2

; x3; x4]

[x2; x3] f [x1; x2; x3; x4]

x3 f [x3] f [x2; x3; x4]

f [x3; x4]

x4 f [x4]

Áëãüñéèìïò 3.3.2 - 1 (õðïëïãéóìïý ôïõ ðßíáêá ôùí äéáéñåìÝíùí äéáöïñþí)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄéÜâáóå xi; i = 0; 1; : : : ; n

Õðïëüãéóå f (xi) = f [xi] ; i = 0; 1; : : : ; n

Ãéá k = 1; 2; : : : ; n

Ãéá i = 0; 1; : : : ; n− k

f [xi; xi+1; : : : ; xi+k] =
f [xi+1; : : : ; xi+k]− f [xi; : : : ; xi+k−1]

xi+k − xi

ôÝëïò i

ôÝëïò k
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Ï ôýðïò (3:3:3− 1) åßíáé ãíùóôüò êáé óáí ôýðïò ðáñåìâïëÞò ôïõ Newton

(Newton interpolation formula).

Ôüôå áðü ôïí ôýðï (3:3:3− 1) ðñïêýðôïõí

ãéá x = x0

Pn (x0) = f [x0] + 0 = f (x0) ;

ãéá x = x1

Pn (x1) = f [x0] + f [x1; x0] (x− x0) + 0

= f (x0) +
f (x1)− f (x0)

x1 − x0
(x− x0) = f (x1) ê.ëð.;

äçëáäÞ åðáëçèåýåôáé üôé ôï ðïëõþíõìï Pn(x) óôç ìïñöÞ áõôÞ äéÝñ÷åôáé áðü

ôá óçìåßá xi; i = 0; 1; : : : ; n.

Ìå äéáäï÷éêÞ åöáñìïãÞ ôïõ ôýðïõ (3:3:3− 1) Ý÷ïõìå:

ãéá n = 1

P1(x) = f [x0] + f [x1; x0] (x− x0) (3.3.3 - 2)

ðïõ éóïýôáé ìå ôïí ôýðï (3:2:1−4) ôçò ãñáììéêÞò ðáñåìâïëÞò ôïõ Ðáñáäåßãìáôïò

3.2.1 - 1,

ãéá n = 2

P2(x) = f [x0] + f [x1; x0] (x− x0)

+f [x0; x1; x2] (x− x0) (x− x1) ; (3.3.3 - 3)

ãéá n = 3

P3(x) = f [x0] + f [x1; x0] (x− x0) (3.3.3 - 4)

+f [x0; x1; x2] (x− x0) (x− x1) ;

+f [x0; x1; x2; x3] (x− x0) (x− x1) (x− x2) :

¼ìïéá üôáí n > 3.

ÐáñÜäåéãìá 3.3.3 - 1

Æçôåßôáé íá õðïëïãéóôåß ôï ðïëõþíõìï ðáñåìâïëÞò 2ïõ âáèìïý ðïõ ðñïóåããßæåé

ôçí ïëïêëçñùôÝá óõíÜñôçóç f(x) = e−x
2
ôïõ Ðáñáäåßãìáôïò 3.2.1 - 3, üôáí
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Ðßíáêáò 3.3.3 - 1: ÐáñÜäåéãìá 3.3.3 - 1

xi f [xi] f [; ] f [; ; ]

x0 = 1:0 1.0

f [x0; x1]

= 0:778 801−1:0
0:5−0

= −0:442 398

x1 = 1:5 0.778 801

f [x0; x1; x2]

= −0:821 843−(−0:442 398)
1:0−0

= −0:379 444

f [x1; x2]

= 0:367 879−0:778 801
1:0−0:5

= −0:821 843

x2 = 1:8 0.367 879

ôá óçìåßá åßíáé x0 = 0; x1 = 0:5, êáé x2 = 1:0.

Ëýóç. ÅðåéäÞ ôá óçìåßá åßíáé 3 ôï æçôïýìåíï ðïëõþíõìï åßíáé 2ïõ âáèìïý

êáé äßíåôáé áðü ôïí ôýðï (3:3:3 − 3). Ãéá ôïí õðïëïãéóìü ôïõ áðáéôåßôáé ç

äçìéïõñãßá ôïõ Ðßíáêá 3.3.3 - 1.

¢ñá

P(x) = 1:0− 0:442 398x− 0:379 444x(x− 0:5)

= 1− 0:252 676x− 0:379 444x2;

äçëáäÞ ôï áðïôÝëåóìá (3:2:1− 7).

ÐáñÜäåéãìá 3.3.3 - 2

Æçôåßôáé íá õðïëïãéóôåß ôï ðïëõþíõìï ðáñåìâïëÞò 3ïõ âáèìïý ôçò óõíÜñôç-

óçò f(x), üôáí ôá óçìåßá xi êáé ïé ôéìÝò f (xi) äßíïíôáé óôïí Ðßíáêá 3.3.3 -

2.
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Ðßíáêáò 3.3.3 - 2: ÐáñÜäåéãìá 3.3.3 - 2

xi f [xi] f [; ] f [; ; ] f [; ; ; ]

x0 = 1:0 0.585

f [x0; x1]

= 0:540−0:585
1:5−1:0

= −0:270

x1 = 1:5 0.450

f [x0; x1; x2]

= 2:650−(−0:270)
1:8−1:0

= 3:650

f [x1; x2]

= 1:245−0:450
1:8−1:5

= 2:650

f [x0; x1; x2; x3]

= −8:327−3:650
2:5−1:0

= −7:985

x2 = 1:8 1.245

f [x1; x2; x3]

= −3:179−2:650
2:5−1:8

= −8:327

f [x1; x2]

= −0:980−1:245
2:5−1:8

= −3:179

x3 = 2:5 -0.980
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Ëýóç. Åöáñìüæïíôáò ôïí ôýðï (3:3:4− 7) Ý÷ïõìå

P3(x) = 0:585− 0:270(x− 1:0) + 3:650(x− 1:0)(x− 1:5)

−7:985(x− 1:0)(x− 1:5)(x− 1:8)

= 23:391− 47:309x+ 30:829x2 − 6:319x3:

Ï õðïëïãéóìüò ôïõ ðïëõùíýìïõ P3(x) ìå ôï MATHEMATICA ãßíåôáé

óôï Ðñüãñáììá 3.3.3 - 1.

Ðñüãñáììá 3.3.3 - 1 (õðïëïãéóìïý ôïõ ðïëõùíýìïõ ðáñåìâïëÞò)

data = {{1.0, 0.585}, {1.5, 0.450}, {1.8, 1.245},

{2.5, -0.980}};

InterpolatingPolynomial[data,x]

3.3.4 Ó÷Ýóç ðáñåìâïëÞò êáé ðáñáãþãïõ

Áí i = 0, áðü ôïí ôýðï (3:3:2− 2) ðñïêýðôåé

f [x0; x1] =
f (x1)− f (x0)

x1 − x0
: (3.3.4 - 5)

Ôüôå, åöüóïí ç õðÜñ÷åé ç ðáñÜãùãïò f ′, áðü ôï Èåþñçìá ôçò ÌÝóçò ÔéìÞò

Ý÷ïõìå

f [x0; x1] = f ′(�); (3.3.4 - 6)

üôáí � ∈ (x0; x1).

Ôï ðáñáêÜôù èåþñçìá, ðïõ åßíáé ãíùóôü óáí ôï Èåþñçìá ôçò ÌÝóçò

ÔéìÞò ãéá äéáéñåìÝíåò äéáöïñÝò, ãåíéêåýåé ôï áðïôÝëåóìá áõôü:

Èåþñçìá 3.3.4 - 1. ¸óôù f(x) ìßá ðñáãìáôéêÞ óõíÜñôçóç ìå ðåäßï

ïñéóìïý [a; b] êáé ôçò ïðïßáò õðÜñ÷åé ç n-ôÜîçò ðáñÜãùãïò ãéá êÜèå x ∈
(a; b). Ôüôå, áí x0, x1, : : :, xn, åßíáé n + 1 äéáöïñåôéêÜ óçìåßá ôïõ [a; b],

õðÜñ÷åé óçìåßï � ìå � ∈ (a; b), Ýôóé þóôå

f [x0; x1; : : : ; xn] =
f (n)(�)

n !
: (3.3.4 - 7)
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ÁóêÞóåéò

1. Ìå ôïí ôýðï ðáñåìâïëÞò ôïõ Newton íá õðïëïãéóôåß ôï ðïëõþíõìï ðïõ

ðñïóåããßæåé ôçí ïëïêëçñùôÝá óõíÜñôçóç f(x) = e−x
2
ôïõ Ðáñáäåßãìáôïò

3.2.1 - 3, üôáí ôá óçìåßá åßíáé x0 = 0; x1 = 0:3; x2 = 0:6, êáé x3 = 1:0.

2. ¸óôù üôé ôá óçìåßá x0; x1; x2 êáé x3 éóáðÝ÷ïõí, äçëáäÞ h = xi+1 − xi

ãéá êÜèå i = 0; 1; 2; 3. Äåßîôå üôé6

2 ! f [x0; x1; x2] =
f (x0)− 2f (x1) + f (x2)

h2
; (3.3.4 - 8)

3 ! f [x0; x1; x2; x3] =
1

h3
[−f (x0) + 3f (x1)

−3f (x2) + f (x3)] : (3.3.4 - 9)

3. ¸óôù üôé ôá óçìåßá x0, x1, : : :, xn éóáðÝ÷ïõí, äçëáäÞ h = xi+1 − xi ãéá

êÜèå i = 0; 1; : : : ; n − 1. Ôüôå, áí x = x0 + sh, ç äéáöïñÜ x − xi ãñÜöåôáé

x− xi = (s− 1)h, ïðüôå áðü ôïí ôýðï (3:3:3− 1) ðñïêýðôåé

Pn(x) = Pn (x0 + sh) = f [x0] + shf [x1; x0] + s(s− 1)h2f [x0; x1; x2]

+ : : :+ s(s− 1) · · · (s− n+ 1)hnf [x0; x1; : : : ; xn]

=
n∑

k=0

s(s− 1) · · · (s− n+ 1)hk f [x0; x1; : : : ; xk] :

Áí (
s

k

)
=

s(s− 1) · · · (s− k + 1)

k !
;

äåßîôå üôé ôï ðïëõþíõìï Pn(x) ôåëéêÜ ãñÜöåôáé

Pn(x) = Pn (x0 + sh) =
n∑

k=0

(
s

k

)
k !hkf [x0; x1; : : : ; xk] : (3.3.4 - 10)

ÅéóÜãïíôáò ôïí óõìâïëéóìüÄ ãéá ôéò ðñïò ôá åìðñüò äéáéñåìÝíåò äéáöïñÝò

6Ïé ôýðïé áõôïß åßíáé ìéá ðñïóÝããéóç ôçò áíôßóôïé÷çò ðáñáãþãïõ óôï Èåþñçìá 3.3.4 -

1. ÁíáëõôéêÞ ìåëÝôç èá ãßíåé óôï ÌÜèçìá ÐñïóÝããéóç Ðáñáãþãùí.
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ùò åîÞò:7

f [x0; x1] =
f (x1)− f (x0)

x1 − x0
=

1

h
Äf (x0)

f [x0; x1; x2] =
1

2h

[
Äf (x1)−Äf (x0)

h

]
=

1

2h2
Ä2f (x0)

...

f [x0; x1; : : : ; xk] =
1

k !hk
Äkf (x0) ;

äåßîôå åðßóçò üôé ï ôýðïò (3:3:4− 10) ãñÜöåôáé

Pn(x) =
n∑

k=0

(
s

k

)
Äkf (x0) : (3.3.4 - 11)

7ÂëÝðå Óçìåßùóç 3.3.2 - 1.
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