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ÁÑÉÈÌÇÔÉÊÇ ËÕÓÇ

ÓÕÍÇÈÙÍ ÄÉÁÖÏÑÉÊÙÍ

ÅÎÉÓÙÓÅÙÍ

8.1 ÅéóáãùãéêÝò Ýííïéåò

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ç åðßëõóç ôùí ðåñéóóüôåñùí ðñïâëçìÜ-

ôùí ôùí èåôéêþí åðéóôçìþí ïäçãåß óôç ëýóç ìéáò äéáöïñéêÞò åîßóùóçò Þ

åíüò óõóôÞìáôïò äéáöïñéêþí åîéóþóåùí. Ç ëýóç üìùò áõôÞ åßíáé äõíáôüí íá

õðïëïãéóôåß èåùñçôéêÜ ìüíïí óå ïñéóìÝíåò ðåñéðôþóåéò, åíþ óôá ðåñéóóüôåñá

ôùí ðñïâëçìÜôùí ç ëýóç ãßíåôáé ìüíïí ðñïóåããéóôéêÜ, äçëáäÞ ìå áñéèìçôéêÝò

ìåèüäïõò, ïé ïðïßåò ðïëëÝò öïñÝò åîáêïëïõèïýí íá ÷ñçóéìïðïéïýíôáé êáé üôáí

áêüìá åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç.1

Ïé äéáöïñéêÝò åîéóþóåéò åßíáé äõíáôüí íá ÷ùñéóôïýí óôéò ðáñáêÜôù äýï

âáóéêÝò êáôçãïñßåò:

1Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [1] Êåö. 10.
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• ôéò óõíÞèåéò äéáöïñéêÝò åîéóþóåéò (ÓÄÅ) (ordinary di�erential equa-

tions Þ ODE's), üôáí ç Üãíùóôç óõíÜñôçóç åîáñôÜôáé áðü ìßá ìåôáâëçôÞ,

êáé

• ôéò äéáöïñéêÝò åîéóþóåéò ìå ìåñéêÝò ðáñáãþãïõò (ÌÄÅ) (partial dif-

ferential equations Þ PDE's), üôáí åîáñôÜôáé áðü ðåñéóóüôåñåò ôçò ìéáò

ìåôáâëçôÝò.

Óýìöùíá ìå ôçí ðáñáðÜíù êáôçãïñéïðïßçóç ç äéáöïñéêÞ åîßóùóç:

•
y′(t) = −y(t) + t+ 1

åßíáé ìéá óõíÞèçò äéáöïñéêÞ åîßóùóç, åðåéäÞ ç Üãíùóôç óõíÜñôçóç y(t)

åîáñôÜôáé áðü ìéá ìåôáâëçôÞ, ôçí t, êáé åéäéêüôåñá 1çò ôÜîçò ëüãù ôçò

ôçò y′(t).

•
y′′(t)− 2y′(t) + 2y(t) = e2t sin t

åßíáé üìïéá ìéá óõíÞèçò äéáöïñéêÞ åîßóùóç, åðåéäÞ ç Üãíùóôç óõíÜñôçóç

y(t) åîáñôÜôáé áðü ìéá ìåôáâëçôÞ ôçí t, 2çò ôÜîçò ëüãù ôçò ôçò y′′(t).

•
i
@u(x; t)

@ t
+
@2u(x; y)

@ x2
+ q |u(x; t)|2u(x; t) = 0

Þ ðéï áðëÜ óõìâïëéêÜ

i ut + uxx + q|u|2u = 0

åßíáé ìéá äéáöïñéêÞ åîßóùóç ìå ìåñéêÝò ðáñáãþãïõò, åðåéäÞ ç Üãíùóôç

óõíÜñôçóç u(x; t) åîáñôÜôáé áðü äýï ìåôáâëçôÝò ôéò x; t, 1çò ôÜîçò ùò

t êáé 2çò ôÜîçò ùò ðñïò x ëüãù ôùí áíôßóôïé÷ùí ôÜîåùí ôùí ìåñéêþí

ðáñáãþãùí ôçò.

•

@2u(x; y; t)

@ t2
+ �

@u(x; y; t)

@ t
=

@2u(x; y; t)

@ x2
+
@2u(x; y; t)

@ y2
− �(x; y)
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Þ

utt + � ut = uxx + uyy − �(x; y)

åßíáé üìïéá ìéá äéáöïñéêÞ åîßóùóç ìå ìåñéêÝò ðáñáãþãïõò, åðåéäÞ ç

Üãíùóôç óõíÜñôçóç u(x; y; t) åîáñôÜôáé áðü ôñåéò ìåôáâëçôÝò ôéò x; y; t

êáé 2çò ôÜîçò ùò ðñïò êáèåìéÜ áðü ôéò ìåôáâëçôÝò ôçò ëüãù ôùí áíôßóôïé-

÷ùí ôÜîåùí ôùí ìåñéêþí ðáñáãþãùí ôçò ê.ëð.

Áðü ôï óýíïëï ôùí ÓÄÅ èá åîåôáóôåß óôï ìÜèçìá áõôü ìüíïí ç ðñïóåããé-

óôéêÞ ëýóç ôùí äéáöïñéêþí åîéóþóåùí 1çò ôÜîçò, äçëáäÞ äéáöïñéêþí åîéóþóå-

ùí ðïõ ç Üãíùóôç óõíÜñôçóç åìöáíßæåôáé ìå ôçí 1çò ôÜîçò ðáñÜãùãü ôçò êáé

áðü áõôÝò ôéò ðñïóåããéóôéêÝò ëýóåéò åêåßíåò ðïõ âáóßæïíôáé óôïí ôýðï ôïõ

Taylor.

Êñßíåôáé óêüðéìï óôéò äýï ðáñáãñÜöïõò ðïõ áêïëïõèïýí íá äïèïýí åí

óõíôïìßá ïé áðáñáßôçôïé ïñéóìïß êáé èåùñÞìáôá áðü ôçí ÁíÜëõóç, ðïõ åîáóöá-

ëßæïõí ôçí ýðáñîç êáé ôï ìïíïóÞìáíôï ôçò ëýóçò ôùí ðáñáðÜíù äéáöïñéêþí

åîéóþóåùí 1çò ôÜîçò.

8.1.1 Ïñéóìïß

2Ïé êõñéüôåñïé åßíáé ïé åîÞò:

Ïñéóìüò 8.1.1 - 1. Ç ãåíéêÞ ìïñöÞ ìéáò äéáöïñéêÞò åîßóùóçò 1çò ôÜîçò

åßíáé

F
(
t; y; y′

)
= 0; (8.1.1 - 1)

üôáí ç Üãíùóôç óõíÜñôçóç y = y(t) ïñßæåôáé óå Ýíá äéÜóôçìá ôçò ìïñöÞò

(a; b) ⊆ R êáé õðÜñ÷åé ç y′(t) ãéá êÜèå t ∈ (a; b).

Ôüôå ç ëýóç y(t), åöüóïí åßíáé äõíáôüí íá ðñïóäéïñéóôåß, èá ïñßæåé ôç ëýóç

ôçò (8:1:1− 1).

Ïñéóìüò 8.1.1 - 2. Ìéá äéáöïñéêÞ åîßóùóç 1çò ôÜîçò ôçò ìïñöÞò (8:1:1−1)

èá ëÝãåôáé üôé ãñÜöåôáé óå ëõìÝíç (explicit) ìïñöÞ, üôáí

y′ = f(t; y): (8.1.1 - 2)

2Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç èåùñçôéêÞ ìåëÝôç ôùí óõíÞèùí äéáöïñéêþí

åîéóþóåùí, ðáñáðÝìðåôáé óôç âéâëéïãñáößá.
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Óå êÜèå Üëëç ðåñßðôùóç ç (8:1:1− 1) èá ëÝãåôáé üôé ïñßæåôáé ìå ðåðëåãìÝíç

(implicit) ìïñöÞ.

ÐáñÜäåéãìá 8.1.1 - 1

Óýìöùíá ìå ôïí Ïñéóìü 8.1.1 - 2 ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò 1çò ôÜîçò

y′ = −y + t+ 1; áíôßóôïé÷á y′ = 2yt+ t2et;

üðïõ y = y(t), åßíáé ãñáììÝíåò óå ëõìÝíç ìïñöÞ ìå

f(t; y) = −y + t+ 1; áíôßóôïé÷á f(t; y) = 2yt+ t2et;

åíþ ç y′ + sin (y + y′) = t ìå ðåðëåãìÝíç, åðåéäÞ ç y′ + sin (y + y′) äåí åßíáé

äõíáôüí íá ëõèåß ùò ðñïò y′.

Ïñéóìüò 8.1.1 - 3. Ìéá ëõìÝíç äéáöïñéêÞ åîßóùóç 1çò ôÜîçò èá ëÝãåôáé

üôé ïñßæåé Ýíá ðñüâëçìá áñ÷éêÞò ôéìÞò (initial value problem Þ IVP), üôáí

ç ëýóç ôçò åðáëçèåýåé ìéá áñ÷éêÞ ôéìÞ, äçëáäÞ

y′(t) = f(t; y(t)); üôáí t ∈ [a; b] ⊂ R; êáé

y0 = y (a) áñ÷éêÞ ôéìÞ: (8.1.1 - 3)

ÐáñÜäåéãìá 8.1.1 - 2

Óýìöùíá ìå ôïí Ïñéóìü 8.1.1 - 3 ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò

•
y′ = sin t+ e−t; t ∈ [0; 1] ìå y0 = y(0) = 0 (8.1.1 - 4)

•

y′ = −ty + y2; t ∈ [1; 1:5] ìå y0 = y(1) = −0:240 683 (8.1.1 - 5)

ïñßæïõí Ýíá ðñüâëçìá áñ÷éêÞò ôéìÞò 1çò ôÜîçò.
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ÐáñáôçñÞóåéò 8.1.1 - 1

• Ôï y0 óõìâïëßæåé áñ÷éêÞ ôéìÞ êáé äåí óçìáßíåé ðÜíôïôå üôé y0 = y(0).

Ãéá ðáñÜäåéãìá, óôçí (8:1:1−4) åßíáé y0 = y(0) = 0, åíþ óôçí (8:1:1−5)

åßíáé y0 = y(1) = −0:240 683.

• Ôï ðåäßï ïñéóìïý óôïí Ïñéóìü 8.1.1 - 3 åßíáé êëåéóôü, äçëáäÞ ôçò

ìïñöÞò [a; b], åíþ óôïí Ïñéóìü 8.1.1 - 1 áíïéêôü. Áõôü óõìâáßíåé,

åðåéäÞ óôï ðñüâëçìá áñ÷éêÞò ôéìÞò áíáæçôåßôáé ç ëýóç, åéäéêüôåñá ç

ìåñéêÞ ëýóç ôçò äéáöïñéêÞò åîßóùóçò ìå óõãêåêñéìÝíç áñ÷éêÞ ôéìÞ ôçí

y0 = y(a). ÅðïìÝíùò ôï ðåäßï ïñéóìïý óôçí ðåñßðôùóç áõôÞ èåùñåßôáé

üôé åßíáé õðïóýíïëï áõôïý ôïõ Ïñéóìïý 8.1.1 - 1.

Ïñéóìüò 8.1.1 - 4. Ìéá óõíÜñôçóç f(t; y(t)) ìå ðåäßï ïñéóìïý, Ýóôù D

üðïõ D ⊆ R2, ëÝãåôáé üôé éêáíïðïéåß ìßá óõíèÞêç ôïõ Lipschitz ùò ðñïò

ôç ìåôáâëçôÞ y, üôáí õðÜñ÷åé ìßá óôáèåñÜ L ôÝôïéá, þóôå

|f (t; y1)− f (t; y2)| ≤ L |y1 − y2| (8.1.1 - 6)

ãéá êÜèå (t; y1) ; (t; y2) ∈ D.

Ôüôå ç óôáèåñÜ L èá ëÝãåôáé êáé óôáèåñÜ ôïõ Lipschitz ãéá ôçí f .

ÐáñÜäåéãìá 8.1.1 - 3

¸óôù ç óõíÜñôçóç f(t; y) = t|y| ìå ðåäßï ïñéóìïý

D = {(t; y)| 1 ≤ t ≤ 2; −3 ≤ y ≤ 4} :

Ôüôå ãéá êÜèå (t; y1) ; (t; y2) ∈ D Ý÷ïõìå

|f (t; y1)− f (t; y2)| = |t |y1| − t |y2|| = |t| ||y1| − |y2||

≤ 2 |y1 − y2| ;

ïðüôå ç óôáèåñÜ ôïõ Lipschitz L ãéá ôç óõíÜñôçóç f èá åßíáé L = 2, åðåéäÞ

åýêïëá áðïäåéêíýåôáé üôé

|f(2; 1)− f(2; 0)| = |2− 0| = 2|1− 0| = 2:
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Ïñéóìüò 8.1.1 - 5. ¸íá óýíïëï D ìå D ⊆ R2 ëÝãåôáé óõíåêôéêü (convex),

üôáí ãéá êÜèå (t; y1), (t; y2) ∈ D ôï óçìåßï

((1− ë)t1 + ët2; (1− ë)y1 + ëy2)

áíÞêåé óôï D ãéá êÜèå ë ∈ [0; 1].

Ç ãåùìåôñéêÞ åñìçíåßá ôïõ ïñéóìïý åßíáé üôé óå Ýíá óõíåêôéêü óýíïëï, ôï

åõèýãñáììï ôìÞìá ðïõ åíþíåé äýï ïðïéáäÞðïôå óçìåßá ôïõ óõíüëïõ, áíÞêåé

óôï óýíïëï.

Èåþñçìá 8.1.1 - 1. ¸óôù ç óõíÜñôçóç f(t; y) ìå ðåäßï ïñéóìïý ôï óõíåêôé-

êü óýíïëï D ìå D ⊆ R2. Ôüôå, áí õðÜñ÷åé óôáèåñÜ L ìå L > 0 êáé éó÷ýåé∣∣∣∣@f(t; y)@y

∣∣∣∣ ≤ L ãéá êÜèå (t; y) ∈ D; (8.1.1 - 7)

ç óõíÜñôçóç f èá éêáíïðïéåß ìßá óõíèÞêç ôïõ Lipschitz ùò ðñïò ôç ìåôáâëçôÞ

y ìå óôáèåñÜ ôïõ Lipschitz L.

8.1.2 Èåìåëéþäåò èåþñçìá

Ôï ðáñáêÜôù èåþñçìá, ðïõ áðåäåß÷èç áðü ôïí Henrici,3 èåùñåßôáé èåìåëéþäåò,

åðåéäÞ äßíåé ôéò óõíèÞêåò ðïõ ðñÝðåé íá ðëçñïß ìéá óõíÜñôçóç f(t; y(t)), Ýôóé

þóôå ìßá 1çò ôÜîçò ëõìÝíç äéáöïñéêÞ åîßóùóç íá Ý÷åé ìßá êáé ìïíáäéêÞ ëýóç.

Èåþñçìá 8.1.2 - 1 (Henrici ãéá ÓÄÅ). ¸óôù üôé ç f(t; y(t)) åßíáé ìéá

óõíå÷Þò óõíÜñôçóç óôï D, üðïõ

D = {(t; y)| a ≤ t ≤ b; y ∈ R} :

Ôüôå, áí ç f éêáíïðïéåß ìßá óõíèÞêç ôïõ Lipschitz ùò ðñïò ôç ìåôáâëçôÞ y,

ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = f(t; y) ; t ∈ [a; b ] ìå

y0 = y (t0) ; üôáí (t0; y0) ∈ D (8.1.2 - 1)

Ý÷åé áêñéâþò ìßá ëýóç ãéá êÜèå t ∈ [a; b].

3ÂëÝðå [9] óåëßäá 328.
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ÐáñáôÞñçóç 8.1.2 - 1

Óôï åîÞò óôéò áóêÞóåéò ôïõ ìáèÞìáôïò èá åßíáé t0 = a, ïðüôå ç áñ÷éêÞ ôéìÞ

y0 èá éóïýôáé ìå y0 = y (t0) = y(a).

ÐáñÜäåéãìá 8.1.2 - 1

¸óôù ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = 1 + t sin(ty) üðïõ 0 ≤ t ≤ 2 êáé y(0) = 0: (8.1.2 - 2)

Ôüôå èåùñþíôáò ôï t óôáèåñü, áðü ôï Èåþñçìá ôçò ÌÝóçò ÔéìÞò ãéá ôç

óõíÜñôçóç f(t; y) = 1 + t sin(ty), ðñïêýðôåé üôé ãéá êÜèå y1 < y2 õðÜñ÷åé

î ∈ (y1; y2), Ýôóé þóôå

t2 cos (ît) =
@f(t; y)

@y
=

f (t; y2)− f (t; y1)

y2 − y1
:

¢ñá

|f (t; y2)− f (t; y1)| = |y2 − y1|
∣∣t2 cos (ît)∣∣ ≤ 4 |y2 − y1| ;

äçëáäÞ ç óõíÜñôçóç f éêáíïðïéåß ìßá óõíèÞêç ôïõ Lipschitz ùò ðñïò ôç

ìåôáâëçôÞ y ìå óôáèåñÜ ôïõ Lipschitz L = 4 êáé, åðåéäÞ ðñïöáíþò ç f åßíáé

óõíå÷Þò ãéá êÜèå t ∈ [a; b] êáé y ∈ ℜ, óýìöùíá ìå ôï Èåþñçìá 8.1.2 - 1 èá

õðÜñ÷åé áêñéâþò ìßá ëýóç ãéá ôï ðñüâëçìá áñ÷éêÞò ôéìÞò (8:1:2− 2).

8.1.3 Óõìâïëéóìïß

¸óôù üôé ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = f(t; y) ; t ∈ [a; b ] ìå y0 = y (a) (8.1.3 - 1)

åðáëçèåýåé ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 8.1.2 - 1, ïðüôå õðÜñ÷åé áêñéâþò

ìéá ëýóç y = y(t) ãéá êÜèå t ∈ [a; b ]. Ôüôå, åöüóïí õðÜñ÷åé ç èåùñçôéêÞ

ëýóç ôïõ ðñïâëÞìáôïò, ç óõíÜñôçóç y(t) ðñïóäéïñßæåôáé åöáñìüæïíôáò ìéá

êáôÜëëçëç ìÝèïäï.

Óôéò ðåñéðôþóåéò üðïõ ç èåùñçôéêÞ ëýóç åßíáé Üãíùóôç, ìå ôïí üñï ðñïóÝã-

ãéóç ôçò ëýóçò åííïåßôáé ï õðïëïãéóìüò ìå êÜðïéï ðñïóåããéóôéêü ôýðï, ðïõ

ïñßæåôáé êÜèå öïñÜ áðü ôçí áíôßóôïé÷ç áñéèìçôéêÞ ìÝèïäï, ôùí ôéìþí ôçò
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æ æ æ æ æ æ

t0 t1 ti ti+1 tN-1 tN

y0 y1 yi yi+1 yN-1 yN

a { b

Ó÷Þìá 8.1.3 - 1: ç äéáìÝñéóç � ôïõ äéáóôÞìáôïò [a; b ] áðü ôá óçìåßá t0 =

a; t1; : : : ; tN = b, ðïõ éóáðÝ÷ïõí êáôÜ äéÜóôçìá ðëÜôïõò ` êáé ïé áíôßóôïé÷åò

ðñïóåããéóôéêÝò ôéìÝò y0; y1; : : : ; yN ìå yN ≈ y(b)

ëýóçò áñ÷éêÜ óôá åóùôåñéêÜ óçìåßá ôïõ [a; b ] êáé ôåëéêÜ ôçò ôéìÞò óôï óçìåßï

b, äçëáäÞ ôçò y(b).

Ôüôå ãéá ôïí õðïëïãéóìü ôçò ðñïóåããéóôéêÞò ëýóçò ôï äéÜóôçìá [a; b ]

õðïäéáéñåßôáé óå N ôï ðëÞèïò ßóá õðïäéáóôÞìáôá ðëÜôïõò ` =
b− a

N
áðü ôá

N + 1 óçìåßá4

a = t0 < t1 < : : : < tN−1 < tN = b;

ðïõ ïñßæïõí ôç äéáìÝñéóç � ôïõ [a; b ] (Ó÷. 8.3.2 - 1). Ôüôå ðñïöáíþò åßíáé

ti = a+ i `.

ÅðåéäÞ ç y(t) óõìâïëßæåé ôç èåùñçôéêÞ ëýóç ôïõ ðñïâëÞìáôïò áñ÷éêÞò

ôéìÞò (8:1:3 − 1), ç ôéìÞ ôçò óôï óçìåßï ti èá åßíáé ðñïöáíþò ç y (ti). Óôçí

ðñáãìáôéêüôçôá üìùò ç ÷ñÞóç ìéáò ðñïóåããéóôéêÞò ìåèüäïõ äåí èá äþóåé ôç

èåùñçôéêÜ áíáìåíüìåíç ôéìÞ y (ti), áëëÜ êÜðïéá Üëëç ôéìÞ, Ýóôù yi, ðïõ äåí

èá éóïýôáé ìå ôçí ôéìÞ y (ti).

4Óôçí ðåñßðôùóç üðïõ ç ìåôáâëçôÞ t óõìâïëßæåé ôïí ÷ñüíï, ôï ` èá ëÝãåôáé âÞìá

ôïõ ÷ñüíïõ (time step). Åßíáé Þäç ãíùóôÝò óôïí áíáãíþóôç áíÜëïãåò äéáìåñßóåéò ôçò

ìåôáâëçôÞò x ôïõ äéáóôÞìáôïò (space step) áðü ôçí ðñïóÝããéóç ôùí ðáñáãþãùí (ÌÜèçìá

ÐñïóÝããéóç Ðáñáãþãùí) êáé ôïõò óýíèåôïõò êáíüíåò ïëïêëÞñùóçò (ÌÜèçìá ÁñéèìçôéêÞ

ÏëïêëÞñùóç - Óýíèåôïé êáíüíåò).
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Ç ôéìÞ yi ôüôå

• åßíáé äéáöïñåôéêÞ ôçò èåùñçôéêÞò y (ti) ëüãù ôçò ðñïóåããéóôéêÞò ìåèüäïõ,

êáé

• ðåñéÝ÷åé åðéðëÝïí êáé ôá óöÜëìáôá óôñïããõëïðïßçóçò (round-o� er-

rors), ðïõ äçìéïõñãïýíôáé áðü ôïí õðïëïãéóôÞ.

Ôüôå ðñïöáíþò ôï óöÜëìá õðïëïãéóìïý ôçò ôéìÞò y (ti) áðü ôçí yi éóïýôáé

ìå

e = |y (ti)− yi| : (8.1.3 - 2)

Ôï óöÜëìá áõôü èá ëÝãåôáé óôï åîÞò áðüëõôï óöÜëìá Þ áðëÜ óöÜëìá.5

8.1.4 Äéáäéêáóßá õðïëïãéóìïý áñéèìçôéêÞò ëýóçò

Ìå ãíùóôÞ ôçí

áñ÷éêÞ ôéìÞ y0 = y(a);

ç áñéèìçôéêÞ ëýóç ôçò (8:1:3 − 1) õðïëïãßæåôáé åöáñìüæïíôáò ôç ìÝèïäï

ëýóçò äéáäï÷éêÜ óå êáèÝíá áðü ôá óçìåßá ti ôçò ðáñáðÜíù äéáìÝñéóçò �. Ç

åöáñìïãÞ áõôÞ, ðïõ ïñßæåé êÜèå öïñÜ êáé ôï áíôßóôïé÷ï âÞìá ëýóçò, èá äþóåé

ôçí áíôßóôïé÷ç ðñïóÝããéóç yi. Óôç óõíÝ÷åéá, ìå ãíùóôÞ ôçí ðñïóÝããéóç yi,

õðïëïãßæåôáé áðü ôï åðüìåíï óçìåßï ti+1 ç ðñïóÝããéóç yi+1 (üìïéá Ó÷. 8.3.2

- 1) êáé ôåëéêÜ

ç ôéìÞ yN ìå yN ≈ y(b) = y (tN ) :

ÅðïìÝíùò óõìâïëéêÜ Ý÷ïõìå

(t0; y0) 1ï âÞìá → (t1; y1) 2ï âÞìá → (t2; y2)

...
...(

tN−1 ; yN−1

)
N -óôï âÞìá → (tN ; yN ) : (8.1.4 - 1)

5Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç áíÜëõóç ôùí äéáöüñùí óöáëìÜôùí ðïõ ðñïêýðôïõí

óôéò ðåñéðôþóåéò áõôÝò, ðáñáðÝìðåôáé óôï ÌÜèçìá ÁñéèìçôéêÞ ëýóç åîéóþóåùí.
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ÐáñáôÞñçóç 8.1.4 - 1

ÓõíÞèùò ç áñ÷éêÞ ðñïóåããéóôéêÞ ôéìÞ y0 éóïýôáé ìå ôçí áíôßóôïé÷ç èåùñçôéêÞ

y (a). Áí áõôü äåí éó÷ýåé Þ óôéò ðåñéðôþóåéò ðïõ ç èåùñçôéêÞ ëýóç åßíáé

Üãíùóôç, ôüôå õðÜñ÷åé Ýíá áñ÷éêü óöÜëìá óôç ëýóç, ðïõ áõîÜíåé ìå ôç

äéáäéêáóßá åöáñìïãÞò ôçò áñéèìçôéêÞò ìåèüäïõ.

¢óêçóç

Íá åîåôáóôåß áí éó÷ýåé ôï Èåþñçìá 8.1.2 - 1 óôá ðáñáêÜôù ðñïâëÞìáôá

áñ÷éêþí ôéìþí:

i) y′ = y cos t; 0 ≤ t ≤ 1, y(0) = 1,

ii) y′ = 2yt+ t2et; 1 ≤ t ≤ 2, y(1) = 0,

iii) y′ =
4t3y

1 + t4
; 0 ≤ t ≤ 1, y(0) = 1.

8.2 ÌÝèïäïé ðïõ âáóßæïíôáé óôç óåéñÜ Taylor

8.2.1 ÌÝèïäïò ôïõ Euler

Áí êáé ç ìÝèïäïò áõôÞ äåí Ý÷åé óÞìåñá ìåãÜëåò ðñáêôéêÝò åöáñìïãÝò, åîáêï-

ëïõèåß íá ðáñïõóéÜæåé åíäéáöÝñïí óôçí áñéèìçôéêÞ ëýóç ôùí óõíÞèùí äéáöïñé-

êþí åîéóþóåùí, åðåéäÞ áðïôåëåß ôç âáóéêÞ Þ üðùò äéáöïñåôéêÜ óõíÞèùò ëÝãåôáé

ãåííÞôñéá ìÝèïäï (predictor method) ðïëëþí Üëëùí áêñéâÝóôåñùí ìåèüäùí.

¸óôù üôé ç óõíÜñôçóç y = y(t) åßíáé ç ëýóç ôïõ ðñïâëÞìáôïò áñ÷éêÞò

ôéìÞò (8:1:2− 1), äçëáäÞ ôïõ

y′ = f(t; y); üôáí t ∈ [a; b ] ìå y0 = y(a) (8.2.1 - 1)

êáé üôé ç y Ý÷åé ðáñáãþãïõò ôïõëÜ÷éóôïí ìÝ÷ñé êáé 2çò ôÜîçò óõíå÷åßò

óõíáñôÞóåéò óôï äéÜóôçìá [a; b ], åíþ ôï [a; b ] Ý÷åé õðïäéáéñåèåß óå N ôï

ðëÞèïò ßóá õðïäéáóôÞìáôá áðü ôá N + 1 óçìåßá (Ó÷. 8.3.2 - 1)

a = t0 < t1 < : : : < tN = b; (8.2.1 - 2)
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üðïõ ` åßíáé ôï ðëÜôïò êÜèå õðïäéáóôÞìáôïò.

Åßíáé Þäç ãíùóôü üôé, áí f | [a; b ] åßíáé ìéá óõíÜñôçóç ðïõ Ý÷åé ðáñáãþãïõò
ìÝ÷ñé êáé � - ôÜîç óôï [a; b], ôüôå, áí � ∈ [a; b], éó÷ýåé ï ðáñáêÜôù ôýðïò ôïõ

Taylor:

f(t) ≈ f(�) +
f ′(�)

1 !
(t− �) +

f ′′(�)

2 !
(t− �)2 + : : :+

f (�)(�)

� !
(t− �)� :

Áí óôïí ðáñáðÜíù ôýðï ôï t áíôéêáôáóôáèåß áðü ôï t+ ` ìå ` > 0 êáé ôï

î áðü ôï t, ôüôå

f(t+ `) ≈ f(t) +
`

1 !
f ′(t) +

`2

2 !
f ′′(t) + : : :+

`�

� !
f (�)(t):

¸óôù ôþñá üôé f(t) = y(t). Ôüôå ç ðáñáðÜíù ó÷Ýóç ãñÜöåôáé

y(t+ `) ≈ y(t) +
`

1 !
y′(t) +

`2

2 !
y′′(t)

+ : : :+
`�

� !
y(�)(t) (8.2.1 - 3)

ãéá êÜèå � = 1; 2; : : : :

Áí � = 1, ôüôå ç (8:2:2− 1) ëüãù ôçò (8:2:1− 1) ãñÜöåôáé

y(t+ `) ≈ y(t) + `

f(t;y)︷︸︸︷
y′(t)

= y(t) + ` f(t; y);

äçëáäÞ

y(t+ `) ≈ y(t) + `f(t; y): (8.2.1 - 4)

Ç áñéèìçôéêÞ ëýóç ôçò (8:2:1 − 1), äçëáäÞ ç ðñïóÝããéóç ôçò ôéìÞò y(b)

ìå ôçí y (tN ), ðñïêýðôåé, üôáí ç (8:2:1 − 4) åöáñìïóôåß óôçí (8:2:1 − 1)

óå êáèÝíá áðü ôá óçìåßá t0; t1; : : : ; tN−1 (Ó÷. 8.2.1 - 1). Ôüôå, åðåéäÞ

óýìöùíá ìå ôïõò óõìâïëéóìïýò ôçò ÐáñáãñÜöïõ 8.1.3 åßíáé y (ti) = yi êáé

y (ti+1) = yi+1, Ý÷ïõìå ôåëéêÜ ôçí ðáñáêÜôù áñéèìçôéêÞ ìÝèïäï:

yi+1 = yi + `f (ti; yi) ãéá êÜèå i = 0; 1; : : : ; N − 1: (8.2.1 - 5)
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æ æ æ æ æ æ

t0 t1 ti ti+1 tN-1 tN

y0 y1 yi yi+1 yN-1 yN

a { b

Ó÷Þìá 8.2.1 - 1: ç åöáñìïãÞ ôçò ìåèüäïõ ôïõ Euler yi+1 = yi + `f (ti; yi)

äéáäï÷éêÜ ãéá i = 0; 1; : : : ; N − 1 èá äþóåé ôéò ðñïóåããéóôéêÝò ôéìÝò

y1; y2; : : : ; yN ìå yN ≈ y(b)

Ç ìÝèïäïò áõôÞ åßíáé ãíùóôÞ óáí ìÝèïäïò ôïõ Euler (Euler's method),6 åíþ

ï ôýðïò ôçò óáí ç ãåííÞôñéá ó÷Ýóç (predictor formula) ôïõ Euler, åðåéäÞ,

üðùò Þäç Ý÷åé ãñáöåß óôçí áñ÷Þ ôçò ðáñáãñÜöïõ áõôÞò, ÷ñçóéìïðïéåßôáé óôç

äçìéïõñãßá Üëëùí áñéèìçôéêþí ìåèüäùí. Ç äéáäéêáóßá ôçò ìåèüäïõ ôïõ Euler

ðåñéãñÜöåôáé óôïí Áëãüñéèìï 8.2.1 - 1.

ÐáñáôÞñçóç 8.2.1 - 1

Ç (8:2:1− 5) ãéá i = 0 ãñÜöåôáé:

y1 = y0 + `f (t0; y0) ;

üðïõ óýìöùíá ìå ôçí (8:2:1− 1) åßíáé

t0 = a êáé y0 = y(a) (áñ÷éêÞ ôéìÞ): (8.2.1 - 6)

6ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Euler method
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Áëãüñéèìïò 8.2.1 - 1 (ìåèüäïõ ôïõ Euler)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá a; b; N êáé ç áñ÷éêÞ óõíèÞêç y0

¸óôù ` = (b− a)=N; t = a; y = y0

Ãéá i = 0; 1; : : : ; N − 1

y := y + `f (t; y)

t := t+ `

y := y

ôÝëïò i

æ æ æ æ æ æ

t0 t1 t2 t3 t4 t5

y0 y1 y2 y3 y4 y5

0 0.1 0.2 0.3 0.4 0.5{

Ó÷Þìá 8.2.1 - 2: ÐáñÜäåéãìá 8.2.1 - 1: ç äéáìÝñéóç ôïõ äéáóôÞìáôïò [0; 0:5],

üôáí ` = 0:1. Ç åöáñìïãÞ ôçò ìåèüäïõ ôïõ Euler óôïí ôýðï (8:2:1 − 8)

äéáäï÷éêÜ ãéá i = 0; 1; 2; 3; 4 óýìöùíá êáé ìå ôç äéáäéêáóßá ôçò ÐáñáãñÜöïõ

8.1.4 - ôýðïò (8:1:4−1) - èá äþóåé ôéò ðñïóåããéóôéêÝò ôéìÝò y1; y2; : : : ; y5 ìå

y5 ≈ y(0:5). Ç áñ÷éêÞ ôéìÞ y0 õðïëïãßæåôáé áðü ôç èåùñçôéêÞ ëýóç ùò åîÞò:

y0 = y(0) =
[
t+ e−t

]
t=0

= 1
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ÐáñÜäåéãìá 8.2.1 - 1

Áí y = y(t), íá ëõèåß ìå ôç ìÝèïäï ôïõ Euler ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = −y + t+ 1 ìå t ∈ [0; 0:5]; üôáí ` = 0:1; (8.2.1 - 7)

êáé íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ëýóç

y(t) = t+ e−t:

Óôç óõíÝ÷åéá íá ëõèåß ôï ðñüâëçìá, üôáí ` = 0:01 êáé íá óõãêñéèïýí ôá

áðïôåëÝóìáôá ôùí ðñïóåããéóôéêþí ëýóåùí.

Ëýóç. ÅðåéäÞ ` = 0:1, ôï äéÜóôçìá ïëïêëÞñùóçò [0; 0:5] ðñÝðåé íá õðïäéáéñåèåß

óå 0:5−0
0:1 = 5 õðïäéáóôÞìáôá. ¢ñá N = 5 (Ó÷. 8.2.1 - 2).

Óõãêñßíïíôáò ôçí (8:2:1 − 7) ìå ôï ðñüâëçìá áñ÷éêÞò ôéìÞò y′ = f(t; y)

óôç ó÷Ýóç (8:2:1−1) ðñïêýðôåé üôé ãéá ôï óõãêåêñéìÝíï ðáñÜäåéãìá ç óõíÜñôç-

óç f(t; y) åßíáé

f(t; y) = −y + t+ 1; üôáí t ∈ [0; 0:5]:

¢ñá óýìöùíá ìå ôïí ôýðï (8:2:1− 5) ç ìÝèïäïò ôïõ Euler ãñÜöåôáé

yi+1 = yi + ` f (ti; yi)

= yi + 0:1(−yi + ti + 1) (8.2.1 - 8)

üðïõ, åðåéäÞ åßíáé t ∈ [0; 0:5], ðñÝðåé óýìöùíá ìå ôçí ÐáñáôÞñçóç 8.2.1 - 1

êáé ôçí (8:2:1− 6) íá åßíáé t0 = a = 0, åíþ åßíáé b = 0:5.

Ç èåùñçôéêÞ ëýóç ôïõ ðñïâëÞìáôïò, óýìöùíá êáé ìå ôçí ÐáñáôÞñçóç

8.1.4 - 1, åßíáé äõíáôüí óôçí ðåñßðôùóç áõôÞ íá èåùñçèåß óáí ç áñ÷éêÞ ôéìÞ

y0 ôçò ëýóçò, äçëáäÞ

y0 = y(0) =
[
t+ e−t

]
t=0

= 1:

Åöáñìüæïíôáò ôçí (8:2:1− 8) äéáäï÷éêÜ ãéá i = 0; 1; : : : ; 4 Ý÷ïõìå:



ÌÝèïäïé ðïõ âáóßæïíôáé óôç óåéñÜ Taylor 295

1ï âÞìá (t0 = 0; y0 = 1) −→ (t1 = 0:1; y1)

ãéá i = 0; y0+1 = y1 = y0 + 0:1 (−y0 + t0 + 1)

= 1 + 0:1(−1 + 0 + 1) = 1; åíþ

ç áíôßóôïé÷ç èåùñçôéêÞ ëýóç åßíáé

y (t1) = y(0:1) =
[
t+ e−t

]
t=0:1

= 1:004 837

2ï âÞìá (t1 = 0:1; y1 = 1) −→ (t2 = 0:2; y2)

i = 1; y1+1 = y2 = y1 + 0:1 (−y1 + t1 + 1)

= 1 + 0:1(−1 + 0:1 + 1) = 1:01; åíþ

y (t2) = y(0:2) =
[
t+ e−t

]
t=0:2

= 1:018 731

3ï âÞìá (t2 = 0:2; y2 = 1:01) −→ (t3 = 0:3; y3)

i = 2; y2+1 = y3 = y2 + 0:1 (−y2 + t2 + 1)

= 1:01 + 0:1(−1:01 + 0:2 + 1) = 1:029; åíþ

y (t3) = y(0:3) =
[
t+ e−t

]
t=0:3

= 1:040 818

4ï âÞìá (t3 = 0:3; y3 = 1:029) −→ (t4 = 0:4; y4)

i = 3; y3+1 = y4 = y3 + 0:1 (−y3 + t3 + 1)

= 1:029 + 0:1(−1:029 + 0:3 + 1) = 1:0561; åíþ

y (t4) = y(0:4) =
[
t+ e−t

]
t=0:4

= 1:070 320
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Ðßíáêáò 8.2.1 - 1: ÐáñÜäåéãìá 8.2.1 - 1: ôá áðïôåëÝóìáôá ôçò ìåèüäïõ ôïõ

Euler, üôáí ` = 0:1

ti yi y (ti) ei = |yi − y (ti)|

0.0 1.000 000 1.000 000 0.0

0.1 1.000 000 1.004 837 0.004 837

0.2 1.010 000 1.018 731 0.008 731

0.3 1.029 000 1.040 818 0.011 818

0.4 1.056 100 1.070 320 0.014 220

0.5 1.090 490 1.106 531 0.016 041

5ï âÞìá (t2 = 0:4; y4 = 1:0561) −→ (t5 = 0:5; y5)

i = 4; y4+1 = y5 = y4 + 0:1 (−y4 + t4 + 1)

= 1:0561 + 0:1(−1:0561 + 0:4 + 1) = 1.090 490; åíþ

y (t5) = y(0:2) =
[
t+ e−t

]
t=0:5

= 1:106 531:

Ôá áðïôåëÝóìáôá äßíïíôáé óôïí Ðßíáêá 8.2.1 - 1 êáé ç ãñáöéêÞ ôùí

ðáñÜóôáóç óôï Ó÷. 8.2.1 - 3.

1 2 3 4 5 6
i+1

1.02

1.04

1.06

1.08

1.10

y

(a) 1 2 3 4 5 6
i+1

0.005

0.010

0.015

e
i

(b)

Ó÷Þìá 8.2.1 - 3: ÐáñÜäåéãìá 8.2.1 - 1, üôáí ` = 0:1. (a) Ôá ìðëå

óçìåßá ïñßæïõí ôéò èåùñçôéêÝò ôéìÝò y (ti); i = 0; 1; : : : ; 4 êáé ôá êüêêéíá

ôéò áñéèìçôéêÝò yi. (b) Ç ãñáöéêÞ ðáñÜóôáóç ôùí áíôßóôïé÷ùí óöáëìÜôùí ei
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Ðßíáêáò 8.2.1 - 2: ÐáñÜäåéãìá 8.2.1 - 1: ôá áðïôåëÝóìáôá ôçò ìåèüäïõ ôïõ

Euler, üôáí ` = 0:01

ti yi y (ti) |ei| = |yi − y (ti)|

0.00 1.000 000 1.000 000 0.0

0.01 1.000 050 1.000 000 0.000 050

0.02 1.000 199 1.000 100 0.000 010
...

...
...

...

0.5 1.195 006 1.106 531 0.001 525

¼ðùò ðñïêýðôåé áðü ôá áðïôåëÝóìáôá áõôÜ, õðÜñ÷åé ìéá áýîçóç ôïõ

óöÜëìáôïò ei, êáèþò ï ÷ñüíïò ðëçóéÜæåé ðñïò ôç ÷ñïíéêÞ óôéãìÞ t = 0:5.

Ç ðáñáðÜíù ëýóç õðïëïãßóôçêå åðßóçò ìå âÞìá ÷ñüíïõ ` = 0:01, ïðüôå ôï

äéÜóôçìá ïëïêëÞñùóçò [0; 0:5] õðïäéáéñåßôáé óôçí ðåñßðôùóç áõôÞ óå 0:5−0
0:01 =

50 õðïäéáóôÞìáôá. ¢ñá N = 50, åíþ åßíáé äõíáôüí íá ãßíåé õðïäéáßñåóç

áíÜëïãç ôïõ Ó÷. 8.2.1 - 2 èÝôïíôáò óôç óõíôåôáãìÝíç 0:5 ôá t50 êáé y50

áíôß ôùí t5 êáé y5. Ôá áðïôåëÝóìáôá äßíïíôáé óôïí Ðßíáêá 8.2.1 - 2 êáé

ç ãñáöéêÞ ôùí ðáñÜóôáóç óôï Ó÷. 8.2.1 - 4. ¢ìåóá ôüôå ðñïêýðôåé üôé

åíþ ôá áðïôåëÝóìáôá óå óýãêñéóç ìå ôá áíôßóôïé÷á ôïõ Ðßíáêá 8.2.1 - 1

åßíáé áêñéâÝóôåñá, üìùò êáé óôçí ðåñßðôùóç áõôÞ åîáêïëïõèåß íá õðÜñ÷åé

ìéá áýîçóç ôïõ óöÜëìáôïò ìå ôçí ðÜñïäï ôïõ ÷ñüíïõ. Ç óýãêñéóç ôùí

óöáëìÜôùí ðïõ ðñïêýðôïõí áðü ôçí åöáñìïãÞ ôçò ìåèüäïõ, üôáí ` = 0:1 êáé

` = 0:01, äßíåôáé óôï Ó÷. 8.2.1 - 5.

¢óêçóç

Áí y = y(t), íá õðïëïãéóôåß ìå ôç ìÝèïäï ôïõ Euler ç ëýóç ôùí ðáñáêÜôù

ðñïâëçìÜôùí áñ÷éêÞò ôéìÞò:

i) y′ = sin t+ e−t ; 0 ≤ t ≤ 0:5, üôáí ` = 0:1,

y(t) = 2− e−t − cos t êáé y0 = y(0).
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10 20 30 40 50
i+1

1.02

1.04

1.06

1.08

1.10

y

(a) 10 20 30 40 50
i+1

0.0005

0.0010

0.0015

e
i

(b)

Ó÷Þìá 8.2.1 - 4: ÐáñÜäåéãìá 8.2.1 - 1, üôáí ` = 0:01. (a) Ôá ìðëå óçìåßá

ïñßæïõí ôéò èåùñçôéêÝò ôéìÝò y (ti); i = 0; 1; : : : ; 50 êáé ôá êüêêéíá ôéò

áñéèìçôéêÝò yi. (b) Ç ãñáöéêÞ ðáñÜóôáóç ôùí áíôßóôïé÷ùí óöáëìÜôùí ei

ii) y′ = 1 +
y

t
; 1 ≤ t ≤ 1:2, üôáí ` = 0:1; 0:05,

y(t) = 2t+ t ln t êáé y0 = y(1) .

Óôç óõíÝ÷åéá íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôçò ëýóçò êáé ôùí áíôßóôïé÷ùí

óöáëìÜôùí.

ÁðáíôÞóåéò

(i) Åßíáé f(t; y) = sin t+ e−t, ïðüôå óýìöùíá ìå ôïí ôýðï (8:2:1− 5) ç ìÝèïäïò ôïõ Euler

ãñÜöåôáé

yi+1 = yi + 0:1
(
sin ti + e−ti

)
(1)

ÅðåéäÞ t ∈ [0; 0:5], ðñÝðåé t0 = a = 0 êáé b = 0:5. Ç áñ÷éêÞ ôéìÞ y0 ðñïêýðôåé áðü ôç

èåùñçôéêÞ ëýóç ùò åîÞò:

y0 = y(0) =
[
2− e−t − cos t

]
t=0

= 0:
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10 20 30 40 50
i+1

0.005

0.010

0.015

ei

Ó÷Þìá 8.2.1 - 5: ÐáñÜäåéãìá 8.2.1 - 1. Ç êáöÝ êáìðýëç äåß÷íåé ôá óöÜëìáôá

|ei|, üôáí ` = 0:1 êáé ç ðïñôïêáëß, üôáí ` = 0:01

Åöáñìüæïíôáò ôçí (1) äéáäï÷éêÜ ãéá i = 0; 1; : : : ; 4 ìå ` = 0:1 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1
(
sin ti + e−ti

)
= 0 + 0:1(0 + 1) = 0:1; åíþ

y (t1) = y(0:1) =
[
2− e−t − cos t

]
t=0:1

= 0:100 158

i = 1; y2 = : : : = 0:200 467; åíþ

y (t2) = y(0:2) =
[
2− e−t − cos t

]
t=0:2

= 0:201 203

...
...

y5 = : : : = 0.511 815; åíþ

y (t5) = y(0:5) =
[
2− e−t − cos t

]
t=0:5

= 0:515 887

(ii) Åßíáé f(t; y) = 1 +
y

t
, ïðüôå üìïéá óýìöùíá ìå ôïí ôýðï (8:2:1 − 5) ç ìÝèïäïò ôïõ

Euler ãñÜöåôáé

yi+1 = yi + 0:1

(
1 +

yi
ti

)
(2)
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ÅðåéäÞ t ∈ [1; 1:2], ðñÝðåé t0 = a = 1 êáé b = 1:2. Ç áñ÷éêÞ ôéìÞ y0 ðñïêýðôåé áðü ôç

èåùñçôéêÞ ëýóç ùò åîÞò:

y0 = y(1) = [2t+ t ln t] t=1 = 2:

ÂÞìá äéáìÝñéóçò ` = 0:1

Åöáñìüæïíôáò ôçí (2) äéáäï÷éêÜ ãéá i = 0; 1 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1

(
1 +

y0
t0

)
= 2 + 0:1

(
1 +

2

1

)
= 2:3; åíþ

y (t1) = y(1:1) = [2t+ t ln t] t=1:1 = 2:304 841

i = 1; y1+1 = y2 = y1 + 0:1

(
1 +

y1
t1

)
= 2:3 + 0:1

(
1 +

2:3

1:1

)
= 2.609 091; åíþ

y (t2) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786

ÂÞìá äéáìÝñéóçò ` = 0:05

¼ìïéá åöáñìüæïíôáò ôçí (2) äéáäï÷éêÜ ãéá i = 0; 1; 2; 3 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1

(
1 +

y0
t0

)
= 2 + 0:05

(
1 +

2

1

)
= 2:15; åíþ

y (t1) = y(1:05) = [2t+ t ln t] t=1:05 = 2:151 230

...
...

i = 3; y3+1 = y4 = : : : = 2.613 862; åíþ

y (t2) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786
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æ æ æ æ æ æ

t0 t1 ti ti+1 tN-1 tN

y0 y1 yi yi+1 yN-1 yN

a { b

Ó÷Þìá 8.2.2 - 1: ç äéáìÝñéóç � ôïõ äéáóôÞìáôïò [a; b ] áðü ôá óçìåßá t0 =

a; t1; : : : ; tN = b, ðïõ éóáðÝ÷ïõí êáôÜ äéÜóôçìá ðëÜôïõò ` êáé ïé áíôßóôïé÷åò

ðñïóåããéóôéêÝò ôéìÝò y0; y1; : : : ; yN ìå yN ≈ y(b) (âëÝðå üìïéï Ó÷. 8.3.2 - 1

ôçò ÐáñáãñÜöïõ 8.1.3)

8.2.2 ÌÝèïäïò ôïõ Taylor �-ôÜîçò

¸÷ïíôáò õðüøç ôç ìÝèïäï ôïõ Euler ðïõ ðñïÝêõøå áðü ôïí 7ôýðï (8:2:2− 1)

ôïõ Taylor ãéá � = 1, åßíáé ðñïöáíÝò üôé ìßá ìåãáëýôåñçò áêñßâåéáò ìÝèïäïò

åßíáé äõíáôü íá ðñïêýøåé áõîÜíïíôáò ôçí ôéìÞ ôïõ �.

¸óôù ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = f(t; y); üôáí t ∈ [a; b ] ìå y0 = y(a); (8.2.2 - 1)

üðïõ ç y Ý÷åé ðáñáãþãïõò óôï [a; b ] ìÝ÷ñé êáé � ôÜîç óõíå÷åßò óõíáñôÞóåéò

êáé üôé ôï [a; b ] Ý÷åé õðïäéáéñåèåß óå N ôï ðëÞèïò ßóá õðïäéáóôÞìáôá áðü ôá

N + 1 óçìåßá

a = t0 < t1 < : : : < tN = b (8.2.2 - 2)

ðëÜôïõò ` (Ó÷. 8.2.2 - 1).

7

y(t+ `) ≈ y(t) +
`

1 !
y′(t) +

`2

2 !
y′′(t) + : : :+

`�

� !
y(�)(t)

ãéá êÜèå � = 1; 2; : : : :
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Ôüôå áðü ôïí ôýðï (8:2:2− 1) ôïõ Taylor ðñïêýðôåé üôé

y (t+ `) ≈ y (t) + `y′ (t) +
`2

2 !
y′′ (t)

+ : : :+
`�

� !
y(�) (t) : (8.2.2 - 3)

ÅðåéäÞ ç óõíÜñôçóç y(t) åðáëçèåýåé ôï ðñüâëçìá áñ÷éêÞò ôéìÞò (8:2:2 − 1),

Ý÷ïõìå

y′(t) = f(t; y(t))

y′′(t) = f ′(t; y(t))

...
... (8.2.2 - 4)

y(�)(t) = f (�−1)(t; y(t)):

Ôüôå ç (8:2:2− 1) óýìöùíá ìå ôçí (8:2:2− 4) ãñÜöåôáé

y (t+ `) ≈ y (t) + `

f(t;y)︷ ︸︸ ︷
y′ (t)+

`2

2 !

f ′(t;y)︷ ︸︸ ︷
y′′ (t)+ : : :+

`�

� !

f (�−1)(t;y)︷ ︸︸ ︷
y(�) (t) ;

äçëáäÞ

y (t+ `) ≈ y (t) + ` f(t; y) +
`2

2 !
f ′(t; y)

+ : : :+
`�

� !
f (�−1)(t; y): (8.2.2 - 5)

Áðü ôçí (8:2:2− 5) ðñïêýðôåé ôüôå ç ðáñáêÜôù áñéèìçôéêÞ ìÝèïäïò

yi+1 = yi + `f (ti; yi) +
`2

2 !
f ′ (ti; yi)

+ : : :+
`�

� !
f (�−1)(ti;yi) (8.2.2 - 6)

ãéá êÜèå i = 0; 1; : : : ; N − 1 ðïõ åßíáé ãíùóôÞ óáí ç ìÝèïäïò ôïõ Taylor

ôÜîçò �.8

8ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=

Numerical methods for ordinary differential equations#Generalizations
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Áëãüñéèìïò 8.2.2 - 1 (ìåèüäïõ ôïõ Taylor ôÜîçò �)∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

ÄåäïìÝíá a; b; N êáé ç áñ÷éêÞ óõíèÞêç y0

¸óôù ` = (b− a)=N; t = t0; y = y0

Õðïëüãéóå T = T (`; t; y)

Ãéá i = 0; 1; : : : ; N − 1

y := y + ` T

t := t+ `

y := y

ôÝëïò i

Ç äéáäéêáóßá ôçò ìåèüäïõ ðåñéãñÜöåôáé óôïí Áëãüñéèìï 8.2.2 - 1, ðïõ ãéá

åõêïëßá Ý÷åé ÷ñçóéìïðïéçèåß ï ôåëåóôÞò T , ìå ôéìÞ óôçí i - åðáíÜëçøç

Ti = f (ti; yi) +
`

2 !
f ′ (ti; yi)

+
`2

3 !
f ′′ (ti; yi) + : : :+

`n−1

n !
f (n−1) (ti; yi) ; (8.2.2 - 7)

üôáí i = 0; 1; : : : ; N − 1.

Ôï âáóéêü ìåéïíÝêôçìá ôçò ìåèüäïõ ôïõ Taylor ôÜîçò � åßíáé üôé ãéá

íá åßíáé ç ìÝèïäïò áêñéâÞò, áðáéôåßôáé ç ôÜîç � íá åßíáé áñêåôÜ ìåãÜëç, ðïõ

áðáéôåß óýìöùíá ìå ôçí (8:2:2−6) ôïí õðïëïãéóìü ôùí ðáñáãþãùí ôçò f(t; y)

ìÝ÷ñé êáé ôÜîç �− 1, êÜôé ðïõ üìùò äåí åßíáé ðÜíôïôå åýêïëï, åðåéäÞ ï ôýðïò

ôçò f ôéò ðåñéóóüôåñåò öïñÝò óôéò äéÜöïñåò åöáñìïãÝò åßíáé ðïëýðëïêïò.

ÐáñáôÞñçóç 8.2.2 - 1

Óýìöùíá ìå ôçí (8:2:2 − 6) ç ôÜîç � ôçò ìåèüäïõ ôïõ Taylor ïñßæåé êáé

ôïí âáèìü ôïõ áíáðôýãìáôïò óå äõíÜìåéò ôïõ ` óôï 2ï ìÝëïò. ÅðïìÝíùò ç

ìÝèïäïò Taylor

• ôÜîçò � = 2 èá äßíåôáé áðü ôïí ôýðï

yi+1 = yi + `f (ti; yi) +
`2

2 !
f ′ (ti; yi) ; (8.2.2 - 8)
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• åíþ ç ìÝèïäïò Taylor ôÜîçò � = 3 áðü ôïí ôýðï

yi+1 = yi + `f (ti; yi) +
`2

2 !
f ′ (ti; yi) + +

`2

2 !
f ′ (ti; yi) : (8.2.2 - 9)

ÐáñÜäåéãìá 8.2.2 - 1

Ìå ôç ìÝèïäï ôïõ Taylor ôÜîçò � = 2 íá ëõèåß ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′(t) = −y(t) + t+ 1; üôáí t ∈ [0; 0:5] êáé ` = 0:1: (8.2.2 - 10)

Óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ëýóç

y(t) = t+ e−t:

êáé ôçí áíôßóôïé÷ç ëýóç ôçò ìåèüäïõ ôïõ Euler (âëÝðå ÐáñÜäåéãìá 8.2.1 - 1).

Ëýóç. ÅðåéäÞ ç ôÜîç ôçò ìåèüäïõ åßíáé 2 (� = 2), óýìöùíá ìå ôçí (8:2:2−8)

ç ìÝèïäïò ôïõ Taylor óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

yi+1 = yi + ` f (ti; yi) +
`2

2 !
f ′ (ti; yi) ; (8.2.2 - 11)

üðïõ ç f(t; y) ðñïêýðôåé áðü ôçí (8:2:2− 10) êáé éóïýôáé ìå

f(t; y) = −y + t+ 1; (8.2.2 - 12)

åíþ ç f ′(t; y) õðïëïãßæåôáé åðßóçò áðü ôçí (8:2:2−10), äçëáäÞ ôçí f(t; y) = y′,

åöáñìüæïíôáò ôç äéáäéêáóßá (8:2:2− 4) ùò åîÞò:

f ′(t; y) = y′′ =
(
y′
)′ (8:2:2−10)︷︸︸︷

= (−y + t+ 1)′

= −y′ + 1

(8:2:2−10)︷︸︸︷
= − (−y + t+ 1) + 1

= y − t: (8.2.2 - 13)

¼ìïéá, üðùò êáé óôï ÐáñÜäåéãìá 8.2.1 - 1, åðåéäÞ åßíáé ` = 0:1, ôï

äéÜóôçìá ïëïêëÞñùóçò [0; 0:5] õðïäéáéñåßôáé óå 5 (N = 5) õðïäéáóôÞìáôá

(Ó÷. 8.2.2 - 2).
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æ æ æ æ æ æ

t0 t1 t2 t3 t4 t5

y0 y1 y2 y3 y4 y5

0 0.1 0.2 0.3 0.4 0.5{

Ó÷Þìá 8.2.2 - 2: ÐáñÜäåéãìá 8.2.2 - 1: ç äéáìÝñéóç ôïõ äéáóôÞìáôïò [0; 0:5],

üôáí ` = 0:1. Ç åöáñìïãÞ ôçò ìåèüäïõ ôïõ Taylor ôÜîçò � = 2, ðïõ äßíåôáé

áðü ôïí ôýðï (8:2:2−14), äéáäï÷éêÜ ãéá i = 0; 1; 2; 3; 4 èá äþóåé óýìöùíá êáé

ìå ôç äéáäéêáóßá ôçò ÐáñáãñÜöïõ 8.1.4 - ôýðïò (8:1:4−1) - ôéò ðñïóåããéóôéêÝò

ôéìÝò y1; y2; : : : ; y5 ìå y5 ≈ y(0:5). Ôï ó÷Þìá åßíáé ßäéï ìå ôï Ó÷. 8.2.1 - 2

ôïõ Ðáñáäåßãìáôïò 8.2.1 - 1. Ç áñ÷éêÞ ôéìÞ y0 õðïëïãßæåôáé åðßóçò áðü ôç

èåùñçôéêÞ ëýóç ùò åîÞò: y0 = y(0) =
[
t+ e−t

]
t=0

= 1
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Åßíáé t ∈ [0; 0:5], ïðüôå a = t0 = 0 êáé b = 0:5, åíþ ç áñ÷éêÞ ôéìÞ

y0 ôçò ëýóçò èá ðñïêýøåé óýìöùíá êáé ìå ôçí ÐáñáôÞñçóç 8.1.4 - 1 áðü ôç

èåùñçôéêÞ ëýóç ùò åîÞò:

y0 = y(0) =
[
t+ e−t

]
t=0

= 1:

¢ñá áíôéêáèéóôþíôáò ôéò (8:2:2 − 12) êáé (8:2:2 − 13) óôçí (8:2:2 − 11)

Ý÷ïõìå

yi+1 = yi + ` f (ti; yi) +
`2

2 !
f ′ (ti; yi)

= yi + 0:1 (−yi + ti + 1) +
0:12

2
(yi − ti) : (8.2.2 - 14)

Åöáñìüæïíôáò ôçí (8:2:2− 14) äéáäï÷éêÜ ãéá i = 0; 1; : : : ; 4 ðñïêýðôåé:

1ï âÞìá (t0 = 0; y0 = 1) −→ (t1 = 0:1; y1)

ãéá i = 0; y0+1 = y1 = y0 + 0:1 (−y0 + t0 + 1) +
0:12

2
(y0 − t0)

= 1 + 0:1 (−1 + 0 + 1) +
0:12

2
(1− 0)

= 1:005; åíþ ç èåùñçôéêÞ ëýóç åßíáé

y (t1) = y(0:1) =
[
t+ e−t

]
t=0:1

= 1:004 837

2ï âÞìá (t0 = 0:1; y0 = 1:005) −→ (t2 = 0:2; y2)

i = 1; y1+1 = y2 = y1 + 0:1 (−y1 + t1 + 1) +
0:12

2
(y1 − t1)

= 1:005 + 0:1 (−1:005 + 0:1 + 1) +
0:12

2
(1:005− 0:1)

= 1:019 025; åíþ åßíáé

y (t2) = y(0:2) =
[
t+ e−t

]
t=0:2

= 1:018 731

...
...

...
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Ðßíáêáò 8.2.2 - 1: ÐáñÜäåéãìá 8.2.2 - 1: ôá áðïôåëÝóìáôá ôçò ìåèüäïõ ôïõ

Taylor, üôáí ` = 0:1

ti yi y (ti) ei = |yi − y (ti)|

0.0 1.000 000 1.000 000 0.0

0.1 1.005 000 1.004 837 0.000 163

0.2 1.019 025 1.018 731 0.000 294

0.3 1.041 218 1.040 818 0.000 399

0.4 1.070 802 1.070 320 0.000 482

0.5 1.107 076 1.106 531 0.000 545

5ï âÞìá (t4 = 0:4; y4 = 1:070 802) −→ (t5 = 0:5; y5)

i = 4; y4+1 = y5 = : : : = 1.107 076; åíþ åßíáé

y (t5) = y(0:5) =
[
t+ e−t

]
t=0:5

= 1:106 531:

Ôá áðïôåëÝóìáôá ôçò ðáñáðÜíù äéáäéêáóßáò äßíïíôáé óôïí Ðßíáêá 8.2.2 - 1

êáé ç ãñáöéêÞ ôùí ðáñÜóôáóç óôï Ó÷. 8.2.2 - 3.

¼ðùò ðñïêýðôåé áðü ôá áðïôåëÝóìáôá, õðÜñ÷åé ìßá ìéêñÞ áýîçóç ôïõ

óöÜëìáôïò ei, êáèþò ï ÷ñüíïò ðëçóéÜæåé ðñïò ôç ÷ñïíéêÞ óôéãìÞ t = 0:5.

æ

æ

æ

æ

æ

æ

1 2 3 4 5 6
i+1

1.02

1.04

1.06

1.08

1.10

y

(a) 2 3 4 5 6
i+1

0.0001

0.0002

0.0003

0.0004

0.0005

e
i

(b)

Ó÷Þìá 8.2.2 - 3: ÐáñÜäåéãìá 8.2.1 - 1, üôáí ` = 0:1. (a) Ôá ìðëå

óçìåßá ïñßæïõí ôéò èåùñçôéêÝò ôéìÝò y (ti); i = 0; 1; : : : ; 4 êáé ôá êüêêéíá

ôéò áñéèìçôéêÝò yi. (b) Ç ãñáöéêÞ ðáñÜóôáóç ôùí áíôßóôïé÷ùí óöáëìÜôùí ei
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2 3 4 5 6
i+1

0.005

0.010

0.015

e
i

Ó÷Þìá 8.2.2 - 4: ÐáñÜäåéãìá 8.2.1 - 1, üôáí ` = 0:1. Ç êáöÝ êáìðýëç äåß÷íåé

ôá óöÜëìáôá ei ìå ôç ìÝèïäï ôïõ Euler êáé ç ðïñôïêáëß ìå ôïõ Taylor

Óôï Ó÷. 8.2.2 - 4 ãßíåôáé ç óýãêñéóç ôùí ðáñáðÜíù áðïôåëåóìÜôùí ìå

ôá áíôßóôïé÷á ôçò ìåèüäïõ ôïõ Euler. ¢ìåóá ðñïêýðôåé ôüôå üôé ç ìÝèïäïò

ôïõ Taylor üðùò Ý÷åé Þäç ãñáöåß ðáñáðÜíù, áí êáé Ý÷åé åðßóçò ìéá áýîçóç

ôïõ óöÜëìáôïò ìå ôçí ðÜñïäï ôïõ ÷ñüíïõ, äßíåé ôåëéêÜ ðåñéóóüôåñï áêñéâÞ

áðïôåëÝóìáôá óå óýãêñéóç ìå áõôÜ ôçò ìåèüäïõ ôïõ Euler.

¢óêçóç

Áí y = y(t), íá õðïëïãéóôåß ìå ôç ìÝèïäï ôïõ Taylor ôÜîçò � = 2, áíôßóôïé÷á

� = 3 ç ëýóç ôùí ðáñáêÜôù ðñïâëçìÜôùí áñ÷éêÞò ôéìÞò

i) y′ = sin t+ e−t ; 0 ≤ t ≤ 0:5, üôáí ` = 0:1,

y(t) = 2− e−t − cos t êáé y0 = y(0).

ii) y′ = 1 +
y

t
; 1 ≤ t ≤ 1:2, üôáí ` = 0:1; 0:05,

y(t) = 2t+ t ln t êáé y0 = y(1) .

Íá ãßíåé óýãêñéóç ìå ôá áíôßóôïé÷á áðïôåëÝóìáôá ôçò ìåèüäïõ ôïõ Euler

óôçí ¢óêçóç ôçò ÐáñáãñÜöïõ 8.2.1.
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ÁðáíôÞóåéò

(i) ÌÝèïäïò ôïõ Taylor ôÜîçò � = 2: Åßíáé

f(t; y) = sin t+ e−t êáé f ′(t; y) = cos t− e−t;

ïðüôå óýìöùíá ìå ôïí ôýðï (8:2:2− 8) ç ìÝèïäïò ãñÜöåôáé

yi+1 = yi + ` f (ti; yi) +
`2

2
f ′ (ti; yi)

= yi + `
(
sin ti + e−ti

)
+
`2

2

(
cos ti − e−ti

)
: (1)

ÅðåéäÞ t ∈ [0; 0:5], ðñÝðåé t0 = a = 0 êáé b = 0:5. Ç áñ÷éêÞ ôéìÞ y0 ðñïêýðôåé áðü ôç

èåùñçôéêÞ ëýóç ùò åîÞò:

y0 = y(0) =
[
2− e−t − cos t

]
t=0

= 0:

Åöáñìüæïíôáò ôçí (1) äéáäï÷éêÜ ãéá i = 0; 1; : : : ; 4 ìå ` = 0:1 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1
(
sin ti + e−ti

)
+

0:12

2

(
cos ti − e−ti

)
= 0 + 0:1(0 + 1) +

0:12

2
(1− 1) = 0:1; åíþ

y (t1) = y(0:1) =
[
2− e−t − cos t

]
t=0:1

= 0:100 158

i = 1; y2 = : : : = 0:200 918; åíþ

y (t2) = y(0:2) =
[
2− e−t − cos t

]
t=0:2

= 0:201 203

...
...

y5 = : : : = 0.515 399; åíþ

y (t5) = y(0:5) =
[
2− e−t − cos t

]
t=0:5

= 0:515 887

ÌÝèïäïò ôïõ Taylor ôÜîçò � = 3: Åßíáé

f(t; y) = sin t+ e−t; f ′(t; y) = cos t− e−t êáé f ′′(t; y) = − sin t+ e−t;

ïðüôå óýìöùíá ìå ôïí ôýðï (8:2:2− 9) ç ìÝèïäïò ãñÜöåôáé

yi+1 = yi + ` f (ti; yi) +
`2

2
f ′ (ti; yi) +

`3

6
f ′′ (ti; yi)

= yi + `
(
sin ti + e−ti

)
+
`2

2

(
cos ti − e−ti

)
+
`3

6

(
− sin ti + e−ti

)
; (2)
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üðïõ åðßóçò åßíáé t0 = a = 0 êáé y0 = y(0) = 0.

Åöáñìüæïíôáò ôçí (2) äéáäï÷éêÜ ãéá i = 0; 1; : : : ; 4 ìå ` = 0:1 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1
(
sin ti + e−ti

)
+

0:12

2

(
cos ti − e−ti

)
+
0:13

6

(
− sin ti + e−ti

)
= 0 + 0:1(0 + 1) +

0:12

2
(1− 1)

+
0:13

6
(0 + 1) = 0:100 167; åíþ

y (t1) = y(0:1) =
[
2− e−t − cos t

]
t=0:1

= 0:100 158

i = 1; y2 = : : : = 0:201 219; åíþ

y (t2) = y(0:2) =
[
2− e−t − cos t

]
t=0:2

= 0:201 203

...
...

y5 = : : : = 0.515 924; åíþ

y (t5) = y(0:5) =
[
2− e−t − cos t

]
t=0:5

= 0:515 887

(ii) Åßíáé

f(t; y) = 1 +
y

t
; (3)

f ′(t; y) =
(
1 +

y

t

)′
=
(y
t

)′
=

y′t− y · 1
t2

óýìöùíá ìå ôçí(3)

=

(
1 + y

t

)
t− y

t2
=

1

t
; (4)

ïðüôå áðü ôïí ôýðï (8:2:2− 8) ðñïêýðôåé üôé ç ìÝèïäïò ãñÜöåôáé

yi+1 = yi + ` f (ti; yi) +
`2

2
f ′ (ti; yi)

= yi + `

(
1 +

yi
ti

)
+
`2

2

1

ti
: (5)

ÅðåéäÞ t ∈ [1; 1:2], ðñÝðåé t0 = a = 1 êáé b = 1:2. Ç áñ÷éêÞ ôéìÞ y0 ðñïêýðôåé áðü ôç

èåùñçôéêÞ ëýóç ùò åîÞò:

y0 = y(1) = [2t+ t ln t] t=1 = 2:
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ÂÞìá äéáìÝñéóçò ` = 0:1

Åöáñìüæïíôáò ôçí (5) äéáäï÷éêÜ ãéá i = 0; 1 ìå ` = 0:1 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1

(
1 +

y0
t0

)
+

0:12

2

1

t0

= 2 + 0:1

(
1 +

2

1

)
+

0:12

2

1

1
= 2:305; åíþ

y (t1) = y(1:1) = [2t+ t ln t] t=1:1 = 2:304 841

i = 1; y1+1 = y2 = y1 + 0:1

(
1 +

y1
t1

)
+

0:12

2

1

t1

= 2:305 + 0:1

(
1 +

2:305

1:1

)
+

0:12

2

1

1:1
= 2.619 091; åíþ

y (t2) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786

ÂÞìá äéáìÝñéóçò ` = 0:05

¼ìïéá åöáñìüæïíôáò ôçí (5) äéáäï÷éêÜ ãéá i = 0; 1; 2; 3 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:05

(
1 +

y0
t0

)
+

0:052

2

1

t0

= 2 + 0:05

(
1 +

2

1

)
+

0:052

2

1

1
= 2:152 250; åíþ

y (t1) = y(1:05) = [2t+ t ln t] t=1:05 = 2:151 230

...
...

i = 3; y3+1 = y4 = : : : = 2.618 862; åíþ

y (t4) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786

ÌÝèïäïò ôïõ Taylor ôÜîçò � = 3: Áðü ôéò (3) êáé (6) ðñïêýðôåé üôé åßíáé

f(t; y) = 1 +
y

t
; f ′(t; y) = : : : =

1

t
; êáé

f ′′(t; y) = − 1

t2
; (6)

ïðüôå óýìöùíá ìå ôïí ôýðï (8:2:2− 9) ç ìÝèïäïò ãñÜöåôáé

yi+1 = yi + ` f (ti; yi) +
`2

2
f ′ (ti; yi) +

`3

6
f ′′ (ti; yi)

= yi + `

(
1 +

yi
ti

)
+
`2

2

1

ti
− `3

6

1

t3i
: (7)
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ÂÞìá äéáìÝñéóçò ` = 0:1

Åöáñìüæïíôáò ôçí (7) äéáäï÷éêÜ ãéá i = 0; 1 ìå ` = 0:1 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:1

(
1 +

y0
t0

)
+

0:12

2

1

t0
− 0:13

6

1

t20

= 2 + 0:1

(
1 +

2

1

)
+

0:12

2

1

1
− 0:13

6

1

12
= 2:304 921; åíþ

y (t1) = y(1:1) = [2t+ t ln t] t=1:1 = 2:304 841

i = 1; y1+1 = y2 = y1 + 0:1

(
1 +

y1
t1

)
+

0:12

2

1

t1
− 0:13

6

1

t21

= 2:305 + 0:1

(
1 +

2:305

1:1

)
+

0:12

2

1

1:1
− 0:13

6

1

1:12
= 2.618 912; åíþ

y (t2) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786

ÂÞìá äéáìÝñéóçò ` = 0:05

¼ìïéá åöáñìüæïíôáò ôçí (5) äéáäï÷éêÜ ãéá i = 0; 1; 2; 3 Ý÷ïõìå:

ãéá i = 0; y0+1 = y1 = y0 + 0:05

(
1 +

y0
t0

)
+

0:052

2

1

t0
− 0:053

6

1

t20

= 2 + 0:05

(
1 +

2

1

)
+

0:052

2

1

1
− 0:053

6

1

12
= 2:151 240; åíþ

y (t1) = y(1:05) = [2t+ t ln t] t=1:05 = 2:151 230

...
...

i = 3; y3+1 = y4 = : : : = 2.618 815; åíþ

y (t4) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786

8.3 ÌÝèïäïé ôùí Runge-Kutta

8.3.1 ÅéóáãùãÞ

Óôçí ðáñÜãñáöï áõôÞ ãßíåôáé ìéá ðñïóÝããéóç ôçò ëýóçò ôïõ ðñïâëÞìáôïò

áñ÷éêÞò ôéìÞò 1çò ôÜîçò

y′ = f(t; y) ; t ∈ [a; b ] ìå y0 = y (a)

äéáöïñåôéêÞò åêåßíçò ðïõ äüèçêå óôçí ÐáñÜãñáöï 8.2.
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Åéäéêüôåñá óýìöùíá ìå ôçí ÐáñÜãñáöï 8.2, áí õðïôåèåß üôé ôï äéÜóôçìá

[a; b ] Ý÷åé õðïäéáéñåèåß óå N ôï ðëÞèïò ßóá õðïäéáóôÞìáôá ðëÜôïõò `, ôüôå ç

ìÝèïäïò:

i) ôïõ Euler, ðïõ äßíåôáé áðü ôç ó÷Ýóç

yi+1 = yi + `f (ti; yi) ; êáé

ii) ôïõ Taylor ôÜîçò � áðü ôç ó÷Ýóç

yi+1 = yi + `fi +
`2

2 !
f ′
i + : : :+

` �

� !
f
(�−1)
i ;

üôáí i = 0; 1; : : : ; N − 1, õðïëïãßæåé ôçí ðñïóåããéóôéêÞ ëýóç yi+1 áðü ôçí

yi ðñïóèÝôïíôáò ôïí üñï

•

` f (ti; yi) ãéá ôçí (i) ìÝèïäï;

áíôßóôïé÷á ôïí

•

`

(
fi +

`

2 !
f ′
i + : : :+

` �−1

� !
f
(�−1)
i

)
ãéá ôç (ii):

Êáé ïé äýï ìÝèïäïé áíÞêïõí óôçí êáôçãïñßá ôùí ìïíïâçìáôéêþí ìåèüäùí

Þ ôùí ìåèüäùí ôïõ áðëïý âÞìáôïò, äçëáäÞ ôùí ìåèüäùí ïé ïðïßåò ãéá ôïí

õðïëïãéóìü ôçò ðñïóÝããéóçò yi+1 ÷ñçóéìïðïéïýí ìüíï ôçí áìÝóùò ðñïçãïýìå-

íç ôéìÞ yi. Êýñéá ÷áñáêôçñéóôéêÜ ôùí ìåèüäùí áõôþí åßíáé:

• ç äõóêïëßá ôïõ õðïëïãéóìïý ôùí ðáñáãþãùí óôç (ii), êáé

• ç ìéêñÞ áêñßâåéá ôùí áðïôåëåóìÜôùí.9

9Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá êáé óôï

âéâëßï Á. ÌðñÜôóïò [1] Êåö. 10.
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8.3.2 Ïñéóìïß

¸óôù ôï ðñüâëçìá áñ÷éêÞò ôéìÞò 1çò ôÜîçò10

y′ = f(t; y) ; t ∈ [a; b ] ìå y0 = y (a) : (8.3.2 - 1)

Óýìöùíá ìå ôçí ÐáñÜãñáöï 8.2 êáé ôçí ðáñáðÜíù åéóáãùãÞ üëåò ïé

ìÝèïäïé ðïõ åîåôÜóôçêáí ôåëéêÜ ãñÜöïíôáé óôç ìïñöÞ

yi+1 = yi + `F
(
ti; f

(�−1)
i ; `

)
; (8.3.2 - 2)

üôáí i = 0; 1; : : : ; N −1, üðïõ F åßíáé ìßá ãíùóôÞ óõíÜñôçóç, ðïõ åîáñôÜôáé

áðü

• ôç äéáìÝñéóç � ôïõ äéáóôÞìáôïò [a; b ] (Ó÷. 8.3.2 - 1),

• ôç ìÝèïäï ôïõ Euler, áíôßóôïé÷á ôïõ Taylor êáé ôçí ôÜîç ôçò �.

Ï Runge11 êáé áñãüôåñá ï Kutta12 áðÝäåéîáí üôé åßíáé äõíáôÞ ç ëýóç ôïõ

ðñïâëÞìáôïò áñ÷éêÞò ôéìÞò (8:3:2 − 1) ìå áñéèìçôéêÝò ìåèüäïõò ôçò ìïñöÞò

(8:3:2−2), ÷ùñßò íá áðáéôåßôáé ï õðïëïãéóìüò ôùí ðáñáãþãùí ôçò óõíÜñôçóçò

áëëÜ ìå ôçí ßäéá áêñßâåéá ôçò ëýóçò. Ïé ìÝèïäïé áõôÝò, ðïõ åßíáé ãíùóôÝò óáí

ìÝèïäïé ôùí Runge-Kutta (RK), 13 ãñÜöïíôáé óôç ãåíéêÞ ôïõò ìïñöÞ ùò

åîÞò:

yi+1 = yi + `ö (ti; yi; `) ãéá êÜèå i = 0; 1; : : : ; N − 1; (8.3.2 - 3)

10Õðåíèõìßæåôáé áðü ôçí ÐáñÜãñáöï 8.2 ï ðáñáêÜôù ïñéóìüò:

Ïñéóìüò 8.3.2 - 1. Ìéá ëõìÝíç äéáöïñéêÞ åîßóùóç 1çò ôÜîçò èá ëÝãåôáé üôé ïñßæåé Ýíá

ðñüâëçìá áñ÷éêÞò ôéìÞò (initial value problem Þ IVP), üôáí ç ëýóç ôçò åðáëçèåýåé ìéá

áñ÷éêÞ ôéìÞ, äçëáäÞ

y′(t) = f(t; y(t)); üôáí t ∈ [a; b] ⊂ R êáé áñ÷éêÞ ôéìÞ y0 = y (a) :

11ÂëÝðå Runge, C. (1895). Math. Ann. 46, 167. êáé
12Kutta, M. W. Z. (1901). F�ur Math.u.Phys. 46, 435.
13ÂëÝðå âéâëéïãñáößá êáé: https : ==en:wikipedia:org=wiki=Runge−Kutta methods
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æ æ æ æ æ æ

t0 t1 ti ti+1 tN-1 tN

y0 y1 yi yi+1 yN-1 yN

a { b

Ó÷Þìá 8.3.2 - 1: ç äéáìÝñéóç � ôïõ äéáóôÞìáôïò [a; b ] áðü ôá óçìåßá a =

t0 < t1 < : : : < tN−1 < tN = b, üôáí ` ôï âÞìá ôçò äéáìÝñéóçò, y0 ç áñ÷éêÞ

ôéìÞ êáé ïé ðñïóåããéóôéêÝò ôéìÝò y1; y2; : : : ; yN ìå yN ≈ y(b) ðïõ ðñïêýðôïõí

áðü ôçí (8:3:2− 2)

üôáí ãéá ôçí �-ôÜîç ôçò ìåèüäïõ, ç óõíÜñôçóç ö äßíåôáé áðü ôç ó÷Ýóç

ö(t; y; `) = c1 k1 + c2 k2 + : : :+ c� k� ; (8.3.2 - 4)

üðïõ

k1 = f(t; y);

k2 = f (t+ `a2; y + ` b21 k1)

a2 = b21;

k3 = f (t+ `a3; y + ` (b31 k1 + b32 k2)) ;

a3 = b31 + b32;
...

...

k� = f

(
t+ `a� ; y + `

�−1∑
m=1

b�m km

)
;

a� =

�−1∑
m=1

b�m:
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ÐáñáôÞñçóç 8.3.2 - 1

Åßíáé ðñïöáíÝò üôé üëåò ïé ìÝèïäïé (8:3:2− 3):

• åêöñÜæïíôáé ìå ôçí áíáëõôéêÞ (explicit) ìïñöÞ (8:3:2− 4).

• Óýìöùíá ìå ôïõò ôýðïõò (8:3:2 − 5) ãéá íá õðïëïãéóôåß ç ëýóç ôïõ

ðñïâëÞìáôïò áñ÷éêÞò ôéìÞò (8:3:2 − 1) ìå åöáñìïãÞ ìéáò ìåèüäïõ �-

ôÜîçò, áðáéôåßôáé ï õðïëïãéóìüò � ôï ðëÞèïò óõíáñôÞóåùí.

Äßíïíôáé óôç óõíÝ÷åéá ïé ðáñáêÜôù äýï ÷ñÞóéìïé ãéá ôá åðüìåíá ïñéóìïß:

Ïñéóìüò 8.3.2 - 2. ¸óôù y(t) ç èåùñçôéêÞ ëýóç ôïõ ðñïâëÞìáôïò áñ÷éêÞò

ôéìÞò (8:3:2 − 1). Ôüôå ç ìÝèïäïò ôùí Runge-Kutta, ðïõ ïñßæåôáé áðü ôç

ó÷Ýóç (8:3:2 − 3), ëÝãåôáé üôé åßíáé �-ôÜîçò, üôáí � åßíáé ï ìåãáëýôåñïò

áêÝñáéïò ãéá ôïí ïðïßï éó÷ýåé

y(t+ `)− y(t)− `ö(t; y(t); `) = O
(
` �+1

)
: (8.3.2 - 5)

Õðåíèõìßæåôáé üôé ìå ôï O
(
` �+1

)
óõìâïëßæåôáé ôï Üèñïéóìá áðü ôïõ üñïõ

` �+1 êáé ìåôÜ, äçëáäÞ ôïõ a1`
�+1 + a2`

�+2 + : : : :

Ïñéóìüò 8.3.2 - 3. Ç ìÝèïäïò Runge-Kutta (8:3:2 − 3) ëÝãåôáé üôé åßíáé

óõìâáôÞ (consistent) ìå ôï ðñüâëçìá áñ÷éêÞò ôéìÞò (8:3:2− 1), üôáí

ö(t; y; 0) = f(t; y): (8.3.2 - 6)

ÐáñáôÞñçóç 8.3.2 - 2

Ïé óõíôåëåóôÝò ci êáé ki; i = 1; : : : ; � óôçí (8:3:2−4) õðïëïãßæïíôáé áíáðôýó-

óïíôáò üëïõò ôïõò üñïõò êáôÜ Taylor ùò ðñïò t êáé óôç óõíÝ÷åéá åöáñìüæïíôáò

ôéò óõíèÞêåò ôùí Ïñéóìþí 8.3.2 - 2 êáé 8.3.2 - 3. Ôüôå, óýìöùíá ìå ôïí

Ïñéóìü 8.3.2 - 2, üëïé ïé óõíôåëåóôÝò ôùí äõíÜìåùí `i; i = 1; : : : ; � ðñÝðåé

óôçí ðåñßðôùóç áõôÞ íá åßíáé 0.

Äßíïíôáé óôç óõíÝ÷åéá ïé ðáñáêÜôù äýï ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíåò

óôéò åöáñìïãÝò ìÝèïäïé ôùí Runge-Kutta:
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8.3.3 ÌÝèïäïò 3çò ôÜîçò

¸óôù üôé ç ôÜîç ôçò ìåèüäïõ RK åßíáé � = 3. Ôüôå óýìöùíá ìå ôç ó÷Ýóç

(8:3:2− 4) åßíáé

yi+1 = yi + ` (c1k1 + c2k2 + c3k3)

= yi + `ö (ti; yi; `) ; (8.3.3 - 1)

üðïõ ôá k1; k2 êáé k3 õðïëïãßæïíôáé áðü ôçí (8:3:2− 5) ùò åîÞò:

k1 = f (t; y) ;

k2 = f (t+ `a2; y + `b21k1) ìå a2 = b21; ïðüôå

k2 = f (t+ `a2; y + ` a2 k1) :

k3 = f (t+ `a3; y + ` (b31k1 + b32k2)) ìå

a3 = b31 + b32; ïðüôå b31 = a3 − b32:

¢ñá

k3 = f (t+ `a3; y + ` (a3 − b32) k1 + ` b32k2) :

Áíôéêáèéóôþíôáò ôéò ðáñáðÜíù ôéìÝò ôùí k1; k2 êáé k3 óôçí (8:3:3−1) ðñïêýðôåé

ôåëéêÜ üôé ôï yi+1 åîáñôÜôáé áðü ôéò ðáñáìÝôñïõò

c1; c2; c3; a2; a3 êáé b32: (8.3.3 - 2)

ÅðåéäÞ óýìöùíá ìå ôïí Ïñéóìü 8.3.2 - 2 êáé ôçí ÐáñáôÞñçóç 8.3.2 - 2 ç

ìÝèïäïò RK åßíáé ôÜîçò � = 3, ïé ðáñÜìåôñïé ôçò ó÷Ýóçò (8:3:3 − 2) ðñÝðåé

óôçí (8:3:3− 1) íá åêëåãïýí, Ýôóé þóôå íá éó÷ýåé

y(t+ `)− y(t)− `ö(t; y(t); `) = O
(
`4
)
: (8.3.3 - 3)

Ðáñáëåßðïíôáò óôï óçìåßï áõôü ôïõò åíäéÜìåóïõò õðïëïãéóìïýò, ðáñáðÝìðï-

íôáò ôïí áíáãíþóôç ðñïò ôïýôï óôç âéâëéïãñáößá, ôåëéêÜ áðü ôçí (8:3:3− 3)
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ðñïêýðôåé Ýíá óýóôçìá 4 åîéóþóåùí ìå 6 áãíþóôïõò ôéò ðáñáìÝôñïõò óôçí

(8:3:3− 2), ðïõ áíáëõôéêÜ ãñÜöåôáé ùò åîÞò:

c1 + c2 + c3 = 1 c2a2 + c3a3 =
1

2

c2a
2
2 + c3a

2
3 =

1

3
c3a2b32 =

1

6
:

(8.3.3 - 4)

ÅðåéäÞ óôï óýóôçìá áõôü ï áñéèìüò ôùí áãíþóôùí åßíáé ìåãáëýôåñïò áðü ôïí

áñéèìü ôùí åîéóþóåùí, èá õðÜñ÷ïõí Üðåéñåò ëýóåéò.14 ÅðïìÝíùò õðÜñ÷åé Ýíá

Üðåéñï ðëÞèïò ìåèüäùí Runge-Kutta 3çò ôÜîçò ôùí ïðïßùí ï ôýðïò óýìöùíá

ìå ôçí (8:3:3− 1) èá åêöñÜæåôáé ìå áíáëõôéêÞ ìïñöÞ.

Áðü ôï óýíïëï ôùí ìåèüäùí áõôþí åîåôÜæåôáé ìüíïí ç ðáñáêÜôù ðåñéóóüôåñï

÷ñçóéìïðïéïýìåíç óôéò åöáñìïãÝò ìÝèïäïò:

yi+1 = yi +
`

6
(k1 + 4k2 + k3) (8.3.3 - 5)

k1 = f (ti; yi)

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)

k3 = f (ti + `; yi − `k1 + 2`k2) :

Ç ìÝèïäïò áõôÞ åßíáé ãíùóôÞ ùò ï êáíüíáò 3çò ôÜîçò ôïõ Kutta (RK3).

ÐáñÜäåéãìá 8.3.3 - 1

Áí y = y(t), íá ëõèåß ìå ôç ìÝèïäï RK3 ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = −y + t2 + 1; üôáí t ∈ [0; 0:5] êáé ` = 0:1: (8.3.3 - 6)

Óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ëýóç

y(t) = 2e−t + t2 − 2t+ 3:

14ÂëÝðå ÌáèÞìáôá Áíþôåñùí Ìáèçìáôéêþí êáé ÌÜèçìá ÃñáììéêÞ ¢ëãåâñá - ÃñáììéêÜ

óõóôÞìáôá.
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æ æ æ æ æ æ

t0 t1 t2 t3 t4 t5

y0 y1 y2 y3 y4 y5

0 0.1 0.2 0.3 0.4 0.5{

Ó÷Þìá 8.3.3 - 1: ç äéáìÝñéóç ôïõ äéáóôÞìáôïò [0; 0:5], üôáí ` = 0:1. Ç

åöáñìïãÞ ôçò ìåèüäïõ RK3, ðïõ äßíåôáé áðü ôéò ó÷Ýóåéò (8:3:3−7), äéáäï÷éêÜ

ãéá i = 0; 1; 2; 3; 4 èá äþóåé ôéò ðñïóåããéóôéêÝò ôéìÝò y1; y2; : : : ; y5 ìå y5 ≈
y(0:5). Ç áñ÷éêÞ ôéìÞ y0 õðïëïãßæåôáé áðü ôç èåùñçôéêÞ ëýóç ùò åîÞò: y0 =

y (t0) = y(0) =
[
2e−t + t2 − 2t+ 3

]
t=0

= 5

Ëýóç. Óõãêñßíïíôáò ôï 2ï ìÝëïò ôçò (8:3:3−6) ìå ôï áíôßóôïé÷ï ôçò (8:3:2−
1) ðñïêýðôåé üôé

f(t; y) = −y + t2 + 1:

ÅðåéäÞ åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç y(t), ç áñ÷éêÞ ôéìÞ y0, ðïõ áíôéóôïé÷åß

óôçí ôéìÞ t = 0, õðïëïãßæåôáé áðü ôçí y(t) ùò åîÞò:

y0 = y(0) =
[
2e−t + t2 − 2t+ 3

]
t=0

= 2 + 3 = 5:

ÅðïìÝíùò ç ìÝèïäïò RK3, ðïõ äßíåôáé áðü ôïõò ôýðïõò (8:3:3−5), ãñÜöåôáé
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óôçí ðåñßðôùóç áõôÞ ùò åîÞò:

k1 = f (ti; yi) = −yi + t2i + 1;

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)

= −
(
yi +

`

2
k1

)
+

(
ti +

`

2

)2

+ 1;

k3 = f (ti + `; yi − `k1 + 2`k2)

= − (yi − ` k1 + 2 ` k2) + (ti + `)2 + 1;

ïðüôå

yi+1 = yi +
`

6
(k1 + 4k2 + k3) : (8.3.3 - 7)

Ôüôå ãéá i = 0; 1; 2; 3; 4 (Ó÷. 8.3.3 - 1) óýìöùíá ìå ôéò ó÷Ýóåéò (8:3:3−7)

Ý÷ïõìå:

1ï âÞìá (t0 = 0; y0 = 5) −→ (t1 = 0:1; y1)

ãéá i = 0

k1 = f (t0; y0) = −y0 + t20 + 1 = −5 + 0 + 1 = −4;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)

= −
(
y0 +

`

2
k1

)
+

(
t0 +

`

2

)2

+ 1

= −
[
5 +

0:1

2
(−4)

]
+

(
0 +

0:1

2

)2

+ 1

= −3:7975;
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k3 = f (t0 + `; y0 − `k1 + 2`k2)

= − (y0 − ` k1 + 2 ` k2) + (t0 + `)2 + 1

= − [5− 0:1 (−4)− 2 · 0:1 · 3:7975] + (0 + 0:1)2 + 1

= −3:6305;

ïðüôå

y1 = y0 +
`

6
(k1 + 4k2 + k3)

= 5 +
0:1

6
[−4 + 4 (−3:7975)− 3:6305 ] = 4:619 658;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(0:1) =
[
2e−t + t2 − 2t+ 3

]
t=0:1

= 4:619 675:

2ï âÞìá (t1 = 0:1; y1 = 4:619 658) −→ (t2 = 0:2; y2)

ãéá i = 1

k1 = f (t1; y1) = −y1 + t21 + 1

= −4:619 658 + 0:12 + 1 = −3:609 658;

k2 = f

(
t1 +

`

2
; y1 +

`

2
k1

)

= −
(
y1 +

`

2
k1

)
+

(
t1 +

`

2

)2

+ 1

= −
[
4:619 658 +

0:1

2
· (−3:609 658)

]
+

(
0:1 +

0:1

2

)2

+ 1

= −3:416 675;
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Ðßíáêáò 8.3.3 - 1: ÐáñÜäåéãìá 8.3.3 - 1: áðïôåëÝóìáôá ìåèüäïõ RK3

ti yi y (ti) ei = |yi − y (ti)|

0.0 5.000000 5.000000 0.0

0.1 4.619658 4.619675 0.165E-04

0.2 4.277431 4.277462 0.307E-04

0.3 3.971594 3.971636 0.428E-04

0.4 3.700587 3.700640 0.531E-04

0.5 3.462 999 3.463061 0.618E-04

k3 = f (t1 + `; y1 − `k1 + 2`k2)

= − (y1 − ` k1 + 2 ` k2) + (t1 + `)2 + 1

= − [4:619 658− 0:1 · (−3:609 658) + 2 · 0:1 · (−3:416 675)]

+ (0:1 + 0:1)2 + 1 = −3:257 289;

ïðüôå

y2 = y1 +
`

6
(k1 + 4k2 + k3)

= 4:619 658 +
0:1

6
[−3:609 658 + 4 · (−3:416 675)− 3:257 289 ]

= 4:277 431;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(0:2) =
[
2e−t + t2 − 2t+ 3

]
t=0:2

= 4:277 462:

Óõíå÷ßæïíôáò ìå üìïéï ôñüðï Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 8.3.3 - 1,

åíþ óôï Ó÷. 8.3.3 - 2 ôï äéÜãñáììá ôùí áíôßóôïé÷ùí óöáëìÜôùí ei.
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1 2 3 4 5 6
i+1

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

ei

Ó÷Þìá 8.3.3 - 2: ÐáñÜäåéãìá 8.3.3 - 1. Ç êáìðýëç äåß÷íåé ôá óöÜëìáôá ei

¢óêçóç

Áí y = y(t), íá õðïëïãéóôåß ìå ôç ìÝèïäï RK3 ç ëýóç ôùí ðáñáêÜôù

ðñïâëçìÜôùí áñ÷éêÞò ôéìÞò:

i) y′ = sin t+ e−t ; 0 ≤ t ≤ 0:5, üôáí ` = 0:1,

y(t) = 2− e−t − cos t êáé y0 = y(0).

ii) y′ = 1 +
y

t
; 1 ≤ t ≤ 1:2, üôáí ` = 0:1; 0:05,

y(t) = 2t+ t ln t êáé y0 = y(1) .

Óôç óõíÝ÷åéá íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóç ôçò ëýóçò êáé ôùí áíôßóôïé÷ùí

óöáëìÜôùí.

ÁðáíôÞóåéò

(i) Åßíáé

f(t; y) = sin t+ e−t:

ÅðåéäÞ åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç y(t), ç áñ÷éêÞ ôéìÞ y0, ðïõ áíôéóôïé÷åß óôçí ôéìÞ

t = 0, õðïëïãßæåôáé áðü ôçí y(t) ùò åîÞò:

y0 = y(0) =
[
2− e−t − cos t

]
t=0

= 0:
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ÅðïìÝíùò ç ìÝèïäïò RK3, ðïõ äßíåôáé áðü ôïõò ôýðïõò (8:3:3 − 5), ÷ñçóéìïðïéþíôáò

ãéá åõêïëßá ôïí óõìâïëéóìü et = exp(t) ãñÜöåôáé óôçí ðåñßðôùóç áõôÞ ùò åîÞò:

k1 = f (ti; yi) = sin ti + exp (−ti) ;

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)

= sin

(
ti +

`

2

)
+ exp

[
−
(
ti +

`

2

)]
;

k3 = f (ti + `; yi − `k1 + 2`k2)

= sin (ti + `) + exp [− (ti + `)] ;

ïðüôå

yi+1 = yi +
`

6
(k1 + 4k2 + k3) : (1)

Ôüôå ãéá i = 0; 1; 2; 3; 4 óýìöùíá ìå ôéò ó÷Ýóåéò (1) Ý÷ïõìå:

1ï âÞìá (t0 = 0; y0 = 0) −→ (t1 = 0:1; y1)

ãéá i = 0

k1 = f (t0; y0) = sin t0 + exp (−t0)

= sin 0 + exp(−0) = 0 + 1 = 1;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)

= sin

(
t0 +

`

2

)
+ exp

[
−
(
t0 +

`

2

)]

= sin

(
0 +

0:1

2

)
+ exp

[
−
(
0 +

0:1

2

)]
= 1:001 209;

k3 = f (t0 + `; y0 − `k1 + 2`k2)

= sin (t0 + `) + exp [− (t0 + `)]

= sin (0 + 0:1) + exp [− (0 + 0:1)] = 1:004 671;
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ïðüôå

y1 = y0 +
`

6
(k1 + 4k2 + k3)

= 0 +
0:1

6
[1 + 4 · 1:001 209 + 1:004 671] = 0:100 158;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(0:1) =
[
sin t+ e−t]

t=0:1
= 0:100 158:

ÐáñáôÞñçóç 8.3.3 - 1

Äéåõêñéíßæåôáé üôé, üôáí ç áêñßâåéá ôùí áðïôåëåóìÜôùí áõîçèåß, ôüôå y1 ̸= y(0:1) üðùò

áõôü öáßíåôáé óôï áíôßóôïé÷ï óöÜëìá ôïõ Ðßíáêá 1.

2ï âÞìá (t1 = 0:1; y1 = 0:100 158) −→ (t2 = 0:2; y2)

ãéá i = 1

k1 = f (t1; y1) = sin t1 + exp (−t1)

= sin 0:1 + exp(−0:1) = 1:004 671;

k2 = f

(
t1 +

`

2
; y1 +

`

2
k1

)

= sin

(
t1 +

`

2

)
+ exp

[
−
(
t1 +

`

2

)]

= sin

(
0:1 +

0:1

2

)
+ exp

[
−
(
0:1 +

0; 1

2

)]
= 1:010 146;

k3 = f (t1 + `; y1 − `k1 + 2`k2)

= sin (t1 + `) + exp [− (t1 + `)]

= sin (0:1 + 0:1) + exp [− (0:1 + 0:1)] = 1:017 400;
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Ðßíáêáò 1: ¢óêçóç (i): áðïôåëÝóìáôá ìåèüäïõ RK3

ti yi y (ti) ei = |yi − y (ti)|

0:0 0:0 0:0 0:0

0:1 0:100 158 0:100 158 0:348E − 08

0:2 0:201 203 0:201 203 0:699E − 08

0:3 0:303 845 0:303 845 0:106E − 07

0:4 0:408 619 0:408 619 0:142E − 07

0:5 0.515 887 0:515 887 0:179E − 07

ïðüôå

y2 = y1 +
`

6
(k1 + 4k2 + k3)

= 0:100 158 +
0:1

6
[1:004 671 + 4 · 1:010 146 + 1:017 400]

= 0:201 203;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(0:2) =
[
sin t+ e−t]

t=0:2
= 0:201 203

ìå áíÜëïãç äéåõêñßíçóç áõôÞò ôçò ÐáñáôÞñçóçò 8.3.3 - 1 ôïõ 1ïõ âÞìáôïò. Óõíå÷ßæïíôáò

ìå üìïéï ôñüðï Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 1.

(ii) Åßíáé

f(t; y) = 1 +
y

t
:

ÅðåéäÞ üìïéá åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç y(t), ç áñ÷éêÞ ôéìÞ y0, ðïõ áíôéóôïé÷åß óôçí

ôéìÞ t = 1, õðïëïãßæåôáé áðü ôçí y(t) ùò åîÞò:

y0 = y(1) = [2t+ t ln t] t=1 = 2:

ÅðïìÝíùò ç ìÝèïäïò RK3, ðïõ äßíåôáé áðü ôïõò ôýðïõò (8:3:3 − 5), ãñÜöåôáé óôçí
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ðåñßðôùóç áõôÞ ùò åîÞò:

k1 = f (ti; yi) = 1 +
yi
ti
;

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)
= 1 +

yi +
`

2
k1

ti +
`

2

k3 = f (ti + `; yi − `k1 + 2`k2) = 1 +
yi − `k1 + 2`k2

ti + `
;

ïðüôå

yi+1 = yi +
`

6
(k1 + 4k2 + k3) : (2)

ÂÞìá äéáìÝñéóçò ` = 0:1

Ôüôå ãéá i = 0; 1 óýìöùíá ìå ôéò ó÷Ýóåéò (2) Ý÷ïõìå:

1ï âÞìá (t0 = 1; y0 = 2) −→ (t1 = 1:1; y1)

ãéá i = 0

k1 = f (t0; y0) = 1 +
y0
t0

= 1 +
2

1
= 3;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)
= 1 +

y0 +
`

2
k1

t0 +
`

2

= 1 +
2 +

0:1

2
· 3

1 +
0:1

2

= 3:047 619;

k3 = f (t0 + `; y0 − `k1 + 2`k2) = 1 +
y0 − `k1 + 2`k2

t0 + `
;

= 1 +
2− 0:1 · 3 + 2 · 0:1 · 3:047 619

1 + 0:1
= 3:099 567;

ïðüôå

y1 = y0 +
`

6
(k1 + 4k2 + k3) ;

= 2 +
`

6
(3 + 4 · 3:047 619 + 3:099 567) = 2:304 834

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(1:1) = [2t+ t ln t] t=1:1 = 2:304 841:



328 ÁñéèìçôéêÞ ëýóç ÓÄÅ

2ï âÞìá (t1 = 1:1; y1 = 2:304 834) −→ (t2 = 1:2; y1)

ãéá i = 1

k1 = f (t1; y1) = 1 +
y1
t1

= 1 +
2:304 834

1:1
= 3:095 304;

k2 = f

(
t1 +

`

2
; y1 +

`

2
k1

)
= 1 +

y1 +
`

2
k1

t1 +
`

2

= 1 +
2:304 834 +

0:1

2
· (3:095 304)

1:1 +
0:1

2

= 3:138 782;

k3 = f (t1 + `; y1 − `k1 + 2`k2) = 1 +
y1 − `k1 + 2`k2

t1 + `
;

= 1 +
2:304 834− 0:1 · 3:095 304 + 2 · 0:1 · 3:138 782

1:1 + 0:1

= 3:185 883;

ïðüôå

y2 = y1 +
`

6
(k1 + 4k2 + k3) ;

= 2:304 834 +
`

6
(3:095 304 + 4 · 3:138 782 + 3:185 883)

= 2.618 773

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(1:2) = [2t+ t ln t] t=1:1 = 2:618 786:

ÂÞìá äéáìÝñéóçò ` = 0:05

Ôüôå ãéá i = 0; 1; 2; 3 óýìöùíá ìå ôéò ó÷Ýóåéò (2) Ý÷ïõìå:
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1ï âÞìá (t0 = 1; y0 = 2) −→ (t1 = 1:05; y1)

ãéá i = 0

k1 = f (t0; y0) = 1 +
y0
t0

= 1 +
2

1
= 3;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)
= 1 +

y0 +
`

2
k1

t0 +
`

2

= 1 +
2 +

0:05

2
· 3

1 +
0:05

2

= 3:024 390;

k3 = f (t0 + `; y0 − `k1 + 2`k2) = 1 +
y0 − `k1 + 2`k2

t0 + `
;

= 1 +
2− 0:1 · 3 + 2 · 0:1 · 3:024 390

1 + 0:05
= 3:049 942;

ïðüôå

y1 = y0 +
`

6
(k1 + 4k2 + k3) ;

= 2 +
`

6
(3 + 4 · 3:024 390 + 3:049 942) = 2:151 229

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(1:05) = [2t+ t ln t] t=1:05 = 2:151 230:

...
...
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4ï âÞìá (t3 = 1:15; y3 = 2:460 725) −→ (t4 = 1:2; y4)

ãéá i = 3

k1 = f (t3; y3) = 1 +
y3
t3

= 1 +
2:460 725

1:15
= 3:139 761;

k2 = f

(
t3 +

`

2
; y3 +

`

2
k1

)
= 1 +

y3 +
`

2
k1

t3 +
`

2

= 1 +
2:460 725 +

0:05

2
· (3:139 761)

1:15 +
0:05

2

= 3:161 037;

k3 = f (t3 + `; y3 − `k1 + 2`k2) = 1 +
y3 − `k1 + 2`k2

t3 + `
;

= 1 +
2:460 725− 0:05 · 3:139 761 + 2 · 0:05 · 3:161 037

1:15 + 0:05
= 3:183 201;

ïðüôå

y4 = y3 +
`

6
(k1 + 4k2 + k3) ;

= 2:460 725 +
`

6
(3:139 761 + 4 · 3:161 037 + 3:183 201) = 2.618 784

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786:

ÐáñáôÞñçóç 8.3.3 - 2

Áðü ôá áðïôåëÝóìáôá ôçò ¢óêçóçò (ii) ðñïêýðôåé üôé õðÜñ÷åé ìéá áýîçóç ôçò áêñßâåéáò,

üôáí ôï âÞìá ôçò äéáìÝñéóçò ìéêñáßíåé. ¼ìùò óå ðåñéðôþóåéò ðïëýðëïêùí öõóéêþí ðñïâëç-

ìÜôùí êáé ãéá ìåãÜëá ÷ñïíéêÜ äéáóôÞìáôá, ðïëëÝò öïñÝò ðáñáôçñåßôáé ç åëÜôôùóç ôïõ

âÞìáôïò íá ìç óõíïäåýåôáé êáé áðü áíÜëïãç åëÜôôùóç ôïõ óöÜëìáôïò. Áõôü ïöåßëåôáé óôï

üôé áðáéôïýíôáé óôçí ðåñßðôùóç áõôÞ ðåñéóóüôåñá âÞìáôá ãéá ôç ëýóç ôïõ ðñïâëÞìáôïò,

äçëáäÞ ðåñéóóüôåñåò ðñÜîåéò, ðïõ Ý÷ïõí óáí óõíÝðåéá ôçí áýîçóç ôùí ëáèþí óôñïããõëïðïß-

çóçò (round-o� errors). Ãéá ðáñÜäåéãìá, üôáí ` = 0:05, ãéá ôç ëýóç ôçò ¢óêçóçò (ii)

áðáéôÞèçêáí 4 âÞìáôá, åíþ áí ` = 10−4, áðáéôïýíôáé 2:000.
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8.3.4 ÌÝèïäïò 4çò ôÜîçò

Áí ç ôÜîç ôçò ìåèüäïõ RK åßíáé � = 4, ôüôå óýìöùíá ìå ôç ó÷Ýóç (8:3:2−4)

ðñÝðåé

yi+1 = yi + ` (c1k1 + c2k2 + c3k3 + c4k4)

= yi + `ö (ti; yi; `) ; (8.3.4 - 1)

üðïõ ôá ci; ki; i = 1; 2; 3; 4 õðïëïãßæïíôáé áðü ôçí (8:3:2− 5) ùò åîÞò:

k1 = f (t; y) ;

k2 = f (t+ `a2; y + `b21k1) ìå a2 = b21; ïðüôå

k2 = f (t+ `a2; y + ` a2 k1) :

k3 = f (t+ `a3; y + ` (b31k1 + b32k2)) ìå

a3 = b31 + b32; ïðüôå b31 = a3 − b32:

¢ñá

k3 = f (t+ `a3; y + ` (a3 − b32) k1 + ` b32k2) :

k4 = f (t+ `a4; y + ` (b41k1 + b42k2 + b43k3)) ìå

a4 = b41 + b42 + b43; ïðüôå b41 = a4 − b42 − b43:

¢ñá

k4 = f (t+ `a4; y + ` (a4 − b42 − b43) k1 + ` b42k2 ++` b43k3) :

Áíôéêáèéóôþíôáò ôéò ðáñáðÜíù ôéìÝò ôùí ki; i = 1; 2; 3; 4 óôçí (8:3:4 − 1)

ðñïêýðôåé ôåëéêÜ üôé ôï yi+1 åîáñôÜôáé áðü ôéò ðáñáìÝôñïõò

c1; c2; c3; c4; a2; a3; a4; b32; b42 êáé b43: (8.3.4 - 2)
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ÅðåéäÞ óýìöùíá ìå ôïí Ïñéóìü 8.3.2 - 2 êáé ôçí ÐáñáôÞñçóç 8.3.2 - 2 ç

ìÝèïäïò RK åßíáé ôÜîçò � = 4, ïé ðáñÜìåôñïé ôçò ó÷Ýóçò (8:3:4 − 2) ðñÝðåé

óôçí (8:3:4− 1) íá åêëåãïýí, Ýôóé þóôå íá éó÷ýåé

y(t+ `)− y(t)− `ö(t; y(t); `) = O
(
`5
)
: (8.3.4 - 3)

¼ìïéá, üðùò êáé óôçí ðåñßðôùóç ôçò ìåèüäïõ RK3 óôçí ÐáñÜãñáöï 8.3.3,

ðáñáëåßðïíôáò ôïõò åíäéÜìåóïõò õðïëïãéóìïýò ðáñáðÝìðïíôáò ôïí áíáãíþóôç

ðñïò ôïýôï óôç âéâëéïãñáößá, ôåëéêÜ ðñïêýðôåé Ýíá óýóôçìá 8 åîéóþóåùí

ìå 10 áãíþóôïõò ôéò ðáñáìÝôñïõò óôçí (8:3:4 − 2), ïðüôå èá õðÜñ÷åé êáé

óôçí ðåñßðôùóç áõôÞ Ýíá Üðåéñï ðëÞèïò ìåèüäùí Runge-Kutta 4çò ôÜîçò,

ôùí ïðïßùí ï ôýðïò óýìöùíá ìå ôçí (8:3:4− 1) èá åêöñÜæåôáé ìå áíáëõôéêÞ

ìïñöÞ.

Áðü ôï óýíïëï áõôü èá åîåôáóôåß ìüíïí ç ðáñáêÜôù ðåñéóóüôåñï ÷ñçóéìï-

ðïéïýìåíç ìÝèïäïò

yi+1 = yi +
`

6
(k1 + 2k2 + 2k3 + k4) (8.3.4 - 4)

k1 = f (ti; yi)

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)

k3 = f

(
ti +

`

2
; yi +

`

2
k2

)
k4 = f (ti + `; yi + `k3)

ðïõ åßíáé ãíùóôÞ êáé óáí ìÝèïäïò RK4.15

ÐáñÜäåéãìá 8.3.4 - 1

¼ìïéá áí y = y(t), íá ëõèåß ìå ôç ìÝèïäï RK4 ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′ = −y + t+ 1; üôáí t ∈ [0; 0:5]; êáé ` = 0:1: (8.3.4 - 5)

15ÂëÝðå âéâëéïãñáößá êáé:

https : ==en:wikipedia:org=w=index:php?title = Runge−Kutta methods&redirect = no#

The Runge:E:80:93Kutta method

Åðßóçò mathworld:wolfram:com=Runge−KuttaMethod:html
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Óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ôùí áðïôåëåóìÜôùí ìå ôç èåùñçôéêÞ ëýóç

y(t) = t+ e−t:

Ëýóç. Óõãêñßíïíôáò ìå ôçí (8:3:2− 1) ðñïêýðôåé üôé

f(t; y) = −y + t+ 1:

¼ìïéá, åðåéäÞ åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç y(t), ç áñ÷éêÞ ôéìÞ y0, ðïõ

áíôéóôïé÷åß óôçí ôéìÞ t = 0, õðïëïãßæåôáé áðü ôçí y(t) ùò åîÞò:

y0 = y(0) =
[
t+ e−t

]
t=0

= 1:

ÅðïìÝíùò ç ìÝèïäïò RK4, ðïõ ïñßæåôáé áðü ôïõò ôýðïõò (8:3:4 − 4)

ãñÜöåôáé óôçí ðåñßðôùóç áõôÞ ùò åîÞò:

k1 = f (ti; yi) = −yi + ti + 1;

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)

= −
(
yi +

`

2
k1

)
+

(
ti +

`

2

)
+ 1;

k3 = f

(
ti +

`

2
; yi +

`

2
k2

)

= −
(
yi +

`

2
k2

)
+

(
ti +

`

2

)
+ 1;

k4 = f (ti + `; yi + `k3)

= − (yi + ` k3) + (ti + `) + 1;

ïðüôå

yi+1 = yi +
`

6
(k1 + 2k2 + 2k3 + k4) : (8.3.4 - 6)

Ôüôå ãéá i = 0; 1; 2; 3; 4 óýìöùíá ìå ôéò (8:3:4− 6) Ý÷ïõìå:
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1ï âÞìá (t0 = 0; y0 = 1) −→ (t1 = 0:1; y1)

k1 = f (t0; y0) = −y0 + t0 + 1

= −1 + 0 + 1 = 0;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)

= −
(
y0 +

`

2
k1

)
+

(
t0 +

`

2

)
+ 1

= −
(
1 +

0:1

2
· 0
)
+

(
0 +

0:1

2

)
+ 1 = 0:05;

k3 = f

(
t0 +

`

2
; y0 +

`

2
k2

)

= −
(
y0 +

`

2
k2

)
+

(
t0 +

`

2

)
+ 1

= −
(
1 +

0:1

2
· (0:05)

)
+

(
0 +

0:1

2

)
+ 1

= 0:0475;

k4 = f (t0 + `; y0 + `k3)

= − (y0 + `k3) + (t0 + 0:1) + 1

= − (1 + 0:1 · 0:0475) + (0 + 0:1) + 1 = 0:095 250;

ïðüôå

y1 = y0 +
`

6
(k1 + 2k2 + 2k3 + k4)

= 1 +
0:1

6
(0 + 2 · 0:05 + 2 · 0:0475 + 0:095 250)

= 1:004 838;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(0:1) =
[
t+ e−t

]
t=0:1

= 1:004 837:
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2ï âÞìá (t1 = 0:1; y1 = 1:004 838) −→ (t2 = 0:2; y1)

k1 = f (t1; y1) = −y1 + t1 + 1 = −1:004 838 + 0:1 + 1

= 0:095 163;

k2 = f

(
t1 +

`

2
; y1 +

`

2
k1

)

= −
(
y1 +

`

2
k1

)
+

(
t1 +

`

2

)
+ 1

= −
(
1:004 838 +

0:1

2
· (0:095 163)

)
+

(
0:1 +

0:1

2

)
+ 1

= 0:140 404;

k3 = f

(
t1 +

`

2
; y1 +

`

2
k2

)

= −
(
y1 +

`

2
k2

)
+

(
t1 +

`

2

)
+ 1

= −
(
1:004 838 +

0:1

2
· (0:140 404)

)
+

(
0:1 +

0:1

2

)
+ 1

= 0:138 142;

k4 = f (t1 + `; y1 + `k3)

= − (y1 + `k3) + (t1 + 0:1) + 1

= − (1:004 838 + 0:1 · 0:138 142) + (0:1 + 0:1) + 1 = 0:181 348;

ïðüôå

y2 = y1 +
`

6
(k1 + 2k2 + 2k3 + k4)

= 1:004 838 +
0:1

6
(0:095 163 + 2 · 0:140 404 + 2 · 0:138 142 + 0:181 348)

= 1:018 731;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(0:2) =
[
t+ e−t

]
t=0:2

= 1:018 731:
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Ðßíáêáò 8.3.4 - 1: ÐáñÜäåéãìá 8.3.4 - 1: áðïôåëÝóìáôá ìåèüäïõ RK4

ti yi y (ti) |ei|

0:0 1:000 000 1:000 000 0:0

0:1 1:004 838 1:004 837 0:820E − 07

0:2 1:018 731 1:018 731 0:148E − 06

0:3 1:040 818 1:040 818 0:201E − 06

0:4 1:070 320 1:070 320 0:243E − 06

0:5 1.106 531 1:106 531 0:275E − 06

Óõíå÷ßæïíôáò ìå ðáñüìïéï ôñüðï, ôåëéêÜ Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá

8.3.4 - 1. Áðü ôçí åîÝôáóç ôùí óöáëìÜôùí ôïõ Ðßíáêá 8.3.4 - 1 ðñïêýðôåé

üôé, áí êáé ïé ôéìÝò ôùí åßíáé åëÜ÷éóôåò, õðÜñ÷åé ìéá áýîçóÞ ôùí ìå ôçí

ðÜñïäï ôïõ ÷ñüíïõ. ÔåëéêÜ óôï Ó÷. 8.3.4 - 1 ãßíåôáé ç óýãêñéóç ôùí

óöáëìÜôùí ôçò ëýóçò ôïõ ðáñáðÜíù ðáñáäåßãìáôïò ìå ôéò ìåèüäïõò RK3

(Üóêçóç ÐáñáãñÜöïõ 8.3.3) êáé ôçò RK4, áðü ôï ïðïßï Üìåóá ðñïêýðôåé ç

ìåãáëýôåñç áêñßâåéá ôçò RK4.

¢óêçóç

Áí y = y(t), íá õðïëïãéóôåß ìå ôç ìÝèïäï RK4 ç ëýóç ôùí ðáñáêÜôù

ðñïâëçìÜôùí áñ÷éêÞò ôéìÞò:

i) y′ = sin t+ e−t ; 0 ≤ t ≤ 0:5, üôáí ` = 0:1,

y(t) = 2− e−t − cos t êáé y0 = y(0).

ii) y′ = 1 +
y

t
; 1 ≤ t ≤ 1:2, üôáí ` = 0:1; 0:05,

y(t) = 2t+ t ln t êáé y0 = y(1) .

Óôç óõíÝ÷åéá íá ãßíåé óýãêñéóç ìå ôá áíôßóôïé÷á áðïôåëÝóìáôá ôùí ìåèüäùí

RK3 êáé ôïõ Taylor ôÜîçò � = 2, áíôßóôïé÷á ôÜîçò � = 3 ôïõ ÌáèÞìáôïò.
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1 2 3 4 5 6
i+1

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

ei

Ó÷Þìá 8.3.4 - 1: ÐáñÜäåéãìá 8.3.4 - 1. Ç êüêêéíç êáìðýëç äåß÷íåé ôá

óöÜëìáôá |ei| ìå ôç ìÝèïäï RK3 êáé ç ìðëå ìå ôçí RK4

ÁðáíôÞóåéò

(i) Åßíáé

f(t; y) = sin t+ e−t:

ÅðåéäÞ åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç y(t), ç áñ÷éêÞ ôéìÞ y0, ðïõ áíôéóôïé÷åß óôçí ôéìÞ

t = 0, õðïëïãßæåôáé áðü ôçí y(t) ùò åîÞò:

y0 = y(0) =
[
2− e−t − cos t

]
t=0

= 0:

ÅðïìÝíùò ç ìÝèïäïò RK4, ðïõ äßíåôáé áðü ôïõò ôýðïõò (8:3:4 − 4), ÷ñçóéìïðïéþíôáò
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åðßóçò ãéá åõêïëßá ôïí óõìâïëéóìü et = exp(t) ãñÜöåôáé óôçí ðåñßðôùóç áõôÞ ùò åîÞò:

k1 = f (ti; yi) = sin ti + exp (−ti) ;

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)

= sin

(
ti +

`

2

)
+ exp

[
−
(
ti +

`

2

)]
;

k3 = f

(
ti +

`

2
; yi +

`

2
k2

)

= sin

(
ti +

`

2

)
+ exp

[
−
(
ti +

`

2

)]
;

k4 = f (ti + `; yi + `k3)

= sin (ti + `) + exp (ti + `) ;

ïðüôå

yi+1 = yi +
`

6
(k1 + 2k2 + 2k3 + k4) : (1)

Ôüôå ãéá i = 0; 1; 2; 3; 4 óýìöùíá ìå ôéò ó÷Ýóåéò (1) Ý÷ïõìå:

1ï âÞìá (t0 = 0; y0 = 0) −→ (t1 = 0:1; y1)

ãéá i = 0

k1 = f (t0; y0) = sin t0 + exp (−t0)

= sin 0 + exp(−0) = 0 + 1 = 1;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)

= sin

(
t0 +

`

2

)
+ exp

[
−
(
t0 +

`

2

)]

= sin

(
0 +

0:1

2

)
+ exp

[
−
(
0 +

0:1

2

)]
= 1:001 209;
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k3 = f

(
t0 +

`

2
; y0 +

`

2
k2

)

= sin

(
t0 +

`

2

)
+ exp

[
−
(
t0 +

`

2

)]

= sin

(
0 +

0:1

2

)
+ exp

[
−
(
0 +

0:1

2

)]
= 1:001 209;

k4 = f (t0 + `; y0 + `k3)

= sin (t0 + `) + exp [− (t0 + `)]

= sin (0 + 0:1) + exp [− (0 + 0:1)] = 1:004 671;

ïðüôå

y1 = y0 +
`

6
(k1 + 2k2 + 2k3 + k4)

= 0 +
0:1

6
[1 + 2 · 1:001 209 + 2 · 1:001 209 + 1:004 671]

= 0:100 158;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(0:1) =
[
sin t+ e−t]

t=0:1
= 0:100 158:

ÐáñáôçñÞóåéò 8.3.4 - 1

• ¼ðùò êáé óôçí ðåñßðôùóç ëýóçò ôçò Üóêçóçò ìå ôç ìÝèïäï RK3 (ÐáñáôÞñçóç 8.3.3

- 1), üôáí ç áêñßâåéá ôùí áðïôåëåóìÜôùí áõîçèåß, ôüôå y1 ̸= y(0:1), üðùò áõôü

öáßíåôáé óôï áíôßóôïé÷ï óöÜëìá ôïõ Ðßíáêá 1.

• Ôá áðïôåëÝóìáôá åìöáíßæïíôáé üôé åßíáé ßóá ìå ôá áíôßóôïé÷á ëýóçò ôçò Üóêçóçò ìå

ôç ìÝèïäï RK3. Áõôü êýñéá ïöåßëåôáé óôï üôé åßíáé f(t; y) = sin t+exp(−t) = f(t),

äçëáäÞ ç f äåí åîáñôÜôáé áðü ôï y.
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2ï âÞìá (t1 = 0:1; y1 = 0:100 158) −→ (t2 = 0:2; y2)

ãéá i = 1

k1 = f (t1; y1) = sin t1 + exp (−t1)

= sin 0:1 + exp(−0:1) = 1:004 671;

k2 = f

(
t1 +

`

2
; y1 +

`

2
k1

)

= sin

(
t1 +

`

2

)
+ exp

[
−
(
t1 +

`

2

)]

= sin

(
0:1 +

0:1

2

)
+ exp

[
−
(
0:1 +

0:1

2

)]
= 1:010 146;

k3 = f

(
t1 +

`

2
; y1 +

`

2
k2

)

= sin

(
t1 +

`

2

)
+ exp

[
−
(
t1 +

`

2

)]

= sin

(
0:1 +

0:1

2

)
+ exp

[
−
(
0:1 +

0:1

2

)]
= 1:010 146;

k4 = f (t1 + `; y1 + `k3)

= sin (t1 + `) + exp [− (t1 + `)]

= sin (0:1 + 0:1) + exp [− (0:1 + 0:1)] = 1:017 400;

ïðüôå

y2 = y1 +
`

6
(k1 + 2k2 + 2k3 + k4)

= 0:100 158 +
0:1

6
[1 + 2 · 1:010 146 + 2 · 1:010 146 + 1:017 400]

= 0:201 203;

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(0:1) =
[
sin t+ e−t]

t=0:1
= 0:201 203

ìå áíÜëïãåò äéåõêñéíÞóåéò áõôþí ôùí ÐáñáôçñÞóåùí 8.3.4 - 1 ôïõ 1ïõ âÞìáôïò.

Óõíå÷ßæïíôáò ìå üìïéï ôñüðï Ý÷ïõìå ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 1.
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Ðßíáêáò 1: ¢óêçóç (i): áðïôåëÝóìáôá ìåèüäïõ RK4

ti yi y (ti) ei = |yi − y (ti)|

0:0 0:0 0:0 0:0

0:1 0:100 158 0:100 158 0:348E − 08

0:2 0:201 203 0:201 203 0:699E − 08

0:3 0:303 845 0:303 845 0:106E − 07

0:4 0:408 619 0:408 619 0:142E − 07

0:5 0.515 887 0:515 887 0:179E − 07

(ii) Åßíáé

f(t; y) = 1 +
y

t
:

ÅðåéäÞ üìïéá åßíáé ãíùóôÞ ç èåùñçôéêÞ ëýóç y(t), ç áñ÷éêÞ ôéìÞ y0, ðïõ áíôéóôïé÷åß óôçí

ôéìÞ t = 1, õðïëïãßæåôáé áðü ôçí y(t) ùò åîÞò:

y0 = y(1) = [2t+ t ln t] t=1 = 2:

ÅðïìÝíùò ç ìÝèïäïò RK4, ðïõ äßíåôáé áðü ôïõò ôýðïõò (8:3:4 − 4), ãñÜöåôáé óôçí

ðåñßðôùóç áõôÞ ùò åîÞò:

k1 = f (ti; yi) = 1 +
yi
ti
;

k2 = f

(
ti +

`

2
; yi +

`

2
k1

)
= 1 +

yi +
`

2
k1

ti +
`

2

k3 = f

(
ti +

`

2
; yi +

`

2
k2

)
= 1 +

yi +
`

2
k2

ti +
`

2

k4 = f (ti + `; yi + `k3) = 1 +
yi + `k3
ti + `

;

ïðüôå

yi+1 = yi +
`

6
(k1 + 2k2 + 2k3 + k4) : (2)

ÂÞìá äéáìÝñéóçò ` = 0:1

Ôüôå ãéá i = 0; 1 óýìöùíá ìå ôéò ó÷Ýóåéò (2) Ý÷ïõìå:
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1ï âÞìá (t0 = 1; y0 = 2) −→ (t1 = 1:1; y1)

ãéá i = 0

k1 = f (t0; y0) = 1 +
y0
t0

= 1 +
2

1
= 3;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)
= 1 +

y0 +
`

2
k1

t0 +
`

2

= 1 +
2 +

0:1

2
· 3

1 +
0:1

2

= 3:047 619;

k3 = f

(
t0 +

`

2
; y0 +

`

2
k2

)
= 1 +

y0 +
`

2
k2

t0 +
`

2

= 1 +
2 +

0:1

2
· 3:047 619

1 +
0:1

2

= 3:049 887;

k4 = f (t0 + `; y0 + `k3) = 1 +
y0 + `k3
t0 + `

;

= 1 +
2 + 0:1 · 3:049 887

1 + 0:1
= 3:095 444;

ïðüôå

y1 = y0 +
`

6
(k1 + 2k2 + 2k3 + k4) ;

= 2 +
`

6
(3 + 2 · 3:047 619 + 2 · 3:049 887 + 3:095 444)

= 2:304 841

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(1:1) = [2t+ t ln t] t=1:1 = 2:304 841:
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2ï âÞìá (t1 = 1:1; y1 = 2:304 841) −→ (t2 = 1:2; y1)

ãéá i = 1

k1 = f (t1; y1) = 1 +
y1
t1

= 1 +
2:304 841

1:1
= 3:095 310;

k2 = f

(
t1 +

`

2
; y1 +

`

2
k1

)
= 1 +

y1 +
`

2
k1

t1 +
`

2

= 1 +
2:304 841 +

0:1

2
· 3:095 310

1:1 +
0:1

2

= 3:138 788;

k3 = f

(
t1 +

`

2
; y1 +

`

2
k2

)
= 1 +

y1 +
`

2
k2

t1 +
`

2

= 1 +
2:304 841 +

0:1

2
· 3:138 788

1:1 +
0:1

2

= 3:140 679;

k4 = f (t1 + `; y1 + `k3) = 1 +
y1 + `k3
t1 + `

;

= 1 +
2:304 841 + 0:1 · 3:140 679

1:1 + 0:1
= 3:182 424;

ïðüôå

y2 = y1 +
`

6
(k1 + 2k2 + 2k3 + k4) ;

= 2:304 841 +
`

6
(3:095 310 + 2 · 3:138 788 + 2 · 3:140 679 + 3:182 424)

= 2.618 785

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(1:2) = [2t+ t ln t] t=1:1 = 2:618 786:

ÂÞìá äéáìÝñéóçò ` = 0:05

Ôüôå ãéá i = 0; 1; 2; 3 óýìöùíá ìå ôéò ó÷Ýóåéò (2) Ý÷ïõìå:
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1ï âÞìá (t0 = 1; y0 = 2) −→ (t1 = 1:05; y1)

ãéá i = 0

k1 = f (t0; y0) = 1 +
y0
t0

= 1 +
2

1
= 3;

k2 = f

(
t0 +

`

2
; y0 +

`

2
k1

)
= 1 +

y0 +
`

2
k1

t0 +
`

2

= 1 +
2 +

0:05

2
· 3

1 +
0:05

2

= 3:024 390;

k3 = f

(
t0 +

`

2
; y0 +

`

2
k2

)
= 1 +

y0 +
`

2
k2

t0 +
`

2

= 1 +
2 +

0:05

2
· 3:024 390

1 +
0:05

2

= 3:024 985;

k4 = f (t0 + `; y0 + `k3) = 1 +
y0 + `k3
t0 + `

;

= 1 +
2 + 0:05 · 3:024 985

1 + 0:05
= 3:048 809;

ïðüôå

y1 = y0 +
`

6
(k1 + 2k2 + 2k3 + k4) ;

= 2 +
`

6
(3 + 2 · 3:024 390 + 2 · 3:024 985 + 3:048 809)

= 2:151 230

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t1) = y(1:05) = [2t+ t ln t] t=1:05 = 2:215 230:

...
...
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4ï âÞìá (t3 = 1:15; y3 = 2:460 726) −→ (t4 = 1:2; y4)

ãéá i = 3

k1 = f (t3; y3) = 1 +
y3
t3

= 1 +
2:460 726

1:15
= 3:139 762;

k2 = f

(
t3 +

`

2
; y3 +

`

2
k1

)
= 1 +

y3 +
`

2
k1

t3 +
`

2

= 1 +
2:460 726 +

0:05

2
3:139 762

1:15 +
0:05

2

= 3:161 039;

k3 = f

(
t3 +

`

2
; y3 +

`

2
k2

)
= 1 +

y3 +
`

2
k2

t3 +
`

2

= 1 +
2:460 726 +

0:05

2
3:161 039

1:15 +
0:05

2

= 3:161 491;

k4 = f (t3 + `; y3 + `k3) = 1 +
y3 + `k3
t3 + `

;

= 1 +
2:460 726 + 0:05 · 3:161 491

1:15 + 0:05
= 3:182 334;

ïðüôå

y4 = y3 +
`

6
(k1 + 2k2 + 2k3 + k4) ;

= 2:460 726 +
`

6
(3:139 762 + 2 · 3:161 039 + 2 · 3:161 491 + 3:182 334)

= 2.618 786

üôáí ç áíôßóôïé÷ç èåùñçôéêÞ ôéìÞ åßíáé

y (t2) = y(1:2) = [2t+ t ln t] t=1:2 = 2:618 786:

ÐáñáôÞñçóç 8.3.4 - 1

Éó÷ýåé êáé óôçí ðåñßðôùóç áõôÞ ãéá ôá áðïôåëÝóìáôá ôçò ìåèüäïõ RK4 ðáñáôÞñçóç áíÜëïãç

ôçò 8.3.4 - 1.
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8.4 ÓõóôÞìáôá äéáöïñéêþí åîéóþóåùí 1çò ôÜîçò

8.4.1 Ïñéóìïß êáé ó÷åôéêü èåþñçìá

Óôçí ðáñÜãñáöï áõôÞ ãßíåôáé ìßá åéóáãùãÞ óôç ëýóç ôùí óõóôçìÜôùí äéáöïñé-

êþí åîéóþóåùí 1çò ôÜîçò, üðïõ ïé ìÝèïäïé ëýóçò ìðïñåß íá èåùñçèïýí óáí

ìßá ãåíßêåõóç ôùí Þäç ãíùóôþí ìåèüäùí ëýóçò ôùí óõíÞèùí äéáöïñéêþí

åîéóþóåùí. ÓõãêåêñéìÝíá, Ýíá ðñüâëçìá áñ÷éêÞò ôéìÞò 1çò ôÜîçò ìå n åîéóþ-

óåéò êáé n áãíþóôïõò ôéò óõíáñôÞóåéò yi(t), üôáí i = 1; 2; : : : ; n ãñÜöåôáé:

dy1
dt

= f1 (t; y1; y2; : : : ; yn)

dy2
dt

= f2 (t; y1; y2; : : : ; yn)

...
...

dyn
dt

= fn (t; y1; y2; : : : ; yn) ; (8.4.1 - 1)

üôáí yi (t0) = gi ãéá êÜèå i = 1; 2; : : : ; n ïé áñ÷éêÝò óõíèÞêåò Þ óå äéáíõóìáôéêÞ

ìïñöÞ

y′(t) = f (t;y) ìå y (t0) = g; üôáí t > t0; (8.4.1 - 2)

üðïõ

y = y(t) = [y1(t); y2(t); : : : ; yn(t)]
T ; g = [g1; g2; : : : ; gn]

⊤ êáé

f (t;y) = [f1 (t;y) ; f2 (t;y) ; : : : ; fn (t;y)]
⊤ :

Äßíïíôáé ôþñá ïé ðáñáêÜôù ïñéóìïß ðïõ, üðùò èá äéáðéóôùèåß, åßíáé ìßá

ãåíßêåõóç ôùí áíôßóôïé÷ùí ïñéóìþí ìéáò ìåôáâëçôÞò:

Ïñéóìüò 8.4.1 - 1. Ìßá óõíÜñôçóç f (t; y1; y2; : : : ; yn) ìå ðåäßï ïñéóìïý

D ⊆ Rn+1, üðïõ D = {(t; u1; u2; : : : ; un) | a ≤ t ≤ b; ui ∈ R; i = 1; 2; : : : ; n},
ëÝãåôáé üôé ðëçñïß ìßá óõíèÞêç ôïõ Lipschitz ùò ðñïò ôéò ìåôáâëçôÝò u1,

u2, : : :, un, üôáí õðÜñ÷åé óôáèåñÜ L ìå L > 0 ðïõ ëÝãåôáé êáé óôáèåñÜ ôïõ

Lipschitz ãéá ôç óõíÜñôçóç f ôÝôïéá, þóôå

|f (t; u1; u2; : : : ; un)− f (t; z1; z2; : : : ; zn)| ≤ L
n∑

j=1

|uj − zj | (8.4.1 - 3)

ãéá êÜèå (t; u1; u2; : : : ; un), (t; z1; z2; : : : ; zn) ∈ D.
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Ìå ôç âïÞèåéá ôïõ ÈåùñÞìáôïò ôçò ÌÝóçò ÔéìÞò áðïäåéêíýåôáé üôé, áí ç

óõíÜñôçóç f êáé ïé ìåñéêÝò ðáñÜãùãïß ôçò åßíáé óõíå÷åßò óõíáñôÞóåéò óôï D

êáé åðéðëÝïí éó÷ýåé∣∣∣∣@f (t; y1; y2; : : : ; yn)@yi

∣∣∣∣ ≤ L ãéá êÜèå i = 1; 2; : : : ; n;

ôüôå ç óõíÜñôçóç f éêáíïðïéåß ìßá óõíèÞêç ôïõ Lipschitz óôï D ìå óôáèåñÜ

ôïõ Lipschitz L.

Áðïäåéêíýåôáé ôüôå ôï ðáñáêÜôù âáóéêü èåþñçìá:

Èåþñçìá 8.4.1 - 1 (èåìåëéþäåò ãéá óõóôÞìáôá ÓÄÅ).

¸óôù üôé ïé óõíáñôÞóåéò fi (t; y1; y2; : : : ; yn) ãéá êÜèå i = 1; 2; : : : ; n ìå

ðåäßï ïñéóìïý D, üðïõ D ⊆ Rn+1 åßíáé óõíå÷åßò êáé éêáíïðïéïýí ìßá óõíèÞêç

ôïõ Lipschitz óôï D. Ôüôå ôï ðñüâëçìá áñ÷éêÞò ôéìÞò (8:4:1 − 2) Ý÷åé

áêñéâþò ìßá ëýóç óôï D.

Äßíïíôáé ôþñá ïé ãåíéêåýóåéò ôùí ðáñáêÜôù äýï Þäç ãíùóôþí ìåèüäùí:

i) ôïõ Euler

yi+1 = yi + ` f (ti;yi) ; (8.4.1 - 4)

ii) ôùí Runge-Kutta

yi+1 = yi − `ö (ti;yi; `) : (8.4.1 - 5)

Ïñéóìüò 8.4.1 - 2. Ìéá ìÝèïäïò ëýóçò ôïõ ðñïâëÞìáôïò áñ÷éêÞò ôéìÞò

(8:4:1 − 2) ëÝãåôáé üôé åßíáé ôÜîçò p, üôáí p åßíáé ï ìåãáëýôåñïò áêÝñáéïò

ãéá ôïí ïðïßï éó÷ýåé

y(t+ `)− y(t)− `ö (t;y(t); `) = O
(
`p+1

)
; (8.4.1 - 6)

üðïõ y(t) åßíáé ç èåùñçôéêÞ ëýóç ôïõ ðñïâëÞìáôïò.

Ïñéóìüò 8.4.1 - 3. Ìéá ìÝèïäïò ëýóçò ôïõ ðñïâëÞìáôïò áñ÷éêÞò ôéìÞò

(8:4:1− 2) ëÝãåôáé üôé åßíáé óõìâáôÞ (consistent), üôáí

ö(t;y; 0) = f (t;y) : (8.4.1 - 7)

Ôï Èåþñçìá 8.4.1 - 1 åöáñìüæåôáé êáé óôçí ðåñßðôùóç áõôÞ, üôáí ïé

áðüëõôåò ôéìÝò áíôéêáôáóôáèïýí áðü ôéò norm ôùí äéáíõóìÜôùí. Ï áíáãíþóôçò

ðáñáðÝìðåôáé ãéá ôçí áðüäåéîç óôç âéâëéïãñáößá.
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8.4.2 ÌÝèïäïò RK4

Óáí ÷áñáêôçñéóôéêü ðáñÜäåéãìá ôçò ðñïçãïýìåíçò ðáñáãñÜöïõ áíáöÝñåôáé ç

ìÝèïäïò ôùí RK4, ðïõ ãñÜöåôáé

k1j = fj (ti; y1i; y2i; : : : ; yni)

k2j = fj

(
ti +

`

2
; y1i +

`

2
k11; y2i +

`

2
k12; : : : ; yni +

`

2
k1n

)

k3j = fj

(
ti +

`

2
; y1i +

`

2
k21; y2i +

`

2
k22; : : : ; yni +

`

2
k2n

)
k4j = fj (ti + `; y1i + `k31; y2i + `k32; : : : ; yni + `k3n)

yj;i+1 = yji +
`

6
(k1j + 2k2j + 2k3j + k4j) (8.4.2 - 1)

ãéá êÜèå j = 1; 2; : : : ; n.

ÐáñÜäåéãìá 8.4.2 - 1

¸óôù ôï ðñüâëçìá áñ÷éêÞò ôéìÞò

y′1 = f1 (t; y1; y2) = −4:0y1 + 3:0y2 + 6:0

y′2 = f2 (t; y1; y2) = −2:4y1 + 1:6y2 + 3:6;

üðïõ y1(0) = y2(0) = 0 êáé èåùñçôéêÞ ëýóç

y1(t) = −3:375e−2t + 1:875e−0:4t + 1:5

y2(t) = −2:255e−2t + 2:25e−0:4t:
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Åöáñìüæïíôáò ôç ìÝèïäï ôùí Runge-Kutta 4çò ôÜîçò ìå âÞìá ` = 0:1

Ý÷ïõìå

k11 = f1 (t0; y1;0; y2;0)

= f1(0; 0; 0) = −4× 0 + 3× 0 + 6 = 6;

k12 = f2 (t0; y1;0; y2;0)

= f2(0; 0; 0) = −2:4× 0 + 1:6× 0 + 3:6 = 3:6;

k21 = f1

(
t0 +

`

2
; y1;0 +

`

2
k11; y2;0 +

`

2
k12

)
= f1(0:05; 0:3; 0:18) = 5:34;

k22 = f2

(
t0 +

`

2
; y1;0 +

`

2
k11; y2;0 +

`

2
k12

)
= f2(0:05; 0:3; 0:18) = 3:168;

k31 = f1

(
t0 +

`

2
; y1;0 +

`

2
k21; y2;0 +

`

2
k22

)
= f1(0:05; 0:267; 0:1584) = 5:4072;

k32 = f2

(
t0 +

`

2
; y1;0 +

`

2
k21; y2;0 +

`

2
k22

)
= f2(0:05; 0:267; 0:1584) = 3:21264;

k41 = f1 (t0 + `; y1;0 + `k31; y2;0 + `k32)

= f1(0:1; 0:54072; 0:321264) = 4:800912;

k42 = f2 (t0 + `; y1;0 + `k31; y2;0 + `k32)

= f2(0:1; 0:54072; 0:321264) = 2:8162944:

Ôüôå

y1;1 = y1;0 +
`

6
(k11 + 2k21 + 2k31 + k41) = 0.538 2550;

y2;1 = y2;0 +
`

6
(k12 + 2k22 + 2k32 + k42) = 0.319 6263
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ìå áíôßóôïé÷á áðüëõôá óöÜëìáôá e1 = 0:870 677E−08 êáé e2 = 0:0040 8785.

Ôï Ðñüãñáììá 8.4.2 - 1 äßíåé ôç ëýóç ôïõ Ðáñáäåßãìáôïò 8.4.2 - 1 ôç

÷ñïíéêÞ óôéãìÞ t = 1 êáé äéÜãñáììá ôùí óöáëìÜôùí e1 êáé e2 ìå ôï MATH-

EMATICA.

Ðñüãñáììá 8.4.2 - 1 (ìåèüäïõ RK4 ãéá óõóôÞìáôá)

m1=Array[d1,{11,1}]; äéáíýóìáôá ôéìþí

m2=Array[d2,{11,1}];

g1[t_]:=-3.375 Exp[-2t]+1.875 Exp[-0.4t]+1.5;

g2[t_]:=-2.255 Exp[-2t]+2.25 Exp[-0.4t];

Print["i"," , ","ti"," , ","y1i"," , ","y2i" ," , ","e1",

" , ","e2"];Print[" "];

f1[t_,y1_,y2_]:=-4y1+3y2+6;

f2[t_,y1_,y2_]:=-2.4y1+1.6y2+3.6;

a=0, b=1; n=10; l=(b-a)/n;

t=0; y1=0 ;y2=0;

tx1=N[g1[t]];ex1=Abs[y1-tx1];m1[[1]]=ex1;

tx2=N[g2[t]];ex2=Abs[y2-tx2];m2[[1]]=ex2;

Print["0"," , ","t"," , ","y1"," , ","y2"

," , ","ex1"," , ",ex2];

Do[ k11=f1[t,y1,y2];k12=f2[t,y1,y2];

k21=f1[t+l/2,y1+l*k11/2,y2+l*k12/2];

k22=f2[t+l/2,y1+l*k11/2,y2+l*k12/2];

k31=f1[t+l/2,y1+l*k21/2,y2+l*k22/2];

k32=f2[t+l/2,y1+l*k21/2,y2+l*k22/2];

k41=f1[t+l,y+l*k31,y2+l*k32];

k42=f2[t+l,y+l*k31,y2+l*k32];

x1=y1+l*(k11+2*k21+2*k31+k41)/6;

x2=y2+l*(k12+2*k22+2*k32+k41)/6;

t=t+l; t1=N[t]; x11=N[x1]; x22=N[x2];

y1=x1; y2=x2; tx1=N[g1[t]];

ex1=Abs[x1-tx1]; m1[[i+1]]=ex1;

tx2=N[g2[t]]; ex2=Abs[x2-tx2];

m2[[i+1]]=ex2;

Print["i"," , ","t1"," , ","x11",

" , ","x22"," , ",

"ex1"," , ",ex2],{i,1,10}];

ListPlot[m1,PlotJoined->True,PlotLabel->"error e1"];

ListPlot[m2,PlotJoined->True,PlotLabel->"error e2"]



ÓõóôÞìáôá äéáöïñéêþí åîéóþóåùí 1çò ôÜîçò 351

¢óêçóç

Áí ` = 0:1, íá ëõèïýí ôá ðñïâëÞìáôá áñ÷éêÞò ôéìÞò 1çò ôÜîçò:

i)

y′1 = 3y1 + 2y2; 0 ≤ t ≤ 2; y1(0) = 0;

y′2 = 4y1 + y2; 0 ≤ t ≤ 2; y2(0) = 1

êáé ç èåùñçôéêÞ ëýóç åßíáé

y1(t) =
e5t − e−t

3
;

y2(t) =
e5t + 2e−t

3
:

ii)

y′1 = −4y1 − 2y2 + cos t+ 4 sin t; 0 ≤ t ≤ 1; y1(0) = 0;

y′2 = 3y1 + y2 − 3 sin t; 0 ≤ t ≤ 1; y2(0) = −1

êáé ç èåùñçôéêÞ ëýóç åßíáé

y1(t) = 2e−t − 2e−2t + sin t;

y2(t) = −3e−t + 2e−2t:

iii)

y′1 = y2; 0 ≤ t ≤ 1; y1(0) = 3;

y′2 = −y1 + 2e−t + 1; 0 ≤ t ≤ 1; y2(0) = 0;

y′3 = −y1 + e−t + 1; 0 ≤ t ≤ 1; y3(0) = 1

êáé ç èåùñçôéêÞ ëýóç åßíáé

y1(t) = cos t+ e−t + sin t+ 1;

y2(t) = cos t− e−t − sin t;

y3(t) = − sin t+ cos t:
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iv)

y′1 = y2 − y3 + t; 0 ≤ t ≤ 1; y1(0) = 1;

y′2 = 3t2; 0 ≤ t ≤ 1; y2(0) = 1;

y′3 = y2 + e−t; 0 ≤ t ≤ 1; y3(0) = −1

êáé ç èåùñçôéêÞ ëýóç åßíáé

y1(t) = t− 0:05t2 + 0:25t4 − e−t + 2;

y2(t) = t3 + 1;

y3(t) = 0:25t4 + t− e−t:

8.5 ÄéáöïñéêÝò åîéóþóåéò áíþôåñçò ôÜîçò

8.5.1 Ïñéóìüò

¸óôù ç äéáöïñéêÞ åîßóùóç n-ôÜîçò ðïõ ãñÜöåôáé óôçí áíáëõôéêÞ ôçò ìïñöÞ

ùò

y(n)(t) = f
(
t; y; y′; : : : ; y(n−1)

)
; a ≤ t ≤ b (8.5.1 - 1)

ìå áñ÷éêÝò óõíèÞêåò y (t0) = g1, y
′ (t0) = g2, : : :, y

(n−1) (t0) = gn. ÈÝôïíôáò

y1(t) = y(t), y2(t) = y′(t), : : :, yn(t) = y(n−1)(t), ç (8:5:1 − 1) áíÜãåôáé óôï

ðáñáêÜôù óýóôçìá äéáöïñéêþí åîéóþóåùí ðñþôçò ôÜîçò ìå n åîéóþóåéò êáé

n áãíþóôïõò ôéò óõíáñôÞóåéò yi(t); i = 1; 2; : : : ; n

dy1
dt

=
dy

dt
= y2

dy2
dt

=
dy′

dt
= y3

...
...

dyn−1

dt
=

dy(n−2)

dt
= yn

dyn
dt

=
dy(n−1)

dt
= y(n) (8.5.1 - 2)

= f
(
t; y; y′; : : : ; y(n−1)

)
= f (t; y1; y2; : : : ; yn)

ìå áñ÷éêÝò óõíèÞêåò y1 (t0) = y (t0) = g1, y2 (t0) = y′ (t0) = g2, : : :, yn (t0) =

y(n−1) (t0) = gn.
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Ôï óýóôçìá (8:5:1− 2) ãñÜöåôáé ìå ôç âïÞèåéá ðéíÜêùí óå äéáíõóìáôéêÞ

ìïñöÞ ùò

y′(t) = Ay(t) + b ìå y (t0) = g êáé t > t0; (8.5.1 - 3)

üðïõ y = y(t) = [y1(t); y2(t); : : : ; yn(t)]
⊤, g = [g1; g2; : : : ; gn]

⊤ êáé

A =


0 1

. . .
. . .

0 1
0

 : (8.5.1 - 4)

Ç ìïñöÞ (8:5:1− 3) åßíáé Þäç ãíùóôÞ êáé ç ëýóç áíÜãåôáé óôá ðñïçãïýìåíá.

8.5.2 ÌÝèïäïò RK4

ÐáñÜäåéãìá 8.5.2 - 1

Ìå ôç ìÝèïäï RK4, üôáí ` = 0:1, íá õðïëïãéóôåß ç ëýóç ôïõ ðñïâëÞìáôïò

áñ÷éêÞò ôéìÞò

y′′ − 2y′ + 2y = e2t sin t; (8.5.2 - 1)

üôáí 0 ≤ t ≤ 0:5, y(0) = −0:4 êáé y′(0) = −0:6.

Ëýóç. ¸óôù y1(t) = y(t) êáé y2(t) = y′(t). Ôüôå óýìöùíá ìå ôç (8:5:1−3)

ôï ðñüâëçìá (8:5:2− 1) áíÜãåôáé óôï óýóôçìá

y′1(t) = y2(t)

y′2(t) = e2t sin t− 2y1(t) + 2y2(t)

ìå áñ÷éêÝò óõíèÞêåò y1(0) = −0:4, y2(0) = −0:6 êáé èåùñçôéêÞ ëýóç

y1(t) = 0:2e2t (sin t− 2 cos t) ;

y2(t) = y′1(t) = 0:2e2t (4 sin t− 3 cos t) :

Åöáñìüæïíôáò ôç ìÝèïäï RK4 ìå ` = 0:1, üôáí y1;0 = −0:4 êáé y2;0 = −0:6,
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Ý÷ïõìå

k11 = f1 (t0; y1;0; y2;0) = y2;0 = −0:6;

k12 = f2 (t0; y1;0; y2;0) = e2t0 sin t0 − 2y1;0 + 2y2;0 = −0:4;

k21 = f1

(
t0 +

`

2
; y1;0 +

1

2
k11; y2;0 +

1

2
k12

)
= y2;0 +

1

2
k12 = 0:62;

k22 = f2

(
t0 +

`

2
; y1;0 +

1

2
k11; y2;0 +

1

2
k12

)

= e2(t0+0:05) sin (t0 + 0:05)− 2

(
y1;0 +

1

2
k11

)
+ 2

(
y2;0 +

1

2
k12

)
= −0:32476448;

k31 = f1

(
t0 +

`

2
; y1;0 +

1

2
k21; y2;0 +

1

2
k22

)

= y2;0 +
1

2
k22 = −0:61623822;

k32 = f2

(
t0 +

`

2
; y1;0 +

1

2
k21; y2;0 +

1

2
k22

)

= e2(t0+0:05) sin (t0 + 0:05)− 2

(
y1;0 +

1

2
k21

)
+ 2

(
y2;0 +

1

2
k22

)
= −0:31524092;

k41 = f1

(
t0 +

`

2
; y1;0 +

1

2
k31; y2;0 +

1

2
k32

)

= y2;0 +
1

2
k32 = −0:63152409;

k42 = f2

(
t0 +

`

2
; y1;0 +

1

2
k31; y2;0 +

1

2
k32

)

= e2(t0+0:05) sin (t0 + 0:05)− 2

(
y1;0 +

1

2
k31

)
+ 2

(
y2;0 +

1

2
k32

)
= −0:21786373:
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Ðßíáêáò 8.5.2 - 1: ÐáñÜäåéãìá 8.5.2 - 1

y1;i ÈåùñçôéêÞ ëýóç y2;i ÈåùñçôéêÞ ëýóç

-0.4000 00002 -0.4000 0000 -0.6000 0000 -0.6000 000

-0.4617 3334 -0.4617 3297 -0.6316 3124 -0.6316 304

-0.5886 0144 -0.5255 5905 -0.6401 4895 -0.6401 478

-0.6466 1231 -0.5886 0005 -0.6136 6381 -0.6136 630

-0.6935 6667 -0.6466 1028 -0.5365 8203 -0.5365 821

Ôüôå

y1;1 = y1;0 +
`

6
(k11 + 2k21 + 2k31 + k41) = - 0.4617 3334;

y2;1 = y2;0 +
`

6
(k12 + 2k22 + 2k32 + k42) = - 0.6316 3124:

ÅðáíáëáìâÜíïíôáò ôçí ðáñáðÜíù äéáäéêáóßá ìÝ÷ñé êáé ôç ÷ñïíéêÞ óôéãìÞ

t = 0:5, ðñïêýðôïõí ôá áðïôåëÝóìáôá ôïõ Ðßíáêá 8.5.2 - 1.

¢óêçóç

Áí ` = 0:1, 0:05, íá ëõèïýí ìå ôç ìÝèïäï RK4 ôá ðáñáêÜôù ðñïâëÞìáôá

áñ÷éêÞò ôéìÞò êáé íá óõãêñéèïýí ôá áðïôåëÝóìáôá ìå ôç èåùñçôéêÞ ëýóç:

i) y′′ + 2y′ + y = et; 0 ≤ t ≤ 0:3, y(0) = 0, y′(0) = 1 êáé èåùñçôéêÞ

ëýóç

y(t) =
1

4

(
−e−t + et + 2te−t

)
;

ii) y′′ − 2y′ + y = tet − t; 0 ≤ t ≤ 0:3, y(0) = y′(0) = 0 êáé

y(t) =
1

6
t3et − tet + 2et − t− 2;

iii) t2y′′ − 2ty′ + 2y = t3 ln t; 1 ≤ t ≤ 1:2, y(1) = 1, y′(1) = 0 êáé

y(t) =
7

4
t− 1

2
t3 ln t− 3

4
t3:





Âéâëéïãñáößá

[1] Aêñßâçò, Ã. & ÄïõãáëÞò, Â. (1995). ÅéóáãùãÞ óôçí ÁñéèìçôéêÞ

ÁíÜëõóç. ÐáíåðéóôçìéáêÝò Åêäüóåéò ÊñÞôçò. ISBN 978{960{524{022{6.

[2] ÌðñÜôóïò, Á. (2011). ÅöáñìïóìÝíá ÌáèçìáôéêÜ. Åêäüóåéò Á.

Óôáìïýëç. ISBN 978{960{351{874{7.

[3] ÓôåöáíÜêïò, ×. (2009). Ðñïãñáììáôéóìüò Ç/Õ ìå MATLAB. Ãêéïýñäáò

ÅêäïôéêÞ. ISBN 978{960{387{856{8.

[4] Atkinson, K. E. (1989). An Introduction to Numerical Analysis. John

Wiley & Sons (2nd ed.). ISBN 0{471{50023{2.

[5] Butcher, J. (2003). Numerical Methods for Ordinary Di�erential Equa-

tions. New York: John Wiley & Sons. ISBN 978{0{471{96578{3.

[6] Burden, R. L. & Faires, D. J. (2010). Numerical Analysis. Brooks/Cole

(7th ed.). ISBN 978{0{534{38216{2.

[7] Conte, S. D. & de Boor, C. (1980). Elementary Numerical Analysis:

An Algorithmic Approach. McGraw{Hill Inc (3rd ed.). ISBN 978{0{07{

012447{9.

[8] Don, E. (2006). Schaum's Outlines{Mathematica. Åêäüóåéò

ÊëåéäÜñéèìïò. ISBN 978{960{209{961{2.

[9] Henrici, P. (1966). Elements of Numerical Analysis. New York: John

Wiley & Sons. ISBN 978{0{471{37238{7.

357



358 Âéâëéïãñáößá

[10] Iserles, A. (1996). A First Course in the Numerical Analysis of Di�eren-

tial Equations. Cambridge University Press. ISBN 978{0{521{55655{2.

[11] Leader, L. J. (2004). Numerical Analysis and Scienti�c Computation.

Addison{Wesley. ISBN 978{0{201{73499{7.

[12] Schatzman, M. (2002). Numerical Analysis: A Mathematical Introduc-

tion. Oxford: Clarendon Press. ISBN 978{0{19{850279{1.

[13] Stoer, J. & Bulirsch, R. (2002). Introduction to Numerical Analysis.

Springer (3rd ed.). ISBN 978{0{387{95452{3.

[14] Sli, E. & Mayers, D. (2003). An Introduction to Numerical Analysis.

Cambridge University Press. ISBN 978{0{521{00794{8.

ÌáèçìáôéêÝò âÜóåéò äåäïìÝíùí

• http://en.wikipedia.org/wiki/Main Page

• http://eqworld.ipmnet.ru/index.htm

• http://mathworld.wolfram.com/

• http://eom.springer.de/


