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ÌÜèçìá 1

ÓÕÍÁÑÔÇÓÅÉÓ ÐÏËËÙÍ

ÌÅÔÁÂËÇÔÙÍ

1.1 ÅéóáãùãéêÝò Ýííïéåò

Óôï ìÜèçìá áõôü èá ãßíåé ìéá ãåíßêåõóç ôçò Þäç ãíùóôÞò óôïí áíáãíþóôç

Ýííïéáò ôçò ðñáãìáôéêÞò óõíÜñôçóçò ìéáò ðñáãìáôéêÞò ìåôáâëçôÞò óå äýï,

áíôßóôïé÷á ôñåéò ìåôáâëçôÝò.1

1.1.1 Ïñéóìïß

Ïñéóìüò 1.1.1 - 1 (óõíÜñôçóçò ðïëëþí ìåôáâëçôþí) ¸óôù D ⊆ R2,

áíôßóôïé÷á D ⊆ R3 êáé T ⊆ R äýï ôõ÷üíôá ìç êåíÜ óýíïëá. Ôüôå ìßá

óõíÜñôçóç äýï, áíôßóôïé÷á ôñéþí ìåôáâëçôþí ìå ðåäßï ïñéóìïý ôï D êáé

ðåäßï ôéìþí ôï T åßíáé ìßá ìïíïóÞìáíôç áðåéêüíéóç, Ýóôù f , ôïõ óõíüëïõ

1ÂëÝðå åðßóçò âéâëéïãñáößá [3, 4].
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10 ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí Êáè. Á. ÌðñÜôóïò

D óôï T , ôÝôïéá þóôå:

D ∋ (x; y) −→ f (x; y) = w ∈ T;

áíôßóôïé÷á (1.1.1 - 1)

D ∋ (x; y; z) −→ f (x; y; z) = w ∈ T:

Ôá x; y, áíôßóôïé÷á x; y; z åßíáé óôçí ðåñßðôùóç áõôÞ ïé áíåîÜñôçôåò ìåôáâëçôÝò

Þ áðëÜ ãéá åõêïëßá óôï åîÞò ìåôáâëçôÝò Þ åðßóçò üðùò åðßóçò ëÝãåôáé ôá

óôïé÷åßá (arguments) ôçò f , åíþ ç w åßíáé ç åîáñôçìÝíç ìåôáâëçôÞ. ¼ìïéá,

üðùò êáé óôçí ðåñßðôùóç ôçò ìéáò ìåôáâëçôÞò, ç f ïñßæåé ôïí ôýðï ôçò

óõíÜñôçóçò, äçëáäÞ ðåñéãñÜöåé ôïí ôñüðï ìå ôïí ïðïßï ãßíåôáé ç ðáñáðÜíù

áðåéêüíéóç.

Ï ðñïóäéïñéóìüò ôïõ ðåäßïõ ïñéóìïý D ãßíåôáé üðùò êáé óôçí ðåñßðôùóç

ôçò óõíÜñôçóçò ìå ìßá ìåôáâëçôÞ, ìå ôç äéáöïñÜ üôé ðñïóäéïñßæïíôáé ïé

ôéìÝò ãéá ôéò ïðïßåò ïñßæåôáé ç f ãéá êÜèå ìåôáâëçôÞ x; y, áíôßóôïé÷á x; y; z

÷ùñéóôÜ êáé óôç óõíÝ÷åéá ôï D ùò ç Ýíùóç ôùí åðéìÝñïõò ðåäßùí ïñéóìïý.

Ìéá óõíÜñôçóç f ìå ðåäßï ïñéóìïý D èá óõìâïëßæåôáé óôï åîÞò ìå f |D Þ

áíáëõôéêÜ f(x; y)|D, áíôßóôïé÷á f(x; y; z)|D. Ôá ðåäßá ïñéóìïý êáé ôéìþí

åßíáé ìéá êáìðýëç åðéöÜíåéá Þ ãåíéêüôåñá ìéá ôñéóäéÜóôáôç ðåñéï÷Þ ôïõ

÷þñïõ.

¸óôù w = f(x; y)|D, áíôßóôïé÷á w = f(x; y; z)|D. Ôüôå ç ãñáöéêÞ

ðáñÜóôáóç ôçò f èá åßíáé ôï óýíïëï ôùí óçìåßùí

{((x; y); w) ∈ D × T; áíôßóôïé÷á ((x; y; z); w) ∈ D × T:}

ÐáñÜäåéãìá 1.1.1 - 1

Íá õðïëïãéóôåß ôï ðåäßï ïñéóìïý ôùí óõíáñôÞóåùí

f1(x; y) =
√
x+ y; f2(x; y) =

√
x+

√
y êáé f3(x; y) = ln

(
4− x2 − 4y2

)
:

Ëýóç. ÅðåéäÞ áðü ôïí ôýðï ôçò f1 ðñÝðåé íá ðñïêýðôåé ðñáãìáôéêüò áñéèìüò,

ôï ðåäßï ïñéóìïý D1 èá åßíáé

D1 = {(x; y) ∈ R2 : x+ y ≥ 0}:
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-1.0

-0.5

0.5

1.0

y

(b)

Ó÷Þìá 1.1.1 - 1: ÐáñÜäåéãìá 1.1.1 - 1: (a) ôï ðåäßï ïñéóìïý D1 = {(x; y) ∈
R2 : x + y ≥ 0; } ôçò óõíÜñôçóçò f1(x; y) =

√
x+ y. Ç ìðëå åõèåßá Ý÷åé

åîßóùóç x+ y = 0. (b) Ôï ðåäßï ïñéóìïý D2 = {(x; y) ∈ R2 : x ≥ 0; y ≥
0} ôçò f2(x; y) =

√
x+

√
y.

ÃñáöéêÜ ôïD1 ïñßæåôáé áðü ôï óýíïëï ôùí óçìåßùí ôïõ åðéðÝäïõ ðïõ âñßóêïí-

ôáé óôï Üíù ìÝñïò ôçò åõèåßáò x+ y = 0 (Ó÷. 1.1.1 - 3a).2

¼ìïéá ôï ðåäßï ïñéóìïý D2 ôçò f2 èá åßíáé

D2 = {(x; y) ∈ R2 : x ≥ 0; y ≥ 0};

äçëáäÞ ôï 1ï ôåôáñôçìüñéï ôïõ Ó÷. 1.1.1 - 3b.

ÔÝëïò, åðåéäÞ ç ëïãáñéèìéêÞ óõíÜñôçóç ïñßæåôáé ìüíï ãéá èåôéêÝò ôéìÝò

ôçò ìåôáâëçôÞò ôçò, ãéá ôï ðåäßï ïñéóìïý D3 ôçò f3 ðñÝðåé 4− x2 − 4y2 > 0

Þ 1 > x2

4 + y2, ïðüôå

D3 = {(x; y) ∈ R2 :
x2

4
+ y2 < 1};

äçëáäÞ ôï ðåäßï ïñéóìïý åßíáé ôï åóùôåñéêü ôçò Ýëëåéøçò ìå åîßóùóç x2

4 +y2 =

1 (Ó÷. 1.1.1 - 2a). Óôï Ó÷. 1.1.1 - 2b äßíåôáé ç ãñáöéêÞ ðáñÜóôáóç ôçò f3.

2Õðåíèõìßæåôáé üôé ç áíéóüôçôá Ax + By + Γ > 0 ëýíåôáé ãñáöéêÜ, üôáí ÷áñá÷èåß ç

åõèåßá å : Ax + By + Γ = 0 êáé èåùñÞóïõìå ôï óýíïëï ôùí óçìåßùí (x; y) ∈ R2, ðïõ

åßíáé óôï Üíù ìÝñïò ôçò å.
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y

(a) (b)

Ó÷Þìá 1.1.1 - 2: ÐáñÜäåéãìá 1.1.1 - 1: (a) ôï ðåäßï ïñéóìïý D3 = {(x; y) ∈
R2 : x2

4 + y2 < 1} ôçò óõíÜñôçóçò f3(x; y) = ln
(
4− x2 − 4y2

)
. Ç

äéáêåêïììÝíç êüêêéíç êáìðýëç åßíáé ç Ýëëåéøç ìå åîßóùóç x2

4 +y2 = 1. (b) Ç

ãñáöéêÞ ðáñÜóôáóç ôçò f3(x; y). Ç êüêêéíç êáìðýëç äåí óõìðåñéëáìâÜíåôáé

óôï äéÜãñáììá.

ÐáñÜäåéãìá 1.1.1 - 2

Íá õðïëïãéóôåß ôï ðåäßï ïñéóìïý ôçò óõíÜñôçóçò

f(x; y) = sin−1 x+
√
xy:

Ëýóç. ¸óôù

f1(x; y) = sin−1 x êáé f2(x; y) =
√
xy:

Ôüôå, üðùò åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìá ÐñáãìáôéêÝò ÓõíáñôÞóåéò, óôç

óõíÜñôçóç sinx, üôáí ôï ðåäßï ïñéóìïý ðåñéïñéóôåß óôï [−�=2; �=2], ïñßæåôáé
ç áíôßóôñïöç óõíÜñôçóç sin−1 x Þ arcsinx êáé Ý÷åé ðåäßï ïñéóìïý ôï [−1; 1],

äçëáäÞ ôï ðåäßï ôéìþí ôçò sinx. ÅðïìÝíùò ôï ðåäßï ïñéóìïý D1 ôçò f1 åßíáé

D1 = {(x; y) ∈ R2 : −1 ≤ x ≤ 1}:

Ç óõíÜñôçóç

f2(x; y) =
√
xy
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ïñßæåôáé, üôáí xy ≥ 0, äçëáäÞ, üôáí ôá x, y åßíáé ïìüóçìá. ¢ñá ëáìâÜíïíôáò

õðüøç êáé ôï D1 ôï ðåäßï ïñéóìïý ôçò f èá åßíáé Df = D2 ∪D3, üôáí

D2 = {(x; y) ∈ R2 : −1 ≤ x ≤ 0; y ≤ 0} êáé

D3 = {(x; y) ∈ R2 : 0 ≤ x ≤ 1; y ≥ 0}:

ÐáñÜäåéãìá 1.1.1 - 3

¼ìïéá ôï ðåäßï ïñéóìïý ôùí óõíáñôÞóåùí

f(x; y) =
√
x+ y êáé g(x; y) =

√
x+

√
y:

Ëýóç. ¸óôù Df ôï ðåäßï ïñéóìïý ôçò f , áíôßóôïé÷á Dg ôçò g. Ôüôå

ðñïöáíþò åßíáé

Df = {(x; y) ∈ R2 : x+ y ≥ 0 (Ó÷. 1:1:1− 3a) };

áíôßóôïé÷á

Dg = {(x; y) ∈ R2 : x ≥ 0 êáé y ≥ 0 (Ó÷. 1:1:1− 3b) }:

-1.0 -0.5 0.5 1.0
x

-1.0

-0.5

0.5

1.0

y

(a)

0.5 1.0 1.5 2.0 2.5 3.0
x

-1.0

-0.5

0.5

1.0

y

(b)

Ó÷Þìá 1.1.1 - 3: ÐáñÜäåéãìá 1.1.1 - 4: (a) ôï ðåäßï ïñéóìïý Df = {(x; y) ∈
R2 : x + y ≥ 0} ôçò óõíÜñôçóçò f(x; y) =

√
x+ y. Ç ìðëå åõèåßá Ý÷åé

åîßóùóç x + y = 0 êáé (b) ôï ðåäßï ïñéóìïý Dg = {(x; y) ∈ R2 : x ≥
0; y ≥ 0} ôçò g(x; y) =

√
x+

√
y.
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ÐáñÜäåéãìá 1.1.1 - 4

¼ìïéá ôùí óõíáñôÞóåùí

f(x; y; z) = ln(x− y + 4z) êáé g(x; y; z) =
1√

x2 + y2 + z2 − 9
:

Ëýóç. ÅðåéäÞ ç ëïãáñéèìéêÞ óõíÜñôçóç ïñßæåôáé ìüíï ãéá èåôéêÝò ôéìÝò ôçò

ìåôáâëçôÞò ôçò, ôï ðåäßï ïñéóìïý Df ôçò f èá åßíáé

Df = {(x; y; z) ∈ R3 : x− y + 4z > 0};

äçëáäÞ ðñüêåéôáé ãéá ôï Üíù ìÝñïò ôïõ åðéðÝäïõ ð ìå åîßóùóç

ð : x− y + 4z = 0:

Õðåíèõìßæåôáé óôï óçìåßï áõôü áðü ôï ÌÜèçìá ÁíáëõôéêÞ Ãåùìåôñßá üôé

ç ãåíéêÞ ìïñöÞ ôçò åîßóùóçò ôïõ åðéðÝäïõ åßíáé

ax+ by + cz = d; (1.1.1 - 2)

ðïõ, üôáí ëõèåß ùò ðñïò z, éóïäýíáìá ãñÜöåôáé êáé

z = f(x; y) = Ax+By +D: (1.1.1 - 3)

Ç ãñáöéêÞ ðáñÜóôáóç åíüò åðéðÝäïõ ãåíéêÜ ãßíåôáé ìå ôïí ðñïóäéïñéóìü

ôùí óçìåßùí ôïìÞò ôïõ åðéðÝäïõ ìå ôïõò Üîïíåò óõíôåôáãìÝíùí. Ôüôå åíþíïí-

ôáò ôá ôñßá ðáñáðÜíù óçìåßá ôïìÞò ôï äçìéïõñãïýìåíï ôñßãùíï äåß÷íåé êáé ôç

ìïñöÞ ôïõ åðéðÝäïõ. Ãéá ðáñÜäåéãìá, Ýóôù üôé æçôåßôáé ç ãñáöéêÞ ðáñÜóôáóç

ôïõ åðéðÝäïõ 3x+4y+ z = 12, ðïõ åßíáé ôçò ìïñöÞò (1:1:1− 2) êáé óýìöùíá

ìå ôçí (1:1:1− 3) éóïäýíáìá ãñÜöåôáé

z = 12− 3x− 4y; äçëáäÞ f(x; y) = 12− 3x− 4y: (1.1.1 - 4)

Ôüôå èÝôïíôáò óôçí (1:1:1−4) x = y = 0 ðñïóäéïñßæåôáé üôé ôï óçìåßï ôïìÞò

ôïõ åðéðÝäïõ ìå ôïí z-Üîïíá åßíáé ôï (0; 0; 12). ¼ìïéá ôï óçìåßï ôïìÞò ìå

ôïí x-Üîïíá åßíáé ôï (4; 0; 0) êáé ìå ôïí y-Üîïíá ôï (0; 3; 0).

Ç áíéóüôçôá ax+by+cz > 0 ëýíåôáé ãñáöéêÜ, üôáí áñ÷éêÜ ãßíåé ç ãñáöéêÞ

ðáñÜóôáóç ôïõ åðéðÝäïõ

ð : ax+ by + cz = 0
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êáé óôç óõíÝ÷åéá èåùñçèåß ôï óýíïëï ôùí óçìåßùí (x; y; z) ∈ R3, ðïõ åßíáé

óôï Üíù ìÝñïò ôïõ ð.

Ôï ðåäßï ïñéóìïý Dg ôçò g, ëüãù ôçò ôåôñáãùíéêÞò ñßæáò êáé ôïõ ðáñïíï-

ìáóôÞ, èá åßíáé

Dg = {(x; y; z) ∈ R3 : x2 + y2 + z2 < 9};

äçëáäÞ ôï åóùôåñéêü ôçò óöáßñáò ìå êÝíôñï ôï óçìåßï (0; 0; 0) êáé áêôßíá

R = 3.

Áðü ôï ÐáñÜäåéãìá 1.1.1 - 4 ðñïêýðôåé üôé óôéò ðåñéðôþóåéò óõíáñôÞóåùí

ôñéþí ìåôáâëçôþí ôï ðåäßï ïñéóìïý åßíáé Þ ìéá åðéöÜíåéá - ðåñßðôùóç ðåäßïõ

ïñéóìïý Df - Þ Ýíáò üãêïò - ðåäßï ïñéóìïý Dg. Ç ãñáöéêÞ ðáñÜóôáóç

ìéáò óõíÜñôçóçò, Ýóôù f , óôçí ðåñßðôùóç áõôÞ åßíáé äõíáôüí íá ãßíåé áðü

ôï äéÜãñáììá ôïõ ðåäßïõ ôéìþí T ôùí óçìåßùí, äçëáäÞ ôïõ óõíüëïõ T =

{f(x; y; z) ìå (x; y; z) ∈ D}, üôáí D ôï ðåäßï ïñéóìïý ôçò f êáé åßíáé

ãåíéêÜ ìéá åðéöÜíåéá Þ êáé Ýíáò üãêïò ôïõ ÷þñïõ ôùí ôñéþí äéáóôÜóåùí.

¢óêçóç

Ôùí ðáñáêÜôù óõíáñôÞóåùí íá ðñïóäéïñéóôåß ôï ðåäßï ïñéóìïý êáé íá ãßíåé

ç ãñáöéêÞ ðáñÜóôáóç:

i)
(
4− x2 − y2

)1=2
v) 1= ln (x+ y + z),

ii) ln(x− y) vi) tan−1 y +
√
xy,

iii)
(
9− x2

)1=2
+
(
4− y2

)1=2
vii) ln(xyz),

iv) sin−1
(y
x

)
viii) ln

(
x2 + y2 − z2

)
.

ÁðáíôÞóåéò

(i) x2 + y2 ≥ 0,, (ii) x − y > 0, (iii) −3 ≤ x ≤ 3 êáé −2 ≤ y ≤ 2, (iv) y ≤ x êáé

x ̸= 0, (v) x+ y + z > 0 êáé x+ y + z ̸= 1, (vi) xy ≥ 0, (vii) xyz > 0,

(viii) x2 + y2 > z2.
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1.1.2 Óýãêëéóç óõíáñôÞóåùí äýï êáé ôñéþí ìåôáâëçôþí

Ïñéóìüò 1.1.2 - 1 (äýï ìåôáâëçôþí). ¸óôù ç óõíÜñôçóç f(x; y) ìå ðåäßï

ïñéóìïý D ⊆ R2. Ôüôå èá åßíáé

lim
(x;y)→ (x0;y0)

f(x; y) = l; (1.1.2 - 1)

ôüôå êáé ìüíïí üôáí ãéá êÜèå " > 0 õðÜñ÷åé � = �(") > 0, Ýôóé þóôå

|f(x; y)− l| < " ãéá êÜèå (x; y) ∈ D; êáé√
(x− x0)

2 + (y − y0)
2 < �:

Ïñéóìüò 1.1.2 - 2 (ôñéþí ìåôáâëçôþí). ¸óôù ç óõíÜñôçóç f(x; y; z) ìå

ðåäßï ïñéóìïý D ⊆ R3. Ôüôå èá åßíáé

lim
(x;y;z)→ (x0;y0;z0)

f(x; y; z) = l; (1.1.2 - 2)

ôüôå êáé ìüíïí üôáí ãéá êÜèå " > 0 õðÜñ÷åé � = �(") > 0, Ýôóé þóôå

|f(x; y; z)− l| < " ãéá êÜèå (x; y; z) ∈ D; êáé√
(x− x0)

2 + (y − y0)
2 + (z − z0)

2 < �:

Ó÷åôéêÜ ìå ôç äéáäéêáóßá õðïëïãéóìïý ôùí åðéìÝñïõò ïñéáêþí ôéìþí óôçí

ðåñßðôùóç ôïõ Ïñéóìïý 1.1.2 - 1 éó÷ýåé ç ðáñáêÜôù ðñüôáóç: 3

Ðñüôáóç 1.1.2 - 1. ¸óôù ç óõíÜñôçóç f(x; y) ìå (x; y) ∈ D ⊆ R2 áíïéêôü

óýíïëï êáé óçìåßï (x0; y0) ∈ D. Áí

lim
(x;y)→ (x0;y0)

f(x; y) = l

3ÁíÜëïãç ðñüôáóç éó÷ýåé êáé ãéá ôçí ðåñßðôùóç ôïõ Ïñéóìïý 1.1.2 - 2 (âëÝðå

âéâëéïãñáößá).
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êáé õðÜñ÷ïõí óôï R ïé ïñéáêÝò ôéìÝò

lim
x→x0

f(x; y) êáé lim
y→ y0

f(x; y);

ôüôå

lim
(x;y)→ (x0;y0)

f(x; y) = lim
x→x0

[
lim
y→ y0

f(x; y)

]
(1.1.2 - 3)

= lim
y→ y0

[
lim
x→x0

f(x; y)

]
= l:

Ôï áíôßóôñïöï äåí éó÷ýåé ðÜíôïôå, üðùò áõôü ðñïêýðôåé áðü ôï ðáñáêÜôù

ðáñÜäåéãìá:

ÐáñÜäåéãìá 1.1.2 - 1

¸óôù ç óõíÜñôçóç

f(x; y) =
x− y

x+ y
ìå ðåäßï ïñéóìüý D = {(x; y) ∈ R2 ìå (x; y) ̸= (0; 0)}:

Ôüôå

lim
x→ 0

f(x; y) = lim
x→ 0

x− y

x+ y
=


0− y

0 + y
= −1 áí y ̸= 0

lim
x→ 0

x− 0

x+ 0
= lim

x→ 0

x′

x′
= 1 áí y = 0;

åíþ

lim
y→ 0

f(x; y) = lim
y→ 0

x− y

x+ y
=


x− 0

x+ 0
= 1 áí x ̸= 0

lim
y→ 0

0− y

0 + y
= lim

y→ 0

−y′

y′
= −1 áí x = 0;

¢ñá

lim
x→ 0

[
lim
y→ 0

f(x; y)

]
= 1; áíôßóôïé÷á lim

y→ 0

[
lim
x→ 0

f(x; y)
]
= −1;

ïðüôå óýìöùíá ìå ôçí Ðñüôáóç 1.1.2 - 1 ôï lim(x;y)→ (0;0) f(x; y) äåí õðÜñ÷åé.
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Óçìåéþóåéò 1.1.2 - 1

ÁíÜëïãá ìå ôéò éäéüôçôåò ôùí ïñßùí ôùí óõíáñôÞóåùí ìéáò ìåôáâëçôÞò éó÷ýåé

üôé:

• ôï üñéï åöüóïí õðÜñ÷åé, åßíáé ìïíáäéêü,

• ôï üñéï ôïõ áèñïßóìáôïò, ôçò äéáöïñÜò êáé ôïõ ãéíïìÝíïõ éóïýôáé ìå

ôï Üèñïéóìá ôùí ïñßùí, ôçò äéáöïñÜò êáé ôïõ ãéíïìÝíïõ. ¼ìïéá ôïõ

ðçëßêïõ, üôáí ôï üñéï ôïõ ðáñïíïìáóôÞ åßíáé äéÜöïñï ôïõ ìçäåíüò,

éóïýôáé ìå ôï ðçëßêï ôùí ïñßùí.

¢óêçóç

Íá õðïëïãéóôïýí ïé ïñéáêÝò ôéìÝò ôùí ðáñáêÜôù óõíáñôÞóåùí óôï óçìåßï

(0; 0)

i)
x− y2

x+ y2
iv)

x− 2y

x+ y

ii)
|xy|
xy

v)
x3 − xy2

x2 + y2

iii)
y

x2 + y2
vi) (1 + y)

sin2 x

x
.

ÁðáíôÞóåéò

(i) lim x→ 0 f(x; y) = −1, lim y→ 0 f(x; y) = 1,

(ii) lim x→ 0 f(x; y) = lim x→ 0 f(x; y) = 1, üôáí ôá x; y ïìüóçìá êáé −1, üôáí åôåñüóçìá,

(iii) lim x→ 0 f(x; y) =
1
y
, lim y→ 0 f(x; y) = 0,

(iv) lim x→ 0 f(x; y) = −2, lim y→ 0 f(x; y) = 1,

(v) lim x→ 0 f(x; y) = 0, lim y→ 0 f(x; y) = x,

(vi) lim x→ 0 f(x; y) = 0, lim y→ 0 f(x; y) =
sin2 x
x

.

1.1.3 ÓõíÝ÷åéá óõíáñôÞóåùí äýï êáé ôñéþí ìåôáâëçôþí

ÁíÜëïãá ìå ôçí ÐáñÜãñáöï 1.1.2 äßíåôáé êáé óôçí ðåñßðôùóç áõôÞ ï ïñéóìüò

ôçò óõíÝ÷åéáò ìéáò óõíÜñôçóçò äýï, áíôßóôïé÷á ôñéþí ìåôáâëçôþí.
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Ïñéóìüò 1.1.3 - 1 (óõíÝ÷åéáò). Ìßá óõíÜñôçóç f(x; y), áíôßóôïé÷á f(x; y; z)

ìå ðåäßï ïñéóìïý, Ýóôù D ⊆ R2, áíôßóôïé÷á D ⊆ R3, èá åßíáé óõíå÷Þò óôï

óçìåßï (x0; y0) ∈ D, áíôßóôïé÷á (x0; y0; z0) ∈ D ôüôå êáé ìüíïí, üôáí

lim
(x;y)→ (x0;y0)

f(x; y) = f (x0; y0) ;

áíôßóôïé÷á

lim
(x;y;z)→ (x0;y0;z0)

f(x; y; z) = f (x0; y0; z0) :

Ïé ðáñáðÜíù ïñéáêÝò ôéìÝò õðïëïãßæïíôáé óýìöùíá ìå ôïõò Ïñéóìïýò 1.1.2

- 1, áíôßóôïé÷á 1.1.2 - 2.

ÐáñÜäåéãìá 1.1.3 - 1

Ç óõíÜñôçóç

f(x; y) =


x2y

x2 + y2
áí (x; y) ̸= (0; 0)

0 áí (x; y) = (0; 0)

åßíáé óõíå÷Þò óôï (0; 0), åðåéäÞ ìå áíÜëïãïõò õðïëïãéóìïýò ìå åêåßíïõò ôïõ

Ðáñáäåßãìáôïò 1.1.2 - 1 ðñïêýðôåé üôé

lim
x→ 0

[
lim
y→ 0

f(x; y)

]
= 0; áíôßóôïé÷á lim

y→ 0

[
lim
x→ 0

f(x; y)
]
= 0;

ïðüôå óýìöùíá ìå ôçí Ðñüôáóç 1.1.2 - 1 åßíáé

lim
(x;y)→ (0;0)

f(x; y) = 0;

äçëáäÞ õðÜñ÷åé ç ïñéáêÞ ôéìÞ êáé éóïýôáé ìå ôçí ôéìÞ ôçò óõíÜñôçóçò óôï

óçìåßï áõôü.
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ÐáñÜäåéãìá 1.1.3 - 2

Ç óõíÜñôçóç

f(x; y) =


x2

x2 + y2
áí (x; y) ̸= (0; 0)

0 áí (x; y) = (0; 0)

äåí åßíáé óõíå÷Þò óôï (0; 0). Ç ëýóç, ðïõ ðñïêýðôåé ìå õðïëïãéóìïýò áíÜëï-

ãïõò ôùí ÐáñáäåéãìÜôùí 1.1.2 - 1 êáé 1.1.3 - 1, áöÞíåôáé ùò Üóêçóç.

Éäéüôçôåò óõíå÷þí óõíáñôÞóåùí

Ïé ðáñáêÜôù ðñïôÜóåéò ðïõ áíáöÝñïíôáé óôéò éäéüôçôåò ôùí óõíå÷þí óõíáñôÞ-

óåùí äýï ìåôáâëçôþí áðïôåëïýí ìéá ãåíßêåõóç ôùí áíôßóôïé÷ùí ôïõ ÌáèÞìá-

ôïò ÓõíÝ÷åéá ÓõíÜñôçóçò, ðïõ áíáöÝñåôáé óå óõíáñôÞóåéò ìéáò ìåôáâëçôÞò.

Ðñüôáóç 1.1.3 - 1. Áí f; g|D óõíå÷åßò óõíáñôÞóåéò óôï óçìåßï (x0; y0) ∈
D, ôüôå êáé ïé óõíáñôÞóåéò f±g êáé fg åßíáé óõíå÷åßò óôï óçìåßï (x0; y0) ∈
D.

Ðñüôáóç 1.1.3 - 2. Áí f; g|D óõíå÷åßò óõíáñôÞóåéò óôï óçìåßï (x0; y0) ∈
D êáé f (x0; y0) ̸= (0; 0), ôüôå õðÜñ÷åé ðåñéï÷Þ $ (x0; y0), ôÝôïéá þóôå f (x0; y0)

̸= (0; 0) ãéá êÜèå x ∈ $ (x0; y0), ïðüôå ç óõíÜñôçóç 1=f Ý÷åé Ýííïéá ãéá êÜèå

x ∈ D ∩$ (x0; y0) êáé åßíáé óõíå÷Þò óôï óçìåßï (x0; y0) ∈ D.

Óçìåéþóåéò 1.1.3 - 1

• ÁíÜëïãåò ðñïôÜóåéò éó÷ýïõí êáé óôçí ðåñßðôùóç óõíáñôÞóåùí ôñéþí

ìåôáâëçôþí.

• Ïé ðïëõùíõìéêÝò êáé ïé ñçôÝò óõíáñôÞóåéò åßíáé óõíå÷åßò óõíáñôÞóåéò

óôá ðåäßá ïñéóìïý ôùí. ¼ìïéá ïé åêèåôéêÝò, ôñéãùíïìåôñéêÝò, õðåñâïëéêÝò

êáé ïé áíôßóôñïöåò áõôþí óõíáñôÞóåéò.
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¢óêçóç

Íá åîåôáóôïýí ùò ðñïò ôç óõíÝ÷åéá ïé ðáñáêÜôù óõíáñôÞóåéò:

i) sin(x+ y) iv)
x

x2 + y2

ii) ln
(
x2 + y2 + z2

)
v)

x+ y

1− cosx

iii)
x+ y

x− y
vi)

1

x+ y
:

ÁðáíôÞóåéò

(i) óõíå÷Þò óôï R2, (ii) üìïéá, (iii) óõíå÷Þò óôï R2 ìå x ̸= y,

(iv) óõíå÷Þò óôï R2, (v) óõíå÷Þò óôï R2 ìå x ̸= k� + �
2
;

(vi) óõíå÷Þò óôï R2 ìå x ̸= −y.

1.2 ÌåñéêÞ ðáñÜãùãïò

1.2.1 Ïñéóìïß

Ï ãíùóôüò ïñéóìüò ôçò ðáñáãþãïõ óõíÜñôçóçò ìéáò ìåôáâëçôÞò4 åðåêôåßíåôáé

êáé óôçí ðåñßðôùóç ìéáò óõíÜñôçóçò äýï, áíôßóôïé÷á ôñéþí ìåôáâëçôþí ãéá

êÜèå ìåôáâëçôÞ ÷ùñéóôÜ èåùñþíôáò üëåò ôéò Üëëåò ìåôáâëçôÝò ùò óôáèåñÝò

êáé ëÝãåôáé ìåñéêÞ ðáñÜãùãïò ôçò óõíÜñôçóçò ùò ðñïò ôç èåùñïýìåíç ìåôáâëç-

ôÞ.

ÓõãêåêñéìÝíá Ý÷ïõìå:

4Ïñéóìüò ðáñáãþãïõ óõíÜñôçóçò ìéáò ìåôáâëçôÞò: Ýóôù ç óõíÜñôçóç f |D, üðïõ D ⊆
R áíïéêôü äéÜóôçìá êáé óçìåßï x0 ∈ D. Ôüôå ãéá êÜèå x ∈ D−{x0} ìå ôïí ôýðï f(x)−f(x0)

x−x0

ïñßæåôáé ìßá óõíÜñôçóç, ðïõ ëÝãåôáé ðçëßêï äéáöïñþí Þ êëßóç ôçò f óôï óçìåßï x0. Èá

ëÝãåôáé üôé ç f ðáñáãùãßæåôáé óôï óçìåßï x0 ∈ D êáé èá óõìâïëßæåôáé áõôü ìå f ′ (x0) ôüôå

êáé ìüíïí, üôáí õðÜñ÷åé ç ïñéáêÞ ôéìÞ:

f ′ (x0) = lim
x→ x0

f (x)− f (x0)

x− x0

= lim
Äx→ 0

f (x0 +∆x)− f (x0)

∆x
= lim

h→ 0

f (x0 + h)− f (x0)

h
:
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Ïñéóìüò 1.2.1 - 1 (ìåñéêÞ ðáñÜãùãïò). ¸óôù ìéá óõíÜñôçóç f |S üðïõ

S áíïéêôü õðïóýíïëï ôïõ R2, áíôßóôïé÷á ôïõ R3 êáé óçìåßï (x0; y0) ∈ S,

áíôßóôïé÷á (x0; y0; z0) ∈ S. Ôüôå ïñßæåôáé ùò 1çò ôÜîçò ìåñéêÞ ðáñÜãùãïò

(partial derivative) ôçò f ùò ðñïò ôç ìåôáâëçôÞ x óôï óçìåßï (x0; y0), áíôß-

óôïé÷á (x0; y0; z0), ç ðáñáêÜôù ïñéáêÞ, åöüóïí õðÜñ÷åé, ôéìÞ:

@f (x0; y0)

@x
= fx (x0; y0) = Dxf (x0; y0) (1.2.1 - 1)

= lim
∆x→ 0

f (x0 +∆x; y0)− f (x0; y0)

∆x
;

áíôßóôïé÷á

@f (x0; y0; z0)

@x
= fx (x0; y0; z0) = Dxf (x0; y0; z0) (1.2.1 - 2)

= lim
∆x→ 0

f (x0 +∆x; y0; z0)− f (x0; y0; z0)

∆x
:

ÐáñáôçñÞóåéò 1.2.1 - 1

• Ç ïñéáêÞ ôéìÞ (1:2:1 − 1), áíôßóôïé÷á (1:2:1 − 2) åßíáé, üðùò êáé óôçí

ðåñßðôùóç ôçò ìéáò ìåôáâëçôÞò, ðñáãìáôéêüò áñéèìüò.

• Ôï óýìâïëï (ôåëåóôÞò)

@

@x
= @x = Dx

äçëþíåé 1çò ôÜîçò ìåñéêÞ (partial) ðáñÜãùãï ùò ðñïò ôç ìåôáâëçôÞ Þ

óõíéóôþóá x, óå äéÜêñéóç ìå ôïí ãíùóôü óõìâïëéóìü

D = D1 =
d

dx

ãéá ìéá ìåôáâëçôÞ.

• ¼ìïéá ïñßæïíôáé ïé ìåñéêÝò ðáñÜãùãïé ùò ðñïò ôéò Üëëåò ìåôáâëçôÝò.
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Óçìåéþóåéò 1.2.1 - 1

i) ÁíÜëïãá ìå ôçí ðåñßðôùóç ôçò ðáñáãþãïõ ìéáò ìåôáâëçôÞò ç ìåñéêÞ

ðáñÜãùãïò ìéáò óõíÜñôçóçò, Ýóôù f , ùò ðñïò ìéá ìåôáâëçôÞ ôçò x óå

Ýíá óçìåßï x0, èá ïñßæåé ôïí óõíôåëåóôÞ ìåôáâïëÞò ôçò f óôï óçìåßï

áõôü êáôÜ ôïí x-Üîïíá êáé ãåùìåôñéêÜ èá éóïýôáé ìå ôçí åöáðôïìÝíç

ôçò ãùíßáò Þ äéáöïñåôéêÜ ìå ôïí óõíôåëåóôÞ äéåýèõíóçò ôçò åöáðôüìåíçò

åõèåßáò ôïõ äéáãñÜììáôïò ôçò óõíÜñôçóçò óôï óçìåßï (x0; f (x0)).

¼ìïéá ãéá ôéò Üëëåò ìåôáâëçôÝò.

ii) Ïé óõíôåëåóôÝò ìåôáâïëÞò ôùí ìåôáâëçôþí óôçí ðåñßðôùóç (i) åßíáé

äõíáôüí íá åßíáé äéáöïñåôéêïß ìåôáîý ôïõò, äçëáäÞ íá Ý÷ïõìå ôá÷ýôåñç

ìåôáâïëÞ ùò ðñïò x óå óýãêñéóç ìå ôç ìåôáâïëÞ ùò ðñïò y, ê.ëð.

iii) ¼ðùò êáé óôçí ðåñßðôùóç ôçò ðáñáãþãïõ óõíÜñôçóçò ìéáò ìåôáâëçôÞò

áí ãéá ôç ìåñéêÞ ðáñÜãùãï ìéáò óõíÜñôçóçò, Ýóôù ôçí fx, éó÷ýåé üôé:

• fx (x0; f (x0)) = 0, ôüôå ç åöáðôïìÝíç åõèåßá óôï óçìåßï (x0; f (x0))

åßíáé ðáñÜëëçëç óôç äéåýèõíóç ôïõ x-Üîïíá, åíþ, áí

• fx (x0; f (x0)) = +∞, ôüôå ç åöáðôïìÝíç åõèåßá óôï (x0; f (x0))

åßíáé êÜèåôç óôïí x-Üîïíá.

ÐáñÜãùãïé áíþôåñçò ôÜîçò

Ïñéóìüò 1.2.1 - 2 (ìåñéêÞ ðáñÜãùãïò). ¸óôù ìéá óõíÜñôçóç f |S üðïõ

S áíïéêôü õðïóýíïëï ôïõ R2, áíôßóôïé÷á ôïõ R3 êáé óçìåßï (x0; y0) ∈ S,

áíôßóôïé÷á (x0; y0; z0) ∈ S. Ôüôå, áí ç 1çò ôÜîçò ìåñéêÞ ðáñÜãùãïò ôçò f

ùò ðñïò ôç ìåôáâëçôÞ, Ýóôù x, õðÜñ÷åé ãéá êÜèå (x0; y0) ∈ S, áíôßóôïé÷á

(x0; y0; z0) ∈ S, ôüôå ïñßæåôáé ç ìåñéêÞ ðáñÜãùãïò fx óôï S.

ÁíÜëïãïò ïñéóìüò éó÷ýåé êáé ãéá ôéò ìåôáâëçôÝò y êáé z.

¸óôù ç óõíÜñôçóç f |S. Áí õðÜñ÷åé ç 1çò ôÜîçò ìåñéêÞ ðáñÜãùãïò ôçò

f , Ýóôù ùò ðñïò x, ôüôå ïñßæåôáé ç 2çò ôÜîçò ìåñéêÞ ðáñÜãùãïò ôçò f óôï x

ùò åîÞò:

fxx = f2x =
@ 2f

@x2
=

@

@x

(
@f

@x

)
; (1.2.1 - 3)
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üðïõ üìïéá ôï óýìâïëï

@2

@x2
= @xx = @2x = Dxx

äçëþíåé 2çò ôÜîçò ìåñéêÞ ðáñÜãùãï ùò x.

¼ìïéá ïñßæïíôáé ïé 3çò, 4çò êáé ãåíéêÜ ç �-ôÜîçò ìåñéêÞ ðáñÜãùãïò ôçò

f óôï x ùò åîÞò:

fxxx = f3x =
@ 3f

@x3
=

@

@x

(
@ 2f

@x2

)
;

fxxxx = f4x =
@ 4f

@x4
=

@

@x

(
@ 3f

@x3

)
; êáé ãåíéêÜ

f� x =
@ �f

@x�
=

@

@x

(
@ �−1f

@x�−1

)
: (1.2.1 - 4)

Åðßóçò ïñßæïíôáé ïé ðáñÜãùãïé ôùí ðáñáêÜôù ìïñöþí

fx y =
@ 2f

@x @y
=

@

@x

(
@f

@y

)
;

fxx y =
@ 3f

@x2 @y
=

@

@x2

(
@f

@y

)
;

fx y y =
@ 3f

@x @y2
=

@

@x

(
@ 2f

@y2

)
; ê.ëð. (1.2.1 - 5)

Ïé ðáñÜãùãïé áõôÝò ëÝãïíôáé ðïëëÝò öïñÝò áíÜìåéêôåò Þ êáé åðÜëëçëåò.

ÐáñáôÞñçóç 1.2.1 - 1

Ïé ðáñÜãùãïé fx; fxx; : : : ; f� x åßíáé óõíáñôÞóåéò, åíþ ïé áíôßóôïé÷åò ðáñÜãù-

ãïß ôùí óôï óçìåßï (x0; y0), áíôßóôïé÷á (x0; y0; z0) åßíáé ðñáãìáôéêïß áñéèìïß.

ÁíÜëïãç ðáñáôÞñçóç éó÷ýåé êáé ãéá ôéò ìåôáâëçôÝò y êáé z. ÁíÜëïãç ðáñáôÞ-

ñçóç éó÷ýåé ãéá ôéò åðÜëëçëåò ðáñáãþãïõò.
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Óçìåßùóç 1.2.1 - 1

Óôçí ðåñßðôùóç ôùí åðÜëëçëùí ðáñáãþãùí ç ðáñáãþãéóç áñ÷ßæåé áðü ôïí

äåîéü äåßêôç, äçëáäÞ áí ãéá ðáñÜäåéãìá æçôåßôáé ç ìåñéêÞ ðáñÜãùãïò fxy,

ôüôå ç óåéñÜ ðáñáãþãéóçò åßíáé: fy êáé óôç óõíÝ÷åéá ç ðáñÜãùãüò ôçò fy ùò

ðñïò x, äçëáäÞ

fxy = (fy)x :

1.2.2 Õðïëïãéóìüò ðáñáãþãùí

Êáíüíåò ðáñáãþãéóçò

5Ïé ãíùóôïß êáíüíåò ðáñáãþãéóçò ôùí óõíáñôÞóåùí ìéáò ìåôáâëçôÞò éó÷ýïõí

êáé óôçí ðåñßðôùóç ôçò ìåñéêÞò ðáñáãþãïõ.
Êñßíåôáé óêüðéìï óôï óçìåßï áõôü íá ãßíåé ìéá õðåíèýìéóç ìå ôç ìïñöÞ

ðñïôÜóåùí ôùí ðáñáêÜôù êáíüíùí ðáñáãþãéóçò ôùí óõíáñôÞóåùí ìéáò ìåôá-
âëçôÞò:

Ðñüôáóç (ðáñÜãùãïò óôáèåñÜò óõíÜñôçóçò). ¸óôù ç óõíÜñôçóç f |R üðïõ f(x) =

c óôáèåñÜ ãéá êÜèå x ∈ R. Ôüôå

f ′(x) = 0 ãéá êÜèå x ∈ R:

Ðñüôáóç (ðáñÜãùãïò áèñïßóìáôïò). ¸óôù üôé ïé óõíáñôÞóåéò f , g |D åßíáé ðáñáãù-

ãßóéìåò óôï D. Ôüôå éó÷ýåé

(f(x) + g(x))′ = f ′(x) + g′(x) ãéá êÜèå x ∈ D:

Ç éäéüôçôá ãåíéêåýåôáé.

Ðñüôáóç (ðáñÜãùãïò ãéíïìÝíïõ). ¸óôù üôé ïé óõíáñôÞóåéò f; g |D åßíáé ðáñáãùãß-

óéìåò óôï D. Ôüôå éó÷ýåé

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x) ãéá êÜèå x ∈ D:

5ÂëÝðå Á. ÌðñÜôóïò [1] Êåö. 6.
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¼ìïéá ç éäéüôçôá ãåíéêåýåôáé.

ÅðåéäÞ ðñïöáíþò éó÷ýåé (ëf(x))′ = ëf ′(x) ìå ë ∈ R óôáèåñÜ áðü ôéò ðáñáðÜíù

ðñïôÜóåéò ðñïêýðôåé ôåëéêÜ ç ðáñáêÜôù ãñáììéêÞ éäéüôçôá:

(kf(x) + ëg(x))′ = kf ′(x) + ëg′(x)

ãéá êÜèå x ∈ D êáé k; ë ∈ R.

Ðñüôáóç. Áí ç óõíÜñôçóç f |D ðáñáãùãßæåôáé óôï D êáé åðéðëÝïí õðÜñ÷åé x0 ∈ D, Ýôóé

þóôå f ′ (x0) ̸= 0, ôüôå (
1

f(x)

)′

x=x0

= −f ′ (x0)

f2(x)
:

Ðñüôáóç (ðáñÜãùãïò ðçëßêïõ). ¸óôù üôé ïé óõíáñôÞóåéò f; g|D åßíáé ðáñáãùãßóéìåò

óôï D êáé åðéðëÝïí g′(x) ̸= 0 ãéá êÜèå x ∈ D. Ôüôå éó÷ýåé[
f(x)

g(x)

]′

=
f ′(x)g(x)− f(x)g′(x)

g2(x)
ãéá êÜèå x ∈ D:

ÐáñÜãùãïò óýíèåôçò óõíÜñôçóçò

¸óôù ìéá óõíÜñôçóç f äýï, áíôßóôïé÷á ôñéþí ìåôáâëçôþí. Áí ç f èåùñçèåß

ùò óõíÜñôçóç ìüíïí ôçò ìåôáâëçôÞò x, åíþ ïé Üëëåò ìåôáâëçôÝò ùò óôáèåñÝò,

ôüôå ðñïêýðôåé ï ðáñáêÜôù êáíüíáò ðáñáãþãéóçò óýíèåôçò óõíÜñôçóçò:

Èåþñçìá 1.2.2 - 1 (ðáñÜãùãïò óýíèåôçò óõíÜñôçóçò).

¸óôù ïé óõíáñôÞóåéò

y = f(w) |D1 êáé w = g(x) |D2 üðïõ g (D2) ⊆ D1

êáé D1, D2 áíïéêôÜ äéáóôÞìáôá êáé ç ðñïêýðôïõóá óýíèåôç óõíÜñôçóç

h(x) = (f ◦ g) (x) = f(g(x)) ãéá êÜèå x ∈ D2:

¸óôù åðßóçò üôé ãéá Ýíá óçìåßï x0 ∈ D2 õðÜñ÷åé ç ðáñÜãùãïò g′ (x0) = w′
0

êáé ç áíôßóôïé÷ç y′0 = f ′ (w0) óôï óçìåßï w0 = g (x0) ìå w0 ∈ D1. Ôüôå

õðÜñ÷åé êáé ç ðáñÜãùãïò ôçò óýíèåôçò óõíÜñôçóçò h(x)|D2 óôï óçìåßï x0 ∈
D2 êáé éó÷ýåé

dh(x)

dx

∣∣∣∣
x=x0

=
df(w)

dw

∣∣∣∣
w=w0

dg(x)

dx

∣∣∣∣
x=x0

= y′0 w
′
0:
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Ôï èåþñçìá áõôü, ðïõ åßíáé ãíùóôü ùò êáíüíáò áëõóéäùôÞò ðáñáãþãéóçò

(chain rule) ãéá óõíáñôÞóåéò ìéáò ìåôáâëçôÞò, üìïéá åöáñìüæåôáé êáé ãéá ôéò

Üëëåò ìåôáâëçôÝò.

Ôüôå óýìöùíá ìå ôï Èåþñçìá 1.2.2 - 1, áí ãéá êÜèå x ∈ D2 õðÜñ÷åé ç

ðáñÜãùãïò g′(x) êáé åðéðëÝïí üôé ãéá ôçí áíôßóôïé÷ç ôéìÞ g(x) = w ∈ D1

õðÜñ÷åé ç f ′(w) = f ′(g(x)), èá õðÜñ÷åé êáé ç ðáñÜãùãïò ôçò f(g(x)) ùò ðñïò

x ãéá êÜèå x ∈ D2 êáé èá äßíåôáé áðü ôç ó÷Ýóç

dh(x)

dx
=
df(g(x))

dx
=
df(g(x))

dg(x)

dg(x)

dx
= f ′g g

′
x: (1.2.2 - 1)

Ìå ôïí ôýðï 1.2.2 - 1 õðïëïãßæïíôáé ïé ðáñÜãùãïé ôùí óýíèåôùí óõíáñôÞ-

óåùí ìéáò ìåôáâëçôÞò, Ýóôù x, ïé êõñéüôåñåò ôùí ïðïßùí äßíïíôáé óôïí Ðßíáêá

1.2.2 - 1.

ÐáñÜäåéãìá 1.2.2 - 1

Íá õðïëïãéóôïýí ïé 1çò ôÜîçò ìåñéêÝò ðáñÜãùãïé ôçò óõíÜñôçóçò

f(x; y) = x4 + 4
√
y − 5

Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå

fx =
(
x4 + 4 y1=2 − 5

)
x
=
(
x4
)
x
+

0︷ ︸︸ ︷(
4 y1=2 − 5

)
x

= 4x3;

fy =
(
x4 + 4 y1=2 − 5

)
y
= 4

1
2
y
1
2−1︷ ︸︸ ︷(

y1=2
)
y
+

0︷ ︸︸ ︷(
x4 − 5

)
y

= 2 y−1=2:
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Ðßíáêáò 1.2.2 - 1: ðáñáãþãùí ôùí êõñéüôåñùí óýíèåôùí óõíáñôÞóåùí ìå

ìåôáâëçôÞ x.

á / á ÓõíÜñôçóç ÐáñÜãùãïò

1 fa(x) af ′(x)fa−1(x)

2 ef(x) f ′(x)ef(x)

3 ln f(x)
f ′(x)

f(x)

4 sin f(x) f ′(x) cos f(x)

5 cos f(x) −f ′(x) sin f(x)

6 tan f(x)
f ′(x)

cos2 f(x)

7 cot f(x) − f ′(x)

sin2 f(x)

8 tan−1 f(x)
f ′(x)

1 + f2(x)

9 sin−1 f(x)
f ′(x)√
1− f2(x)

10 cos−1 f(x) − f ′(x)√
1− f2(x)

11 sinh f(x) f ′(x) cosh f(x)

12 cosh f(x) f ′(x) sinh f(x)

13 tanh f(x)
f ′(x)

cosh2 f(x)
= f ′(x)

[
1− tanh2 f(x)

]
14 coth f(x) − f ′(x)

sinh2 f(x)
= f ′(x)

[
1− coth2 f(x)

]
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ÐáñÜäåéãìá 1.2.2 - 2

¼ìïéá ôçò óõíÜñôçóçò

h(s; t) = t2 ln
(
s2 + 1

)
+

9

t3
− 3

√
s4:

Ëýóç. ¸÷ïõìå

hs =
[
t2 ln

(
s2 + 1

)
+ 9 t−3 − s4=3

]
s

=
[
t2 ln

(
s2 + 1

)]
s
+ 9

0︷ ︸︸ ︷(
t−3
)
s
−
(
s4=3

)
s

= t2

ôýðïò 3 ôïõ Ðßíáêá 1.2.2 - 1︷ ︸︸ ︷[
ln
(
s2 + 1

)]
s

−4

3
s

4
3
−1

= t2
1

s2 + 1

2 s︷ ︸︸ ︷(
s2 + 1

)
s
−4

3
s1=3

=
2 s t2

s2 + 1
− 4

3
s1=3;

ht =
[
t2 ln

(
s2 + 1

)
+ 9 t−3 − s4=3

]
t

=

ln(s2+1) (t2)
t︷ ︸︸ ︷[

t2 ln
(
s2 + 1

)]
t
+9

−3 t−4︷ ︸︸ ︷(
t−3
)
s
−

0︷ ︸︸ ︷(
s4=3

)
s

= 2 t ln
(
s2 + 1

)
− 27 t−4:

ÐáñÜäåéãìá 1.2.2 - 3

¼ìïéá ôçò

g(x; y; z) = x2y − y2z3 + sin(xy):
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Ëýóç. ¸÷ïõìå

gx =
[
x2y − y2z3 + sin(xy)

]
x

=

y (x2)
x
= y 2x︷ ︸︸ ︷(

x2y
)
x

−

0︷ ︸︸ ︷(
y2z3

)
x
+

(xy)x cos(xy)︷ ︸︸ ︷
[sin(xy)]x

= 2xy +

y(x)x= y︷ ︸︸ ︷
(xy)x cos(xy) = 2xy + y cos(xy);

gy =
[
x2y − y2z3 + sin(xy)

]
y

=

x2(y )y =x2︷ ︸︸ ︷(
x2y
)
y

−

z3(y2)
y
= z3(2y)︷ ︸︸ ︷(

y2z3
)
y

+ [sin(xy)]y

= x2 − 2 y z3 + (xy)y cos(xy)

= x2 − 2 y z3 + x cos(xy);

gz =
[
x2y − y2z3 + sin(xy)

]
z

=

0︷ ︸︸ ︷(
x2y
)
y
−

y2(z3)
z
= y2(3z2)︷ ︸︸ ︷(

y2z3
)
y

+

0︷ ︸︸ ︷
[sin(xy)]z = −3y2z2:

ÐáñÜäåéãìá 1.2.2 - 4

Íá õðïëïãéóôïýí ïé 1çò êáé ïé 2çò ôÜîçò ìåñéêÝò ðáñÜãùãïé ôçò óõíÜñôçóçò

f(x; y; z) =
x

y
e−x + z2:
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Ëýóç. ¼ìïéá äéáäï÷éêÜ Ý÷ïõìå

fx =

(
x

y
e−x + z2

)
x

=

(
x

y
e−x
)
x

+

0︷ ︸︸ ︷(
z2
)
x

=
1

y

(
x e−x

)
x
=

1

y

 1︷︸︸︷
(x)x e

−x + x

(−x)x e−x=− e−x︷ ︸︸ ︷(
e−x
)
x


=

(1− x) e−x

y
;

fxx = [fx(x; y; z)]x =

[
(1− x) e−x

y

]
x

=
1

y

[
(1− x) e−x

]
x
=

1

y

 −1︷ ︸︸ ︷
(1− x)x e

−x + (1− x)

−e−x︷ ︸︸ ︷(
e−x
)
x


=

(x− 2) e−x

y
;

fy =

(
x

y
e−x + z2

)
y

=

(
x

y
e−x
)
y

+

0︷ ︸︸ ︷(
z2
)
y

=
(
x e−x

) −y−1−1=−y−2︷ ︸︸ ︷(
y−1
)
y

= −x y−2 e−x;
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fyy =
(
−x e−x y−2

)
y
= −x e−x

−2 y−3︷ ︸︸ ︷(
y−2
)
y

= 2x y−3 e−x;

fz =

(
x

y
e−x + z2

)
z

=

0︷ ︸︸ ︷(
x

y
e−x
)
z

+
(
z2
)
z
= 2z;

fzz = (2z)z = 2;

fxy = (fy)x ç fy Ý÷åé Þäç õðïëïãéóôåß ðáñáðÜíù

=
(
−x e−x y−2

)
x

= −y−2
(
x e−x

)
x
= − 1

y2

 1︷︸︸︷
(x)x e

−x + x

−e−x︷ ︸︸ ︷(
e−x
)
x


=

(x− 1) e−x

y2
;

fyx = (fx)y ç fx Ý÷åé Þäç üìïéá õðïëïãéóôåß

=

[
(1− x) e−x

y

]
y

= (1− x) e−x
(
1

y

)
y

= (1− x) e−x
(
− 1

y2

)
=

(x− 1) e−x

y2
; êáé üìïéá

fyz = fzy = 0;

fxz = fzx = 0:
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Óçìåßùóç 1.2.2 - 1

Áðü ôï ÐáñÜäåéãìá 1.2.2 - 4 ðñïêýðôåé üôé

fxy = fyx; fyz = fzy êáé fxz = fzx;

äçëáäÞ ïé áíÜìåéêôåò ðáñÜãùãïé 2çò ôÜîçò ôùí ßäéùí áíÜ äýï ìåôáâëçôþí

åßíáé ßóåò.

Ó÷åôéêÜ éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 1.2.2 - 2 (Schwarz). ¸óôù ç óõíÜñôçóç f(x; y)| ⊆ R2, üðïõ S

áíïéêôü óýíïëï, ôçò ïðïßáò õðÜñ÷ïõí ïé 2çò ôÜîçò ìåñéêÝò ðáñÜãùãïé êáé

åßíáé óõíå÷åßò óôï S. Ôüôå

fxy = fyx ãéá êÜèå (x; y) ∈ S: (1.2.2 - 2)

Óçìåßùóç 1.2.2 - 2

Ôï ðáñáðÜíù èåþñçìá, ðïõ åßíáé åðßóçò ãíùóôü êáé ùò èåþñçìá ôùí Schwarz-

Clairaut, ãåíéêåýåôáé ãéá ôñåéò êáé ðåñéóóüôåñåò ìåôáâëçôÝò.

ÐáñÜäåéãìá 1.2.2 - 5

¸óôù ç óõíÜñôçóç

f(x; y) =
y

x+ y
:

Íá õðïëïãéóôåß ç ôéìÞ fxyy| (1;0).
Ëýóç. Áñ÷éêÜ áðü ôç Óçìåßùóç 1.2.1 - 1, óýìöùíá ìå ôçí ïðïßá óôçí

ðåñßðôùóç ôùí åðÜëëçëùí ðáñáãþãùí ç ðáñáãþãéóç áñ÷ßæåé áðü ôïí äåîéü

äåßêôç, åßíáé

fxyy =
@3f(x; y; z)

@x @y2
=

@

@x

(
@f(x; y; z)

@y2

)
= (fyy)x : (1)

Õðïëïãéóìüò ôçò fyy: äéáäï÷éêÜ Ý÷ïõìå

fy =

(
y

x+ y

)
y

=

1︷︸︸︷
(y)y (x+ y)− y

0+1︷ ︸︸ ︷
(x+ y)y

(x+ y)2
=

x

(x+ y)2
;
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fyy =

[
x

(x+ y)2

]
y

= x
[
(x+ y)−2

]
y

= x

−2

1︷ ︸︸ ︷
(x+ y)y(x+ y)−2−1


= x

[
−2(x+ y)−3

]
= − 2x

(x+ y)3
;

ïðüôå áíôéêáèéóôþíôáò óôçí (1) Ý÷ïõìå

fxyy =

[
− 2x

(x+ y)3

]
x

= −2

[
x

(x+ y)3

]
x

= −2

1︷︸︸︷
(x)x (x+ y)3 − x

3(x+y)x(x+y)3−1︷ ︸︸ ︷[
(x+ y)3

]
x

(x+ y)6

= −2
(x+ y)3 − x

[
3(x+ y)2

]
(x+ y)6

=
2(2x− y)

(x+ y)4
:

¢ñá

fxyy| (1;0) =
2(2x− y)

(x+ y)4

∣∣∣∣
(1;0)

=
2(2 · 1− 0)

(1 + 0)4
= 4:

ÐáñÜäåéãìá 1.2.2 - 6

¸óôù ç óõíÜñôçóç f(x; y; z) =
(
x2 + y2 + z2

)−1=2
. Äåßîôå üôé6

fxx + fyy + fzz = 0: (1.2.2 - 3)

6Ç åîßóùóç (1:2:2− 3), ðïõ åßíáé ãíùóôÞ ùò ç åîßóùóç ôïõ Laplace (Laplace equa-

tion), Ý÷åé óçìáíôéêÝò åöáñìïãÝò óôá ÅöáñìïóìÝíá ÌáèçìáôéêÜ (âëÝðå âéâëéïãñáößá êáé

Á. ÌðñÜôóïò [2] Êåö. 4 - Åîéóþóåéò Maxwell). Ç óõíÜñôçóç f , ðïõ åðáëçèåýåé ôçí

(1:2:2− 3), ëÝãåôáé ôüôå êáé áñìïíéêÞ óõíÜñôçóç.
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Ëýóç. ¸÷ïõìå

fx =
[(
x2 + y2 + z2

)−1=2
]
x

(1)

= −1

2

(
x2 + y2 + z2

)− 1
2
−1

2x︷ ︸︸ ︷(
x2 + y2 + z2

)
x

= −x
(
x2 + y2 + z2

)−3=2
;

fxx = −

 1︷︸︸︷
(x)x

(
x2 + y2 + z2

)−3=2

− x
[(
x2 + y2 + z2

)−3=2
]
x

= −
(
x2 + y2 + z2

)−3=2

−x

−3

2

(
x2 + y2 + z2

)− 3
2
−1

2x︷ ︸︸ ︷(
x2 + y2 + z2

)
x


= −

(
x2 + y2 + z2

)−3=2
+

3

2
x2
(
x2 + y2 + z2

)−5=2
: (1)

Ëüãù ôçò óõììåôñßáò ôçò f üìïéá Ý÷ïõìå

fxx = −
(
x2 + y2 + z2

)−3=2
+

3

2
y2
(
x2 + y2 + z2

)−5=2
; (2)

fxx = −
(
x2 + y2 + z2

)−3=2
+

3

2
z2
(
x2 + y2 + z2

)−5=2
: (3)

ÐñïóèÝôïíôáò êáôÜ ìÝëç ôéò (1), (2) êáé (3) ðñïêýðôåé ôåëéêÜ ç (1:2:2− 3).

ÁóêÞóåéò

1. Íá õðïëïãéóôïýí üëåò ïé 1çò êáé 2çò ôÜîçò ìåñéêÝò ðáñÜãùãïé ôùí

ðáñáêÜôù óõíáñôÞóåùí:
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i)
√
x2 + y2 v)

x

x2 + y2

ii) e−x
2−y2 vi) ln

(
x

y

)
iii) sin2(x− y) vii) ln

(
x2 − y2

)
iv)

x

x+ y
viii)

x

y + z

2. Áí f(x; y; z) = ln(xy + z), íá õðïëïãéóôïýí ïé ðáñÜãùãïé

fx; fy êáé fz

óôï óçìåßï P (1; 2; 0).

3. Äåßîôå üôé ç óõíÜñôçóç f(x; y) = ex sin y åßíáé áñìïíéêÞ.

4. Äåßîôå üôé, áí f(x; y) = ln
(
x2 + xy + y2

)
, ôüôå

x fx + y fy = 2:

5. ¼ìïéá, áí

f(x; y; z) = x+
x− y

y − z
; ôüôå fx + fy + fz = 1:

6. Áí x = r cos � êáé y = r sin �, íá õðïëïãéóôåß ç ôéìÞ ôçò ïñßæïõóáò

A =

∣∣∣∣∣∣ xr x�

yr y�

∣∣∣∣∣∣ :
7. Ôï åìâáäüí E ôïõ ôñáðåæßïõ ìå âÜóåéò a, b êáé ýøïò h äßíåôáé áðü ôïí

ôýðï

E =
1

2
(a+ b)h:

Íá õðïëïãéóôïýí ïé ðáñÜãùãïé Ea, Eb êáé Eh êáé óôç óõíÝ÷åéá íá äïèåß ç

ãåùìåôñéêÞ åñìçíåßá ôïõò.
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ÁðáíôÞóåéò

1. (i) fx = x√
x2+y2

, fy = y√
x2+y2

, fxx = y2

(x2+y2)3=2
, fyy = x2

(x2+y2)3=2
,

fxy = − xy

(x2+y2)3=2
.

(ii) óõììåôñéêÞ fx = −2xe−x
2−y2 , fxx = 2

(
2x2 − 1

)
e−x

2−y2 , fxy = 4xye−x
2−y2

ê.ëð.

(iii) fx = sin 2(x − y), fy = − sin 2(x − y), fxx = fyy = 2 cos 2(x − y), fxy =

−2 cos 2(x− y).

(iv) fx = y
(x+y)2

; fy = − x
(x+y)2

; fxx = − 2y
(x+y)3

; fyy = 2x
(x+y)3

; fxy = x−y
(x+y)3

:

(v) fx = y2−x2

(x2+y2)2
; fy = − 2xy

(x2+y2)2
; fxx =

2x(x2−3y2)
(x2+y2)3

; fyy = − 2x(x2−3y2)
(x2+y2)3

;

fxy =
2y(3x2−y2)
(x2+y2)3

:

(vi) fx = 1
x
; fy = − 1

x
; fxx = − 1

x2 ; fyy = 1
y2

; fxy = 0.

(vii) fx = 2x
x2−y2 ; fy = − 2y

x2−y2 ; fxx = fyy = − 2(x2+y2)
(x2−y2)2

; fxy = 4xy

(x2−y2)2
:

(viii) fx = 1
y+z

; fy = fz = − x
(y+z)2

; fxx = 0, fyy = fzz = 2x
(y+z)3

;, fxy = fxz =

− 1
(y+z)2

; fyz = 2x
(y+z)3

:

2. fx(P ) = 1, fy(P ) = fz(P ) = 1
2
: 3 - 5. Ðñïöáíåßò. 6. |A| = r. 7. Ea = 1

2
bh

ê.ëð.

1.2.3 Åöáðôüìåíï åðßðåäï

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ãåùìåôñéêÜ ç ðáñÜãùãïò ìéáò óõíÜñôç-

óçò ìéáò ìåôáâëçôÞò,7 Ýóôù f , óå Ýíá óçìåßï x0 ôïõ ðåäßïõ ïñéóìïý ôçò

éóïýôáé ìå ôçí åöáðôïìÝíç ôçò ãùíßáò Þ äéáöïñåôéêÜ ìå ôïí óõíôåëåóôÞ

äéåýèõíóçò ôçò åöáðôüìåíçò åõèåßáò ôïõ äéáãñÜììáôïò ôçò óõíÜñôçóçò óôï

óçìåßï (x0; f (x0)). Ôüôå ç åîßóùóç ôçò åöáðôüìåíçò åõèåßáò óôï óçìåßï áõôü

äßíåôáé áðü ôïí ôýðï

y − f (x0) = f ′ (x0) (x− x0) :

Åðåêôåßíïíôáò ôçí ðáñáðÜíù ãåùìåôñéêÞ åñìçíåßá èåùñïýìå ìéá óõíÜñôçóç

äýï ìåôáâëçôþí, Ýóôù z = f(x; y), ìå ðåäßï ïñéóìïý ôï D ⊆ R2 êáé óçìåßï

z0 = (x0; y0) ∈ D óôï ïðïßï íá õðÜñ÷ïõí ïé ìåñéêÝò ðáñÜãùãïé fx (x0; y0)

êáé fy (x0; y0). Ôüôå èåùñþíôáò ôï y óôáèåñü, ç fx èá åßíáé ìéá óõíÜñôçóç

7ÂëÝðå ÌÜèçìá ÐáñÜãùãïò ÓõíÜñôçóçò - ÃåùìåôñéêÞ óçìáóßá ðáñáãþãïõ.
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ôçò ìåôáâëçôÞò x ìå äéÜãñáììá Cx, üðïõ óýìöùíá ìå ôéò Óçìåéþóåéò 1.2.1

- 1 (i) ç fx (x0; y0) èá ïñßæåé ôïí óõíôåëåóôÞ äéåýèõíóçò ôçò åöáðôüìåíçò

åõèåßáò åx ôïõ äéáãñÜììáôïò Cx óôï óçìåßï f (x0; y0). ¼ìïéá èåùñþíôáò

ôï x óôáèåñü óôçí fy, ðïõ åßíáé ìéá óõíÜñôçóç ôïõ y ìå äéÜãñáììá Cy, ç

ðáñÜãùãïò fy (x0; y0) èá ïñßæåé ôïí óõíôåëåóôÞ äéåýèõíóçò ôçò åöáðôüìåíçò

åõèåßáò åy ôïõ äéáãñÜììáôïò Cy óôï f (x0; y0). ÅðïìÝíùò, üôáí ïé ìåôáâëçôÝò

(x; y) ìåôáâÜëëïíôáé óôï D ïé ìåñéêÝò ðáñÜãùãïé fx êáé fy èá ìåôáâÜëëïíôáé

óôïí ãåùìåôñéêü ôüðï, ðïõ ïñßæåôáé áðü ôçí ôïìÞ ôùí åõèåéþí åx êáé åy,

äçëáäÞ óôï åðßðåäï, Ýóôù �, ðïõ ïé åõèåßåò áõôÝò ïñßæïõí.

Ôï � ïñßæåé óôçí ðåñßðôùóç áõôÞ ôï åöáðôüìåíï åðßðåäï (tangent plane)

ôçò åðéöÜíåéáò z = f(x; y) êáé ç åîßóùóÞ ôïõ áðïäåéêíýåôáé üôé äßíåôáé áðü

ôïí ôýðï8

z = f (x0; y0) + fx (x0; y0) (x− x0) + fy (x0; y0) (y − y0) : (1.2.3 - 1)

Ôüôå ç åîßóùóç ôïõ áíôßóôïé÷ïõ êÜèåôïõ åðéðÝäïõ (normal plane) äßíåôáé

áðü ôïí ôýðï
x− x0

fx (x0; y0)
=

y − y0
fy (x0; y0)

=
z − z0
−1

: (1.2.3 - 2)

ÐáñáôÞñçóç 1.2.3 - 1

Óýìöùíá êáé ìå ôéò Óçìåéþóåéò 1.2.1 - 1 ðåñßðôùóç (iii) áí óôïõò ðáñáðÜíù

õðïëïãéóìïýò ðñïêýøåé üôé ãéá ìéá ìåñéêÞ ðáñÜãùãïò Ýóôù ôçí fx, åßíáé

fx (x0; y0) = 0, ôüôå ôï åöáðôüìåíï åðßðåäï åßíáé ðáñÜëëçëï óôïí x-Üîïíá,

åíþ ôï êÜèåôï åðßðåäï ôÝìíåé ôïí x-Üîïíá êÜèåôá óôï óçìåßï x = x0.

ÐáñÜäåéãìá 1.2.3 - 1

Íá õðïëïãéóôåß ç åîßóùóç ôïõ åöáðôüìåíïõ åðéðÝäïõ ôçò åðéöÜíåéáò

z = f(x; y) = 3 +
x2

16
+
y2

9
óôï óçìåßï (x0; y0) = (−4; 3):

8Óýìöùíá êáé ìå ôçí õðïóçìåßùóç ôïõ Ðáñáäåßãìáôïò 1.1.1 - 4 ç ãåíéêÞ ìïñöÞ ôçò

åîßóùóçò ôïõ åðéðÝäïõ ax+ by + cz = d, üôáí ëõèåß ùò ðñïò z, éóïäýíáìá ãñÜöåôáé

z = f(x; y) = Ax+By +D:



Åöáðôüìåíï åðßðåäï 39

Ó÷Þìá 1.2.3 - 1: ÐáñÜäåéãìá 1.2.3 - 1 .

Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå

z = f(x; y) = 3 +
x2

16
+
y2

9
; z0 = f(4;−3) = 5;

fx(x; y) =
x

8
; fx(4;−3) = −1

2
;

fy(x; y) =
2y

9
; fy(4;−3) =

2

3
:

¢ñá óýìöùíá ìå ôïí ôýðï (1:2:3 − 1) ç åîßóùóç ôïõ åðéðÝäïõ èá åßíáé

(Ó÷. 1.2.3 - 1)

z = 5− 1

2
(x+ 4) +

2

3
(y − 3);

åíþ ôïõ êÜèåôïõ åðéðÝäïõ óýìöùíá ìå ôïí ôýðï (1:2:3− 2)

x+ 4

−1
2

=
y − 3

2
3

=
z − 5

−1
;

äçëáäÞ

4(x+ 4) = −3(y − 3) = 2(z − 5):

Óôçí ðåñßðôùóç ðïõ ç åîßóùóç ôçò åðéöÜíåéáò äåí åßíáé ôçò ðáñáðÜíù

áíáëõôéêÞò (explicit) ìïñöÞò z = f(x; y), áëëÜ ïñßæåôáé ðåðëåãìÝíá (im-

plicit), äçëáäÞ åßíáé ôçò ìïñöÞò f(x; y; z) = 0 Þ äéáöïñåôéêÜ, üôáí äåí åßíáé
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äõíáôüí íá ëõèåß ç åîßóùóç f(x; y; z) = 0 ìïíïóÞìáíôá ùò ðñïò z, ôüôå ïé

ðáñáðÜíù åîéóþóåéò ãéá ôï óçìåßï

(x0; y0; z0) ìå f (x0; y0; z0) = 0;

áíôßóôïé÷á ãñÜöïíôáé:

åöáðôüìåíï åðßðåäï

fx (x0; y0; z0) (x− x0) + fy (x0; y0; z0) (y − y0)

(1.2.3 - 3)

+ fz (x0; y0; z0) (z − z0) = 0;

êÜèåôï åðßðåäï

x− x0
fx (x0; y0; z0)

=
y − y0

fy (x0; y0; z0)
=

z − z0
fy (x0; y0; z0)

: (1.2.3 - 4)

ÐáñáôÞñçóç 1.2.3 - 2

Éó÷ýåé êáé óôçí ðåñßðôùóç áõôÞ áíÜëïãç ÐáñáôÞñçóç ôçò 1.2.3 - 1.

ÐáñÜäåéãìá 1.2.3 - 2

Íá õðïëïãéóôåß ç åîßóùóç ôïõ åöáðôüìåíïõ êáé ôïõ êÜèåôïõ åðéðÝäïõ óôçí

åðéöÜíåéá

xy − z3 = 0 óôï óçìåßï (x; y) = (1;−1):

Ëýóç. Áðü ôçí åîßóùóç ôçò åðéöÜíåéáò ðñïêýðôåé üôé

0 = xy − z3
∣∣
x=1; y=−1

= −z3 − 1; äçëáäÞ z = −1;

ïðüôå ôï æçôïýìåíï óçìåßï åßíáé ôï P (1;−1;−1).

¢ñá

fx(x; y; z) = y; fx|P = −1;

fy(x; y; z) = x; fy|P = 1;

fz(x; y; z) = −3z2; fz|P = −3:
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ÅðïìÝíùò óýìöùíá ìå ôïí ôýðï (1:2:3 − 3) ç åîßóùóç ôïõ åðéðÝäïõ èá

åßíáé

−(x− 1) + 1(y + 1)− 3(z + 1) = 0;

äçëáäÞ

x− y + 3z + 1 = 0;

åíþ ôïõ êÜèåôïõ åðéðÝäïõ óýìöùíá ìå ôïí ôýðï (1:2:3− 4)

x− 1

−1
=
y + 1

1
=
z + 1

−3
;

äçëáäÞ

1− x = y + 1 = −1

3
(z + 1):

ÐáñÜäåéãìá 1.2.3 - 3

¼ìïéá ç åîßóùóç ôïõ åöáðôüìåíïõ êáé ôïõ êÜèåôïõ åðéðÝäïõ óôçí åðéöÜíåéá

3xy − z3 = a3 óôï óçìåßï (x; y) = (0; a):

Ëýóç. Áðü ôçí åîßóùóç ôçò åðéöÜíåéáò ðñïêýðôåé üôé

a3 = 3xy − z3
∣∣
x=0; y=a

= −z3; äçëáäÞ z = −a;

ïðüôå ôï æçôïýìåíï óçìåßï åßíáé ôï P (0; a;−a).
¢ñá

fx(x; y; z) = 3yz; fx|P = −3a2;

fz(x; y; z) = 3xy − 3z2; fz|P = −3a2;

fy(x; y; z) = 3xz; fy|P = 0;

ïðüôå, åðåéäÞ fy|P = 0, óýìöùíá ìå ôçí ÐáñáôÞñçóç 1.2.3 - 2 ôï åöáðôüìåíï

åðßðåäï èá åßíáé ðáñÜëëçëï óôïí y-Üîïíá, åíþ ôï êÜèåôï èá ôÝìíåé êÜèåôá

ôïí y-Üîïíá óôï óçìåßï y = a.

ÅðïìÝíùò óýìöùíá ìå ôïí ôýðï (1:2:3 − 3) ç åîßóùóç ôïõ åðéðÝäïõ èá

åßíáé

−3a2(x− 0) + 0(y − a)− 3a2(z + a) = 0;
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äçëáäÞ

x+ z + a = 0;

åíþ ôïõ êÜèåôïõ åðéðÝäïõ óýìöùíá ìå ôïí ôýðï (1:2:3− 4)

x− 0

−3a2
=
z + a

−3a2
;

äçëáäÞ

x− z − a = 0:

¢óêçóç

Íá õðïëïãéóôåß ç åîßóùóç ôïõ åöáðôüìåíïõ êáé ôïõ êÜèåôïõ åðéðÝäïõ óôéò

ðáñáêÜôù åðéöÜíåéåò:

i) f(x; y) = e−x
2−y2 óôï óçìåßï (1;−1),

ii) f(x; y) = tan−1

(
x

y

)
óôï óçìåßï (1; 1),

iii) f(x; y; z) =
x2

16
+
y2

9
− z2

8
óôï óçìåßï (4; 3; 4),

iv) ôçò óöáßñáò x2 + y2 + z2 = 2Rz óôï óçìåßï (R cos t; R sin t; R).

ÁðáíôÞóåéò

(i) f(1;−1) = 1
e2
; åöáðôüìåíï åðßðåäï: 4x − 2y − 5 = 0, êÜèåôï − 1

e2
(x − 1) =

1
e2

(y + 1) = 1
e2

− z,

(ii) f(1; 1) = �
4
; åöáðôüìåíï åðßðåäï: 2x− 2y+ � = 0, êÜèåôï 2(x− 1) = 2(1− y) =

1
4
(� − 4z),

(iii) åöáðôüìåíï åðßðåäï: 3x+ 4y − 6z = 0, êÜèåôï 2(x− 4) = 3
2
(y − 3) = 4− z,

(iv) åöáðôüìåíï åðßðåäï: x cos t+y sin t−z = 0, êÜèåôï 1
2

(
x

R cos t
− 1

)
= 1

2

(
xt

R sin t
− 1

)
=

R−z
2R

:
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1.2.4 Ç Ýííïéá ôïõ äéáöïñéêïý

Åßíáé Þäç ãíùóôü üôé ôï äéáöïñéêü 1çò ôÜîçò ìéáò óõíÜñôçóçò ìéáò ìåôáâëçôÞò,

Ýóôù f(x)|D, óõìâïëßæåôáé ìå d f(x) êáé ïñßæåôáé áðü ôïí ôýðï

d f(x) = f ′(x)dx:

Ç Ýííïéá ôïõ äéáöïñéêïý 1çò ôÜîçò ãéá ôçí ðåñßðôùóç óõíáñôÞóåùí äýï,

áíôßóôïé÷á ôñéþí ìåôáâëçôþí ïñßæåôáé áíÜëïãá ùò åîÞò:

Ïñéóìüò 1.2.4 - 1 (äéáöïñéêü) ¸óôù üôé f(x; y)|S ⊆ R2, áíôßóôïé÷á

f(x; y; z) |S ⊆ R3, üðïõ S áíïéêôü óýíïëï, åßíáé ìßá óõíÜñôçóç äýï, áíôßóôïé-

÷á ôñéþí ìåôáâëçôþí, ôçò ïðïßáò õðïôßèåôáé üôé õðÜñ÷ïõí óôï S ïé fx; fy,

áíôßóôïé÷á ïé fx; fy; fz.

Ôüôå ôï äéáöïñéêü 1çò ôÜîçò ôçò f ïñßæåôáé ùò

d f(x; y) = fx dx+ fy dy; áíôßóôïé÷á (1.2.4 - 1)

d f(x; y; z) = fx dx+ fy dy + fz dz: (1.2.4 - 2)

Áðïäåéêíýåôáé óôçí ÁíÜëõóç üôé ç ýðáñîç üëùí ôùí ìåñéêþí ðáñáãþãùí

ìéáò óõíÜñôçóçò êáé ç óõíÝ÷åéá áõôþí, óõíåðÜãïíôáé ðÜíôïôå ôçí ýðáñîç

ôïõ äéáöïñéêïý ôçò óõíÜñôçóçò.

ÕðïèÝôïíôáò üôé õðÜñ÷ïõí óôï S êáé üëåò ïé 2çò êáé 3çò ôÜîçò ðáñÜãùãïé

ôçò f áðïäåéêíýåôáé üôé

d 2f(x; y) = fxx dx
2 + 2 fxy dxdy + fyy dy

2 (1.2.4 - 3)

d 3f(x; y) = fxxx dx
3 + 3 fxxy dx

2dy

+3 fxyy dx dy
2 + fyyy dy

3 ê.ëð. (1.2.4 - 4)

ÁíÜëïãïé ôýðïé éó÷ýïõí ãéá ôçí ðåñßðôùóç óõíáñôÞóåùí ôñéþí ìåôáâëçôþí,

äçëáäÞ

d 2f(x; y; z) = fxx dx
2 + fyy dy

2 + fzz dz
2 (1.2.4 - 5)

+2 (fxy dxdy + fyz dydx+ fzx dzdx) ; ê.ëð.
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ÐáñÜäåéãìá 1.2.4 - 1

¸óôù ç óõíÜñôçóç

f(x; y) = x2y3:

Ôüôå

fx = 2x y3 êáé fy = 3x2y2;

ïðüôå óýìöùíá ìå ôçí (1:2:4− 1) èá åßíáé

d f(x; y) = 2x y3 dx+ 3x2y2 dy:

Åðßóçò éó÷ýåé üôé

fxx =
(
2xy3

)
x
= 2 y3; fyy =

(
3x2y2

)
y
= 6x2y; êáé

fxy = (fy)x =
(
3x2y2

)
x
= 6x y2;

ïðüôå áðü ôçí (1:2:4− 2) ðñïêýðôåé

d 2f = 2 y3 dx2 + 6x y2 dx dy + 6x2y dy2:

¢óêçóç

Íá õðïëïãéóôïýí ôá äéáöïñéêÜ 1çò êáé 2çò ôÜîçò ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) x3 + y3 − xy iii) ln (x+ y − z)

ii) z sin (x− y) iv) z ex−y .

ÁðáíôÞóåéò

(i) fx = 3x2 − y, fy = −x+ 3y2, fxx = 6x, fxy = −1, fyy = 6y,

(ii) fx = z cos(x − y), fy = −z cos(x − y), fz = sin(x − y), fxx = −z sin(x − y),

fyy = −z sin(x−y), fzz = 0, , fxy = z sin(x−y), fyz = − cos(y−z), fxz = cos(x−y),

(iii) fx = fy = −fz = (x + y − z)−1, fxx = fyy = fzz = fxy = −fyz = −fxz =

−(x+ y − z)−2,

(iv) fx = zex−y, fy = −zex−y, fz = ex−y, fxx = fyy = zex−y, fzz = 0, , fxy =

−zex−y, fyz = −ex−y, fxz = ex−y.



Áëõóéäùôüò êáíüíáò ðáñáãþãéóçò 45

1.2.5 Áëõóéäùôüò êáíüíáò ðáñáãþãéóçò

Ôï Èåþñçìá 1.2.2 - 1 ôçò ÐáñáãñÜöïõ 1.2.2 äéáôõðþíåôáé åðßóçò ùò åîÞò:

Èåþñçìá 1.2.5 - 1 (ðáñÜãùãïò óýíèåôçò óõíÜñôçóçò).

¸óôù ïé óõíáñôÞóåéò

y = f(x) |D1 êáé x = x(t) |D2 üðïõ; g (D2) ⊆ D1

êáé D1, D2 áíïéêôÜ äéáóôÞìáôá êáé ç ðñïêýðôïõóá óýíèåôç óõíÜñôçóç

f(t) = (f ◦ x) (t) = f(x(t)) ãéá êÜèå t ∈ D2:

¸óôù åðßóçò üôé ãéá Ýíá óçìåßï t0 ∈ D2 õðÜñ÷åé ç ðáñÜãùãïò x′ (t0) = x′0
êáé ç áíôßóôïé÷ç y′0 = f ′ (x0) óôï óçìåßï x0 = x (t0) ìå x0 ∈ D1. Ôüôå

õðÜñ÷åé êáé ç ðáñÜãùãïò ôçò óýíèåôçò óõíÜñôçóçò h(t)|D2 óôï óçìåßï t0 ∈
D2 êáé éó÷ýåé

dy(t)

d t

∣∣∣∣
t= t0

=
df(x)

dx

∣∣∣∣
x=x0

dx(t)

d t

∣∣∣∣
t= t0

= y′0 x
′
0: (1.2.5 - 1)

Ãåíéêüôåñá ï ôýðïò (1:2:5− 1) ãñÜöåôáé åðßóçò ùò åîÞò:

áí y = f(x) êáé x = g(t); ôüôå

d y

d t
=

d y

d x

d x

d t
Þ yt = yx xt : (1.2.5 - 2)

Ï ôýðïò áõôüò ãåíéêåýåôáé ãéá ôçí ðåñßðôùóç óõíáñôÞóåùí äýï, áíôßóôïé÷á

ôñéþí ìåôáâëçôþí9 óýìöùíá ìå ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 1.2.5 - 2 ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆ R2, áíôßóôïé÷á

f (x; y; z) |S ⊆ R3 êáé

x = x(t); y = y(t);

áíôßóôïé÷á

x = x(t); y = y(t); z = z(t)

9Ãéá ôçí ðåñßðôùóç �-ìåôáâëçôþí âëÝðå âéâëéïãñáößá êáé Á. ÌðñÜôóïò [1] Êåö. 6.
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ãéá êÜèå t ∈ A ⊆ R, üðïõ A áíïéêôü óýíïëï ìå ôéò áíôßóôïé÷åò ôéìÝò ôçò

f íá áíÞêïõí óôï S ãéá êÜèå t ∈ A êáé åðéðëÝïí üôé õðÜñ÷åé ç ðáñÜãùãïò

ôçò f óôï (x(t); y(t)), áíôßóôïé÷á (x(t); y(t); z(t)) ãéá êÜèå t ∈ A. Ôüôå ç

óõíÜñôçóç f = f(t) ðáñáãùãßæåôáé óôï t êáé éó÷ýåé

d f(t)

d t
=

@f

@x

dx

d t
+
@f

@y

dy

d t
Þ

ft = fx
dx

d t
+ fy

dy

d t
; (1.2.5 - 3)

áíôßóôïé÷á

d f(t)

d t
=

@f

@x

dx

d t
+
@f

@y

dy

d t
+
@f

@z

dz

d t
Þ

ft = fx
dx

d t
+ fy

dy

d t
+ fz

dz

d t
: (1.2.5 - 4)

Ôï èåþñçìá áõôü åßíáé ãíùóôü ùò êáíüíáò áëõóéäùôÞò ðáñáãþãéóçò

(chain rule) óýíèåôçò óõíÜñôçóçò ãéá äýï, áíôßóôïé÷á ôñåéò ìåôáâëçôÝò.

Ðüñéóìá 1.2.5 - 1 ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆ R2, üðïõ y = g(x) ãéá

êÜèå x ∈ A ⊆ R, üôáí A áíïéêôü óýíïëï êáé åðéðëÝïí õðÜñ÷åé ç ðáñÜãùãïò

ôçò f óôï (x; y) ãéá êÜèå x ∈ A. Ôüôå ç óõíÜñôçóç f ðáñáãùãßæåôáé óôï x

êáé éó÷ýåé

d f(x; y)

d x
=
@f

@x
+
@f

@y

dy

d x
: (1.2.5 - 5)

Ç áðüäåéîç ðñïêýðôåé Üìåóá áðü ôïí ôýðï (5:3:1− 3) êáé ðáñáëåßðåôáé.

ÐáñÜäåéãìá 1.2.5 - 1

Íá õðïëïãéóôåß ç ðáñÜãùãïò df=dt, üôáí

f(x; y) = x2y − y2 êáé x = t2; y = 2t:
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Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå

fx =
(
x2y − y2

)
x
=

2xy︷ ︸︸ ︷(
x2y
)
x
−

0︷ ︸︸ ︷(
y2
)
x
= 2

t2︷︸︸︷
x

2t︷︸︸︷
y = 4 t3 ;

fy =
(
x2y − y2

)
y
=

x2︷ ︸︸ ︷(
x2y
)
y
−

2y︷ ︸︸ ︷(
y2
)
y

=

(t2)
2︷︸︸︷

x2 −2

2t︷︸︸︷
y = t4 − 2t;

dx

dt
= 2t;

dy

dt
= 2:

¢ñá óýìöùíá ìå ôïí ôýðï (5:3:1− 3) åßíáé

d f

d t
= 4 t3 · 2 t+

(
t4 − 4 t

)
· 2 = 2 t

(
5 t3 − 4

)
:

ÐáñÜäåéãìá 1.2.5 - 2

¼ìïéá ôçò óõíÜñôçóçò

f(x; y; z) = ln(x+ y + z); üôáí x = cos2 t; y = sin2 t êáé z = t2:

Ëýóç. Äéáäï÷éêÜ Ý÷ïõìå10

fx =
1

x+ y + z

1︷ ︸︸ ︷
(x+ y + z)x =

1

x+ y + z

=
1

cos2 t+ sin2 t+ t2
=

1

1 + t2
:

¼ìïéá õðïëïãßæåôáé üôé

fy = fz =
1

x+ y + z
=

1

1 + t2
:

10Õðåíèõìßæåôáé üôé: [ln f(x)]′ = f ′(x)
f(x

:



48 ÌåñéêÞ ðáñÜãùãïò Êáè. Á. ÌðñÜôóïò

Åðßóçò åßíáé

dx

dt
=

(
cos2 t

)
t
= −2 cos t sin t;

dy

dt
=

(
sin2 t

)
t
= 2 cos t sin t; êáé

dz

dt
= 2t:

¢ñá óýìöùíá ìå ôïí ôýðï (5:3:1− 4) åßíáé

d f

d t
=

1

1 + t2
(−2 cos t sin t+ 2 cos t sin t+ 2t) =

2t

1 + t2
:

ÐáñÜäåéãìá 1.2.5 - 3

¼ìïéá ôçò óõíÜñôçóçò

f(x; y) = x ln(xy) + y3; üôáí y = cos
(
x2 + 1

)
:

Ëýóç. Óýìöùíá ìå ôïí ôýðï (1:2:5− 7) åßíáé

fx =
[
x ln(xy) + y3

]
x
= [x ln(xy)]x +

0︷ ︸︸ ︷(
y3
)
x
;

=

1︷︸︸︷
(x)x ln(xy) + x[ln(xy)]x

= ln(xy) + x

y(x)x= y︷ ︸︸ ︷
(xy)x
xy

= ln(xy) + x
y

xy
= ln(xy) + 1;

fy =
(
x ln(xy) + y3

)
y
= x [ln(xy)]y +

3 y2︷ ︸︸ ︷(
y3
)
y

= x

x(y)y =x︷ ︸︸ ︷
(xy)y
xy

+ 3y2 =
x

y
+ 3 y2;

dy

dx
= −

(
x2 + 1

)
x
sin
(
x2 + 1

)
= −2x sin

(
x2 + 1

)
;
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ïðüôå

df

dx
= ln

[
x cos

(
x2 + 1

)]
+ 1− 2x2 tan

(
x2 + 1

)
−6x sin

(
x2 + 1

)
cos2

(
x2 + 1

)
:

Ãåíéêåýïíôáò ôï Èåþñçìá 5.3.1 - 1 áðïäåéêíýåôáé üôé:11

Èåþñçìá 1.2.5 - 3 ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆ R2 êáé x = x(s; t); y =

y(s; t) ãéá êÜèå (s; t) ∈ A ⊆ R2, üðïõ A áíïéêôü óýíïëï ìå ôéò áíôßóôïé÷åò

ôéìÝò ôçò f íá áíÞêïõí óôï S ãéá êÜèå (s; t) ∈ A êáé åðéðëÝïí üôé õðÜñ÷åé ç

ðáñÜãùãïò ôçò f óôï (x(s; t); y(s; t)) ãéá êÜèå (s; t) ∈ A. Ôüôå ç óõíÜñôçóç

f = f(s; t) ðáñáãùãßæåôáé óôï (s; t) êáé éó÷ýåé

@f

@s
=

@f

@x

@x

@s
+
@f

@y

@y

@s
Þ

fs = fx
@x

@s
+ fy

@y

@s
; (1.2.5 - 6)

êáé

@f

@t
=

@f

@x

@x

@t
+
@f

@y

@y

@t
Þ

ft = fx
@x

@t
+ fy

@y

@t
: (1.2.5 - 7)

ÐáñÜäåéãìá 1.2.5 - 4

¸óôù

f(x; y) = e2y sin 3x üðïõ x =
√
s2 + t2; y = st− t2:

Íá õðïëïãéóôïýí ïé ìåñéêÝò ðáñÜãùãïé fs êáé ft.

Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ïé ðáñáêÜôù êïéíïß êáé óôïõò äýï ôýðïõò

11ÂëÝðå âéâëéïãñáößá.
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(1:2:5− 6) êáé (1:2:5− 7) üñïé ùò åîÞò:

fx =
(
e2y sin 3x

)
x
= e2y (sin 3x)x = e2y (3 cos 3x)

= 3 e2y cos 3x = 3 e2(st−t
2) cos

(
3
√
s2 + t2

)
;

fy =
(
e2y sin 3x

)
y
=
(
e2y
)
y
sin 3x = 2e2y sin 3x

= 2e2y sin 3x = 2 e2(st−t
2) sin

(
3
√
s2 + t2

)
:

Ôýðïò (1:2:5− 6):

@x

@s
=

(√
s2 + t2

)
s
=
[(
s2 + t2

)1=2]
s

=
1

2

(
s2 + t2

)
s

(
s2 + t2

) 1
2
−1

=
1

2
2s
(
s2 + t2

)− 1
2

=
s√

s2 + t2
;

@y

@s
=

(
st− t2

)
s
= t:

¢ñá

fs = fx
@x

@s
+ fy

@y

@s

= e2(st−t
2)

3 s cos
(
3
√
s2 + t2

)
√
s2 + t2

+ 2 t sin
(
3
√
s2 + t2

) :
Ôýðïò (1:2:5− 7)

@x

@t
=

(√
s2 + t2

)
t
=
[(
s2 + t2

)1=2]
t

=
1

2

(
s2 + t2

)
t

(
s2 + t2

) 1
2
−1

=
1

2
2t
(
s2 + t2

)− 1
2

=
t√

s2 + t2
;

@y

@t
=

(
st− t2

)
t
= s− 2t:
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¢ñá

ft = fx
@x

@t
+ fy

@y

@t

= e2(st−t
2)

3 t cos
(
3
√
s2 + t2

)
√
s2 + t2

+ 2 (s− 2t) sin
(
3
√
s2 + t2

) :

ÔåëåóôÞò Laplace

Êñßíåôáé óêüðéìï óôï óçìåßï áõôü íá ïñéóôåß ï ðáñáêÜôù ôåëåóôÞò Laplace

Þ êáé äéáöïñéêüò ôåëåóôÞò 2çò ôÜîçò, ðïõ ÷ñçóéìïðïéåßôáé óôçí ðåñéãñáöÞ

ôùí åîéóþóåùí ðïëëþí öõóéêþí öáéíïìÝíùí êáé óôç óõíÝ÷åéá íá äïèïýí

ïé åêöñÜóåéò ôïõ óå ðïëéêÝò, êõëéíäñéêÝò êáé óöáéñéêÝò óõíôåôáãìÝíåò. Ï

áíáãíþóôçò ãéá ôéò åöáñìïãÝò ôïõ ôåëåóôÞ ðáñáðÝìðåôáé óôç âéâëéïãñáößá.

Ïñéóìüò 1.2.5 - 1 (ôåëåóôÞò Laplace). ¸óôù üôé ç óõíÜñôçóç f (x; y)

|S ⊆ R2, áíôßóôïé÷á f (x; y; z) |S ⊆ R3 Ý÷åé ôïõëÜ÷éóôïí 2çò ôÜîçò ìåñéêÝò

ðáñáãþãïõò ãéá êÜèå (x; y) ∈ S, áíôßóôïé÷á (x; y; z) ∈ S. Ôüôå ï ôåëåóôÞò

Laplace Þ êáé äéáöïñéêüò ôåëåóôÞò 2çò, áíôßóôïé÷á 3çò ôÜîçò ïñßæåôáé ùò

åîÞò:

∇ 2 =
@2

@x2
+

@2

@y2
; áíôßóôïé÷á

(1.2.5 - 8)

∇ 2 =
@2

@x2
+

@2

@y2
+

@2

@z2
:

ÅöáñìïãÞ 1.2.5 - 1 (ðïëéêÝò óõíôåôáãìÝíåò (r; �))

Íá õðïëïãéóôåß ç ðáñÜóôáóç

∇ 2f =
@2f

@x2
+
@2f

@y2
= fxx + fyy (1.2.5 - 9)
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y

x

M

r

Θ

Ó÷Þìá 1.2.5 - 1: ðïëéêÝò óõíôåôáãìÝíåò (r; è).

óå ðïëéêÝò óõíôåôáãìÝíåò (Ó÷. 6.1.5 - 3), üôáí üðùò åßíáé Þäç ãíùóôü ïé

ðïëéêÝò óõíôåôáãìÝíåò (r; è) äßíïíôáé áðü ôéò ó÷Ýóåéò

x = r cos �

y = r sin �
ìå r ≥ 0 êáé � ∈ [0; 2�) Þ � ∈ (−�; �]:

Ëýóç. Åöáñìüæïíôáò ôïõò ôýðïõò (1:2:5− 6) êáé (1:2:5− 7) Ý÷ïõìå

@f

@r
=

@f

@x

cos è︷︸︸︷
@x

@r
+
@f

@y

sin è︷︸︸︷
@y

@r

= cos è
@f

@x
+ sin è

@f

@y
; (1)
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ïðüôå ðáñáãùãßæïíôáò ùò ðñïò r ôçí (1) ðñïêýðôåé

@ 2f

@r2
=

@

@r

(
cos è

@f

@x
+ sin è

@f

@y

)

= cos è
@

@r

(
@f

@x

)
+ sin è

@

@r

(
@f

@y

)

= cos è
@ 2f

@r @x
+ sin è

@ 2f

@r @y

= cos è
@

@x

(
@f

@r

)
+ sin è

@

@y

(
@f

@r

)
(Èåþñçìá 1:2:2− 2)

(1)︷︸︸︷
= cos è

@

@x

(
cos è

@f

@x
+ sin è

@f

@y

)

+sin è
@

@y

(
cos è

@f

@x
+ sin è

@f

@y

)

= cos2 è
@ 2f

@x2
+ cos è sin è

@ 2f

@x@y
+ sin è cos è

@ 2f

@y@x

+sin2 è
@ 2f

@y2

= cos2 è
@ 2f

@x2
+ 2 sin è cos è

@ 2f

@x@y
+ sin2 è

@ 2f

@y2
;

äçëáäÞ

@ 2f

@r2
= cos2 è

@ 2f

@x2
+ 2 sin è cos è

@ 2f

@x@y
+ sin2 è

@ 2f

@y2
: (2)

¼ìïéá ìå ôçí (1) ðñïêýðôåé üôé

@f

@è
=

@f

@x

−r sin è︷︸︸︷
@x

@è
+
@f

@y

r cos è︷︸︸︷
@y

@è

= −r sin è @f
@x

+ r cos è
@f

@y
: (3)
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Ðáñáãùãßæïíôáò ôçí (3) ùò ðñïò è Ý÷ïõìå

@ 2f

@è2
= r

@

@è

(
− sin è

@f

@x
+ cos è

@f

@y

)

= r

− cos è
@f

@x
− sin è

@
@x (

@f
@è )︷ ︸︸ ︷

@

@è

(
@f

@x

)+ r

− sin è
@f

@y
+ cos è

@
@y (

@f
@è )︷ ︸︸ ︷

@

@è

(
@f

@y

)


= r

[
− cos è

@f

@x
− sin è

@

@x

(
−r sin è

@f

@x
+ r cos è

@f

@y

)]

r

[
− sin è

@f

@y
+ cos è

@

@y

(
−r sin è

@f

@x
+ r cos è

@f

@y

)]

= −r

@f
@r︷ ︸︸ ︷(

cos è
@f

@x
+ sin è

@f

@y

)

+r2 sin2 è
@ 2f

@x2
− r2 sin è cos è

@ 2f

@x@y

−r2 sin è cos è
@ 2f

@x@y
+ r2 cos2 è

@ 2f

@y2
;

äçëáäÞ

@ 2f

@è 2
= −r @f

@r
+ r2

(
sin2 è

@ 2f

@x2
− 2 sin è cos è

@ 2f

@x@y
+ cos2 è

@ 2f

@y2

)
(4)

ÓõíäõÜæïíôáò ôéò (2) êáé (4) ðñïêýðôåé ôüôå üôé

@ 2f

@r2
+

1

r2
@ 2f

@è 2
=

(
cos2 è + sin2 è

) @ 2f

@x2

+
(
cos2 è + sin2 è

) @ 2f

@y2
− 1

r

@f

@r

=
@ 2f

@x2
+

@ 2f

@y2
− 1

r

@f

@r
: (5)

Áðü ôçí (5) Ý÷ïõìå ôçí ðáñáêÜôù Ýêöñáóç ôçò (5:4:2 − 4) óå ðïëéêÝò

óõíôåôáãìÝíåò:

∇ 2f =
@2f

@r2
+

1

r

@f

@r
+

1

r2
@2f

@�2
(1.2.5 - 10)
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ðïõ ãñÜöåôáé êáé

∇ 2f =
1

r

@

@r

(
r
@f

@r

)
+

1

r2
@2f

@�2
: (1.2.5 - 11)

Ìå áíÜëïãïõò õðïëïãéóìïýò ðñïêýðôåé üôé ï ôåëåóôÞò Laplace óå

• êõëéíäñéêÝò óõíôåôáãìÝíåò (r; è; z), ðïõ äßíïíôáé áðü ôéò ó÷Ýóåéò

(Ó÷. 1.2.5 - 2a)

x = r cos �; y = r sin �; z = z

ìå r ≥ 0; � ∈ [0; 2�) Þ � ∈ (−�; �] êáé z ∈ R:

åßíáé

∇2f =
@2f

@r2
+

1

r

@f

@r
+

1

r2
@2f

@�2
+
@2f

@z2

• åíþ óå óöáéñéêÝò óõíôåôáãìÝíåò (r; è; ö), ðïõ ïñßæïíôáé áðü ôéò ó÷Ýóåéò

(Ó÷. 1.2.5 - 2b)

x = r cos � sin�; y = r sin � sin�; z = r cos�

ìå r ≥ 0 êáé � ∈ [0; �]; � ∈ [0; 2�) Þ � ∈ (−�; �];

åßíáé

∇2f =
1

r2
@

@r

(
r2
@f

@r

)
+

1

r2 sin �

@

@�

(
sin �

@f

@�

)

+
1

r2 sin2 �

@2f

@�2
:

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç ðáñÜãùãïò ft ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) f(x; y) = exy + sin(x− y), üôáí x = t, y = −t,

ii) f(x; y) =
xy

x2 + y2
, üôáí x = cosh t, y = sinh t,
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M

M ’

O

z

y

zr

Θ

x (a)

M

M ’

O

z

y

r

Θ

Φ

x (b)

Ó÷Þìá 1.2.5 - 2: (a) ïé êõëéíäñéêÝò (r; è; z) êáé (b) ïé óöáéñéêÝò (r; è; ö)

óõíôåôáãìÝíåò.

iii) f(x; y; z) = ln
(
x2 + y2 + z2

)
, üôáí x = et cos t, y = et sin t, z =

et,

iv) f(x; y; z) =
(
x2 + y2 + z2

)1=2
, üôáí x = cos t, y = sin t, z = t.

2. ¼ìïéá ïé ðáñÜãùãïé fs êáé ft ôùí

i) f(x; y) = x2 + y2, üôáí x = s+ t, y = s− t,

ii) f(x; y) = x2 − y2, üôáí x = s2 − t2, y = st,

iii) f(x; y) = e−x
2−y2 , üôáí x = e−s cos t, y = e−s sin t.

ÁðáíôÞóåéò

1. (i) fx = yexy + cos(x− y), fx = xexy − cos(x− y), ft = −2e−t2 + 2 cos 2t,

(ii) fx =
y(y2−x2)
(x2+y2)2

; fy =
x(x2−y2)
(x2+y2)2

; ft =
1

cosh2 2t
;

(iii) fx = 2x
x2+y2+z2

; fx = 2y
x2+y2+z2

; fz = 2z
x2+y2+z2

; ft = 2,

(iv) fx = x√
x2+y2+z2

; fx = y√
x2+y2+z2

; fz = z√
x2+y2+z2

; ft =
t√
1+t2

.

2. Åöáñìüæïíôáò ôïõò ôýðïõò (1:2:5− 6) êáé (1:2:5− 7) Ý÷ïõìå

(i) fx = 2x, fy = 2y, fs = 4s, ft = 4t,



ÔïðéêÜ áêñüôáôá 57

(ii) fx = 2x, fy = −2y, fs = 4
(
s3 − 2st2

)
, ft = 4t

(
t2 − 2s2

)
,

(iii) fx = −2xe−x
2−y2 , fy = −2ye−x

2−y2 , fs = 2e−e
−2s

, ft = 0.

1.3 Áêñüôáôá

1.3.1 ÔïðéêÜ áêñüôáôá

Ïñéóìüò 1.3.1 - 1 (ôïðéêü áêñüôáôï). ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆
R2, áíôßóôïé÷á f (x; y; z) |S ⊆ R3, üðïõ S áíïéêôü óýíïëï êáé óçìåßï P0 =

(x0; y0), áíôßóôïé÷á P0 = (x0; y0; z0) ∈ S. Ôüôå èá ëÝãåôáé üôé ôï P0,

áíôßóôïé÷á ôï P̃0 åßíáé èÝóç ôïðéêïý ìåãßóôïõ, áíôßóôïé÷á ôïðéêïý åëá÷ßóôïõ

ôçò f ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ðåñéï÷Þ $ (x0; y0) ôïõ P0, áíôßóôïé÷á

$ (x0; y0; z0) ôïõ P̃0, Ýôóé þóôå

• ìÝãéóôï

f (x; y) ≤ f (x0; y0), áíôßóôïé÷á f (x; y; z) ≤ f (x0; y0; z0),

• åëÜ÷éóôï

f (x; y) ≥ f (x0; y0), áíôßóôïé÷á f (x; y; z) ≥ f (x0; y0; z0)

ãéá êÜèå (x; y) ∈ $ (x0; y0) ∩ S, áíôßóôïé÷á (x; y; z) ∈ $ (x0; y0; z0) ∩ S.

Óå êÜèå ðåñßðôùóç ôï óçìåßï áõôü ëÝãåôáé èÝóç ôïðéêïý áêñüôáôïõ (rela-

tive extremum) ôçò f ìå ôéìÞ f (x0; y0), áíôßóôïé÷á f (x0; y0; z0).

Ïñéóìüò 1.3.1 - 2 (ïëéêü áêñüôáôï). ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆
R2, áíôßóôïé÷á f (x; y; z) |S ⊆ R3, üðïõ S áíïéêôü óýíïëï êáé óçìåßï P0 =

(x0; y0), áíôßóôïé÷á P̃0 = (x0; y0; z0) ∈ S. Ôüôå èá ëÝãåôáé üôé ôï P0,

áíôßóôïé÷á ôï P̃0 åßíáé èÝóç ïëéêïý ìåãßóôïõ, áíôßóôïé÷á ïëéêïý åëá÷ßóôïõ

(extremum) ôçò f ôüôå êáé ìüíïí, üôáí

• ìÝãéóôï

f (x; y) ≤ f (x0; y0), áíôßóôïé÷á f (x; y; z) ≤ f (x0; y0; z0),



58 ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí Êáè. Á. ÌðñÜôóïò

• åëÜ÷éóôï

f (x; y) ≥ f (x0; y0), áíôßóôïé÷á f (x; y; z) ≥ f (x0; y0; z0)

ãéá êÜèå (x; y) ∈ S, áíôßóôïé÷á (x; y; z) ∈ S.

Óå êÜèå ðåñßðôùóç ôï óçìåßï áõôü ëÝãåôáé èÝóç ïëéêïý áêñüôáôïõ ôçò f

ìå ôéìÞ f (x0; y0), áíôßóôïé÷á f (x0; y0; z0).

Äßíïíôáé óôç óõíÝ÷åéá ïé óõíèÞêåò ðïõ ðñÝðåé íá ðëçñïýíôáé, Ýôóé þóôå

ìßá óõíÜñôçóç íá Ý÷åé áêñüôáôá.

Èåþñçìá 1.3.1 - 1 (áíáãêáßá óõíèÞêç áêñüôáôïõ). ¸óôù ç óõíÜñôçóç

f (x; y) |S ⊆ R2, áíôßóôïé÷á f (x; y; z) |S ⊆ R3, üðïõ S áíïéêôü óýíïëï. Áí

ôï óçìåßï P0 = (x0; y0), áíôßóôïé÷á P0 = (x0; y0; z0) ∈ S åßíáé Ýíá áêñüôáôï

(stationary point) ôçò f êáé õðÜñ÷ïõí üëåò ïé 1çò ôÜîçò ìåñéêÝò ðáñÜãùãïé

ôçò f óôï óçìåßï áõôü, ôüôå áõôÝò ðñÝðåé íá åßíáé ßóåò ìå ôï ìçäÝí.

Áêñüôáôï óõíÜñôçóçò äýï ìåôáâëçôþí

Óôï ðáñáêÜôù èåþñçìá ãßíåôáé ÷ñÞóç ôùí åîÞò óõìâïëéóìþí:

Á = fxx (x0; y0) ; B = fxy (x0; y0) ; C = fyy (x0; y0)

∆ = AC −B2 =

∣∣∣∣∣∣∣
fxx fxy

fxy fyy

∣∣∣∣∣∣∣
(x0;y0)

: (1.3.1 - 1)

Èåþñçìá 1.3.1 - 2 (éêáíÞ óõíèÞêç áêñüôáôïõ). ¸óôù ç óõíÜñôçóç f (x; y)

|S ⊆ R2, üðïõ S áíïéêôü óýíïëï, ôçò ïðïßáò õðÜñ÷ïõí óôï S êáé åßíáé

óõíå÷åßò óõíáñôÞóåéò üëåò ïé 1çò êáé 2çò ôÜîçò ìåñéêÝò ðáñÜãùãïé. Áí ôï

óçìåßï (x0; y0) ∈ S åßíáé ôÝôïéï þóôå

fx (x0; y0) = fy (x0; y0) = 0; (1.3.1 - 2)

ôüôå, áí
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� > 0, êáé

• A < 0 Þ C < 0

ôï (x0; y0) åßíáé èÝóç ìåãßóôïõ ôçò f ,

• A > 0 Þ C > 0

ôï (x0; y0) åßíáé èÝóç åëá÷ßóôïõ ôçò f .

� < 0

ôüôå äåí õðÜñ÷åé áêñüôáôï. Óôçí ðåñßðôùóç áõôÞ ôï (x0; y0) åßíáé óçìåßï

êáìðÞò ôïõ äéáãñÜììáôïò ôçò f .

� = 0

ôï èåþñçìá äåí åöáñìüæåôáé, äçëáäÞ åíäÝ÷åôáé íá õðÜñ÷åé Þ ü÷é áêñüôáôï.

Óçìåéþóåéò 1.3.1 - 1

i) Ôá óçìåßá ðïõ åðáëçèåýïõí ôç óõíèÞêç (1:3:1 − 2) ëÝãïíôáé êñßóéìá

óçìåßá (critical Þ stationary points) êáé åßíáé èÝóåéò ðéèáíþí áêñüôáôùí

ôçò f(x; y).

ii) Ôï óçìåßï (x0; y0) ðïõ åðáëçèåýåé ôçí (1:3:1− 1) ðñÝðåé íá áíÞêåé óôï

ðåäßï ïñéóìïý ôçò f , äéáöïñåôéêÜ äåí åßíáé óçìåßï ðéèáíïý áêñüôáôïõ.

ÐáñÜäåéãìá 1.3.1 - 1

¸óôù ç óõíÜñôçóç

f(x; y) = ln
(
x2 + y2

)
ìå ðåäßï ïñéóìïý D = R2 − (0; 0):

Ôüôå áðü ôïí ôýðï (1:3:1− 2) ðñïêýðôåé

fx =

(
x2 + y2

)
x

x2 + y2
=

2x

x2 + y2
= 0; êáé

fy =

(
x2 + y2

)
y

x2 + y2
=

2y

x2 + y2
= 0;
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Ó÷Þìá 1.3.1 - 1: ÐáñÜäåéãìá 1.3.1 - 1.

ïðüôå x = y = 0, äçëáäÞ ôï óçìåßï P (0; 0) ̸∈ D (Ó÷. 1.3.1 - 1) êáé

åðïìÝíùò ôï óçìåßï P äåí åßíáé ðéèáíü áêñüôáôï.

ÐáñÜäåéãìá 1.3.1 - 2

Íá ìåëåôçèåß ùò ôçí ýðáñîç áêñüôáôùí ç óõíÜñôçóç

f(x; y) = xy ìå ðåäßï ïñéóìïý D = R2:

Ëýóç. Óýìöùíá ìå ôïí ôýðï (1:3:1− 2) åßíáé

fx = x = 0 êáé fy = y = 0;

ïðüôå Ý÷ïõìå ðéèáíü áêñüôáôï óôï óçìåßï P (0; 0).

Áðü ôéò ó÷Ýóåéò (1:3:1− 1) ðñïêýðôïõí

A = fxx = 0; B = fxy = 1; C = fyy = 0; ∆ = −1 < 0:

¢ñá óýìöùíá ìå ôç óõíèÞêç (II) ôïõ ÈåùñÞìáôïò 1.3.1 - 2 ôï P åßíáé óçìåßï

êáìðÞò ôïõ äéáãñÜììáôïò ôçò f (Ó÷. 1.3.1 - 2).
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Ó÷Þìá 1.3.1 - 2: ÐáñÜäåéãìá 1.3.1 - 2.

ÐáñÜäåéãìá 1.3.1 - 3

¼ìïéá ç óõíÜñôçóç

f(x; y) = x3 + y3 − 3xy + 4 ìå D = R2:

Ëýóç. Áðü ôïí ôýðï (1:3:1− 2) Ý÷ïõìå ôï óýóôçìá

fx = 3x2 − 3y = 0

fy = 3y2 − 3x = 0:

Ôüôå áðü ôçí 1ç åîßóùóç ðñïêýðôåé y = x2, ïðüôå áíôéêáèéóôþíôáò óôç 2ç

Ý÷ïõìå

3
(
x2
)2 − 3x = 3x

(
x3 − 1

)
= 0; äçëáäÞ x = 0 Þ x = 1:

¢ñá ôá ðéèáíÜ áêñüôáôá åßíáé óôá óçìåßá:

P1(0; 0) êáé P2(1; 1):
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Áðü ôéò ó÷Ýóåéò (1:3:1− 1) ãéá ôï óçìåßï (x; y) ∈ D Ý÷ïõìå

A = fxx = 6x; B = fxy = −3; C = fyy = 6y êáé

∆ = AC −B2 =

∣∣∣∣∣∣∣
fxx fxy

fxy fyy

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
6x −3

−3 6y

∣∣∣∣∣∣∣ = 36xy − 9:

Ôüôå áðü ôéò óõíèÞêåò (I-III) ôïõ ÈåùñÞìáôïò 1.3.1 - 2 ãéá ôá ðáñáðÜíù

óçìåßá ðñïêýðôïõí (Ó÷. 1.3.1 - 3):

P1: ∆|P1(0;0) = −9 < 0, äçëáäÞ åßíáé óçìåßï êáìðÞò,

P2: ∆|P2(1;1) = 27 > 0 êáé A|P2(1;1) = 6 > 0, äçëáäÞ õðÜñ÷åé åëÜ÷éóôï ìå

ôéìÞ f(1; 1) = 3.

Ó÷Þìá 1.3.1 - 3: ÐáñÜäåéãìá 1.3.1 - 3.
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ÐáñÜäåéãìá 1.3.1 - 4

¼ìïéá ç óõíÜñôçóç

f(x; y) = 3x2y + y3 − 3x2 − 3y2 + 2 ìå D = R2:

Ëýóç. Áðü ôïí ôýðï (1:3:1− 2) Ý÷ïõìå ôï óýóôçìá

fx = 6xy − 6x = 0

fy = 3x2 + 3y2 − 6y = 0:

Ôüôå áðü ôçí 1ç åîßóùóç ðñïêýðôåé 6x(y − 1) = 0, äçëáäÞ Þ x = 0 Þ y = 1.

Ôüôå áðü ôç 2ç åîßóùóç Ý÷ïõìå

x = 0 :

3y2 − 6y = 3y(y − 2) = 0; äçëáäÞ y = 0 Þ y = 2;

y = 1 :

3x2 − 3 = 3
(
x2 − 1

)
= 0; äçëáäÞ x = −1 Þ x = 1:

¢ñá ôá êñßóéìá óçìåßá åßíáé:

P1(0; 0); P2(0; 2); P3(1; 1) êáé P4(−1; 1):

Ïé ó÷Ýóåéò (1:3:1−1), üôáí åöáñìïóôïýí ãåíéêÜ ãéá ôï óçìåßï (x; y) ∈ D,

äßíïõí

A = fxx = 6y − 6; B = fxy = 6x; C = fyy = 6y − 6 êáé

∆ = AC −B2 =

∣∣∣∣∣∣∣
fxx fxy

fxy fyy

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
6y − 6 6x

6x 6y − 6

∣∣∣∣∣∣∣
= 36(y − 1)2 − 36x2:

Ôüôå áðü ôéò óõíèÞêåò (I-III) ôïõ ÈåùñÞìáôïò 1.3.1 - 2 ãéá ôá ðáñáðÜíù

óçìåßá ðñïêýðôïõí (Ó÷. 1.3.1 - 4):
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• P1: ∆|P1(0;0) = 36 < 0 êáé A|P1(0;0) = −6 > 0,

äçëáäÞ õðÜñ÷åé ìÝãéóôï (ïëéêü) ìå ôéìÞ f(0; 0) = 2,

• P2: ∆|P2(0;2) = 36 > 0 êáé A|P2(0;2) = 6 > 0,

äçëáäÞ åëÜ÷éóôï (ïëéêü) ìå ôéìÞ f(0; 2) = −2,

• P3: ∆|P3(1;1) = −36 < 0, óçìåßï êáìðÞò, êáé

• P4: ∆|P4(−1;1) = −36 < 0, üìïéá óçìåßï êáìðÞò.

Ó÷Þìá 1.3.1 - 4: ÐáñÜäåéãìá 1.3.1 - 4.

¢óêçóç

Íá ìåëåôçèïýí ãéá ôçí ýðáñîç áêñüôáôùí ïé ðáñáêÜôù óõíáñôÞóåéò f(x; y):

i) x2 + xy + y2 + 4x− 4y + 3 iii) x3 − 6xy + y3

ii) x3 − 3x+ xy2 iv) e−x
2−y2

êáé íá ãßíåé ç ãñáöéêÞ ðáñÜóôáóÞ ôùí.
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ÁðáíôÞóåéò

(i) fx = 2x+ 4, fy = 2y − 4, êñßóéìï óçìåßï: P (−1; 0), ∆ = 4, A = 2 min,

(ii) fx = 3x2 + y2 − 3, fy = 2xy, ∆ = 12x2 − 4y2, óçìåßá: P1(−2; 2) max,

P2(1; 0) min, P3

(
0;
√
3
)
êáé P4

(
0;−

√
3
)
êáìðÞò,

(iii) fx = 3x2 − 6y, fy = −6x+3y2, ∆ = 36(xy− 1), ðñáãìáôéêÝò ëýóåéò óôá óçìåßá:

P1(0; 0) êáìðÞò êáé P2(2; 2) min,

(iv) fx = −2xe−x
2−y2 , fy = −2ye−x

2−y2 , ∆ = 4
(
1− 2x2 − 2y2

)
e−x

2−y2 ,

óçìåßï: P (0; 0) min.

Áêñüôáôá óõíÜñôçóçò ôñéþí ìåôáâëçôþí

Èåþñçìá 1.3.1 - 3 (éêáíÞ óõíèÞêç áêñüôáôïõ). ¸óôù ç óõíÜñôçóç

f(x; y; z) |S ⊆ R3, üðïõ S áíïéêôü óýíïëï, ôçò ïðïßáò õðÜñ÷ïõí óôï S

êáé åßíáé óõíå÷åßò óõíáñôÞóåéò üëåò ïé ðñþôçò êáé äåõôÝñáò ôÜîçò ìåñéêÝò

ðáñÜãùãïé. ¸óôù óçìåßï P0 = P0 (x0; y0; z0) ∈ S, ôÝôïéï þóôå

fx (x0; y0; z0) = fy (x0; y0; z0) = fz (x0; y0; z0) = 0: (1.3.1 - 1)

Áí

A = fxx (x0; y0; z0) ; B =

∣∣∣∣∣∣ fxx fxy

fyx fyy

∣∣∣∣∣∣
P0

êáé

C =

∣∣∣∣∣∣∣∣∣
fxx fxy fxz

fyx fyy fyz

fzx fzy fzz

∣∣∣∣∣∣∣∣∣
P0

; (1.3.1 - 2)

ôüôå ç f (x; y; z) |S ⊆ R3 Ý÷åé:

I. ìÝãéóôï, üôáí

A < 0, B > 0 êáé C < 0,

II. åëÜ÷éóôï, üôáí

A > 0, B > 0 êáé C > 0.
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¼ìïéá óýìöùíá ìå ôéò Óçìåéþóåéò 1.3.1 - 1 (I) ôá óçìåßá ðïõ åðáëçèåýïõí

ôç óõíèÞêç (1:3:1−1) ëÝãïíôáé åðßóçò êñßóéìá óçìåßá êáé åßíáé èÝóåéò ðéèáíþí

áêñüôáôùí ôçò f(x; y; z).

ÐáñÜäåéãìá 1.3.1 - 5

¸óôù ç óõíÜñôçóç

f(x; y; z) = x2 + y2 + z2 − 2x− 5:

Ôüôå óýìöùíá ìå ôïí ôýðï (1:3:1− 1) Ý÷ïõìå ôï óýóôçìá

fx = 2x− 2 = 0

fy = 2y = 0

fz = 2z = 0

áðü ôç ëýóç ôïõ ïðïßïõ ðñïêýðôåé ùò ðéèáíü óçìåßï áêñüôáôïõ ôï (x0; y0; z0) =

(1; 0; 0).

Óýìöùíá ìå ôéò ó÷Ýóåéò (1:3:1− 2) åßíáé

A = fxx (1; 0; 0) = 2 > 0;

B =

∣∣∣∣∣∣ fxx fxy

fyx fyy

∣∣∣∣∣∣
(1;0;0)

= 4 > 0; êáé

C =

∣∣∣∣∣∣∣∣∣
fxx fxy fxz

fyx fyy fyz

fzx fzy fzz

∣∣∣∣∣∣∣∣∣
(1;0;0)

= 8 > 0;

äçëáäÞ åðáëçèåýåôáé ç óõíèÞêç (II) ôïõ ÈåùñÞìáôïò 1.3.1 - 3, ïðüôå óôï

óçìåßï P (1; 0; 0) ç f Ý÷åé åëÜ÷éóôï ìå ôéìÞ f(1; 0; 0) = −4.

¢óêçóç

Íá ðñïóäéïñéóôïýí ôá áêñüôáôá ôùí ðáñáêÜôù óõíáñôÞóåùí f(x; y; z):

i) x2 + y2 + z2 − 2x+ 4y − 6z − 11

ii) −2x2 + x− y2 + 2y − z2 + 4z + 10.
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ÁðáíôÞóåéò

(i) fx = 2x− 2, fy = 2y+4, fz = 2z− 6, êñßóéìï óçìåßï P (1;−2; 3), A = 2 > 0,

B = 4 > 0, C = 8 > 0 min,

(ii) fx = 1−4x, fy = 2−2y, fz = 4−2z, êñßóéìï óçìåßï P
(
1
4
; 1; 2

)
, A = −4 < 0,

B = 8 > 0, C = −16 < 0 max.

Äßíåôáé óôçí åðüìåíç ðáñÜãñáöï ìéá óçìáíôéêÞ åöáñìïãÞ ôùí áêñüôáôùí

ôùí óõíáñôÞóåùí ðïëëþí ìåôáâëçôþí.

1.3.2 ÌÝèïäïò ôùí åëÜ÷éóôùí ôåôñáãþíùí

Åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìá ÏñéóìÝíï ÏëïêëÞñùìá üôé, üôáí ç ïëïêëç-

ñùôÝá óõíÜñôçóç åßíáé ôçò ìïñöÞò

e−x
2
;

sinx

x
; sinx2;

ex

x
ê.ëð.;

ôüôå ôï ïñéóìÝíï ïëïêëÞñùìá äåí õðïëïãßæåôáé ìå êáìéÜ áðü ôéò ãíùóôÝò

ìåèüäïõò, åðåéäÞ ìå êáíÝíáí ìåôáó÷çìáôéóìü ç ïëïêëçñùôÝá óõíÜñôçóç äåí

áíÜãåôáé óå õðïëïãßóéìç èåùñçôéêÜ ìïñöÞ. Ìå äåäïìÝíï üôé ç ïëïêëÞñùóç

ðïëõùíýìïõ åßíáé ðÜíôïôå äõíáôÞ, ìéá ëýóç óôéò ðáñáðÜíù ðåñéðôþóåéò åßíáé

ç áíôéêáôÜóôáóç ôçò ïëïêëçñùôÝáò óõíÜñôçóçò ìå ðïëõþíõìï. Ç áíôéêáôÜó-

ôáóç áõôÞ óçìáßíåé ôüôå ðñïóÝããéóç ôçò ïëïêëçñùôÝáò óõíÜñôçóçò ìå ôçí

ðïëõùíõìéêÞ, ïðüôå ãéá ôçí áêñßâåéá ôçò ëýóçò, ðñÝðåé êÜèå öïñÜ íá åëÝã÷åôáé

êáé ôï óöÜëìá ðïõ ðñïêýðôåé ìåôÜ áðü ôçí ðñïóÝããéóç áõôÞ.

Åêôüò ôçò Þäç ãíùóôÞò óôïí áíáãíþóôç ðñïóÝããéóçò áðü ôï ðáñáðÜíù

ìÜèçìá ìå ôï ðïëõþíõìï ôïõ Taylor,12 ìéá Üëëçò ìïñöÞò ðïëõùíõìéêÞ ðñïóÝã-

ãéóç åßíáé äõíáôüí íá ãßíåé ùò åîÞò:

¸óôù üôé x0, x1, : : :, xn åßíáé n + 1 äéáöïñåôéêÜ ìåôáîý ôïõò óçìåßá

åíüò äéáóôÞìáôïò [a; b] êáé f(x) ìßá ðñáãìáôéêÞ óõíÜñôçóç ìå ðåäßï ïñéóìïý

åðßóçò ôï [a; b] êáé ôçò ïðïßáò åßíáé ãíùóôÝò ïé ôéìÝò yi = f (xi) ãéá êÜèå

i = 0; 1; : : : ; n. Ôüôå õðÜñ÷åé ðÜíôïôå Ýíá ðïëõþíõìï, Ýóôù Pn âáèìïý ≤ n

ôçò ìïñöÞò

Pn(x) = anx
n + an−1x

n−1 + : : :+ a0; (1.3.2 - 1)

12Ãéá ôç ãåíßêåõóç ôïõ ôýðïõ ôïõ Taylor ãéá óõíáñôÞóåéò 2 êáé 3 ìåôáâëçôþí âëÝðå

âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜôóïò [2].
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æ

æ

æ

æ

1 2 3 4 5
x

-1.0

-0.5

0.5

1.0

1.5

2.0

y

Ó÷Þìá 1.3.2 - 1: ÄåäïìÝíá: S = {(0; 1); (1; 0); (3; 2); (5;−1)}. ÐñïóÝããéóç
ìå ðïëõþíõìï âáèìïý: 3ïõ (ðñÜóéíç), 2ïõ - ðáñáâïëÞ (êüêêéíç) êáé 1ïõ -

åõèåßá (ìðëå êáìðýëç).

üôáí ai ∈ R; i = 0; 1; : : : ; n, Ýôóé þóôå (Ó÷. 1.3.2 - 1) ôï Pn íá ðñïóåããßæåé

ìå ôïí êáëýôåñï äõíáôü ôñüðï Þ äéáöïñåôéêÜ ìå Üñéóôï ôñüðï (best approx-

imation Þ best �tting) ôá óçìåßá (data)

S = {(xi; yi) ìå i = 1; 2; : : : ; n} : (1.3.2 - 2)

Ôüôå ôï ðïëõþíõìï áõôü ãéá ôïí óõãêåêñéìÝíï êÜèå öïñÜ âáèìü èá äßíåé êáé

ôï åëÜ÷éóôï äõíáôü óöÜëìá. Ôï ðñüâëçìá åßíáé ãíùóôü ùò ðñüâëçìá ôçò

äéáêñéôÞò ðñïóÝããéóçò (discrete approximation).

Ç áðÜíôçóç óôï ðáñáðÜíù ðñüâëçìá äßíåôáé óôç óõíÝ÷åéá êáé üðùò èá

äéáðéóôùèåß, åßíáé ìéá åöáñìïãÞ ôùí áêñüôáôùí ìéáò óõíÜñôçóçò ðïëëþí

ìåôáâëçôþí.

Ðåñßðôùóç I ðïëõþíõìï 1ïõ âáèìïý

¸óôù üôé ôï óýíïëï ôùí óçìåßùí S óôçí (1:3:2− 2) ðñïóåããßæåôáé áðü Ýíá

ðïëõþíõìï 1ïõ âáèìïý ôçò ìïñöÞò

P1(x) = P (x) = ax+ b; (1.3.2 - 3)
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äçëáäÞ ç ðñïóÝããéóç ôùí äåäïìÝíùí ãßíåôáé ìå ìéá åõèåßá. Áí èåùñçèåß ôï

óçìåßï (xi; yi) ∈ S, ôüôå ç ôéìÞ yi ðñïóåããßæåôáé áðü ôçí ôéìÞ

ỹi = P (xi) = axi + b;

ïðüôå ôï áíôßóôïé÷ï áðüëõôï óöÜëìá ôçò ðñïóÝããéóçò óôçí ðåñßðôùóç áõôÞ

èá åßíáé

ei = |yi − ỹi| = |yi − (axi + b)| :

ÅðïìÝíùò ãéá ôï ïëéêü óöÜëìá, Ýóôù Ẽ, èá Ý÷ïõìå

Ẽ = ẽ1 + : : :+ ẽn

= |y1 − (ax1 + b)|+ : : :+ |yn − (axn + b)| : (1.3.2 - 4)

Ðñïöáíþò Ẽ = Ẽ(a; b), äçëáäÞ Ẽ åßíáé ìéá óõíÜñôçóç ôùí a; b. ¢ñá ôï

ðñüâëçìá ôïõ õðïëïãéóìïý ôïõ ðïëõùíýìïõ P (x) = ax+ b óôçí (1:3:2− 3)

áíÜãåôáé óôïí õðïëïãéóìü ôùí a êáé b, Ýôóé þóôå ôï óöÜëìá Ẽ óôçí (1:3:2−4)

íá åßíáé åëÜ÷éóôï. Ôüôå óýìöùíá ìå ôï 13Èåþñçìá (1:3:1− 1) ç áíáãêáßá

óõíèÞêç ãéá íá óõìâáßíåé áõôü åßíáé:

@Ẽ

@a
= 0 êáé

@Ẽ

@b
= 0: (1.3.2 - 5)

Åýêïëá üìùò äéáðéóôþíåôáé üôé ç (1:3:2 − 5) ëüãù êáé ôïõ áðïëýôïõ äåí

ðáñáãùãßæåôáé,14 ïðüôå ôï ðñüâëçìá óôç ìïñöÞ áõôÞ äåí ëýíåôáé.

Óôç äéáêñéôÞ ìÝèïäï ôùí åëÜ÷éóôùí ôåôñáãþíùí (discrete least squares

method), óå áíôßèåóç ìå ôçí (1:3:2 − 4), ðñïóäéïñßæïíôáé ïé óôáèåñÝò a êáé

13

Èåþñçìá (áíáãêáßá óõíèÞêç áêñüôáôïõ). ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆ R2,

üðïõ S áíïéêôü óýíïëï. Áí ôï óçìåßï P0 = (x0; y0) åßíáé Ýíá áêñüôáôï ôçò f êáé õðÜñ÷ïõí

üëåò ïé 1çò ôÜîçò ìåñéêÝò ðáñÜãùãïé ôçò f óôï óçìåßï áõôü, ôüôå áõôÝò ðñÝðåé íá åßíáé

ßóåò ìå ôï ìçäÝí.

14¸óôù ãéá åõêïëßá üôé áðáëåßöïíôáé ôá áðüëõôá. Ôüôå

@Ẽ

@a
= −x1 − : : :− xn = 0 êáé

@Ẽ

@b
= −1− : : :− 1 = −n = 0

Üôïðï.
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b, Ýôóé þóôå ôï ïëéêü ôåôñáãùíéêü óöÜëìá E, äçëáäÞ ôï

E = e21 + : : :+ e2n (1.3.2 - 6)

= [y1 − (ax1 + b)]2 + : : :+ [yn − (axn + b)]2

íá åßíáé åëÜ÷éóôï.

Ôüôå áðü ôçí (1:3:2− 6) ðñïêýðôåé ôï óýóôçìá

@E

@a
= −2

n∑
i=1

(yi − axi − b)xi = 0; êáé

@E

@b
= −2

n∑
i=1

(yi − axi − b) = 0

ðïõ ôåëéêÜ ãñÜöåôáé ìåôÜ ôéò ðñÜîåéò ùò åîÞò:

a
n∑
i=1

x2i + b
n∑
i=1

xi =
n∑
i=1

xiyi

a
n∑
i=1

xi + b

n︷ ︸︸ ︷
n∑
i=1

x0i =

n∑
i=1

yi: (1.3.2 - 7)

Ôï ãñáììéêü óýóôçìá (1:3:2 − 7) ëÝãåôáé ôüôå êáé óýóôçìá êáíïíéêþí

åîéóþóåùí (normal equations) êáé áðü ôç ëýóç ôïõ ðñïêýðôåé üôé:

a =

n

(
n∑
i=1

xi yi

)
−

(
n∑
i=1

xi

)(
n∑
i=1

yi

)

n

(
n∑
i=1

x2i

)
−

(
n∑
i=1

xi

)2 ; (1.3.2 - 8)

b =

(
n∑
i=1

x2i

)(
n∑
i=1

yi

)
−

(
n∑
i=1

xi yi

)(
n∑
i=1

xi

)

n

(
n∑
i=1

x2i

)
−

(
n∑
i=1

xi

)2 : (1.3.2 - 9)
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Ðßíáêáò 1.3.2 - 1: ÐáñÜäåéãìá 1.3.2 - 1.

xi yi xi yi x2i

-0.5 1.2 -0.6 0.25

0.3 2.0 0.6 0.09

0.7 1.0 0.7 0.49

1.5 -1.0 -1.5 2.25

2.0 3.2 -0.8 3.08

ÐáñÜäåéãìá 1.3.2 - 1

Íá ðñïóäéïñéóôåß ìå ôç ìÝèïäï ôùí åëÜ÷éóôùí ôåôñáãþíùí ôï ðïëõþíõìï

ðñþôïõ âáèìïý ðïõ ðñïóåããßæåé ôá äåäïìÝíá:

xi -0.5 0.3 0.7 1.5

yi 1.2 2.0 1.0 -1.0

Ëýóç. Óýìöùíá ìå ôá ðáñáðÜíù äåäïìÝíá äçìéïõñãåßôáé ï Ðßíáêáò 1.3.2

- 1. Ôüôå áðü ôïõò ôýðïõò (1:3:2− 9) êáé (1:3:2− 9) ðñïêýðôåé

a =
4 · (−0:8)− 2 · (3:2)

4 · (3:08)− 22
≈ −1:1539 êáé

b =
(3:08) · (3:2)− (−0:8) · 2

4 · (3:08)− 22
≈ 1:3769;

äçëáäÞ P (x) = −1:1539x+ 1:3769 (Ó÷. 1.3.2 - 2).

Ðåñßðôùóç II ðïëõþíõìï m-âáèìïý

Óôçí ðåñßðôùóç áõôÞ æçôåßôáé ç ðñïóÝããéóç ôïõ óõíüëïõ S óôçí (1:3:2− 2)

ìå Ýíá ðïëõþíõìï m-âáèìïý ôçò ìïñöÞò (1:3:2− 1), äçëáäÞ

Pm(x) = a0 + a1x+ : : :+ amx
m;

üôáí

m < n - 1: (1.3.2 - 10)
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æ

æ

æ

æ
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x
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y

Ó÷Þìá 1.3.2 - 2: ÐáñÜäåéãìá 1.3.2 - 1. Ç åîßóùóç ôçò åõèåßáò åßíáé y =

−1:1539x+ 1:3769.

Ôüôå, üìïéá ìå ôçí Ðåñßðôùóç I, åêëÝãïíôáé ïé óôáèåñÝò a0, a1, : : :, am, Ýôóé

þóôå ôï ïëéêü ôåôñáãùíéêü óöÜëìá

E = e21 + : : :+ e2n

= [y1 − Pm (x1)]
2 + : : :+ [yn − Pm (xn)]

2

íá åßíáé åëÜ÷éóôï.

Ôï óöÜëìá E äéáäï÷éêÜ ãñÜöåôáé

E =
n∑
i=1

y2i − 2
n∑
i=1

Pm (xi) yi +
n∑
i=1

[Pm (xi)]
2

=

n∑
i=1

y2i − 2

n∑
i=1

 m∑
j=0

ajx
j
i

 yi +
n∑
i=1

 m∑
j=0

ajx
j
i

2

=

n∑
i=1

y2i − 2

n∑
i=1

 m∑
j=0

ajx
j
i

 yi +
m∑
i=0

m∑
k=0

ajak

(
n∑
i=1

xj+ki

)
:

¼ðùò êáé óôçí ðåñßðôùóç ôïõ ðïëõùíýìïõ 1ïõ âáèìïý ìßá áíáãêáßá
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óõíèÞêç ðñïêýðôåé áðü ôïí ôýðï (1:3:1− 2) ùò åîÞò:15

@E

@aj
= 0 ãéá êÜèå j = 0; 1; : : : ; m: (1.3.2 - 11)

Ôï óýóôçìá (1:3:2− 11) ãñÜöåôáé

@E

@aj
= −2

n∑
i=1

yix
j
i + 2

m∑
k=0

ak

n∑
i=1

xj+ki = 0;

ïðüôå
n∑
k=0

m∑
i=1

xj+ki =

m∑
i=1

yix
j
i ãéá êÜèå j = 0; 1; : : : ; n

áðü ôçí ïðïßá ðñïêýðôåé ôï ðáñáêÜôù ãñáììéêü óýóôçìá êáíïíéêþí åîéóþóå-

ùí:

a0

n∑
i=1

x0i + a1

n∑
i=1

x1i + : : :+ am

n∑
i=1

xmi =
n∑
i=1

yi x
0
i

a0

n∑
i=1

x1i + a1

n∑
i=1

x2i + : : :+ am

n∑
i=1

xm+1
i =

n∑
i=1

yi x
1
i

... (1.3.2 - 12)

a0

n∑
i=1

xmi + a1

n∑
i=1

xm+1
i + : : :+ am

n∑
i=1

x2mi =

n∑
i=1

yi x
m
i :

ìåm+1 åîéóþóåéò êáém+1 áãíþóôïõò ôïõò óõíôåëåóôÝò aj ôïõ ðïëõùíýìïõ,

óôï ïðïßï ï ðßíáêáò ôùí óõíôåëåóôþí ôùí áãíþóôùí åßíáé óõììåôñéêüò.

Áðïäåéêíýåôáé üôé ôï óýóôçìá (1:3:2 − 12) Ý÷åé áêñéâþò ìßá ëýóç, üôáí

ôá óçìåßá xi; i = 1; 2; : : : ; n åßíáé äéáöïñåôéêÜ ìåôáîý ôïõò.

15 Ôï Èåþñçìá (1:3:1− 1) ãåíéêåýåôáé ùò åîÞò:

Èåþñçìá (áíáãêáßá óõíèÞêç áêñüôáôïõ). ¸óôù ç óõíÜñôçóç f (x1; : : : ; xm) |S ⊆
Rm, üðïõ S áíïéêôü óýíïëï. Áí ôï óçìåßï P = (x1; : : : ; xm) åßíáé Ýíá áêñüôáôï ôçò f

êáé õðÜñ÷ïõí üëåò ïé 1çò ôÜîçò ìåñéêÝò ðáñÜãùãïé ôçò f óôï óçìåßï áõôü, ôüôå áõôÝò

ðñÝðåé íá åßíáé ßóåò ìå ôï ìçäÝí.
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Óçìåßùóç 1.3.2 - 1

Êñßíåôáé óêüðéìï óôï óçìåßï áõôü íá äéåõêñéíéóôåß üôé ìéá ãåíßêåõóç ôïõ

ðáñáðÜíù ðñïâëÞìáôïò, äçëáäÞ ç ðñïóÝããéóç ôùí óçìåßùí S ìå Ýíá ðïëõþíõìï

Pm(x) ìå ôçí áðáßôçóç ôï Üèñïéóìá ôùí óöáëìÜôùí E =
∑n

i=1 e
k
i ìå k ≥ 3,

íá åßíáé åëÜ÷éóôï, êáôáëÞãåé ìåôÜ êáé ôçí åöáñìïãÞ ôçò óõíèÞêçò (1:3:2−11)

óå ìç ãñáììéêü óýóôçìá. ÅðïìÝíùò ç ìÝèïäïò ìå ôçí áðáßôçóç áõôÞ äåí åßíáé

åöáñìüóéìç.

ÐáñÜäåéãìá 1.3.2 - 2

Íá ðñïóäéïñéóôåß ìå ôç äéáêñéôÞ ìÝèïäï ôùí åëÜ÷éóôùí ôåôñáãþíùí ôï ðïëõþ-

íõìï 2ïõ âáèìïý ðïõ ðñïóåããßæåé ôá äåäïìÝíá ôïõ Ðáñáäåßãìáôïò 1.3.2 - 1.

Ëýóç. ÅðåéäÞ ï áñéèìüò ôùí óçìåßùí åßíáé n = 4, óýìöùíá ìå ôç óõíèÞêç

(1:3:2− 10) ï ìåãáëýôåñïò äõíáôüò âáèìüò m ôïõ ðïëõùíýìïõ èá åßíáé m <

4− 1, äçëáäÞ m = 2.

¸óôù P2(x) = a0+a1x+a2x
2 ôï æçôïýìåíï ðïëõþíõìï. Ôüôå ôï óýóôçìá

(1:3:2− 12) ãñÜöåôáé

a0

4∑
i=1

x0i + a1

4∑
i=1

x1i + a2

4∑
i=1

x2i =

4∑
i=1

yi x
0
i

a0

4∑
i=1

x1i + a1

4∑
i=1

x2i + a2

4∑
i=1

x3i =

4∑
i=1

yi x
1
i

a0

4∑
i=1

x2i + a1

4∑
i=1

x3i + a2

4∑
i=1

x4i =
4∑
i=1

yi x
2
i ;

;

ïðüôå óýìöùíá ìå ôïí Ðßíáêá 1.3.2 - 2 Ý÷ïõìå

4a0 + 2:0a1 + 3:08a2 = 3:2

2:0a0 + 3:08a1 + 3:62a2 = −0:8

3:08a0 + 3:62a1 + 5:3732a2 = −1:28

áðü ôç ëýóç ôïõ ïðïßïõ ðñïêýðôåé üôé ôï ðïëõþíõìï åßíáé (Ó÷. 1.3.2 - 3)

P2(x) = −1:4583x2 + 0:3045x+ 1:7707:
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Ðßíáêáò 1.3.2 - 2: ÐáñÜäåéãìá 1.3.2 - 2.

xi yi xi yi x2i x3i x4i x2i yi

-0.5 1.2 -0.6 0.25 -0.125 0.0625 0.30

0.3 2.0 0.6 0.09 0.027 0.0081 0.18

0.7 1.0 0.7 0.49 0.343 0.2401 0.49

1.5 -1.0 -1.5 2.25 3.375 5.0625 -2.25

2.0 3.2 -0.8 3.08 3.62 5.3732 -1.28

æ

æ

æ

æ

-0.5 0.5 1.0 1.5
x

-1.0

-0.5

0.5

1.0

1.5

2.0

y

Ó÷Þìá 1.3.2 - 3: ÐáñÜäåéãìá 1.3.2 - 2. Ç êáìðýëç ïñßæåôáé áðü ôï ðïëõþíõìï

P2(x) = −1:4583x2 +0:3045x+1:7707, åíþ ç åõèåßá (ÐáñÜäåéãìá 1.3.2 - 1)

Ý÷åé åîßóùóç y = −1:1539x+ 1:3769.
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1.3.3 Áðüëõôá áêñüôáôá

Åðåêôåßíïíôáò ôçí Ýííïéá ôùí áêñüôáôùí ôçò ÐáñáãñÜöïõ 1.3.1 æçôåßôáé ï

õðïëïãéóìüò ôùí áêñüôáôùí ìéáò óõíÜñôçóçò, Ýóôù f(x; y), óå ìéá êëåéóôÞ

ðåñéï÷Þ,16 Ýóôù D ôïõ ðåäßïõ ïñéóìïý ôçò ìå D ⊆ R2. Ôá áêñüôáôá ôçò

ðåñßðôùóçò áõôÞò ëÝãïíôáé áðüëõôá êáé ÷áñáêôçñßæïíôáé óôá ÌáèçìáôéêÜ

ìå ôïí ãåíéêüôåñï üñï ùò ðñüâëçìá ôçò âåëôéóôïðïßçóçò (mathematical

optimization) ôùí ôéìþí ìéáò óõíÜñôçóçò óôï ðåäßï ïñéóìïý ôçò D, üôáí

D ⊆ R2.

Ç ìåëÝôç âáóßæåôáé óôï ðáñáêÜôù èåþñçìá (extreme value theorem):

Èåþñçìá 1.3.3 - 1 Áí ç óõíÜñôçóç f(x; y) åßíáé ïñéóìÝíç êáé óõíå÷Þò óå

ìéá ðåñéï÷Þ D ⊆ R2, ôüôå õðÜñ÷ïõí óçìåßá (x1; y1), (x2; y2) ∈ D, Ýôóé þóôå

ç f (x1; y1) íá åßíáé ç ìÝãéóôç êáé ç f (x1; y1) ç åëÜ÷éóôç ôéìÞ ôçò f óôï D.

Óçìåßùóç 1.3.3 - 1

Ç äéáäéêáóßá ðñïóäéïñéóìïý ôùí áðüëõôùí áêñüôáôùí ãßíåôáé ìå ôá ðáñáêÜôù

âÞìáôá:

É. õðïëïãéóìüò ôùí êñßóéìùí óçìåßùí ôçò f óôï D, êáé17

II. åýñåóç ôçò ìÝãéóôçò, áíôßóôïé÷á åëÜ÷éóôçò ôéìÞò ôçò f óôï óýíïñï ôïõ

D.

Ç ìÝãéóôç êáé ç åëÜ÷éóôç ôéìÞ ôùí ðåñéðôþóåùí (I) êáé (II) ïñßæïõí ôüôå ôá

áðüëõôá áêñüôáôá ôçò f óôï D.

16Õðåíèõìßæåôáé üôé:

Ïñéóìüò . Ìéá ðåñéï÷Þ óôï R2 èá ëÝãåôáé êëåéóôÞ, üôáí ðåñéÝ÷åé êáé ôï óýíïñü ôçò,

åíþ èá ëÝãåôáé áíïéêôÞ, üôáí äåí ôï ðåñéÝ÷åé.

ÅðïìÝíùò ç ðåñéï÷Þ D = [−1; 1]× [0; 2] åßíáé êëåéóôÞ, åíþ ç D = [−1; 1]× [0; 2] áíïéêôÞ.

Ïñéóìüò . Ìéá ðåñéï÷Þ óôï R2 èá ëÝãåôáé öñáãìÝíç, üôáí åßíáé äõíáôüí íá èåùñçèåß üôé

áíÞêåé óå Ýíáí ðåðåñáóìÝíï äßóêï.

17Äåí áðáéôåßôáé ç åöáñìïãÞ ôïõ ÈåùñÞìáôïò 1.3.1 - 3 óôçí ðåñßðôùóç áõôÞ.
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ÐáñÜäåéãìá 1.3.3 - 1

Íá õðïëïãéóôïýí ôá áðüëõôá áêñüôáôá ôçò óõíÜñôçóçò

f(x; y) = x2 + 4y2 − 2x2y + 4

óôï ôåôñÜãùíï (Ó÷. 1.3.3 - 1a)

D = {(x; y) ∈ R2 : −1 ≤ x ≤ 1 êáé − 1 ≤ y ≤ 1}:

Ëýóç. Óýìöùíá ìå ôç Óçìåßùóç 1.3.3 - 1 Ý÷ïõìå:

(a) (b)

Ó÷Þìá 1.3.3 - 1: ÐáñÜäåéãìá 1.3.3 - 1: (a) ôï ôåôñÜãùíï D = {(x; y) ∈
R2 : −1 ≤ x ≤ 1 êáé − 1 ≤ y ≤ 1} êáé (b) ôï äéÜãñáììá ôçò f(x; y) =

x2 + 4y2 − 2x2y + 4, üôáí (x; y) ∈ D.

âÞìá I: Áðü ôïí ôýðï (1:3:1− 2) ðñïêýðôåé ôï óýóôçìá

fx = 2x− 4xy = 0

fy = 8y − 2x2 = 0:

Ôüôå áðü ôçí 2ç åîßóùóç ðñïêýðôåé y = x2

4 , ïðüôå áíôéêáèéóôþíôáò óôçí 1ç

Ý÷ïõìå

x− 4x
x2

4
= 2x− x3 = x

(
2− x2

)
= 0; äçëáäÞ x = 0; ±

√
2:
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ÅðåéäÞ üìùò ðñÝðåé ïé ôéìÝò íá áíÞêïõí óôï D, äåêôÞ ãßíåôáé ìüíïí ç ôéìÞ

x = 0. Áíôéêáèéóôþíôáò ôçí ôéìÞ x = 0 óôç 2ç åîßóùóç ôïõ óõóôÞìáôïò

ðñïêýðôåé üôé y = 0. ¢ñá ôï êñßóéìï óçìåßï ôçò f åßíáé ôï

P (0; 0) ìå áíôßóôïé÷ç ôéìÞ f(0; 0) = 4: (1)

âÞìá II: Ç åýñåóç ôçò ìÝãéóôçò, áíôßóôïé÷á åëÜ÷éóôçò ôéìÞò ôçò f óôï

óýíïñï ôïõ D ãßíåôáé ùò åîÞò:

i) x = 1; −1 ≤ y ≤ 1, ïðüôå f(1; y) = g1(y) = 4y2 − 2y + 5. Ôüôå

g′1(y) = 8y − 2, ïðüôå ôï êñßóéìï óçìåßï ôçò g1 õðïëïãßæåôáé áðü ôçí

åîßóùóç g′1(y) = 0, äçëáäÞ åßíáé ôï y = 1
4 ∈ D. ¢ñá ãéá ôçí ðåñßðôùóç

áõôÞ Ý÷ïõìå

P1

(
1;

1

4

)
; f

(
1;

1

4

)
= g1

(
1

4

)
= 4:75: (2)

ii) x = −1; −1 ≤ y ≤ 1, ïðüôå f(−1; y) = g2(y) = 4y2− 2y+5 = g1(y),

äçëáäÞ åßíáé ç ðåñßðôùóç (i).

iii) y = 1; −1 ≤ x ≤ 1, ïðüôå f(x; 1) = f1(x) = 8 − x2. Ôüôå f ′1(x) =

−2x, ïðüôå ôï êñßóéìï óçìåßï ôçò f1 õðïëïãßæåôáé áðü ôçí åîßóùóç

f ′1(x) = 0, äçëáäÞ åßíáé ôï x = 0 ∈ D. ¢ñá Ý÷ïõìå

P2 (0; 1) ; f (0; 1) = f1(0) = 8: (3)

iv) y = −1; −1 ≤ x ≤ 1, ïðüôå f(x;−1) = f2(x) = 8 + 3x2. Ôüôå

f ′2(x) = 6x, ïðüôå ôï êñßóéìï óçìåßï ôçò f2 üìïéá õðïëïãßæåôáé üôé

åßíáé ôï x = 0 ∈ D. ¢ñá Ý÷ïõìå

P3 (0;−1) ; f (0;−1) = f2(0) = 8: (4)

v) Óôá ðáñáðÜíù ðéèáíÜ óçìåßá ôùí áðüëõôùí áêñüôáôùí ðñÝðåé íá óõíõðï-

ëïãéóôïýí êáé ïé êïñõöÝò ôïõ ôåôñáãþíïõ D, äçëáäÞ:

óçìåßï: A1 (−1;−1) ìå ôéìÞ f (−1;−1) = 11

A2 (1;−1) f (−1; 1) = 11

A3 (1; 1) f (1; 1) = 7

A4 (−1; 1) f (−1; 1) = 7:

(5)
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âÞìá III: Áðü ôéò (1)-(5) ðñïêýðôïõí ôá åîÞò:

• ôï óçìåßï P (0; 0) ïñßæåé ôï áðüëõôï åëÜ÷éóôï, åðåéäÞ ç f Ý÷åé ôç ìéêñüôåñç

ôéìÞ 4 áðü üëåò ôéò Üëëåò óå áõôü,

• ôá óçìåßá B1 (−1;−1) êáé B2 (1;−1) ïñßæïõí ôéò áðüëõôá ìÝãéóôåò

ôéìÝò, åðåéäÞ ç f Ý÷åé ôç ìåãáëýôåñç ôéìÞ 11 óå áõôÜ (Ó÷. 1.3.3 -

1b).

ÐáñÜäåéãìá 1.3.3 - 2

¼ìïéá ôá áðüëõôá áêñüôáôá ôçò óõíÜñôçóçò

f(x; y) = 2x2 − y2 + 6y

óôïí êõêëéêü äßóêï

D = {(x; y) ∈ R2 : x2 + y2 ≤ 16}:

Ëýóç. Äéáäï÷éêÜ óýìöùíá êáé ìå ôç Óçìåßùóç 1.3.3 - 1 Ý÷ïõìå:

âÞìá I: Áðü ôïí ôýðï (1:3:1− 2) ðñïêýðôåé ôï óýóôçìá

fx = 4x = 0

fy = −2y + 6 = 0:

¢ñá ôï êñßóéìï óçìåßï ôçò f åßíáé ôï

P (0; 3)∈ D ìå áíôßóôïé÷ç ôéìÞ f(0; 3) = 9: (1)

âÞìá II: Ç åýñåóç ôçò ìÝãéóôçò, áíôßóôïé÷á åëÜ÷éóôçò ôéìÞò ôçò f óôï

óýíïñï ôïõ D, äçëáäÞ óôçí ðåñéöÝñåéá ôïõ êýêëïõ x2 + y2 ≤ 16 ãßíåôáé ùò

åîÞò:

i) áðü ôçí åîßóùóç x2+y2 = 16 ðñïêýðôåé x2 = 16−y2, ïðüôå áíôéêáèéóôþí-
ôáò óôçí f Ý÷ïõìå

g(y) = 2
(
16− y2

)
− y2 + 6y = 32− 3y2 + 6y:
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ÅðïìÝíùò ôï ðñüâëçìá óôçí ðåñßðôùóç áõôÞ áíÜãåôáé óôçí åýñåóç ôùí

áêñüôáôùí ôçò g, üôáí ôï y áíÞêåé óôïí ðáñáðÜíù êõêëéêü äßóêï,

äçëáäÞ, üôáí −4 ≤ y ≤ 4. Ôüôå g′(y) = −6y + 6, ïðüôå y = 1 êáé

åðåéäÞ x2 = 16− y2, ôåëéêÜ ôá êñßóéìá óçìåßá ãéá ôçí ðåñßðôùóç áõôÞ

åßíáé:

óçìåßï: P1

(
−
√
15; 1

)
∈ D ìå ôéìÞ f

(
−
√
15; 1

)
= 35

P2

(√
15; 1

)
∈ D f

(√
15; 1

)
= 35:

(2)

ii) Óôá ðáñáðÜíù ðéèáíÜ óçìåßá ôùí áðüëõôùí áêñüôáôùí ðñÝðåé íá óõíõðï-

ëïãéóôïýí êáé åêåßíá ðïõ ðñïêýðôïõí áðü ôéò ôéìÝò óôá Üêñá ôïõ äéáóôÞ-

ìáôïò [−4; 4] ãéá ôç ìåôáâëçôÞ y, äçëáäÞ ïé ôéìÝò y = ± 4 üðïõ ðñïöáíþò

x = 0. ¢ñá Ý÷ïõìå

óçìåßï: A1 (0;−4) ìå ôéìÞ f (0;−4) = −40

A2 (0; 4) f (0; 4) = 8:
(3)

âÞìá III: Áðü ôéò (1)-(3) ðñïêýðôïõí ôá åîÞò:

• ôï óçìåßï A1 (0;−4) ïñßæåé ôï áðüëõôï åëÜ÷éóôï, åðåéäÞ ç f Ý÷åé ôç

ìéêñüôåñç ôéìÞ −40 áðü üëåò ôéò Üëëåò óå áõôü,

• ôá óçìåßá P1

(
−
√
15; 1

)
êáé P2

(√
15; 1

)
ïñßæïõí ôéò áðüëõôá ìÝãéóôåò

ôéìÝò, åðåéäÞ ç f Ý÷åé ôç ìåãáëýôåñç ôéìÞ 35 óå áõôÜ (Ó÷. 1.3.3 - 2).

1.3.4 Áêñüôáôá ìå óõíèÞêåò - ÌÝèïäïò ôïõ Lagrange

Óôçí ðñïçãïýìåíç ðáñÜãñáöï ìåëåôÞèçêå ôï ðñüâëçìá ôçò âåëôéóôïðïßçóçò

ôùí ôéìþí ìéáò óõíÜñôçóçò, Ýóôù f(x; y), óå ìéá êëåéóôÞ ðåñéï÷Þ ôïõ ðåäßïõ

ïñéóìïý ôçò f . Ãåíéêåýïíôáò ôï ðáñáðÜíù ðñüâëçìá óôçí ðáñÜãñáöï áõôÞ

èá ìåëåôçèåß ç âåëôéóôïðïßçóç ìéáò óõíÜñôçóçò f(x; y), áíôßóôïé÷á f(x; y; z),

üôáí ôá (x; y), áíôßóôïé÷á ôá (x; y; z) åðáëçèåýïõí ïñéóìÝíåò óõíèÞêåò (con-

straints) ôçò ìïñöÞò �(x; y) = 0, áíôßóôïé÷á �(x; y; z) = 0 (coupling equa-

tion Þ equality constraint). Ôá áêñüôáôá ôïõ åßäïõò áõôïý åßíáé ãíùóôÜ ùò
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Ó÷Þìá 1.3.3 - 2: ÐáñÜäåéãìá 1.3.3 - 2: Äýï äéáöïñåôéêÝò üøåéò ôïõ

äéáãñÜììáôïò ôçò f(x; y) = 2x2 − y2 + 6y, üôáí (x; y) ∈ D.

áêñüôáôá ìå óõíèÞêç (conditional extremum) êáé åßíáé åðßóçò ìéá ìïñöÞ

ôçò ìå óõíèÞêç ìáèçìáôéêÞò âåëôéóôïðïßçóçò ìéáò óõíÜñôçóçò. Ç ìÝèïäïò

ëýóçò ðïõ èá ÷ñçóéìïðïéçèåß åßíáé ãíùóôÞ ùò ìÝèïäïò ðïëëáðëáóéáóôþí

ôïõ Lagrange (Lagrange multiplier).18

Ðåñßðôùóç ìéáò óõíèÞêçò

Æçôåßôáé ï ðñïóäéïñéóìüò ôùí áêñüôáôùí ìéáò óõíÜñôçóçò, Ýóôù f(x; y),

áíôßóôïé÷á f(x; y; z), üôáí éó÷ýåé ç ðáñáêÜôù óõíèÞêç:

�(x; y) = 0; áíôßóôïé÷á �(x; y; z) = 0: (1.3.4 - 1)

Óýìöùíá ìå ôç ìÝèïäï ôïõ Lagrange ïñßæåôáé áñ÷éêÜ ìßá âïçèçôéêÞ óõíÜñôçóç

(auxiliary function)

Ë(x; y) = f(x; y) + ��(x; y); (1.3.4 - 2)

áíôßóôïé÷á

Ë(x; y; z) = f(x; y; z) + ��(x; y; z) (1.3.4 - 3)

ðïõ ëÝãåôáé êáé óõíÜñôçóç ôïõ Lagrange, óôçí ïðïßá ç ðáñÜìåôñïò �

åßíáé Ýíáò ðñïóäéïñéóôÝïò ðïëëáðëáóéáóôÞò. ÅðïìÝíùò ôï ðñüâëçìá áíÜãåôáé

18ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Lagrange multiplier
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ðëÝïí óôïí ðñïóäéïñéóìü ôùí áêñüôáôùí ôçò Ë. ¸÷ïíôáò õðüøç ôéò (1:3:1−
1) ðñïêýðôåé üôé ïé áíáãêáßåò óõíèÞêåò åßíáé

Ëx = fx + ��x = 0

Ëy = fy + ��y = 0;
(1.3.4 - 4)

áíôßóôïé÷á

Ëx = fx + ��x = 0

Ëy = fy + ��y = 0

Ëz = fz + ��z = 0:

(1.3.4 - 5)

Áðü ôç ëýóç ôùí ðáñáðÜíù óõóôçìÜôùí èá ðñïêýøïõí ïé Üãíùóôïé óõíáñôÞ-

óåé ôïõ �, äçëáäÞ

x = x(�); y = y(�) êáé z = z(�):

Áíôéêáèéóôþíôáò óôçí (1:3:4− 1) ðñïóäéïñßæåôáé ôüôå ôï � êáé óôç óõíÝ÷åéá

ïé ôéìÝò x0 êáé y0, áíôßóôïé÷á x0, y0 êáé z0 ðïõ åðáëçèåýïõí ôï óýóôçìá

(1:3:4− 4), áíôßóôïé÷á (1:3:4− 5).

Óçìåßùóç 1.3.4 - 1

¼ìïéá, üðùò êáé óôçí ðñïçãïýìåíç ðáñÜãñáöï, åðåéäÞ ëüãù ôçò óõíèÞêçò

(1:3:4 − 1) ôï ðåäßï ïñéóìïý ôçò f èá åßíáé ìéá öñáãìÝíç ðåñéï÷Þ ôïõ R2,

áíôßóôïé÷á ôïõ R3, èá åöáñìüæåôáé êáé óôçí ðåñßðôùóç áõôÞ ôï Èåþñçìá

1.3.3 - 1. Ôüôå ôï óçìåßï P (x0; y0), ðïõ ðñïóäéïñßæåôáé ìå ôçí ðáñáðÜíù

äéáäéêáóßá, èá åßíáé áêñüôáôï ôçò f(x; y) ìå óõíèÞêç ôç �(x; y) = 0, áíôßóôïé÷á

ôï P (x0; y0; z0) èá åßíáé áêñüôáôï ôçò f(x; y; z) ìå óõíèÞêç ôç �(x; y; z) = 0.

Ôï åßäïò ôïõ áêñüôáôïõ (ìÝãéóôï Þ åëÜ÷éóôï) õðïëïãßæåôáé áðü ôéò ôéìÝò ôéò

f (x0; y0) ; áíôßóôïé÷á f (x0; y0; z0) óôï óçìåßï P:

ÐáñÜäåéãìá 1.3.4 - 1

Íá ðñïóäéïñéóôïýí ôá áêñüôáôá ôçò óõíÜñôçóçò

f(x; y) = xy ìå óõíèÞêç �(x; y) = x+ y − 1 = 0:
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Ëýóç. Óýìöùíá ìå ôçí (1:3:4− 2) ç óõíÜñôçóç ôïõ Lagrange ãñÜöåôáé

Ë(x; y) = xy + � (x+ y − 1) :

Ôüôå áðü ôï óýóôçìá (1:3:4− 4) ðñïêýðôåé

Ëx = y + � = 0

Ëy = x+ � = 0;

ïðüôå
y = −�

x = −�:

Áíôéêáèéóôþíôáò óôç óõíèÞêç

�(x; y) = x+ y − 1 = 0

ðñïêýðôåé üôé

−2� = 1; äçëáäÞ � = − 1

2
:

¢ñá

x = y =
1

2
; äçëáäÞ ôï êñßóéìï óçìåßï åßíáé ôï P

(
1

2
;
1

2

)
:

Óýìöùíá ìå ôçí ÐáñáôÞñçóç 1.3.4 - 1 ï ðñïóäéïñéóìüò ôïõ åßäïõò ôïõ

áêñüôáôïõ ãßíåôáé áíôéêáèéóôþíôáò óôçí f ôçí ôéìÞ
(
1
2 ;

1
2

)
, ïðüôå

f

(
1

2
;
1

2

)
=

1

4
> 0; äçëáäÞ ìÝãéóôï:

ÐáñÜäåéãìá 1.3.4 - 2

¼ìïéá ôçò óõíÜñôçóçò

f(x; y) = 5x− 3y ìå óõíèÞêç �(x; y) = x2 + y2 − 136 = 0:

Ëýóç. ÃåùìåôñéêÜ óôï ðáñáðÜíù ðñüâëçìá æçôåßôáé ï ðñïóäéïñéóìüò ôùí

ìÝãéóôùí êáé ôùí åëÜ÷éóôùí ôéìþí ôùí óõíôåôáãìÝíùí ôïìÞò ôïõ åðéðÝäïõ

z = f(x; y) ìå ôïí êýëéíäñï �(x; y) ìå âÜóç êõêëéêü äßóêï áêôßíáò
√
136.
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Óýìöùíá ìå ôçí (1:3:4−2) ç óõíÜñôçóç ôïõ Lagrange ãéá ôçí ðåñßðôùóç

áõôÞ ãñÜöåôáé

Ë(x; y) = 5x− 3y + �
(
x2 + y2 − 136

)
:

Ôüôå áðü ôï óýóôçìá (1:3:4− 4) ðñïêýðôåé üôé

Ëx = 2�x+ 5 = 0

Ëy = 2�y − 3 = 0;

ïðüôå
x = − 5

2�

y =
3

2�
:

Áíôéêáèéóôþíôáò óôç óõíèÞêç �(x; y) = x2 + y2 − 136 = 0 ðñïêýðôåé

25

4�2
+

9

4�2
= 136 Þ �2 =

1

16
; äçëáäÞ � = ± 1

4
:

ÅðïìÝíùò, üôáí

� =
1

4
åßíáé x = −10 êáé y = 6 óçìåßï P1(−10; 6);

� = − 1

4
x = 10 êáé y = −6 óçìåßï P2(10;−6):

Ãéá íá ðñïóäéïñßóïõìå ôï åßäïò ôïõ áêñüôáôïõ, üìïéá óýìöùíá ìå ôçí

ÐáñáôÞñçóç 1.3.4 - 1, áíôéêáèéóôïýìå ôéò ðáñáðÜíù ôéìÝò óôçí f , äçëáäÞ

óçìåßï P1(−10; 6) : f(−10; 6) = −68< 0 åëÜ÷éóôï;

P2(10;−6) : f(10;−6) = 68> 0 ìÝãéóôï:

ÐáñÜäåéãìá 1.3.4 - 3

¼ìïéá ôçò óõíÜñôçóçò

f(x; y; z) = xyz ìå óõíèÞêç ôçí �(x; y; z) = x+ y + z − 1 = 0;

üôáí x; y; z ≥ 0.

Ëýóç. Óýìöùíá ìå ôçí (1:3:4− 3) ç óõíÜñôçóç ôïõ Lagrange ãñÜöåôáé

Ë(x; y; z) = xyz + � (x+ y + z − 1) :
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Ôüôå áðü ôï óýóôçìá (1:3:4− 5) ðñïêýðôåé

Ëx = yz + � = 0

Ëy = zx+ � = 0

Ëz = xy + � = 0;

ðïõ ãñÜöåôáé

yz = −� (1)

zx = −� (2)

xy = −�: (3)

Áðü ôéò (1) êáé (2) ðñïêýðôåé üôé

yz = zx Þ z(y − x) = 0;

ïðüôå äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:

z = 0 Þ (4)

y = x (5)

• Áí éó÷ýåé ç (4), ôüôå áðü ôçí (1) Þ ôçí (2) ðñïêýðôåé üôé � = 0, ïðüôå

áðü ôçí (3) Ý÷ïõìå xy = 0, äçëáäÞ

x = 0 Þ y = 0:

ÓõíäõÜæïíôáò ôéò ëýóåéò áõôÝò ìå ôç óõíèÞêç �(x; y; z) = x+y+z−1 =

0 Ý÷ïõìå

z = 0; x = 0; y = 1 óçìåßï P1(0; 1; 0) (6)

z = 0; y = 0; x = 1 óçìåßï P2(1; 0; 0) (7)

• Áí éó÷ýåé ç (5), ôüôå Ý÷ïõìå ôéò ðáñáêÜôù äýï ðåñéðôþóåéò:

i) x = y = 0. ¼ìïéá óõíäõÜæïíôáò ôéò ëýóåéò áõôÝò ìå ôç óõíèÞêç

�(x; y; z) = x+ y+ z− 1 = 0, ðñïêýðôåé z = 1, äçëáäÞ ôï óçìåßï

P3(0; 0; 1): (8)
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ii) x = y ̸= 0. Ôüôå áðü ôéò (2) êáé (3) ðñïêýðôåé üôé

xz = xy Þ x(z − y) = 0; äçëáäÞ x = 0 Þ y = z

êáé åðåéäÞ x ̸= 0, ðñÝðåé y = z. ¢ñá ôåëéêÜ x = y = z. Ôüôå

üìïéá áðü ôç óõíèÞêç �(x; y; z) = x+ y + z − 1 = 0 Ý÷ïõìå

3x = 1; äçëáäÞ x =
1

3
óçìåßï P4

(
1

3
;
1

3
;
1

3

)
(9)

Ãéá íá ðñïóäéïñßóïõìå ôï åßäïò ôïõ áêñüôáôïõ óôéò ðåñéðôþóåéò (6)-(9),

üìïéá óýìöùíá ìå ôçí ÐáñáôÞñçóç 1.3.4 - 1, áíôéêáèéóôïýìå ôéò ôéìÝò óôçí

f , ïðüôå óôá áíôßóôïé÷á óçìåßá Ý÷ïõìå

f(0; 0; 1) = 0; f(0; 1; 0) = 0; f(1; 0; 0) = 0 åëÜ÷éóôá;

f

(
1

3
;
1

3
;
1

3

)
=

1

27
ìÝãéóôï:

Óçìåßùóç: óôï ðáñÜäåéãìá áõôü åîåôÜóôçêå êáé ç ôéìÞ � = 0.

ÐáñÜäåéãìá 1.3.4 - 4

Íá ðñïóäéïñéóôïýí ïé äéáóôÜóåéò ôïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ ìå ôïí

ìÝãéóôï äõíáôü üãêï, üôáí ôï åìâáäüí ôçò åðéöÜíåéÜò ôïõ åßíáé 64 cm2.

Ëýóç. ¸óôù x ôï ìÞêïò, y ôï ðëÜôïò êáé z ôï ýøïò üðïõ x; y; z > 0. Ôüôå

åßíáé ãíùóôü üôé ï üãêïò V äßíåôáé áðü ôïí ôýðï

V = xyz;

åíþ ôï åìâáäüí áðü ôïí

E = 2(xy + yz + zx):

ÅðïìÝíùò ôï ðñüâëçìá áíÜãåôáé óôïí ðñïóäéïñéóìü ôùí áêñüôáôùí ôçò

óõíÜñôçóçò

f(x; y; z) = xyz ìå óõíèÞêç �(x; y; z) = 2(xy + yz + zx)− 64 = 0;
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äçëáäÞ

f(x; y; z) = xyz ìå óõíèÞêç �(x; y; z) = xy + yz + zx− 32 = 0;

Óýìöùíá ìå ôçí (1:3:4− 3) ç óõíÜñôçóç ôïõ Lagrange ãñÜöåôáé

Ë(x; y; z) = xyz + � (xy + yz + zx− 32) :

Ôüôå áðü ôï óýóôçìá (1:3:4− 5) ðñïêýðôåé

Ëx = yz + �(y + z) = 0

Ëy = zx+ �(z + x) = 0

Ëz = xy + �(x+ y) = 0

ðïõ ãñÜöåôáé

yz = −�(y + z) (1)

zx = −�(z + x) (2)

xy = −�(x+ y): (3)

ÐïëëáðëáóéÜæïíôáò ôçí (1) ìå x, ôçí (2) ìå y êáé ôçí (3) ìå z ðñïêýðôåé

yz = −�(y + z) (4)

zx = −�(z + x) (5)

xy = −�(x+ y) (6)

Áðü ôéò (5) êáé (6) Ý÷ïõìå

−�(y + z) = −�(z + x); äçëáäÞ �(xz − yz) = 0;

ïðüôå Þ

• � = 0 ðïõ áðïññßðôåôáé, åðåéäÞ ôüôå yz = 0, ïðüôå Þ y = 0 Þ z = 0

Üôïðï,

• xz − yz = 0 ðïõ, åðåéäÞ z ̸= 0, äßíåé

x = y: (7)
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¼ìïéá áðü ôéò (6) êáé (7) ðñïêýðôåé üôé

y = z: (8)

¢ñá

x = y = z

êáé áíôéêáèéóôþíôáò óôçí (4), äçëáäÞ óôç óõíèÞêç

�(x; y; z) = xy + yz + zx− 32 = 3x2 − 32 = 0;

åðåéäÞ x; y; z > 0, ðñïêýðôåé üôé ç ëýóç åßíáé

x0 = y0 = z0 =

√
32

3
;

äçëáäÞ õðÜñ÷åé áêñüôáôï óôï óçìåßï

P (x0; y0; z0) ìå ôéìÞ f (x0; y0; z0) ≈ 10:67 > 0;

ïðüôå óýìöùíá êáé ìå ôçí ÐáñáôÞñçóç 1.3.4 - 1 Ý÷ïõìå ìÝãéóôï.

ÐáñÜäåéãìá 1.3.4 - 5

¼ìïéá íá ðñïóäéïñéóôïýí ïé äéáóôÜóåéò ôïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ

ìå ôïí ìÝãéóôï äõíáôü üãêï, ðïõ ðåñéêëåßåôáé áðü ôï åëëåéøïåéäÝò

x2

a2
+
y2

b2
+
z2

c2
= 1:

Ëýóç. ¼ðùò ðñïêýðôåé áðü ôçí åîßóùóç ôïõ åëëåéøïåéäïýò, ôï êÝíôñï ôïõ

åßíáé ôï óçìåßï (0; 0; 0). ÅðïìÝíùò ôï ßäéï óçìåßï èá ðñÝðåé íá åßíáé êáé ôï

êÝíôñï ôïõ ïñèïãùíßïõ ðáñáëëçëåðéðÝäïõ, ïðüôå ïé êïñõöÝò ôïõ èá åßíáé óôá

óçìåßá (±x;±y;±z) üðïõ x; y; z > 0, ïðüôå ï üãêïò ôïõ óôçí ðåñßðôùóç

áõôÞ èá äßíåôáé áðü ôïí ôýðï

V = 2x 2y 2z = 8xyz:

¢ñá ôï ðñüâëçìá áíÜãåôáé óôïí ðñïóäéïñéóìü ôùí áêñüôáôùí ôçò óõíÜñôç-

óçò

f(x; y; z) = 8xyz ìå óõíèÞêç ôçí �(x; y; z) =
x2

a2
+
y2

b2
+
z2

c2
− 1 = 0:
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Óýìöùíá ìå ôçí (1:3:4− 3) ç óõíÜñôçóç ôïõ Lagrange ãñÜöåôáé

Ë(x; y; z) = 8xyz + �

(
x2

a2
+
y2

b2
+
z2

c2
− 1

)
;

ïðüôå áðü ôï óýóôçìá (1:3:4− 5) ðñïêýðôåé

Ëx = 8yz + 2�
x

a2
= 0

Ëy = 8zx+ �
y

b2
= 0

Ëz = 8xy + �
z

c2
= 0:

Ëýíïíôáò ùò ðñïò � ôéò ðáñáðÜíù åîéóþóåéò Ý÷ïõìå

� = −4a2
yz

x
= −4b2

zx

y
= −4c2

xy

z
;

ïðüôå

y2a2 = x2b2 êáé z2b2 = y2c2; äçëáäÞ
x2

a2
=
y2

b2
=
z2

c2
: (1)

Ôüôå áíôéêáèéóôþíôáò óôç óõíèÞêç

�(x; y; z) =
x2

a2
+
y2

b2
+
z2

c2
− 1 = 0

ðñïêýðôåé

1 =
x2

a2
+
y2

b2
+
z2

c2
= 3

x2

a2
; ïðüôå x = ± a√

3
:

ÅðåéäÞ x > 0, ðñïêýðôåé üôé x = a√
3
, ïðüôå ôåëéêÜ áðü ôçí (1) Ý÷ïõìå

áêñüôáôï óôï óçìåßï

P

(
a√
3
;
b√
3
;
c√
3

)
ìå ìÝãéóôï üãêï V (P ) =

8abc

3
√
3
:

Óçìåßùóç: óôï ðáñÜäåéãìá áõôü äåí áðáéôÞèçêå ï õðïëïãéóìüò ôïõ �.
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Ðåñßðôùóç äýï óõíèçêþí

19Æçôåßôáé ï ðñïóäéïñéóìüò ôùí ðéèáíþí áêñüôáôùí ìéáò óõíÜñôçóçò f(x; y; z),

üôáí éó÷ýïõí ïé ðáñáêÜôù óõíèÞêåò:

g(x; y; z) = 0; áíôßóôïé÷á h(x; y; z) = 0: (1.3.4 - 24)

¼ìïéá, üðùò êáé óôçí ðåñßðôùóç ôçò ìéáò óõíèÞêçò, ìå ôç ìÝèïäï ôïõ La-

grange ïñßæåôáé ç óõíÜñôçóç

Ë(x; y; z) = f(x; y; z) + � g(x; y; z) + �h(x; y; z) (1.3.4 - 25)

óôçí ïðïßá ïé ðáñÜìåôñïé �; � åßíáé ðñïóäéïñéóôÝïé ðïëëáðëáóéáóôÝò, ïðüôå

ôï ðñüâëçìá áíÜãåôáé óôïí ðñïóäéïñéóìü ôùí áêñüôáôùí ôçò Ë. ¸÷ïíôáò

õðüøç ôéò (1:3:1− 1) ðñïêýðôåé üôé ïé áíáãêáßåò óõíèÞêåò åßíáé

Ëx = fx + � gx + �hx = 0

Ëy = fy + � gy + �hy = 0

Ëz = fz + � gz + �hz = 0:

(1.3.4 - 26)

Áðü ôç ëýóç ôïõ ðáñáðÜíù óõóôÞìáôïò èá ðñïêýøïõí ïé Üãíùóôïé óõíáñôÞóåé

ôùí �; �, äçëáäÞ x = x(�; �), y = y(�; �) êáé z = z(�; �). Áíôéêáèéóôþíôáò

óôçí (1:3:4−24) ðñïóäéïñßæïíôáé ôá �, � êáé óôç óõíÝ÷åéá ïé ôéìÝò x0, y0 êáé

z0 ðïõ åðáëçèåýïõí ôï óýóôçìá (1:3:4− 26).

¢óêçóç

Íá ðñïóäéïñéóôïýí ôá áêñüôáôá ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) x2 + y2 ìå óõíèÞêç ôçí x+ y = 1,

ii) x+ 2y ìå x2 + y2 = 5,

iii) cos2 x+ cos2 y ìå x− y = −�
4
;

iv) x+ y − z − 4 ìå
x2

4
+
y2

9
+
z2

16
= 1.

19Ãéá åöáñìïãÝò êáé ãåíßêåõóç ôïõ ðñïâëÞìáôïò âëÝðå âéâëéïãñáößá.
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ÁðáíôÞóåéò

(i) Λ(x; y) = x2 + y2 + � (x+ y − 1), Λx = 2x+ �, Λy = 2y + �, � = −1,

óçìåßï P
(
1
2
; 1
2

)
max,

(ii) Λ(x; y) = x+ 2y + �
(
x2 + y2 − 5

)
, Λx = 1 + 2x�, Λy = 2 + 2y�, � = ± 1

2
,

óçìåßá: P1 (−1;−2) min êáé P2 (1; 2) max,

(iii) Λ(x; y) = cos2 x+cos2 y+�
(
x− y + �

4

)
, Λx = �− sin 2x, ïðüôå x = 1

2
sin−1 �,

Λy = −�− sin 2y, ïðüôå y = − 1
2
sin−1 �, � = −

√
2

2
, óçìåßï P

(
−�

8
; �
8

)
max,

(iv) Λ(x; y; z) = x + y − z − 4 + �
(
x2

4
+ y2

9
+ z2

16
− 1

)
, Λx = 1 + 1

2
x�, Λy =

1 + 2
9
y�, Λz = −1 + 1

8
z�, � = ±

√
29
2
, óçìåßá: P1

(
− 4√

29
;− 9√

29
; 16√

29

)
min êáé

P2

(
4√
29
; 9√

29
;− 16√

29

)
max.
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ÌÜèçìá 2

ÄÉÁÖÏÑÉÊÅÓ ÅÎÉÓÙÓÅÉÓ

2.1 ÅéóáãùãéêÝò Ýííïéåò

Áðü ôçí ¢ëãåâñá åßíáé ãíùóôÞ ç Ýííïéá ôçò áëãåâñéêÞò åîßóùóçò Þ êáé ôïõ

óõóôÞìáôïò ôùí áëãåâñéêþí åîéóþóåùí. Óôéò åîéóþóåéò Þ êáé ôá óõóôÞìáôá

áõôÜ ïé Üãíùóôïé õðïëïãßæïíôáé ôüôå óôï óýíïëï ôùí ðñáãìáôéêþí Þ ãåíéêüôå-

ñá ôùí ìéãáäéêþí áñéèìþí.

ÕðÜñ÷ïõí üìùò ðñïâëÞìáôá êáèáñÜ ìáèçìáôéêÜ, áëëÜ êáé ãåíéêüôåñá ôùí

åöáñìïóìÝíùí åðéóôçìþí, ðïõ ïäçãïýí óå åîéóþóåéò, üðïõ ïé ðáñïõóéáæüìåíåò

Üãíùóôåò óõíáñôÞóåéò ôçò ìéáò Þ ðåñéóóïôÝñùí ìåôáâëçôþí, åìöáíßæïíôáé ìå

ôéò ðáñáãþãïõò ôïõò äéáöüñùí ôÜîåùí. Ïé åîéóþóåéò áõôÝò ëÝãïíôáé ôüôå

äéáöïñéêÝò åîéóþóåéò (di�erential equations). Ïé äéáöïñéêÝò åîéóþóåéò ðïõ

ïé Üãíùóôåò óõíáñôÞóåéò åîáñôþíôáé áðü ìßá ìåôáâëçôÞ, ëÝãïíôáé óõíÞèåéò

äéáöïñéêÝò åîéóþóåéò (ÓÄÅ), åíþ åêåßíåò ðïõ åîáñôþíôáé áðü ðåñéóóüôåñåò

ôçò ìéáò ìåôáâëçôÝò ëÝãïíôáé äéáöïñéêÝò åîéóþóåéò ìå ìåñéêÝò ðáñáãþãïõò

(ÌÄÅ).

ÅðïìÝíùò ç åîßóùóç

•
y′ + xy + sin 2x = 0;

95
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üðïõ ç Üãíùóôç óõíÜñôçóç y = y(x) åîáñôÜôáé áðü ìéá ìåôáâëçôÞ,

ôçí x êáé åìöáíßæåôáé ìå ôçí ðñþôç ðáñÜãùãü ôçò åßíáé ìßá óõíÞèçò

äéáöïñéêÞ åîßóùóç 1çò ôÜîçò,

•
x2y′′′ + xy′ +

(
x2 − y2

)
y + ex = 0;

üðïõ y = y(x), åßíáé üìïéá ìßá óõíÞèçò äéáöïñéêÞ åîßóùóç 3çò ôÜîçò,

åíþ

•
utt − c2uxx = 0;

üðïõ ç Üãíùóôç óõíÜñôçóç u = u(x; t) åîáñôÜôáé áðü ôéò ìåôáâëçôÝò

x êáé t, åßíáé ìßá äéáöïñéêÞ åîßóùóç ìå ìåñéêÝò ðáñáãþãïõò 2çò ôÜîçò

ùò ðñïò x êáé t.

Óôï ìÜèçìá áõôü èá åîåôáóôïýí ìüíïí ïé óõíÞèåéò äéáöïñéêÝò åîéóþóåéò

êáé áðü ôçí êáôçãïñßá áõôÞ ìüíïí áõôÝò ðïõ Ý÷ïõí Üìåóï åíäéáöÝñïí óôéò

ôå÷íïëïãéêÝò åöáñìïãÝò.1

2.1.1 Ïñéóìïß êáé ó÷åôéêÜ èåùñÞìáôá

Ïñéóìüò 2.1.1 - 1. Ç ãåíéêÞ ìïñöÞ ìéáò äéáöïñéêÞò åîßóùóçò �- ôÜîçò

åßíáé

F
(
x; y; y′; : : : ; y (�)

)
= 0; (2.1.1 - 1)

üðïõ y = y(x) | (a; b) ⊆ R ìßá Üãíùóôç ðñïóäéïñéóôÝá óõíÜñôçóç êáé ç

y(k)(x) | (a; b) ãéá êÜèå k = 1; 2 ; : : : ; � óõìâïëßæåé ôçí k-ôÜîçò ðáñÜãùãï

ôçò y.

Áí õðÜñ÷åé óõíÜñôçóç y(x), ðïõ íá åðáëçèåýåé ôçí (2:1:1− 1), ôüôå áõôÞ

èá ëÝãåôáé ãåíéêÞ ëýóç Þ êáé ïëïêëçñùôéêÞ êáìðýëç ôçò.

1Ï áíáãíþóôçò ãéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 5, 6], óôï

âéâëßï Á. ÌðñÜôóïò [4] Êåö. 12 êáé óôç äéåýèõíóç

https : ==en:wikipedia:org=wiki=Binomial theorem.
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Áðïäåéêíýåôáé üôé ç ãåíéêÞ ëýóç ôçò (2:1:1− 1) Ý÷åé ãåíéêÜ ôç ìïñöÞ

y(x) = ö (x; y; c1; c2; : : : ; c�) ; (2.1.1 - 2)

üðïõ c1, c2, : : :, c� áõèáßñåôåò óôáèåñÝò, äçëáäÞ ç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò

åîßóùóçò (2:1:1− 1) ðåñéÝ÷åé ôüóåò áõèáßñåôåò óôáèåñÝò üóåò êáé ç ôÜîç ôçò.

Óôç ãåíéêÞ ëýóç (2:1:1 − 2) ïé � ôï ðëÞèïò óôáèåñÝò c1, c2, : : :, c�

ðñïóäéïñßæïíôáé, üôáí äïèïýí óå Ýíá óçìåßï ôïõ ðåäßï ïñéóìïý, Ýóôù ôï

x0 ∈ (a; b), ïé ðáñáêÜôù � - áñ÷éêÝò óõíèÞêåò:

y(x0) = y0; y′(x0) = y0
′; : : : ; y(�−1)(x0) = y0

(�−1): (2.1.1 - 3)

Ôüôå, åðåéäÞ y(x) = ö (x; y; c1; c2; : : : ; c�), áðü ôçí (2:1:1−2) ðáñáãùãßæïíôáò

ôçí y(x) óôï óçìåßï x0 äéáäï÷éêÜ ìÝ÷ñé êáé ôçí � − 1 ôÜîç êáé ëáìâÜíïíôáò

õðüøç ôéò óõíèÞêåò (2:1:1− 3) ðñïêýðôåé ôï óýóôçìá

y0 = ö (x0; c1; c2; : : : ; c�)

y′0 = öx
′ (x0; c1; c2; : : : ; c�)

: : :

y
(�−1)
0 = öx

(�−1) (x0; c1; c2; : : : ; c�) : (2.1.1 - 4)

Ôï óýóôçìá (2:1:1 − 4) Ý÷åé � - åîéóþóåéò ìå � - áãíþóôïõò ôéò óôáèåñÝò

c1; c2; : : : ; c� . Ç áíôéêáôÜóôáóç ôùí ôéìþí ôùí óôáèåñþí ðïõ ðñïóäéïñßæïíôáé

áðü ôç ëýóç ôïõ óõóôÞìáôïò (2:1:1−4) óôçí y(x) ïñßæåé ôüôå ôç ìåñéêÞ ëýóç

ôçò (2:1:1− 1).

Ïñéóìüò 2.1.1 - 2 (ðñüâëçìá áñ÷éêÞò ôéìÞò). Ç äéáöïñéêÞ åîßóùóç (2:1:1−
1) ìå ôéò áñ÷éêÝò óõíèÞêåò (2:1:1− 3), äçëáäÞ ç

y(�) = f
(
x; y; y′; : : : ; y(�−1)

)
ìå ôéò

y(i) (x0) = y
(i)
0 ãéá êÜèå i = 0; 1; : : : ; � − 1; (2.1.1 - 5)

ïñßæåé Ýíá ðñüâëçìá áñ÷éêÞò ôéìÞò (initial value problem Þ IVP) � - ôÜîçò.
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ÐáñÜäåéãìá 2.1.1 - 1

¸óôù ç äéáöïñéêÞ åîßóùóç

y′′ + y′ − 2y = 0; üðïõ y = y(x):

Ëüãù ôçò ýðáñîçò ôçò y′′(x) ç äéáöïñéêÞ åîßóùóç åßíáé ôÜîçò � = 2, ïðüôå

ç ãåíéêÞ ôçò ëýóç óýìöùíá ìå ôçí (2:1:1 − 2) èá åßíáé ôçò ìïñöÞò y(x) =

ö (x; y; c1; c2), üôáí c1; c2 áõèáßñåôåò óôáèåñÝò. Áðïäåéêíýåôáé üôé ç ãåíéêÞ

ôçò ëýóç åßíáé óôçí ðåñßðôùóç áõôÞ

y(x) = c1e
x + c2e

−2x:

¸óôù ôþñá üôé æçôåßôáé ç ìåñéêÞ ëýóç, ðïõ éêáíïðïéåß ôéò áñ÷éêÝò óõíèÞêåò:

i) y(0) = 1, y′(0) = −2, áíôßóôïé÷á

ii) y(0) = 2, y′(0) = 3.

Ëýóç. Óýìöùíá êáé ìå ôçí (2:1:1− 3) Ý÷ïõìå

y(x) = c1e
x + c2e

−2x; ïðüôå y′(x) = c1e
x − 2c2e

−2x:

ÅðåéäÞ óôçí ðåñßðôùóç áõôÞ ïé áñ÷éêÝò óõíèÞêåò äßíïíôáé óôï óçìåßï x0 =

0, èÝôïíôáò x = 0 óôéò y(x) êáé y′(x) ðñïêýðôåé óýìöùíá ìå ôéò áñ÷éêÝò

óõíèÞêåò (i), áíôßóôïé÷á (ii) ôï óýóôçìá:

i)

c1 + c2 = 1

c1 − 2c2 = −2;
ïðüôå c1 = 0 êáé c2 = 1;

äçëáäÞ ç ìåñéêÞ ëýóç åßíáé ç y = e−2x (Ó÷. 2.1.1 - 1) - ìðëå êáìðýëç,

áíôßóôïé÷á

ii)

c1 + c2 = 21

c1 − 2c2 = 3;
ïðüôå c1 =

7

3
êáé c2 = −1

3
;

ìå ìåñéêÞ ëýóç y = 7
3 e

x − 1
3 e

−2x (Ó÷. 2.1.1 - 1) - êüêêéíç êáìðýëç.
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Ó÷Þìá 2.1.1 - 1: ÐáñÜäåéãìá 2.1.1 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò y(x),

üôáí x ∈ [−1; 1] óôçí ðåñßðôùóç (i) ìðëå êáé (ii) êüêêéíç êáìðýëç.

2Éäéáßôåñï åíäéáöÝñïí óôéò åöáñìïãÝò ðáñïõóéÜæåé ìéá åéäéêÞ êáôçãïñßá

äéáöïñéêþí åîéóþóåùí, ðïõ åßíáé ãíùóôÞ ùò ãñáììéêÝò äéáöïñéêÝò åîéóþ-

óåéò (linear di�erential equations). Ïé åîéóþóåéò áõôÝò ïñßæïíôáé óôç óõíÝ÷åéá.

Ïñéóìüò 2.1.1 - 3 (ìç ïìïãåíÞò ãñáììéêÞ). Ìßá äéáöïñéêÞ åîßóùóç ðïõ

ãñÜöåôáé óôç ìïñöÞ

y(�) + f�−1(x)y
(�−1) + : : :+ f1(x)y

′ + f0(x)y = r(x); (2.1.1 - 6)

üðïõ ç r(x) êáé ïé óõíôåëåóôÝò f0(x), f1(x), : : :, f�−1(x) åßíáé ãíùóôÝò

óõíáñôÞóåéò ïñéóìÝíåò êáé óõíå÷åßò ãéá êÜèå x ∈ (a; b), ëÝãåôáé ìç ïìïãåíÞò

ãñáììéêÞ (nonhomogeneous linear) äéáöïñéêÞ åîßóùóç � -ôÜîçò.

ÅíäåéêôéêÜ, óôá ðñïâëÞìáôá ôïõ çëåêôñéóìïý, ç r(x) ïñßæåé ôçí åßóïäï (source

term).

Ïñéóìüò 2.1.1 - 4 (ìç ãñáììéêÞ). ËÝãåôáé ìç ãñáììéêÞ (nonlinear) äéáöï-

ñéêÞ åîßóùóç, êÜèå äéáöïñéêÞ åîßóùóç, ðïõ äåí åßíáé äõíáôüí íá ãñáöåß óôç

ìïñöÞ (2:1:1− 6).

Ïñéóìüò 2.1.1 - 5 (ïìïãåíÞò ãñáììéêÞ). Ïñßæåôáé ùò ïìïãåíÞò ãñáììéêÞ

(homogeneous linear) äéáöïñéêÞ åîßóùóç � - ôÜîçò, êÜèå äéáöïñéêÞ åîßóùóç

2ÂëÝðå âéâëéïãñáößá êáé:

https : ==en:wikipedia:org=wiki=Linear differential equation
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ôçò ìïñöÞò (2:1:1− 6) ìå r(x) = 0, äçëáäÞ ç

y(�) + f�−1(x)y
(�−1) + : : :+ f1(x)y

′ + f0(x)y = 0: (2.1.1 - 7)

Áðïäåéêíýåôáé ôï ðáñáêÜôù óçìáíôéêü èåþñçìá:

Èåþñçìá 2.1.1 - 1 Áí y
h
åßíáé ç ëýóç ôçò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò

(2:1:1− 7) êáé yp ìßá ìåñéêÞ (particular) ëýóç ôçò ìç ïìïãåíïýò (2:1:1− 6),

ôüôå ç ãåíéêÞ ëýóç ôçò (2:1:1− 6) åßíáé

y = y
h
+ yp: (2.1.1 - 8)

Óçìåßùóç 2.1.1 - 1

Ç ìåñéêÞ ëýóç yp, óå áíôßèåóç ìå ôç ëýóç y
h
ôçò ïìïãåíïýò, äåí ðåñéÝ÷åé

óôáèåñÝò.

Ïñéóìüò 2.1.1 - 6. Ïñßæåôáé ùò ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç

�-ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò, êÜèå åîßóùóç ôçò ìïñöÞò (2:1:1−6), üðïõ

ïé óõíáñôÞóåéò fk(x) åßíáé óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1, äçëáäÞ ç

y(�) + a�−1y
(�−1) + : : :+ a1y

′ + a0y = r(x); (2.1.1 - 9)

üôáí ak óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1.

Ïñéóìüò 2.1.1 - 7. Ïñßæåôáé ùò ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç �-

ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò, êÜèå åîßóùóç ôçò ìïñöÞò (2:1:1− 9), üðïõ

r(x) = 0, äçëáäÞ ç

y(�) + a�−1y
(�−1) + : : :+ a1y

′ + a0y = 0; (2.1.1 - 10)

üôáí ak óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1.

Óôçí ðåñßðôùóç ôçò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò (2:1:1 − 10) ç ëýóç

ôçò ðñïóäéïñßæåôáé èÝôïíôáò

y = eëx ìå ë óôáèåñÜ: (2.1.1 - 11)
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Ôüôå

y′(x) = ë eëx; y′′(x) = ë2 eëx; : : : ; y (�)(x) = ë� eëx;

ïðüôå, åðåéäÞ ðñïöáíþò eëx ̸= 0 ãéá êÜèå x ∈ R, áíôéêáèéóôþíôáò óôçí

(2:1:1− 10) ðñïêýðôåé ôåëéêÜ üôé

ë� + a�−1ë
�−1 + : : :+ a1ë+ a0 = 0: (2.1.1 - 12)

Ç (2:1:1 − 12) åßíáé ç ÷áñáêôçñéóôéêÞ åîßóùóç (characteristic Þ auxiliary

equation) ôçò (2:1:1− 10) êáé áðü ôç ëýóç ôçò ðñïêýðôïõí ïé � - ôï ðëÞèïò

ñßæåò ë1, ë2, : : :, ë� , ðïõ ïñßæïõí ôéò ôéìÝò ôïõ ë óôçí (2:1:1− 11). Óýìöùíá

ìå ôçí (2:1:1 − 2) áðïäåéêíýåôáé üôé ç ãåíéêÞ ëýóç ôçò (2:1:1 − 10), üôáí ïé

ñßæåò åßíáé áðëÝò, åßíáé ôçò ìïñöÞò

y
h
(x) = c1 e

ë1x + c2 e
ë2x + : : :+ c� e

ë�x; (2.1.1 - 13)

åíþ üôáí ìéá ñßæá, Ýóôù ç ë, Ý÷åé ðïëëáðëüôçôá � ìå ñ ≤ �, ôüôå

y
h
(x) = (c1 + : : :+ c�) e

ëx + c�+1 e
ë�+1x + : : :+ c� e

ë�x: (2.1.1 - 14)

ÅöáñìïãÝò ôçò ðáñáðÜíù èåùñßáò óôéò ðåñéðôþóåéò ôùí ãñáììéêþí äéáöïñé-

êþí åîéóþóåùí 1çò êáé 2çò ôÜîçò èá äïèïýí óôéò åðüìåíåò ðáñáãñÜöïõò.

2.2 ÄéáöïñéêÝò åîéóþóåéò 1çò ôÜîçò

2.2.1 Ïñéóìïß

Ïñéóìüò 2.2.1 - 1. Ç ãåíéêÞ ìïñöÞ ìéáò äéáöïñéêÞò åîßóùóçò 1çò ôÜîçò

åßíáé

F
(
x; y; y′

)
= 0; (2.2.1 - 1)

üðïõ ç Üãíùóôç óõíÜñôçóç y = y(x) ïñßæåôáé óå Ýíá äéÜóôçìá ôçò ìïñöÞò

(a; b) ⊆ R êáé õðÜñ÷åé ç y′(x) ãéá êÜèå x ∈ (a; b).

Ôüôå ç ëýóç y(x), åöüóïí åßíáé äõíáôüí íá ðñïóäéïñéóôåß, èá ïñßæåé ôç ëýóç

ôçò (2:2:1− 1).
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Ïñéóìüò 2.2.1 - 2. Ìéá äéáöïñéêÞ åîßóùóç 1çò ôÜîçò ôçò ìïñöÞò (2:2:1−1)

èá ëÝãåôáé üôé ãñÜöåôáé óå ëõìÝíç ìïñöÞ (explicit formula), üôáí

y′ = f(x; y): (2.2.1 - 2)

Óå êÜèå Üëëç ðåñßðôùóç ç (2:2:1− 1) èá ëÝãåôáé üôé ïñßæåôáé ìå ðåðëåãìÝíç

ìïñöÞ (implicit formula).

Ùò åéäéêÞ ðåñßðôùóç ôïõ Ïñéóìïý 2.1.1 - 2 äßíåôáé ï ðáñáêÜôù ïñéóìüò:

Ïñéóìüò 2.2.1 - 3. Ìßá ëõìÝíç äéáöïñéêÞ åîßóùóç 1çò ôÜîçò, ðïõ åðáëçèåýåé

ìßá áñ÷éêÞ ôéìÞ, äçëáäÞ ç

y′ = f(x; y) ìå y0 = y (x0) ; (2.2.1 - 3)

èá ëÝãåôáé üôé ïñßæåé Ýíá ðñüâëçìá áñ÷éêÞò ôéìÞò (initial value problem)

1çò ôÜîçò.

ÅîåôÜæåôáé óôç óõíÝ÷åéá ìéá åéäéêÞ êáôçãïñßá ôùí äéáöïñéêþí åîéóþóåùí

1çò ôÜîçò, ðïõ åßíáé áðáñáßôçôç ãéá ôá åðüìåíá.

2.2.2 ÄéáöïñéêÝò åîéóþóåéò ÷ùñéóìÝíùí ìåôáâëçôþí

Ïñéóìüò 2.2.2 - 1. ÊÜèå äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò3

g(y) y′ = f(x); ìå x ∈ (a; b) ⊆ R êáé y = y(x) ∈ (ã; ä) ⊆ R (2.2.2 - 1)

ëÝãåôáé üôé ïñßæåé ìéá äéáöïñéêÞ åîßóùóç ìå ÷ùñéóìÝíåò ìåôáâëçôÝò.

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç áðü ôïí ïñéóìü ôçò ðáñáãþãïõ óõíÜñôç-

óçò ï óõìâïëéóìüò

y′ = y′(x) =
dy(x)

dx
; ïðüôå dy(x) = y′(x) dx:

ÅðïìÝíùò ôï êëÜóìá dy(x)=dx åßíáé äõíáôüí íá èåùñçèåß ùò ôï ðçëßêï

ôùí äéáöïñéêþí dy(x) êáé dx, ïðüôå ç (2:2:2− 1) ãñÜöåôáé

g(y) y′ = f(x) ãñÜöåôáé g(y)dy = f(x)dx;

3ÂëÝðå åðßóçò http : ==en:wikipedia:org=wiki=Separation of variables
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Ïëïêëçñþíïíôáò êáé ôá äýï ìÝëç ôçò ðáñáðÜíù ó÷Ýóçò ðñïêýðôåé ôåëéêÜ

üôé ∫
g(y)dy =

∫
f(x)dx+ c; (2.2.2 - 2)

üðïõ c áõèáßñåôç óôáèåñÜ. Áí õðïôåèåß üôé ïé óõíáñôÞóåéò f êáé g åßíáé

óõíå÷åßò, ôüôå ôá ïëïêëçñþìáôá óôçí (2:2:2 − 2) õðÜñ÷ïõí, ïðüôå áðü ôïí

õðïëïãéóìü ôïõò ðñïêýðôåé ç ãåíéêÞ ëýóç ôçò (2:2:2− 1).

ÐáñáôçñÞóåéò 2.2.2 - 1

Áðü ôçí (2:2:2− 2) ðñïêýðôïõí ôá åîÞò:

i) ç óôáèåñÜ c óõìðåñéëáìâÜíåé ôéò óôáèåñÝò ðïõ ðñïêýðôïõí áðü ôçí

ïëïêëÞñùóç ôïõ áñéóôåñïý êáé ôïõ äåîéïý ìÝëïõò. ÅðïìÝíùò äåí áðáéôåß-

ôáé óôçí (2:2:2− 2) ç ðñüóèåóç Üëëùí óôáèåñþí.

ii) ÌåôÜ ôïí õðïëïãéóìü ôùí ïëïêëçñùìÜôùí, èá ðñÝðåé ç (2:2:2 − 2) íá

ëõèåß ùò ðñïò y. Áí áõôü äåí åßíáé äõíáôüí, ôüôå ëÝãåôáé üôé ç ëýóç

ôçò (2:2:2− 1) äßíåôáé ìå ðåðëåãìÝíç ìïñöÞ.

iii) Áí êÜðïéï áðü ôá ïëïêëçñþìáôá óôçí (2:2:2−2) äåí õðïëïãßæåôáé, ôüôå

áíáæçôïýíôáé ðñïóåããéóôéêÝò ëýóåéò4 ôçò (2:2:2− 2).

iv) ¸óôù üôé ãéá ôçí áíáãùãÞ ôçò (2:2:2 − 1) óôç ìïñöÞ (2:2:2 − 2)

áðáéôåßôáé ç äéáßñåóç ìå ôï y, ïðüôå ðñÝðåé íá õðïôåèåß y ̸= 0. Ôüôå,

áí óôç ãåíéêÞ ëýóç ç ôéìÞ y = 0 äåí óõìðåñéëáìâÜíåôáé, èá ëÝãåôáé üôé

ç y = 0 åßíáé ìéá éäéÜæïõóá Þ ðñïöáíÞò ëýóç (trivial solution) ôçò

(2:2:2− 1).

ÐáñÜäåéãìá 2.2.2 - 1

4ÂëÝðå âéâëéïãñáößá: ÐñïóåããéóôéêÞ ëýóç ÓõíÞèùí Äéáöïñéêþí Åîéóþóåùí êáé âéâëßï

Á. ÌðñÜôóïò [3] Êåö. 10.
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¸óôù ç äéáöïñéêÞ åîßóùóç

y y′ + 4x = 0 (1)

ðïõ äéáäï÷éêÜ ãñÜöåôáé

y
dy

dx
+ 4x = 0 Þ y dy = −4x dx;

ïðüôå ïëïêëçñþíïíôáò
y2

2
= −4

x2

2
+ c;

üôáí c ìéá áõèáßñåôç óôáèåñÜ. ¢ñá Ý÷ïõìå ôçí ðáñáêÜôù ìå ðåðëåãìÝíç

ìïñöÞ ãåíéêÞ ëýóç ôçò (1)

x2 +
y2

4
= c: (2)

Ç (2) ãéá ôéò äéÜöïñåò ôéìÝò ôçò óôáèåñÜò c ðáñéóôÜíåé ìéá ïéêïãÝíåéá åëëåßøåùí

(Ó÷. 2.2.2 - 1).

ÐáñÜäåéãìá 2.2.2 - 2

Íá ëõèåß ôï ðñüâëçìá áñ÷éêÞò ôéìÞò(
x2 + 1

)
y′ − y2 = 0 üðïõ y0 = y(0) = 1: (3)

Ëýóç. Åßíáé 1 + x2 ̸= 0 ãéá êÜèå x ∈ R. ÕðïèÝôïíôáò üôé y ̸= 0 ç (3)

ãñÜöåôáé
dy

y2
=

dx

1 + x2
;

ïðüôå ïëïêëçñþíïíôáò

− 1

y
= tan−1 x+ c;

üôáí c áõèáßñåôç óôáèåñÜ.

ÅðïìÝíùò ç ãåíéêÞ ëýóç ôçò (3) åßíáé

y = − 1

tan−1 x+ c
: (4)
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Ó÷Þìá 2.2.2 - 1: ÐáñÜäåéãìá 2.2.2 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò y(x),

üôáí c = 1 ìðëå êáé c = 4 êüêêéíç Ýëëåéøç.
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Ó÷Þìá 2.2.2 - 2: ÐáñÜäåéãìá 2.2.2 - 2: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò y(x),

üôáí x ∈ [−2; 5] ìå êÜèåôç áóýìðôùôç (äéáêåêïììÝíç åõèåßá) ôçí x ≈ 1:5574.

Óýìöùíá ìå ôéò ÐáñáôçñÞóåéò 2.2.2 - 1 (iv), åðåéäÞ ãéá ôçí åýñåóç ôçò ãåíéêÞò

ëýóçò Ý÷åé õðïôåèåß y ̸= 0, åîåôÜæåôáé áí ç y = 0 óõìðåñéëáìâÜíåôáé óôç

ãåíéêÞ ëýóç (4). ÅðåéäÞ áõôü äåí óõìâáßíåé, ç y = 0 åßíáé ìéá éäéÜæïõóá ëýóç

ôçò (3).

Õðïëïãéóìüò ìåñéêÞò ëýóçò

Óýìöùíá ìå ôçí (3) ç áñ÷éêÞ óõíèÞêç åßíáé y(0) = 1. Ôüôå áðü ôçí (4)

Ý÷ïõìå

1 = − 1

tan−1 0︸ ︷︷ ︸
0

+c
; äçëáäÞ c = −1:

¢ñá ç ìåñéêÞ ëýóç ôçò (3) åßíáé

y =
1

1− tan−1 x
(5)

ìå 1 − tan−1 x ̸= 0, äçëáäÞ x ̸≈ 1:5574 - êÜèåôç áóýìðôùôç óôï Ó÷. 2.2.2 -

2.

Ç åýñåóç ôçò ãåíéêÞò ëýóçò ôïõ Ðáñáäåßãìáôïò 2.2.2 - 2 ìå ôï MATHE-

MATICA ãßíåôáé ìå ôçí åíôïëÞ:

Ðñüãñáììá 2.2.2 - 1 (ëýóç äéáöïñéêÞò åîßóùóçò)

DSolve[(x^2+1)y'[x]-(y[x])^2==0,y[x],x]
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åíþ ôçò ìåñéêÞò ëýóçò ìå ôçí:
DSolve[{(x^2+1)y'[x]-(y[x])^2==0,y[0]==1},y[x],x]

ÐáñáôÞñçóç 2.2.2 - 1

ÐïëëÝò öïñÝò ãéá íá áðëïõóôåýóïõìå ôçí Ýêöñáóç ôçò ãåíéêÞò ëýóçò ìéáò

äéáöïñéêÞò åîßóùóçò 1çò ôÜîçò, ç áõèáßñåôç óôáèåñÜ c áíôéêáèßóôáôáé áðü ôçí

åðßóçò áõèáßñåôç óôáèåñÜ ln c ìå c > 0. Ç áíôéêáôÜóôáóç áõôÞ äåí ðåñéïñßæåé

ôç ãåíéêüôçôá ôçò ëýóçò, åðåéäÞ (ln c) ∈ R.

Óçìåßùóç 2.2.2 - 1

¼ôáí õðÜñ÷ïõí ôéìÝò ôçò ìåôáâëçôÞò ðïõ ìçäåíßæïõí ôïí óõíôåëåóôÞ ôçò y′,

ïðüôå ç äéáöïñéêÞ åîßóùóç ãßíåôáé ìéá åîßóùóç ìå Üãíùóôï ôï y, ôüôå ïé

ôéìÝò áõôÝò åîåôÜæïíôáé ÷ùñéóôÜ.

ÐáñÜäåéãìá 2.2.2 - 3

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

(1− cosx)y′ = y sinx: (6)

Ëýóç. Óýìöùíá êáé ìå ôç Óçìåßùóç 2.2.2 - 1 ðñÝðåé 1− cosx ̸= 1, äçëáäÞ

x ̸= k� ìå k = 0; ±1; ±2; : : :, åíþ áí x = k�, ôüôå ðñïöáíþò ç (6) éó÷ýåé

ãéá êÜèå x ∈ R.
¸óôù ôþñá üôé y ̸= 0. Ôüôå äéáäï÷éêÜ Ý÷ïõìå

dy

dx
=

y sinx

1− cosx
Þ

dy

y
=

sinx dx

1− cosx
; äçëáäÞ

dy

y
=

(1− cosx)′ dx

1− cosx
:

¢ñá ïëïêëçñþíïíôáò ðñïêýðôåé üôé∫
dy

y
=

∫
(1− cosx)′ dx

1− cosx
+ c; äçëáäÞ ln |y| = ln |1− cosx|+ c;

ðïõ óýìöùíá êáé ìå ôçí ÐáñáôÞñçóç 2.2.2 - 1 ãñÜöåôáé

ln |y| = ln |1− cosx|+ ln c = ln |c (1− cosx)| ìå c > 0;
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Ó÷Þìá 2.2.2 - 3: ÐáñÜäåéãìá 2.2.2 - 3: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = c sin2
(
x
2

)
ìå x ∈ [−2�; 5�], üôáí c = 1 ìðëå êáé c = 3 êüêêéíç

êáìðýëç.

äçëáäÞ |y| = |c (1− cosx)| Þ éóïäýíáìá y = ± c (1− cosx) ìå c > 0, ïðüôå

y = c (1− cosx) ìå c ̸= 0:

ÅðåéäÞ 2 sin2 x2 = 1− cosx, áðü ôçí ðáñáðÜíù ó÷Ýóç ðñïêýðôåé üôé ç ãåíéêÞ

ëýóç ôçò (6) ôåëéêÜ ãñÜöåôáé

y = c sin2
(x
2

)
; üôáí c ̸= 0: (7)

Ç ãñáöéêÞ ðáñÜóôáóç ôçò (7) ãéá ôéò ôéìÝò c = 1; 3 äßíåôáé óôï Ó÷. 2.2.2 -

3.

ÅðåéäÞ ãéá ôçí åýñåóç ôçò ãåíéêÞò ëýóçò (7) Ý÷åé õðïôåèåß y ̸= 0 êáé ç

ôéìÞ y = 0, åöüóïí óôçí (7) åßíáé c ̸= 0, äåí óõìðåñéëáìâÜíåôáé óôç ãåíéêÞ

ëýóç, ç y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò (6).

ÐáñÜäåéãìá 2.2.2 - 4

¼ìïéá ç

x lnx y′ − y = 0; üôáí y(e) = 1: (8)
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Ëýóç. Ëüãù ôïõ ðáñÜãïíôá lnx ðñÝðåé x > 0. ¸óôù y ̸= 0. Ôüôå áðü ôçí

(8) õðïèÝôïíôáò üôé êáé lnx ̸= 0, äçëáäÞ x ̸= 1, äéáöïñåôéêÜ ðñÝðåé y = 0,

Üôïðï, Ý÷ïõìå
dy

y
=

dx

x lnx
=
d lnx

lnx
:

Ïëïêëçñþíïíôáò ôçí ðáñáðÜíù ó÷Ýóç üìïéá óýìöùíá ìå ôçí ÐáñáôÞñçóç

2.2.2 - 1 êáé ôï ÐáñÜäåéãìá 2.2.2 - 3 ðñïêýðôåé üôé

ln |y| = ln | lnx|+ ln c = ln |c lnx| ìå c > 0:

¢ñá

y = ± c lnx;

äçëáäÞ ç ãåíéêÞ ëýóç ôçò (8) ôåëéêÜ ãñÜöåôáé

y = c lnx; üôáí c ̸= 0 êáé x > 0 ìå x ̸= 1: (9)

ÅðåéäÞ y(e) = 1, áðü ôçí (9) ðñïêýðôåé c = 1, ïðüôå ç ìåñéêÞ ëýóç ôçò (8)

åßíáé

y = lnx:

Ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò (8).

ÅöáñìïãÞ 2.2.2 - 1 (ïñèïãþíéåò ôñï÷éÝò)

¸óôù üôé ìßá ïéêïãÝíåéá êáìðýëùí ôïõ xy-åðéðÝäïõ åðáëçèåýåé ôçí åîßóùóç

F (x; y; c) = 0 (2.2.2 - 3)

üðïõ y = y(x) êáé c ìßá ðáñÜìåôñïò. Æçôåßôáé íá ðñïóäéïñéóôåß ìéá Üëëç

ïéêïãÝíåéá êáìðýëùí, Ýóôù ç G (x; y; c) = 0, ðïõ íá ôÝìíåé êÜèåôá êÜèå

êáìðýëç ôçò (2:2:2−3). Ç G ïñßæåé ôüôå ôéò ïñèïãþíéåò ôñï÷éÝò ôçò (2:2:2−
3).

Ëýóç. Ðáñáãùãßæïíôáò ôçí (2:2:2 − 3) êáé áðáëåßöïíôáò ôçí ðáñÜìåôñï c

ìåôáîý ôçò (2:2:2− 3) êáé ôçò åîßóùóçò ðïõ ðñïêýðôåé ìåôÜ ôçí ðáñáãþãéóÞ

ôçò, Ý÷ïõìå ìßá äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò

dy

dx
= f(x; y):
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¢ñá ïé ïñèïãþíéåò ôñï÷éÝò ôçò (2:2:2−3) èá åßíáé ïé ëýóåéò ôçò äéáöïñéêÞò

åîßóùóçò

y′ =
dy

dx
= − 1

f(x; y)
: (2.2.2 - 4)

ÐáñÜäåéãìá 2.2.2 - 5

Áí ç ïéêïãÝíåéá êáìðõëþí åßíáé ç

x2 + y2 = c;

ôüôå

2x+ yy′ = 0; äçëáäÞ y′ = −x
y
:

¢ñá ç æçôïýìåíç ïéêïãÝíåéá êáìðýëùí èá ðñïêýøåé áðü ôç ëýóç ôçò

äéáöïñéêÞò åîßóùóçò
dy

dx
=
y

x
;

äçëáäÞ åßíáé ç

y = c x üðïõ c óôáèåñÜ:

Ç åîßóùóç áõôÞ ðáñéóôÜíåé åõèåßåò ðïõ äéÝñ÷ïíôáé áðü ôçí áñ÷Þ ôùí áîüíùí.

ÁóêÞóåéò

1. Áí y = y(x), íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò:

i)
(
x2 + 1

)
y′ − x = 0 iii) x

(
1 + x2

)
y′ = y

ii) y′ − xy(y − 1) = 0 iv) y′ + y tanx = 0; y(�) = 2.

2. Íá õðïëïãéóôïýí ïé ïñèïãþíéåò ôñï÷éÝò ôùí ïéêïãåíåéþí ôùí êáìðõëþí

y = ce−x êáé x2 − y2 = cx.

ÁðáíôÞóåéò

1. (i) y = c+ 1
2
ln

(
1 + x2

)
, (ii) y = 1

1−cex2=2
;, (iii) y = cx

(
1 + x2

)−1=2

(iv) = −2 cosx.

2. ÁíÜëïãá ìå ôï ÐáñÜäåéãìá 2.2.2 - 5.
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2.2.3 ÐëÞñåéò äéáöïñéêÝò åîéóþóåéò

Ïñéóìüò 2.2.3 - 1. Ìßá äéáöïñéêÞ åîßóùóç 1çò ôÜîçò ôçò ìïñöÞò

P (x; y) dx+Q(x; y) dy = 0 (2.2.3 - 1)

ëÝãåôáé ðëÞñçò Þ áêñéâÞò5 (exact di�erential equation) ôüôå êáé ìüíïí, üôáí

õðÜñ÷åé óõíÜñôçóç, Ýóôù u = u(x; y), ðïõ ëÝãåôáé ðáñÜãïõóá (potential

function) ôçò (2:2:3− 1), ôÝôïéá þóôå

(á) ux = P êáé (â) uy = Q: (2.2.3 - 2)

6ÅðåéäÞ ãéá ôï ïëéêü äéáöïñéêü ôçò u éó÷ýåé üôé óôçí

du = du(x; y) = ux dx+ uy dy

óýìöùíá êáé ìå ôéò óõíèÞêåò (2:2:3 − 2) èá ðñÝðåé óôçí ðåñßðôùóç áõôÞ íá

éó÷ýåé üôé

du = ux dx+ uy dy = P dx+Qdy = 0;

ïðüôå

u(x; y) = c (2.2.3 - 3)

ìå c áõèáßñåôç óôáèåñÜ, ðïõ ïñßæåé êáé ôç ãåíéêÞ ëýóç ôçò (2:2:3− 1).

¸óôù ôþñá üôé ïé óõíáñôÞóåéò P êáé Q åßíáé ïñéóìÝíåò êáé óõíå÷åßò óôéò

ðåñéï÷Ýò D1 êáé D2 áíôßóôïé÷á êáé üôé ôá óýíïñá ôùí ðåñéï÷þí áõôþí åßíáé

êëåéóôÝò êáìðýëåò ðïõ äåí ôÝìíïíôáé ìåôáîý ôïõò. Ôüôå óýìöùíá êáé ìå ôéò

óõíèÞêåò (2:2:3− 2), åðåéäÞ åßíáé

Py = (ux)y = uyx êáé Qx = (uy)x = uxy;

áí õðïôåèåß üôé ïé 2çò ôÜîçò ìåñéêÝò ðáñÜãùãïé åßíáé óõíå÷åßò óõíáñôÞóåéò,

èá ðñÝðåé óýìöùíá ìå ãíùóôü èåþñçìá7 êáé ôá äåýôåñá ìÝëç ôïõò íá åßíáé

ßóá, äçëáäÞ Py = Qx.

5ÂëÝðå âéâëéïãñáößá êáé

https : ==en:wikipedia:org=wiki=Exact differential equation
6ÂëÝðå ÌÜèçìá ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí - Ïëéêü äéáöïñéêü.
7



112 ÄéáöïñéêÝò Åîéóþóåéò Êáè. Á. ÌðñÜôóïò

ÅðïìÝíùò Ý÷åé áðïäåé÷èåß ôï ðáñáêÜôù èåþñçìá, ðïõ åßíáé êáé ôï êñéôÞñéï

ãéá ôçí ýðáñîç ìéáò ðëÞñïõò äéáöïñéêÞò åîßóùóçò:

Èåþñçìá 2.2.3 - 1 (êñéôÞñéï ðëçñüôçôáò). ¸óôù ç äéáöïñéêÞ åîßóùóç

P (x; y) dx+Q(x; y) dy = 0; (2.2.3 - 4)

üðïõ ïé P êáé Q õðïôßèåôáé üôé Ý÷ïõí óõíå÷åßò ðáñáãþãïõò 2çò ôÜîçò. Ôüôå

éêáíÞ êáé áíáãêáßá óõíèÞêç ãéá íá åßíáé ðëÞñçò ç (2:2:3− 4), åßíáé

Py = Qx: (2.2.3 - 5)

¢ìåóç óõíÝðåéá ôïõ èåùñÞìáôïò åßíáé ôï ðáñáêÜôù ðüñéóìá:

Ðüñéóìá 2.2.3 - 1. ÊÜèå äéáöïñéêÞ åîßóùóç ÷ùñéóìÝíùí ìåôáâëçôþí, äçëá-

äÞ êÜèå äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò

P (x) dx+Q(y) dy = 0

åßíáé ðëÞñçò.

ÐáñÜäåéãìá 2.2.3 - 1

Óýìöùíá ìå ôï Èåþñçìá 2.2.3 - 1 Ý÷ïõìå üôé ç äéáöïñéêÞ åîßóùóç

• (
xy2 + x

)
dx+ yx2dy = 0

åßíáé ðëÞñçò, åðåéäÞ

Py =
(
xy2 + x

)
y
= 2xy =

(
x2y
)
x
= Qx;

åíþ ç

Èåþñçìá (Schwarz) 1.2.2 - 2: ¸óôù ç óõíÜñôçóç f(x; y)|S ⊆ R2, üðïõ S áíïéêôü

óýíïëï, ôçò ïðïßáò õðÜñ÷ïõí ïé 2çò ôÜîçò ìåñéêÝò ðáñÜãùãïé êáé åßíáé óõíå÷åßò óôï S.

Ôüôå

fxy = fyx ãéá êÜèå (x; y) ∈ S:
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•
cos y dx+

(
y2 + x sin y

)
dy = 0

äåí åßíáé, åðåéäÞ

Py = − sin y ̸= sin y = Qx:

Õðïëïãéóìüò ôçò ðáñÜãïõóáò

¸óôù ôþñá üôé ç (2:2:3−1) åßíáé ðëÞñçò. Ôüôå ç (2:2:3−2á): ux = P (x; y),

üôáí ïëïêëçñùèåß ùò ðñïò x ðñïêýðôåé üôé

u(x; y) =

∫
P (x; y) dx+ c

ìå c áõèáßñåôç óôáèåñÜ, ðïõ åðåéäÞ ç ïëïêëÞñùóç ãßíåôáé ùò ðñïò x, ç c èá

ðåñéÝ÷åé óôç ãåíéêÞ ðåñßðôùóç êáé ôç ìåôáâëçôÞ y, äçëáäÞ c = k(y).

¢ñá

u(x; y) =

∫
P (x; y) dx+ k(y): (2.2.3 - 6)

Ôüôå ç k(y) ðñïóäéïñßæåôáé ðáñáãùãßæïíôáò ôçí (2:2:3 − 6) ùò ðñïò y,

äçëáäÞ

uy =

(∫
P (x; y) dx

)
y

+
d k(y)

dy

ðïõ óýìöùíá ìå ôçí (2:2:3− 2â) ãñÜöåôáé

Q(x; y) =

(∫
P (x; y) dx

)
y

+
d k(y)

dy
;

äçëáäÞ

d k(y) =

[
Q(x; y)−

(∫
P (x; y) dx

)
y

]
dy

ðïõ åßíáé ìéá äéáöïñéêÞ åîßóùóç ÷ùñéóìÝíùí ìåôáâëçôþí, ïðüôå ôåëéêÜ ïëïêëç-

ñþíïíôáò

k(y) =

∫ [
Q(x; y)−

(∫
P (x; y) dx

)
y

]
dy: (2.2.3 - 7)

ÐáñÜäåéãìá 2.2.3 - 2
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Íá ëõèåß ç äéáöïñéêÞ åîßóùóç(
2xy − 3x2

)
dx+

(
x2 − 2y

)
dy = 0: (1)

Ëýóç. Åßíáé

ux = P (x; y) = 2xy − 3x2 êáé uy = Q(x; y) = x2 − 2y: (2)

ÅðïìÝíùò

Py = 2x = Qx; (3)

äçëáäÞ åðáëçèåýåôáé ç óõíèÞêç (2:2:3− 2) êáé åðïìÝíùò ç (1) åßíáé ðëÞñçò.

Ôüôå áêïëïõèþíôáò ôçí ðáñáðÜíù äéáäéêáóßá ï õðïëïãéóìüò ôçò ðáñÜãïõóáò

ãßíåôáé ïëïêëçñþíïíôáò ôçí

ux = P (x; y) = 2xy − 3x2 ùò ðñïò x;

ïðüôå

u(x; y) =

∫
P (x; y) dx+ k(y) =

∫ (
2xy − 3x2

)
dx+ k(y)

= x2y − x3 + k(y); (4)

üôáí ç k(y) õðïëïãßæåôáé ðáñáãùãßæïíôáò ôçí (4) ùò ðñïò y, äçëáäÞ

uy =

x2︷ ︸︸ ︷(
x2y − x3

)
y
+
dk(y)

dy

Þ åðåéäÞ óýìöùíá ìå ôçí (2) åßíáé uy = x2 − 2y, ç ðáñáðÜíù ó÷Ýóç ãñÜöåôáé

x2 − 2y = x2 +
dk(y)

dy
Þ

dk(y)

dy
= −2y;

ïðüôå dk(y) = −2y dy êáé ôåëéêÜ

k(y) = −y2: (5)

Áíôéêáèéóôþíôáò ôçí (5) óôçí (4) ðñïêýðôåé üôé ç ðáñÜãïõóá ôçò (1) åßíáé

u(x; y) = x2y − x3 − y2;
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ïðüôå óýìöùíá ìå ôçí (2:2:3−3) ç ãåíéêÞ ôçò ëýóç èá åßíáé u(x; y) = c, üôáí

c áõèáßñåôç óôáèåñÜ, äçëáäÞ

x2y − x3 − y2 = c:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôéò åíôïëÝò:

Ðñüãñáììá 2.2.3 - 1 (ðëÞñçò äéáöïñéêÞ åîßóùóç)

P[x_, y_] := 2 x y - 3 x^2; Q[x_, y_] := x^2 - 2 y;

z = Integrate[P[x, y], x] +

Integrate[Q[x, y] - D[Integrate[P[x, y], x], y], y];

Print["Solution : ", z, " = c"]

Óçìåßùóç 2.2.3 - 1

Äéåõêñéíßæåôáé üôé áíÜëïãá ìå ôçí åõêïëßá ôïõ ðñïâëÞìáôïò, ç äéáäéêáóßá

õðïëïãéóìïý ôçò u åßíáé äõíáôüí íá áñ÷ßóåé áðü ôç óõíèÞêç (2:2:3 − 2â).

Óôçí ðåñßðôùóç áõôÞ Ý÷ïõìå

u(x; y) =

∫
Q(x; y) dy + k(x); (2.2.3 - 8)

üðïõ

k(x) =

∫ [(
P (x; y)−

∫
Q(x; y) dy

)
x

]
dx; (2.2.3 - 9)

üðùò áõôü ãßíåôáé óôï ðáñáêÜôù ðáñÜäåéãìá.

ÐáñÜäåéãìá 2.2.3 - 3

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

(y + 4)dx+ xdy = 0: (1)

Ëýóç. Åßíáé

ux = P (x; y) = y + 4 êáé uy = Q(x; y) = x: (2)
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ÅðïìÝíùò

Py = 1 = Qx; (3)

äçëáäÞ åðáëçèåýåôáé ç óõíèÞêç (2:2:3− 2) êáé åðïìÝíùò ç (1) åßíáé ðëÞñçò.

Ôüôå ïëïêëçñþíïíôáò ôçí

uy = Q(x; y) = x ùò ðñïò x;

Ý÷ïõìå

u(x; y) =

∫
Q(x; y) dy + k(x) =

∫
x dy + k(y)

= xy + k(x); (4)

üôáí ç k(x) õðïëïãßæåôáé ðáñáãùãßæïíôáò ôçí (4) ùò ðñïò x, äçëáäÞ

ux =

y︷ ︸︸ ︷
(xy)x+

dk(x)

dx

Þ åðåéäÞ óýìöùíá ìå ôçí (2) åßíáé ux = y + 4, ç ðáñáðÜíù ó÷Ýóç ãñÜöåôáé

y + 4 = y +
dk(x)

dx
Þ

dk(x)

dx
= 4;

ïðüôå dk(x) = 4 dx êáé ôåëéêÜ

k(x) = 4x: (5)

Áíôéêáèéóôþíôáò ôçí (5) óôçí (4) ðñïêýðôåé üôé ç ðáñÜãïõóá ôçò (1) åßíáé

u(x; y) = xy + 4x

êáé ç ãåíéêÞ ôçò ëýóç

xy + 4x = c;

üôáí c áõèáßñåôç óôáèåñÜ.

¼ìïéá ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôéò åíôïëÝò:

Ðñüãñáììá 2.2.3 - 2 (ðëÞñçò äéáöïñéêÞ åîßóùóç)

P[x_, y_] := y+4; Q[x_, y_] := x;

z = Integrate[Q[x, y], y] +

Integrate[P[x, y] - D[Integrate[Q[x, y], y], x], x];

Print["Solution : ", z, " = c"]
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Ïëïêëçñùôéêüò ðáñÜãïíôáò

ÅîåôÜæåôáé óôç óõíÝ÷åéá ç ðåñßðôùóç, üðïõ ìßá äéáöïñéêÞ åîßóùóç ôçò ìïñöÞò

P (x; y)dx+Q(x; y)dy = 0 (2.2.3 - 10)

äåí åßíáé ðëÞñçò, áëëÜ ðïõ ìåôÜ áðü ðïëëáðëáóéáóìü ôçò ìå ìéá êáôÜëëçëç

óõíÜñôçóç, ðïõ ëÝãåôáé ïëïêëçñùôéêüò ðáñÜãïíôáò (integrating factor) Þ

ðïëëáðëáóéáóôÞò ôïõ Euler8 (Euler multiplier), ìåôáôñÝðåôáé óå ðëÞñç.

Ó÷åôéêÜ éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 2.2.3 - 2. Áí ç äéáöïñéêÞ åîßóùóç (2:2:3− 10) äåí åßíáé ðëÞñçò,

áëëÜ Ý÷åé ìßá ëýóç ôçò ìïñöÞò u(x; y) = c, ôüôå õðÜñ÷åé ôïõëÜ÷éóôïí Ýíáò

ïëïêëçñùôéêüò ðáñÜãïíôáò.

Áðüäåéîç. Áðü ôç ëýóç u(x; y) = c ðñïêýðôåé

du = ux dx+ uy dy = 0: (1)

Óõãêñßíïíôáò ôçí (2:2:3− 10) ìå ôçí (1) Ý÷ïõìå

ux
uy

=
P

Q
: (2)

ÅðåéäÞ ç (2) ðñÝðåé íá éó÷ýåé ùò ôáõôüôçôá, èá õðÜñ÷åé ìßá óõíÜñôçóç, Ýóôù

F (x; y), ôÝôïéá þóôå

ux = F (x; y)P (x; y) êáé uy = F (x; y)Q(x; y): (3)

Ôüôå óýìöùíá ìå ôçí (3) Ý÷ïõìå

du = ux dx+ uy dy = F P dx+ F Qdy = F (P dx+Qdy) ; (4)

äçëáäÞ ç F (x; y) åßíáé Ýíáò ïëïêëçñùôéêüò ðáñÜãïíôáò ôçò (2:2:3− 10).

Áðü ôçí (4) ðñïêýðôåé ôüôå üôé ç óõíÜñôçóç

G(u)F (P dx+Qdy) = G(u) du; (5)

8ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Integrating factor
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Ðßíáêáò 2.2.3 - 1: Õðïëïãéóìüò ôïõ ïëïêëçñùôéêïý ðáñÜãïíôá.

á/á ÓõíèÞêç Ïëïêëçñùôéêüò ðáñÜãïíôáò

1
1

Q
(Py −Qx) = f(x) F (x; y) = exp

[∫
f(x) dx

]

2
1

P
(Qx − Py) = g(y) F (x; y) = exp

[∫
g(y) dy

]

3
Py −Qx
yQ− xP

= h(xy) F (x; y) = exp[H(xy)];
dH(s)

ds
:= h(s)

üðïõ G(u) áõèáßñåôç óõíÜñôçóç ôïõ u, åßíáé üìïéá Ýíáò ïëïêëçñùôéêüò ðáñÜ-

ãïíôáò ôçò (2:2:3 − 10), äçëáäÞ õðÜñ÷ïõí Üðåéñïé ôï ðëÞèïò ïëïêëçñùôéêïß

ðáñÜãïíôåò ôçò (2:2:3− 10).

Ï ðñïóäéïñéóìüò ôïõ ïëïêëçñùôéêïý ðáñÜãïíôá ãåíéêÜ åßíáé äýóêïëïò

êáé ðïëëÝò öïñÝò îåðåñíÜ óå äõóêïëßá êáé ôç ëýóç áõôÞò ôçò ßäéáò ôçò äéáöïñé-

êÞò åîßóùóçò. Óôïí Ðßíáêá 2.2.3 - 1 äßíïíôáé ïé ïëïêëçñùôéêïß ðáñÜãïíôåò

ãéá ôéò ðåñéðôþóåéò ðïõ ïé óõíáñôÞóåéò P êáé Q ðëçñïýí ïñéóìÝíåò óõíèÞêåò,

åíþ óôïí Ðßíáêá 2.2.3 - 2 ïé ïëïêëçñùôéêïß ðáñÜãïíôåò, ðïõ óõíÞèùò åìöáíß-

æïíôáé óôá ðåñéóóüôåñá ôùí ðñïâëçìÜôùí.

Óçìåßùóç 2.2.3 - 2

O Ðßíáêáò 2.2.3 - 1 éó÷ýåé êáé üôáí f(x) = 1 Þ g(y) = 1.

ÐáñÜäåéãìá 2.2.3 - 4

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç(
y2 − x

)
dx+ 2y dy = 0: (1)

Ëýóç. Ç (1) äåí åßíáé ðëÞñçò, åðåéäÞ

Py = 2y ̸= 0 = Qx:
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Ðßíáêáò 2.2.3 - 2: ìå ôïõò êõñéüôåñïõò ïëïêëçñùôéêïýò ðáñÜãïíôåò.

á/á ÄéáöïñéêÞ ïëïêëçñùôéêüò ôÝëåéï

åîßóùóç ðáñÜãïíôáò äéáöïñéêü

1 y dx− x dy − 1

x2
x dy − y dx

x2
= d

(y
x

)

2 y dx− x dy
1

y2
y dx− x dy

y2
= d

(
x

y

)

3 y dx− x dy − 1

xy

x dy − y dx

xy
= d

[
ln
(y
x

)]

4 y dx− x dy − 1

x2 + y2
x dy − y dx

x2 + y2
= d

[
tan−1

(y
x

)]

5 y dx+ x dy
1

xy

y dx+ x dy

xy
= d [ ln(xy)]

6 y dx+ x dy
1

(xy)n
; n > 1

y dx+ x dy

(xy)n
=
d
[
(xy)1−n

]
1− n

7 y dx+ x dy
1

x2 + y2
x dy + y dx

x2 + y2
=

1

2
d
[
ln
(
x2 + y2

)]

8 y dx+ x dy
1

(x2 + y2)n
; n > 1

y dx+ x dy

(x2 + y2)n

=
d
[(
x2 + y2

)1−n]
2(1− n)

9 ay dx+ bx dy xa−1yb−1 d
(
xayb

)
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Ðáñáôçñïýìå üôé

1

Q
(Py −Qx) =

1

2y
(2y − 0) = 1 = f(x); (2)

ïðüôå óýìöùíá ìå ôçí ðåñßðôùóç 1 ôïõ Ðßíáêá 2.2.3 - 1 ðñïêýðôåé üôé ç

(1) ãßíåôáé ðëÞñçò, üôáí ðïëëáðëáóéáóôïýí êáé ôá äýï ìÝëç ôçò ìå ôïí

ïëïêëçñùôéêü ðáñÜãïíôá

F (x; y) = e
∫
f(x) dx = e

∫
dx = ex:

Ôüôå ç (1) ìåôÜ ôïí ðïëëáðëáóéáóìü ìå ex ãñÜöåôáé(
y2ex − xex

)
dx+ 2yexdy = 0; (3)

ðïõ åßíáé ðëÞñçò êáé ç ëýóç ôçò, åðåéäÞ åßíáé åõêïëüôåñç ç ïëïêëÞñùóç ôïõ

üñïõ 2yexdy, óýìöùíá êáé ìå ôï ÐáñÜäåéãìá 2.2.3 - 3 õðïëïãßæåôáé ùò åîÞò:

u(x; y) =

∫
Q(x; y) dy + k(x) =

∫
2yex dy + k(y) = y2ex + k(x); (4)

üôáí ç k(x) õðïëïãßæåôáé ðáñáãùãßæïíôáò ôçí (4) ùò ðñïò x, ïðüôå

ux = y2ex +
k(x)

dx

Þ óýìöùíá ìå ôçí (3), åðåéäÞ ux = y2ex − xex, ôåëéêÜ

dk(x) = −xex dx:

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç ðñïêýðôåé üôé

k(x) = −
∫
xex dx = −xex + ex;

ïðüôå ç ðáñÜãïõóá ôçò (1) åßíáé

u(x; y) = y2ex − xex + ex

êáé ç ãåíéêÞ ôçò ëýóç y2ex−xex+ ex = c, üôáí c áõèáßñåôç óôáèåñÜ, äçëáäÞ

y2 − x+ 1 = c e−x:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôéò åíôïëÝò:
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Ðñüãñáììá 2.2.3 - 3 (ïëïêëçñùôéêüò ðáñÜãïíôáò - óõíèÞêç 1)

P[x_, y_] := y^2 - x; Q[x_, y_] := 2 y;

Print["Condition 1 f(x) = ", w/Q[x, y]]

w = Simplify[D[P[x, y], y] - D[Q[x, y], x]];

F = Simplify[Exp[Integrate[w/Q[x, y], x]]];

Print["Potential function F(x,y) = ", F]

P1[x_, y_] := P[x, y] F; Q1[x_, y_] := Q[x, y] F

Print["Exact condition = ", Simplify[D[P1[x, y], y] - D[Q1[x, y], x]]]

z = Integrate[P1[x, y], x] +

Integrate[Q1[x, y] - D[Integrate[P1[x, y], x], y], y];

Print["Solution : ", Simplify[z], " = c"]

ÐáñÜäåéãìá 2.2.3 - 5

¼ìïéá ç ìç ðëÞñçò äéáöïñéêÞ åîßóùóç

y dx−
(
x+ 6y2

)
dy = 0: (5)

Ãéá ôçí (5) åöáñìüæåôáé ç óõíèÞêç (2) ôïõ Ðßíáêá 2.2.3 - 1 ìå

g(y) = −2

y
;

ïðüôå

F (x; y) = e
∫
g(y) dy = e−2

∫ dy
y = e−2 ln |y| = eln y

−2
=

1

y2
:

ÐïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ôçò (5) ìå ôçí F (x; y) = 1
y2 ôåëéêÜ

ðñïêýðôåé üôé
1

y
dx−

(
x

y2
+ 6

)
dy = 0

ðïõ åßíáé ìéá ðëÞñçò äéáöïñéêÞ åîßóùóç áðü ôçí ïðïßá ôåëéêÜ ðñïêýðôåé ùò

ãåíéêÞ ëýóç ç
x

y
− 6y = c;

üôáí c áõèáßñåôç óôáèåñÜ.

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôéò åíôïëÝò:
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Ðñüãñáììá 2.2.3 - 4 (ïëïêëçñùôéêüò ðáñÜãïíôáò - óõíèÞêç 2)

P[x_, y_] := y; Q[x_, y_] :=-(x + 6 y^2);

w = D[Q[x, y], x] - D[P[x, y], y];

Print["Condition 2 g(y) = ", w/P[x, y]]

F = Simplify[Exp[Integrate[w/P[x, y], y]]];

Print["Potential function F(x,y) = ", F]

P1[x_, y_] := P[x, y] F; Q1[x_, y_] := Q[x, y] F

Print["Exact condition = ", Simplify[D[P1[x, y], y] - D[Q1[x, y], x]]]

z = Integrate[P1[x, y], x] +

Integrate[Q1[x, y] - D[Integrate[P1[x, y], x], y], y];

Print["Solution : ", Simplify[z], " = c"]

ÁóêÞóåéò

1. Íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò õðïëïãßæïíôáò óå êÜèå

ðåñßðôùóç ôïí ïëïêëçñùôéêü ðáñÜãïíôá, åöüóïí áõôü áðáéôåßôáé:

i)
(
4x3y3 − 2xy

)
dx+

(
3x4y2 − x2

)
dy = 0,

ii) (2x− yex) dx− ex dy = 0,

iii) (x+ y) dx+ tanx dy = 0,

iv) y2 dx+ (xy − 1) dy = 0,

v) 3x2y2 dx+
(
2x3y + x3y4

)
dy = 0.

2. ¼ìïéá ôá ðáñáêÜôù ðñïâëÞìáôá áñ÷éêÞò ôéìÞò:

i) (y dx+ dy) ex = 0; y(0) = 1,

ii) (x− 3) dx+ (y − 3) dy = 0; y(3) = 0,

iii) (1 + ex) yy′ = ex; y(1) = 1,

iv) 2 (y sin 2x+ cos 2x) dx = cos 2x dy; y(�) = 0,

v) (xexy + 2y) y′ + yexy = 0; y(0) = 1,
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vi) y(xy + 1) dx+ x(xy − 1) dy = 0; y(1) = 1.

3. Äåßîôå üôé ç äéáöïñéêÞ åîßóùóç(
axy2 + by

)
dx+

(
bx2y + ay

)
dy = 0

åßíáé ðëÞñçò, üôáí a = b. Óôç óõíÝ÷åéá õðïëïãßóôå ôç ìåñéêÞ ëýóç ôçò, üôáí

y(1) = 1.

ÁðáíôÞóåéò

1. i) ÐëÞñçò, ãåíéêÞ ëýóç −x2y + x4y3 = c.

ii) ÓõíèÞêç 1, F (x; y) = e−2x, ãåíéêÞ ëýóç 1
2
e−2x (−1− 2x+ 2yex) = c.

iii) ÓõíèÞêç 1, F (x; y) = cosx, ãåíéêÞ ëýóç cosx+ (x+ y) sinx = c.

iv) ÓõíèÞêç 2, F (x; y) = 1
y
, ãåíéêÞ ëýóç xy − ln y = c.

v) ÓõíèÞêç 2, F (x; y) = e
y3

3 , ãåíéêÞ ëýóç x3y2 e
y3

3 = c.

2. i) ÐëÞñçò, ãåíéêÞ ëýóç yex = c, ìåñéêÞ ìå c = 1.

ii) ÐëÞñçò, ãåíéêÞ ëýóç 1
2

(
x2 + y2

)
− 3(x+ y) = c, ìåñéêÞ ìå c = − 9

2
.

iii) ÓõíèÞêç 2, F (x; y) = e−
y2

2 , ãåíéêÞ ëýóç e−
y2

2 (1 + ex) = c,

ìåñéêÞ ìå c = 1 + e.

iv) ÐëÞñçò, ãåíéêÞ ëýóç −y cos 2x+ sin 2x, ìåñéêÞ ìå c = 0.

v) ÐëÞñçò, ãåíéêÞ ëýóç y2 + exy = c, ìåñéêÞ ìå c = 2.

vi) ÓõíèÞêç 3, F (x; y) = 1
2xy

, ãåíéêÞ ëýóç 1
2
(xy + lnx− ln y),

ìåñéêÞ ìå c = 1
2
.

3. Py −Qx = (a− b)(2xy − 1), ãåíéêÞ ëýóç axy + 1
2
ax2y2 = c, ìåñéêÞ c = 3a

2
.

Ï õðïëïãéóìüò ôçò ëýóçò ôçò ¢óêçóçò 2vi ìå ôï MATHEMATICA Ýãéíå ìå ôéò

åíôïëÝò:

Ðñüãñáììá 2.2.3 - 5 (ïëïêëçñùôéêüò ðáñÜãïíôáò - óõíèÞêç 3)

P[x_, y_] := y (x y + 1); Q[x_, y_] := x (x y - 1);

w = Simplify[D[P[x, y], y] - D[Q[x, y], x]]

Print["Condition 3"]

F = Simplify[1/(x P[x, y] - y Q[x, y])];

Print["Potential function F(x,y) = ", F]

P1[x_, y_] := P[x, y] F

Q1[x_, y_] := Q[x, y] F

Print["Exact condition = ", Simplify[D[P1[x, y], y] - D[Q1[x, y], x]]]

z = Integrate[P1[x, y], x] +

Integrate[Q1[x, y] - D[Integrate[P1[x, y], x], y], y];
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Print["Solution : ", Simplify[z], " = c"]

Print["Constant c = ", z /. {x -> 1, y -> 1}]

2.2.4 Ïìïãåíåßò äéáöïñéêÝò åîéóþóåéò

Ïñéóìüò 2.2.4 - 1. Ìßá óõíÜñôçóç f(x) ëÝãåôáé ïìïãåíÞò âáèìïý �, üôáí

f(�x) = ��f(x) ãéá êÜèå � ∈ R: (2.2.4 - 1)

Ï áíôßóôïé÷ïò ïñéóìüò ãéá ìéá óõíÜñôçóç äýï ìåôáâëçôþí ãñÜöåôáé:

Ïñéóìüò 2.2.4 - 2. Ìßá óõíÜñôçóç f = f(x; y) ëÝãåôáé ïìïãåíÞò âáèìïý

�, üôáí

f(�x; �y) = ��f(x; y) ãéá êÜèå � ∈ R: (2.2.4 - 2)

Óýìöùíá ìå ôïí ïñéóìü:

• ç óõíÜñôçóç f(x; y) = y2 − xy + 4x2 åßíáé ïìïãåíÞò âáèìïý � = 2,

åðåéäÞ

f(�x; �y) = (�y)2 − (�x)(�y) + 4(�x)2

= �2
(
y2 − xy + 4x2

)
= �2f(x; y);

• ç g(x; y) = (x− y)1=2 åßíáé ïìïãåíÞò âáèìïý � = 1=2, åðåéäÞ

g(�x; �y) = (�x− �y)1=2 = �1=2(x− y)1=2 = �1=2g(x; y);

• ç h(x; y) = 1
x−y åßíáé ïìïãåíÞò âáèìïý � = −1, åðåéäÞ

h(�x; �y) =
1

�x− �y
=

1

�

1

x− y
= �−1h(x; y);

• åíþ üëåò ïé óõíáñôÞóåéò

tan−1
(y
x

)
;

y + x

y − x
êáé ln y − lnx = ln

y

x

ïìïãåíåßò âáèìïý � = 0.
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Ïñéóìüò 2.2.4 - 3. Ç äéáöïñéêÞ åîßóùóç

P (x; y) dx+Q(x; y) dy = 0 (2.2.4 - 3)

èá ëÝãåôáé ïìïãåíÞò9 (homogeneous di�erential equation), üôáí ïé óõíáñôÞóåéò

P (x; y) êáé Q(x; y) åßíáé ïìïãåíåßò óõíáñôÞóåéò ôïõ ßäéïõ âáèìïý.

ÅðåéäÞ ç (2:2:4− 3) ãñÜöåôáé êáé

y′ =
dy

dx
= −P (x; y)

Q(x; y)
= f(x; y);

üðïõ óýìöùíá ìå ôïí Ïñéóìü 2.2.4 - 3 åßíáé

f(x; y) = −P (x; y)
Q(x; y)

= −P (�x; �y)
Q(�x; �y)

= −�
�P (x; y)

��Q(x; y)

= −�0 P (x; y)
Q(x; y)

= �0 f(x; y)

ï ðáñáðÜíù ïñéóìüò ãåíéêüôåñá ãñÜöåôáé:

Ïñéóìüò 2.2.4 - 4. Ç äéáöïñéêÞ åîßóùóç

y′ = f(x; y) (2.2.4 - 4)

èá ëÝãåôáé ïìïãåíÞò, üôáí ç óõíÜñôçóç f(x; y) åßíáé ïìïãåíÞò âáèìïý � = 0.

¢ìåóç óõíÝðåéá ôïõ Ïñéóìïý 2.2.4 - 3 åßíáé üôé:

f(�x; �y) = f(x; y) ãéá êÜèå � ∈ R: (2.2.4 - 5)

Ôüôå, áí x = 1, ðñïêýðôåé üôé f(�; �y) = f(1; y), äçëáäÞ

f(x; xy) = f(1; y): (2.2.4 - 6)

9ÂëÝðå âéâëéïãñáößá êáé

https : ==en:wikipedia:org=wiki=Homogeneous differential equation
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Õðïëïãéóìüò ôçò ëýóçò

Ãéá ôç ëýóç ôçò (2:2:4− 4) èåùñåßôáé ï ìåôáó÷çìáôéóìüò

y = xu; üðïõ u = u(x); (2.2.4 - 7)

ïðüôå óýìöùíá ìå ôïí ãíùóôü êáíüíá ðáñáãþãéóçò ãéíïìÝíïõ ôùí óõíáñôÞóåùí

x êáé u = u(x) Ý÷ïõìå

y′ = x′ u+ xu′ = u+ xu′;

äçëáäÞ
dy

dx
= u+ x

du

dx
: (2.2.4 - 8)

Áíôéêáèéóôþíôáò ôéò (2:2:4− 6) êáé (2:2:4− 8) óôçí (2:2:4− 4) ðñïêýðôåé

üôé

x
du

dx
= f(1; u)− u

êáé ôåëéêÜ
du

f(1; u)− u
=
dx

x
; (2.2.4 - 9)

äçëáäÞ ç ëýóç ôçò (2:2:4− 4) Þ éóïäýíáìá ôçò (2:2:4− 3) áíÜãåôáé óôç ëýóç

ìéáò äéáöïñéêÞò åîßóùóçò ÷ùñéóìÝíùí ìåôáâëçôþí.

Óçìåßùóç 2.2.4 - 1

Ç ó÷Ýóç (2:2:4 − 8) ãéá ôçí ðåñßðôùóç ðïõ ç ïìïãåíÞò äéáöïñéêÞ åîßóùóç

åßíáé ôçò ìïñöÞò (2:2:4− 3) ãñÜöåôáé

dy = u dx+ x du: (2.2.4 - 10)

ÐáñÜäåéãìá 2.2.4 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ =
2xy

x2 − y2
: (1)
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Ëýóç. Ç (1) åßíáé ïìïãåíÞò ôçò ìïñöÞò (2:2:4 − 4) âáèìïý � = 2, åðåéäÞ

óýìöùíá ìå ôïí Ïñéóìü 2.2.4 - 4 éó÷ýåé

f(�x; �y) =
2(�x)(�y)

(�x)2 − (�y)2
=

2xy

x2 − y2
= f(x; y) ãéá êÜèå � ∈ R:

ÅðïìÝíùò åöáñìüæïíôáò óôçí (1) ôïí ìåôáó÷çìáôéóìü (2:2:4−7), äçëáäÞ

y = xu, ïðüôå óýìöùíá ìå ôç ó÷Ýóç (2:2:4−8) åßíáé y′ = u+xu′, äéáäï÷éêÜ

Ý÷ïõìå

u+ x
du

dx
=

2x(xu)

x2 − (xu)2
=

2x2u

x2 (1− u2)

=
2u

1− u2
;

äçëáäÞ

x
du

dx
=

2u

1− u2
− u =

u+ u3

1− u2

=
u
(
1 + u2

)
1− u2

: (2)

Ç (2), ðïõ åßíáé ôçò ìïñöÞò (2:2:4− 9), ãñÜöåôáé

1− u2

u (1 + u2)
du =

1

x
dx (3)

ðïõ åßíáé ìéá äéáöïñéêÞ åîßóùóç ÷ùñéóìÝíùí ìåôáâëçôþí.

Ç ñçôÞ óõíÜñôçóç óôï 1ï ìÝëïò ôçò (3) áíáëýåôáé óå Üèñïéóìá áðëþí

êëáóìÜôùí ùò åîÞò:

1− u2

u (1 + u2)
=
A

u
+
Bu+ C

1 + u2
= · · · = 1

u
− 2u

1 + u2
: (4)



128 ÄéáöïñéêÝò Åîéóþóåéò Êáè. Á. ÌðñÜôóïò

ÅðïìÝíùò ïëïêëçñþíïíôáò êáôÜ ìÝëç ôçí (3) óýìöùíá ìå ôçí (4) Ý÷ïõìå:∫
1− u2

u (1 + u2)
du =

∫ (
1

u
− 2u

1 + u2

)
du

= ln |u| − 1

2
ln
(
1 + u2

)
= ln

(
|u|

1 + u2

)

= (2ï ìÝëïò)

∫
dx

x

= ln |x|+ c = ln |x|+ ln |c| = ln |xc|;

äçëáäÞ
u

1 + u2
= cx ; üôáí c áõèáßñåôç óôáèåñÜ:

Áíôéêáèéóôþíôáò ôç ìåôáâëçôÞ u óýìöùíá ìå ôçí (2:2:4−7) óôçí ðáñáðÜíù

ëýóç ðñïêýðôåé ôåëéêÜ üôé ç ãåíéêÞ ëýóç ôçò (1) åßíáé

c
(
x2 + y2

)
= y: (5)

Ç (5) ãéá ôéò äéÜöïñåò ôéìÝò ôçò óôáèåñÜò c ðáñéóôÜíåé ìßá ïéêïãÝíåéá êýêëùí,

ðïõ åöÜðôïíôáé óôïí Üîïíá ôùí x óôï óçìåßï 0.

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò, ðïõ ðñïêýðôåé áðü ôï 1ï ìÝëïò ôçò

(2:2:4−9), ãßíåôáé óôçí ðåñßðôùóç ðïõ ç åîßóùóç åßíáé ôçò ìïñöÞò (2:2:4−4)

ìå ôéò ðáñáêÜôù åíôïëÝò ôïõ MATHEMATICA:

Ðñüãñáììá 2.2.4 - 1 (ïìïãåíÞò äéáöïñéêÞ åîßóùóç)

f[x_, y_] := 2 x y/(x^2 - y^2); z = Simplify[f[1, u] - u]

w = Integrate[1/z, u]; FullSimplify[w /. u -> y/x]

ÐáñÜäåéãìá 2.2.4 - 2

¼ìïéá íá ëõèåß ç äéáöïñéêÞ åîßóùóç(
x3 + 2xy2

)
dx+

(
y3 + 2x2y

)
dy = 0; üôáí y(1) = 1: (6)
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Ëýóç. Ç (6) åßíáé ïìïãåíÞò âáèìïý � = 3 ôçò ìïñöÞò (2:2:4 − 3), åðåéäÞ

óýìöùíá ìå ôïí Ïñéóìü 2.2.4 - 3 éó÷ýåé

P (�x; �y) = (�x)3 + 2(�x)(�y)2 = �3
(
x3 + 2xy2

)
= �3P (x; y)

Q(�x; �y) = (�y)3 + 2(�x)2(�y) = �3
(
y3 + 2x2y

)
= �3Q(x; y):

Ç (6), üôáí x ̸= 0, ãñÜöåôáé óôç ìïñöÞ (2:2:4− 4), üôáí x ̸= 0, ùò åîÞò:

y′ =
dy

dx
= −x

3 + 2xy2

y3 + 2x2y
= f(x; y) : (7)

ÅðïìÝíùò åöáñìüæïíôáò óôçí (7) ôïí ìåôáó÷çìáôéóìü (2:2:4−7), äçëáäÞ

y = xu, áíÜëïãá ìå ôï ÐáñÜäåéãìá 2.2.4 - 1 äéáäï÷éêÜ Ý÷ïõìå

u+ x
du

dx
= − x3 + 2x(xu)2

(xu)3 + 2x2(xu)

= −1 + 2u2

2u+ u3
;

äçëáäÞ

x
du

dx
= −1 + 2u2

2u+ u3
− u = −1 + 4u2 + u4

2u+ u3
:

¢ñá
2u+ u3

1 + 4u2 + u4
du+

1

x
dx = 0 (8)

ðïõ åßíáé ìéá äéáöïñéêÞ åîßóùóç ÷ùñéóìÝíùí ìåôáâëçôþí.

ÅðåéäÞ

I =

∫
2u+ u3

1 + 4u2 + u4
du =

1

4

∫ (
1 + 4u2 + u4

)′
1 + 4u2 + u4

du

=
1

4
ln
(
1 + 4u2 + u4

)
áðü ôçí (8) ðñïêýðôåé üôé

1

4
ln
(
1 + 4u2 + u4

)
+ ln |x| = c

ìå c áõèáßñåôç óôáèåñÜ Þ

ln
(
1 + 4u2 + u4

)
+

ln |x|4=lnx4︷ ︸︸ ︷
4 ln |x| = 4c = c∗
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Þ

ln
[
x4
(
1 + 4u2 + u4

)]
=

ln c︷︸︸︷
c∗

êáé ôåëéêÜ

x4
(
1 + 4u2 + u4

)
= c;

ïðüôå áíôéêáèéóôþíôáò üðïõ u = y=x ðñïêýðôåé üôé ç ãåíéêÞ ëýóç ôçò (6)

åßíáé

x4 + 4x2y2 + y4 = c:

ÅðåéäÞ y(1) = 1 ðñïêýðôåé ôüôå áðü ôç ãåíéêÞ ëýóç üôé c = 6, ïðüôå ç

ìåñéêÞ ëýóç ôçò (6) åßíáé

x4 + 4x2y2 + y4 = 6:

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò, ðïõ ðñïêýðôåé áðü ôï 1ï ìÝëïò ôçò

(2:2:4−9), ãßíåôáé óôçí ðåñßðôùóç ðïõ ç åîßóùóç åßíáé ôçò ìïñöÞò (2:2:4−3)

ìå ôéò ðáñáêÜôù åíôïëÝò ôïõ MATHEMATICA:

Ðñüãñáììá 2.2.4 - 2 (ïìïãåíÞò äéáöïñéêÞ åîßóùóç)

f[x_, y_] := 2 x y/(x^2 - y^2); z = Simplify[f[1, u] - u]

w = Integrate[1/z, u]; FullSimplify[w /. u -> y/x]

¢óêçóç

Íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò:

i) xy′ +
(
x2 + y2

)1=2
= y iv) (x− y)dx+ x dy = 0

ii) (x+ y)y′ = x− y v) x3yy′ = x4 + 3x2y2 + y4

iii) xy′ = y + x ey=x vi) xyy′ = x2 + y2, üôáí y(1) = −2.
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ÁðáíôÞóåéò

i) f(x; y) =
(
y −

√
x2 + y2

)
=x , f(1; u)−u = −

√
1 + u2, ïëïêëÞñùìá 1ïõ ìÝëïõò ôçò

(2:2:4− 9): I = − sinh−1 y
x
, ãåíéêÞ ëýóç: cx = e− sinh−1 y

x .

ii) f(x; y) = (x− y) =(x+ y) , f(1; u)− u = −−1+2u+u2

1+u
, ïëïêëÞñùìá:

I = − 1
2
ln

(
−1 + 2u+ u2

)
= ln

(−x2+2xy+y2)−1=2

x
, ãåíéêÞ ëýóç:

cx4
(
y2 + 2xy − x2

)
= 1.

iii) f(x; y) = (y − x) =x , f(1; u)−u = −e−u, ïëïêëÞñùìá: I = −e−
y
x ; ãåíéêÞ ëýóç:

cx = eI .

iv) f(x; y) = (y − x) =x , f(1; u)− u = −1, ïëïêëÞñùìá: I = −u ãåíéêÞ ëýóç:

cx = e−
y
x .

v) f(x; y) =
(
x4 + 3x2y2 + y4

)
=x3y , f(1; u)− u = − 1

u
+ 2u+ u3 , ïëïêëÞñùìá:

I = − 1

2(1+u2)
, ãåíéêÞ ëýóç: cx = e

− x2

2(x2+y2) .

vi) f(x; y) =
(
x2 + y2

)
=xy , f(1; u)−u = 1

u
;, ïëïêëÞñùìá: I = y2

2x2 , ãåíéêÞ ëýóç:

cx = e
y2

2x2 êáé ìåñéêÞ, üôáí c = e2.

2.2.5 ÃñáììéêÞ äéáöïñéêÞ åîßóùóç 1çò ôÜîçò

10Óýìöùíá ìå ôïí Ïñéóìü 2.1.1 - 3 ç ãåíéêÞ ìïñöÞ ôçò ìç ïìïãåíïýò

ãñáììéêÞò äéáöïñéêÞò åîßóùóçò 1çò ôÜîçò åßíáé

y′ + f(x)y = r(x); (2.2.5 - 1)

10

Ïñéóìüò 2.1.1 - 3: Ìßá äéáöïñéêÞ åîßóùóç ðïõ ãñÜöåôáé óôç ìïñöÞ

y(�) + f�−1(x)y
(�−1) + : : :+ f1(x)y

′ + f0(x)y = r(x);

üðïõ ç r(x) êáé ïé óõíôåëåóôÝò f0(x), f1(x), : : :, f�−1(x) åßíáé ãíùóôÝò óõíáñôÞóåéò

ïñéóìÝíåò êáé óõíå÷åßò ãéá êÜèå x ∈ (a; b), ëÝãåôáé ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ

åîßóùóç � -ôÜîçò.
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üðïõ y = y(x) êáé f(x), r(x) óõíå÷åßò óõíáñôÞóåéò ìå r(x) ̸= 0 ãéá êÜèå

x ∈ (a; b) ⊆ R.
Ôüôå ç áíôßóôïé÷ç ïìïãåíÞò ôçò (2:2:5− 1) óýìöùíá êáé ìå ôïí Ïñéóìü

2.1.1 - 5 èá åßíáé:

y′ + f(x)y = 0; üôáí x ∈ (a; b): (2.2.5 - 2)

Ëýóç ïìïãåíïýò

Ç (2:2:5− 2), ðïõ åßíáé ìéá äéáöïñéêÞ åîßóùóç ìå ÷ùñéóìÝíåò ìåôáâëçôÝò, áí

y ̸= 0, ãñÜöåôáé

dy

y
= −f(x)dx; ïðüôå ln |y| = −

∫
f(x) dx+ c∗;

üðïõ c∗ áõèáßñåôç óôáèåñÜ. ¢ñá

|y| = e
−

∫
f(x) dx+ c∗

= e
−

∫
f(x) dx

ec
∗︸︷︷︸

c̸=0 óôáèåñÜ

; äçëáäÞ

y = ± c e
−

∫
f(x) dx;

ïðüôå ç ãåíéêÞ ëýóç y
h
ôçò ïìïãåíïýò åîßóùóçò (2:2:5− 2) èá åßíáé

y
h
(x) = c e

−

∫
f(x) dx

ìå c ̸= 0; (2.2.5 - 3)

üðïõ ðñïöáíþò åßíáé y > 0, üôáí c > 0 êáé y < 0, üôáí c < 0. Ôüôå, åðåéäÞ

ç ôéìÞ y = 0 äåí ðåñéëáìâÜíåôáé óôç ëýóç (2:2:5− 3), èá åßíáé ìéá éäéÜæïõóá

ëýóç ôçò (2:2:5− 2).

Ëýóç ìç ïìïãåíïýò - ÌÝèïäïò ôïõ Lagrange

Ãéá ôïí ðñïóäéïñéóìü ôçò ìåñéêÞò ëýóçò yp(x) ôçò ìç ïìïãåíïýò äéáöïñéêÞò

åîßóùóçò (2:2:5− 1), äçëáäÞ ôçò

y′ + f(x)y = r(x);
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åöáñìüæåôáé ç ìÝèïäïò ôïõ Lagrange. Óýìöùíá ìå ôç ìÝèïäï áõôÞ ç óôáèåñÜ

c óôç ãåíéêÞ ëýóç (2:2:5− 3) ôçò ïìïãåíïýò, äçëáäÞ óôçí

y
h
(x) = c e−

∫
f(x) dx

èåùñåßôáé ùò óõíÜñôçóç ôïõ x.

¸óôù üôé åßíáé c = k(x), ïðüôå ç ëýóç ôçò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò

óôçí ðåñßðôùóç áõôÞ ãñÜöåôáé

y
h
(x) = y(x) = k(x) e

−

q(x)︷ ︸︸ ︷∫
f(x) dx

= k(x) e−q(x);

äçëáäÞ

y(x) = k(x) e−q(x); üôáí (2.2.5 - 4)

q(x) =

∫
f(x) dx êáé q ′(x) = f(x):

Ðáñáãùãßæïíôáò êáé ôá äýï ìÝëç ôçò (2:2:5− 4) Ý÷ïõìå

y′ = y′(x) = k′(x) e−q(x) + k(x) [−q(x)]′ e−q(x)

= k′(x) e−q(x) − k(x) f(x) e−q(x): (2.2.5 - 5)

Áíôéêáèéóôþíôáò ôéò (2:2:5− 4) êáé (2:2:5− 5) óôçí y′+ f(x)y = r(x) ôåëéêÜ

ðñïêýðôåé üôé

k′(x) = r(x) eq(x) Þ
d k(x)

dx
= r(x) eq(x); äçëáäÞ

d k(x) = r(x) eq(x) dx;

ïðüôå ïëïêëçñþíïíôáò

k(x) =

∫
r(x) eq(x) dx: (2.2.5 - 6)

Áíôéêáèéóôþíôáò ôçí (2:2:5− 6) óôçí (2:2:5− 4) ðñïêýðôåé üôé ç ìåñéêÞ ëýóç

ôçò ìç ïìïãåíïýò äéáöïñéêÞò åîßóùóçò (2:2:5− 1), äçëáäÞ ôçò

y′ + f(x)y = r(x);
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åßíáé11

yp(x) = e−q(x)
∫
r(x) eq(x) dx: (2.2.5 - 7)

ÅðåéäÞ óýìöùíá ìå ôçí (2:2:5− 4) åßíáé

q(x) =

∫
f(x) dx;

áðü ôï 12Èåþñçìá 2.1.1 - 1, ôçí (2:2:5− 7) êáé ôçí (2:2:5− 3) ðñïêýðôåé üôé

ç ãåíéêÞ ëýóç y(x) ôçò y′ + f(x)y = r(x); ãñÜöåôáé

y(x) = y
h
+ yp

= c e−
∫
f(x) dx + e−

∫
f(x) dx

∫
r(x) e

∫
f(x) dx dx

= e−
∫
f(x) dx

[∫
r(x) e

∫
f(x) dx dx + c

]

= e−q(x)
[∫

r(x) eq(x) dx + c

]
:

¢ñá ç ãåíéêÞ ëýóç y(x) ôçò ìç ïìïãåíïýò ãñáììéêÞò äéáöïñéêÞò åîßóùóçò

1çò ôÜîçò (2:2:5− 1) åßíáé

y(x) = y
h
+ yp (2.2.5 - 8)

= e−q(x)
[∫

r(x) eq(x) dx + c

]
;

ãéá êÜèå x ∈ (a; b) êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

11Õðåíèõìßæåôáé üôé ç ìåñéêÞ ëýóç äåí ðåñéÝ÷åé óôáèåñÜ - Óçìåßùóç 2.1.1 - 1.
12

Èåþñçìá 2.1.1 - 1: Áí yh åßíáé ç ëýóç ôçò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò y(�) +

f�−1(x)y
(�−1) + : : : + f1(x)y

′ + f0(x)y = 0 êáé yp ìßá ìåñéêÞ ëýóç ôçò ìç ïìïãåíïýò

y(�)+ f�−1(x)y
(�−1)+ : : :+ f1(x)y

′+ f0(x)y = r(x), ôüôå ç ãåíéêÞ ëýóç ôçò ìç ïìïãåíïýò

åßíáé

y = yh + yp:
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ÐáñÜäåéãìá 2.2.5 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ + 2x y = e−x
2
; üôáí y(0) = 1: (1)

Ëýóç. ¸óôù y ̸= 0. Ôüôå óõãêñßíïíôáò ôçí áíôßóôïé÷ç ïìïãåíÞ

y′ − 2xy = 0

ìå ôçí (2:2:5 − 2) ðñïêýðôåé üôé f(x) = 2x. ¢ñá áðü ôçí (2:2:5 − 3) ãéá ôç

ëýóç ôçò ïìïãåíïýò Ý÷ïõìå

y
h
(x) = c e−

∫
f(x) dx = c e−2

∫
x dx = c e−x

2
;

üôáí c ̸= 0. Ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò ïìïãåíïýò.

Ìç ïìïãåíÞò

Åßíáé f(x) = 2x, ïðüôå áðü ôçí (2:2:5− 4) ðñïêýðôåé üôé

q(x) =

∫
f(x) dx =

∫
2x dx = x2:

ÅðåéäÞ r(x) = e−x
2
, áðü ôçí (2:2:5− 7) Ý÷ïõìå

yp(x) = e−q(x)
[∫

r(x) eq(x) dx

]

= e−x
2

[∫
e−x

2
ex

2
dx

]
= x e−x

2
:

¢ñá óýìöùíá ìå ôçí (2:2:5− 8) ç ãåíéêÞ ëýóç ôçò (1) èá åßíáé

y(x) = y
h
(x) + yp(x) = e−x

2
(x+ c) ; (2)

ãéá êÜèå x ∈ R êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

ÅðåéäÞ áðü ôçí (1) Ý÷ïõìå üôé ç áñ÷éêÞ ôéìÞ åßíáé y(0) = 1, ç ìåñéêÞ ëýóç

èá ðñïêýøåé áðü ôç (2) èÝôïíôáò x = 0. Ôüôå

1 = y(0) = 1(0 + c); ïðüôå c = 1
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Ó÷Þìá 2.2.5 - 1: ÐáñÜäåéãìá 2.2.5 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = e−x
2
(x+ 1), üôáí x ∈ [−4; 5].

êáé ç ìåñéêÞ ëýóç ôçò (1) èá åßíáé (Ó÷. 2.2.5 - 1)

y(x) = e−x
2
(x+ 1):

ÐáñÜäåéãìá 2.2.5 - 2

¼ìïéá ç

x y′ − y = x2; üôáí y(1) = 0: (3)

Ëýóç. Áí x = 0, ôüôå ðñïöáíþò åßíáé êáé y = 0. ¸óôù x ̸= 0 Ôüôå ç (3)

ãñÜöåôáé

y′ − y

x
= x; üôáí y(1) = 0: (4)

ìå áíôßóôïé÷ç ïìïãåíÞ ôçí

y′ − y

x
= 0: (5)

¸óôù y ̸= 0. Ôüôå üìïéá óõãêñßíïíôáò ôçí (5) ìå ôçí (2:2:5 − 2)

ðñïêýðôåé üôé f(x) = − 1
x . ¢ñá áðü ôçí (2:2:5−3) ãéá ôç ëýóç ôçò ïìïãåíïýò

Ý÷ïõìå

y
h
(x) = c e−

∫
f(x) dx = c e−

∫
(− 1

x) dx = c eln |x| = c |x|;

üôáí c ̸= 0, äçëáäÞ y = ±c x. ÅðïìÝíùò ôåëéêÜ ç ëýóç ôçò ïìïãåíïýò åßíáé:

y
h
(x) = c x; üôáí c ̸= 0:

Ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò (5).
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Ìç ïìïãåíÞò

ÅðåéäÞ åßíáé f(x) = − 1
x , áðü ôçí (2:2:5− 4) ðñïêýðôåé üôé

q(x) =

∫
f(x) dx = −

∫
1

x
dx = − ln |x|:

Ôüôå, åðåéäÞ r(x) = x, áðü ôçí (2:2:5− 7) Ý÷ïõìå ãéá ôç ìåñéêÞ ëýóç ôçò ìç

ïìïãåíïýò

yp(x) = e−q(x)
[∫

r(x) eq(x) dx

]
= e−(− ln |x|)

[∫
x e− ln |x| dx

]

= |x|
∫
x

1

|x|
dx =


x

∫
x
1

x
dx = x2 áí x > 0;

−x
∫
x

1

−x
dx = x2 áí x < 0;

äçëáäÞ

yp(x) = x2:

¢ñá óýìöùíá ìå ôçí (2:2:5− 8) ç ãåíéêÞ ëýóç ôçò (4) åßíáé

y(x) = y
h
(x) + yp(x) = x(x+ c); (6)

ãéá êÜèå x ∈ R êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

ÅðåéäÞ áðü ôçí (4) Ý÷ïõìå üôé ç áñ÷éêÞ ôéìÞ åßíáé y(1) = 0, ç ìåñéêÞ ëýóç

èá ðñïêýøåé áðü ôç (6) èÝôïíôáò x = 1. ¢ñá

0 = y(1) = 1 + c; ïðüôå c = −1

êáé ç ìåñéêÞ ëýóç ôçò (4) èá åßíáé (Ó÷. 2.2.5 - 2)

y(x) = −x+ x2:
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Ó÷Þìá 2.2.5 - 2: ÐáñÜäåéãìá 2.2.5 - 2: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = −x+ x2, üôáí x ∈ [−1; 2].

ÐáñÜäåéãìá 2.2.5 - 3

¼ìïéá ç

y′ − y cosx = cosx; üôáí y(0) = 1: (7)

Ëýóç. ¸óôù y ̸= 0. ¼ìïéá óõãêñßíïíôáò ôçí áíôßóôïé÷ç ïìïãåíÞ

y′ − y cosx = 0

ìå ôçí (2:2:5 − 2) ðñïêýðôåé üôé f(x) = − cosx, ïðüôå áðü ôçí (2:2:5 − 3)

Ý÷ïõìå

y
h
(x) = c e−

∫
f(x) dx = c e−

∫
(− cosx) dx = c esinx;

üôáí c ̸= 0. Ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò ïìïãåíïýò.

Ìç ïìïãåíÞò

¼ìïéá áðü ôçí (2:2:5− 4) ðñïêýðôåé üôé

q(x) =

∫
f(x) dx = −

∫
cosx dx = − sinx
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Ó÷Þìá 2.2.5 - 3: ÐáñÜäåéãìá 2.2.5 - 3: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = −1 + 2 esinx, üôáí x ∈ [−3�; 4�].

êáé åðåéäÞ r(x) = cosx, áðü ôçí (2:2:5 − 7) Ý÷ïõìå ãéá ôç ìåñéêÞ ëýóç ôçò

ìç ïìïãåíïýò

yp(x) = e−q(x)
[∫

r(x) eq(x) dx

]
= e−(− sinx)

[∫
cosx e− sinx dx

]

= esinx
∫
e− sinx d sinx = − esinx

[∫
e− sinx d(− sinx)

]

= −esinx
[
e− sinx

]
= −e0 = −1:

¢ñá óýìöùíá ìå ôçí (2:2:5− 8) ç ãåíéêÞ ëýóç ôçò (7) åßíáé

y(x) = y
h
(x) + yp(x) = −1 + c esinx; üôáí c ̸= 0: (8)

ÅðåéäÞ áðü ôçí (7) Ý÷ïõìå üôé ç áñ÷éêÞ ôéìÞ åßíáé y(0) = 1, ç ìåñéêÞ ëýóç

èá ðñïêýøåé áðü ôçí (8) èÝôïíôáò x = 0. ¢ñá

1 = y(0) = −1 + c e0; ïðüôå c = 2

êáé ç ìåñéêÞ ëýóç ôçò (7) èá åßíáé (Ó÷. 2.2.5 - 3)

y(x) = −1 + 2 esinx:

Ç ìåëÝôç ôçò ðåñéïäéêüôçôáò Þ ìç ôçò ìåñéêÞò ëýóçò áöÞíåôáé ùò Üóêçóç.
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¢óêçóç

Íá ëõèïýí ïé ðáñáêÜôù ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò:

i) y′ + 2xy = −x3 + x; y(0) = −1,

ii) y′ cosx− y sinx = sinx; y(0) = 0,

iii) y′ +
y

1 + x2
=

1

1 + x2
; y(0) = 0,

iv) xy′ − y = x2 cosx; y (�=2) = 0.

ÁðáíôÞóåéò

(i) y(x) = 1
2

(
2− x2

)
+ c e−x

2

, ìåñéêÞ: c = − 1
2
,

(ii) y(x) = −1 + 1
cos x

, ìåñéêÞ: c = 1,

(iii) y(x) = 1 + c exp
(
− tan−1 x

)
, ìåñéêÞ: c = −1,

(iv) y(x) = c x+ x sinx, ìåñéêÞ: c = −1.

2.2.6 ÄéáöïñéêÞ åîßóùóç ôïõ Bernoulli

Ç äéáöïñéêÞ åîßóùóç

y′ + f(x)y = g(x)ya; üôáí a ∈ R (2.2.6 - 1)

åßíáé ãíùóôÞ ùò ç äéáöïñéêÞ åîßóùóç ôïõ Bernoulli13 (Bernoulli di�er-

ential equation).

Ðáñáôçñïýìå üôé:

• áí

i)

a = 0; ôüôå ãñÜöåôáé y′ + f(x)y = g(x);

äçëáäÞ ç (2:2:6− 1) åßíáé ìéá ãñáììéêÞ ìç ïìïãåíÞò, åíþ, áí

13ÂëÝðå âéâëéïãñáößá êáé

https : ==en:wikipedia:org=wiki=Bernoulli differential equation
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ii)

a = 1; ôüôå y′ + [f(x)y − g(x)] y = 0;

åßíáé ìéá ãñáììéêÞ ïìïãåíÞò äéáöïñéêÞ åîßóùóç. Êáé óôéò äýï

ðåñéðôþóåéò (i) êáé (ii) ëýíåôáé óýìöùíá ìå ôçí ÐáñÜãñáöï 2.2.5.

• a ̸= 0 ; 1 ç (2:2:6 − 1) åßíáé ìç ãñáììéêÞ. Óôçí ðåñßðôùóç áõôÞ

èåùñåßôáé ï ìåôáó÷çìáôéóìüò

u(x) = [y(x)]1−a ; (2.2.6 - 2)

ïðüôå

u′(x) = (1− a) [y(x)]−a y′(x): (2.2.6 - 3)

Ëýíïíôáò ôçí (2:2:6− 3) ùò ðñïò y′(x) ðñïêýðôåé ôüôå üôé

y′(x) =
[y(x)]a

1− a
u′(x): (2.2.6 - 4)

Áíôéêáèéóôþíôáò ôçí (2:2:6− 4) óôçí (2:2:6− 1) äéáäï÷éêÜ Ý÷ïõìå

[y(x)]a

1− a
u′(x) + f(x)y(x) = g(x)ya(x)

Þ äéáéñþíôáò êáé ôá äýï ìÝëç ìå
[y(x)]a

1− a

u′(x) + (1− a)f(x)
y(x)

[y(x)]a
= (1− a)g(x)

y(x)

[y(x)]a
;

äçëáäÞ ôåëéêÜ ç (2:2:6−1) ìåôáó÷çìáôßæåôáé óôçí ðáñáêÜôù ãñáììéêÞ

åîßóùóç:

u′ + (1− a)f(x)u = (1− a)g(x): (2.2.6 - 5)

ÐáñÜäåéãìá 2.2.6 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ − 5y = −5xy3; üôáí y = y(x): (1)
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Ëýóç. Ç (1) åßíáé ôçò ìïñöÞò (2:2:6− 1) ìå

f(x) = −5; g(x) = −5x êáé a = 3:

Óýìöùíá ìå ôçí (2:2:6− 3) åöáñìüæïíôáò ôïí ìåôáó÷çìáôéóìü

u(x) = y−2(x)

ç (1) ìåôáó÷çìáôßæåôáé óôçí

u′ + (−2)(−5)u = (−2)(−5x);

äçëáäÞ

u′ + 10u = 10x: (2)

Ç (2) åßíáé ìéá ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç, ðïõ óýìöùíá

ìå ôçí ÐáñÜãñáöï 2.2.5 Ý÷åé ãåíéêÞ ëýóç

u = c e10x + x− 1

10
; (3)

üôáí c áõèáßñåôç óôáèåñÜ.

Áíôéêáèéóôþíôáò óôçí (3) üðïõ u = y−2 ðñïêýðôåé üôé ç ãåíéêÞ ëýóç ôçò

(1) åßíáé

y−2 = c e10x + x− 1

10
:

Ç ðáñáðÜíù ëýóç ìå ôï MATHEMATICA õðïëïãßæåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 2.2.6 - 1 (Bernoulli equation)

a = 3;f[x_] := -5;g[x_] := -5 x;

Print["Transformed equation : ",

u' + (1 - a) f[x] u, " = ", (1 - a) g[x]]

z = DSolve[u'[x] + (1 - a) f[x] u[x] == (1 - a) g[x], u[x], x];

Print["General solution y(x) = ", Simplify[z /. u -> y^(1 - a)]]
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¢óêçóç

Åöáñìüæïíôáò ôá ðáñáðÜíù íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò ôïõ

Bernoulli:

i) y′ + xy = x=y iv) 4yy′ + 2y2 cosx = sin 2x

ii)
(
1 + x2

)
y′ + xy = y3 v) 4y′ − y tanx+ y5 sin 2x = 0

iii) x2y′ + 2xy = y3 vi) y′ + y = y1=2ex; y(0) = 1.

ÁðáíôÞóåéò

Áñ÷éêÜ ðñÝðåé íá ãßíåé áíáãùãÞ ïñéóìÝíùí åîéóþóåùí óôç ìïñöÞ (2:2:6− 1).

i) Ìåôáó÷çìáôéóìÝíç äéáöïñéêÞ åîßóùóç (2:2:6 − 5): u′ + 2ux = 2x, ãåíéêÞ ëýóç:

y2(x) = 1 + c e−x
2

.

ii) (2:2:6 − 5): u′ − 2ux
1+x2 = − 2

1+x2 , ãåíéêÞ ëýóç: y−2(x) = −x −
(
1 + x2

)
tan−1 x +

c
(
1 + x2

)
.

iii) (2:2:6− 5): u′ − 4u
x

= − 2
x2 , ãåíéêÞ ëýóç: y−2(x) = 2

5x
+ c x4.

iv) (2:2:6− 5): u′ + u cosx = 1
2
sin 2x, ãåíéêÞ ëýóç: y2(x) = −1 + sinx+ c e− sin x.

v) (2:2:6− 5): u′ + u tanx = sin 2x, ãåíéêÞ ëýóç: y−4(x) = (c− 2 cosx) cosx.

vi) (2:2:6 − 5): u′ + u
2

= ex

2
, ãåíéêÞ ëýóç: y1=2(x) e

x

3
+ c e−

x2

2 . ÌåñéêÞ ëýóç, üôáí

c = 2
3
.

2.2.7 ÄéáöïñéêÞ åîßóùóç ôïõ Riccati

Ç äéáöïñéêÞ åîßóùóç

y′ = p(x)y2 + q(x)y + r(x) (2.2.7 - 1)

åßíáé ãíùóôÞ ùò ç äéáöïñéêÞ åîßóùóç ôïõ Riccati14 (Riccati equation).

Ðáñáôçñïýìå üôé: áí

• p(x) = 0, ç (2:2:7− 1) ãñÜöåôáé

y′ − q(x)y = r(x); (2.2.7 - 2)

äçëáäÞ åßíáé ìéá ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç.

14ÂëÝðå âéâëéïãñáößá êáé https : ==en:wikipedia:org=wiki=Riccati equation



144 ÄéáöïñéêÝò Åîéóþóåéò Êáè. Á. ÌðñÜôóïò

• r(x) = 0, ç (2:2:7− 1) ãñÜöåôáé

y′ − q(x)y = y2p(x); (2.2.7 - 3)

äçëáäÞ åßíáé ìéá äéáöïñéêÞ åîßóùóç ôïõ Bernoulli.

Óôéò ðåñéðôþóåéò üðïõ p(x) r(x) ̸= 0, áí êáé äåí õðÜñ÷åé ãåíéêÞ ìÝèïäïò

ëýóçò ôçò (2:2:7 − 1), üôáí åßíáé ãíùóôÞ ìßá ëýóç ôçò, Ýóôù ç y1(x), ôüôå

èÝôïíôáò

y(x) = y1(x) +
1

z(x)
; (2.2.7 - 4)

ïðüôå

y′(x) = y′1(x)−
z′(x)

z2(x)
; (2.2.7 - 5)

êáé áíôßóôñïöï ìåôáó÷çìáôéóìü

z(x) =
1

y(x)− y1(x)
; (2.2.7 - 6)

ç (2:2:7− 1) äéáäï÷éêÜ ìåôáó÷çìáôßæåôáé ùò åîÞò:

y′1(x)−
z′(x)

z2(x)
= p(x)

(
y21(x) + 2

y1(x)

z(x)
+

1

z2(x)

)

+q(x)

(
y1(x) +

1

z(x)

)
+ r(x)

áðü ôçí ïðïßá, åðåéäÞ ç y1(x) åßíáé ëýóç ôçò (2:2:7− 1), ðñïêýðôåé ôåëéêÜ üôé

z′(x) + [2y1(x)p(x) + q(x)] z = −p(x) (2.2.7 - 7)

ðïõ åßíáé ìéá ãñáììéêÞ åîßóùóç êáé ëýíåôáé êáôÜ ôá ãíùóôÜ.

ÐáñÜäåéãìá 2.2.7 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ = y2 − y − 2; (1)

üôáí ìéá ëýóç ôçò åßíáé ç y1(x) = 2.

Ëýóç. Ç (1) åßíáé ôçò ìïñöÞò (2:2:7 − 1) ìå p(x) = 1, q(x) = 1 êáé

r(x) = −2, üðïõ ðñïöáíþò ç y1(x) = 2 åßíáé ìéá ëýóç ôçò.
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ÈÝôïíôáò óýìöùíá ìå ôç (2:2:7− 4)

z = 2 +
1

z
; (2)

ç (1) óýìöùíá ìå ôçí (2:2:7− 7) ìåôáó÷çìáôßæåôáé óôçí

z′ + 3z = −1; (3)

ðïõ åßíáé ìéá ìç ïìïãåíÞò äéáöïñéêÞ åîßóùóç ìå ãåíéêÞ ëýóç

z = −1

3
+ c e−3x; (4)

üôáí c áõèáßñåôç óôáèåñÜ.

Áíôéêáèéóôþíôáò óôçí (4) óýìöùíá ìå ôçí (2:2:7− 6):

z =
1

y − 2
;

ôåëéêÜ ðñïêýðôåé üôé ç ëýóç ôçò (1) åßíáé

y = 2 +
3

−1 + 3c e−3x
:

Ç ëýóç ôçò (3) ìå ôï MATHEMATICA õðïëïãßæåôáé ìå ôéò åíôïëÝò:

Ðñüãñáììá 2.2.7 - 1 (Ricatti equation)

p[x_] := 1; q[x_] := -1; y1 = 2;

Print["Transformed equation : ",

z' + (2 y1 p[x] + q[x]) z, " = ", -p[x]]

w = DSolve[z'[x] + (2 y1 p[x] + q[x]) z[x] == -p[x], z[x], x]

Print["General solution z(x) = ", w]

¢óêçóç

Åöáñìüæïíôáò ôá ðáñáðÜíù íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò ôïõ

Riccati, üôáí ìéá ëýóç ôùí åßíáé ôçò ìïñöÞò y = a=x:

i) x2y′ − x2y2 − xy − 1 = 0 iii) 4y′ + y2 + 4x−2 = 0

ii) y′ + y2 = 2x−2 iv) x2y′ = x2y2 + xy − 3.
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ÁðáíôÞóåéò

Áñ÷éêÜ ðñÝðåé íá ãßíåé áíáãùãÞ ïñéóìÝíùí åîéóþóåùí óôç ìïñöÞ (2:2:6− 1).

i) Ëýóç y1(x) = − 1
x
. Ìåôáó÷çìáôéóìÝíç äéáöïñéêÞ åîßóùóç (2:2:7− 7): z′ − z

x
= −1,

ãåíéêÞ ëýóç: z(x) = c x− x lnx.

ii) y1(x) = − 2
x
. Åîßóùóç (2:2:7− 7): z′ + 4z

x
= 1, ëýóç: z(x) = x

5
+ c

x5 .

y2(x) =
1
x
. Åîßóùóç (2:2:7− 7): z′ − 2z

x
= 1, ëýóç: z(x) = −x+ c x2.

iii) y1(x) =
2
x
. Åîßóùóç (2:2:7− 7): z′ − z

x
= 1

4
, ëýóç: z(x) = c x+ 1

4
x lnx.

iv) y1(x) =
1
x
. Åîßóùóç (2:2:7− 7): z′ + 3z

x
= −1, ëýóç: z(x) = −x

4
+ c

x3 .

2.2.8 ÃñáììéêÞ 1çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò

15Áðü ôïí Ïñéóìü 2.1.1 - 6 ðñïêýðôåé üôé ç ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ

åîßóùóçò 1çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò Ý÷åé ôç ìïñöÞ

y′ + ay = r(x); (2.2.8 - 1)

üôáí á óôáèåñÜ, y = y(x) ìå x ∈ (á; â) ⊆ R êáé áíôßóôïé÷ç ïìïãåíÞ ôçí

y′ + ay = 0: (2.2.8 - 2)

¸óôù y ̸= 0. Óýìöùíá ìå ôçí (2:1:1 − 11), áíôéêáèéóôþíôáò óôçí

(3:3:1 − 2) y = eëx ìå ë óôáèåñÜ ðñïêýðôåé üôé ç ÷áñáêôçñéóôéêÞ åîßóùóç

ôçò ïìïãåíïýò åßíáé

ë+ a = 0 ìå ñßæá ë = −a: (2.2.8 - 3)

15

Ïñéóìüò 2.1.1 - 6: Ïñßæåôáé ùò ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç �-ôÜîçò

ìå óôáèåñïýò óõíôåëåóôÝò, êÜèå åîßóùóç ôçò ìïñöÞò (2:1:1 − 6): y(�) + f�−1(x)y
(�−1) +

: : : + f1(x)y
′ + f0(x)y = r(x), üðïõ ïé óõíáñôÞóåéò fk(x) åßíáé óôáèåñÝò ãéá êÜèå k =

0; 1; : : : ; � − 1, äçëáäÞ ç

y(�) + a�−1y
(�−1) + : : :+ a1y

′ + a0y = r(x);

üôáí ak óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1.
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ÅðïìÝíùò ç ãåíéêÞ ëýóç ôçò ïìïãåíïýò èá åßíáé:

y
h
= c e−ax; üôáí c ̸= 0: (2.2.8 - 4)

Ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò (3:3:1− 2).

ÅðåéäÞ

f(x) = a; ïðüôå q(x) =

∫
f(x) dx = ax;

óýìöùíá ìå ôçí (2:2:5− 4) ç ìåñéêÞ ëýóç yp ôçò ìç ïìïãåíïýò èá åßíáé

yp(x) = e−ax
[∫

eax r(x)dx

]
: (2.2.8 - 5)

Ôüôå áðü ôï Èåþñçìá 2.1.1 - 1 ðñïêýðôåé üôé ç ãåíéêÞ ëýóç ôçò (3:3:1 − 1)

åßíáé

y(x) = y
h
(x) + yp(x) (2.2.8 - 6)

= e−áx
[∫

eax r(x) dx+ c

]
ãéá êÜèå x ∈ (a; b) êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

ÐáñÜäåéãìá 2.2.8 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ + 2y = e−3x; üôáí y(0) = 0: (1)

Ëýóç. Ç áíôßóôïé÷ç ïìïãåíÞò ôçò (1) åßíáé ç

y′ + 2y = 0;

ïðüôå óýìöùíá ìå ôçí (2:2:8−3) ç ÷áñáêôçñéóôéêÞ åîßóùóç èá åßíáé ë+2 = 0

ìå ñßæá ôçí ë = −2. ¢ñá áðü ôçí (2:2:8 − 4) ðñïêýðôåé üôé ç ëýóç ôçò

ïìïãåíïýò åßíáé

y
h
= c e−2x; üôáí c ̸= 0; (2)

üôáí ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò.
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Ó÷Þìá 2.2.8 - 1: ÐáñÜäåéãìá 3.3.1 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = e−3x (−1 + ex), üôáí x ∈ [0; 3].

Ìç ïìïãåíÞò

Åßíáé f(x) = a = 2 êáé r(x) = e−3x, ïðüôå óýìöùíá ìå ôçí (2:2:8 − 5) ç

ìåñéêÞ ëýóç yp ôçò (1) åßíáé

yp(x) = e−2x

∫
e2x e−3x dx = e−2x

−e−x︷ ︸︸ ︷∫
e−x dx = −e−3x: (3)

ÅðïìÝíùò áðü ôçí (2:2:8 − 6) êáé ôéò (2), (3) ç ãåíéêÞ ëýóç ôçò (1)

ðñïêýðôåé üôé åßíáé ç

y(x) = y
h
(x) + yp(x) = −e−3x + c e−2x (4)

ãéá êÜèå x ∈ R êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

ÅðåéäÞ áðü ôçí (1) Ý÷ïõìå üôé ç áñ÷éêÞ ôéìÞ åßíáé y(0) = 0, ç ìåñéêÞ ëýóç

èá ðñïêýøåé áðü ôç (4) èÝôïíôáò x = 0. ¢ñá 0 = y(0) = −1+ c, ïðüôå c = 1

êáé ç ìåñéêÞ ëýóç ôçò (1) èá åßíáé (Ó÷. 3.3.1 - 1)

y(x) = e−3x (−1 + ex) :

ÐáñÜäåéãìá 2.2.8 - 2

¼ìïéá íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ + y = e−x; üôáí y(0) = −1: (5)
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Ëýóç. Ç áíôßóôïé÷ç ïìïãåíÞò ôçò (5) åßíáé ç

y′ + y = 0;

ïðüôå óýìöùíá ìå ôçí (2:2:8−3) ç ÷áñáêôçñéóôéêÞ åîßóùóç èá åßíáé ë+1 = 0

ìå ñßæá ôçí ë = −1. ¢ñá üìïéá ç ëýóç ôçò ïìïãåíïýò åßíáé

y
h
= c e−x; üôáí c ̸= 0; (6)

üôáí ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò.

Ìç ïìïãåíÞò

Åßíáé f(x) = a = 1 êáé r(x) = e−x, ïðüôå óýìöùíá ìå ôçí (2:2:8 − 5) ç

ìåñéêÞ ëýóç yp ôçò (5) åßíáé

yp(x) = e−x
∫
ex e−x dx = e−x

∫
dx = x e−x: (7)

ÅðïìÝíùò áðü ôçí (2:2:8− 6) êáé ôéò (6), (7) ðñïêýðôåé üôé ç ãåíéêÞ ëýóç

ôçò (5) åßíáé ç

y(x) = y
h
(x) + yp(x) = e−x (x+ c) ; (8)

ãéá êÜèå x ∈ R êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

ÅðåéäÞ óýìöùíá ìå ôçí (5) ç áñ÷éêÞ ôéìÞ åßíáé y(0) = −1, ç ìåñéêÞ ëýóç

èá ðñïêýøåé áðü ôç (8) èÝôïíôáò x = 0. ¢ñá −1 = y(0) = 1(0 + c), ïðüôå

c = −1 êáé ç ìåñéêÞ ëýóç ôçò (5) èá åßíáé (Ó÷. 3.3.1 - 2)

y(x) = e−x (−1 + x) :

ÐáñÜäåéãìá 2.2.8 - 3

¼ìïéá äéáöïñéêÞ åîßóùóç

y′ + y = sin 2x; üôáí y(0) = 0: (9)

Ëýóç. Ç áíôßóôïé÷ç ïìïãåíÞò ôçò (9) åßíáé y′ + y = 0, ïðüôå üìïéá ìå ôçí

(2:2:8− 3) ç ÷áñáêôçñéóôéêÞ åîßóùóç èá åßíáé ë+ 1 = 0 ìå ñßæá ôçí ë = −1.

¢ñá ç ëýóç ôçò ïìïãåíïýò åßíáé

y
h
= c e−x; üôáí c ̸= 0: (10)

Ðñïöáíþò ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò.
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Ó÷Þìá 2.2.8 - 2: ÐáñÜäåéãìá 3.3.1 - 2: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = e−x (−1 + x), üôáí x ∈ [−0:2; 3].

Ìç ïìïãåíÞò

Åßíáé f(x) = a = 1 êáé r(x) = sin 2x, ïðüôå óýìöùíá ìå ôçí (2:2:8 − 5) ç

ìåñéêÞ ëýóç yp ôçò (9) åßíáé
16

yp(x) = e−x
[∫

ex sin 2x dx

]
= e−x

[
ex

5
(−2 cos 2x+ sin 2x)

]

=
1

5
(−2 cos 2x+ sin 2x) : (11)

ÅðïìÝíùò áðü ôçí (2:2:8 − 6) êáé ôéò (10), (11) ç ãåíéêÞ ëýóç ôçò (9)

ðñïêýðôåé üôé åßíáé ç

y(x) = y
h
(x) + yp(x) = c e−x +

1

5
(−2 cos 2x+ sin 2x) ; (12)

ãéá êÜèå x ∈ R êáé c áõèáßñåôç óôáèåñÜ ìå c ̸= 0.

ÅðåéäÞ áðü ôçí (9) Ý÷ïõìå üôé ç áñ÷éêÞ ôéìÞ åßíáé y(0) = 0, ç ìåñéêÞ ëýóç

èá ðñïêýøåé áðü ôç (12) èÝôïíôáò x = 0. ¢ñá 0 = y(0) = c + 1
5(−2 + 0),

ïðüôå c = 2
5 êáé ç ìåñéêÞ ëýóç ôçò (9) èá åßíáé (Ó÷. 3.3.1 - 3)

y(x) =
2

5
e−x +

1

5
(−2 cos 2x+ sin 2x) : (13)

Áðü ôç ëýóç (13) ðñïêýðôïõí ôá åîÞò:

16ÐáñáãïíôéêÞ ïëïêëÞñùóç - ãéíüìåíï åêèåôéêÞò ìå ôñéãùíïìåôñéêÞ óõíÜñôçóç:

åöáñìüæåôáé äýï öïñÝò ç ðáñáãïíôéêÞ ïëïêëÞñùóç (âëÝðå ÌÜèçìá Áüñéóôï ÏëïêëÞñùìá).
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Ó÷Þìá 2.2.8 - 3: ÐáñÜäåéãìá 3.3.1 - 3: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = 2
5 e

−x + 1
5 (−2 cos 2x+ sin 2x), üôáí x ∈ [−�=2; 4�].

i) limx→−∞ y(x) = +∞,

ii) üôáí x ≥ �, ï üñïò e−x ðñáêôéêÜ ìçäåíßæåôáé, ïðüôå ç ëýóç ãñÜöåôáé

y(x) ≈ 1

5
(−2 cos 2x− sin 2x) =

√
22 + 12

5
sin(2x+ �)

≈ 0:45 sin(2x+ �); üôáí � = arctan(−2) ≈ −1:107 rad;

äçëáäÞ åêôåëåß ìéá áìåßùôç ðåñéïäéêÞ ôáëÜíôùóç ðëÜôïõò 0:45.

2.2.9 ÅöáñìïãÝò

ÅöáñìïãÞ 2.2.9 - 1 (öüñôéóç ðõêíùôÞ)

¸óôù ðõêíùôÞò ÷ùñçôéêüôçôáò C ðïõ ðñüêåéôáé íá öïñôéóôåß ìå ôç âïÞèåéá

ðçãÞò óôáèåñÞò ÇÅÄ E äéáìÝóïõ ùìéêÞò áíôßóôáóçò R. ¼ôáí ï äéáêüðôçò

åßíáé áíïéêôüò, äå÷üìáóôå üôé ï ðõêíùôÞò åßíáé êåíüò, äçëáäÞ

q0 = q(0) = 0 áñ÷éêÞ óõíèÞêç:

Êëåßíïíôáò ôïí äéáêüðôç óôï êýêëùìá õðÜñ÷ïõí äýï ÇÅÄ, ðïõ åßíáé áõôÞ ôçò

ðçãÞò E êáé áõôÞò ðïõ åðéêñáôåß óôïõò ïðëéóìïýò ôïõ ðõêíùôÞ. Åöáñìüæïíôáò
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ôïí 2ï êáíüíá ôïõ Kirchho� Ý÷ïõìå E − q=C = iR, ðïõ åðåéäÞ i = dq=dt =

q′(t), ôåëéêÜ ãñÜöåôáé

q′ +
1

RC
q =

E

R
üðïõ q = q(t): (2.2.9 - 1)

Ç (2:2:9 − 1) åßíáé ìßá ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç 1çò ôÜîçò

ìå óôáèåñïýò óõíôåëåóôÝò ôçò ìïñöÞò (3:3:1− 1):

y′ + a y = r(t) ìå a =
1

RC
êáé r(t) =

E

R
;

üðïõ ç áíôßóôïé÷ç ïìïãåíÞò åßíáé ôçò ìïñöÞò: (3:3:1−1): y′+a y = 0, äçëáäÞ

q′ +
1

RC
q = 0: (2.2.9 - 2)

Ç ÷áñáêôçñéóôéêÞ åîßóùóç ôçò (2:2:9 − 2) åßíáé ç ë + 1=RC = 0 ìå ñßæá

ôçí ë = −1=RC. ÅðïìÝíùò óýìöùíá ìå ôçí (2:2:8− 4) ç ãåíéêÞ ëýóç qh ôçò

ïìïãåíïýò èá åßíáé:

q
h
(t) = k e−at = k e−

t
RC ;

üôáí k áõèáßñåôç óôáèåñÜ ìå k ̸= 0, åíþ óýìöùíá (2:2:8− 5) ç ìåñéêÞ ëýóç

qp ôçò ìç ïìïãåíïýò èá åßíáé:

qp(t) = e−at
[∫

eat r(t) dt

]
= e−

t
RC

[∫
e

t
RC

(
E

R

)
dt

]

= CE e−
t

RC

[∫
e

t
RC

(
t

RC

)′
dt

]

= CE e−
t

RC

(
e

t
RC

)
= CE:

Ôüôå ç ãåíéêÞ ëýóç ôçò (2:2:9− 1) óýìöùíá ìå ôçí (2:2:8− 4) åßíáé

q(t) = qh(t) + qp(t) = CE + ke−
t

RC :

ÁëëÜ óýìöùíá ìå ôçí áñ÷éêÞ óõíèÞêç åßíáé q0 = 0, ïðüôå áíôéêáèéóôþíôáò

óôç ãåíéêÞ ëýóç ðñïêýðôåé üôé

0 = CE + k · 1; äçëáäÞ k = −CE:
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¢ñá ç ìåñéêÞ ëýóç ôçò (2:2:9− 1) åßíáé

q(t) = CE
(
1 − e−

t
RC

)
: (2.2.9 - 3)

ÅöáñìïãÞ 2.2.9 - 2 (êýêëùìá RL)

¼ìïéá åöáñìüæïíôáò ôïí 2ï êáíüíá ôïõ Kirchho� Ý÷ïõìå ôçí ðáñáêÜôù

äéáöïñéêÞ åîßóùóç ôïõ êõêëþìáôïò RL:

d i

dt
+
R

L
i =

E

L
üðïõ i = i(t): (2.2.9 - 4)

Ç (2:2:9 − 4) åßíáé üìïéá ìßá ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç

1çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò ôçò ìïñöÞò (3:3:1− 1):

y′ + a y = r(t) ìå a =
R

L
êáé r(t) =

E

L
;

ìå áíôßóôïé÷ç ïìïãåíÞ: (3:3:1− 1): y′ + a y = 0, äçëáäÞ

i′ +
R

L
i = 0: (2.2.9 - 5)

Ç ÷áñáêôçñéóôéêÞ åîßóùóç ôçò (2:2:9 − 6) åßíáé ç ë + R=L = 0 ìå ñßæá

ôçí ë = −R=L. ÅðïìÝíùò óýìöùíá ìå ôçí (2:2:8− 4) ç ãåíéêÞ ëýóç ih ôçò

ïìïãåíïýò èá åßíáé:

i
h
(t) = k e−at = k e−

R
L
t;

üôáí k áõèáßñåôç óôáèåñÜ ìå k ̸= 0, åíþ óýìöùíá (2:2:8− 5) ç ìåñéêÞ ëýóç

ip ôçò ìç ïìïãåíïýò èá åßíáé:

ip(t) = e−at
[∫

eat r(t) dt

]
= e−

R
L
t

[∫
e
R
L
t

(
E

L

)
dt

]

=
E

R
e−

R
L
t

[∫
e
R
L
t

(
R t

L

)′
dt

]

=
E

R
e−

R
L
t
(
e
R
L
t
)
=
E

R
:

Ôüôå ç ãåíéêÞ ëýóç ôçò (2:2:9− 4) óýìöùíá ìå ôçí (2:2:8− 4) åßíáé

i =
E

R
+ k e−

R
L
t:
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Áí ôï áñ÷éêü ñåýìá (áñ÷éêÞ óõíèÞêç) ôïõ êõêëþìáôïò åßíáé i(0) = i0,

ïðüôå k = i0−E=R, ç ìåñéêÞ ëýóç ôçò (2:2:9−4) ãñÜöåôáé ôåëéêÜ óôç ìïñöÞ

i =
E

R
+

(
i0 −

E

R

)
e−

R
L
t: (2.2.9 - 6)

Ï ôåëåõôáßïò üñïò óôçí (2:2:9− 6) ìçäåíßæåôáé, üôáí ï ÷ñüíïò t áðåéñßæåôáé,

ïðüôå óôçí ðåñßðôùóç áõôÞ åýêïëá ðñïêýðôåé üôé imax = E=R.

¢óêçóç

Íá ëõèïýí ïé ðáñáêÜôù ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò:

i) y′ + y = x; y(0) = −1 v) y′ + 3y = e−x sin 2x; y(0) = 0

ii) y′ + 4y = e−3x; y(0) = 0 vi) y′ + y = sin2 x; y(0) = −1

iii) y′ + y = x e−x; y(0) = 0 vii) y′ + 4y = 1− sinhx; y(0) = 0

iv) y′ + y = sin 2x; y(0) = 0 viii) y′ + y = sinx cos 2x; y(0) = 0.

ÁðáíôÞóåéò

(i) y(x) = −1 + x+ c e−x, ìåñéêÞ: c = 0,

(ii) y(x) = e−3x + c e−4x, ìåñéêÞ: c = −1,

(iii) y(x) = 1
2
x2e−x + c e−x, ìåñéêÞ: c = 0,

(iv) y(x) = c e−x + 1
2
(−2 cos 2x+ sin 2x), ìåñéêÞ: c = 2

5
,

(v) ; y(x) = c e−3x + e−x

13
(−3 cos 3x+ 2 sin 3x), ìåñéêÞ: c = − 1

13
,

(vi) y(x) = c e−x + 1
10

(5− cos 2x− sin 2x), ìåñéêÞ: c = − 14
10
,

(vii) y(x) = c e−4x − 1
60

(
10− 15ex + 6e2x

)
, ìåñéêÞ: c = − 19

60
,

(viii) y(x) = c e−x + 1
20

(5 cosx− 3 cos 3x− 5 sinx+ sin 3x), ìåñéêÞ: c = − 1
10
.
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2.3 ÃñáììéêÝò äéáöïñéêÝò åîéóþóåéò 2çò ôÜîçò

2.3.1 Ïñéóìïß

Ïñéóìüò 2.3.1 - 1 Ç ãåíéêÞ ìïñöÞ ìéáò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò

åßíáé

F
(
x; y; y′; y′′

)
= 0; (2.3.1 - 1)

üôáí ç Üãíùóôç óõíÜñôçóç y = y(x) ïñßæåôáé óå Ýíá äéÜóôçìá ôçò ìïñöÞò

(a; b) ⊆ R êáé õðÜñ÷ïõí ïé y′(x) êáé y′′(x) ãéá êÜèå x ∈ (a; b).

Ôüôå ç y, åöüóïí õðÜñ÷åé, èá ïñßæåé ôç ëýóç ôçò (2:3:1− 1).

Óçìáíôéêü åíäéáöÝñïí óôéò åöáñìïãÝò áðü ôï óýíïëï ôùí åîéóþóåùí ôçò

ìïñöÞò (2:3:1 − 1) ðáñïõóéÜæåé ç ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç

2çò ôÜîçò. ÓõãêåêñéìÝíá óýìöùíá êáé ìå ôïí Ïñéóìü 2.1.1 - 3 Ý÷ïõìå:17

Ïñéóìüò 2.3.1 - 3 (ìç ïìïãåíÞò) Ç ãåíéêÞ ìïñöÞ ôçò ìç ïìïãåíïýò ãñáììé-

êÞò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò åßíáé

y′′ + f(x)y′ + g(x)y = r(x); (2.3.1 - 2)

üôáí f , g êáé r óõíå÷åßò óõíáñôÞóåéò ìå r(x) ̸= 0 ãéá êÜèå x ∈ (a; b) êáé

õðÜñ÷ïõí ïé y′(x) êáé y′′(x) ãéá êÜèå x ∈ (a; b).

Ïñéóìüò 2.3.1 - 4 (ïìïãåíÞò) Ç ãåíéêÞ ìïñöÞ ôçò ïìïãåíïýò ãñáììéêÞò

äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò åßíáé

y′′ + f(x)y′ + g(x)y = 0: (2.3.1 - 3)

üôáí f êáé g óõíå÷åßò óõíáñôÞóåéò ãéá êÜèå x ∈ (a; b) êáé õðÜñ÷ïõí ïé y′(x)

êáé y′′(x) ãéá êÜèå x ∈ (a; b).

17

Ïñéóìüò 2.1.1 - 3: Ìßá äéáöïñéêÞ åîßóùóç ðïõ ãñÜöåôáé óôç ìïñöÞ

y(�) + f�−1(x)y
(�−1) + : : :+ f1(x)y

′ + f0(x)y = r(x);

üðïõ ç r(x) êáé ïé óõíôåëåóôÝò f0(x), f1(x), : : :, f�−1(x) åßíáé ãíùóôÝò óõíáñôÞóåéò

ïñéóìÝíåò êáé óõíå÷åßò ãéá êÜèå x ∈ (a; b), ëÝãåôáé ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ

åîßóùóç � -ôÜîçò.
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Óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò åîåôÜæïíôáé áíáëõôéêÜ ïé êõñéüôåñåò ìïñöÝò

ôùí (2:3:1− 2) êáé (2:3:1− 3) ìå óôáèåñïýò óõíôåëåóôÝò, äçëáäÞ áõôþí ðïõ

êýñéá åìöáíßæïíôáé óôéò åöáñìïãÝò, åíþ ï áíáãíþóôçò ðáñáðÝìðåôáé ãéá ìéá

åêôåíÝóôåñç ìåëÝôç óôç âéâëéïãñáößá.

2.3.2 ÏìïãåíÞò ãñáììéêÞ ìå óôáèåñïýò óõíôåëåóôÝò

18Áðü ôïí Ïñéóìü 2.1.1 - 7 êáé ôïí Ïñéóìü 2.3.1 - 4 ðñïêýðôåé üôé ç ãåíéêÞ

ìïñöÞ ôçò ïìïãåíïýò ãñáììéêÞò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò ìå óôáèåñïýò

óõíôåëåóôÝò åßíáé

y′′ + ay′ + by = 0; (2.3.2 - 1)

üôáí a; b óôáèåñÝò, y = y(x) ìå x ∈ (á; â) ⊆ R êáé õðÜñ÷ïõí ïé y′(x) êáé

y′′(x) ãéá êÜèå x ∈ (á; â).

¸óôù y ̸= 0, äéáöïñåôéêÜ ç ôéìÞ y = 0 åßíáé ìéá éäéÜæïõóá ëýóç ôçò

(3:3:2− 1). Ôüôå áíôéêáèéóôþíôáò êáôÜ ôá ãíùóôÜ óôçí (3:3:2− 1)

y = eëx ìå ë óôáèåñÜ

ðñïêýðôåé üôé ç ÷áñáêôçñéóôéêÞ åîßóùóç óôçí ðåñßðôùóç áõôÞ åßíáé

F (ë) = ë2 + aë+ b = 0: (2.3.2 - 2)

¸óôù Ä = a2−4b ç äéáêñßíïõóá ôçò (2:3:2−2). Äéáêñßíïõìå ôéò ðáñáêÜôù

ðåñéðôþóåéò ãéá ôï ðñüóçìï ôçò Ä:

18

Ïñéóìüò 2.1.1 - 7: Ïñßæåôáé ùò ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç �-ôÜîçò ìå

óôáèåñïýò óõíôåëåóôÝò, êÜèå åîßóùóç ôçò ìïñöÞò (2:1:1 − 9): y(�) + a�−1y
(�−1) + : : : +

a1y
′ + a0y = r(x), üðïõ r(x) = 0, äçëáäÞ ç

y(�) + a�−1y
(�−1) + : : :+ a1y

′ + a0y = 0;

üôáí ak óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1.
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Ä > 0

Ôüôå Ý÷ïõìå äýï ðñáãìáôéêÝò äéáöïñåôéêÝò ñßæåò ë1, ë2, ïðüôå ç ãåíéêÞ ëýóç

ôçò (3:3:2− 1) èá åßíáé

y
h
(x) = c1e

ë1x + c2e
ë2x; (2.3.2 - 3)

üôáí c1; c2 áõèáßñåôåò óôáèåñÝò.

ÐáñÜäåéãìá 2.3.2 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′′ + 5y′ + 6y = 0; üôáí y0 = y(0) = 0 êáé y′0 = y′(0) = 1: (1)

Ëýóç. Ç (1) åßíáé ìéá ãñáììéêÞ ïìïãåíÞò äéáöïñéêÞ åîßóùóç 2çò ôÜîçò.

Áíôéêáèéóôþíôáò óôçí (1)

y = eëx ìå ë óôáèåñÜ

ðñïêýðôåé üôé ç ÷áñáêôçñéóôéêÞ åîßóùóÞ ôçò åßíáé

F (ë) = ë2 + 5ë+ 6 = 0 ìå Ä < 0 êáé ñßæåò ë1 = −3; ë2 = −2:

Ôüôå áðü ôçí (2:3:2− 3) Ý÷ïõìå üôé ç ç ãåíéêÞ ëýóç ôçò (1) åßíáé

y
h
(x) = c1 e

−3x + c2 e
−2x; (2)

üôáí c1; c2 áõèáßñåôåò óôáèåñÝò.

Ïé óôáèåñÝò ðñïóäéïñßæïíôáé áðü ôçí (2) êáé ôéò áñ÷éêÝò óõíèÞêåò y(0) =

0 êáé y′(0) = 1 ùò åîÞò:

y
h
(0) = c1 + c2 = 0

y′
h
(0) = −3c1 − 2c2 = 1;

ïðüôå
c1 = −1

c2 = 1 :

¢ñá ç ìåñéêÞ ëýóç ôçò (1) åßíáé (Ó÷. 3.3.2 - 1)

y(x) = y
h
(x) = −e−3x + e−2x:

Ç ëýóç óôçí ðåñßðôùóç áõôÞ åßíáé ãíùóôÞ ùò åëåýèåñç áñìïíéêÞ ôáëÜíôùóç

ìå éó÷õñÞ áðüóâåóç.
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Ó÷Þìá 2.3.2 - 1: ÐáñÜäåéãìá 3.3.2 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y
h
(x) = −e−3x + e−2x, üôáí x ∈ [−0:1; 2].

Ä = 0

¸÷ïõìå ìßá äéðëÞ ðñáãìáôéêÞ ñßæá ôçí ë = −a=2. Óôçí ðåñßðôùóç áõôÞ ç

ãåíéêÞ ëýóç Ý÷åé ôç ìïñöÞ

y
h
(x) = (c1 + x c2) e

ëx; (2.3.2 - 4)

üôáí üìïéá c1; c2 áõèáßñåôåò óôáèåñÝò.

ÐáñÜäåéãìá 2.3.2 - 2

¼ìïéá íá ëõèåß ç åîßóùóç

y′′ + 4y′ + 4y = 0; üôáí y0 = y(0) = 1 êáé y′0 = y′(0) = 1: (3)

Ëýóç. ¼ìïéá ç ÷áñáêôçñéóôéêÞ ôçò åîßóùóç ôçò (3) åßíáé

F (ë) = ë2 + 4ë+ 4 = 0 ìå Ä = 0 êáé äéðëÞ ñßæá ôçí ë = −2:

Ôüôå óýìöùíá ìå ôçí (2:3:2− 4) ç ãåíéêÞ ôçò ëýóç åßíáé

y
h
(x) = (c1 + c2 x) e

−2x; (4)

üôáí c1; c2 áõèáßñåôåò óôáèåñÝò.

Ïé óôáèåñÝò ðñïóäéïñßæïíôáé áðü ôçí (4) êáé ôéò áñ÷éêÝò óõíèÞêåò y(0) =

1 êáé y′(0) = 1 ùò åîÞò:

y
h
(0) = c1 + = 1

y′
h
(0) = 2c1 + c2 = 1;

ïðüôå
c1 = 1

c2 = −1:
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Ó÷Þìá 2.3.2 - 2: ÐáñÜäåéãìá 3.3.2 - 2: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y
h
(x) = e−2x(1− x), üôáí x ∈ [−0:2; 1:2].

¢ñá ç ìåñéêÞ ëýóç ôçò (3) åßíáé (Ó÷. 3.3.2 - 2)

y
h
(x) = e−2x(1− x):

Ç ìåñéêÞ ëýóç ðåñéãñÜöåé ôçí êñßóéìç áðüóâåóç. ÅðåéäÞ e−2x ̸= 0 ãéá êÜèå

x ∈ R, ç y
h
(x) = 0, üôáí x0 = 1. Ôï x0 óôçí ðåñßðôùóç áõôÞ ëÝãåôáé óçìåßï

óôáôéêÞò éóïññïðßáò.

Ä < 0

¸÷ïõìå äýï óõæõãåßò ìéãáäéêÝò ñßæåò, Ýóôù ôéò

ë = p+ i ù êáé ë = p− i ù üðïõ i =
√
−1 êáé ù =

√
−Ä
2

:

Ôüôå, åðåéäÞ óýìöùíá ìå ôïí ôýðï ôïõ Euler19 éó÷ýåé üôé ei ù = cosù+i sinù,

ðñÝðåé

y
h
(x) = c∗1e

ëx + c∗2e
ëx = c∗1e

(p+i ù)x + c∗2e
(p−i ù)x

= c∗1e
pxei ùx + c∗2e

pxe−i ùx

= c∗1e
px [cos(ùx) + i sin(ùx)]

+c∗2e
px [cos(ùx)− i sin(ùx)]

= epx [(c∗1 + c∗2) cos(ùx) + i (c∗1 + c∗2) sin(ùx)] ;

19ÂëÝðå ÌÜèçìá Ìéãáäéêïß Áñéèìïß.
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äçëáäÞ ç ãåíéêÞ ëýóç ôçò (3:3:2− 1) åßíáé

y
h
(x) = epx [c1 cos(ùx) + c2 sin(ùx)]; (2.3.2 - 5)

üôáí üìïéá c1; c2 áõèáßñåôåò óôáèåñÝò.

Ç (2:3:2−5) ÷ñçóéìïðïéþíôáò ãíùóôÝò ôñéãùíïìåôñéêÝò ó÷Ýóåéò ìåôáó÷çìáôßæåôáé

äéáäï÷éêÜ ùò åîÞò:

áí c2 ̸= 0 êáé tanö = c1=c2 ìå −� ≤ ö < �, ôüôå

A = c1 cos(ùx) + c2 sin(ùx)

= c2

[
c1
c2

cos(ùx) + sin(ùx)

]
= c2 [tanö cos(ùx) + sin(ùx)]

= c2

[
sinö

cosö
cos(ùx) + sin(ùx)

]
=

c2
cosö︸ ︷︷ ︸

1√
1+tan2 ö

[sinö cos(ùx) + cosö sin(ùx)]

= c2

√
1 + tan2 ö sin (ùx+ ö)

= c2

√
1 +

(
c1
c2

)2

sin (ùx+ ö)

=
√
c21 + c22 sin (ùx+ ö) ;

äçëáäÞ ôåëéêÜ

y
h
(x) = Cepx sin(ùx+ �); (2.3.2 - 6)

üðïõ C =
√
c21 + c22.

Óôçí (2:3:2 − 6) ç ãùíßá ù = Im(ë) åêöñÜæåé ôçí êõêëéêÞ óõ÷íüôçôá,

åíþ ç � ôç öÜóç.20

20Ãéá öõóéêÞ åñìçíåßá âëÝðå

http : ==el:wikipedia:org=wiki=Áðëḉ áñìïíéêḉ ôáëá́íôùóç êáé

http : ==el:wikipedia:org=wiki=Öá́óç (êõìáôéêḉ)
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ÐáñÜäåéãìá 2.3.2 - 3

¼ìïéá ç åîßóùóç

16y′′ + 8y′ + 17y = 0; üôáí y0 = y(0) = 1 êáé y′0 = y′(0) = 0: (5)

Ëýóç. Ç ÷áñáêôçñéóôéêÞ åîßóùóç ôçò (5) åßíáé

F (ë) = 16ë2 + 8ë+ 17 = 0 ìå Ä < 0

êáé ñßæåò ë1 = −1

4
+ i; ë2 = −1

4
− i;

ïðüôå óýìöùíá ìå ôçí (2:3:2− 5) Ý÷ïõìå ôç ãåíéêÞ ëýóç

y
h
(x) = e−

x
4 (c1 cosx+ c2 sinx) ; (6)

üôáí c1; c2 áõèáßñåôåò óôáèåñÝò.

Ïé óôáèåñÝò ðñïóäéïñßæïíôáé áðü ôçí (6) êáé ôéò áñ÷éêÝò óõíèÞêåò y(0) =

1 êáé y′(0) = 0 ùò åîÞò:

y
h
(0) = c1 + 0 = 1

y′
h
(0) = −1

4 c1 + c2 = 0;
ïðüôå

c1 = 1

c2 = 1
4 :

¢ñá ç ìåñéêÞ ëýóç ôçò (5) åßíáé (Ó÷. 3.3.2 - 3)

y
h
(x) = e−x=4

(
cosx+

1

4
sinx

)
:

Ç ëýóç ðåñéãñÜöåé ìéá åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áóèåíÞ áðü-

óâåóç.

Ç ìåñéêÞ ëýóç ãñÜöåôáé óôç ìïñöÞ 2:3:2− 6) ùò åîÞò:

C =
√
c21 + c22 =

√
17

4
≈ 1:030 776; åíþ

� = tan−1

(
c1
c2

)
≈ 1:325 818 =

21�

50
;

üôáí ãßíåé áíôéóôïé÷ßá ôçò ôéìÞò � = 1:325 818 ìå ôçí � = 3:14. ¢ñá

y
h
(x) = 1:030 776 e−x=4 sin(x+ �): (7)

Áðü ôç ìåñéêÞ ëýóç (7) ðñïêýðôïõí ôá åîÞò:



162 ÄéáöïñéêÝò Åîéóþóåéò Êáè. Á. ÌðñÜôóïò
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5 10 15
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0.5

1.0

yHxL

(b)

Ó÷Þìá 2.3.2 - 3: ÐáñÜäåéãìá 3.3.2 - 2, üôáí x ∈ [0; 5�]:(a) ôï äéÜãñáììá

ôçò y1 = e−x=4 ìðëå (áðüóâåóç), êáé ôçò cosx + 1
4 sinx êüêêéíç êáìðýëç

(áìåßùôç ôáëÜíôùóç), åíþ óôï äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò y
h
(x) =

e−x=4
(
cosx+ 1

4 sinx
)
, üðïõ ç êáöÝ êáìðýëç åßíáé ôï äéÜãñáììá ôçò y2 =

−e−x=4. Ç áðüóâåóç ðñïêáëåß ôåëéêÜ ôïí ìçäåíéóìü ôçò ìåñéêÞò ëýóçò.

i) ÅðåéäÞ | sin(x + �)| ≤ 1, ç ãñáöéêÞ ðáñÜóôáóç ôçò yh(x) åßíáé ìßá

êáìðýëç, ðïõ ðåñéïñßæåôáé ãåíéêÜ áðü ôéò êáìðýëåò

y1 = e−x=4 êáé y2 = −e−x=4:

ii) Ç ðåñßïäïò T ôçò ôáëÜíôùóçò, üðïõ

T =
2�

!
= 2�;

åßíáé áíåîÜñôçôç áðü ôéò áñ÷éêÝò óõíèÞêåò y0 êáé y′0, åíþ áõôü äåí

óõìâáßíåé ìå ôéò óôáèåñÝò C êáé �.

iii) Ï üñïò

epx = e−x=4

ðñáêôéêÜ ìçäåíßæåôáé ìåôÜ áðü áñêåôü ÷ñüíï, ðïõ óçìáßíåé üìïéá, üðùò

êáé óôçí ðñïçãïýìåíç ðåñßðôùóç ôçò éó÷õñÞò áðüóâåóçò ôïõ Ðáñáäåßãìá-

ôïò 3.3.2 - 1, üôé ôï óþìá åðáíÝñ÷åôáé óôç èÝóç ôçò áñ÷éêÞò éóïññïðßáò.

¢óêçóç

Áí y = y(x), íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò:
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i) y′′ + 4y′ + 5y = 0; y′0 = y0 = 1,

ii) y′′ − y′ − 12y = 0; y′0 = 1; y0 = 0,

iii) y′′ + 2y′ + 10y = 0; y′0 = 1; y0 = 0,

iv) y′′ + 25y = 0; y′0 = y0 = 1,

v) y′′ + 2y′ + 4y = 0; y′0 = 1; y0 = 0,

vi) y′′ − 2y′ + y = 0; y′0 = −1; y0 = 1.

ÁðáíôÞóåéò

(i) e−2x (cosx+ 3 sinx), (ii) 1
7

(
−e−3x + e4x

)
, (iii) 1

3
e−x sin 3x,

(iv) 1
5
(5 cos 5x+ sin 5x), (v) 1√

3
e−x sin

(√
3x

)
, (vi) −ex (−1 + 2x).

Äßíïíôáé óôç óõíÝ÷åéá ÷áñáêôçñéóôéêÝò åöáñìïãÝò ôçò ÐáñáãñÜöïõ 2.3.2

óôç Ìç÷áíéêÞ êáé ôïí Çëåêôñéóìü.

2.3.3 ÅöáñìïãÝò óôç Ìç÷áíéêÞ

¼ëåò ïé ðáñáðÜíù ðåñéðôþóåéò ëýóçò ôùí ãñáììéêþí äéáöïñéêþí åîéóþóåùí

2çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò åöáñìüæïíôáé óå ðñïâëÞìáôá ôáëáíôþóå-

ùí ôçò Ìç÷áíéêÞò êáé, üðùò èá äéáðéóôùèåß óôçí åðüìåíç ðáñÜãñáöï, åíôåëþò

áíÜëïãá êáé óôá áíôßóôïé÷á ðñïâëÞìáôá ôïõ Çëåêôñéóìïý. Êáé óôéò äýï

ðåñéðôþóåéò ç Üãíùóôç óõíÜñôçóç, ðïõ ðåñéãñÜöåé ôçí ôáëÜíôùóç, èåùñåßôáé

ùò óõíÜñôçóç ôïõ ÷ñüíïõ t.

¸óôù åëáôÞñéï ðïõ ôï Ýíá ôïõ Üêñï åßíáé óôáèåñü, åíþ ôï Üëëï ôïõ

Üêñï êéíåßôáé êáôÜ ôç äéåýèõíóç ôçò êáôáêïñýöïõ. Óôï åëåýèåñï Üêñï ôïõ

ðñïóáñôÜôáé óþìá ìÜæáò m, õðïèÝôïíôáò üôé ç ìÜæá áõôÞ åßíáé ôÝôïéá, þóôå

ç ìÜæá ôïõ åëáôçñßïõ íá èåùñåßôáé áìåëçôÝá. ¼ðùò åßíáé ãíùóôü áðü ôç

ÖõóéêÞ, üôáí ôï óþìá Ýëêåôáé ðñïò ôá êÜôù êáé êáôüðéí áöÞíåôáé åëåýèåñï,

åêôåëåß ìßá êßíçóç - ôáëÜíôùóç - êáôÜ ôç äéåýèõíóç ôçò êáôáêïñýöïõ. Èåùñþ-

íôáò üôé äåí õðÜñ÷ïõí Üëëåò åîùôåñéêÝò äõíÜìåéò ðïõ íá åíåñãïýí óôï óþìá,

ïé ìüíåò äõíÜìåéò óôçí ðåñßðôùóç áõôÞ åßíáé:

i) ç äýíáìç ôçò âáñýôçôáò F1 = mg, üðïõ m ç ìÜæá ôïõ óþìáôïò êáé g ç

åðéôÜ÷õíóç ôçò âáñýôçôáò,
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ii) ç äýíáìç ôïõ åëáôçñßïõ F2 = ks (íüìïò ôïõ Çïïke), üðïõ ìå s

óõìâïëßæåôáé ç áðïìÜêñõíóç ôïõ óþìáôïò êáé k ç óôáèåñÜ ôïõ åëáôçñßïõ.

¸óôù s0 ç áñ÷éêÞ áðïìÜêñõíóç. Ôüôå

ks0 = mg: (2.3.3 - 1)

Áí ôþñá ç óõíÜñôçóç y = y(t) åêöñÜæåé ôçí áðïìÜêñõíóç ôïõ óþìáôïò áðü

ôç èÝóç ôçò óôáôéêÞò éóïññïðßáò ôç ÷ñïíéêÞ óôéãìÞ t óýìöùíá ìå ôïí íüìï

ôïõ Çïïke èá ðñÝðåé èåùñþíôáò ðÜíôïôå ùò èåôéêÞ öïñÜ ôçí êßíçóç ðñïò ôá

êÜôù ç äýíáìç ôïõ åëáôçñßïõ íá åßíáé F2 = −ks0 − ky. Ôüôå

F1 + F2 = mg − ks0 − ky;

ðïõ ëüãù ôçò (2:3:3− 1) ôåëéêÜ ãñÜöåôáé

F1 + F2 = −ky: (2.3.3 - 2)

ÅöáñìïãÞ 2.3.3 - 1 (áìåßùôç åëåýèåñç áñìïíéêÞ ôáëÜíôùóç)

Ïé ìüíåò äõíÜìåéò ðïõ åíåñãïýí óôï óýóôçìá åßíáé áõôÝò ðïõ ðåñéãñÜöïíôáé

áðü ôç ó÷Ýóç (2:3:3− 1). Åöáñìüæïíôáò ôïí 2ï íüìï ôïõ Newton, Ý÷ïõìå

my′′ + ky = 0

ðïõ éóïäýíáìá ãñÜöåôáé

y′′ +
k

m
y = 0: (2.3.3 - 3)

Ç (2:3:3−3) åßíáé ìßá ïìïãåíÞò äéáöïñéêÞ åîßóùóç 2çò ôÜîçò ìå óôáèåñïýò

óõíôåëåóôÝò ôçò ìïñöÞò (3:3:2 − 1): y′′ + ay′ + by = 0 ìå á = 0. Óýìöùíá

ìå ôçí (2:3:2− 2) ç ÷áñáêôçñéóôéêÞ åîßóùóç åßíáé

F (ë) = ë2 + b = ë2 +
k

m
= 0;

üðïõ ðñïöáíþò åßíáé k=m > 0. ÅðïìÝíùò ïé ñßæåò ôçò åßíáé ïé öáíôáóôéêïß

áñéèìïß

ë =

√
− k

m
= i

√
k

m
= i ù êáé ë = −i

√
k

m
= −i ù:
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¢ñá óýìöùíá ìå ôçí (2:3:2− 5) ç ãåíéêÞ ëýóç åßíáé

yh(t) = c1 cosùt+ c2 sinùt

ðïõ ìå ôçí (2:3:2− 6) éóïäýíáìá ãñÜöåôáé

yh(t) = C sin(ùt+ ö); (2.3.3 - 4)

üôáí

C =
√
c21 + c22; tanö =

c1
c2

êáé − � ≤ ö < �:

Ç (2:3:3 − 4) ðáñéóôÜíåé ìßá áìåßùôç åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå

èåìåëéþäç ðåñßïäï T = 2�=!.

ÅöáñìïãÞ 2.3.3 - 2 (åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áðüóâåóç)

Óôï óþìá åíåñãïýí åêôüò áðü ôéò äõíÜìåéò F1 êáé F2 êáé ìßá äýíáìç F3 ðïõ

èåùñåßôáé üôé áíôéäñÜ óôçí êßíçóç êáé åßíáé áíÜëïãç ðñïò ôçí ôá÷ýôçôá v,

äçëáäÞ

F3 = −pv = −pdy
dt
;

üðïõ p ç óôáèåñÜ áðüóâåóçò (ôï áñíçôéêü óçìåßï öáíåñþíåé üôé ç F3 Ý÷åé

öïñÜ áíôßèåôç ôçò öïñÜò ôçò ôá÷ýôçôáò). Ôüôå ç (2:3:3− 2) ãñÜöåôáé

F1 + F2 + F3 = −ky − py′;

ïðüôå üìïéá óýìöùíá ìå ôïí 2ï íüìï ôïõ Newton Ý÷ïõìå

my′′ + py′ + ky = 0:

Þ éóïäýíáìá

y′′ +
p

m
y′ +

k

m
y = 0: (2.3.3 - 5)

Ç (2:3:3 − 5) åßíáé üìïéá ìßá ïìïãåíÞò äéáöïñéêÞ åîßóùóç 2çò ôÜîçò ìå

óôáèåñïýò óõíôåëåóôÝò ôçò ìïñöÞò (3:3:2 − 1): y′′ + ay′ + by = 0, ðïõ Ý÷åé

óýìöùíá ìå ôçí (2:3:2− 2) ôçí ðáñáêÜôù ÷áñáêôçñéóôéêÞ åîßóùóç:

F (ë) = ë2 + aë+ b = ë2 +
p

m
ë+

k

m
= 0: (2.3.3 - 6)

¸óôù

Ä =
1

m2

(
p2 − 4mk

)
ç äéáêñßíïõóá ôçò (2:3:3− 6). Äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:
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• Ä > 0, äçëáäÞ p2 > 4mk

Ôüôå ç (2:3:3−6) Ý÷åé äýï ñßæåò ðñáãìáôéêÝò êáé Üíéóåò ñßæåò, Ýóôù ôéò

ë1 = −(�− �) êáé ë2 = −(�+ �)

ìå

� =
p

2m
óõíôåëåóôÞò áðüóâåóçò êáé � =

√
Ä

2
;

ïðüôå óýìöùíá êáé ìå ôçí (2:3:2− 3) ç ãåíéêÞ ëýóç åßíáé ôçò ìïñöÞò

yh(t) = c1e
−(�−�) t + c2e

−(�+�) t: (2.3.3 - 7)

Ç ëýóç ðáñéóôÜíåé ìßá åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå éó÷õñÞ

áðüóâåóç.

ÅðåéäÞ åýêïëá äéáðéóôþíåôáé üôé � > � > 0, äçëáäÞ ç åêèåôéêÞ

óõíÜñôçóç óôçí ðáñáðÜíù ëýóç åßíáé ôçò ìïñöÞò e−kt ìå k > 0, ïðüôå

lim t→+∞ e−kt = 0, ôåëéêÜ ôï óþìá äåí åêôåëåß ôáëÜíôùóç, áëëÜ

ðñáêôéêÜ ìåôÜ áðü ðáñÝëåõóç áñêåôïý ÷ñüíïõ åðáíÝñ÷åôáé óôç èÝóç

ôçò áñ÷éêÞò éóïññïðßáò. Óôï ÐáñÜäåéãìá 3.3.2 - 1 Ý÷åé äïèåß áíÜëïãç

ëýóç ìå ôï áíôßóôïé÷ï äéÜãñáììá (Ó÷. 3.3.2 - 1).

• Ä = 0, äçëáäÞ p2 = 4mk

Ôüôå ç (2:3:3− 6) Ý÷åé ìßá äéðëÞ ðñáãìáôéêÞ ñßæá ôçí

ë = − p

2m
= −�;

ïðüôå óýìöùíá êáé ìå ôçí (2:3:2− 4) ç ãåíéêÞ ëýóç åßíáé ôçò ìïñöÞò

yh(t) = (c1 + tc2) e
−�t (2.3.3 - 8)

(êñßóéìç áðüóâåóç).

ÅðåéäÞ e−�t ̸= 0 ãéá êÜèå t ∈ R êáé ï üñïò c1 + tc2 ìçäåíßæåôáé

ôï ðïëý ìßá öïñÜ, äçëáäÞ üôáí t∗ = −c1=c2 ìå C2 ̸= 0 (åîßóùóç 1ïõ

âáèìïý ùò ðñïò t), áðü ôçí (2:3:3 − 8) ðñïêýðôåé ôüôå üôé èá ðñÝðåé

íá õðÜñ÷åé ôï ðïëý Ýíá ðÝñáóìá áðü ôç èÝóç ôçò óôáôéêÞò éóïññïðßáò

y = 0. Áí ïé óôáèåñÝò c1, c2 åßíáé åôåñüóçìåò, ïðüôå t > 0, áõôü

óõìâáßíåé ôç ÷ñïíéêÞ óôéãìÞ t∗ = −c1=c2, åíþ, üôáí ïé c1, c2 åßíáé

ïìüóçìåò, äåí óõìâáßíåé ðïôÝ. Óôï ÐáñÜäåéãìá 3.3.2 - 2 Ý÷åé äïèåß

áíÜëïãç ëýóç ìå ôï áíôßóôïé÷ï äéÜãñáììá (Ó÷. 3.3.2 - 2).



ÅöáñìïãÝò óôïí Çëåêôñéóìü 167

• Ä < 0, äçëáäÞ p2 < 4mk

Ôüôå ç (2:3:3− 6) Ý÷åé ñßæåò ìéãáäéêÝò óõæõãåßò ôéò

ë = −�+ i! êáé ë = −�− i!;

üðïõ

! =

√
4mk − p2

2m
(êõêëéêÞ óõ÷íüôçôá);

ïðüôå óýìöùíá êáé ìå ôéò (2:3:2−5) êáé (2:3:2−6) ç ãåíéêÞ ëýóç åßíáé

ôçò ìïñöÞò

yh(t) = = e−�t (c1 cos!t+ c2 sin!t)

= Ce−�t sin(!t+ �); (2.3.3 - 9)

üôáí

C =
√
c21 + c22; tan� =

c1
c2

ìå c2 ̸= 0 êáé − � ≤ � < �:

Ç êßíçóç áõôÞ åßíáé ìßá åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áóèåíÞ

áðüóâåóç. ÁíÜëïãá ìå ôéò ðñïçãïýìåíåò äýï ðåñéðôþóåéò óôï ÐáñÜäåéã-

ìá 3.3.2 - 3 Ý÷åé äïèåß ëýóç óå áíôßóôïé÷ï ðñüâëçìá êáé Ý÷åé ãßíåé ìåëÝôç

ôçò óõìðåñéöïñÜò ôçò ëýóçò óôï äéÜãñáììá ôïõ Ó÷. 3.3.2 - 3.

2.3.4 ÅöáñìïãÝò óôïí Çëåêôñéóìü

ÅöáñìïãÞ 2.3.4 - 3 (êýêëùìá RLC)

¸óôù êýêëùìá RLC üðïõ ôï ìüíï áßôéï áðüóâåóçò åßíáé ç ùìéêÞ áíôßóôáóç

R. Åöáñìüæïíôáò ôïí 2ï êáíüíá ôïõ Kirchho� óôï êýêëùìá Ý÷ïõìå

q

C
− L

d i

d t
= iR

ðïõ åðåéäÞ i = −dq=dt ãñÜöåôáé

d 2i

d t2
+
R

L

d i

d t
+

1

LC
i = 0 (2.3.4 - 1)

(êýêëùìá Thompson).
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Ç (2:3:4− 1) åßíáé ôçò ìïñöÞò (3:3:2− 1) ìå ÷áñáêôçñéóôéêÞ åîßóùóç

F (ë) = ë2 +
R

L
ë+

1

LC
= 0: (2.3.4 - 2)

¸óôù

Ä =
1

L2

(
R2 − 4L

C

)
:

ç äéáêñßíïõóá ôçò (2:3:4− 2).

ÁíÜëïãá óõìðåñÜóìáôá åêåßíùí ôçò ÅöáñìïãÞò 2.3.3 - 2 ôçò ÐáñáãñÜöïõ

2.3.3 åßíáé äõíáôüí íá ðñïêýøïõí êáé óôçí ðåñßðôùóç áõôÞ. ÐåñéëçðôéêÜ

äßíïíôáé ïé ëýóåéò ôçò (2:3:4− 1) óôéò ðáñáêÜôù ðåñéðôþóåéò:

• Ä > 0, äçëáäÞ R > 2
√
L=C

Ôüôå Ý÷ïõìå ñßæåò ðñáãìáôéêÝò êáé Üíéóåò ôéò

ë1 = − R

2L
+

√
Ä

2L
= −k +m; ë2 = − R

2L
−

√
Ä

2L
= −k −m;

ïðüôå óýìöùíá ìå ôçí (2:3:2− 3) ç ëýóç åßíáé

ih = c1e
−(k−m)t + c2e

−(k+m)t: (2.3.4 - 3)

Ç (2:3:4− 3) ðáñéóôÜíåé ìßá áðåñéïäéêÞ ôáëÜíôùóç.

• Ä = 0, äçëáäÞ R = 2
√
L=C

Óýìöùíá ìå ôçí (2:3:2− 4) Ý÷ïõìå ôç ëýóç

ih = (c1 + tc2) e
−kt (2.3.4 - 4)

ðïõ åßíáé ãíùóôÞ ùò êñßóéìç áðüóâåóç.

• Ä < 0, äçëáäÞ R < 2
√
L=C

Óýìöùíá ìå ôçí (2:3:2− 6) Ý÷ïõìå ôåëéêÜ üôé

ih = i0e
−kt sin(!t+ �); (2.3.4 - 5)

üðïõ

i0 =
√
c21 + c22; tan� =

c1
c2
; üôáí c2 ̸= 0 êáé − � ≤ � < �:

Ç ëýóç ðáñéóôÜíåé ìßá åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå éó÷õñÞ

áðüóâåóç.
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• ÅéäéêÞ ðåñßðôùóç, üôáí R = 0

Ôüôå ç (2:3:4− 1) ãñÜöåôáé

d 2i

d t2
+

1

LC
i = 0 (2.3.4 - 6)

ìå ãåíéêÞ ëýóç üìïéá óýìöùíá ìå ôçí (2:3:2− 6) ôçò ìïñöÞò

ih = i0 sin(!t+ �); (2.3.4 - 7)

üðïõ i0 êáôÜëëçëç óôáèåñÜ êáé

! =
1√
LC

:

Ç ëýóç ðáñéóôÜíåé áìåßùôç áñìïíéêÞ ôáëÜíôùóç ìå êõêëéêÞ óõ÷íüôç-

ôá !. Ç ðåñßðôùóç áõôÞ åßíáé áíÜëïãç ôçò ÅöáñìïãÞò 2.3.3 - 1 ôçò

ÐáñáãñÜöïõ 2.3.3.

2.3.5 Ìç ïìïãåíÞò ìå óôáèåñïýò óõíôåëåóôÝò

21Áðü ôïí Ïñéóìü 2.1.1 - 6 êáé ôïí Ïñéóìü 2.3.1 - 3 ðñïêýðôåé üôé ç ãåíéêÞ

ìïñöÞ ôçò ìç ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò

åßíáé

y′′ + ay′ + by = r(x); (2.3.5 - 1)

üôáí a; b ∈ R, y = y(x), r(x) ̸= 0 ìå x ∈ (á; â) ⊆ R êáé õðÜñ÷ïõí ïé y′(x)

êáé y′′(x) ãéá êÜèå x ∈ (á; â).
22Ôüôå óýìöùíá ìå ôï Èåþñçìá 2.1.1 - 1 ç ãåíéêÞ ëýóç y = y(t) ôçò

(3:3:2 − 4) åßíáé y = yh + yp, üðïõ yh åßíáé ç ãåíéêÞ ëýóç ôçò áíôßóôïé÷çò

21

Ïñéóìüò 2.1.1 - 6: Ïñßæåôáé ùò ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç �-ôÜîçò ìå

óôáèåñïýò óõíôåëåóôÝò, êÜèå åîßóùóç ôçò ìïñöÞò (2:1:1 − 6) üðïõ ïé óõíáñôÞóåéò fk(x)

åßíáé óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1, äçëáäÞ ç

y(�) + a�−1y
(�−1) + : : :+ a1y

′ + a0y = r(x);

üôáí ak óôáèåñÝò ãéá êÜèå k = 0; 1; : : : ; � − 1.

22
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ïìïãåíïýò, äçëáäÞ ôçò (3:3:2− 1) êáé yp ìßá ìåñéêÞ ëýóç ôçò ìç ïìïãåíïýò

(3:3:2− 4).

Áðü ôéò ìåèüäïõò ðñïóäéïñéóìïý ôçò ìåñéêÞò ëýóçò yp ôçò ìç ïìïãåíïýò

(3:3:2 − 4) èá åîåôáóôåß ìüíïí ç ìÝèïäïò ðïõ äßíåôáé óôç óõíÝ÷åéá. Ï

áíáãíþóôçò ðáñáðÝìðåôáé ãéá ìéá åêôåíÝóôåñç ìåëÝôç óôç âéâëéïãñáößá.

ÌÝèïäïò ôïõ Lagrange

Óýìöùíá ìå ôç ìÝèïäï ôïõ Lagrange ãéá ôïí ðñïóäéïñéóìü ôçò ìåñéêÞò ëýóçò

yp èåùñåßôáé üôé óôç ãåíéêÞ ëýóç

y
h
(x) = c1y1(x) + c2y2(x) (2.3.5 - 2)

ôçò áíôßóôïé÷çò ïìïãåíïýò ôçò (3:3:2− 4), äçëáäÞ ôçò

y′′ + ay′ + by = 0;

ïé óôáèåñÝò c1 êáé c2 åßíáé óõíáñôÞóåéò ôïõ x, ðïõ ðñÝðåé íá ðñïóäéïñéóôïýí,

Ýôóé þóôå íá åðáëçèåýåôáé ç (3:3:2− 4), äçëáäÞ ç

y′′ + ay′ + by = r(x):

¸óôù c1 = k1(x) êáé c2 = k2(x), ïðüôå ç (2:3:5− 2) ãñÜöåôáé

yp(x) = k1(x)y1(x) + k2(x)y2(x): (2.3.5 - 3)

Ôüôå

y′p(x) = k′1(x)y1(x) + k1(x)y
′
1(x) + k′2(x)y2(x) + k2(x)y

′
2(x): (2.3.5 - 4)

Óôç (2:3:5− 4) ïé óõíáñôÞóåéò k1(x) êáé k2(x) åêëÝãïíôáé, Ýôóé þóôå

k′1(x)y1(x) + k′2(x)y2(x) = 0; (2.3.5 - 5)

Èåþñçìá 2.1.1 - 1: Áí yh åßíáé ç ëýóç ôçò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò y(�) +

f�−1(x)y
(�−1) + : : : + f1(x)y

′ + f0(x)y = 0 êáé yp ìßá ìåñéêÞ ëýóç ôçò ìç ïìïãåíïýò

y(�)+ f�−1(x)y
(�−1)+ : : :+ f1(x)y

′+ f0(x)y = r(x), ôüôå ç ãåíéêÞ ëýóç ôçò ìç ïìïãåíïýò

åßíáé

y = yh + yp:
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ïðüôå áðü ôçí (2:3:5− 4) ðñïêýðôåé ôüôå üôé

yp(x)
′′ = k1(x)y

′′
1(x) + k′1(x)y

′
1(x) + k2(x)y

′′
2(x) + k′2(x)y

′
2(x): (2.3.5 - 6)

Áíôéêáèéóôþíôáò ôéò (2:3:5− 4), (2:3:5− 5) êáé (2:3:5− 6) óôçí (3:3:2− 4),

ëáìâÜíïíôáò õðüøç üôé ïé y1 êáé y2 åßíáé ëýóåéò ôçò (3:3:2− 1), Ý÷ïõìå

r(x) = k1y
′′
1︸︷︷︸+k′1y′1 + ︷︸︸︷k2y

′′
2 +k

′
2y

′
2 + a

(
k1y

′
1︸︷︷︸+ ︷︸︸︷k2y

′
2

)
+ b

(
y1k1︸︷︷︸+ ︷︸︸︷y2k2

)
= k1

(
y′′1 + á y′1 + â y1

)
+ k2

(
y′′2 + á y′2 + â y2

)
+ k′1y

′
1 + k′2y

′
2

= k′1y
′
1 + k′2y

′
2:

¢ñá ôåëéêÜ

k′1(x)y
′
1(x) + k′2(x)y

′
2(x) = r(x): (2.3.5 - 7)

Ïé åîéóþóåéò (2:3:5−5) êáé (2:3:5−7) ïñßæïõí Ýíá óýóôçìá äýï åîéóþóåùí

ìå äýï áãíþóôïõò ôéò óõíáñôÞóåéò k′1(x) êáé k
′
2(x), áðü ôç ëýóç ôïõ ïðïßïõ

ðñïêýðôåé üôé

k1(x) = −
∫
r(x) y2(x)

u(x)
dx êáé k2(x) =

∫
r(x) y1(x)

u(x)
dx ; üôáí

u(x) = y1(x) y
′
2(x)− y′1(x) y2(x): (2.3.5 - 8)

Ôüôå óýìöùíá êáé ìå ôçí (2:3:5−2) ç ãåíéêÞ ëýóç ôçò (3:3:2−4) èá åßíáé

y(x) = y
h
(x) + yp(x) (2.3.5 - 9)

= c1y1(x) + c2y2(x) + k1(x)y1(x) + k2(x)y2(x):

ÐáñÜäåéãìá 2.3.5 - 1

Áí y = y(t), íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′′ + 4y′ + 3y = −x; üôáí y0 = y(0) = 0 êáé y′0 = y′(0) = 1: (1)

Ëýóç. Ç (1) åßíáé ìéá ìç ïìïãåíÞò 2çò ôÜîçò äéáöïñéêÞ åîßóùóç ìå áíôßóôïé÷ç

ïìïãåíÞ ôçí

y′′ + 4y′ + 3y = 0: (2)
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Ç ÷áñáêôçñéóôéêÞ åîßóùóç ôçò (2) åßíáé ç

F (ë) = ë2 + 4ë+ 3 = 0

ìå äéáêñßíïõóá Ä = 4 > 0, ïðüôå ïé ñßæåò ôçò èá åßíáé ïé ðñáãìáôéêïß áñéèìïß,

Ýóôù

ë1 = −1 êáé ë2 = −3:

¢ñá óýìöùíá ìå ôçí (2:3:2− 3) ç ãåíéêÞ ëýóç ôçò ïìïãåíïýò èá åßíáé

y
h
(x) = c1 e

−x + c2 e
−3x; (3)

üôáí c1, c2 áõèáßñåôåò óôáèåñÝò.

¸óôù

r(x) = −x; y1(x) = e−x êáé y2(x) = e−3x;

ïðüôå

y′1(x) = −e−x êáé y′2(x) = −3e−3x:

Ôüôå áðü ôçí (2:3:5− 8) ðñïêýðôåé üôé

u(x) = y1(x) y
′
2(x)− y′1(x) y2(x)

= e−x(−3e−3x)− e−x e−3x = −2e−4x;

k1(x) = −
∫
r(x) y2(x)

u(x)
dx = −

∫
−x e−3x

−2e−4x
dx = −1

2

∫
x ex dx

= (ðáñáãïíôéêÞ ïëïêëÞñùóç) · · · = −1

2
ex (x− 1) ;

k2(x) =

∫
r(x) y1(x)

u(x)
dx =

∫
−x e−x

−2e−4x
dx =

1

2

∫
x e3x dx

= (ðáñáãïíôéêÞ ïëïêëÞñùóç) · · · = 1

2
e3x
(
x

3
− 1

9

)
:

Ç ìåñéêÞ ëýóç yp ôçò ìç ïìïãåíïýò ôçò (1) ðñïêýðôåé ôüôå áðü ôçí (2:3:5−
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3) ùò åîÞò:

yp(x) = k1(x)y1(x) + k2(x)y2(x)

= −1

2
ex (x− 1) e−x +

1

2
e3x
(
x

3
− 1

9

)
e−3x

=
1

9
(4− 3x):

¢ñá óýìöùíá ìå ôçí (2:3:5− 9) ç ãåíéêÞ ëýóç ôçò (1) èá åßíáé

y(x) = yh + yp

= c1 e
−x + c2 e

−3x +
1

9
(4− 3x): (4)

Ç ìåñéêÞ ëýóç ôçò (1) ðñïêýðôåé ôüôå áðü ôçí (4) óýìöùíá ìå ôéò áñ÷éêÝò

óõíèÞêåò ôïõ ðñïâëÞìáôïò ùò åîÞò:

y(0) = c1 + c2 +
1

9
(4− 0) = c1 + c2 +

4

9
= 0

y′(0) = −c1 − 3c2 +
1

9
(−3) = −c1 − 3c2 −

1

3
= 1;

äçëáäÞ Ý÷ïõìå ôï óýóôçìá

c1 + c2 = −4
9

c1 + 3c2 = −4
3 ;

ïðüôå c1 = 0 êáé c2 = −4

9
:

¢ñá ç ìåñéêÞ ëýóç ôçò (1) åßíáé (Ó÷. 2.3.5 - 1)

y(x) = −4

9
e−3x +

1

9
(4− 3x):

ÐáñÜäåéãìá 2.3.5 - 2

¼ìïéá íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′′ + 4y′ + 3y = sinx; üôáí y0 = y(0) = y′0 = y′(0) = 0: (5)
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0.5 1.0 1.5
x

-0.4

-0.2

0.2

0.4

yHxL

(a)

0.5 1.0 1.5
x

-0.10

-0.05

0.05

0.10

0.15

yHxL

(b)

Ó÷Þìá 2.3.5 - 1: ÐáñÜäåéãìá 2.3.5 - 1, üôáí x ∈ [0; 1:7]: (a) ôï äéÜãñáììá ôçò

ìåñéêÞò ëýóçò yp =
1
9(4−3x) (åõèåßá) êáöÝ êáé ôçò −4

9 e
−3x êüêêéíç êáìðýëç,

åíþ óôï äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò y(x) = −4
9 e

−3x + 1
9(4 − 3x). Ç

ëýóç, åêôüò áðü ôï óçìåßï x = 0, ôÝìíåé Üëëç ìéá öïñÜ ôïí x-Üîïíá (èÝóç

éóïññïðßáò).

Ëýóç. Ôï ðáñÜäåéãìá áõôü åßíáé üìïéï ìå ôï ÐáñÜäåéãìá 2.3.5 - 1 êáé

äéáöÝñåé ìüíïí ùò ðñïò ôç óõíÜñôçóç r(x), üðïõ óôçí ðåñßðôùóç áõôÞ åßíáé

r(x) = sinx.

ÅðïìÝíùò ç ãåíéêÞ ëýóç ôçò ïìïãåíïýò åîßóùóçò y′′ + 4y′ + 3y = 0 èá

åßíáé üìïéá

y
h
(x) = c1 e

−x + c2 e
−3x; (6)

üôáí c1, c2 áõèáßñåôåò óôáèåñÝò, åíþ óýìöùíá ìå ôçí (2:3:5− 8) Ý÷ïõìå

u(x) = y1(x) y
′
2(x)− y′1(x) y2(x)

= e−x(−3e−3x)− e−x e−3x = −2e−4x;

k1(x) = −
∫
r(x) y2(x)

u(x)
dx = −

∫
sinx e−3x

−2e−4x
dx =

1

2

∫
ex sinx dx

= (ðáñáãïíôéêÞ ïëïêëÞñùóç) · · · = 1

4
ex (sinx− cosx) ;

k2(x) =

∫
r(x) y1(x)

u(x)
dx =

∫
sinx e−x

−2e−4x
dx = −1

2

∫
e3x sinx dx

= (ðáñáãïíôéêÞ ïëïêëÞñùóç) · · · = 1

20
e3x (−3 sinx+ cosx) :

Ç ìåñéêÞ ëýóç yp ôçò ìç ïìïãåíïýò ôçò (5) ðñïêýðôåé ôüôå áðü ôçí (2:3:5−
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3) ùò åîÞò:

yp(x) = k1(x)y1(x) + k2(x)y2(x)

=
1

4
ex (sinx− cosx) e−x +

1

20
e3x (−3 sinx+ cosx) e−3x

=
1

10
(sinx− 2 cosx):

¢ñá óýìöùíá ìå ôçí (2:3:5− 9) ç ãåíéêÞ ëýóç ôçò (5) èá åßíáé

y(x) = yh + yp

= c1 e
−x + c2 e

−3x +
1

10
(sinx− 2 cosx): (7)

Ç ìåñéêÞ ëýóç ôçò (5) ðñïêýðôåé ôüôå áðü ôçí (7) óýìöùíá ìå ôéò áñ÷éêÝò

óõíèÞêåò ôïõ ðñïâëÞìáôïò ùò åîÞò:

y(0) = c1 + c2 +
1

10
(0− 2) = c1 + c2 −

1

5
= 0

y′(0) = −c1 − 3c2 +
1

10
(−1 + 0) = −c1 − 3c2 −

1

10
= 0;

äçëáäÞ Ý÷ïõìå ôï óýóôçìá

c1 + c2 = 1
5

c1 + 3c2 = 1
10 ;

ïðüôå c1 =
1

4
êáé c2 = − 1

20
:

¢ñá ç ìåñéêÞ ëýóç ôçò (5) åßíáé

y(x) =
1

4
e−x − 1

20
e−3x +

1

10
(sinx− 2 cosx) :

Ðáñáôçñïýìå ôá åîÞò (Ó÷. 2.3.5 - 2):

• ï üñïò
1

4
e−x − 1

20
e−3x

ôåëéêÜ ìçäåíßæåôáé (áðüóâåóç), ðïõ åßíáé äõíáôüí óôçí ðåñßðôùóç áõôÞ

íá ÷áñáêôçñéóôåß ùò éó÷õñÞ, åíþ ï üñïò
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(b)

Ó÷Þìá 2.3.5 - 2: ÐáñÜäåéãìá 2.3.5 - 2, üôáí x ∈ [0; 2�]: (a) ôï

äéÜãñáììá ôçò ëýóçò 1
4 e

−x − 1
20 e

−3x êáöÝ êáìðýëç (éó÷õñÞ áðüóâåóç)

êáé ôçò 1
10 (sinx− 2 cosx) êüêêéíç êáìðýëç (áìåßùôç ôáëÜíôùóç), åíþ óôï

äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò y(x) = 1
4 e

−x− 1
20 e

−3x+ 1
10 (sinx− 2 cosx),

üôáí x ∈ [0; 7�]. Ç ëýóç ôåëéêÜ ðåñéãñÜöåé ìéá áìåßùôç ôáëÜíôùóç.

•
1

10
(sinx− 2 cosx)

åêôåëåß ìéá áìåßùôç ôáëÜíôùóç.

• ÔåëéêÜ ç ìåñéêÞ ëýóç y(x) ðåñéãñÜöåé ìéá áìåßùôç ôáëÜíôùóç.

ÐáñÜäåéãìá 2.3.5 - 3

¼ìïéá ôçò

y′′ + 2y′ + y = e−2x; üôáí y0 = y(0) = y′0 = y′(0) = 0: (8)

Ëýóç. Ç ïìïãåíÞò åîßóùóç ôçò (8) åßíáé ç

y′′ + 2y′ + y = 0

ìå ÷áñáêôçñéóôéêÞ åîßóùóç ôçí

F (ë) = ë2 + 2ë+ 1 = 0

êáé äéáêñßíïõóá Ä = 0, ïðüôå Ý÷ïõìå ìéá ðñáãìáôéêÞ äéðëÞ ñßæá, Ýóôù ôçí

ë = −1:
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¢ñá óýìöùíá ìå ôçí (2:3:2− 4) ç ãåíéêÞ ëýóç ôçò ïìïãåíïýò èá åßíáé

y
h
(x) = c1 e

−x + c2 x e
−x; (9)

üôáí c1, c2 áõèáßñåôåò óôáèåñÝò.

¸óôù

r(x) = e−2x; y1(x) = e−x êáé y2(x) = xe−x;

ïðüôå

y′1(x) = −e−x êáé y′2(x) = e−x − xe−x:

Ôüôå üìïéá áðü ôçí (2:3:5− 8) ðñïêýðôåé

u(x) = y1(x) y
′
2(x)− y′1(x) y2(x)

= e−x
(
e−x − xe−x

)
−
(
−e−x

)
x e−x = e−2x;

k1(x) = −
∫
r(x) y2(x)

u(x)
dx = −

∫
e−2x x e−x

e−2x
dx

= −
∫
x e−x dx = · · · = x e−x + e−x;

k2(x) =

∫
r(x) y1(x)

u(x)
dx =

∫
e−2x e−x

e−2x
dx

=

∫
e−x dx = −e−x:

Ç ìåñéêÞ ëýóç yp ôçò ìç ïìïãåíïýò ôçò (8) ðñïêýðôåé ôüôå áðü ôçí (2:3:5−
3) ùò åîÞò:

yp(x) = k1(x)y1(x) + k2(x)y2(x)

= e−x
(
x e−x + e−x

)
+ x e−x

(
−e−x

)
= e−2x:
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Ó÷Þìá 2.3.5 - 3: ÐáñÜäåéãìá 2.3.5 - 3, üôáí x ∈ [0; 7]: (a) ôï äéÜãñáììá

ôçò ìåñéêÞò ëýóçò yp = e−2x êáöÝ êáé ôçò x e−x êüêêéíç êáìðýëç, åíþ

óôï äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò y(x) = e−2x (1 + x ex − ex). Ç ëýóç

ðáñïõóéÜæåé éó÷õñÞ áðüóâåóç êáé ôï óýóôçìá åðáíÝñ÷åôáé óôç èÝóç ôçò

áñ÷éêÞò éóïññïðßáò.

¢ñá óýìöùíá ìå ôçí (2:3:5− 9) ç ãåíéêÞ ëýóç ôçò (8) èá åßíáé

y(x) = yh + yp

= c1 e
−x + c2 x e

−x + e−2x: (10)

Ç ìåñéêÞ ëýóç ôçò (8) ðñïêýðôåé ôüôå áðü ôçí (10) óýìöùíá ìå ôéò áñ÷éêÝò

óõíèÞêåò ôïõ ðñïâëÞìáôïò ùò åîÞò:

y(0) = c1 + 0 +1 = c1 +1 = 0

y′(0) = −c1 + c2 − 0 −2 = −c1 + c2 −2 = 0;

äçëáäÞ Ý÷ïõìå ôï óýóôçìá

c1 = −1

−c1 + c2 = 2;
ïðüôå c1 = −1 êáé c2 = 1:

¢ñá ç ìåñéêÞ ëýóç ôçò (8) åßíáé (Ó÷. 2.3.5 - 3)

y(x) = e−2x + x e−x − e−x = e−2x (1 + x ex − ex)

(éó÷õñÞ áðüóâåóç).
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ÐáñÜäåéãìá 2.3.5 - 4

¼ìïéá ç

y′′ + 4y = sinx; üôáí y0 = y(0) = y′0 = y′(0) = 0: (11)

Ëýóç. Ç ïìïãåíÞò åîßóùóç ôçò (11) åßíáé

y′′ + 4y = 0

ìå ÷áñáêôçñéóôéêÞ åîßóùóç ôçí

F (ë) = ë2 + 4 = 0 ìå Ä < 0 êáé ñßæåò ë = 2 i; ë = −2 i:

¢ñá óýìöùíá ìå ôçí (2:3:2− 5) ç ãåíéêÞ ëýóç ôçò ïìïãåíïýò èá åßíáé

y
h
(x) = c1 cos 2x+ c2 sin 2x; (12)

üôáí c1, c2 áõèáßñåôåò óôáèåñÝò.

¸óôù

r(x) = sinx; y1(x) = cos 2x êáé y2(x) = sin 2x;

ïðüôå

y′1(x) = −2 sin 2x êáé y′2(x) = 2 cos 2x:

Ôüôå üìïéá áðü ôçí (2:3:5− 8) åßíáé

u(x) = y1(x) y
′
2(x)− y′1(x) y2(x)

= cos 2x (sin 2x)′ − (cos 2x)′ sin 2x

= 2
(
sin2 2x+ cos2 2x

)
= 2;
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k1(x) = −
∫
r(x) y2(x)

u(x)
dx = −

∫
sinx sin 2x

2
dx

= −
∫

sinx 2 sinx cosx

2
dx = −

∫
sin2 x(sinx)′ dx

= −1

3
sin3 x;

k2(x) =

∫
r(x) y1(x)

u(x)
dx =

∫
sinx cos 2x

2
dx

(2 sinA cosB = sin(A+B) + sin(A−B))

=
1

4

∫
sin 3x dx− 1

4

∫
sinx dx

= − 1

12
cos 3x+

1

4
cosx:

Ç ìåñéêÞ ëýóç yp ôçò ìç ïìïãåíïýò ôçò (11) ðñïêýðôåé ôüôå áðü ôçí

(2:3:5− 3) ùò åîÞò:

yp(x) = k1(x)y1(x) + k2(x)y2(x)

= −1

3
sin3 x cos 2x+

1

4

(
−1

3
cos 3x+ cosx

)
sin 2x

=
1

3
sinx:

¢ñá óýìöùíá ìå ôçí (2:3:5− 9) ç ãåíéêÞ ëýóç ôçò (11) èá åßíáé

y(x) = yh + yp

= c1 cos 2x+ c2 sin 2x+
1

3
sinx: (13)

Ç ìåñéêÞ ëýóç ôçò (11) ðñïêýðôåé ôüôå áðü ôçí (13) óýìöùíá ìå ôéò

áñ÷éêÝò óõíèÞêåò ôïõ ðñïâëÞìáôïò ùò åîÞò:

y(0) = c1 + 0 + 0 = 0

y′(0) = 0 + 2c2 +
1

3
= 0;
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Ó÷Þìá 2.3.5 - 4: ÐáñÜäåéãìá 2.3.5 - 4, üôáí x ∈ [0; 5�]: (a) ôï äéÜãñáììá

ôçò ëýóçò − (cosx− 1) êáöÝ êáé ôçò ìåñéêÞò 1
3 sinx êüêêéíç êáìðýëç, åíþ

óôï äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò y(x) = −1
3 (cosx− 1) sinx. Ç ëýóç

ðåñéãñÜöåé ìéá áìåßùôç ôáëÜíôùóç.

ïðüôå

c1 = 0 êáé c2 = −1

6
:

¢ñá ç ìåñéêÞ ëýóç ôçò (11) åßíáé (Ó÷. 2.3.5 - 4)

y(x) = −1

3
(cosx− 1) sinx

(áìåßùôç ôáëÜíôùóç).

ÐáñÜäåéãìá 2.3.5 - 5

¼ìïéá ç

y′′ + 2y′ + 10y = 1; üôáí y0 = y(0) = y′0 = y′(0) = 0: (14)

Ëýóç. Ç ïìïãåíÞò åîßóùóç ôçò (14) åßíáé

y′′ + 2y′ + 10y = 0

ìå ÷áñáêôçñéóôéêÞ åîßóùóç ôçí

F (ë) = ë2 + 2ë+ 10 = 0 ìå Ä < 0

êáé ñßæåò ë = −1 + 3 i; ë = −1− 3 i:
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¢ñá óýìöùíá ìå ôçí (2:3:2− 5) ç ãåíéêÞ ëýóç ôçò ïìïãåíïýò èá åßíáé

y
h
(x) = e−x (c1 cos 3x+ c2 sin 3x) ; (15)

üôáí c1, c2 áõèáßñåôåò óôáèåñÝò.

¸óôù

r(x) = 1; y1(x) = e−x cos 3x êáé y2(x) = e−x sin 3x;

ïðüôå

y′1(x) = −e−x cos 3x− 3e−3x sin 3x; êáé

y′2(x) = −e−x sin 3x+ 3e−3x cos 3x:

Ôüôå üìïéá áðü ôçí (2:3:5− 8) åßíáé

u(x) = y1(x) y
′
2(x)− y′1(x) y2(x)

= e−x cos 3x
(
−e−x sin 3x+ 3 e−x cos 3x

)
−e−x sin 3x

(
−e−x cos 3x− 3 e−x sin 3x

)
= 3 e−x

(
cos2 3x+ sin2 3x

)
= 3 e−2x;

k1(x) = −
∫
r(x) y2(x)

u(x)
dx = −

∫
1 · e−2x sin 3x

3 e−x
dx

= −1

3

∫
ex sin 3x dx

(äéðëÞ ðáñáãïíôéêÞ ïëïêëÞñùóç)

= − ex

10
(−3 cos 3x+ sin 3x) ;
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k2(x) =

∫
r(x) y1(x)

u(x)
dx =

∫
1 · e−x cos 3x

3 e−2x
dx

=
1

3

∫
ex cos 3x dx

(äéðëÞ ðáñáãïíôéêÞ ïëïêëÞñùóç)

=
ex

10
(cos 3x+ 3 sin 3x) :

Ç ìåñéêÞ ëýóç yp ôçò ìç ïìïãåíïýò ôçò (14) ðñïêýðôåé ôüôå áðü ôçí

(2:3:5− 3) ùò åîÞò:

yp(x) = k1(x)y1(x) + k2(x)y2(x)

= − ex

10
(−3 cos 3x+ sin 3x) e−x cos 3x

+
ex

10
(cos 3x+ 3 sin 3x) e−x sin 3x

=
1

10
:

¢ñá óýìöùíá ìå ôçí (2:3:5− 9) ç ãåíéêÞ ëýóç ôçò (14) èá åßíáé

y(x) = yh + yp

= e−x (c1 cos 3x+ c2 sin 3x) +
1

10
: (16)

Ç ìåñéêÞ ëýóç ôçò (14) ðñïêýðôåé ôüôå áðü ôçí (16) óýìöùíá ìå ôéò

áñ÷éêÝò óõíèÞêåò ôïõ ðñïâëÞìáôïò ùò åîÞò:

y(0) = c1 + 0 +
1

10
= 0

y′(0) = −c1 + 3c2 + 0 = 0;

ïðüôå

c1 = − 1

10
êáé c2 = − 1

30
:

ÅðïìÝíùò ç ìåñéêÞ ëýóç ôçò (14) åßíáé

y(x) =
1

10
− e−x

10

(
cos 3x+

1

3
sin 3x

)
:
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Ó÷Þìá 2.3.5 - 5: ÐáñÜäåéãìá 2.3.5 - 5, üôáí x ∈ [0; 5�]: (a) ôï äéÜãñáììá

ôçò y1 = 1
10 (óôáèåñÞ óõíÜñôçóç) êáöÝ åõèåßá, y2 = e−x êüêêéíç

êáìðýëç (áðüóâåóç) êáé y3 = − 1
10

(
cos 3x+ 1

3 sin 3x
)
ðñÜóéíç êáìðýëç

(áìåßùôç ôáëÜíôùóç), åíþ óôï äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò y(x) =
1
10 − 1

10

(
e−x cos 3x+ 1

3 e
−x sin 3x

)
. Ç ëýóç ôåëéêÜ ðåñéãñÜöåé ìéá óôáèåñÞ

êáôÜóôáóç.

Ðáñáôçñïýìå ôá åîÞò (Ó÷. 2.3.5 - 5):

• ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò yp(x) =
1
10 åßíáé ìéá åõèåßá ðáñÜëëçëç

óôïí x-Üîïíá,

• ôïõ üñïõ e−x åßíáé ìéá êáìðýëç, ðïõ ôåßíåé óôïí x-Üîïíá áóõìðôùôéêÜ

(áðüóâåóç), ðïõ åßíáé äõíáôüí óôçí ðåñßðôùóç áõôÞ íá ÷áñáêôçñéóôåß

ùò éó÷õñÞ, åíþ

• ï üñïò

− 1

10

(
cos 3x+

1

3
sin 3x

)
åêôåëåß ìéá áìåßùôç ôáëÜíôùóç.

• ÔåëéêÜ ç ìåñéêÞ ëýóç y(x) ðåñéãñÜöåé ìéá óôáèåñÞ êáôÜóôáóç ìå ôåëéêÞ

ôéìÞ áóõìðôùôéêÜ 1
10 :



ÃñáììéêÝò äéáöïñéêÝò åîéóþóåéò 2çò ôÜîçò - ÅöáñìïãÝò 185

2.3.6 ÅöáñìïãÝò

ÅöáñìïãÝò óôç Ìç÷áíéêÞ (åîáíáãêáóìÝíç ôáëÜíôùóç)

Óôçí ÐáñÜãñáöï 2.3.3 ç ìåëÝôç ôçò êßíçóçò ôïõ óþìáôïò åß÷å óôçñé÷èåß óôç

ìç ýðáñîç åîùôåñéêþí äõíÜìåùí ðïõ íá åíåñãïýí óôï óþìá êáôÜ ôç äéÜñêåéá

ôçò êßíçóÞò ôïõ (åëåýèåñç ôáëÜíôùóç). Ç ìåëÝôç ôçò êßíçóçò åðåêôåßíåôáé

èåùñþíôáò üôé óôï óþìá åíåñãåß åîùôåñéêÞ äýíáìç ðïõ ðåñéãñÜöåôáé áðü ôç

óõíÜñôçóç F (t). Ôüôå ç åîßóùóç ôçò êßíçóçò ãñÜöåôáé

my′′ + py′ + ky = F (t) (2.3.6 - 1)

ðïõ åßíáé ìßá ìç ïìïãåíÞò äéáöïñéêÞ åîßóùóç 2çò ôÜîçò ìå óôáèåñïýò óõíôåëåó-

ôÝò ôçò ìïñöÞò (3:3:2−4): y′′+ay′+ by = r(x). Óôçí ðåñßðôùóç áõôÞ ç F (t)

ëÝãåôáé åßóïäïò, ç y = y(t) Ýîïäïò êáé ôï åßäïò ôçò êßíçóçò åîáíáãêáóìÝíç

ôáëÜíôùóç. Ç ãåíéêÞ ëýóç ôçò (2:3:6 − 1) ðñïêýðôåé ôüôå óýìöùíá ìå ôá

ðáñáðÜíù.

ÅöáñìïãÝò óôïí Çëåêôñéóìü

¸óôù üôé óôï êýêëùìá RLC åöáñìüæåôáé ôç ÷ñïíéêÞ óôéãìÞ t = 0 ç çëåêôñåãåñôéêÞ

äýíáìç E0 sin!t. Åöáñìüæïíôáò ôïí 2ï êáíüíá ôïõ Kircho�, Ý÷ïõìå

q

C
+ L

di

dt
+Ri = E0 sin!t;

ïðüôå, ðáñáãùãßæïíôáò ùò ðñïò t êáé áíôéêáèéóôþíôáò üðïõ i = i(t) ìå i =

dq=dt, ðñïêýðôåé ôåëéêÜ

d 2i

dt2
+
R

L

di

dt
+

i

LC
=

1

L
E0! cos!t: (2.3.6 - 2)

Ç (2:3:6 − 2) åßíáé üìïéá ìéá ìç ïìïãåíÞò äéáöïñéêÞ åîßóùóç 2çò ôÜîçò ìå

óôáèåñïýò óõíôåëåóôÝò ôçò ìïñöÞò (3:3:2− 4), ðïõ ëýíåôáé êáôÜ ôá ãíùóôÜ.

ÔÝëïò, ðñÝðåé íá áíáöåñèåß óôï óçìåßï áõôü üôé óôéò ðåñéóóüôåñåò ôùí

ðåñéðôþóåùí, ç ëýóç ôçò ìç ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò åßíáé

áäýíáôç. Óôéò ðåñéðôþóåéò áõôÝò ÷ñçóéìïðïéïýíôáé áñéèìçôéêÝò ìÝèïäïé. Ï

áíáãíþóôçò ðáñáðÝìðåôáé ðñïò ôïýôï óôç âéâëéïãñáößá êáé óôï âéâëßï Á.

ÌðñÜôóïò [3] Êåö. 10.
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¢óêçóç

1. Íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò, üôáí y = y(x) êáé y0 =

y′0 = 0:

i) y′′ + 4y′ + 13y = e−x iv) y′′ + 2y′ + y = sinx

ii) y′′ + y = cosx v) y′′ + y′ = e−x sinx

iii) y′′ + 3y′ + 2y = e−x vi) y′′ + 4y′ + 3y = 4 e−x.

ÁðáíôÞóåéò

(i) u(x) = 3, k1(x) =
e−x

30
(3 cos 3x+ sin 3x), k2(x) = − e−x

30
(cos 3x− 3 sin 3x),

yp(x) =
e−x

10
; y(x) = 1

30
e−2x (3ex − 3 cos 3x− sin 3x).

(ii) u(x) = 1, k1(x) = −x
2
+ 1

4
sin 2x, k2(x) = − 1

2
cos2 x,

yp(x) = − 1
2
x cosx; y(x) = 1

2
(−x cosx+ sinx).

(iii) u(x) = −3e−3x, k1(x) = x, k2(x) = −e−x,
yp(x) = e−x(x− 1); y(x) = e−2x [1 + ex (x− 1)].

(iv) u(x) = e−2x, k1(x) = − ex

2
(cosx− x cosx+ x sinx), k2(x) =

ex

2
(sinx− cosx),

yp(x) = − cos x
2

; y(x) = 1
2
e−x (1 + x− ex cosx).

(v) u(x) = −e−x, k1(x) = − e−x

2
(cosx+ sinx), k2(x) = cosx,

yp(x) =
e−x

2
(cosx− sinx) ; y(x) = 1

2
e−x (−2 + ex + cosx− sinx).

(vi) u(x) = −2e−4x, k1(x) = 2x, k2(x) = −e−2x,

yp(x) = e−x(2x− 1); y(x) = e−3x
[
1 + e2x (2x− 1)

]
.
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ÌÜèçìá 3

ÌÅÔÁÓ×ÇÌÁÔÉÓÌÏÓ

LAPLACE

3.1 Ìåôáó÷çìáôéóìüò Laplace

3.1.1 Ïñéóìüò

1

Ïñéóìüò 3.1.1 - 1 (ïñéóìüò ìåôáó÷çìáôéóìïý). ¸óôù f(t) ìßá ðñáãìá-

ôéêÞ óõíÜñôçóç ìå ðåäßï ïñéóìïý [0;+∞] êáé ó > 0 óôáèåñÜ. Ôüôå ïñßæåôáé

ùò ìåôáó÷çìáôéóìüò Laplace (Laplace transform) ôçò f êáé óõìâïëßæåôáé ìå

L[f(t)] Þ óõíôïìüôåñá L(f), ç óõíÜñôçóç ðïõ ïñßæåôáé áðü ôçí ôéìÞ ôïõ

ãåíéêåõìÝíïõ ïëïêëçñþìáôïò ôïõ á' åßäïõò2

F (s) = L[f(t)] =
+∞∫
0

f(t)e−s td t ìå s ≥ ó; (3.1.1 - 1)

1Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 5]

êáé http : ==en:wikipedia:org=wiki=Laplace transform
2ÂëÝðå Á. ÌðñÜôóïò [4] Êåö. 8 êáé ÌÜèçìá ÏñéóìÝíï ÏëïêëÞñùìá - ÃåíéêåõìÝíá

ïëïêëçñþìáôá
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üôáí ôï ïëïêëÞñùìá õðÜñ÷åé.

Óçìåßùóç 3.1.1 - 1

Ç ðáñÜìåôñïò s åßíáé äõíáôüí íá åßíáé êáé ìéãáäéêüò áñéèìüò, áí õðïôåèåß üôé

Re(s) ≥ 0.

Ï áñ÷éêüò ìåôáó÷çìáôéóìüò ÷ñçóéìïðïéÞèçêå áðü ôïí Laplace ãéá ôçí

åðßëõóç åíüò ðñïâëÞìáôïò óôéò ðéèáíüôçôåò. ×ñçóéìïðïéåßôáé óôç ëýóç äéáöï-

ñéêþí åîéóþóåùí, óôç ÖõóéêÞ êáé ôç Ìç÷áíéêÞ ê.ëð. Óôéò ðåñéðôþóåéò ðïõ

ôï ðñüâëçìá åîáñôÜôáé áðü ôïí ÷ñüíï, ï ìåôáó÷çìáôéóìüò ôï áíÜãåé áðü ôï

ðåäßï ôïõ ÷ñüíïõ óôï ðåäßï óõ÷íïôÞôùí, üðïõ ç åðßëõóÞ ôïõ ãåíéêÜ ãßíåôáé

åõêïëüôåñá.

Óôçí (3:1:1− 1) ç f(t) ëÝãåôáé ôüôå ï áíôßóôñïöïò ìåôáó÷çìáôéóìüò

(inverse transform) ôçò F (s) êáé óõìâïëßæåôáé ìå

f(t) = L−1[F (s)]: (3.1.1 - 2)

Ï õðïëïãéóìüò ôïõ áíôßóôñïöïõ ìåôáó÷çìáôéóìïý èá ãßíåé óôç óõíÝ÷åéá ôïõ

ìáèÞìáôïò.

Óôï åîÞò èá èåùñåßôáé üôé ôï s åßíáé ðñáãìáôéêüò áñéèìüò êáé èá óõìâïëßæå-

ôáé ìå ôá êåöáëáßá ãñÜììáôá F , X, I ê.ëð. ïé ìåôáó÷çìáôéóìÝíåò êáôÜ

Laplace óõíáñôÞóåéò ôùí f , x, i ê.ëð., áíôßóôïé÷á.

3.1.2 Èåþñçìá ýðáñîçò

Ïñéóìüò 3.1.2 - 1. Ìéá óõíÜñôçóç f(t) ìå ðåäßï ïñéóìïý ôï [a; b ] èá ëÝãåôáé

êáôÜ ôìÞìáôá óõíå÷Þò (Ó÷. 3.1.2 - 1), üôáí åßíáé ïñéóìÝíç ãéá êÜèå

t ∈ [a; b ] êáé õðïäéáéñþíôáò ôï äéÜóôçìá [a; b ] óå í ôï ðëÞèïò õðïäéáóôÞìáôá

ôçò ìïñöÞò (ak; bk); k = 1; 2; : : : ; � ôï üñéü ôçò óôá Üêñá ôïõ äéáóôÞìáôïò

(ak; bk) åßíáé ðåðåñáóìÝíï ãéá êÜèå k = 1; 2; : : : ; �.

Ï ïñéóìüò áõôüò åýêïëá ãåíéêåýåôáé ãéá ôçí ðåñßðôùóç ðïõ ç óõíÜñôçóç f(t)

Ý÷åé ðåäßï ïñéóìïý ôï [0;+∞).

Ïñéóìüò 3.1.2 - 2. Ìéá óõíÜñôçóç f(t) ëÝãåôáé óõíÜñôçóç åêèåôéêÞò

ôÜîçò (function of exponential order), üôáí õðÜñ÷ïõí óôáèåñÝò 
, t0 êáé
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1 2 3 4
t

0.2

0.4

0.6

0.8

1.0

fHtL

Ó÷Þìá 3.1.2 - 1: óõíÜñôçóç f(t) óõíå÷Þò ãéá êÜèå t ∈ [0; 2)∪ (2; 3)∪ (3; 4),

åíþ ðáñïõóéÜæåé áóõíÝ÷åéá óôá óçìåßá t = 2; 3 ìå lim t→ 2−0 e
−t = e−1,

lim t→ 2+0 f(t) = 1, lim t→ 3−0 f(t) = 1 êáé lim t→ 3+0 f(t) = 0:5.

Ì ìå t0; Ì > 0, Ýôóé þóôå

|f(t)| < M e
 t ãéá êÜèå t > t0: (3.1.2 - 1)

Ôüôå ôï 
 ïñßæåé ôçí ôÜîç ôçò f .

Óôï ðáñáêÜôù èåþñçìá äßíåôáé ç óõíèÞêç ðïõ ðñÝðåé íá éó÷ýåé, Ýôóé þóôå

íá õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace ìéáò óõíÜñôçóçò.

Èåþñçìá 3.1.2 - 1 (ýðáñîçò ôïõ ìåôáó÷çìáôéóìïý). ¸óôù ç óõíÜñôç-

óç f(t) ðïõ åßíáé ïñéóìÝíç ãéá êÜèå t ∈ [0;+∞). Áí ç f åßíáé

i) êáôÜ ôìÞìáôá óõíå÷Þò óå êÜèå ðåðåñáóìÝíï äéÜóôçìá ôçò ìïñöÞò [0; á],

üðïõ á > 0,

ii) åêèåôéêÞò ôÜîçò, äçëáäÞ õðÜñ÷ïõí óôáèåñÝò 
, t0 êáé Ì ìå t0; Ì > 0,

Ýôóé þóôå

|f(t)| ≤Me
 t ãéá êÜèå t ∈ [0;+∞); (3.1.2 - 2)

ôüôå ï ìåôáó÷çìáôéóìüò Laplace ôçò f(t) õðÜñ÷åé ãéá êÜèå s > 
.
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Ç áðáßôçóç ôçò êáôÜ ôìÞìáôá óõíå÷ïýò óõíÜñôçóçò êáé ç éó÷ýò ôçò

(3:1:2− 2) åßíáé åðßóçò ãíùóôÝò êáé ùò óõíèÞêåò Dirichlet (Dirichlet con-

ditions) ãéá ôïí ìåôáó÷çìáôéóìü Laplace. Ôï óýíïëï ôùí óõíáñôÞóåùí f ìå

ðåäßï ïñéóìïý [0;+∞) ðïõ éêáíïðïéïýí ôéò óõíèÞêåò Dirichlet, äçëáäÞ ôùí

óõíáñôÞóåùí ðïõ õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace, èá óõìâïëßæåôáé óôï

åîÞò ìå DL.

Äßíïíôáé óôç óõíÝ÷åéá ïé ìåôáó÷çìáôéóìïß Laplace ïñéóìÝíùí óõíáñôÞóåùí

ìå ôïí Ïñéóìü 3.1.1 - 1.

ÐáñÜäåéãìá 3.1.2 - 1

¸óôù

f(t) = A üðïõ A óôáèåñÜ.

Ôüôå3

L[f(t)] = F (s) =

+∞∫
0

Ae−stdt = −A
s

lim
x+∞

e−st
∣∣∣∣x
0

= −A
s

(
lim
x+∞

e−sx − e0
)

=
A

s
ìå s > 0:

¢ñá

L(A) = A

s
ìå s > 0: (3.1.2 - 3)

ÐáñÜäåéãìá 3.1.2 - 2

¼ìïéá, Ýóôù f(t) = e−at . Ôüôå

L
[
e−at

]
=

+∞∫
0

e−ate−st dt =

+∞∫
0

e−(s+a)t d t

= − 1

s+ a
lim

x→+∞
e−(s+a)t

∣∣∣∣x
0

= − 1

s+ a

[
lim

x→+∞
e−(s+a)x − e0

]

=
1

s+ a
; üôáí s+ a > 0:

3Ç óõíÜñôçóç ex ïñßæåôáé ãéá êÜèå x ∈ R, åíþ éó÷ýåé:

lim
x→−∞

= 0 êáé lim
x→+∞

= +∞:
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¢ñá

L
[
e−at

]
=

1

s+ a
ìå s+ a > 0: (3.1.2 - 4)

ÅðïìÝíùò

L
[
e3t
]
= L

[
e−(−3) t

]
=

1

s+ 3
ìå s+ 3 > 0:

3.1.3 Éäéüôçôåò ôïõ ìåôáó÷çìáôéóìïý

Áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù éäéüôçôåò ôïõ ìåôáó÷çìáôéóìïý Laplace,

ðïõ ìå ôç ÷ñÞóç ôïõò õðïëïãßæïíôáé ïé ìåôáó÷çìáôéóìïß ôùí äéáöüñùí óõíáñôÞ-

óåùí.4

Èåþñçìá 3.1.3 - 1 (ãñáììéêÞ éäéüôçôá). ¸óôù f; g ∈ DL. Ôüôå áí

k; ë ∈ R éó÷ýåé

L[kf(t) + �g(t)] = kL[f(t)] + �L[g(t)]: (3.1.3 - 1)

Ôï ðáñáðÜíù èåþñçìá ãåíéêåýåôáé ãéá �-ôï ðëÞèïò óõíáñôÞóåéò.

ÐáñÜäåéãìá 3.1.3 - 1

Åßíáé ãíùóôü üôé áí f(t) = sin t, ôüôå sin t =
(
eit − e−it

)
=2i, üðïõ i ç

öáíôáóôéêÞ ìïíÜäá. Óýìöùíá ìå ôïí ôýðï (3:1:2 − 4) êáé ôç ãñáììéêÞ

éäéüôçôá Ý÷ïõìå

L(sin t) =
1

2i
L
(
eit
)
− 1

2i
L
(
e−it

)
=

1

2i
L
(
e−(−i) t

)
− 1

2i
L
(
e−it

)
=

1

2i

(
1

s+ (−i)
− 1

s+ i

)
=

1

s2 + 1
;

äçëáäÞ

L(sin t) = 1

s2 + 1
: (3.1.3 - 2)

¼ìïéá áðïäåéêíýåôáé üôé

L(cos t) = 1

2
L
[
eit + e−it

]
=

s

s2 + 1
(3.1.3 - 3)

4Ïé éäéüôçôåò áõôÝò áðïäåéêíýåôáé óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò üôé éó÷ýïõí åðßóçò êáé

ãéá ôïí áíôßóôñïöï ìåôáó÷çìáôéóìü Laplace.
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êáé

L(sinh at) =
1

2
L
[
eat − e−at

]
=

s

s2 − a2
; (3.1.3 - 4)

L(cosh at) =
1

2
L
[
eat + e−at

]
=

a

s2 − a2
; (3.1.3 - 5)

üôáí s > a > 0.

Èåþñçìá 3.1.3 - 2. Áí f ∈ DL ìå L[f(t)] = F (s), ôüôå

L[f(kt)] = 1

k
F
( s
k

)
ìå k > 0: (3.1.3 - 6)

ÐáñÜäåéãìá 3.1.3 - 2

Óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 2 êáé ôïí ôýðï (3:2:2− 2) åßíáé

L(cos!t) =
1

!

s
!(

s
!

)2
+ 1

=
s

s2 + !2
; (3.1.3 - 7)

L(sin!t) =
1

!

1(
s
!

)2
+ 1

=
!

s2 + !2
ìå ù > 0: (3.1.3 - 8)

ÅðïìÝíùò

L(cos 2t) = s

s2 + 4
; L(sin 2t) = 2

s2 + 4
; ê.ëð.

Èåþñçìá 3.1.3 - 3 (ðñïðïñåßáò). Áí f ∈ DL êáé L[f(t)] = F (s), ôüôå

L
[
e−atf(t)

]
= F (s+ a); üôáí s+ a > 0 êáé a > 0: (3.1.3 - 9)

Óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 3 êáé ôïõò ôýðïõò (3:1:3−7) - (3:1:3−8)

åßíáé:

L
[
e−at cos!t

]
=

s+ a

(s+ a)2 + !2
; (3.1.3 - 10)

L
[
e−at sin!t

]
=

!

(s+ a)2 + !2
: (3.1.3 - 11)
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ÅðïìÝíùò

L
[
e−t cos 2t

]
=

s+ 1

(s+ 1)2 + 22
=

s+ 1

s2 + 2s+ 5
;

L
[
e3t sin 2t

]
= L

[
e−(−3) t sin 2t

]
=

2

[s+ (− 3)]2 + 22

=
2

s2 − 6s+ 13
;

L
[
et sin

(
2t+

�

4

)]
= L

[
et
(
sin 2t cos

�

4
+ cos 2t sin

�

4

)]
=

√
2

2
L
[
et sin 2t

]
+

√
2

2
L
[
et cos 2t

]
=

√
2

2
L
[
e−(− t) sin 2t

]
+

√
2

2
L
[
e−(− t) cos 2t

]
=

√
2

2

2

(s− 1)2 + 22
+

√
2

2

s− 1

(s− 1)2 + 22

=

√
2

2

s+ 1

s2 − 2s+ 5
:

Èåþñçìá 3.1.3 - 4 (õóôÝñçóçò). Áí f ∈ DL ìå L[f(t)] = F (s) êáé

g(t) =

 f(t− a) áí t > a

0 áí t < a;

ôüôå

L[g(t)] = e−asF (s); üôáí t > a > 0: (3.1.3 - 12)

Ìå ôï èåþñçìá áõôü äßíåôáé ç äõíáôüôçôá íá õðïëïãéóôåß ï ìåôáó÷çìáôéó-

ìüò Laplace ìéáò óõíÜñôçóçò, ðïõ ïñßæåôáé ãéá t > a ìå a > 0. Ðáñáäåßãìáôá

ôÝôïéùí óõíáñôÞóåùí Ý÷ïõìå óôç ìåëÝôç óõóôçìÜôùí ðïõ åíåñãïðïéïýíôáé ôç

÷ñïíéêÞ óôéãìÞ t = a áíôß ôçò t = a.
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ÐáñÜäåéãìá 3.1.3 - 3

ÅðåéäÞ

L
[
t3
]
=

3 !

s3+1
=

6

s4
;

óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 4 ï ìåôáó÷çìáôéóìüò Laplace ôçò óõíÜñôçóçò

g(t) =

 (t− 1)3 áí t > 1

0 áí t < 1
åßíáé L[g(t)] = 6 e−s

s4
:

¢ëëåò åöáñìïãÝò ôïõ ÈåùñÞìáôïò 3.2.2 - 3 èá äïèïýí óôçí åðüìåíç ðáñÜãñáöï.

Èåþñçìá 3.1.3 - 5. Áí f ∈ DL ìå L[f(t)] = F (s), ôüôå

L[tf(t)] = − dF (s)

ds
= −F ′(s):

Åöáñìüæïíôáò äéáäï÷éêÜ n öïñÝò ôï Èåþñçìá 3.2.2 - 5, ôåëéêÜ ðñïêýðôåé

L [tnf(t)] = (−1)n
dn F (s)

dsn
= (−1)nF (n)(s); (3.1.3 - 13)

üôáí n = 1; 2; : : : :

ÐáñÜäåéãìá 3.1.3 - 4

Óýìöùíá ìå ôïí ôýðï (3:1:3− 8) åßíáé:

L(sin 3t) = 3

s2 + 9
:

Åöáñìüæïíôáò ôïí ôýðï (3:2:2− 5) ãéá n = 1; 2, Ý÷ïõìå

L [t sin 3t] = (−1)1
d

ds

(
3

s2 + 9

)
=

6s

(s2 + 9)2
;

L
[
t2 sin 3t

]
= (−1)2

d 2

ds2

(
3

s2 + 9

)
=

d

ds

[
6s

(s2 + 9)2

]

=
18
(
s2 − 3

)
(s2 + 9)3

:
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ÐáñÜäåéãìá 3.1.3 - 5

¼ìïéá óýìöùíá ìå ôïí ôýðï (3:1:3− 8) åßíáé:

L
[
e−at

]
=

1

s+ a
ìå s+ a > 0:

Åöáñìüæïíôáò ôþñá äéáäï÷éêÜ ôïí ôýðï (3:2:2− 5) Ý÷ïõìå

L
[
t e−at

]
= (−1)1

d

ds

(
1

s+ á

)
=

1

(s+ a)2
;

L
[
t2 e−at

]
= (−1)2

d 2

ds2

(
1

s+ a

)
=

d

ds

[
1

(s+ a)2

]
=

2 !︷︸︸︷
2

(s+ a)3
;

L
[
t3 e−at

]
= (−1)3

d 3

ds3

(
1

s+ a

)
=

d

ds

[
2 !

(s+ a)3

]
=

3 !︷︸︸︷
2 · 3

(s+ a)4
;

...
...

L
[
tn e−at

]
= (−1)n

dn

dsn

(
1

s+ a

)
=

d

ds

[
(n− 1) !

(s+ a)n

]
=

n !

(s+ a)n+1 :

¢ñá

L
[
tn e−at

]
=

n !

(s+ a)n+1 ; (3.1.3 - 14)

üôáí n = 0; 1; : : : êáé s+ a > 0.

Áí óôçí (3:1:3− 14) åßíáé a = 0, ôüôå

L [tn] =
n !

sn+1
; üôáí n = 0; 1; : : : : (3.1.3 - 15)

ÅðïìÝíùò óýìöùíá ìå ôïõò ôýðïõò (3:1:3− 14) êáé (3:1:3− 15) Ý÷ïõìå

L
[
t2 e3t

]
=

2 !

(s− 3)2+1 =
2

(s− 3)3
êáé L

[
t3
]
=

3 !

s3+1
=

6

s4
:

Èåþñçìá 3.1.3 - 6 (ðáñáãþãïõ 1çò ôÜîçò). Áí f ∈ DL êáé õðÜñ÷åé ç

1çò ôÜîçò ðáñÜãùãïò ôçò f êáé åßíáé óõíå÷Þò óõíÜñôçóç Þ êáôÜ ôìÞìáôá

óõíå÷Þò ãéá êÜèå t ≥ 0, ôüôå õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace ôçò ðáñáãþ-

ãïõ f ′ êáé éó÷ýåé

L
[
f ′(t)

]
= sL[f(t)]− f(0) ìå s > a: (3.1.3 - 16)
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Åöáñìüæïíôáò ôþñá ôçí (3:1:3 − 16) ãéá ôç 2çò ôÜîçò ðáñÜãùãï ôçò f ,

õðïèÝôïíôáò üôé ç f ′′ åßíáé óõíå÷Þò Þ êáôÜ ôìÞìáôá óõíå÷Þò ãéá êÜèå t ≥ 0,

Ý÷ïõìå

L
[
f ′′(t)

]
= sL

[
f ′(t)

]
− f ′(0)

= s {sL[f(t)]− f(0)} − f ′(0);

äçëáäÞ

L
[
f ′′(t)

]
= s2L[f(t)]− sf(0)− f ′(0): (3.1.3 - 17)

ÐáñÜäåéãìá 3.1.3 - 6

¸óôù

f(t) = t sin t:

Ôüôå

f(0) = 0; åíþ f ′(t) = sin t+ t cos t; ïðüôå f ′(0) = 0:

¢ñá óýìöùíá ìå ôçí (3:1:3−17) êáé ìå ôýðï (3:2:2−5) ãéá n = 1 Ý÷ïõìå

L
[
f ′′(t)

]
= s2L[t sin t]− sf(0)− f ′(0) = s2L[t sin t] = 2s3

(s2 + 1)2
:

Èåþñçìá 3.1.3 - 7 (ïëïêëÞñùóç ôïõ ìåôáó÷çìáôéóìïý). Áí f ∈ DL

ìå L[f(t)] = F (s) êáé õðÜñ÷åé ôï lim
t−> 0

f(t)

t
; ôüôå

L
[
f(t)

t

]
=

+∞∫
s

F (x) dx: (3.1.3 - 18)

ÅðåéäÞ lim s→ 0 e
−st = 1, áðü ôçí (3:1:3− 18) ðñïêýðôåé üôé:

Ðüñéóìá 3.1.3 - 1. Áí f ∈ DL ìå L[f(t)] = F (s) êáé õðÜñ÷åé ôï lim
t−> 0

f(t)

t
;

ôüôå
+∞∫
0

f(t)

t
dt =

+∞∫
0

F (x) dx: (3.1.3 - 19)
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ÐáñÜäåéãìá 3.1.3 - 7

Áðü ôïí ôýðï (3:1:3− 2) êáé ôç ó÷Ýóç (3:1:3− 18) ðñïêýðôåé

L
(
sin t

t

)
=

+∞∫
s

dx

1 + x2
=
�

2
− tan−1 s;

äçëáäÞ

L
(
sin t

t

)
= tan−1

(
1

s

)
:

Ôüôå áðü ôçí (3:1:3− 19) Ý÷ïõìå

+∞∫
0

sin t

t
dt =

+∞∫
0

dx

1 + x2
=
�

2
: (3.1.3 - 20)

Ï õðïëïãéóìüò ôïõ ìåôáó÷çìáôéóìïý Laplace ìéáò óõíÜñôçóçò f(t) ìå

ôï ðñüãñáììá MATHEMATICA ãßíåôáé ìå ôçí åíôïëÞ:

Ðñüãñáììá 3.1.3 - 1 (ìåôáó÷çìáôéóìïý Laplace)

LaplaceTransform[f(t),t,s]

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ï ìåôáó÷çìáôéóìüò Laplace ôùí ðáñáêÜôù óõíáñôÞóåùí

f(t):

i) t3 − t+ 2 v) e−2t cos 3t

ii) sin(2t) vi) t cos 2t

iii) t sin 2t vii) sin2 3t (Õð: 2 sin2 x = 1− cos 2x)

iv) t2 sin 3t viii) cos2 2t (Õð: 2 cos2 x = 1 + cos 2x).

2. ¼ìïéá ôùí óõíáñôÞóåùí

i) t e−t cos t v) t e−t sin 2t

ii) t e−t cos!t vi) t2 e−2t

iii) t3e−2t vii) t e−t sin!t .
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ÁðáíôÞóåéò

1. (i) 6
s4

− 1
s2

+ 2
s
, (ii) 2

4+s2
, (iii) 4s

(4+s2)2
; (iv)

18(−3+s2)
(9+s2)3

,

(v) 2+s
13+4s+s2

; (vi) −4+s2

(4+s2)2
, (vii) 18

36s+s3
, (viii) 8+s2

16s+s3
.

2. (i) 2s+s2

(2+2s+s2)2
, (ii) 1−!2−2s+s2

(1+!2−2s+s2)2
, (iii) 6

(2+s)4
,

(iv) 4(1+s)

(5+2s+s2)2
; (v) 2

(2+s)3
, (vi) 2!(1+s)

(1+!2+2s+s2)2
.

3.1.4 Ìåôáó÷çìáôéóìüò ðåñéïäéêþí óõíáñôÞóåùí

Èåþñçìá 3.1.4 - 1. ¸óôù f ∈ DL üðïõ f ìßá êáôÜ ôìÞìáôá óõíå÷Þò

ðåñéïäéêÞ óõíÜñôçóç ìå èåìåëéþäç ðåñßïäï T êáé f(t) = 0 ãéá êÜèå t < 0.

Ôüôå

L[f(t)] = 1

1− e−s T

T∫
0

f(t)e−stdt: (3.1.4 - 1)

ÐáñÜäåéãìá 3.1.4 - 1

Íá õðïëïãéóôåß ï ìåôáó÷çìáôéóìüò Laplace ôçò ðåñéïäéêÞò óõíÜñôçóçò (Ó÷.

3.1.4 - 1 - çìéáíüñèùóç - half recti�ed sine wave function)

f(t) =

 sin t áí 0 ≤ t < �

0 áí � ≤ t < 2�
êáé f(t+ 2�) = f(t) ãéá êÜèå t ≥ 0:

Ëýóç. Åßíáé f(t) = 0 ãéá êÜèå t < 0 êáé T = 2�. Ôüôå

2�∫
0

f(t)e−stdt =

�∫
0

e−st sin tdt = − e−st (s sin t+ cos t)

s2 + 1

∣∣∣∣�
0

=
1 + e−�s

s2 + 1
:

¢ñá

L[f(t)] = 1 + e−�s

(s2 + 1) (1− e−2�s)
=

e�s

(s2 + 1) (e�s − 1)
; üôáí s > 0:



ÓõíÜñôçóç ãÜììá 201
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0.8
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fHtL

(b)

Ó÷Þìá 3.1.4 - 1: ÐáñÜäåéãìá 3.1.4 - 1: (a) ç óõíÜñôçóç sin t, üôáí t ∈
[−2�; 4�], (b) ç óõíÜñôçóç f̃(t) óôç èåìåëéþäç ðåñßïäï, äçëáäÞ üôáí t ∈
[0; 2�].

¢óêçóç

Íá ãßíåé ôï äéÜãñáììá êáé íá õðïëïãéóôåß ï ìåôáó÷çìáôéóìüò Laplace ôùí

ðáñáêÜôù ðåñéïäéêþí óõíáñôÞóåùí, ðïõ ï ðåñéïñéóìüò ôïõò óôç èåìåëéþäç

ðåñßïäï åßíáé

i) f(t) =

 1 áí 0 ≤ t < 1

0 áí 1 ≤ t < 2
iv) f(t) =

 0 áí 0 ≤ t < �

t− � áí � ≤ t < 2�

ii) f(t) = t ; 0 ≤ t < 1 v) f(t) = | sinùt| ; ù > 0

iii) f(t) = et ; 0 ≤ t < 2 vi) f(t) = t2 ; 0 ≤ t < 1.

3.1.5 ÓõíÜñôçóç ãÜììá

Ç óõíÜñôçóç ãÜììá5 (gamma function) Ý÷åé ðïëëÝò åöáñìïãÝò óå äéÜöïñá

ðñïâëÞìáôá ôùí ÅöáñìïóìÝíùí Ìáèçìáôéêþí êáé ïñßæåôáé áðü ôï ãåíéêåõìÝíï

ïëïêëÞñùìá ôïõ ìåéêôïý åßäïõò

Γ(a) =

+∞∫
0+

e−t ta−1 d t: (3.1.5 - 1)

5ÂëÝðå ÌÜèçìá ÏñéóìÝíï ÏëïêëÞñùìá - ÓõíÜñôçóç ãÜììá êáé

http : ==en:wikipedia:org=wiki=Gamma function
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Ôï ïëïêëÞñùìá (3:1:5−1) Ý÷åé Ýííïéá, üôáí a > 0 Þ üôáí ï a åßíáé ìéãáäéêüò

áñéèìüò ìå Re(a) > 0.

¸óôù ç óõíÜñôçóç f(t) = ta üðïõ t > 0 êáé a ∈ R − {0;−1;−2; : : :}.
Ôüôå óýìöùíá ìå ôïí Ïñéóìü 3.1.1 - 1 åßíáé

L (ta) =

+∞∫
0+

tae−st d t: (3.1.5 - 2)

Áí u = st ìå u ∈ (0;+∞) êáé s > 0, ôüôå du = s dt, ïðüôå ç (3:1:5 − 2)

ãñÜöåôáé

L (ta) =
1

sa+1

+∞∫
0+

uae−u du: (3.1.5 - 3)

Áðü ôçí (3:1:5− 3) êáé ôçí (1.3-1) ðñïêýðôåé üôé

L (ta) =
Γ(a+ 1)

sa+1
; a ∈ R− {0;−1;−2; : : :}: (3.1.5 - 4)

ÐáñÜäåéãìá 3.1.5 - 1

Óýìöùíá ìå ôçí (3:1:5− 4) åßíáé

L
(
t1=3
)
=

Γ(13 + 1)

s
1
3
+1

=
Γ(43)

s4=3
≈ 0:89298 s−4=3:

Ç ôéìÞ Γ(á) äßíåôáé áðü ðßíáêåò, åíþ ìå ôï MATHEMATICA áðü ôçí

åíôïëÞ:

Gamma[a]

3.1.6 Ìïíáäéáßá óõíÜñôçóç ôïõ Heaviside

Ïñéóìüò 3.1.6 - 1. Ç ìïíáäéáßá âçìáôéêÞ óõíÜñôçóç (unit step func-

tion) Þ óõíÜñôçóç Heaviside6 (Heaviside step function) ïñßæåôáé áðü ôç

ó÷Ýóç

u(t− a) = ua(t) =

 0 áí t < a

1 áí t > a;
ìå á ≥ 0 (3.1.6 - 1)

6ÂëÝðå http : ==en:wikipedia:org=wiki=Unit step function
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Ó÷Þìá 3.1.6 - 1: (a) ç óõíÜñôçóç u(t − 1) = u1(t), üôáí t ∈ [−1; 3], (b) ç

u(t) = u0(t), üôáí t ∈ [−1; 3].

üðïõ ôï a äåß÷íåé ôçí ôéìÞ ôïõ t óôçí ïðïßá ç óõíÜñôçóç áëëÜæåé áðü ôçí

ôéìÞ 0 óôçí ôéìÞ 1 (Ó÷. 3.1.6 - 1 (a) üðïõ a = 1). ÅéäéêÜ, üôáí a = 0,

äçëáäÞ ç áëëáãÞ ãßíåôáé üôáí t = 0, Ý÷ïõìå ôç óõíÜñôçóç (Ó÷. 3.1.6 - 1

(b))

u(t) = u0(t) =

 0 áí t < 0

1 áí t > 0:
(3.1.6 - 2)

Ïñéóìüò 3.1.6 - 2 (ïñèïãþíéïò ðáëìüò Þ óõíÜñôçóç-ößëôñï). Ç óõíÜñôç-

óç (Ó÷. 3.1.6 - 2)

f(t) =


0 áí 0 < t < a

1 áí a < t < b

0 áí t > b

üðïõ a; b ∈ R êáé b > a > 0 (3.1.6 - 3)

ëÝãåôáé ïñèïãþíéïò ðáëìüò Þ óõíÜñôçóç-ößëôñï.

¸÷ïíôáò õðüøç ôïí Ïñéóìü 3.1.6 - 1 êáé ôçí (3:1:6 − 1) ï ïñèïãþíéïò

ðáëìüò åêöñÜæåôáé ùò ãñáììéêüò óõíäõáóìüò äýï óõíáñôÞóåùí Heaviside ùò

åîÞò:

f(t) = u(t− a)− u(t− b): (3.1.6 - 4)

¼ðùò Üìåóá ðñïêýðôåé áðü ôïí Ïñéóìü 3.1.6 - 1 ç óõíÜñôçóç ua(t) =

u(t − a) åßíáé óõíå÷Þò ãéá êÜèå t ∈ R − {a}, åíþ ãéá a = 1 ðáñïõóéÜæåé

áóõíÝ÷åéá ýøïõò 1. ¢ñá åßíáé ôìçìáôéêÜ óõíå÷Þò, åíþ ðñïöáíþò åßíáé åêèåôéêÞò
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Ó÷Þìá 3.1.6 - 2: ïñèïãþíéïò ðáëìüò Þ óõíÜñôçóç-ößëôñï, üôáí a = 1, b = 2

êáé t ∈ [0; 3] (square wave). Óýìöùíá ìå ôçí (3:1:6 − 3) åßíáé f(t) = u(t −
1)− u(t− 2).

ôÜîçò, ïðüôå óýìöùíá ìå ôï Èåþñçìá 3.1.2 - 1 èá õðÜñ÷åé ï ìåôáó÷çìáôéóìüò

Laplace ôçò óõíÜñôçóçò ua ãéá êÜèå t ∈ [0;+∞). Ôüôå áðü ôçí (3:1:6 − 1)

ðñïêýðôåé üôé

L[u(t− a)] = L [ua(t)] =

+∞∫
0

u(t− a)e−st d t

=

a∫
0

u(t− a)e−st dt+

+∞∫
a

u(t− a)e−st d t

=

+∞∫
a

e−std t =
e−as

s
;

äçëáäÞ

L[u(t− a)] = L [ua(t)] =
e−as

s
; üôáí s > 0 êáé a ≥ 0; (3.1.6 - 5)

åíþ

L[u(t)] = L [u0(t)] =
1

s
; üôáí s > 0: (3.1.6 - 6)

Ç ÷ñçóéìüôçôá ôçò ìïíáäéáßáò óõíÜñôçóçò óôïí ìåôáó÷çìáôéóìü Laplace

åßíáé óçìáíôéêÞ, åðåéäÞ ìå áõôÞí åßíáé äõíáôü íá õðïëïãéóôåß ï ìåôáó÷çìáôéó-

ìüò ðïëëþí óýíèåôùí óõíáñôÞóåùí.
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Ó÷Þìá 3.1.6 - 3: ÐáñÜäåéãìá 3.1.6 - 1: äéÜãñáììá ôçò f(t) üôáí t ∈ [0; 4�].

ÐáñÜäåéãìá 3.1.6 - 1 (ðåñéïäéêüò ôåôñáãùíéêüò ðáëìüò)

Íá õðïëïãéóôåß ï ìåôáó÷çìáôéóìüò Laplace ôçò ðåñéïäéêÞò óõíÜñôçóçò (Ó÷.

3.1.6 - 3)

f(t) =

 1 áí 0 < t < �

−1 áí � < t < 2�
êáé f(t+ 2�) = f(t) ãéá êÜèå t ≥ 0

(periodic square wave).

Ëýóç. Óýìöùíá ìå ôïí Ïñéóìü 3.1.6 - 1, ôç ó÷Ýóç (3:1:6 − 3) êáé ôï Ó÷.

3.1.6 - 3 ç f(t) áíáëõôéêÜ óôá åðéìÝñïõò äéáóôÞìáôá ðåñéãñÜöåôáé ùò åîÞò:

(0; �) : u(t)− u(t− �);

(�; 2�) : −[u(t− �)− u(t− 2�)] = −u(t− �) + u(t− 2�);

(2�; 3�) : u(t− 2�)− u(t− 3�);

(3�; 4�) : −[u(t− 3�)− u(t− 4�)] = −u(t− 3�) + u(t− 4�); : : : ;

ïðüôå

f(t) = u(t)− 2u(t− �) + 2u(t− 2�)− 2u(t− 3�) + 2u(t− 4�) : : : :
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Ó÷Þìá 3.1.6 - 4: ÐáñÜäåéãìá 3.1.6 - 2: ôï äéÜãñáììá ôçò f(t), üôáí t ∈ [0; 5].

¢ñá óýìöùíá ìå ôïõò ôýðïõò (3:1:6− 5) - (3:1:6− 6) Ý÷ïõìå

L[f(t)] =
1

s
− 2

e−�s

s
+ 2

e−2�s

s
− 2

e−3�s

s
+ : : :

=
1

s

1− 2e−�s

 1− e−�s + e−2�s − : : :︸ ︷︷ ︸
ãåùìåôñéêÞ öèßíïõóá ðñüïäïò ìå ëüãï e−�s




=
1

s

(
1− 2e−�s

1

1− e−�s

)
=

1

s

1− e−�s

1 + e−�s

=
1

s

e−
�s
2

(
e−

�s
2 − e−

�s
2

)
e−

�s
2

(
e−

�s
2 + e−

�s
2

) =
1

s

e−
�s
2 − e−

�s
2

e−
�s
2 + e−

�s
2

=
1

s
tanh

(�s
2

)
; üôáí s > 0:

ÐáñÜäåéãìá 3.1.6 - 2 (êëéìáêùôÞ óõíÜñôçóç)

¼ìïéá ôçò óõíÜñôçóçò g(t) ìå äéÜãñáììá óôï Ó÷. 3.1.6 - 4 (staircase func-

tion).

Ëýóç. Ç g(t) áíáëõôéêÜ ðåñéãñÜöåôáé óôï Ó÷. 3.1.6 - 5. Ôüôå üìïéá

óýìöùíá ìå ôïí Ïñéóìü 3.1.6 - 1 êáé ôç ó÷Ýóç (3:1:6− 3) Ý÷ïõìå

g(t) = u(t)− u(t− 1) + 2[u(t− 1)− u(t− 2)] + 3[u(t− 2)− u(t− 3) + : : :

= u(t) + u(t− 1) + u(t− 2) + : : : ;
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1 2 3 4
t

0.2

0.4

0.6

0.8

1.0
fHtL

(a) 1 2 3 4
t

0.5

1.0

1.5

2.0
fHtL

(b) 1 2 3 4
t

0.5

1.0

1.5

2.0

2.5

3.0
fHtL

(c)

Ó÷Þìá 3.1.6 - 5: (a) ç óõíÜñôçóç u1(t)− u2(t) äçìéïõñãåß ôï äéÜãñáììá ôçò

f(t) = 1; 1 < t < 2 ìå f(t) = 0; t ≤ 1 Þ t ≥ 2, (b) 2[u2(t) − u3(t)] ôçò

f(t) = 2; 2 < t < 3 ìå f(t) = 0; t ≤ 2 Þ t ≥ 3 êáé (c) 3[u3(t) − u4(t)] ôçò

f(t) = 3; 3 < t < 4 ìå f(t) = 0; t ≤ 3 Þ t ≥ 4 üôáí t ∈ [0; 4].

ïðüôå

L[f(t)] = 1

s
+
e−s

s
+
e−2s

s
+ : : : =

1

s (1− e−s)
; üôáí s > 0:

Ôï Èåþñçìá 3.2.2 - 4 ìå ÷ñÞóç ôçò ìïíáäéáßáò óõíÜñôçóçò ãñÜöåôáé:

Èåþñçìá 3.1.6 - 1 Aí f ∈ DL êáé L[f(t)] = F (s), ôüôå

L[f(t− a)u(t− a)] = e−asF (s) ìå t > a > 0: (3.1.6 - 7)

ÐáñáôçñÞóåéò 3.1.6 - 1

a. Ôï äéÜãñáììá ôçò f(t − a) ìå a > 0, ðñïêýðôåé áðü ôï äéÜãñáììá ôçò

f(t) ìå ìåôáôüðéóç ðáñÜëëçëç ðñïò ôç èåôéêÞ öïñÜ ôïõ t-Üîïíá êáôÜ a

ìïíÜäåò ìÞêïõò (Ó÷. 3.1.6 - 6a).

b. Ç ìïíáäéáßá óõíÜñôçóç u(t−a), üôáí ðïëëáðëáóéáóôåß ìå ôç óõíÜñôçóç
f(t), ìçäåíßæåé ôï äéÜãñáììá ôçò f(t), óôï ôìÞìá ôçò ðïõ ïñßæåôáé ãéá

t ≤ a (Ó÷. 3.1.6 - 6b).

Óýìöùíá ìå ôçí ÐáñáôÞñçóç 3.1.6 - 1b êáé ôï Èåþñçìá 3.2.2 - 4 ðñïêýðôåé:

Ðüñéóìá 3.1.6 - 1 Aí f ∈ DL, ôüôå

L[f(t)u(t− a)] = e−as L[g(t)] üðïõ g(t) = f(t+ a); (3.1.6 - 8)

üôáí t > a > 0.
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1 2 3 4 5 6
t

-1.0

-0.5

0.5

1.0

fHtL

(a)

1 2 3 4 5 6
t

-1.0

-0.5

0.5

1.0

fHtL

(b)

Ó÷Þìá 3.1.6 - 6: (a): ç óõíÜñôçóç sin t ìðëå êáé ç sin(t−2) êüêêéíç êáìðýëç

(a = 2). (b): ç óõíÜñôçóç u(t − �=4) sin t, üðïõ ôï äéÜãñáììá ôçò f(t)

ìçäåíßæåôáé, üôáí t ≤ �=4.

1 2 3 4 5 6 7
t

5

10

15

fHtL

Ó÷Þìá 3.1.6 - 7: ÐáñÜäåéãìá 3.1.6 - 3: ôï äéÜãñáììá ôçò f(t), üôáí t ∈ [0; 5].

ÐáñÜäåéãìá 3.1.6 - 3

Íá õðïëïãéóôåß ï ìåôáó÷çìáôéóìüò Laplace ôçò óõíÜñôçóçò (Ó÷. 3.1.6 - 7)

f(t) =


t2 áí 1 < t < 4

0 áí t < 1 Þ t > 4:

Ëýóç. Óýìöùíá ìå ôç ó÷Ýóç (3:1:6− 3) Ý÷ïõìå

f(t) = t2 u(t− 1)− t2 u(t− 4);
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ïðüôå áðü ôçí (3:1:6− 8) ðñïêýðôåé

L[f(t)] = L
[
t2 u(t− 1)

]
− L

[
t2 u(t− 4)

]
= e−s L

[
(t+ 1)2

]
− e−4s L

[
(t+ 4)2

]
= e−s L

[
t2 + 2t+ 1

]
− e−4s L

[
t2 + 8t+ 16

]
= e−s

(
2

s3
+

2

s2
+

1

s

)
− e−4s

(
2

s3
+

8

s2
+

16

s

)
:

ÁóêÞóåéò

1. Íá ðáñáóôáèïýí ìå ôç óõíÜñôçóç Heaviside êáé óôç óõíÝ÷åéá íá õðïëïãéóôåß

ï ìåôáó÷çìáôéóìüò Laplace ôùí ðáñáêÜôù ðåñéïäéêþí óõíáñôÞóåùí, ðïõ ï

ðåñéïñéóìüò óôç èåìåëéþäç ðåñßïäï åßíáé (k; a > 0):

i) f(t) =

 k áí 0 < t < a

0 áí a < t < 2a
iii) f(t) =


−1 áí 0 < t < 2

−3 áí 2 < t < 4

1 áí 4 < t < 6

ii) f(t) =


2 áí 0 < t < 1

1 áí 1 < t < 2

0 áí 2 < t < 3

iv) f(t) =


1 áí a < t < 2a

2 áí 2a < t < 3a

3 áí 3a < t < 4a:

2. ¼ìïéá ôùí óõíáñôÞóåùí (Ó÷. 3.1.6 - 8):

a) f(t) =

 e−t áí 0 < t < 2

0 áí t < 1 Þ t > 2

b) f(t) =

 2 sin 3t áí 0 < t <
�

3

0 áí t < 0 Þ t >
�

3
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0.5 1.0 1.5 2.0 2.5 3.0
t

0.05

0.10

0.15

0.20
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(a) 0.5 1.0 1.5
t

0.5

1.0

1.5

2.0

gHtL

(b)

Ó÷Þìá 3.1.6 - 8: (a) ç óõíÜñôçóç f(t) êáé (b) ç g(t).

3.1.7 ÓõíÜñôçóç äÝëôá ôïõ Dirac

¸óôù Ýíáò áðëüò ïñèïãþíéïò ðáëìüò ðëÜôïõò

d = � êáé ýøïõò h = f(a) =
1

�

ôç ÷ñïíéêÞ óôéãìÞ t = a (Ó÷. 3.1.7 - 1 a), ðïõ ðåñéãñÜöåôáé áðü ôç óõíÜñôçóç

f�(t) =


1

�
áí a ≤ t ≤ a+ �

0 áí t < a Þ t > a+ �;
üôáí a; � > 0: (3.1.7 - 1)

Ôüôå ðñïöáíþò ôï åìâáäüí E ôïõ ðáëìïý èá åßíáé ßóï ìå

E = d h = 1:

Ðåñéïñßæïíôáò ôþñá ôï ðëÜôïò ôïõ ðáëìïý óå d̃ = �=2 (Ó÷. 3.1.7 - 1 b),

äéáôçñþíôáò ôï åìâáäüí ßóï ìå ôç ìïíÜäá, èá ðñÝðåé ôï ýøïò ôïõ ðáëìïý íá

äéðëáóéáóôåß, äçëáäÞ íá ãßíåé h̃ = 2=�. Óõíå÷ßæïíôáò ôç äéáäéêáóßá åëÜôôùóçò

ôïõ ðëÜôïõò (Ó÷. 3.1.7 - 1 c), äçëáäÞ èåùñþíôáò üôé ôï ðëÜôïò � ôåßíåé

óôáäéáêÜ óôï ìçäÝí êáé äéáôçñþíôáò ðÜíôïôå ôï åìâáäüí ôïõ ðáëìïý ßóï ìå

1, åßíáé ðñïöáíÝò üôé ôï ýøïò ôïõ ðáëìïý ôåßíåé óôï Üðåéñï.

Ïñéóìüò 3.1.7 - 1. Ôï üñéï lim �→ 0 f�(t), üôáí ç f�(t) äßíåôáé áðü ôçí

(3:1:7 − 1), ïñßæåé ôç óõíÜñôçóç óõíÜñôçóç äÝëôá ôïõ Dirac (Dirac delta

function)7 Þ ôçò ìïíáäéáßáò þèçóçò (unit impulse function), ðïõ óõìâïëßæå-

ôáé ìå ä(t− a).

7ÂëÝðå http : ==en:wikipedia:org=wiki=Dirac delta function
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a a+1
t

fHtL
fHaL=1

(i) a a+0.5
t

fHtL
fHaL=2

(ii) a
t

fHtL
fHaL=10

(iii)

Ó÷Þìá 3.1.7 - 1: ÓõíÜñôçóç äÝëôá ôïõ Dirac: ï ïñèïãþíéïò ðáëìüò ðëÜôïõò

d = � êáé ýøïõò h = f(a) = 1=� ôç ÷ñïíéêÞ óôéãìÞ t = a, üôáí (i) d = � = 1,

(ii) d̃ = 0:5 êáé (iii) d̂ = 0:1.

ÐáñáôçñÞóåéò 3.1.7 - 1

Ç óõíÜñôçóç äÝëôá ôïõ Dirac

i) äåí åßíáé óõíÜñôçóç, åðåéäÞ êáìßá óõíÜñôçóç äåí åßíáé äõíáôüí íá éêáíï-

ðïéåß ôïí Ïñéóìü 3.1.7 - 1. Ìüíï ãéá éóôïñéêïýò ëüãïõò áíáöÝñåôáé ùò

óõíÜñôçóç, åíþ ðñüêåéôáé ãéá ãåíéêåõìÝíç óõíÜñôçóç.

ii) Óôç èåùñßá ôùí ðáëìþí êáé óå Üëëåò ãåíéêüôåñá åöáñìïãÝò, ðáñÜ ôç

öýóç ôçò, ëüãù ôùí éäéïôÞôùí ôçò áíôéìåôùðßæåôáé ìå ëïãéóìü áíÜëïãï

ôùí óõíçèéóìÝíùí óõíáñôÞóåùí.

Óýìöùíá ìå ôïí Ïñéóìü 3.1.7 - 1 ç óõíÜñôçóç äÝëôá ðåñéãñÜöåôáé ùò

åîÞò:

ä(t− a) =

 0 áí t ̸= a

+∞ áí t = a;
(3.1.7 - 2)

åíþ, üôáí ðñüêåéôáé ãéá ôç ÷ñïíéêÞ óôéãìÞ t = 0, ïðüôå a = 0, ùò

ä(t) =

 0 áí t ̸= 0

+∞ áí t = 0:
(3.1.7 - 3)

Áðü ôéò (3:1:7 − 2) - (3:1:7 − 3) ðñïêýðôåé üôé ç óõíÜñôçóç äÝëôá ôïõ

Dirac åðáëçèåýåé ôçí ôáõôüôçôá

+∞∫
−∞

�(t− a) dt = 1: (3.1.7 - 4)
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Éäéüôçôåò 3.1 - 1

Äßíïíôáé óôç óõíÝ÷åéá ïé óçìáíôéêüôåñåò éäéüôçôåò ôçò óõíÜñôçóçò äÝëôá

�(t):

I. Ãéá êÜèå k ìå k ̸= 0 éó÷ýåé (scaling property)

�(k t) =
�(t)

|k|
: (3.1.7 - 5)

ÅðïìÝíùò

�(−t) = �(t); (3.1.7 - 6)

äçëáäÞ ç óõíÜñôçóç �(t) åßíáé Üñôéá óõíÜñôçóç.

II. Áí f(t) åßíáé ìßá óõíå÷Þò óõíÜñôçóç, ôüôå

+∞∫
∞

f(t)ä(t− a) dt = f(a) (3.1.7 - 7)

(sifting or sampling property).

Ìåôáó÷çìáôéóìüò Laplace

Ç óõíÜñôçóç (3:1:7− 1) óýìöùíá ìå ôç (3:1:6− 4) ãñÜöåôáé

f�(t) = u(t− a)− u(t− a− �); (3.1.7 - 8)

ïðüôå Ý÷ïíôáò õðüøç êáé ôçí (3:1:6− 5) Ý÷ïõìå

L [f�(t)] =
1

�
L [u(t− a)− u(t− a− �)]

=
1

�

[
e−as

s
− e−(a+�)s

s

]
= e−as

(
1− e� s

� s

)
:

¢ñá

L[�(t− a)] = lim
�→ 0

L [f�(t)] = e−as lim
�→ 0

1− e� s

� s

= (êáíüíáò de L'Hôpital) e−as · 1 = e−as;
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äçëáäÞ ï ìåôáó÷çìáôéóìüò Laplace ôçò óõíÜñôçóçò äÝëôá ôïõ Dirac åßíáé

L[ä(t− a)] = e−as; (3.1.7 - 9)

üôáí a; s > 0, åíþ, üôáí a = 0, åßíáé

L[ä(t)] = 1: (3.1.7 - 10)

ÐáñáôÞñçóç 3.1.7 - 1

Óôçí (3:1:7− 9), üôáí a < 0, ôüôå

L[ä(t− a)] = 0:

ÐáñÜäåéãìá 3.1.7 - 1

Áðü ôçí (3:1:7− 9) ðñïêýðôåé

L[ä(t− 1)] = e−s; L[ä(t− 3)] = e−3s;

åíþ

L[ä(t+ 2)] = L[ä(t− (

a︷︸︸︷
−2 ))] = 0

óýìöùíá ìå ôçí ÐáñáôÞñçóç 3.1.7 - 1, ê.ëð.

Áðü ôçí (3:1:7− 9) óå óõíäõáóìü ìå ôçí (3:1:7− 7) ðñïêýðôåé

L[f(t)ä(t− a)] = f(a)e−as: (3.1.7 - 11)

Áðü ôïí ôýðï (3:2:2− 5)8 êáé ôïí (3:1:7− 9) Ý÷ïõìå

L [tn�(t− a)] = (−1)n
[
e−as

] (n)
= (−1)n

[
(−1)n ane−as

]
= an e−as;

äçëáäÞ

L [tn�(t− a)] = an e−as; (3.1.7 - 12)

üôáí a > 0 êáé n = 1; 2; : : : : ÅéäéêÜ üôáí a ≤ 0, ôüôå

L [tn�(t− a)] = 0: (3.1.7 - 13)

8Áí L[f(t)] = F (s), ôüôå L [tnf(t)] = (−1)nF (n)(s), üôáí n = 1; 2; : : : :
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ÐáñÜäåéãìá 3.1.7 - 2

Óýìöùíá ìå ôïí ôýðï (3:1:7− 12) åßíáé

L [t�(t− 1)] = e−s (a = 1; n = 1);

L
[
t2�(t− 3)

]
= 32e−3s = 9 e−3s (a = 3; n = 2);

åíþ óýìöùíá ìå ôïí (3:1:7− 13)

L
[
t4�(t)

]
= 0 (a = 0; n = 4);

L
[
t3�(t+ 2)

]
= 0 (a = −2; n = 3):

Åöáñìüæïíôáò äéáäï÷éêÜ ôïí ôýðï (3:2:2− 5) áðïäåéêíýåôáé üôé

L
[
� (n)(t− a)

]
= sn e−as; (3.1.7 - 14)

üôáí a ≥ 0 êáé n = 1; 2; : : : :

ÅéäéêÜ, üôáí a < 0, åßíáé

L
[
� (n)(t− a)

]
= 0: (3.1.7 - 15)

ÐáñÜäåéãìá 3.1.7 - 3

Óýìöùíá ìå ôçí (3:1:7− 14) åßíáé

L
[
� (7)(t− 1)

]
= s7 e−s; L

[
� (5)(t)

]
= s5;

åíþ óýìöùíá ìå ôçí (3:1:7− 15)

L
[
t2 �(t+ 3)

]
= L

t2 �(t− (

a︷︸︸︷
−3 ))

 = 0:
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3.2 Áíôßóôñïöïò ìåôáó÷çìáôéóìüò Laplace

3.2.1 Ïñéóìüò êáé âáóéêü èåþñçìá

Áðü ôï Èåþñçìá 3.1.2 - 1 ðñïêýðôïõí ôá åîÞò:

ÐáñáôçñÞóåéò 3.2.1 - 1

i) Áí ç óõíÜñôçóç f(t) åßíáé óõíå÷Þò Þ ôìçìáôéêÜ óõíå÷Þò óôï [0;+∞)

êáé åêèåôéêÞò ôÜîçò, ôüôå õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace L[f(t)].

ii) ¸óôù üôé f(t); g(t) äýï óõíáñôÞóåéò ïñéóìÝíåò óôï [0;+∞). Ôüôå,

áí õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace ôçò f(t) êáé áí ç óõíÜñôçóç

g(t) äéáöÝñåé áðü ôç f(t) óå ðåðåñáóìÝíï ìüíï ðëÞèïò óçìåßùí ôïõ

[0;+∞), ôüôå õðÜñ÷åé êáé ï ìåôáó÷çìáôéóìüò Laplace ôçò g(t) êáé

éó÷ýåé L[f(t)] = L[g(t)], üðùò áõôü ðñïêýðôåé áðü ôï ðáñáêÜôù ðáñÜäåéã-

ìá:

ÐáñÜäåéãìá 3.2.1 - 1

¸óôù üôé

f(t) = e−2t ìå L[f(t)] = 1

s+ 3

êáé

g(t) =

 0 áí t = 1

e−2t áí t ∈ [0;+∞)− {1};
ìå L[g(t)] = 1

s+ 3
;

äçëáäÞ L[f(t)] = L[g(t)], åíþ ðñïöáíþò f(t) ̸= g(t).

Áðü ôçí ÐáñáôÞñçóç 3.2.1 - 1 (ii) ðñïêýðôåé üôé, áí L[f(t)] = F (s) êáé

õðÜñ÷åé ç áíôßóôñïöç óõíÜñôçóç f(t) ôçò L−1F (s), ôüôå ç f(t) äåí åßíáé

ðÜíôïôå ìïíïóÞìáíôá ïñéóìÝíç.

Ôï ìïíïóÞìáíôï ôïõ áíôßóôñïöïõ ìåôáó÷çìáôéóìïý L−1 åîáóöáëßæåôáé

ìå ôï ðáñáêÜôù èåþñçìá:
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Èåþñçìá 3.2.1 - 1. ¸óôù üôé ç f(t) åßíáé ìéá ðñáãìáôéêÞ, óõíå÷Þò Þ

ôìçìáôéêÜ óõíå÷Þò, åêèåôéêÞò ôÜîçò óõíÜñôçóç ãéá êÜèå t ∈ [0;+∞). Áí

ãéá ôïí ìåôáó÷çìáôéóìü Laplace éó÷ýåé üôé L[f(t)] = F (s), ôüôå ï áíôßóôñïöïò

ìåôáó÷çìáôéóìüò L−1[F (s)] = f(t) ïñßæåé ìïíïóÞìáíôá ôçí f(t).

Óôï åîÞò èá èåùñåßôáé üôé ïé óõíáñôÞóåéò ðëçñïýí ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò

3.2.1 - 1, ïðüôå ç áíôßóôñïöç óõíÜñôçóç ôïõ ìåôáó÷çìáôéóìïý Laplace èá

åßíáé ìïíïóÞìáíôá ïñéóìÝíç.

3.2.2 Éäéüôçôåò áíôßóôñïöïõ ìåôáó÷çìáôéóìïý

Ïé éäéüôçôåò ôïõ ìåôáó÷çìáôéóìïý Laplace éó÷ýïõí áíÜëïãá êáé ãéá ôïí

áíôßóôñïöï ìåôáó÷çìáôéóìü Laplace. Ïé óçìáíôéêüôåñåò áðü áõôÝò äßíïíôáé

óôç óõíÝ÷åéá.

Èåþñçìá 3.2.2 - 1 (ãñáììéêÞ éäéüôçôá). Áí L[f(t)] = F (s) êáé L[g(t)] =
G(s), ôüôå áí k; � ∈ R éó÷ýåé

L−1[kF (s) + �G(s)] = kL−1[F (s)] + �L−1[G(s)]

= kf(t) + �g(t): (3.2.2 - 1)

ÐáñÜäåéãìá 3.2.2 - 1

¸óôù f(t) = e−3t êáé g(t) = et. Ôüôå

L
[
e−3t

]
=

1

s+ 3
= F (s) êáé L

[
et
]
=

1

s− 1
= G(s);

ïðüôå óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 1 Ý÷ïõìå

L−1[2F (s) + 5G(s)] = 2L−1[F (s)] + 5L−1[G(s)]

= 2 e−3t + 5 et:

Èåþñçìá 3.2.2 - 2. Áí L−1[F (s)] = f(t), ôüôå

L−1[F (ks)] =
1

k
f

(
t

k

)
ìå k > 0: (3.2.2 - 2)
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ÐáñÜäåéãìá 3.2.2 - 2

¸óôù

f(t) = cos 4t; ïðüôå L[f(t)] = s

s2 + 16
= F (s):

Óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 2, üôáí k = 2, Ý÷ïõìå

L−1[F (2s)] = L−1

[
2s

(2s)2 + 16

]
=

1

2
cos

(
4
t

2

)
=

1

2
cos 2t:

Èåþñçìá 3.2.2 - 3 (ðñïðïñåßáò). Áí L−1[F (s)] = f(t), ôüôå

L−1[F (s+ a)] = e−atf(t); üôáí s+ a > 0 êáé a > 0: (3.2.2 - 3)

ÐáñÜäåéãìá 3.2.2 - 3

¸óôù

f(t) = sin 2t; ïðüôå F (s) =
2

s2 + 4
:

Ôüôå óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 3 Ý÷ïõìå

L−1

[
2

(s− 1)2 + 4

]
= L−1

 2

(s+ (−1)︸︷︷︸
a=−1

)2 + 4

 = e−(−1) t sin 2t = et sin 2t:

Èåþñçìá 3.2.2 - 4 (õóôÝñçóçò). Áí L−1[F (s)] = f(t), ôüôå

L−1
[
e−asF (s)

]
=

 f(t− a) áí t > a

0 áí t < a;
üôáí a > 0: (3.2.2 - 4)

ÐáñÜäåéãìá 3.2.2 - 4

¸óôù

f(t) = cos t; ïðüôå F (s) =
s

s2 + 1
:
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Ôüôå óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 4 Ý÷ïõìå

L−1

e−s
a=�=3︷︸︸︷
�=3 F (s)

 = L−1

[
s e−�s=3

s2 + 1

]

=

 cos(t− �=3) áí t > �=3

0 áí t < �=3:

Èåþñçìá 3.2.2 - 5. Áí L−1[F (s)] = f(t), ôüôå

L−1
[
F (n)(s)

]
= (−1)n tnf(t): (3.2.2 - 5)

ÐáñÜäåéãìá 3.2.2 - 5

¼ìïéá, Ýóôù

f(t) = cos t; ïðüôå F (s) =
s

s2 + 1
:

Ôüôå óýìöùíá ìå ôï Èåþñçìá 3.2.2 - 5 Ý÷ïõìå

L−1
[
F (2)(s)

]
= L−1

(
s

s2 + 1

)(2)

= (−1)2 t2 cos t = t2 cos t:

Óçìåßùóç 3.2.2 - 1

Ãéá ôïí áíôßóôñïöï ìåôáó÷çìáôéóìü ôùí ÈåùñçìÜôùí 1:2 − 6 êáé 1:2 − 7 ï

áíáãíþóôçò ðáñáðÝìðåôáé óôç âéâëéïãñáößá.

3.2.3 ÌÝèïäïé õðïëïãéóìïý

Äßíïíôáé ôþñá ïé óçìáíôéêüôåñåò ìÝèïäïé ðñïóäéïñéóìïý ôçò áíôßóôñïöçò

óõíÜñôçóçò ãéá ìïñöÝò ôçò F (s), ðïõ êýñéá åìöáíßæïíôáé óôéò åöáñìïãÝò.
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Ðßíáêáò 3.2.3 - 1: ôùí êõñéüôåñùí ìåôáó÷çìáôéóìþí Laplace.

á/á f(t) F (s) á/á f(t) F (s)

1 A
A

s
11 ebt sinh at

a

(s− b)2 − a2

2 eat
1

s− a
12 t sinùt

2ùs

(s2 + ù2)2

3 tn; n = 1; 2; : : :
n !

sn+1
13 t2 sinùt

2ù
(
3s2 − ù2

)
(s2 + ù2)3

4 sinùt
ù

s2 + ù2
14 t cosùt

s2 − ù2

(s2 + ù2)2

5 e−at sinùt
ù

(s+ a)2 + ù2
15 t2 cosùt

2s
(
s2 − 3ù2

)
(s2 + ù2)3

6 cosùt
s

s2 + ù2
16 u(t− a)

e−as

s

7 e−at cosùt
s+ a

(s+ a)2 + ù2
17 ä(t− a) e−as

8 sinh at
a

s2 − a2
18 ä′(t) s

9 ebt cosh at
s− b

(s− b)2 − a2
19 ä′′(t) s2

10 cosh at
s

s2 − a2
20

sin at

t
tan−1

(a
s

)
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Ìå áíáöïñÜ óôïí Ðßíáêá 3.2.3 - 1

ÐáñÜäåéãìá 3.2.3 - 1

¸óôù

F (s) =
1

s3

ðïõ ãéá åõêïëßá ãñÜöåôáé êáé

F (s) =
1

s2+1
=

1

2 !

2 !

s2+1
:

Ôüôå ç F (s) óýìöùíá ìå ôïí ôýðï 3 ôïõ Ðßíáêá 3.2.3 - 1 êáé ôç ãñáììéêÞ

éäéüôçôá 3.2.2 - 1 äßíåé ùò áíôßóôñïöç óõíÜñôçóç ôçí

f(t) = L−1[F (s)] =
t2

2
:

ÐáñÜäåéãìá 3.2.3 - 2

¸óôù

F (s) =
2

s2 + 4
=

2

s2 + 22
:

¼ìïéá ìå ôïí ôýðï 4 ôïõ Ðßíáêá 3.2.3 - 1 åßíáé

f(t) = L−1[F (s)] = sin 2t:

ÐáñÜäåéãìá 3.2.3 - 3

¸óôù

F (s) =
5

s2 + 2s+ 37

ðïõ ãñÜöåôáé êáé

F (s) =
5

6

6

(s+ 1︸︷︷︸
a=1

)2 + ( 6︸︷︷︸
!=6

) 2
:

Ôüôå ï ôýðïò 5 ôïõ Ðßíáêá 3.2.3 - 1 äßíåé ùò áíôßóôñïöç óõíÜñôçóç ôçí

f(t) = L−1[F (s)] =
5

6
e−t sin 6t:
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Óçìåéþóåéò 3.2.3 - 1

i) ¼ôáí óôïí ðáñïíïìáóôÞ õðÜñ÷åé ùò ðáñÜãïíôáò ôñéþíõìï ìå ñßæåò

ìéãáäéêÝò (∆ < 0) Þ åéäéêÞ ðåñßðôùóç öáíôáóôéêÝò, ôüôå ï ðáñïíïìáóôÞò

ìåôáó÷çìáôßæåôáé óå Üèñïéóìá ôåôñáãþíùí óýìöùíá ìå ôïí ôýðï

ax2 + bx+ c = a

(
x+

b

2a

)2

− b2 − 4ac

4a
: (3.2.3 - 1)

ii) Ç ðåñßðôùóç (i) åöáñìüæåôáé ìüíïí, üôáí ï áñéèìçôÞò åßíáé âáèìïý

ìéêñüôåñïõ ôïõ ðáñïíïìáóôÞ.

ÐáñÜäåéãìá 3.2.3 - 4

¸óôù

F (s) =
2s+ 1

s2 + 4s+ 5
:

ÅðåéäÞ ç äéáêñßíïõóá ôïõ ðáñïíïìáóôÞ åßíáé ∆ = 42−20 = −4 < 0 óýìöùíá

ìå ôç Óçìåßùóç 3.2.3 - 1 (i) ï ðáñïíïìáóôÞò ãñÜöåôáé:

s2 + 4s+ 5 = (s+ 2)2 + 12:

Óôç óõíÝ÷åéá äçìéïõñãåßôáé óôïí áñéèìçôÞ ôï s+ 2 ùò åîÞò:

F (s) =
2s+ 1

s2 + 4s+ 5
=

2s+ 1

(s+ 2)2 + 12
=

2s+ 4 { 4+ 1

(s+ 2)2 + 12

=
2s+ 4

−3︷ ︸︸ ︷
−4 + 1

(s+ 2)2 + 12
= 2

s+ 2

(s+ 2)2 + 12
− 3

1

(s+ 2)2 + 12
:

¢ñá ï áíôßóôñïöïò ìåôáó÷çìáôéóìüò èá åßíáé óõíäõáóìüò ôùí ôýðùí 5 êáé

7 ôïõ Ðßíáêá 3.2.3 - 1, äçëáäÞ

f(t) = L−1[F (s)] = 2 e−2t cos 2t− 3 e−2t sin t = e−2t (2 cos 2t− 3 sin t) :
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¢óêçóç

Íá õðïëïãéóôïýí ïé áíôßóôñïöåò ôùí ðáñáêÜôù óõíáñôÞóåùí F (s):

i)
2

s4
vii)

6

(s+ 1)4

ii)
1

(s+ 3)2
viii)

1

9s2 + 4

iii)
2(s+ 2)

s2 + 4
ix)

s− 1

4s2 + 9

iv)
s− 1

s2 − 9
x)

1

s2 + 4s+ 4

v)
1

s2 + 8s+ 17
xi)

4s+ 1

s2 + 2s+ 1

vi)
s

s2 − 2s+ 1
xii)

s

s2 + s+ 1
:

ÁðáíôÞóåéò

(i) t3

3
, (ii) t e−3t, (iii) 2(cos 2t+sin 2t), (iv) 2e−3t

3
+ e3t

3
, (v) e−4t sin t, (vi) et(1+ t),

(vii) t3e−t, (viii) 1
6
sin

(
2t
3

)
, (ix) 1

4
cos

(
3t
2

)
− 1

6
sin

(
3t
2

)
, (x) t e−2t, (xi) (4− 3 t) e−t,

(xii) − 1
3
e−t=2

[
−3 cos

(√
3t
2

)
+

√
3 sin

(√
3t
2

) ]
.

Ìå áíÜëõóç óå áðëÜ êëÜóìáôá

¸óôù üôé ç óõíÜñôçóç F (s) åßíáé ñçôÞ, äçëáäÞ åßíáé ôçò ìïñöÞò

F (s) =
P (s)

Q(s)
;

üôáí P (s) êáé Q(s) åßíáé áêÝñáéá ðïëõþíõìá ôïõ s.

Ãéá ôïí âáèìü ôïõ ðïëõùíýìïõ P (s) äéáêñßíïíôáé ïé ðáñáêÜôù ðåñéðôþóåéò:

I. Ï âáèìüò ôïõ P (s) ìéêñüôåñïò áðü ôïí âáèìü ôïõ Q(s)

Ôüôå ç óõíÜñôçóç F (s) áíáëýåôáé êáôÜ ôá ãíùóôÜ óå Üèñïéóìá áðëþí êëáóìÜôùí.
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ÐáñÜäåéãìá 3.2.3 - 5

¸óôù

F (s) =
s− 1

s2 + 3s+ 2

ìå ñßæåò ôïõ ðáñïíïìáóôÞ ôéò −1 êáé −2. Ôüôå

s− 1

(s+ 1)(s+ 2)
=

A

s+ 2
+

B

s+ 1
:

ÐïëëáðëáóéÜæïíôáò êáé ôá äýï ìÝëç ìå ôï (s+ 1)(s+ 2), Ý÷ïõìå

s− 1 = (A+B)s+ (A+ 2B):

Åîéóþíïíôáò ôïõò óõíôåëåóôÝò ôùí ßóùí äõíÜìåùí ôïõ s, ðñïêýðôåé ôï óýóôçìá

A + B = 1

A + 2B = −1;
ïðüôå A = 3 êáé B = −2:

Ôüôå

F (s) =
3

s+ 2
− 2

s+ 1
:

¢ñá

f(t) = L−1[F (s)] = 3e−2t − 2e−t:

ÐáñÜäåéãìá 3.2.3 - 6

¼ìïéá, Ýóôù

F (s) =
1

s (s2 + 9)
:

ÈÝôïíôáò
1

s (s2 + 9)
=
A

s
+
Bs+ C

s2 + 9

êáé óýìöùíá ìå ôçí ðáñáðÜíù äéáäéêáóßá, ôåëéêÜ ðñïêýðôåé

F (s) =
1

9

1

s
− 1

9

s

s2 + 9
;

ïðüôå

f(t) = L−1[F (s)] =
1

9
− 1

9
cos 3t:
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ÐáñÜäåéãìá 3.2.3 - 7

¼ìïéá

F (s) =
1

(s− 1)(s+ 2)2
:

Ï ðáñïíïìáóôÞò Ý÷åé ðñùôïâÜèìéï üñï õøùìÝíï óå äýíáìç, ïðüôå óôçí ðåñßðôùóç

áõôÞ ç áíÜëõóç óå áðëÜ êëÜóìáôá Ý÷åé ôçí ðáñáêÜôù ìïñöÞ:9

1

(s− 1)(s+ 2)2
=

A

s− 1
+

áíôßBs+C︷︸︸︷
B

(s+ 2)2
+

C

s+ 2
;

ïðüôå ôåëéêÜ ðñïêýðôåé

F (s) =
1

9

1

s− 1
− 1

3

1

(s+ 2)2
− 1

9

1

s+ 2
:

¢ñá

f(t) = L−1[F (s)] =
1

9
e−2t

(
−1− 3t+ e3t

)
:

ÐáñÜäåéãìá 3.2.3 - 8

¼ìïéá

F (s) =
1

s3 (s2 + 4)
:

¸÷ïõìå óýìöùíá ìå ôçí áíÜëõóç ôïõ Ðáñáäåßãìáôïò 3.2.3 - 7 üôé

1

s3 (s2 + 4)
=
A

s
+
B

s2
+
C

s3
+
Ds+ E

s2 + 4
;

ïðüôå

F (s) = − 1

16

1

s
+

1

4

1

s3
+

1

16

s

s2 + 4
:

¢ñá

f(t) = L−1[F (s)] =
1

16

(
−1 + 2t2 + cos 2t

)
:

9ÂëÝðå ÌÜèçìá Áüñéóôï ÏëïêëÞñùìá.
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II. Ï âáèìüò ôïõ P (s) ìåãáëýôåñïò Þ ßóïò áðü ôïí âáèìü ôïõ Q(s)

Ôüôå ãßíåôáé ðñþôá ç äéáßñåóç ôùí ðïëõùíýìùí, ïðüôå ç ðåñßðôùóç áõôÞ

áíÜãåôáé ôåëéêÜ óôçí ðñïçãïýìåíç.

Ï õðïëïãéóìüò ôïõ áíôßóôñïöïõ ìåôáó÷çìáôéóìïý Laplace óôçí ðåñßðôùóç

áõôÞ èá ãßíåé ìüíï óå åéäéêÝò ðåñéðôþóåéò ìå ÷ñÞóç ôçò óõíÜñôçóçò ôïõ Dirac.

Ãéá ìéá ãåíéêüôåñç ìåëÝôç ï áíáãíþóôçò ðáñáðÝìðåôáé óôç âéâëéïãñáößá.

ÐáñÜäåéãìá 3.2.3 - 9

¸óôù

F (s) =
s4

(s− 1)(s+ 2)
:

ÌåôÜ ôç äéáßñåóç êáé ôçí áíÜëõóç óå áðëÜ êëÜóìáôá ðñïêýðôåé

F (s) = s2 − s+ 3 +
1

3

1

s− 1
− 16

3

1

s+ 2
:

Ôüôå óýìöùíá ìå ôçí ðáñáðÜíù äéáäéêáóßá êáé ôïõò ôýðïõò 17, 18 êáé 19 ôïõ

Ðßíáêá 3.2.3 - 1 ðñïêýðôåé

f(t) = L−1[F (s)] = �′′(t)− �′(t) + 3 �(t) +
1

3
et − 16

3
e−2t:

¢óêçóç

Íá õðïëïãéóôåß ç óõíÜñôçóç f(t) = L−1[F (s)], üôáí ç F (s) åßíáé ßóç ìå

i)
1

s (s2 − 4)
v)

1

s3 + 8

ii)
1

s3 − s
vi)

s

s4 − 1

iii)
1

s (s2 − 4s+ 4)
vii)

s+ 1

s3 − 1

iv)
1

s (s2 + �2)
viii)

s

(s+ 2) (s2 + 1)
:
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ÁðáíôÞóåéò

(i) − 1
4
+ e−2t

8
+ e2t

8
, (ii) − 1 + e−t

2
+ et

2
, (iii) 1

4
− e2t

4
+ 1

2
t e2t , (iv) 1

�2 − cos�t
�2 ,

(v) e−2t

12
− 1

12
et cos

(√
3t
)
+

et sin(
√

3t)
4
√

3
(vi) e−t

4
+ et

4
− cos t

2
,

(vii) 2 et

3
− 2

3
e−t=2 cos

(√
3 t
2

)
, (viii) − 2

5
e−2t + 2 cos t

5
+ sin t

5
.

3.3 ÅöáñìïãÝò óôç ëýóç Äéáöïñéêþí Åîéóþóåùí

3.3.1 ÃñáììéêÞ 1çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò

Ç ìç ïìïãåíÞò ãñáììéêÞ äéáöïñéêÞ åîßóùóç 1çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò

Ý÷åé ôç ìïñöÞ

y′ + ay = r(x); (3.3.1 - 1)

üôáí á óôáèåñÜ, y = y(x) ìå x ∈ (á; â) ⊆ R. Ç áíôßóôïé÷ç ïìïãåíÞò åßíáé

y′ + ay = 0: (3.3.1 - 2)

¸óôù üôé ïé óõíáñôÞóåéò y; r ∈ DL êáé ïñßæïíôáé ãéá êÜèå x ≥ 0.

Èåùñþíôáò ôïí ìåôáó÷çìáôéóìü Laplace ôçò ìç ïìïãåíïýò åîßóùóçò (3:3:1−
1) Ý÷ïõìå

L
(
y′ + ay

)
= L[r(x)];

ðïõ óýìöùíá ìå ãíùóôÝò éäéüôçôåò ôïõ ìåôáó÷çìáôéóìïý Laplace10 ãñÜöåôáé

sL(y)− y(0) + áL(y) = L[r(x)]:
10ÂëÝðå ÐáñÜãñáöïò 3.1.3 Èåþñçìá 3.2.2 - 1 (ãñáììéêÞ éäéüôçôá): ¸óôù f; g ∈

DL. Ôüôå áí k; ë ∈ R éó÷ýåé

L[kf(t) + �g(t)] = kL[f(t)] + �L[g(t)]

êáé Èåþñçìá 3.1.3 - 6 (ðáñáãþãïõ 1çò ôÜîçò): Áí f ∈ DL êáé õðÜñ÷åé ç ðñþôçò

ôÜîçò ðáñÜãùãïò ôçò f êáé åßíáé óõíå÷Þò óõíÜñôçóç Þ êáôÜ ôìÞìáôá óõíå÷Þò ãéá êÜèå

t ≥ 0, ôüôå õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace ôçò ðáñáãþãïõ f ′ êáé éó÷ýåé

L
[
f ′(t)

]
= sL[f(t)]− f(0) ìå s > a > 0:
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ÈÝôïíôáò

Y (s) = L(y) ìå y(0) = y0 áñ÷éêÞ óõíèÞêç

êáé ëýíïíôáò áëãåâñéêÜ ùò ðñïò Y (s), ôåëéêÜ Ý÷ïõìå ôïí ðáñáêÜôù ôýðï

õðïëïãéóìïý ôçò ìåôáó÷çìáôéóìÝíçò óõíÜñôçóçò Y (s) ôçò ìåñéêÞò ëýóçò ôçò

(3:3:1− 1)

Y(s) =
L[r(x)]
s+ a

+
y0
s+ a

ìå s+ a > 0: (3.3.1 - 3)

Ôüôå áðü ôçí (3:3:1− 3) ðñïêýðôåé ç ìåñéêÞ ëýóç ôçò (3:3:1− 1) ùò åîÞò:

y(x) = L−1[Y (s)]:

ÐáñáôçñÞóåéò 3.3.1 - 1

Ç ìÝèïäïò ôïõ ìåôáó÷çìáôéóìïý Laplace:

i) åöáñìüæåôáé êõñßùò, üôáí æçôåßôáé ç ìåñéêÞ ëýóç ôçò (3:3:1−1), äçëáäÞ

Ý÷ïõí äïèåß êáé ïé áñ÷éêÝò óõíèÞêåò ôïõ ðñïâëÞìáôïò Þ üôáí ç åßóïäïò

r(x) åßíáé ðåñéïäéêÞ, ìïíáäéáßá êñïýóç, ê.ëð.,11

ii) äåí åöáñìüæåôáé, üôáí ç f(x) äåí åßíáé óôáèåñÜ êáé ãåíéêüôåñá äåí

åöáñìüæåôáé óå ìç ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò.

Ôï êýñéï ðëåïíÝêôçìá ôçò ìåèüäïõ óå ó÷Ýóç ìå ôçí áíôßóôïé÷ç êëáóéêÞ

ìÝèïäï åßíáé üôé ç äéáöïñéêÞ åîßóùóç ëýíåôáé ìå áëãåâñéêü ôñüðï êáé åéóÜãïíôáé

óôç ëýóç Üìåóá, ÷ùñßò íá ÷ñåéÜæåôáé åðéðëÝïí õðïëïãéóìüò, ïé áñ÷éêÝò óõíèÞêåò

ôïõ ðñïâëÞìáôïò.

ÐáñÜäåéãìá 3.3.1 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′ + 2y = e−3x; üôáí y(0) = 0: (1)

Ëýóç. ¸óôù üôé ç (1) ïñßæåôáé ãéá êÜèå x ≥ 0. Åßíáé r(x) = e−3x, ïðüôå

óýìöùíá ìå ôïí ôýðï 2 ôïõ Ðßíáêá 3.2.3 - 1 Ý÷ïõìå

L
[
e−3x

]
=

1

s+ 3
; üôáí s+ 3 > 0:

11ÂëÝðå ÌÜèçìá ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí.
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Ó÷Þìá 3.3.1 - 1: ÐáñÜäåéãìá 3.3.1 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = e−3x (−1 + ex), üôáí x ∈ [0; 3].

¸óôù y(x) ç ìåñéêÞ ëýóç ôçò (1). ÅðåéäÞ óýìöùíá ìå ôçí (1) åßíáé a = 2,

èÝôïíôáò óôçí (3:3:1− 3)

Y (s) = L(y) ìå y(0) = y0 = 0

ìåôÜ ôçí áíÜëõóç óå áðëÜ êëÜóìáôá ôïõ äåîéïý ìÝëïõò, ðñïêýðôåé

Y (s) =
1
s+3

s+ 2
+

0

s+ 2
=

1

(s+ 2)(s+ 3)

=
1

s+ 2
− 1

s+ 3
; üôáí s+ 2 > 0:

¢ñá ç ìåñéêÞ ëýóç åßíáé (Ó÷. 3.3.1 - 1)

y(x) = L−1[Y (s)] = e−2x − e−3x = e−3x (−1 + ex) :

ÐáñÜäåéãìá 3.3.1 - 2

¼ìïéá ç äéáöïñéêÞ åîßóùóç

y′ + y = e−x üôáí y(0) = −1: (2)



ÅöáñìïãÝò óôç ëýóç Äéáöïñéêþí Åîéóþóåùí 229

0.5 1.0 1.5 2.0 2.5 3.0
x

-1.5

-1.0

-0.5

yHxL

Ó÷Þìá 3.3.1 - 2: ÐáñÜäåéãìá 3.3.1 - 2: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = e−x (−1 + x), üôáí x ∈ [−0:2; 3].

Ëýóç.

Áí üìïéá õðïôåèåß üôé ç (2) ïñßæåôáé ãéá êÜèå x ≥ 0 êáé r(x) = e−x, ôüôå

óýìöùíá ìå ôïí ôýðï 2 ôïõ Ðßíáêá 3.2.3 - 1 èá åßíáé

L
[
e−x
]
=

1

s+ 1
; üôáí s+ 1 > 0:

¸óôù y(x) ç ìåñéêÞ ëýóç ôçò (2). ÅðåéäÞ óýìöùíá ìå ôçí (2) åßíáé a = 1,

üìïéá èÝôïíôáò

Y (s) = L(y) ìå y(0) = y0 = −1

óôçí (3:3:1− 3) ðñïêýðôåé üôé

Y (s) =
1
s+1

s+ 1
+

−1

s+ 1
=

1

(s+ 1)2
− 1

s+ 1
; üôáí s+ 1 > 0:

¢ñá ç ìåñéêÞ ëýóç åßíáé (Ó÷. 3.3.1 - 2)

y(x) = L−1[Y (s)] = x e−x − e−x = e−x (−1 + x) :

ÐáñÜäåéãìá 3.3.1 - 3

¼ìïéá ç äéáöïñéêÞ åîßóùóç

y′ + y = sin 2x; üôáí y(0) = 0: (3)
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Ó÷Þìá 3.3.1 - 3: ÐáñÜäåéãìá 3.3.1 - 3: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = 2
5 e

−x + 1
5 (−2 cos 2x+ sin 2x), üôáí x ∈ [−�=3; 10�].

Ëýóç. ¼ìïéá Ýóôù üôé ç (3) ïñßæåôáé ãéá êÜèå x ≥ 0. Åßíáé r(x) = sin 2x,

ïðüôå óýìöùíá ìå ôïí ôýðï 4 ôïõ Ðßíáêá 3.2.3 - 1 èá åßíáé

L [sin 2x] =
2

s2 + 4
:

Áí y(x) ç ìåñéêÞ ëýóç ôçò (3), ôüôå a = 1, ïðüôå èÝôïíôáò

Y (s) = L(y) ìå y(0) = y0 = 0

óôçí (3:3:1− 3) ðñïêýðôåé üôé

Y (s) =
1
s+1
2

s2+4

=
2

(s+ 1) (s2 + 4)
=

2

5

1

s+ 1
− 2

5

s− 1

s2 + 4

=
2

5

1

s+ 1
− 2

5

s

s2 + 22
+

1

5

2

s2 + 22
; üôáí s+ 1 > 0:

¢ñá üìïéá (Ó÷. 3.3.1 - 3)

y(x) = L−1[Y (s)] =
2

5
e−x +

1

5
(−2 cos 2x+ sin 2x) ;

Áðü ôç ëýóç ðñïêýðôïõí ôá åîÞò:

i) limx→−∞ y(x) = +∞,
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ii) üôáí x ≥ �, ï üñïò e−x ðñáêôéêÜ ìçäåíßæåôáé, ïðüôå ç ëýóç ãñÜöåôáé:12

y(x) ≈ 1

5
(−2 cos 2x− sin 2x) =

√
22 + 12

5
sin(2x+ �)

≈ 0:45 sin(2x+ �); üôáí � = arctan(−2) ≈ −9�

25
;

äçëáäÞ ðåñéãñÜöåé ìéá áìåßùôç ðåñéïäéêÞ ôáëÜíôùóç ðëÜôïõò 0:45.

¢óêçóç

Íá ëõèïýí ïé ðáñáêÜôù ãñáììéêÝò äéáöïñéêÝò åîéóþóåéò:

i) y′ + y = x; y(0) = −1 v) y′ + 3y = e−x sin 2x; y(0) = 0

ii) y′ + 4y = e−3x; y(0) = 0 vi) y′ + y = sin2 x; y(0) = −1

iii) y′ + y = x e−x; y(0) = 0 vii) y′ + 4y = 1− sinhx; y(0) = 0

iv) y′ + y = sin 2x; y(0) = 0 viii) y′ + y = sinx cos 2x; y(0) = 0.

ÁðáíôÞóåéò

i) y(x) = −1 + x+ c e−x, ìåñéêÞ: c = 0,

ii) y(x) = e−3x + c e−4x, ìåñéêÞ: c = −1,

iii) y(x) = 1
2
x2e−x + c e−x, ìåñéêÞ: c = 0,

iv) y(x) = c e−x + 1
2
(−2 cos 2x+ sin 2x), ìåñéêÞ: c = 2

5
,

v) y(x) = c e−3x + e−x

13
(−3 cos 3x+ 2 sin 3x), ìåñéêÞ: c = − 1

13
,

vi) y(x) = c e−x + 1
10

(5− cos 2x− sin 2x), ìåñéêÞ: c = − 14
10
,

vii) y(x) = c e−4x − 1
60

(
10− 15ex + 6e2x

)
, ìåñéêÞ: c = − 19

60
,

viii) y(x) = c e−x + 1
20

(5 cosx− 3 cos 3x− 5 sinx+ sin 3x), ìåñéêÞ: c = − 1
10
.

12ÂëÝðå ÌÜèçìá ÓåéñÜ Fourier - ÃñáììéêÜ öÜóìáôá.
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3.3.2 ÃñáììéêÞ 2çò ôÜîçò ìå óôáèåñïýò óõíôåëåóôÝò

ÏìïãåíÞò ãñáììéêÞ

Ç ãåíéêÞ ìïñöÞ ôçò ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò ìå óôáèåñïýò

óõíôåëåóôÝò åßíáé

y′′ + ay′ + by = 0; (3.3.2 - 1)

üôáí a; b óôáèåñÝò, y = y(x) ìå x ∈ (á; â) ⊆ R êáé õðÜñ÷ïõí ïé y′(x) êáé

y′′(x) ãéá êÜèå x ∈ (á; â).

Áí y ∈ DL, ôüôå áðü ôçí (3:3:2− 1) Ý÷ïõìå

L
[
y′′ + ay′ + b

]
= 0;

ðïõ óýìöùíá ìå ãíùóôÝò éäéüôçôåò13 ôïõ ìåôáó÷çìáôéóìïý Laplace ãñÜöåôáé

s2L(y)− sy(0)− y0
′(0) + a[sL(y)− y(0)] + bL(y) = 0

ÈÝôïíôáò

L(y) = Y (s) êáé y(0) = y0; y′(0) = y′0 áñ÷éêÝò óõíèÞêåò

ç ðáñáðÜíù ó÷Ýóç, áí ëõèåß ùò ðñïò Y (s), ôåëéêÜ äßíåé

Y(s) =
(s+ a)y0 + y0

′

s2 + as+ b
(3.3.2 - 2)

13¼ìïéá âëÝðå ÐáñÜãñáöïò 3.1.3 Èåþñçìá 3.2.2 - 1 (ãñáììéêÞ éäéüôçôá): ¸óôù

f; g ∈ DL. Ôüôå áí k; ë ∈ R éó÷ýåé

L[kf(t) + �g(t)] = kL[f(t)] + �L[g(t)]

êáé Èåþñçìá 3.1.3 - 6 (ðáñáãþãïõ 1çò ôÜîçò): Áí f ∈ DL êáé õðÜñ÷åé ç ðñþôçò

ôÜîçò ðáñÜãùãïò ôçò f êáé åßíáé óõíå÷Þò óõíÜñôçóç Þ êáôÜ ôìÞìáôá óõíå÷Þò ãéá êÜèå

t ≥ 0, ôüôå õðÜñ÷åé ï ìåôáó÷çìáôéóìüò Laplace ôçò ðáñáãþãïõ f ′ êáé éó÷ýåé

L
[
f ′(t)

]
= sL[f(t)]− f(0) ìå s > a > 0;

åíþ ìå ôïí ôýðï (1:1:3− 17)

L
[
f ′′(t)

]
= s2L[f(t)]− sf(0)− f ′(0); üôáí s > a > 0:
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Ôüôå ç ãåíéêÞ ëýóç ôçò (3:3:2− 1) èá äßíåôáé áðü ôç ó÷Ýóç

y(x) = L−1[Y(s)]: (3.3.2 - 3)

Åßíáé öáíåñü üôé ç ãåíéêÞ ëýóç (3:3:2− 3) åîáñôÜôáé áðü ôï åßäïò ôùí ñéæþí

ôïõ ðáñïíïìáóôÞ s2 + ás + â óôçí (3:3:2 − 2). Ïé ÐáñáôçñÞóåéò 3.3.1 - 1

éó÷ýïõí áíÜëïãá êáé óôçí ðåñßðôùóç áõôÞ.

ÐáñÜäåéãìá 3.3.2 - 1

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′′ + 5y′ + 6y = 0; üôáí y0 = 0 êáé y′0 = 1:

Ëýóç. Óýìöùíá ìå ôçí (3:3:2− 2) åßíáé

Y (s) =
(s+ 5) · 0 + 1

s2 + 5s+ 6
=

1

s2 + 5s+ 6
=

1

(s+ 3)(s+ 2)

=
A

s+ 3
+

B

s+ 2
= − 1

s+ 3
+

1

s+ 2
:

¢ñá (Ó÷. 3.3.2 - 1)

y(x) = L−1[Y (s)] = −e−3x + e−2x:

Ç ëýóç óôçí ðåñßðôùóç áõôÞ åßíáé ãíùóôÞ ùò åëåýèåñç áñìïíéêÞ ôáëÜíôùóç

ìå éó÷õñÞ áðüóâåóç.

ÐáñÜäåéãìá 3.3.2 - 2

¼ìïéá ç åîßóùóç

y′′ − 4y′ + 4y = 0; üôáí y0 = 1 êáé y′0 = 1:
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Ó÷Þìá 3.3.2 - 1: ÐáñÜäåéãìá 3.3.2 - 1: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = −e−3x + e−2x, üôáí x ∈ [−0:1; 2].

Ëýóç. Óýìöùíá ìå ôçí (3:3:2− 2) åßíáé

Y (s) =
(s− 4) · 1 + 1

s2 − 4s+ 4

=
s− 3

(s− 2)2
=

A

s− 2
+

B

(s− 2)2

=
1

s− 2
− 1

(s− 2)2
=

1

s− 2
+

(
1

s− 2

)′

=
1

s− 2
− (−1)1

(
1

s− 2

)′
:

ÅðåéäÞ óýìöùíá ìå ôç ãíùóôÞ éäéüôçôá ôïõ ìåôáó÷çìáôéóìïý Laplace

éó÷ýåé üôé, áí F (s) = L[f(x)], ôüôå L[x f(x)] = (−1)1 F ′(s), áðü ôçí ðáñáðÜíù

ó÷Ýóç ðñïêýðôåé ôåëéêÜ üôé (Ó÷. 3.3.2 - 2)

y(x) = L−1[Y (s)] = e2x(1− x):

Ç ëýóç ðåñéãñÜöåé ôçí êñßóéìç áðüóâåóç. ÅðåéäÞ e−2x ̸= 0 ãéá êÜèå x ∈ R,
ç y

h
(x) = 0, üôáí x0 = 1. Ôüôå ôï x0 åßíáé ôï óçìåßï óôáôéêÞò éóïññïðßáò.

ÐáñÜäåéãìá 3.3.2 - 3

¼ìïéá ç åîßóùóç

16y′′ + 8y′ + 17y = 0; üôáí y0 = 1 êáé y′0 = 0:
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Ó÷Þìá 3.3.2 - 2: ÐáñÜäåéãìá 3.3.2 - 2: ôï äéÜãñáììá ôçò ìåñéêÞò ëýóçò

y(x) = e−2x(1− x), üôáí x ∈ [−0:2; 1:2].

Ëýóç. Ç åîßóùóç ãñÜöåôáé

y′′ +
1

2
y′ +

17

16
y = 0;

ïðüôå óýìöùíá ìå ôçí (3:3:2− 2) åßíáé

Y (s) =
(s+ 1

2) · 1 + 0

s2 + 1
2s+

17
16

=
s+ 1

2

s2 + 2 1
4s+

16+1
16

=
s+ 1

2

s2 + 2 1
4s+

1
16 + 1

=
s+ 1

2(
s+ 1

4

)2
+ 1

=
s+ 1

4 + 1
4(

s+ 1
4

)2
+ 1

=
s+ 1

4(
s+ 1

4

)2
+ 12

+
1

4

1(
s+ 1

4

)2
+ 12

:

¢ñá óýìöùíá ìå ôïõò ôýðïõò 5 êáé 7 ôïõ Ðßíáêá 2.2-1 åßíáé (Ó÷. 3.3.2 -

3)

y(x) = L−1[Y (s)] = e−x=4 cosx+
1

4
e−x=4 sinx;

Ç ëýóç ðåñéãñÜöåé ìéá åëåýèåñç áñìïíéêÞ ôáëÜíôùóç ìå áóèåíÞ áðüóâåóç.
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5 10 15
x

-1.0

-0.5

0.5

1.0

yHxL

(a)

5 10 15
x

-1.0

-0.5

0.5

1.0

yHxL

(b)

Ó÷Þìá 3.3.2 - 3: ÐáñÜäåéãìá 3.3.2 - 2, üôáí x ∈ [−�=10; 4�]:(a) ôï

äéÜãñáììá ôçò 1
4 e

−x=4 ìðëå (áðüóâåóç) êáé ôçò 4 cosx + sinx êüêêéíç

êáìðýëç (áìåßùôç ôáëÜíôùóç), åíþ óôï äéÜãñáììá (b) ôçò ìåñéêÞò ëýóçò

y(x) = 1
4 e

−x=4(4 cosx+ sinx). Ç áðüóâåóç ðñïêáëåß ôåëéêÜ ôïí ìçäåíéóìü

ôçò ìåñéêÞò ëýóçò.

¢óêçóç

Íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò:

i) y′′ + 4y′ + 5y = 0; y′0 = y0 = 1,

ii) y′′ − y′ − 12y = 0; y′0 = 1; y0 = 0,

iii) y′′ + 2y′ + 10y = 0; y′0 = 1; y0 = 0,

iv) y′′ + 25y = 0; y′0 = y0 = 1,

v) y′′ + 2y′ + 4y = 0; y′0 = 1; y0 = 0,

i) y′′ − 2y′ + y = 0; y′0 = −1; y0 = 1.

ÁðáíôÞóåéò

(i) e−2x (cosx+ 3 sinx), (ii) 1
7

(
−e−3x + e4x

)
, (iii) 1

3
e−x sin 3x,

(iv) 1
5
(5 cos 5x+ sin 5x), (v) 1√

3
e−x sin

(√
3x

)
, (vi) − ex (−1 + 2x).
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Ìç ïìïãåíÞò ãñáììéêÞ

Ç ãåíéêÞ ìïñöÞ ôçò ìç ïìïãåíïýò äéáöïñéêÞò åîßóùóçò 2çò ôÜîçò ìå óôáèåñïýò

óõíôåëåóôÝò åßíáé

y′′ + ay′ + by = r(x); (3.3.2 - 4)

üôáí a; b ∈ R, y = y(x), r(x) ̸= 0 ìå x ∈ (á; â) ⊆ R êáé õðÜñ÷ïõí ïé y′(x)

êáé y′′(x) ãéá êÜèå x ∈ (á; â).

¸óôù y; r ∈ DL. Ôüôå, áíÜëïãá ìå ôçí áíôßóôïé÷ç ëýóç ôçò ïìïãåíïýò,

èåùñþíôáò ôïí ìåôáó÷çìáôéóìü Laplace ôçò (3:3:2− 4), ôåëéêÜ ðñïêýðôåé

Y(s) =
L[r(x)]

s2 + as+ b
+

(s+ a)y0 + y0
′

s2 + as+ b
; (3.3.2 - 5)

ïðüôå ç ãåíéêÞ ëýóç ôçò ìç ïìïãåíïýò èá äßíåôáé áðü ôç ó÷Ýóç

y(x) = L−1[Y(s)]: (3.3.2 - 6)

ÐáñÜäåéãìá 3.3.2 - 4

Íá ëõèåß ç äéáöïñéêÞ åîßóùóç

y′′ − 3y′ + 2y = x; üôáí y0 = y′0 = 0:

Ëýóç. Åßíáé a = −3, b = 2 êáé

L[r(x)] = L(x) = 1

s2
:

Áíôéêáèéóôþíôáò óôïí ôýðï (3:3:2−5) ìåôÜ êáé ôçí áíÜëõóç óå áðëÜ êëÜóìáôá

Ý÷ïõìå

Y (s) =
1

s2 (s2 − 3s+ 2)
=

1

s2(s− 1)(s− 2)

=
A

s
+
B

s2
+

Γ

s− 1
+

∆

s− 2

=
3

4s
+

1

2s2
− 1

s− 1
+

1

4(s− 2)
:
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¢ñá óýìöùíá ìå ôçí (3:3:2− 6) ç ìåñéêÞ ëýóç åßíáé

y(x) = L−1[Y (s)] =
3

4
+
x

2
− ex +

e2x

4
:

ÐáñÜäåéãìá 3.3.2 - 5

¼ìïéá ôçò

y′′ + 2y′ + y = e−2x; üôáí y0 = y′0 = 0:

Ëýóç. ¼ìïéá åßíáé a = 2, b = 1 êáé

L[r(x)] = L(e−2x) =
1

s+ 2
:

Ôüôå áðü ôïí ôýðï (3:3:2− 5) Ý÷ïõìå

Y (s) =
1

(s+ 2) (s2 + 2s+ 1)
=

1

(s+ 2)(s+ 1)2

=
A

s+ 2
+

B

(s+ 1)2
+

Γ

s+ 1

=
1

s+ 2
+

1

(s+ 1)2
− 1

s+ 1
:

¢ñá óýìöùíá êáé ôçí (3:3:2− 6) ç ìåñéêÞ ëýóç åßíáé

y(x) = L−1[Y (s)] = e−2x + x e−x − e−x = e−2x (1 + x ex − ex) :

ÐáñÜäåéãìá 3.3.2 - 6

¼ìïéá ç

y′′ + 4y = x; üôáí y0 = y′0 = 0:

Ëýóç. ¼ìïéá åßíáé a = 0, b = 4 êáé

L[r(x)] = L(x) = 1

s2
:
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Ôüôå áðü ôïí ôýðï (3:3:2− 5) Ý÷ïõìå

Y (s) =
1

s2 (s2 + 4)

=
A

s2
+
B

s
+

Γs+∆

s2 + 4
=

1

4

1

s2
− 1

4

1

s2 + 4

=
1

4

1

s2
− 1

4 · 2
2

s2 + 22

ìåôÜ ôçí êáôÜëëçëç ôñïðïðïßçóç ôïõ ôåëåõôáßïõ üñïõ óôï äåîéü ìÝëïò óôçí

ðáñáðÜíù éóüôçôá.

¢ñá óýìöùíá ìå ôçí (3:3:2− 6) ç ìåñéêÞ ëýóç åßíáé

y(x) = L−1[Y (s)] =
1

4
x − 1

8
sin 2x:

ÐáñÜäåéãìá 3.3.2 - 7

¼ìïéá ç

y′′ + 2y′ + 10y = 1; üôáí y0 = y′0 = 0:

Ëýóç. Åßíáé a = 2, b = 10 êáé

L[r(x)] = L(1) = 1

s
:

Ôüôå áðü ôïí ôýðï (3:3:2− 5) ðñïêýðôåé üôé

Y (s) =
1

s (s2 + 2s+ 10)

(åðåéäÞ ôï s2 + 2s+ 2 Ý÷åé ñßæåò ìéãáäéêÝò äåí áíáëýåôáé)

=
A

s
+

Bs+ Γ

s2 + 2s+ 10
=

1

10

1

s
− 1

10

s+ 2

s2 + 2s+ 10

=
1

10

1

s
− 1

10

s+ 2

(s+ 1)2 + 32

=
1

10

1

s
− 1

10

[
s+ 1

(s+ 1)2 + 32
+

1

3

3

(s+ 1)2 + 32

]
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ìåôÜ ôçí ôñïðïðïßçóç ôïõ ðáñïíïìáóôÞ s2+2s+10 óå Üèñïéóìá ôåôñáãþíùí.

¢ñá ç ìåñéêÞ ëýóç åßíáé

y(x) = L−1[Y (s)] =
1

10
− 1

10

(
e−x cos 3x+

1

3
e−x sin 3x

)
:

ÁóêÞóåéò

1. Íá ëõèïýí ïé ðáñáêÜôù äéáöïñéêÝò åîéóþóåéò, üôáí y = y(x) êáé y0 =

y′0 = 0:

i) y′′ + 4y′ + 13y = e−x iv) y′′ + 2y′ + y = sinx

ii) y′′ + y = sinx v) y′′ + y′ = e−x sinx

iii) y′′ + 3y′ + 2y = x vi) y′′ + 4y′ + 3y = 4 e−x.

2. Äåßîôå üôé ç äéáöïñéêÞ åîßóùóç y′′ +4y′ +13y = 2�(t), üðïõ y = y(x) êáé

y0 = y′0 = 0, Ý÷åé ëýóç ôçí

y(x) = 2e−2x (cos 3x+ sin 3x) :

ÁðáíôÞóåéò

(i) 1
30
e−2x (3ex − 3 cos 3x− sin 3x), (ii) 1

2
(−x cosx+ sinx),

(iii) − 3
4
− e−2x

4
+ e−x + x

2
, (iv) − 1

2
e−x (1 + x− ex cos c),

(v) 1
2
e−x (−2 + ex + cosx− sinx), (vi) e−3x

(
1− e2x + 2x e2x

)
.
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ÌÜèçìá 4

ÄÉÁÍÕÓÌÁÔÉÊÅÓ

ÓÕÍÁÑÔÇÓÅÉÓ

4.1 ÅéóáãùãéêÝò Ýííïéåò

4.1.1 Ïñéóìüò äéáíõóìáôéêÞò óõíÜñôçóçò

1Õðåíèõìßæåôáé ï ïñéóìüò ôçò ðñáãìáôéêÞò óõíÜñôçóçò ìéáò ðñáãìáôéêÞò

ìåôáâëçôÞò, ðïõ ãéá åõêïëßá óôç óõíÝ÷åéá èá ëÝãåôáé åðßóçò êáé âáèìùôÞ

óõíÜñôçóç.

Ïñéóìüò 4.1.1 - 1 (óõíÜñôçóçò). ¸óôù D êáé T äýï ôõ÷üíôá ìç êåíÜ

õðïóýíïëá ôïõ R. Ôüôå ëÝãåôáé óõíÜñôçóç ìå ðåäßï ïñéóìïý ôï D êáé ðåäßï

ôéìþí ôï T , ìßá ìïíïóÞìáíôç áðåéêüíéóç, Ýóôù f , ôïõ óõíüëïõ D óôï T ,

äçëáäÞ

D ∋ x −→ y = f(x) ∈ T (4.1.1 - 1)

Þ óõíôïìüôåñá óõíÜñôçóç f |D ìå ðåäßï ôéìþí T Þ êáé óõíÜñôçóç f(x), x ∈ D

ìå ôéìÝò óôï T .

1Ãéá ôçí êáëýôåñç êáôáíüçóç ôùí åííïéþí ôïõ ìáèÞìáôïò ï áíáãíþóôçò ðñÝðåé íá

ãíùñßæåé ôï ÌÜèçìá Äéáíýóìáôá.
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Ç ó÷Ýóç y = f(x), ðïõ éó÷ýåé ãéá êÜèå x ∈ D, ïñßæåé ôïí ôýðï ôçò óõíÜñôçóçò,

ôï ãñÜììá x ôçí áíåîÜñôçôç ìåôáâëçôÞ óôï D, åíþ ôï y ôçí åîáñôçìÝíç

ìåôáâëçôÞ óôï T . Ôüôå ï ôýðïò ôçò óõíÜñôçóçò åêöñÜæåé ôïí ôñüðï ìå ôïí

ïðïßï óõíäÝïíôáé ïé ìåôáâëçôÝò y êáé x.

ÅðïìÝíùò ç óõíÜñôçóç f(x) = x2 ìå ðåäßï ïñéóìïý D = R, èá áðåéêïíßæåé
ôá óôïé÷åßá

1; 3; 5; : : : óôá 12; 32; 52; : : : :

Ãåíéêåýïíôáò ôï ðáñáðÜíù ðáñÜäåéãìá èåùñïýìå üôé åßíáé äõíáôüí íá

ïñéóôåß åðßóçò ìéá ìïíïóÞìáíôç áðåéêüíéóç (óõíÜñôçóç) ôùí óôïé÷åßùí

1; 3; 5; : : :

óôá (
12; 13

)
; : : : ;

(
32; 33

)
; : : : ;

(
52; 53

)
; : : : (4.1.1 - 2)

ôïõ ÷þñïõ R× R = R2, áíôßóôïé÷á óôá(
12; 13; 1

)
; : : : ;

(
32; 33; 3

)
; : : : ;

(
52; 53; 5

)
; : : : (4.1.1 - 3)

ôïõ R×R×R = R3. Ôüôå ï ôýðïò ôçò óõíÜñôçóçò ãéá ôá óôïé÷åßá (4:1:1−
2) ðñÝðåé íá åßíáé ôçò ìïñöÞò

(
x2; x3

)
, åíþ ãéá ôá (4:1:1 − 2) ôçò ìïñöÞò(

x2; x3; x
)
, üôáí x ∈ R.

¸÷ïíôáò ôþñá õðüøç ôéò ó÷Ýóåéò (??) êáé (??) ôá ðáñáðÜíù óôïé÷åßá

åßíáé äõíáôüí íá èåùñçèïýí ùò ïé óõíéóôþóåò áíôßóôïé÷ùí äéáíõóìÜ-ôùí,

äçëáäÞ ôùí

12 i+ 13 j; : : : ; áíôßóôïé÷á 12 i+ 13 j+ k; : : : ;

ïðüôå ï áíôßóôïé÷ïò ôýðïò ôçò óõíÜñôçóçò, ðïõ ëÝãåôáé óôçí ðåñßðôùóç áõôÞ

äéáíõóìáôéêÞ óõíÜñôçóç ìéáò ìåôáâëçôÞò, èá Ý÷åé ôç ìïñöÞ

F(x) = F
(
x2; x3

)
= x2 i+ x3 j; áíôßóôïé÷á

F(x) = F
(
x2; x3; x

)
= x2 i+ x3 j+ xk; (4.1.1 - 4)

üôáí x ∈ R.
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Óôéò óõíáñôÞóåéò ôïõ åßäïõò áõôïý ÷ñçóéìïðïéåßôáé óõíÞèùò óôïí óõìâïëéó-

ìü ôçò ìåôáâëçôÞò ôï ãñÜììá t - ðïõ óõíÞèùò ðáñéóôÜíåé ôïí ÷ñüíï - áíôß

ôïõ x.
2Äßíåôáé óôç óõíÝ÷åéá ï ïñéóìüò ôçò äéáíõóìáôéêÞò óõíÜñôçóçò.

Ïñéóìüò 4.1.1 - 2 (äéáíõóìáôéêÞ óõíÜñôçóç). ¸óôù D ⊆ R êáé T ⊆
R2, áíôßóôïé÷á T ⊆ R3 äýï ôõ÷áßá ìç êåíÜ óýíïëá. Ôüôå ïñßæåôáé ùò

äéáíõóìáôéêÞ óõíÜñôçóç (vector function Þ vector-valued function) ìéáò ìåôá-

âëçôÞò ìå ðåäßï ïñéóìïý ôï D êáé ðåäßï ôéìþí ôï T , ìßá ìïíïóÞìáíôç

áðåéêüíéóç, Ýóôù F, ôïõ óõíüëïõ D óôï T , äçëáäÞ

D ∋ t −→ F(t) = y = ⟨f1(t); f2(t)⟩ ∈ T ⊆ R2;

áíôßóôïé÷á (4.1.1 - 5)

⟨f1(t); f2(t); f3(t)⟩ ∈ T ⊆ R3;

üðïõ êÜèå fi(t) ìå i = 1; 2, áíôßóôïé÷á i = 1; 2; 3 åßíáé ìßá óõíÜñôçóç ìå

ìåôáâëçôÞ t, ðïõ ëÝãåôáé óõíéóôþóá (argument) ôçò F.

Óçìåßùóç 4.1.1 - 1

ÐïëëÝò öïñÝò, üôáí áðáéôåßôáé, ÷ñçóéìïðïéåßôáé êáé ç ðáñÜóôáóç ôùí óõíéóôùóþí

ìå ðßíáêá äéÜíõóìá, äçëáäÞ3

D ∋ t −→ F(t) = y = [f1(t); f2(t)]
⊤ ∈ T ⊆ R2;

áíôßóôïé÷á

[f1(t); f2(t); f3(t)]
⊤ ∈ T ⊆ R3:

Óýìöùíá ìå ôïí Ïñéóìü 4.1.1 - 2, áí Oxy åßíáé Ýíá ïñèïãþíéï óýóôçìá

áîüíùí ôïõ ÷þñïõ ôùí 2-äéáóôÜóåùí, áíôßóôïé÷á Oxyz ôïõ ÷þñïõ ôùí 3-

äéáóôÜóåùí, ôüôå ç F åêöñÜæåôáé óôéò ðåñéðôþóåéò áõôÝò óõíáñôÞóåé ôùí

2Ï áíáãíþóôçò, ãéá ìéá ðëçñÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 3, 4, 5].
3ÂëÝðå ÌÜèçìá ÃñáììéêÞ ¢ëãåâñá êáé Á. ÌðñÜôóïò [2] Êåö. 3.



246 ÄéáíõóìáôéêÝò óõíáñôÞóåéò Êáè. Á. ÌðñÜôóïò

óõíéóôùóþí ùò åîÞò:

F(t) = f1(t)i+ f2(t)j = ⟨f1(t); f2(t)⟩ ;

áíôßóôïé÷á

F(t) = f1(t)i+ f2(t)j+ f3(t)k

= ⟨f1(t); f2(t); f3(t)⟩ ; (4.1.1 - 6)

üôáí i, j êáé k ôá ìïíáäéáßá äéáíýóìáôá êáôÜ ìÞêïò ôùí áîüíùí 0x, 0y êáé

0z áíôßóôïé÷á.

Ï ðñïóäéïñéóìüò ôïõ ðåäßïõ ïñéóìïý D ôçò F äåí äéáöÝñåé áðü åêåßíïí

ôçò óõíÜñôçóçò f(x), åöüóïí ôåëéêÜ óõíåðÜãåôáé ôïí õðïëïãéóìü ôùí ðåäßùí

ïñéóìïý êáèåìéÜò óõíéóôþóáò êáé óôç óõíÝ÷åéá ôùí êïéíþí ôïõò óçìåßùí.

ÐáñÜäåéãìá 4.1.1 - 1

¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç (Ó÷. 4.1.1 - 1)

F(t) =

f1(t)︷ ︸︸ ︷√
t cos t i+

f2(t)︷︸︸︷
sin t j = f1(t) i+ f2(t) j:

Ôüôå ôï ðåäßï ïñéóìïý ôçò óõíéóôþóáò

f1(t) =
√
t cos t åßíáé ôï D1 = [0;+∞);

åíþ ôçò

f2(t) = sin t ôï D2 = R:

¢ñá ôï ðåäßï ïñéóìïý D ôçò F åßíáé

D = D1 ∩D2 = [0;+∞):
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Ó÷Þìá 4.1.1 - 1: ÐáñÜäåéãìá 4.1.1 - 1: ç êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

F(t) =
√
t cos t i+ sin t j ìå ðåäßï ïñéóìïý D = [0;+∞), üôáí t ∈ [0; 2�].

ÐáñÜäåéãìá 4.1.1 - 2

¼ìïéá Ýóôù ç äéáíõóìáôéêÞ óõíÜñôçóç (Ó÷. 4.1.1 - 2)

F(t) =

f1(t)︷︸︸︷
sin t i+

f2(t)︷︸︸︷
cos t j+

f3(t)︷︸︸︷
1

t
k

= f1(t) i+ f2(t) j+ f3(t)k:

Ôüôå ôï ðåäßï ïñéóìïý ôùí óõíéóôùóþí

f1(t) = sin t; f2(t) = cos t åßíáé ôï D1 = R;

åíþ ôçò óõíéóôþóáò

f3(t) =
1

t
ôï D2 = R− {0}:

¢ñá ôï ðåäßï ïñéóìïý D ôçò F åßíáé D = D1 ∩D2 = R− {0}.
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Ó÷Þìá 4.1.1 - 2: ÐáñÜäåéãìá 4.1.2 - 1: ç êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

F(t) = sin t i+cos t j+ 1
t k ìå ðåäßï ïñéóìïý D = R−{0}, üôáí t ∈ [−2�; 2�].

Ç åõèåßá áíôéóôïé÷åß óôçí ôéìÞ t = 0.

4.1.2 ÏñéáêÞ ôéìÞ

Ç ïñéáêÞ ôéìÞ ìéáò äéáíõóìáôéêÞò óõíÜñôçóçò õðïëïãßæåôáé áðü ôçí ïñéáêÞ

ôéìÞ ôùí óõíéóôùóþí óõíáñôÞóåùí ùò åîÞò:

lim
t→ t0

F(t) = lim
t→ t0

f1(t) i+ lim
t→ t0

f2(t) j áíôßóôïé÷á

(4.1.2 - 1)

lim
t→ t0

F(t) = lim
t→ t0

f1(t) i+ lim
t→ t0

f2(t) j+ lim
t→ t0

f3(t)k;

üôáí t0 ∈ D ⊆ R.
ÅðïìÝíùò ï õðïëïãéóìüò ôçò ïñéáêÞò ôéìÞò áíÜãåôáé óôïí õðïëïãéóìü

ôùí ïñéáêþí ôéìþí êáèåìéÜò óõíéóôþóáò ÷ùñéóôÜ, ïðüôå åöáñìüæïíôáé óôçí

ðåñßðôùóç áõôÞ ïé Þäç ãíùóôÝò óôïí áíáãíþóôç áðü ôï ÌÜèçìá ÏñéáêÞ ôéìÞ

óõíÜñôçóçò - ÌÝèïäïé õðïëïãéóìïý.

ÐáñÜäåéãìá 4.1.2 - 1

¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) =
(
3− 2t2

)
i+ et j+

cos t− 1

t
k:
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Ôüôå, áí t0 = 0, óýìöùíá ìå ôçí (4:1:2− 1) Ý÷ïõìå

lim
t→ 0

F(t) = lim
t→ 0

(
3− 2t2

)
i+ lim

t→ 0
et j+ lim

t→ 0

de L'Hôpital︷ ︸︸ ︷
cos t− 1

t
k

= 3 i+ j+ lim
t→ 0

− sin t

1
k = 3 i+ j+ 0k = 3 i+ j:

4.1.3 ÓõíÝ÷åéá

Ç óõíÝ÷åéá ìéáò äéáíõóìáôéêÞò óõíÜñôçóçò óå Ýíá óçìåßï t0 ∈ D ïñßæåôáé

áðü ôç óõíèÞêç

lim
t→ t0

F(t) = F (t0) ; (4.1.3 - 1)

üôáí ï õðïëïãéóìüò ôïõ lim t→ t0 F(t) ãßíåôáé áðü ôçí (4:1:2− 1).

¼ðùò êáé óôçí ðáñáðÜíù ðåñßðôùóç õðïëïãéóìïý ôçò ïñéáêÞò ôéìÞò, ç

óõíÝ÷åéá áíÜãåôáé óôçí åîÝôáóç ôçò óõíÝ÷åéáò êáèåìéÜò óõíéóôþóáò ÷ùñéóôÜ.

Ïé Þäç ãíùóôÝò óôïí áíáãíþóôç áðü ôï ÌÜèçìá ÓõíÝ÷åéá óõíÜñôçóçò -

Éäéüôçôåò êáé ÈåùñÞìáôá åöáñìüæïíôáé áíÜëïãá êáé óôçí ðåñßðôùóç.

ÐáñÜäåéãìá 4.1.3 - 1

¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) = ln
(
9− t2

)
i+

j

2− t
+

√
1 + tk:

Ðñïöáíþò êÜèå óõíéóôþóá åßíáé óõíå÷Þò óôï ðåäßï ïñéóìïý ôçò, ïðüôå ç F(t)

èá åßíáé óõíå÷Þò óôï êïéíü ðåäßï ïñéóìïý ôùí, Ýóôù D, üðïõ ðñïöáíþò èá

éó÷ýåé ç (4:1:3− 1). Ôüôå, åðåéäÞ ç óõíéóôþóá

f1(t) = ln
(
9− t2

)
Ý÷åé ðåäßï ïñéóìïý ôï D1 = (−3; 3), ç

f2(t) =
1

2− t
ôï D2 = (−∞; 2) ∪ (2;+∞)

êáé ç

f3(t) =
√
1 + t ôï D3 = [−1;+∞);

ðñÝðåé ôï ðåäßï óôï ïðïßï ç äéáíõóìáôéêÞ óõíÜñôçóç F åßíáé óõíå÷Þò íá åßíáé

ôï

D = D1 ∩D2 ∩D3 = [−1; 2) ∪ (2; 3):
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4.2 ÐáñáìåôñéêÞ ðáñÜóôáóç êáìðõëþí

4.2.1 Ïñéóìïß

Ï ãíùóôüò ìÝ÷ñé ôþñá ðñïóäéïñéóìüò ôçò áíáëõôéêÞò åîßóùóçò ìéáò êáìðýëçò,

Ýóôù C, óôïí ÷þñï R2, áíôßóôïé÷á R3 ìå êáñôåóéáíÝò óõíôåôáãìÝíåò, äçëáäÞ

óå óýóôçìá óõíôåôáãìÝíùí Oxy ôïõ ÷þñïõ ôùí 2-äéáóôÜóåùí, áíôßóôïé÷á

Oxyz ôïõ ÷þñïõ ôùí 3-äéáóôÜóåùí, ðïëëÝò öïñÝò äçìéïõñãåß äõóêïëßåò óôïí

õðïëïãéóìü äéáöüñùí öõóéêþí ìåãåèþí. Ãéá íá áíôéìåôùðéóôïýí ïé äõóêïëßåò

áõôÝò áíáæçôåßôáé Ýíáò Üëëïò ôñüðïò ðåñéãñáöÞò ôçò åîßóùóçò ôçò ðáñáðÜíù

êáìðýëçò C.

Õðåíèõìßæåôáé óôï óçìåßï üôé:

Ïñéóìüò 4.2.1 - 1. ¸íá õëéêü óçìåßï êéíïýìåíï óôïí ÷þñï êáé Ý÷ïíôáò

Ýíáí âáèìü åëåõèåñßáò äéáãñÜöåé ãåíéêÜ ìßá êáìðýëç ãñáììÞ, åíþ üôáí Ý÷åé

äýï âáèìïýò åëåõèåñßáò ìéá åðéöÜíåéá.

¸óôù ôþñá üôé æçôåßôáé ï ðñïóäéïñéóìüò ôçò åîßóùóçò ìéáò êáìðýëçò C

ôïõ R3. Áí Oxyz åßíáé Ýíá ïñèïãþíéï óýóôçìá áîüíùí êáé M0 (x0; y0; z0)

ôõ÷üí óçìåßï ôçò êáìðýëçò C, ôüôå óôï óçìåßï áõôü áíôéóôïé÷åß áêñéâþò Ýíá

äéÜíõóìá èÝóçò, Ýóôù r0, üðïõ

r0 = x0 i+ y0 j+ z0 k (4.2.1 - 1)

êáé áíôßóôñïöá óôï r0 áíôéóôïé÷åß ôï óçìåßï M0 (x0; y0; z0). ¼ìïéá óå Ýíá

Üëëï óçìåßï M1 (x1; y1; z1) ôçò C èá áíôéóôïé÷åß ôï äéÜíõóìá èÝóçò

r1 = x1 i+ y1 j+ z1 k (4.2.1 - 2)

êáé ãåíéêÜ óôï ôõ÷üí óçìåßï M (x; y; z), ôï

r = x i+ y j+ z k: (4.2.1 - 3)

¸÷ïíôáò õðüøç êáé ôïí Ïñéóìü 4.1.1 - 2 ôá äéáíýóìáôá r0 óôçí (4:2:1− 1),

r1 óôçí (4:2:1− 2) êáé ãåíéêÜ r óôçí (4:2:1− 3) åßíáé äõíáôüí íá èåùñçèïýí

ùò ïé ôéìÝò ìéáò êáôÜëëçëçò äéáíõóìáôéêÞò óõíÜñôçóçò, Ýóôù (Ó÷. 4.2.1

- 1)

r(t); üôáí t ∈ [á; â];

ìå ôçí Ýííïéá üôé: áí
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Ó÷Þìá 4.2.1 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç êáìðõëþí.

• t = t0, ôüôå ç r (t) = r (t0) èá éóïýôáé ìå ôçí (4:2:1− 1),

• t = t1, ç r (t) = r (t1) ìå ôçí (4:2:1− 2), êáé ãåíéêÜ

• t = t, ç r (t) ìå ôçí (4:2:1− 3).

Ç r(t) èá ëÝãåôáé óôï åîÞò äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò.

Ç áíáëõôéêÞ Ýêöñáóç ôçò äéáíõóìáôéêÞò óõíÜñôçóçò r(t) åßíáé

r(t) = x(t) i+ y(t) j+ z(t)k; üôáí t ∈ [á; â] ⊂ R: (4.2.1 - 4)

Ç (4:2:1 − 4) èá ëÝãåôáé ôüôå üôé ïñßæåé ôçí ðáñáìåôñéêÞ åîßóùóç ôçò

êáìðýëçò C ìå ðáñÜìåôñï t.

Ìå üìïéïí ôñüðï ïñßæåôáé ç ðáñáìåôñéêÞ åîßóùóç ìéáò åðßðåäçò êáìðýëçò

C ùò åîÞò:

r(t) = x(t) i+ y(t) j ; üôáí t ∈ [á; â]: (4.2.1 - 5)

Ïé ðáñáìåôñéêÝò åîéóþóåéò ôùí êáìðõëþí Ý÷ïõí ìåãÜëç åöáñìïãÞ óôç ÖõóéêÞ,

êõñßùò üôáí ç ðáñÜìåôñïò t óõìâïëßæåé ôïí ÷ñüíï.

Äßíïíôáé óôç óõíÝ÷åéá ïñéóìÝíåò ðáñáìåôñéêÝò ðáñáóôÜóåéò ÷ñÞóéìùí

êáìðõëþí.

4.2.2 Åõèåßá

Áí M åßíáé Ýíá ôõ÷üí óçìåßï ôçò åõèåßáò (Ó÷. 4.2.2 - 1) ðïõ äéÝñ÷åôáé áðü

ôá óçìåßá M1 (x1; y1; z1) êáé M2 (x2; y2; z2), ôüôå, åðåéäÞ M1M2 = r2 − r1,
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Ó÷Þìá 4.2.2 - 1: ÐáñáìåôñéêÞ åîßóùóç åõèåßáò.

áðïäåéêíýåôáé üôé óôçí ðåñßðôùóç áõôÞ åßíáé4

r(t) = t r2 + (1− t) r1; üôáí t ∈ R: (4.2.2 - 1)

Ç (4:2:2 − 1) ïñßæåé ôçí ðáñáìåôñéêÞ åîßóùóç ôçò åõèåßáò ðïõ äéÝñ÷åôáé

áðü ôá óçìåßá M1 êáé M2.

×ñçóéìïðïéþíôáò ôéò áíáëõôéêÝò åêöñÜóåéò

r1 = x1i+ y1j+ z1k; êáé

r2 = x2i+ y2j+ z2k

ç (4:2:2− 1) ôåëéêÜ ãñÜöåôáé

r(t) = [tx2 + (1− t)x1] i+ [ty2 + (1− t)y1] j

+ [tz2 + (1− t)z1] k; üôáí t ∈ R: (4.2.2 - 2)

4ÂëÝðå ÌÜèçìá ÁíáëõôéêÞ Ãåùìåôñßá êáé âéâëßï Á. ÌðñÜôóïò [2] Êåö. 1.
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Áí r(t) = x(t)i+y(t)j+z(t)k áðü ôçí (4:2:2−2 åîéóþíïíôáò ôéò áíôßóôïé÷åò

óõíôåôáãìÝíåò ôùí i; j êáé k ðñïêýðôåé üôé:

x(t) = tx2 + (1− t)x1

y(t) = ty2 + (1− t)y1

z(t) = tz2 + (1− t)z1: (4.2.2 - 3)

Óçìåßùóç 4.2.2 - 1

Ç (4:2:2 − 2), åéäéêÜ üôáí t ∈ [0; 1], ïñßæåé ôçí ðáñáìåôñéêÞ åîßóùóç ôùí

óçìåßùí ôïõ åõèýãñáììïõ ôìÞìáôïò M1M2.

ÐáñÜäåéãìá 4.2.2 - 1

Íá õðïëïãéóôåß ç ðáñáìåôñéêÞ åîßóùóç ôïõ åõèýãñáììïõ ôìÞìáôïò M1M2,

üôáí M1(1; 2; 0) êáé M2(2; 4; 3) (Ó÷.4.2.2 - 1).

Ëýóç. ¸óôù M1 (x1; y1; z1) = M1(1; 2; 0) êáé M2 (x2; y2; z2) = M2(2; 4; 3).

Ôüôå ðñïöáíþò åßíáé:

x1 = 1; y1 = 2; z1 = 0:

x2 = 2; y2 = 4; z2 = 3;

ïðüôå áíôéêáèéóôþíôáò óôçí (4:2:2− 2) ôåëéêÜ óýìöùíá êáé ìå ôç Óçìåßùóç

4.2.2 - 1 ðñïêýðôåé üôé ç ðáñáìåôñéêÞ åîßóùóç ôïõ åõèýãñáììïõ ôìÞìáôïò

M1M2 åßíáé

r(t) = (1 + t) i+ 2(1 + t) j+ 3t k; üôáí t ∈ [0; 1]:

Ãéá íá ãßíåé êáôáíïçôÞ ç äõóêïëßá õðïëïãéóìïý ôçò áíôßóôïé÷çò åîßóùóçò

ôïõ M1M2 óå êáñôåóéáíÝò óõíôåôáãìÝíåò, åíäåéêôéêÜ ãñÜöåôáé üôé áñ÷éêÜ

ðñÝðåé íá õðïëïãéóôåß ç åîßóùóç ôçò åõèåßáò óôïí ÷þñï, ðïõ äßíåôáé áðü ôéò

åîéóþóåéò:
x− x1
x2 − x1

=
y − y1
y2 − y1

=
z − z1
z2 − z1

êáé óôç óõíÝ÷åéá íá ðåñéïñéóôïýí ôá x; y; z, Ýôóé þóôå ïé åîéóþóåéò íá ðåñéãñÜ-

öïõí ôï M1M2.
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4.2.3 ÐåñéöÝñåéá êýêëïõ

¸óôù áñ÷éêÜ üôé ôï êÝíôñï ôïõ êýêëïõ óõìðßðôåé ìå ôçí áñ÷Þ ôùí áîüíùí.

Ôüôå ç åîßóùóç ôùí óçìåßùí ôçò ðåñéöÝñåéáò åßíáé

x2 + y2 = R2:

ÈÝôïíôáò

x = R cos t; êáé

y = R sin t;

Ý÷ïõìå ôçí ðáñáêÜôù ðáñáìåôñéêÞ åîßóùóç:

r(t) = R cos t i+R sin t j ìå t ∈ [0; 2�): (4.2.3 - 1)

Áí ôï êÝíôñï ôïõ êýêëïõ åßíáé ôï óçìåßï (á; â), ôüôå ç åîßóùóç ôùí

óçìåßùí ôçò ðåñéöÝñåéáò åßíáé

(x− á)2 + (y − â)2 = R2;

ïðüôå óôçí ðåñßðôùóç áõôÞ Ý÷ïõìå ùò ðáñáìåôñéêÞ åîßóùóç ôçí

r(t) = (á +R cos t) i+ (â +R sin t) j ìå t ∈ [0; 2�): (4.2.3 - 2)

ÐáñÜäåéãìá 4.2.3 - 1

¸óôù üôé æçôåßôáé ç ðåñéãñáöÞ ôïõ ôüîïõ ÂB ôçò ðåñéöÝñåéáò x2 + y2 = 4,

üôáí A
(
1;
√
3
)
êáé B

(
−
√
3; 1
)

(Ó÷. 4.2.3 - 1).

ÐñïöáíþòR = 2, ïðüôå óýìöùíá ìå ôçí (4:2:3−1) ç ðáñáìåôñéêÞ åîßóùóç

ôçò ðåñéöÝñåéáò èá åßíáé

r(t) = 2 cos t i+ 2 sin t j ìå t ∈ [0; 2�):

Ï ðñïóäéïñéóìüò ôùí ãùíéþí tA, ðïõ ïñßæåé ôï óçìåßï A, ãßíåôáé ùò åîÞò:

åðåéäÞ ôï A åßíáé óçìåßï ôçò ðåñéöÝñåéáò, ðñÝðåé ïé óõíôåôáãìÝíåò ôïõ
(
1;
√
3
)

íá åðáëçèåýïõí ôçí ðáñáðÜíù ðáñáìåôñéêÞ åîßóùóç, äçëáäÞ

r (tA) = 2 cos tA i+ 2 sin tA j = i+
√
3 j; ïðüôå

cos tA =
1

2
êáé sin tA =

√
3

2
; ïðüôå tA =

�

3
:
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Ó÷Þìá 4.2.3 - 1: ÐáñÜäåéãìá 4.2.3 - 1: ç ðáñáìåôñéêÞ åîßóùóç ôïõ ôüîïõ

ÂB ôçò ðåñéöÝñåéáò x2+y2 = 4, üôáí t1 = �=3 (äéáêåêïììÝíç êáöÝ êáìðýëç)

êáé t2 = 5�=6 (êáöÝ êáìðýëç).

¼ìïéá õðïëïãßæåôáé üôé tB = 5�=6 :

ÅðïìÝíùò ç ðáñáìåôñéêÞ åîßóùóç ôïõ êõêëéêïý ôüîïõ ÂB åßíáé

r(t) = 2 cos t i+ 2 sin t j ìå t ∈
[
�

3
;
5�

6

]
:

Ç ðáñáðÜíù åîßóùóç åßíáé ðñïöáíþò áðëïýóôåñç åêåßíçò ðïõ ÷ñçóéìïðïéåß

ôçí áíáëõôéêÞ åîßóùóç x2 + y2 = 4, åðåéäÞ óôçí ðåñßðôùóç áõôÞ ç Ýêöñáóç

ôïõ y óõíáñôÞóåé ôïõ x åßíáé y = ±
√
4− x2 ìå üôé óôç óõíÝ÷åéá äõóêïëßá

Þèåëå ðñïêýøåé áðü ôç ñßæá óôïõò ðåñáéôÝñù õðïëïãéóìïýò.

4.2.4 ¸ëëåéøç

¼ìïéá ãéá ôçí Ýëëåéøç ìå åîßóùóç

x2

á2
+
y2

â2
= 1

Ý÷ïõìå ùò ðáñáìåôñéêÞ åîßóùóç ôçí

r(t) = á cos ti+ â sin t j ìå t ∈ [0; 2�): (4.2.4 - 1)
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4.2.5 ÐáñáâïëÞ

Áí ç åîßóùóç ôçò ðáñáâïëÞò åßíáé

y = áx2;

ôüôå ìßá ðáñáìåôñéêÞ åîßóùóÞ ôçò ðñïêýðôåé èÝôïíôáò x = t, ïðüôå y = á t2

êáé êáôÜ óõíÝðåéá

r(t) = t i+ á t2 j ìå t ∈ R: (4.2.5 - 1)

Óçìåéþóåéò 4.2.5 - 1

i) Áí åßíáé ãíùóôÞ ç åîßóùóç ôçò êáìðýëçò óå êáñôåóéáíÝò óõíôåôáãìÝíåò,

ôüôå ïé óõíôåôáãìÝíåò ôçò ðáñáìåôñéêÞò åîßóùóçò ðïõ èá ðñïóäéïñéóôåß,

ðñÝðåé íá åðáëçèåýïõí ôçí áñ÷éêÞ åîßóùóç ôçò êáìðýëçò.

ii) Áðü ôçí ðáñáìåôñéêÞ åîßóùóç ôçò êáìðýëçò åßíáé äõíáôüí íá ðñïóäéïñéó-

ôåß ç áíôßóôïé÷ç åîßóùóç óå êáñôåóéáíÝò óõíôåôáãìÝíåò, èÝôïíôáò

x = x(t); y = y(t) êáé z = z(t)

êáé áðáëåßöïíôáò ôçí ðáñÜìåôñï t, åöüóïí áõôü åßíáé äõíáôüí.

ÐáñÜäåéãìá 4.2.5 - 1

¸óôù ç êáìðýëç ðïõ äßíåôáé ìå ðáñáìåôñéêÞ åîßóùóç ùò åîÞò:

r(t) = (1 + cos t)i+ (2 + sin t)j ìå t ∈ [0; �]:

ÈÝôïíôáò

x = 1 + cos t; y = 2 + sin t;

ïðüôå

x− 1 = cos t; y − 2 = sin t

êáé áðáëåßöïíôáò ôçí ðáñÜìåôñï t, ðñïêýðôåé üôé ç åîßóùóç óå êáñôåóéáíÝò

óõíôåôáãìÝíåò åßíáé

(x− 1)2 + (y − 2)2 = 1:

ÅðåéäÞ t ∈ [0; �] ðñüêåéôáé ãéá ôï Üíù ìÝñïò ôçò ðåñéöÝñåéáò, ðïõ Ý÷åé êÝíôñï

ôï óçìåßï (1; 2) êáé áêôßíá 1 (Ó÷. 4.2.5 - 1).
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Ó÷Þìá 4.2.5 - 1: ÐáñÜäåéãìá 4.2.3 - 1: ç êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

r(t) = (1 + cos t)i+ (2 + sin t) |R, üôáí t ∈ [0; �].

4.3 ÐáñÜãùãïò êáé ïëïêëÞñùóç

4.3.1 Ïñéóìüò ðáñáãþãïõ

Ï ïñéóìüò ôçò ðáñáãþãïõ ìéáò óõíÜñôçóçò ôïõ ÌáèÞìáôïò ÐáñÜãùãïò ÓõíÜñ-

ôçóçò åðåêôåßíåôáé êáé óôçí ðåñßðôùóç ôùí äéáíõóìáôéêþí óõíáñôÞóåùí ùò

åîÞò:

Ïñéóìüò 4.3.1 - 1 (êëßóçò). ¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç F | (a; b)
êáé óçìåßï t0 ∈ (a; b). Ôüôå ãéá êÜèå t ∈ (a; b)− {t0} ìå ôïí ôýðï

Kt0(x) =
F(t)− F (t0)

t− t0
(4.3.1 - 1)

ïñßæåôáé ìßá äéáíõóìáôéêÞ óõíÜñôçóç, ðïõ ëÝãåôáé ðçëßêï äéáöïñþí Þ êëßóç

ôçò F óôï óçìåßï t0.

Áí t = t0 +∆t, ïðüôå

∆t = t− t0 ãéá êÜèå t ∈ (a; b)− {t0} ; (4.3.1 - 2)

ôüôå ï ôýðïò (4:3:1− 1) ãñÜöåôáé

Kt0 =
f (t0 +∆t)− f (t0)

∆t
: (4.3.1 - 3)
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Ïñéóìüò 4.3.1 - 2 (ðáñáãþãïõ). ¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç F | (a; b)
êáé óçìåßï t0 ∈ (a; b). Ôüôå èá ëÝãåôáé üôé ç F ðáñáãùãßæåôáé óôï óçìåßï

t0 ∈ (a; b) ôüôå êáé ìüíïí, üôáí ç ïñéáêÞ ôéìÞ

lim
t→ t0

Kt0(x) = lim
t→ t0

F (t)− F (t0)

t− t0
: (4.3.1 - 4)

õðÜñ÷åé.

Ç (4:3:1 − 4) èá ëÝãåôáé ôüôå ç 1çò ôÜîçò äéáíõóìáôéêÞ ðáñÜãùãïò ôçò F

óôï t0 êáé èá óõìâïëßæåôáé ìå F′ (t0).

¸÷ïíôáò õðüøç ôçí (4:3:1− 2), ç (4:3:1− 4) éóïäýíáìá ãñÜöåôáé

F′ (t0) = lim
t→ t0

F (t)− F (t0)

t− t0

= lim
Ät→ 0

F (t0 +∆t)− F (t0)

∆t
: (4.3.1 - 5)

Ïñéóìüò 4.3.1 - 3. ¸óôù ç óõíÜñôçóç F | (a; b) Ôüôå èá ëÝãåôáé üôé ç F

ðáñáãùãßæåôáé óôï (a; b) ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ç ðáñÜãùãïò F′ (t0)

ãéá êÜèå t0 ∈ (a; b).

Óôçí ðåñßðôùóç áõôÞ óõìâïëéêÜ ãñÜöåôáé

F′(t) = F(1)(F) =
dF(t)

d t
D1F(t) = DF(t); (4.3.1 - 6)

üðïõ üìïéá ôï óýìâïëï (ôåëåóôÞò) D = D1 = d
d t óõìâïëßæåé ôçí 1çò ôÜîçò

ðáñÜãùãï ôçò F ìå ìåôáâëçôÞ t.

ÐáñáôçñÞóåéò 4.3.1 - 1

Áðü ôïõò Ïñéóìïýò 4.3.1 - 2 êáé 4.3.1 - 3 ðñïêýðôïõí ôá åîÞò:

i) ç F′ (t0), åöüóïí õðÜñ÷åé, åßíáé äéÜíõóìá, åíþ

ii) ç F′ (t) åßíáé äéáíõóìáôéêÞ óõíÜñôçóç.

Ïñéóìüò 4.3.1 - 4. ¸óôù üôé ôçò óõíÜñôçóçò F | (a; b) õðÜñ÷åé ç F′(t) ãéá

êÜèå t ∈ (a; b). Ôüôå èá ëÝãåôáé üôé õðÜñ÷åé ç 2çò ôÜîçò ðáñÜãùãïò ôçò

F óôï (a; b) ôüôå êáé ìüíïí, üôáí õðÜñ÷åé ç ðáñÜãùãïò ôçò F′ (t) ãéá êÜèå

t ∈ (a; b).
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Óôçí ðåñßðôùóç áõôÞ óõìâïëéêÜ ãñÜöåôáé

F′′(t) = F(2)(t) =
d

d t

(
dF(t)

d t

)
=
d 2F(t)

d t2
= D2F(t); (4.3.1 - 7)

üðïõ üìïéá ôï D2 =
d 2

d t2
óõìâïëßæåé ôïí ôåëåóôÞ ôçò 2çò ôÜîçò ðáñáãþãïõ

ôçò F ìå ìåôáâëçôÞ t.

ÁíÜëïãá ïñßæïíôáé ïé ðáñÜãùãïé:

3çò ôÜîçò:

F′′′(t) = F(3)(t) =
d

d t

(
d 2F(t)

d t2

)
=
d 3F(t)

d t3
= D3F(t); (4.3.1 - 8)

üðïõ ôï D3 =
d 3

d t3
óõìâïëßæåé ôïí ôåëåóôÞ ôçò 3çò ôÜîçò ðáñáãþãïõ, êáé

ãåíéêÜ ç

� - ôÜîçò:

F(�)(t) =
d

d t

(
d �−1F(t)

d t�−1

)
=
d �F(t)

d t�
= D�F(t); (4.3.1 - 9)

üðïõ üìïéá ï ôåëåóôÞò D� =
d �

d t�
óõìâïëßæåé ôçí �-ôÜîçò ðáñÜãùãï ìéáò

óõíÜñôçóçò ìå ìåôáâëçôÞ t.

ÅéäéêÜ ïñßæåôáé üôé

F(0)(t) = F(t): (4.3.1 - 10)

Áí ôþñá Oxy, áíôßóôïé÷á Oxyz åßíáé Ýíá ïñèïãþíéï óýóôçìá áîüíùí,

ôüôå ãéá êÜèå t ∈ (a; b) óýìöùíá ìå ôçí (4:1:1− 6) åßíáé

F(t) = f1(t) i+ f2(t) j; áíôßóôïé÷á

F(t) = f1(t) i+ f2(t) j+ f3(t)k: (4.3.1 - 11)

Áðïäåéêíýåôáé üôé:

Ðñüôáóç 4.3.1 - 1. Ç äéáíõóìáôéêÞ óõíÜñôçóç F èá Ý÷åé 1çò ôÜîçò ðáñÜãù-

ãï óôï (a; b) ôüôå êáé ìüíï, üôáí õðÜñ÷ïõí óôï (a; b) ïé 1çò ôÜîçò ðáñÜãùãïé

ôùí óõíéóôùóþí óõíáñôÞóåùí f1(t), f2(t) êáé f3(t).
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Óôçí ðåñßðôùóç áõôÞ éó÷ýåé

F′(t) = f ′1(t) i+ f ′2(t) j = ⟨f1(t); f2(t)⟩ ;

áíôßóôïé÷á

F′(t) = f ′1(t) i+ f ′2(t) j+ f ′3(t)k

= ⟨f1(t); f2(t); f3(t)⟩ (4.3.1 - 12)

ãéá êÜèå t ∈ (a; b).

4.3.2 ÃåùìåôñéêÞ åñìçíåßá ðáñáãþãïõ

Åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìá ÐáñÜãùãïò ÓõíÜñôçóçò üôé ãéá ôç ãåùìåô-

ñéêÞ óçìáóßá ôçò ðáñáãþãïõ ìéáò óõíÜñôçóçò ìéáò ìåôáâëçôÞò óå Ýíá óçìåßï,

Ýóôù x0, ôïõ ðåäßïõ ïñéóìïý ôçò üôé éó÷ýåé ç ðáñáêÜôù ðñüôáóç:

Ðñüôáóç 4.3.2 - 1. Ç ðáñÜãùãïò ìéáò óõíÜñôçóçò y = f(x) | (a; b) óôï

óçìåßï x0 ∈ (a; b) éóïýôáé ìå ôçí åöáðôïìÝíç ôçò ãùíßáò Þ äéáöïñåôéêÜ ìå

ôïí óõíôåëåóôÞ äéåýèõíóçò ôçò åöáðôïìÝíçò ôïõ äéáãñÜììáôïò ôçò f óôï

óçìåßï (x0; f (x0)).

Óôçí ðåñßðôùóç áõôÞ ç åîßóùóç ôçò åöáðôüìåíçò åõèåßáò äßíåôáé áðü

ôïí ôýðï

y − f (x0) = f ′ (x0) (x− x0) ; (4.3.2 - 1)

åíþ ôçò êÜèåôçò åõèåßáò ôïõ äéáãñÜììáôïò ôçò f óôï óçìåßï (x0; f (x0)),

åöüóïí (x0; f (x0)) ̸= 0, áðü ôïí

y − f (x0) = − 1

f ′ (x0)
(x− x0) : (4.3.2 - 2)

Ãéá ôçí áíôßóôïé÷ç ãåùìåôñéêÞ åñìçíåßá ôçò ðáñáãþãïõ ìéáò äéáíõóìáôéêÞò

óõíÜñôçóçò èåùñïýìå ìéá êáìðýëç, Ýóôù C, ðïõ ïñßæåôáé ðáñáìåôñéêÜ áðü

ôç äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò r(t). Ôüôå óýìöùíá ìå ôçí (4:2:1 − 4),

áíôßóôïé÷á (4:2:1− 5) ôçò ÐáñáãñÜöïõ 4.2.1 ç óõíÜñôçóç r(t) éóïýôáé ìå

r(t) = x(t) i+ y(t) j+ z(t)k; áíôßóôïé÷á

r(t) = x(t) i+ y(t) j;
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Ó÷Þìá 4.3.2 - 1: ÃåùìåôñéêÞ åñìçíåßá ôùí äéáíõóìÜôùí ôçò ó÷Ýóçò (4:3:2−
3).

üôáí t ∈ [t1; t2].

Áí t = a, óýìöùíá ìå ôïí Ïñéóìü 4.3.1 - 2 êáé ôïí ôýðï (4:3:1− 5) åßíáé

(Ó÷. 4.3.2 - 1)

lim
Ät→ 0

r (a+∆t)− r (a)

∆t
: (4.3.2 - 3)

5 ¸óôù Ät > 0. Ôüôå, üôáí ôï Ät → 0, ôï äéÜíõóìá r (a+∆t)− r (a)

óôïí áñéèìçôÞ ôïõ êëÜóìáôïò (4:3:2−3), ðïõ áñ÷éêÜ åíþíåé äýï äéáöïñåôéêÜ

óçìåßá ôçò C (Ó÷. 4.3.2 - 2a-b), ôåëéêÜ óôçí ïñéáêÞ ôéìÞ ôåßíåé íá Ý÷åé Ýíá

êïéíü óçìåßï ìå ôçí C óôï óçìåßï r(a), äéáöïñåôéêÜ íá ãßíåé ôï åöáðôüìåíï

äéÜíõóìá ôçò C óôï óçìåßï áõôü (Ó÷. 4.3.2 - 3).

ÅðïìÝíùò Ý÷åé áðïäåé÷èåß üôé:

Ðñüôáóç 4.3.2 - 2. ¸óôù ìéá êáìðýëç C ðïõ ïñßæåôáé ðáñáìåôñéêÜ áðü ôç

äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò r(t), üôáí t ∈ D ìå D = [t1; t2]. Áí a ∈ D,

ç r′(a) ïñßæåé ôç äéåýèõíóç ôçò åöáðôüìåíçò ôçò C óôï óçìåßï r(a).

Ôüôå ç ðáñáìåôñéêÞ åîßóùóç ôçò åöáðôüìåíçò åõèåßáò äßíåôáé áðü ôïí

5ÁíÜëïãá óõìðåñÜóìáôá åîÜãïíôáé, üôáí Ät < 0.
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(a) (b)

Ó÷Þìá 4.3.2 - 2: Äéáäï÷éêÝò èÝóåéò ôïõ äéáíýóìáôïò r (a+∆t)− r (a), üôáí
ôï Ät → 0.

ôýðï

r(t) = r(a) + t r′(a); üôáí t ∈ D: (4.3.2 - 4)

¢ìåóç óõíÝðåéá ôçò ðáñáðÜíù ðñüôáóçò åßíáé ôüôå ï ðáñáêÜôù ïñéóìüò:

Ïñéóìüò 4.3.2 - 1. ¸óôù ìéá êáìðýëç C ðïõ ðåñéãñÜöåôáé ðáñáìåôñéêÜ

áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò r(t), üôáí t ∈ D ìå D = [t1; t2]. Ôüôå

ôï ìïíáäéáßï åöáðôüìåíï äéÜíõóìá óõìâïëßæåôáé ìå T(t) êáé ïñßæåôáé áðü

ôç ó÷Ýóç

T(t) =
r′(t)

|r′(t)|
ãéá êÜèå t ∈ D ìå r′(t) ̸= 0: (4.3.2 - 5)

ÐáñÜäåéãìá 4.3.2 - 1

¸óôù ç êáìðýëç C ìå ðáñáìåôñéêÞ åîßóùóç

r(t) = − cos 2t i+ sin 2t j:

Íá ãßíåé ãñáöéêÞ ðáñÜóôáóç ôçò C êáé óôç óõíÝ÷åéá íá õðïëïãéóôåß ôï

ìïíáäéáßï åöáðôüìåíï äéÜíõóìá óôï óçìåßï ôçò r(�=4) êáé ç ðáñáìåôñéêÞ

åîßóùóç ôçò åöáðôüìåíçò åõèåßáò.
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Ó÷Þìá 4.3.2 - 3: ÃåùìåôñéêÞ åñìçíåßá ôïõ äéáíýóìáôïò r′(a).

Ëýóç. Óýìöùíá êáé ìå ôçí åîßóùóç (4:2:3 − 1) ôçò ÐáñáãñÜöïõ 4.2.3 ç

ðáñáðÜíù åîßóùóç ðáñéóôÜíåé ðåñéöÝñåéá êýêëïõ ìå êÝíôñï ôçí áñ÷Þ ôùí

áîüíùí êáé áêôßíá R = 1 (Ó÷. 4.3.2 - 4).

ÅðåéäÞ æçôåßôáé ôï åöáðôüìåíï äéÜíõóìá óôï óçìåßï ôçò ðåñéöÝñåéáò ðïõ

Ý÷åé äéÜíõóìá èÝóçò r(�=4), ïðüôå t = �=4, äéáäï÷éêÜ Ý÷ïõìå

r(t) = − cos 2t i+ sin 2t j; ïðüôå

r
(�
4

)
= − cos

�

2
i+ sin

�

2
j = ⟨0; 1⟩;

åíþ

r′(t) = 2 sin 2t i+ 2 cos 2t j; ïðüôå

r′
(�
4

)
= 2 sin

�

2
i+ cos

�

2
j = ⟨2; 0⟩:

Ôüôå óýìöùíá ìå ôçí (4:3:2− 5) ôï ìïíáäéáßï åöáðôüìåíï äéÜíõóìá óôï

óçìåßï r(�=4) åßíáé

T
(�
4

)
=

r′
(
�
4

)∣∣r′ (�4 )∣∣ = 2 i+ 0 j√
22 + 0

= i:
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Ó÷Þìá 4.3.2 - 4: ÐáñÜäåéãìá 4.3.2 - 1.

Óýìöùíá ìå ôçí (4:3:2 − 4) ç ðáñáìåôñéêÞ åîßóùóç ôçò åöáðôüìåíçò

åõèåßáò åßíáé

r(t) = r
(�
4

)
+ t r′

(�
4

)
= ⟨0; 1⟩+ t⟨2; 0⟩

= ⟨2t; 1⟩ = 2t i+ j:

Áðü ôá ðáñáðÜíù ðñïêýðôåé üôé ãéá ôï åóùôåñéêü ãéíüìåíï ôùí r(�=4)

êáé r′(�=4) éó÷ýåé:

r
(�
4

)
· r′
(�
4

)
= ⟨0; 1⟩ · ⟨2; 0⟩ = 0 · 2 + 1 · 0 = 0;

äçëáäÞ ôá äéáíýóìáôá r(�=4) êáé r′(�=4) åßíáé êÜèåôá ìåôáîý ôïõò.

Äßíåôáé óôç óõíÝ÷åéá ï ðáñáêÜôù ïñéóìüò, ðïõ ïñßæåé ôï åßäïò ìéáò êáìðý-

ëçò:

Ïñéóìüò 4.3.2 - 2. ¸óôù ìéá êáìðýëç C ðïõ ðåñéãñÜöåôáé ðáñáìåôñéêÜ

áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò r(t), üôáí t ∈ D ìå D = [t1; t2]. Ôüôå

ç C èá åßíáé ëåßá (smooth), üôáí

• ç r′(t) åßíáé óõíå÷Þò,

• r′(t) ̸= 0, åêôüò ßóùò áðü ôá Üêñá óçìåßá ôïõ D.
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ææ
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Ó÷Þìá 4.3.2 - 5: ÐáñÜäåéãìá 4.3.2 - 2: ç C, üôáí [−1; 0) ìðëå êáé

(0; 1] êüêêéíç êáìðýëç. Óôï óçìåßï t = 0, äçëáäÞ üôáí (x; y) = (1; 0),

äçìéïõñãåßôáé ìéá ãùíßá.

Ïé êáìðýëåò ôçò ÐáñáãñÜöïõ 4.2 åßíáé ëåßåò. Óôï óçìåßï ðïõ ìéá êáìðýëç

äåí åßíáé ëåßá, ó÷çìáôßæåôáé ìéá ãùíßá Þ äéáöïñåôéêÜ ìéá áé÷ìÞ (ëÝãåôáé

åðßóçò êáé ïîý Üêñï) (cusp).

ÐáñÜäåéãìá 4.3.2 - 2

¸óôù ç êáìðýëç C ìå äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò (Ó÷. 4.3.2 - 5)

r(t) =
⟨
1 + t2; t3

⟩
=
(
1 + t2

)
i+ t3j:

Ôüôå r′(t) =
⟨
1 + t2; t3

⟩
, ðïõ ðñïöáíþò åßíáé óõíå÷Þò ãéá êÜèå t ∈ R, åðåéäÞ

ïé óõíéóôþóåò óõíáñôÞóåéò 2t êáé 3t2 åßíáé óõíå÷åßò. ÅðåéäÞ üìùò r′(t) = 0,

üôáí t = 0, ç r(t) åßíáé ëåßá ãéá êÜèå t ∈ R− {0}.

4.3.3 Êáíüíåò ðáñáãþãéóçò

¸óôù ïé äéáíõóìáôéêÝò óõíáñôÞóåéò F,G êáéW ìå êïéíü ðåäßï ïñéóìïýD =

(a; b) êáé ðáñáãùãßóéìåò óôï D. Ôüôå, áí ö åßíáé ìßá ðñáãìáôéêÞ óõíÜñôçóç

ìå ðåäßï ïñéóìïý üìïéá ôï D, áðïäåéêíýåôáé üôé éó÷ýïõí ïé ðáñáêÜôù êáíüíåò

ðáñáãþãéóçò:
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i) Áí F = c óôáèåñÜ, ôüôå F′ = 0

ii) (F+G)′ = F′ +G′

iii) (kF)′ = kF′ üôáí k óôáèåñÜ

iv) (F ·G)′ = F′ ·G+ F ·G′

v) (F×G)′ = F′ ×G+ F×G′

vi) (öF)′ = ö′F+ öF′ üôáí ö âáèìùôÞ óõíÜñôçóç

vii) (F ·G×W)′ = F ·G×W′ + F ·G′ ×W + F′ ·G×W

viii) [F× (G×W)]′ = F× (G×W′) + F× (G′ ×W) + F′ × (G×W).

Ïé éäéüôçôåò (ii)-(iv) ãåíéêåýïíôáé ãéá �-ôï ðëÞèïò óõíáñôÞóåéò.

ÐáñÜäåéãìá 4.3.3 - 1

¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) = cos t i+ sin2 t j+ tk:

Ôüôå óýìöùíá ìå ôçí Ðñüôáóç 4.3.1 - 1 êáé ôïõò ãíùóôïýò ôýðïõò ðáñáãþãéóçò

óýíèåôùí óõíáñôÞóåùí åßíáé

F′(t) = (cos t)′ i+
(
sin2 t

)′
j+ t′ k = − sin t i+

sin 2t︷ ︸︸ ︷
2 sin t cos t j+ k

= − sin t i+ sin 2t j+ k;

F′′(t) = −(sin t)′ i+ (sin 2t)′ j+ 0k = − cos t i+ 2 cos 2t j; ê.ëð.

ÐáñÜäåéãìá 4.3.3 - 2

¼ìïéá, Ýóôù ïé äéáíõóìáôéêÝò óõíáñôÞóåéò

F(t) = t i+ 2 j êáé G(t) = t3 i+ t j:

Ôüôå óýìöùíá ìå ôïí êáíüíá ðáñáãþãéóçò (iv) åßíáé

(F ·G)′ = F′ ·G+ F ·G′

= (i+ 0 · j) ·
(
t3 i+ t j

)
+ (t i+ 2 j) ·

(
3 t2 i+ j

)
=

(
1 · t3 + 0 · t

)
+
(
t · 3 t2 + 2 · 1

)
= 4 t3 + 2:
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ÁóêÞóåéò

1. Íá õðïëïãéóôïýí ïé 1çò êáé ïé 2çò ôÜîçò ðáñÜãùãïé ôùí ðáñáêÜôù

äéáíõóìáôéêþí óõíáñôÞóåùí F(t):

i) cos ti+ 2 sin tj iv) e−t (cos ti+ sin tj)

ii) ti− t2j v) ln (1 + t) i+ sin2 tj+ tk

iii) e−3ti− cos 2tj vi) tan−1 ti+ e−t
2
j+ t2k.

2. Äåßîôå üôé ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) = be�t + ae−�t;

üôáí a, b óôáèåñÜ äéáíýóìáôá, åðáëçèåýåé ôç äéáöïñéêÞ åîßóùóç

F′′(t)− �2F(t) = 0:

3. Áí

F(t) = t i+ cos 2t j+ sin 2tk êáé G(t) = t i− sin 2t j+ cos 2tk;

íá õðïëïãéóôïýí ïé ðáñÜãùãïé

(F ·G)′ ; (F×G)′′ êáé (F · F)′ :

4. ¸óôù ç êáìðýëç C ìå äéáíõóìáôéêÞ óõíÜñôçóç èÝóçò r(t) =
⟨
t; et

2
; sin 2t

⟩
.

Íá õðïëïãéóôåß ç ðáñÜãùãïò r′(t), ôï ìïíáäéáßï åöáðôüìåíï äéÜíõóìá êáé ç

åîßóùóç ôçò åöáðôüìåíçò åõèåßáò óôï óçìåßï ôçò r(0).

ÁðáíôÞóåéò

(i) F′(t) = − sin t i+ 2 cos t j, F′′(t) = − cos t i− 2 sin t j,

(ii) F′(t) = i− 2t j, F′′(t) = −2 j,

(iii) F′(t) = −3e−3t i+ 2 sin 2t j, F′′(t) = 9e−3t i+ 4 cos 2t j

(iv) F′(t) = −e−t (cos t+ sin t) i+ e−t (cos t− sin t) j, F′′(t) = 2e−t sin t i− 2e−t cos t j

(v) F′(t) = 1
1+t

i+ sin 2t j+ k, F′′(t) = − 1
(1+t)2

i+ 2 cos 2t j

(vi) F′(t) = 1
1+t2

i− 2te−t
2

j+ 2tk, F′′(t) = − 2t

(1+t2)2
i+ 2

(
2t2 − 1

)
e−t

2

j+ 2k.

2. F′(t) = �b e�t i− �a e−�t j, F′′(t) = �2b e�t i+ �2a e−�t j,

3. (F ·G)′ = 2t,
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F×G = i+ t (sin 2t− cos 2t) j− t (sin 2t+ cos 2t) k,

(F×G)′′ = 4 [(t+ 1) cos 2t− (t− 1) sin 2t] j+ 4 [(t− 1) cos 2t+ (t+ 1) sin 2t] k,

(F · F)′ = 2t.

4. r′(t) =
⟨
1; 2tet

2

; 2 cos 2t
⟩
, T(0) =

⟨
1√
5
; 0; 2√

5

⟩
, åîßóùóç åöáðôüìåíçò åõèåßáò

r(t) = ⟨t; 1; 2t⟩.

4.3.4 ÏëïêëÞñùóç

ÁíÜëïãá ìå ôïõò ïñéóìïýò ôùí ðáñáðÜíù ðáñáãñÜöùí ç ïëïêëÞñùóç ôùí

äéáíõóìáôéêþí óõíáñôÞóåùí áíÜãåôáé ôåëéêÜ óôçí ïëïêëÞñùóç ôùí åðéìÝñïõò

óõíéóôùóþí óýìöùíá ìå ôïõò ðáñáêÜôù ïñéóìïýò:

Ïñéóìüò 4.3.4 - 1. ¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) = ⟨f1(t); f2(t); f3(t)⟩ :

Ôüôå ç G(t) èá åßíáé ìéá ðáñÜãïõóá (antiderivative) ôçò F(t), ôüôå êáé

ìüíïí üôáí G′(t) = F(t).

Ïñéóìüò 4.3.4 - 2. ¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) = ⟨f1(t); f2(t); f3(t)⟩

ìå ðåäßï ïñéóìïý D. Ôüôå, áí ïé óõíáñôÞóåéò f1(t); f2(t) êáé f3(t) åßíáé

ïëïêëçñþóéìåò óôï D, ôï áüñéóôï ïëïêëÞñùìá
∫
F(t) d t õðÜñ÷åé êáé éóïý-

ôáé ìå∫
F(t) d t =

⟨∫
f1(t) d t;

∫
f2(t) d t;

∫
f3(t) d t+C

⟩
; (4.3.4 - 1)

üôáí C = ⟨c1; c2; c3⟩ ç äéáíõóìáôéêÞ óôáèåñÜ ïëïêëÞñùóçò.

Ïé Þäç ãíùóôïß êáíüíåò ïëïêëÞñùóçò ôïõ ÌáèÞìáôïòÁüñéóôï ÏëïêëÞñù-

ìá åöáñìüæïíôáé êáé óôçí ðåñßðôùóç áõôÞ ãéá êáèåìéÜ óõíéóôþóá ÷ùñéóôÜ.
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ÐáñÜäåéãìá 4.3.4 - 1

Áí

F(t) =

⟨
cos 2t;−2 sin t;

1

1 + t2

⟩
íá õðïëïãéóôåß ôï áüñéóôï ïëïêëÞñùìá

G(t) =

∫
F(t) d t; üôáí G(0) = ⟨3;−2; 1⟩:

Ëýóç. Óýìöùíá ìå ôçí (4:3:4− 1) äéáäï÷éêÜ Ý÷ïõìå

G(t) =

∫
F(t) d t

=

⟨∫
cos 2t d t;−2

∫
sin t d t;

∫
1

1 + t2
d t

⟩

=

⟨
1

2
sin 2t+ c1; 2 cos t+ c2; tan

−1 t+ c3

⟩
:

ÅðåéäÞ G(0) = ⟨3;−2; 1⟩ áðü ôï ðáñáðÜíù ïëïêëÞñùìá ðñïêýðôåé üôé

G(0) = ⟨3;−2; 1⟩

=

⟨
1

2

0︷︸︸︷
sin 0+c1; 2

1︷︸︸︷
cos 0+c2;

0︷ ︸︸ ︷
tan−1 0+c3

⟩

= ⟨c1; 2 + c2; c3⟩ :

¢ñá c1 = 3, c2 = −4 êáé c3 = 1, ïðüôå

G(t) =

⟨
1

2
sin 2t+ 3; 2 cos t− 4; tan−1 t+ 1

⟩
:

Ïñéóìüò 4.3.4 - 3. ¸óôù ç äéáíõóìáôéêÞ óõíÜñôçóç

F(t) = ⟨f1(t); f2(t); f3(t)⟩
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ìå ðåäßï ïñéóìïý [a; b ]. Ôüôå, áí ïé óõíáñôÞóåéò f1(t); f2(t) êáé f3(t) åßíáé

ïëïêëçñþóéìåò óôï [a; b ], ôï ïñéóìÝíï ïëïêëÞñùìá
∫ b
a F(t) d t õðÜñ÷åé êáé

éóïýôáé ìå

I =

b∫
a

F(t) d t =

⟨ b∫
a

f1(t) d t;

b∫
a

f2(t) d t;

b∫
a

f3(t) d t

⟩
: (4.3.4 - 2)

ÁíÜëïãá, üðùò êáé óôçí ðáñáðÜíù ðåñßðôùóç ôïõ áüñéóôïõ ïëïêëçñþìáôïò,

ïé Þäç ãíùóôïß êáíüíåò ïëïêëÞñùóçò ôïõ ÌáèÞìáôïò ÏñéóìÝíï ÏëïêëÞñùìá

åöáñìüæïíôáé êáé óôçí ðåñßðôùóç áõôÞ ãéá êáèåìéÜ óõíéóôþóá ÷ùñéóôÜ.

ÐáñÜäåéãìá 4.3.4 - 2

Áí

F(t) = ⟨sin t; 6; 4t⟩

íá õðïëïãéóôåß ôï ïñéóìÝíï ïëïêëÞñùìá

I =

1∫
0

F(t) d t:

Ëýóç. Óýìöùíá ìå ôçí (4:3:4− 2) äéáäï÷éêÜ Ý÷ïõìå

I =

1∫
0

F(t) d t

=

⟨ 1∫
0

sin t d t; 6

1∫
0

d t; 4

1∫
0

t d t

⟩

=
⟨
− cos t; 6t; 2t2

⟩ ∣∣ 1
0

= ⟨− cos 1; 6; 2⟩ − ⟨−1; 0; 0⟩ (áöáßñåóç äéáíõóìÜôùí)

= ⟨1− cos 1; 6; 2⟩ = (1− cos 1) i+ 6 j+ 2k:



4.4 Âéâëéïãñáößá

[1] ÌðñÜôóïò, Á. (2011). ÅöáñìïóìÝíá ÌáèçìáôéêÜ. Åêäüóåéò Á.

Óôáìïýëç. ISBN 978{960{351{874{7.

[2] ÌðñÜôóïò, Á. (2002). Áíþôåñá ÌáèçìáôéêÜ. Åêäüóåéò Á. Óôáìïýëç.

ISBN 960{351{453{5/978{960{351{453{4.

[3] Finney, R. L. & Giordano, F. R. (2004). Áðåéñïóôéêüò Ëïãéóìüò ÉÉ.

ÐáíåðéóôçìéáêÝò Åêäüóåéò ÊñÞôçò. ISBN 978{960{524{184{1.

[4] Marsden, J.E. & Tromba, A.J. (2011). Äéáíõóìáôéêüò Ëïãéóìüò.

ÐáíåðéóôçìéáêÝò Åêäüóåéò ÊñÞôçò. ISBN 978{960{730{945{7.

[5] Spiegel, M. &Wrede, R. (2006). Áíþôåñá ÌáèçìáôéêÜ. Åêäüóåéò Ôæéüëá.

ISBN 960{418{087{8.

ÌáèçìáôéêÝò âÜóåéò äåäïìÝíùí

• http://en.wikipedia.org/wiki/Main Page

• http://eqworld.ipmnet.ru/index.htm

• http://mathworld.wolfram.com/

• http://eom.springer.de/

271





ÌÜèçìá 5

ÄÉÁÍÕÓÌÁÔÉÊÏÓ

ÄÉÁÖÏÑÉÊÏÓ ËÏÃÉÓÌÏÓ

5.1 ÅéóáãùãÞ

1Óôï ìÜèçìá áõôü äßíïíôáé ïé âáóéêÝò Ýííïéåò ôïõ Äéáíõóìáôéêïý Äéáöïñéêïý

Ëïãéóìïý, ðïõ åßíáé ó÷åôéêÝò ìå ôéò âáèìùôÝò Þ ôéò äéáíõóìáôéêÝò óõíáñôÞóåéò

ìéáò Þ ðåñéóóüôåñùí ìåôáâëçôþí êáé ïé ïðïßåò óå ïñéóìÝíåò ðåñéðôþóåéò

èåùñïýíôáé ùò ìéá ãåíßêåõóç ôùí ìÝ÷ñé ôþñá Þäç ãíùóôþí óôïí áíáãíþóôç

áíôßóôïé÷ùí êáíüíùí ôïõ Äéáöïñéêïý Ëïãéóìïý.

5.1.1 ÂáèìùôÜ êáé äéáíõóìáôéêÜ ðåäßá

¸óôù üôé óå ôõ÷üí óçìåßï, ÝóôùM , ôïõ ÷þñïõ ðïõ ìáò ðåñéâÜëëåé áíôéóôïé-

÷ïýí:

- Ýíáò ðñáãìáôéêüò áñéèìüò, Ýóôù T , ðïõ óõìâïëßæåé ôçí ôéìÞ ôçò èåñìï-

êñáóßáò êáé (Ó÷. 5.1.1 - 1a)

1Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4,

5].
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- Ýíá äéÜíõóìá, Ýóôù v, ðïõ óõìâïëßæåé ôçí ôá÷ýôçôá ôïõ áíÝìïõ óôï

óçìåßï áõôü (Ó÷. 5.1.1 - 1b).
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Ó÷Þìá 5.1.1 - 1: (á) Ç èåñìïêñáóßá T (âáèìùôü ðåäßï) êáé (b) ç ôá÷ýôçôá

v óôá äéÜöïñá óçìåßá M ôïõ ÷þñïõ (äéáíõóìáôéêü ðåäßï).

¸óôù ∆ ôï óýíïëï ôùí ìåôñÞóåùí ôçò èåñìïêñáóßáò, áíôßóôïé÷á ôçò

ôá÷ýôçôáò óôá ðáñáðÜíù óçìåßá M ôïõ ÷þñïõ. Ôüôå, üðùò åßíáé ãíùóôü

áðü ôç ÖõóéêÞ, åðåéäÞ ïé ôéìÝò ôçò èåñìïêñáóßáò êáé ôçò ôá÷ýôçôáò Þ èá

ìåôáâÜëëïíôáé Þ èá åßíáé óôáèåñÝò óå ïñéóìÝíá áðü ôá óçìåßá ôïõ M , ôï

óýíïëï ∆ èá áðïôåëåßôáé áðü äéáöïñåôéêÜ åí ãÝíåé óôïé÷åßá, ðïõ åßíáé óôçí

ðñþôç ðåñßðôùóç áñéèìïß êáé óôç äåýôåñç äéáíýóìáôá. Ôüôå ïé ôéìÝò óôï

∆ åßíáé äõíáôüí íá èåùñçèïýí ùò ïé ôéìÝò (ðåäßï ôéìþí) ìéáò óõíÜñôçóçò Þ

áêñéâÝóôåñá âáèìùôÞò óõíÜñôçóçò f(x; y; z) ãéá ôçí ðñþôç, ìéáò äéáíõóìá-

ôéêÞò óõíÜñôçóçò F(x; y; z) ãéá ôç äåýôåñç ðåñßðôùóç.2

Óýìöùíá ìå ôá ðáñáðÜíù, üôáí ðåñéãñÜöåôáé Ýíá âáèìùôü ìÝãåèïò, üðùò

åßíáé ç èåñìïêñáóßá, èá ëÝãåôáé üôé Ý÷ïõìå Ýíá âáèìùôü ðåäßï (scalar �eld)3

2Ç äéáíõóìáôéêÞ óõíÜñôçóç äýï ìåôáâëçôþí, áíôßóôïé÷á ôñéþí ìåôáâëçôþí, èåùñåßôáé

ùò åðÝêôáóç ôçò Þäç ãíùóôÞò óõíÜñôçóçò ìéáò ìåôáâëçôÞò áðü ôï ÌÜèçìá ÄéáíõóìáôéêÝò

óõíáñôÞóåéò ìéáò ìåôáâëçôÞò. Ç ðáñáãþãéóç ôùí äéáíõóìáôéêþí óõíáñôÞóåùí ðïëëþí

ìåôáâëçôþí ãßíåôáé üìïéá ìå åêåßíùí ôçò ìéáò ìåôáâëçôÞò, ìüíïí ðïõ ç ïëéêÞ ðáñÜãùãïò

F′(t) áíôéêáèßóôáôáé óôçí ðåñßðôùóç áõôÞ áðü ôç ìåñéêÞ ðáñÜãùãï ãéá êáèåìéÜ áðü ôéò

ìåôáâëçôÝò.
3ÂëÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=Scalar field
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êáé ç óõíÜñôçóç ðïõ ôï ðåñéãñÜöåé âáèìùôÞ óõíÜñôçóç Þ áðëÜ ãéá åõêïëßá

óôï åîÞò óõíÜñôçóç, ðïõ èá óõìâïëßæåôáé ìå f , g ê.ëð. åíþ, üôáí ðåñéãñÜöåôáé

äéáíõóìáôéêü ìÝãåèïò, üðùò åßíáé ç ôá÷ýôçôá, èá ëÝãåôáé üôé Ý÷ïõìå äéáíõóìá-

ôéêü ðåäßï (vector �eld)4 êáé ç óõíÜñôçóç ðïõ ôï ðåñéãñÜöåé äéáíõóìáôéêÞ

óõíÜñôçóç êáé èá óõìâïëßæåôáé ìå F, G ê.ëð.

Áí ôþñá Oxyz åßíáé Ýíá ïñèïãþíéï óýóôçìá áîüíùí ôïõ ÷þñïõ R3, ôüôå

ç óõíÜñôçóç f ãñÜöåôáé óõíáñôÞóåé ôùí ìåôáâëçôþí x, y êáé z ùò f =

f(x; y; z), åíþ ç äéáíõóìáôéêÞ óõíÜñôçóç ùò F(x; y; z), ðïõ óå áíôéóôïé÷ßá ìå

ôçí áíáëõôéêÞ Ýêöñáóç ôïõ äéáíýóìáôïò a = a1 i+a2 j+a3 k ôçò ÐáñáãñÜöïõ

5.1 èá ãñÜöåôáé ùò åîÞò:

F = F(x; y; z) = P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k; (5.1.1 - 1)

üôáí P , Q êáé R åßíáé ïé óõíéóôþóåò ùò ðñïò ôïí x, y êáé z-Üîïíá. Èá ðñÝðåé

íá óçìåéùèåß óôï óçìåßï áõôü üôé ïé ôéìÝò ôüóï ôïõ âáèìùôïý üóï êáé ôïõ

äéáíõóìáôéêïý ðåäßïõ åßíáé áíåîÜñôçôåò áðü ôçí åêëïãÞ ôïõ óõóôÞìáôïò ôùí

áîüíùí.

Ç áíôßóôïé÷ç Ýêöñáóç ôçò (5:1:1− 1) óôï R2 åßíáé

F = F(x; y) = P (x; y) i+Q(x; y) j: (5.1.1 - 2)

Ôï ìÝôñï Þ ç áðüëõôç ôéìÞ ôçò äéáíõóìáôéêÞò óõíÜñôçóçò (5:1:1 − 1)

ïñßæåôáé ôüôå áðü ôç ó÷Ýóç

|F| =
(
P 2 +Q2 +R2

)1=2
;

åíþ ôçò (5:1:1− 2) áðü ôçí

|F| =
(
P 2 +Q2

)1=2
:

ÐáñÜäåéãìá 5.1.1 - 1

Ôï Þäç ãíùóôü äéÜíõóìá èÝóçò

r = x i+ y j+ z k = F(x; y; z);

4ÂÝðå âéâëéïãñáößá êáé http : ==en:wikipedia:org=wiki=V ector field
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åßíáé ìéá äéáíõóìáôéêÞ óõíÜñôçóç ôñéþí ìåôáâëçôþí, åíþ ôï ìÝôñï ôïõ

r =
(
x2 + y2 + z2

)1=2
= f(x; y; z)

ìéá âáèìùôÞ óõíÜñôçóç. ¢ëëá ðáñáäåßãìáôá äéáíõóìáôéêþí óõíáñôÞóåùí èá

äïèïýí óôç óõíÝ÷åéá ôïõ ìáèÞìáôïò.

5.2 Êáôåõèõíüìåíç ðáñÜãùãïò

5.2.1 ÅéóáãùãéêÝò Ýííïéåò

Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ç ðáñÜãùãïò ìéáò óõíÜñôçóçò ìéáò

ìåôáâëçôÞò Þ êáé ãåíéêüôåñá ðïëëþí ìåôáâëçôþí, Ýóôù f(x; y), áíôßóôïé÷á

f(x; y; z), ïñßæåé ôïí óõíôåëåóôÞ ìåôáâïëÞò ôçò f ùò ðñïò ôïí áíôßóôïé÷ï

Üîïíá óõíôåôáãìÝíùí, äçëáäÞ ç fx ùò ðñïò ôïí x-Üîïíá, ê.ëð. Óôçí ðáñÜãñáöï

áõôÞ èá ãßíåé ìéá ãåíßêåõóç ôçò ìåôáâïëÞò áõôÞò, èåùñþíôáò üôé ïé ìåôáâëçôÝò

x; y, áíôßóôïé÷á x; y; z ìåôáâÜëëïíôáé ôáõôü÷ñïíá. Ç Ýííïéá ôçò ôáõôü÷ñïíçò

ìåôáâïëÞò äåí óçìáßíåé áðáñáßôçôá üôé ç ìåôáâïëÞ åßíáé ç ßäéá ãéá êÜèå

ìåôáâëçôÞ, äçëáäÞ åßíáé äõíáôüí íá Ý÷ïõìå äéáöïñåôéêÝò ìåôáâïëÝò ùò ðñïò

x, y êáé z.

ÐáñÜäåéãìá 5.2.1 - 1

¸óôù Ýíá õëéêü óçìåßï ðïõ êéíåßôáé óôïí ÷þñï áðü ôï óçìåßï

A (x0; y0; z0) = A (1;−2; 0)

óôï

B (x1; y1; z1) = B (x0 +∆x; y0 +∆y; z0 +∆z) = B (2; 0; 6) :

Ôüôå

∆x = x1 − x0 = 2− 1 = 1;

∆y = y1 − y0 = 0− (−2) = 2 êáé

∆z = z1 − z0 = 6− 3 = 3; äçëáäÞ ∆x ̸= ∆y ̸= ∆z:
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Óýìöùíá ìå ôçí ÐáñÜãñáöï 5.1, ç ìåôáâïëÞ ôçò èÝóçò ôïõ óçìåßïõ áðü

ôï A óôï B èá ïñßæåôáé áðü ôç äéåýèõíóç ôïõ äéáíýóìáôïò

a = i+ 2j+ 3k = ⟨1; 2; 3⟩:

ÅðåéäÞ üìùò õðÜñ÷ïõí Üðåéñá äéáíýóìáôá ðïõ Ý÷ïõí ôçí ßäéá äéåýèõíóç ìå

ôï äéÜíõóìá a, ï áêñéâÞò êáèïñéóìüò ôçò äéåýèõíóçò ôçò ðáñáðÜíù ìåôáâïëÞò

ãßíåôáé áðü ôï áíôßóôïé÷ï ìïíáäéáßï äéÜíõóìá, Ýóôù n ôïõ a, äçëáäÞ óôç

óõãêåêñéìÝíç ðåñßðôùóç áðü ôï äéÜíõóìá

n =
1√

12 + 22 + 32
(i+ 2 j+ 3k) =

1√
14

(i+ 2 j+ 3k)

=

(
1√
14
;

2√
14
;

3√
14

)
=

⟨
1√
14
;

2√
14
;

3√
14

⟩

= ⟨n1; n2; n3⟩ :

Óçìåßùóç 5.2.1 - 1

Óýìöùíá ìå ôï ÐáñÜäåéãìá 5.2.1 - 1, áí A (x0; y0), B (x1; y1) áíôßóôïé÷á

A (x0; y0; z0), B (x1; y1; z1) åßíáé äýï äéáöïñåôéêÜ óçìåßá ôïõ R2, áíôßóôïé÷á

ôïõ R3 ðïõ âñßóêïíôáé óå áðüóôáóç s, ôüôå, áí a =
−−→
AB , ôï ìïíáäéáßï

äéÜíõóìá n êáôÜ ôç äéåýèõíóç
−−→
AB èá ïñßæåôáé áðü ôç ó÷Ýóç

n =

−−→
AB∣∣∣−−→AB ∣∣∣ = a

|a|
=
a

s
:

5.2.2 Ïñéóìüò

¸÷ïíôáò ôþñá õðüøç êáé ôïõò áíôßóôïé÷ïõò ïñéóìïýò ôùí ðáñáãþãùí óõíÜñ-

ôçóçò ìéáò Þ ðåñéóóüôåñùí ìåôáâëçôþí, ç ðáñÜãùãïò ôçò óõíÜñôçóçò f óôï

óçìåßï A êáôÜ ôç äéåýèõíóç ôïõ ìïíáäéáßïõ äéáíýóìáôïò n ïñßæåôáé ùò åîÞò:

Ïñéóìüò 5.2.2 - 1 (êáôåõèõíüìåíç ðáñÜãùãïò). ¸óôù ç óõíÜñôçóç

f(x; y) |S ⊆ R2; áíôßóôïé÷á f(x; y; z) |S ⊆ R3
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ìå S áíïéêôü óýíïëï, ðïõ õðïôßèåôáé üôé Ý÷åé 1çò ôÜîçò ìåñéêÝò ðáñáãþãïõò

óôï S. Áí A (x0; y0), B (x1; y1) áíôßóôïé÷á A (x0; y0; z0), B (x1; y1; z1) åßíáé

äýï äéáöïñåôéêÜ óçìåßá ôïõ S, ðïõ âñßóêïíôáé óå áðüóôáóç s =
∣∣∣−−→AB ∣∣∣ = |a|

êáé n = ⟨n1; n2⟩, áíôßóôïé÷á n = ⟨n1; n2; n3⟩ ôï ìïíáäéáßï äéÜíõóìá êáôÜ

ôç äéåýèõíóç
−−→
AB = a, ç êáôåõèõíüìåíç ðáñÜãùãïò (directional derivative)5

ôçò f óôï óçìåßï A óõìâïëßæåôáé ìå (Dnf)A êáé ïñßæåôáé áðü ôçí ðáñáêÜôù

ïñéáêÞ ôéìÞ

(Dnf)A = lim
s→ 0

f (x0 + s n1; y0 + s n2)− f (x0; y0)

s
;

áíôßóôïé÷á (5.2.2 - 1)

(Dnf)A = lim
s→ 0

f (x0 + s n1; y0 + s n2; z0 + s n3)− f (x0; y0; z0)

s
;

åöüóïí õðÜñ÷åé.

Éóïäýíáìá ï ðáñáðÜíù ïñéóìüò ãñÜöåôáé:

Ïñéóìüò 5.2.2 - 2 (êáôåõèõíüìåíç ðáñÜãùãïò). ¸óôù ç óõíÜñôçóç

f(x; y) |S ⊆ R2; áíôßóôïé÷á f(x; y; z) |S ⊆ R3

ìå S áíïéêôü óýíïëï, ðïõ õðïôßèåôáé üôé Ý÷åé ðñþôçò ôÜîçò ìåñéêÝò ðáñáãþ-

ãïõò óôï S. Áí A (x0; y0), B (x1; y1) áíôßóôïé÷á A (x0; y0; z0), B (x1; y1; z1)

åßíáé äýï äéáöïñåôéêÜ óçìåßá ôïõ S, ðïõ âñßóêïíôáé óå áðüóôáóç s =
∣∣∣−−→AB ∣∣∣ =

|a| êáé n ôï ìïíáäéáßï äéÜíõóìá êáôÜ ôç äéåýèõíóç
−−→
AB = a, ç êáôåõèõíüìåíç

ðáñÜãùãïò ôçò f óôï óçìåßï A óõìâïëßæåôáé ìå (Dnf)A = d f
d s

∣∣∣
n; A

êáé

ïñßæåôáé áðü ôçí ðáñáêÜôù ïñéáêÞ ôéìÞ:

(Dnf)A =
d f

d s

∣∣∣∣
n; A

= lim
s→ 0

f (x1; y1)− f (x0; y0)

s
;

áíôßóôïé÷á (5.2.2 - 2)

(Dnf)A =
d f

d s

∣∣∣∣
n; A

= lim
s→ 0

f (x1; y1; z1)− f (x0; y0; z0)

s
;

åöüóïí õðÜñ÷åé.

5ÂëÝðå http : ==en:wikipedia:org=wiki=Directional derivative
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Ïñéóìüò 5.2.2 - 3. ¸óôù ç óõíÜñôçóç f(x; y) |S ⊆ R2, áíôßóôïé÷á f(x; y; z)

|S ⊆ R3 ìå S áíïéêôü óýíïëï, ðïõ õðïôßèåôáé üôé Ý÷åé ðñþôçò ôÜîçò ìåñéêÝò

ðáñáãþãïõò óôï S. Áí ç êáôåõèõíüìåíç ðáñÜãùãïò ôçò f õðÜñ÷åé óå êÜèå

óçìåßï A (x0; y0), áíôßóôïé÷á A (x0; y0; z0) ôïõ S, ôüôå ëÝãåôáé üôé õðÜñ÷åé ç

êáôåõèõíüìåíç ðáñÜãùãïò (directional derivative) ôçò f óôï S êáé óõìâïëßæå-

ôáé áõôü ìå

Dnf =

(
d f

d s

)
n

: (5.2.2 - 3)

ÐáñáôçñÞóåéò 5.2.2 - 1

i) Ç (5:2:2−2) ïñßæåé ôïí óõíôåëåóôÞ ìåôáâïëÞò ôçò f óôï óçìåßï A êáôÜ

ôç äéåýèõíóç ôïõ ìïíáäéáßïõ äéáíýóìáôïò n.

ii) Ï ôåëåóôÞò d
d s óôçí ðåñßðôùóç áõôÞ Ý÷åé åñìçíåßá áíÜëïãç ôùí ôåëåóôþí

d
d x êáé @

@ x , åíþ ôï áðåéñïóôü d s, üðùò ôï áíôßóôïé÷ï d x, ïñßæåôáé áðü

ôï üñéï lim s→ 0 s (âëÝðå ãåùìåôñéêÞ åñìçíåßá ðáñáãþãïõ óõíÜñôçóçò

ìéáò ìåôáâëçôÞò).

iii) Ç (5:2:2− 1), áíôßóôïé÷á ç (5:2:2− 2) åßíáé ðñáãìáôéêïß áñéèìïß, åíþ ç

(5:2:2− 3) óõíÜñôçóç (âëÝðå ÐáñÜäåéãìá 5.3.2 - 3).

Óôçí åðüìåíç ðáñÜãñáöï èá ãßíåé ï õðïëïãéóìüò ôçò êáôåõèõíüìåíçò

ðáñáãþãïõ.

5.3 Êëßóç óõíÜñôçóçò

5.3.1 Ó÷åôéêïß ïñéóìïß

Áí

rA = x0 i+ y0 j+ z0 k = ⟨x0; y0; z0⟩

ôï äéÜíõóìá èÝóçò ôïõ óçìåßïõ A (x0; y0; z0), ôüôå Ý÷ïíôáò õðüøç êáé ôïí

êáíüíá ôïõ ðáñáëëçëïãñÜììïõ ãéá ôçí ðñüóèåóç äéáíõóìÜôùí ôï äéÜíõóìá

èÝóçò rB ôïõ óçìåßïõ Â (x1; y1; z1) èá äßíåôáé áðü ôç ó÷Ýóç

rB = rA + sn



280 Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò Êáè. Á. ÌðñÜôóïò
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Ó÷Þìá 5.3.1 - 1: Ç Åîßóùóç (5:3:1 − 2) óôï R2 üðïõ rA ôï êüêêéíï, n ôï

ðñÜóéíï êáé a ôï ìðëå äéÜíõóìá.

üôáí n = ⟨n1; n2; n3⟩ ôï ìïíáäéáßï äéÜíõóìá êáôÜ ôç äéåýèõíóç
−−→
AB = a êáé

s =
∣∣∣−−→AB ∣∣∣.
¢ñá (âëÝðå Ó÷. 5.3.1 - 1 ãéá ôçí áíôßóôïé÷ç ðåñßðôùóç óôï R2)

r = rA + sn (5.3.1 - 1)

= (x0 + s n1) i+ (y0 + s n2) j+ (z0 + s n3)k

= x(s) i+ y(s) j+ z(s)k = r(s):

Ôüôå áðü ôçí (5:3:1− 1) ðñïêýðôåé üôé

d r

d s
=

d

d s
(rA + sn)

=

=0︷︸︸︷
d rA
d s

+
d (sn)

d s
= n

=1︷︸︸︷
d s

d s
= n: (5.3.1 - 2)

Õðåíèõìßæåôáé ãéá åõêïëßá óôï óçìåßï áõôü ôï Èåþñçìá 14:2:5 − 2, ðïõ

áöïñïýóå ôïí áëõóéäùôü êáíüíá ðáñáãþãéóçò óýíèåôçò óõíÜñôçóçò ôïõ ÌáèÞ-

ìáôïò ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí:
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Èåþñçìá 5.3.1 - 1. ¸óôù ç óõíÜñôçóç f (x; y) |S ⊆ R2, áíôßóôïé÷á f (x; y; z)

|S ⊆ R3 êáé x = x(s); y = y(s), áíôßóôïé÷á x = x(s); y = y(s); z = z(s)

ãéá êÜèå s ∈ A ⊆ R, üðïõ A áíïéêôü óýíïëï ìå ôéò áíôßóôïé÷åò ôéìÝò ôçò

f íá áíÞêïõí óôï S ãéá êÜèå s ∈ A êáé åðéðëÝïí üôé õðÜñ÷åé ç ðáñÜãùãïò

ôçò f óôï (x(s); y(s)), áíôßóôïé÷á (x(s); y(s); z(s)) ãéá êÜèå s ∈ A. Ôüôå ç

óõíÜñôçóç f = f(s) ðáñáãùãßæåôáé óôï s êáé éó÷ýåé

d f(t)

d s
=

@f

@x

dx

d s
+
@f

@y

dy

d s

= fx
dx

d s
+ fy

dy

d s
; (5.3.1 - 3)

áíôßóôïé÷á

d f(t)

d s
=

@f

@x

dx

d s
+
@f

@y

dy

d s
+
@f

@z

dz

d s

= fx
dx

d s
+ fy

dy

d s
+ fz

dz

d s
: (5.3.1 - 4)

Óýìöùíá ìå ôï Èåþñçìá 5.3.1 - 1, ôïí ôýðï õðïëïãéóìïý ôïõ åóùôåñéêïý

ãéíïìÝíïõ äýï äéáíõóìÜôùí âÜóåé ôïõ ïðïßïõ áí

a = ⟨a1; a2; a3⟩ êáé b = ⟨a1; a2; a3⟩ ; ôüôå

a · b = a1b1 + a2b2 + a3b3

êáé õðïèÝôïíôáò üôé ç f Ý÷åé ôïõëÜ÷éóôïí 1çò ôÜîçò ìåñéêÝò ðáñáãþãïõò óôï
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S óýìöùíá êáé ìå ôéò (5:3:1− 1) êáé (5:3:1− 2) Ý÷ïõìå(
d f

d s

)
n

=
@f

@x

d x(s)

d s
+
@f

@y

d y(s)

d s
+
@f

@z

d z(s)

d s

=

(
@f

@x
i+

@f

@y
j+

@f

@z
k

)
·
(
d x(s)

d s
i+

d y(s)

d s
j+

d z(s)

d s
k

)

=

[(
@

@x
i+

@

@y
j+

@

@z
k

)
f

]
·

 d

d s

(5:3:1−1)︷ ︸︸ ︷
(x(s) i+ y(s) j+ z(s)k)



= (∇ f) ·

(5:3:1−2)︷ ︸︸ ︷
d r(s)

d s
= (∇ f) · n; (5.3.1 - 5)

üðïõ ôï óýìâïëï ∇ ïñßæåôáé ùò åîÞò:

Ïñéóìüò 5.3.1 - 1 (äéáöïñéêüò ôåëåóôÞò). Ïñßæåôáé ùò äéáöïñéêüò ôåëå-

óôÞò6 (del) óôï R2 ï

∇ =
@

@x
i+

@

@y
j =

⟨
@

@x
;
@

@y

⟩
; (5.3.1 - 6)

áíôßóôïé÷á óôï R3 ï

∇ =
@

@x
i+

@

@y
j+

@

@z
k =

⟨
@

@x
;
@

@y
;
@

@z

⟩
: (5.3.1 - 7)

Áðü ôçí (5:3:1− 5) êáé ôéò (5:3:1− 6), áíôßóôïé÷á (5:3:1− 7) Ý÷ïõìå ôïí

ðáñáêÜôù ôýðï õðïëïãéóìïý ôçò êáôåõèõíüìåíçò ðáñáãþãïõ:

Dnf =

(
d f

d s

)
n

= (∇ f) · n = ⟨fx; fy⟩ · ⟨n1; n2⟩

= fx n1 + fy n2; (5.3.1 - 8)

áíôßóôïé÷á

Dnf =

(
d f

d s

)
n

= (∇ f) · n = ⟨fx; fy; fz⟩ · ⟨n1; n2; n3⟩

= fx n1 + fy n2 + fz n3: (5.3.1 - 9)

6ÂëÝðå http : ==en:wikipedia:org=wiki=Del
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Ôï áíÜäåëôá∇ (nabla), åßíáé Ýíá óõìâïëéêü äéÜíõóìá ìå ðïëëÝò åöáñìï-

ãÝò óôçí ðåñéãñáöÞ ôùí åîéóþóåùí äéáöüñùí ðñïâëçìÜôùí üðùò ôïõ çëåêôñï-

ìáãíçôéêïý ðåäßïõ (åîéóþóåéò ôïõ Maxwell),7 õäñïäõíáìéêÞò, êõìáôéêÞò, ê.ëð.

êáé Ý÷åé éäéüôçôåò áíÜëïãåò ìå åêåßíåò ôùí ãíùóôþí äéáíõóìÜôùí.

Óýìöùíá ôþñá êáé ìå ôïõò ôýðïõò (5:3:1 − 8), áíôßóôïé÷á (5:3:1 − 9) ç

êëßóç åíüò âáèìùôïý ðåäßïõ ïñßæåôáé óôç óõíÝ÷åéá ùò åîÞò:

Ïñéóìüò 5.3.1 - 2 (êëßóç). ¸óôù ç óõíÜñôçóç f(x; y)|S ⊆ R2, áíôßóôïé÷á

f(x; y; z)|S ⊆ R3 ìå S áíïéêôü óýíïëï, ðïõ Ý÷åé ôïõëÜ÷éóôïí 1çò ôÜîçò

ìåñéêÝò ðáñáãþãïõò óôï S. Ôüôå ïñßæåôáé ùò êëßóç (gradient)8 ôçò f ç

äéáíõóìáôéêÞ óõíÜñôçóç

grad f = ∇f = fx i+ fy j = ⟨fx ; fy⟩ ; (5.3.1 - 10)

áíôßóôïé÷á

grad f = ∇f = fx i+ fy j+ fz k = ⟨fx ; fy ; fz⟩ : (5.3.1 - 11)

ÐáñáôçñÞóåéò 5.3.1 - 1

i) Óýìöùíá ìå ôïí Ïñéóìü 5.3.1 - 2 ç êëßóç åöáñìüæåôáé óå âáèìùôÞ

óõíÜñôçóç, äçëáäÞ óõíÜñôçóç ðïõ ðåñéãñÜöåé âáèìùôü ðåäßï êáé äçìéïõñ-

ãåß ôç äéáíõóìáôéêÞ óõíÜñôçóç ∇f , äçëáäÞ óõíÜñôçóç ðïõ ðåñéãñÜöåé
äéáíõóìáôéêü ðåäßï. Åßíáé ðñïöáíÝò üôé ç êëßóç óå óçìåßï ∇f |A åßíáé

äéÜíõóìá.

ii Ìå ôç âïÞèåéá ôçò êëßóçò ïé áíáãêáßåò óõíèÞêåò

fx = fy = 0

ãéá ôçí ýðáñîç áêñüôáôùí ôçò óõíÜñôçóçò f(x; y), áíôßóôïé÷á ïé

fx = fy = fz = 0

7ÂëÝðå âéâëéïãñáößá êáé âéâëßï Á. ÌðñÜôóïò [1] Êåö. 4.
8ÂëÝðå http : ==en:wikipedia:org=wiki=Gradient
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ãéá ôçí f(x; y; z), ãñÜöïíôáé

∇f = ⟨fx ; fy⟩ = 0; áíôßóôïé÷á

∇f = ⟨fx ; fy ; fz⟩ = 0:

5.3.2 Éäéüôçôåò êáé åöáñìïãÝò

¸óôù f; g|S ⊆ R2, áíôßóôïé÷á f; g|S ⊆ R3 êáé ë ∈ R óôáèåñÜ. Ôüôå:

Êáôåõèõíüìåíçò ðáñáãþãïõ Êëßóçò

1. Dnf = 0 ∇f = 0, üôáí f óôáèåñÜ

2. Dn (f + g) = Dnf +Dng ∇ (f + g) = ∇f +∇g

3. Dn (f g) = f Dn g + g Dnf ∇ (f g) = f∇g + g∇f

4. Dn (ëf) = ëDnf ∇ (ëf) = ë∇f

5. Dn

(
f

g

)
=
gDn f − fDn g

g2
∇
(
f

g

)
=
g∇f − f∇g

g2
,

üôáí g (x) ̸= 0.

Ç áðüäåéîç ôùí éäéïôÞôùí áöÞíåôáé ùò Üóêçóç.

ÐáñÜäåéãìá 5.3.2 - 1

Áí

f(x; y; z) = 3x2y − y3z2;

íá õðïëïãéóôåß ç êëßóç óôï óçìåßï P (1;−2;−1).

Ëýóç. Åßíáé

fx = 6xy; fy = 3x2 − 3y2z2 êáé fz = −2y3z:
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¢ñá (Ó÷. 5.3.2 - 1a)

∇f = 6xy i+ 3
(
x2 − y2z2

)
j− 2y3z k;

ïðüôå (Ó÷. 5.3.2 - 1b)

∇fP (1;−2;−1) = −12 i− 9 j− 16k = ⟨−12;−9;−16⟩:

-1.0

-0.5

0.0

0.5

1.0

x

-1.0

-0.5

0.0

0.5

1.0

y

-1.0

-0.5

0.0

0.5

1.0

z

(a)

-10

-5

0

x

-10

-8

-6

-4

-2
y

-15

-10

-5

z

(b)

Ó÷Þìá 5.3.2 - 1: (a) Ç ãñáöéêÞ ðáñÜóôáóç ôçò êëßóçò ∇f = 6xy i +

3
(
x2 − y2z2

)
j − 2y3z k, üôáí x; y; z ∈ [−1; 1] êáé (b) ôï äéÜíõóìá

∇fP (1;−2;−1) = −12 i− 9 j− 16k = ⟨−12;−9;−16⟩.

ÐáñÜäåéãìá 5.3.2 - 2

¼ìïéá, áí

f(x; y; z) = ln |r| ;

üðïõ r äéÜíõóìá èÝóçò, íá õðïëïãéóôåß ç êëßóç ôçò f .

Ëýóç. ÅðåéäÞ

|r| = r =
(
x2 + y2 + z2

)1=2
åßíáé f(x; y; z) =

1

2
ln
(
x2 + y2 + z2

)
:
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Ôüôå

fx =
1

2

2x︷ ︸︸ ︷(
x2 + y2 + z2

)
x

x2 + y2 + z2
=

x

x2 + y2 + z2
;

åíþ ëüãù ôçò óõììåôñßáò ôçò f áíÜëïãïé ôýðïé õðïëïãßæïíôáé ãéá ôéò ðáñáãþãïõò

fy êáé fz.

¢ñá

∇f = fx i+ fy j+ fz k =
x i+ y j+ z k

x2 + y2 + z2
=

r

r2
:

ÐáñÜäåéãìá 5.3.2 - 3

Íá õðïëïãéóôåß ç êáôåõèõíüìåíç ðáñÜãùãïò ôçò óõíÜñôçóçò

f(x; y; z) = x2 + 2y2 + 3z2

óôï óçìåßï P (2; 1; 3) êáôÜ ôç äéåýèõíóç ôïõ äéáíýóìáôïò á = i− 2 j.

Ëýóç. Áñ÷éêÜ õðïëïãßæåôáé ç êëßóç ôçò f ùò åîÞò:

∇f = fx i+ fy j+ fz k = 2x i+ 4y j+ 6z k; (1)

ïðüôå óôï óçìåßï P (2; 1; 3) èá Ý÷ïõìå

∇f |P (2;1;3) = 2 · 2 i+ 4 · 1 j+ 6 · 3k = 4 i+ 4 j+ 18k = ⟨4; 4; 18⟩: (2)

Ôï ìïíáäéáßï äéÜíõóìá n êáôÜ ôç äéåýèõíóç ôïõ äéáíýóìáôïò á åßíáé

n =
á

|á|
=

i− 2 j√
12 + 22

=
1√
5
i− 2√

5
j =

⟨
1√
5
;− 2√

5

⟩
: (3)

ÅðïìÝíùò óýìöùíá êáé ìå ôç ãíùóôÞ éäéüôçôá ôïõ åóùôåñéêïý ãéíïìÝíïõ

áðü ôéò (2) êáé (3) ðñïêýðôåé

(Dnf)P (2;1;3) = (4i+ 4j+ 18k) ·
(

1√
5
i− 2√

5
j

)

= ⟨4; 4; 18⟩ ·
⟨

1√
5
;− 2√

5
; 0

⟩
=

4 · 1√
5

+
4 · (−2)√

5
+ 18 · 0

= − 4√
5

≈ −1:78885;
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äçëáäÞ óýìöùíá êáé ìå ôéò ÐáñáôçñÞóåéò 5.2.2 - 1 (iii) ðñáãìáôéêüò áñéèìüò.

¸óôù ôþñá üôé æçôåßôáé ç êáôåõèõíüìåíç ðáñÜãùãïò êáôÜ ôç äéåýèõíóç

ôïõ äéáíýóìáôïò á = i − 2 j ãåíéêÜ êáé ü÷é óå óõãêåêñéìÝíï óçìåßï. Ôüôå

áðü ôçí (1) êáé ôçí (3) Ý÷ïõìå

Dnf = (2x i+ 4y j+ 6z k) ·
(

1√
5
i− 2√

5
j

)

= ⟨2x; 4y; 6z⟩ ·
⟨

1√
5
;− 2√

5
; 0

⟩
=

2x · 1√
5

+
4y · (−2)√

5
+ 6z · 0

=
2√
5
(x− 4y) ;

äçëáäÞ üìïéá óýìöùíá ìå ôéò ÐáñáôçñÞóåéò 5.2.2 - 1 (iii) ìéá âáèìùôÞ óõíÜñôçóç.

ÐáñÜäåéãìá 5.3.2 - 4

¼ìïéá ôçò óõíÜñôçóçò

f(x; y) = x exy + y

óôï óçìåßï P (2; 0) êáôÜ ôç äéåýèõíóç ôçò ãùíßáò è = 2�=3.

Ëýóç. Ãéá ôïí õðïëïãéóìü ôçò êëßóçò ôçò f Ý÷ïõìå

fx =

1︷︸︸︷
(x)x e

xy + x

y︷ ︸︸ ︷
(xy)x e

xy = (1 + xy) exy;

fy = x

x︷ ︸︸ ︷
(xy)y e

xy + 1 = x2exy + 1; ïðüôå

∇f = (1 + xy) exy i+
(
x2exy + 1

)
j;

ïðüôå óôï óçìåßï P (2; 0) èá åßíáé

∇f |P (2;0) = (1 + 0)e0 i+
(
1 + 22e0

)
j = i+ 5 j = ⟨1; 5⟩:

Ôï äéÜíõóìá êáôÜ ôç äéåýèõíóç ôçò ãùíßáò è = 2�=3 åßíáé

a = cos è i+ sin è j = cos
2�

3
i+ sin

2�

3
j

= − 1

2
i+

√
3

2
j =

⟨
− 1

2
;

√
3

2

⟩
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üðïõ ðñïöáíþò

|a| =
(
− 1

2

)2

+

(√
3

2

)2

= 1:

Ôüôå ôï ìïíáäéáßï äéÜíõóìá n êáôÜ ôç äéåýèõíóç ôïõ a åßíáé

n =
á

|á|
= − 1

2
i+

√
3

2
j =

⟨
− 1

2
;

√
3

2

⟩
:

ÅðïìÝíùò

(Dnf)P (2;0) = (i+ 5 j) ·

(
− 1

2
i+

√
3

2
j

)
= ⟨1; 5⟩ ·

⟨
− 1

2
;

√
3

2

⟩

= 1 ·
(
−1

2

)
+ 5 ·

(√
3

2

)
=

5
√
3− 1

2
≈ 3:830 127:

Óçìåßùóç 5.3.2 - 1

Ãåíéêüôåñá ôï äéÜíõóìá a êáôÜ ôç äéåýèõíóç ôçò ãùíßáò è åßíáé

a = cos è i+ sin è j = ⟨cos è ; sin è⟩ ;

üðïõ ðñïöáíþò |a| = 1, ïðüôå ôï ìïíáäéáßï äéÜíõóìá óôçí ðåñßðôùóç áõôÞ

èá åßíáé n = a.

Ðñüôáóç 5.3.2 - 1. Ç ìÝãéóôç ôéìÞ ôçò êáôåõèõíüìåíçò ðáñáãþãïõ Dnf

ìéáò óõíÜñôçóçò f êáôÜ ôç äéåýèõíóç n éóïýôáé ìå |∇ f | êáé óõìâáßíåé, üôáí
ôá ∇ f êáé n Ý÷ïõí ôçí ßäéá äéåýèõíóç.

Áðüäåéîç. ¸óôù è ç ãùíßá ôùí ∇ f êáé n. Ôüôå áðü ôçí (5:3:1 − 5),

óýìöùíá êáé ìå ôïí ïñéóìü ôïõ åóùôåñéêïý ãéíïìÝíïõ Ý÷ïõìå

Dnf = ∇f · n = |∇ f | |n| cos � = |∇ f | cos è: (5.3.2 - 1)

¢ñá ôï ìÝãéóôï óõìâáßíåé, üôáí cos è = 1, äçëáäÞ è = 0, ðïõ óçìáßíåé üôé

ôá ∇ f êáé n Ý÷ïõí ôçí ßäéá äéåýèõíóç, åíþ ç ìÝãéóôç ôéìÞ óôçí ðåñßðôùóç

áõôÞ éóïýôáé ìå |∇ f |.
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ÐáñÜäåéãìá 5.3.2 - 5

Áí ôï ýøïò h åíüò ëüöïõ äßíåôáé áðü ôïí ôýðï

h = 1000− 0:01x2 − 0:02y2;

íá õðïëïãéóôåß ç äéåýèõíóç ôçò ìÝãéóôçò ìåôáâïëÞò óôï óçìåßï (60; 100) êáé

ç ôéìÞ ôïõ.

Ëýóç. ¸óôù

f(x; y) = 1000− 0:01x2 − 0:02y2:

Ôüôå óýìöùíá ìå ôçí Ðñüôáóç 5.3.2 - 1 ç ìÝãéóôç ìåôáâïëÞ ãßíåôáé óôç

äéåýèõíóç

∇f = fx i+ fy j = ⟨fx; fy⟩ = ⟨−0:02x;−0:04 y⟩ ;

ïðüôå óôï óçìåßï (60; 100) ç äéåýèõíóç åßíáé

∇f |(60;100) = ∇f(60; 100) = −1:2 i− 4 j = ⟨−1:2;−4⟩

ìå ôéìÞ |∇f(60; 100)| =
√

(−1:2)2 + (−4)2 ≈ 4:176.

ÐáñÜäåéãìá 5.3.2 - 6

¼ìïéá ôçò óõíÜñôçóçò

f(x; y; z) = (x+ y)2 + (y + z)2 + (z + x)2

óôï óçìåßï (2;−1; 2).

Ëýóç. ¸÷ïõìå

fx = 4x+ 2y + 2z

êáé ëüãù ôçò óõììåôñßáò ôçò f üìïéá

fy = 4y + 2z + 2x êáé fz = 4z + 2x+ 2y:

¢ñá

∇f = fx i+ fy j+ fz k = ⟨4x+ 2y + 2z; 4y + 2z + 2x; 4z + 2x+ 2y⟩ ;
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Ó÷Þìá 5.3.2 - 2: Ôï äéÜíõóìá ôçò êëßóçò åßíáé êÜèåôï óôçí åðéöÜíåéá êáé

óôï åöáðôüìåíï åðßðåäï.

ïðüôå óôï óçìåßï (2;−1; 2) ç äéåýèõíóç åßíáé

∇f(2;−1; 2) = 10 i+ 4 j+ 10k = ⟨10; 4; 10⟩

ìå ôéìÞ

|∇f(2;−1; 2)| =
√

102 + 42 + 102 ≈ 14:696 940:

Áðü ôçí Ðñüôáóç 5.3.2 - 1 ðñïêýðôåé üôé:

Ðñüôáóç 5.3.2 - 2. Ôï äéÜíõóìá ôçò êëßóçò ∇f (x0; y0) åßíáé êÜèåôï óôçí

åðéöÜíåéá f (x; y)− k = 0 óôï óçìåßï (x0; y0), áíôßóôïé÷á ôï ∇f (x0; y0; z0)
óôçí f (x; y; z)− k = 0 óôï (x0; y0; z0). (Ó÷. 5.3.2 - 2)

¢ìåóç óõíÝðåéá ôçò Ðñüôáóçò 5.3.2 - 2 åßíáé ôï ðáñáêÜôù ðüñéóìá:

Ðüñéóìá 5.3.2 - 1. Ôï åöáðôüìåíï åðßðåäï óôçí åðéöÜíåéá f (x; y)−k = 0

óôï óçìåßï (x0; y0), áíôßóôïé÷á óôçí f (x; y; z)− k = 0 óôï (x0; y0; z0) åßíáé

êÜèåôï óôï äéÜíõóìá ôçò êëßóçò ∇f (x0; y0), áíôßóôïé÷á ∇f (x0; y0).

Óýìöùíá ìå ôï ðáñáðÜíù ðüñéóìá áðïäåéêíýåôáé üôé:
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Ðüñéóìá 5.3.2 - 2. ¸óôù ôï åðßðåäï ð ìå åîßóùóç

f(x; y; z) = Ax+By + Cy +D = 0:

Ôüôå ôï äéÜíõóìá ∇f = ⟨A;B;C⟩ åßíáé êÜèåôï óôï ð.

ÐáñÜäåéãìá 5.3.2 - 7

Íá äåé÷èåß üôé ç êáôåõèõíüìåíç ðáñÜãùãïò ôçò óõíÜñôçóçò

g(x; y) =
y2

x
üôáí x ̸= 0

êáôÜ ôç äéåýèõíóç ôïõ ìïíáäéáßïõ äéáíýóìáôïò, ðïõ åßíáé êÜèåôï óôçí Ýëëåéøç

2x2 + y2 = 1, åßíáé ßóç ìå ìçäÝí.

Ëýóç. ¸óôù P = P (x0; y0) ôõ÷üí óçìåßï ôçò Ýëëåéøçò ìå åîßóùóç

f(x; y) = 2x2 + y2 − 1:

Ôüôå óýìöùíá ìå ôçí Ðñüôáóç 5.3.2 - 2 ôï äéÜíõóìá ôçò êëßóçò ∇f (x0; y0)
åßíáé êÜèåôï óôçí Ýëëåéøç óôï óçìåßï (x0; y0).

ÅðåéäÞ

∇f (x0; y0) = ⟨fx; fy⟩ = ⟨4x0; 2 y0⟩ ;

ôï áíôßóôïé÷ï ìïíáäéáßï n = ⟨n1; n2⟩ èá éóïýôáé ìå

n =
4x0 i+ 2 y0 j√
16x20 + 4 y20

=
4x0 i+ 2 y0 j

2
√

4x20 + y20

=

⟨
2x0√

4x20 + y20
;

y0√
4x20 + y20

⟩
= ⟨n1; n2⟩ (1)

Ç êëßóç ôçò óõíÜñôçóçò g(x; y) óôï óçìåßï (x0; y0) åßíáé

∇g (x0; y0) = ⟨gx; gy⟩ =
⟨
−y

2
0

x20
;
2 y0
x0

⟩
: (2)

Áðü ôéò (1) êáé (2) óýìöùíá êáé ìå ôçí (5:3:1 − 8) - ôýðïò õðïëïãéóìïý -

ðñïêýðôåé üôé

(Dng)P (x0;y0)
= gx n1 + gy n2

=
2x0√

4x20 + y20

(
−y

2
0

x20

)
+

y0√
4x20 + y20

2 y0
x0

= 0;

äçëáäÞ ç áðïäåéêôÝá.
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5.3.3 Óõíôçñïýìåíá äéáíõóìáôéêÜ ðåäßá

Ôá ðåäßá áõôÜ óõíáíôþíôáé óôç ÖõóéêÞ êáé åöáñìïãÝò ôùí èá äïèïýí óôï

ÌÜèçìá Åðéêáìðýëéá êáé ÅðéöáíåéáêÜ Ïëïêëçñþìáôá.

Ïñéóìüò 5.3.3 - 1 (óõíôçñçôéêü ðåäßï). Ôï äéáíõóìáôéêü ðåäßï ðïõ ðåñé-

ãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç F èá ëÝãåôáé óõíôçñçôéêü (con-

servative �eld),9 üôáí

F = ∇ö: (5.3.3 - 1)

Óôéò ðåñéðôþóåéò áõôÝò ç âáèìùôÞ óõíÜñôçóç ö ïñßæåôáé ùò ôï äõíáìéêü

(potential) ôïõ äéáíõóìáôéêïý ðåäßïõ.

ÐáñÜäåéãìá 5.3.3 - 1

¸óôù ôï äéáíõóìáôéêü ðåäßï ðïõ ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç

F(x; y; z) = xi+ yj+ zk:

Æçôåßôáé íá õðïëïãéóôåß ôï äõíáìéêü ôïõ, åöüóïí õðÜñ÷åé.

Ëýóç. ¸óôù üôé ôï äõíáìéêü ôïõ ðåäßïõ õðÜñ÷åé êáé åßíáé ôï ö(x; y; z).

Ôüôå óýìöùíá ìå ôïí Ïñéóìü 5.3.3 - 1 èá ðñÝðåé

F = x i+ y j+ z k = ∇ö = öx i+ öy j+ öz k;

ïðüôå

öx = x; öy = y êáé öz = z:

Ôüôå, åðåéäÞ åßíáé ãíùóôü üôé, áí f = f(x; y; z), ôüôå10

df = fx dx+ fy dy + fz dz;

9ÂëÝðå http : ==en:wikipedia:org=wiki=Conservative field
10ÂëÝðå ÌÜèçìá ÓõíáñôÞóåéò ðïëëþí ìåôáâëçôþí - Ç Ýííïéá ôïõ äéáöïñéêïý.
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èá ðñÝðåé êáé ãéá ôï äéáöïñéêü ôçò óõíÜñôçóçò ö íá éó÷ýåé üôé:

dö = öx dx+ öy dy + öz dz = x dx+ y dy + z dz

=
1

2

(
x2 + y2 + z2

)
x
dx+

1

2

(
x2 + y2 + z2

)
y
dy

+
1

2

(
x2 + y2 + z2

)
z
dz =

1

2
d
(
x2 + y2 + z2

)
:

¢ñá

ö(x; y; z) =
1

2

(
x2 + y2 + z2

)
+ c;

üôáí c óôáèåñÜ.

ÐáñÜäåéãìá 5.3.3 - 2

¸óôù ôï ðåäßï Coulomb (Ó÷. 5.3.3 - 1), ðïõ ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ

óõíÜñôçóç

F =
qq′

4ðå0

r

r3
=

qq′

4ðå0

x i+ y j+ z k

(x2 + y2 + z2)3=2
:

Ôüôå ç F åßíáé äõíáôüí íá èåùñçèåß ùò ç êëßóç ôçò âáèìùôÞò óõíÜñôçóçò

ö = ö(x; y; z) = − qq′

4ðå0

1

r
= − qq′

4ðå0

(
x2 + y2 + z2

)−1=2
;

ïðüôå ç ö ïñßæåé óôçí ðåñßðôùóç áõôÞ ôï äõíáìéêü ôïõ ðåäßïõ Coulomb.11

Åßíáé ðñïöáíÝò üôé õðÜñ÷ïõí êáé äéáíõóìáôéêÜ ðåäßá ðïõ äåí åßíáé ïé

êëßóåéò âáèìùôþí ðåäßùí. Ôïõ åßäïõò áõôïý ôá ðåäßá ëÝãïíôáé ìç óõíôçñïý-

ìåíá.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç êëßóç ôùí ðáñáêÜôù óõíáñôÞóåùí:

i) ex sin y iii) ln
(
x2 + y2 − z2

)
ii) e−x

2 − y1=2 iv) sin
(
x2 + y2

)
− z2

2. Íá õðïëïãéóôåß ç äéåõèõíüìåíç ðáñÜãùãïò ôùí ðáñáêÜôù óõíáñôÞóåùí f

óôï óçìåßï P êáôÜ ôç äéåýèõíóç ôïõ äéáíýóìáôïò a, üôáí

11ÂëÝðå http : ==en:wikipedia:org=wiki=Coulomb%27s law]Electric field
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False

Ó÷Þìá 5.3.3 - 1: ÐáñÜäåéãìá 5.3.3 - 2: ç ìïñöÞ ôïõ ðåäßïõ Coulomb.

i) f = x2 + y2 + z2, P (1; 2; 3), a = i+ j− k

ii) f = ex−y, P (0;−1), a = i+ 2 j

iii) f = ex cos 2y, P (1; �), á = i+ j.

3. Íá âñåèåß ç óôáèåñÜ 
, Ýôóé þóôå óå êÜèå óçìåßï ôïìÞò ôùí äýï óöáéñþí

(x− 
)2 + y2 + z2 = 3; x2 + (y − 1)2 + z2 = 1

ôá áíôßóôïé÷á åöáðôüìåíá åðßðåäá íá åßíáé êÜèåôá ìåôáîý ôïõò.

4. Íá âñåèåß ï ãåùìåôñéêüò ôüðïò ôùí óçìåßùí ôçò åðéöÜíåéáò (y + z)2 +

(z − x)2 = 16, óôá ïðïßá ç åõèåßá ðïõ åßíáé êÜèåôç óôçí åðéöÜíåéá íá åßíáé

ðáñÜëëçëç óôï yz-åðßðåäï.

5. Íá âñåèïýí ôá a; b; c, Ýôóé þóôå ïé óöáßñåò

(x− a)2 + (y − b)2 + (z − c)2 = 1 êáé x2 + y2 + z2 = 1

íá ôÝìíïíôáé êÜèåôá.

6. Íá õðïëïãéóôåß ôï äõíáìéêü ôùí äéáíõóìáôéêþí ðåäßùí ðïõ ðåñéãñÜöïíôáé

áðü ôéò ðáñáêÜôù äéáíõóìáôéêÝò óõíáñôÞóåéò F:
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i) xi+ yj iv) (y + z)i+ (z + x)j+ (x+ y)k

ii) 6xi+ 4yj+ 2zk v)
(xi+ yj)

(x2 + y2)1=2

iii) exyz (yzi+ zxj+ xyk) vi) − (xi+ yj+ zk)

(x2 + y2 + z2)3=2
:

ÁðáíôÞóåéò

1. (i) ∇f = ⟨ex sin y; ex cos y⟩, (ii) ∇f =
⟨
−2xe−x

2

;− 1
2
√
y

⟩
,

(iii) ∇f =
⟨

2x
x2+y2−z2 ;

2y
x2+y2−z2 ;

2z
x2+y2−z2

⟩
,

(iv) ∇f =
⟨
2x cos

(
x2 + y2

)
; 2y cos

(
x2 + y2

)
;−2z

⟩
.

2. (i) ∇f |P = ⟨2; 4; 6⟩, n =
⟨

1√
3
; 1√

3
;− 1√

3

⟩
, Dnf = 0,

(ii) ∇f |P = ⟨e;−e⟩, n =
⟨

1√
5
; 2√

5

⟩
, Dnf = − e√

5
,

(iii) ∇f |P = ⟨e; 0⟩, n =
⟨

1√
2
; 1√

0

⟩
, Dnf = e√

2
.

6. 1
2

(
x2 + y2

)
, (ii) 3x2 +2y2 + z2, (iii) exyz, (iv) xy+ yz+ zx, (v)

(
x2 + y2

)1=2
,

(vi)
(
x2 + y2 + z2

)−1=2
.

5.4 Áðüêëéóç

5.4.1 Ïñéóìüò êáé éäéüôçôåò

Ïñéóìüò 5.4.1 - 1 (áðüêëéóç). ¸óôù Ýíá äéáíõóìáôéêü ðåäßï ðïõ ðåñé-

ãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç F = P i+Qj+Rk, üôáí P , Q êáé

R ïé óõíéóôþóåò ôçò F ùò ðñïò ôï ïñèïãþíéï óýóôçìá áîüíùí Oxyz êáé üôé

ç F Ý÷åé ôïõëÜ÷éóôïí 1çò ôÜîçò ìåñéêÝò ðáñáãþãïõò óå êÜèå óçìåßï (x; y; z)

ôïõ ðåäßïõ ïñéóìïý ôçò. Ôüôå ïñßæåôáé ùò áðüêëéóç (divergence)12 ôçò F êáé

óõìâïëßæåôáé ìå divF Þ ∇ · F, ç âáèìùôÞ óõíÜñôçóç

divF = ∇ · F =
@P

@x
+
@Q

@y
+
@R

@z
: (5.4.1 - 1)

Áíôßóôïé÷ïò ïñéóìüò äßíåôáé, üôáí F = P i+Qj.

12ÂëÝðå http : ==en:wikipedia:org=wiki=Divergence
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Óçìåßùóç 5.4.1 - 1

Åßíáé ∇ ·F ̸= F · ∇, äéáöïñåôéêÜ ôï ∇ ·F åßíáé óõìâïëéóìüò êáé äåí Ý÷åé ôçí

Ýííïéá ôïõ åóùôåñéêïý ãéíïìÝíïõ.

Ïñéóìüò 5.4.1 - 2. Áí ∇ · F = 0, ôüôå ôï äéáíõóìáôéêü ðåäßï F ëÝãåôáé

óùëçíïåéäÝò.

Éäéüôçôåò ôçò áðüêëéóçò

i) ∇ · (ëF+ ìG) = ë∇ · F+ ì∇ ·G ãéá êÜèå ë; ì ∈ R,

ii) ∇ · (fG) = (∇f) ·G+ f (∇ ·G) ; üôáí ç f åßíáé âáèìùôÞ óõíÜñôçóç.

ÐáñÜäåéãìá 5.4.1 - 1

Áí

F = x2zi+ y2j− z3k;

íá õðïëïãéóèåß ç áðüêëéóç óôï óçìåßï (1;−1; 2).

Ëýóç. Åßíáé

P (x; y; z) = x2z; Q(x; y; z) = y2 êáé R(x; y; z) = −z3;

ïðüôå

∇ · F = 2xz + 2y − 3z2:

Ôüôå ∇ · F(1;−1;2) = −10.

5.4.2 ÔåëåóôÞò Laplace

¸óôù üôé ç óõíÜñôçóç f(x; y; z) Ý÷åé ìåñéêÝò ðáñáãþãïõò ôïõëÜ÷éóôïí 2çò

ôÜîçò óå êÜèå óçìåßï ôïõ ðåäßïõ ïñéóìïý ôçò. Ôüôå ç êëßóç ôçò åßíáé

∇f =
@f

@x
i+

@f

@y
j+

@f

@z
k;

ïðüôå ãéá ôçí áðüêëéóç ôçò äéáíõóìáôéêÞò óõíÜñôçóçò ∇f Ý÷ïõìå

∇ · (∇f) =
@

@x

(
@f

@x

)
+

@

@y

(
@f

@y

)
+

@

@z

(
@f

@z

)

=
@2f

@x2
+
@2f

@y2
+
@2f

@z2
: (5.4.2 - 1)
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Äßíïíôáé óôç óõíÝ÷åéá ïé ðáñáêÜôù ïñéóìïß:

Ïñéóìüò 5.4.2 - 1 (ôåëåóôÞò Laplace). Ï ôåëåóôÞò Laplace (Laplacian

operator) 13 åßíáé Ýíáò äéáöïñéêüò ôåëåóôÞò 2çò ôÜîçò êáé ïñßæåôáé óôï R2

ùò

∆ = ∇ 2 =
@2

@x2
+

@2

@y2
; (5.4.2 - 2)

áíôßóôïé÷á óôï R3 ùò

∆ = ∇ 2 =
@2

@x2
+

@2

@y2
+

@2

@z2
: (5.4.2 - 3)

Óýìöùíá êáé ìå ôçí (5:4:2− 1) Ý÷ïõìå ôïí ðáñáêÜôù ïñéóìü:

Ïñéóìüò 5.4.2 - 2 (Laplacian óõíÜñôçóçò). ¸óôù ç óõíÜñôçóç f(x; y)

|S ⊆ R2, áíôßóôïé÷á f(x; y; z)|S ⊆ R3 ìå S áíïéêôü óýíïëï, ðïõ Ý÷åé

ôïõëÜ÷éóôïí 2çò ôÜîçò ìåñéêÝò ðáñáãþãïõò óôï S. Ôüôå ç Laplacian ôçò

f ïñßæåôáé ùò

∇ · (∇f) = ∇ 2f = ∆f =
@2f

@x2
+
@2f

@y2
; (5.4.2 - 4)

áíôßóôïé÷á

∇ · (∇f) = ∇ 2f = ∆f =
@2f

@x2
+
@2f

@y2
+
@2f

@z2
: (5.4.2 - 5)

ÅéäéêÜ, üôáí

∇ 2f = 0 (5.4.2 - 6)

ç f ëÝãåôáé áñìïíéêÞ êáé ç (5:4:2 − 6) ïñßæåé ôçí åîßóùóç ôïõ Laplace

(Laplace's equation).14

13ÂëÝðå http : ==en:wikipedia:org=wiki=Laplacian operator
14ÂëÝðå http : ==en:wikipedia:org=wiki=Laplace%27s equation
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ÁóêÞóåéò

1. Íá õðïëïãéóôåß ç áðüêëéóç ôùí äéáíõóìáôéêþí ðåäßùí ðïõ ðåñéãñÜöïíôáé

áðü ôéò ðáñáêÜôù äéáíõóìáôéêÝò óõíáñôÞóåéò F:

i)
(
x2 + yz

)
i+
(
y2 + zx

)
j+
(
z2 + xy

)
k,

ii) (xi+ yj+ zk) =
(
x2 + y2 + z2

)3=2
,

iii) exy i+ cosxy j+ cosxz k,

iv) x2 sin y i+ y2 sinxz j+ xy sin(cos z)k:

2. Áí

F = yz2 i− 3xz2 j+ 2xyz k; G = 3x i+ 4z j− xy k

êáé f = xyz, íá õðïëïãéóèïýí ôá

∇ · (F+G) ; ∇ · (fG) êáé G · (∇f) :

3. Äåßîôå üôé ïé ðáñáêÜôù äéáíõóìáôéêÝò óõíáñôÞóåéò ðåñéãñÜöïõí óùëçíïåé-

äÞ ðåäßá:

i) F = 3y4z2i+ 4x3z2j− 3x2y2k,

ii) G = (x+ 3y)i+ (y − 2z)j+ (x− 2z)k.

4. Ôùí ðáñáêÜôù óõíáñôÞóåùí f = f(x; y; z) íá õðïëïãéóôåß ôï ∇ 2f , üôáí

i) f = 3x2z − y2z3 + 4x3y + 2x− 3y − 5 óôï óçìåßï P (1;−1; 2),

ii) f = ln r üôáí r = |r| äéÜíõóìá èÝóçò,

iii) f = rn; n = 1; 2; : : : ;

iv) f = ∇ ·
( r
r2

)
.

5. Íá äåé÷èåß üôé ç óõíÜñôçóç f = r−1, üôáí r = |r| äéÜíõóìá èÝóçò åßíáé

áñìïíéêÞ.
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ÁðáíôÞóåéò

1. (i) 2(x+ y + z), (ii) 0, (iii) yexy − x(sinxy + sinxz), (iv) 2(x sin y + y sinxz)−

xy cos(cos z) sin z.

2. ∇ · (F+G) = 3 + 2xy, ∇ · (fG) = y2z3 + x2z
(
4y2 − 3z2

)
,

G · (∇f) = x
[
−xy2 + z (3y + 4z)

]
.

3. ÐñïöáíÞò. 4. (i)∇ 2f |P =
[
24xy + 6z − 6y2z − 2z3

]
P
= −40, (ii)

(
x2 + y2 + z2

)−1
,

(iii) n(1+n)
(
x2 + y2 + z2

)n
2
−1
, (iv) f =

(
x2 + y2 + z2

)−1
, ∇ 2f = 2

(
x2 + y2 + z2

)−2
.

6. ÓõììåôñéêÞ ùò ðñïò x; y; z ðñïöáíÞò.

5.5 Óôñïâéëéóìüò

5.5.1 Ïñéóìüò êáé éäéüôçôåò

Ïñéóìüò 5.5.1 - 1 (óôñïâéëéóìüò). ¸óôù Ýíá äéáíõóìáôéêü ðåäßï ðïõ

ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç F = P i + Q j + Rk, üðïõ

P , Q êáé R ïé óõíéóôþóåò ôçò F ùò ðñïò Ýíá ïñèïãþíéï óýóôçìá áîüíùí

Oxyz êáé ãéá ôçí ïðïßá õðïôßèåôáé üôé õðÜñ÷ïõí ôïõëÜ÷éóôïí ïé 1çò ôÜîçò

ìåñéêÝò ðáñÜãùãïé óå êÜèå óçìåßï ôïõ ðåäßïõ ïñéóìïý ôçò. Ôüôå ïñßæåôáé ùò

óôñïâéëéóìüò (curl)15 ôçò F êáé óõìâïëßæåôáé ìå curlF Þ rotF Þ êáé ∇×F,

ç äéáíõóìáôéêÞ óõíÜñôçóç

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

P Q R

∣∣∣∣∣∣∣∣∣ : (5.5.1 - 1)

Áðü ôçí (5:5:1− 1) ðñïêýðôåé üôé

∇× F = (Ry −Qz) i+ (Pz −Rx) j+ (Qx − Py)k: (5.5.1 - 2)

Éäéüôçôåò ôïõ óôñïâéëéóìïý

Ïé ðåñéóóüôåñï ÷ñçóéìïðïéïýìåíåò åßíáé:

i) ∇× (F+G) = ∇× F+∇×G,

15ÂëÝðå http : ==en:wikipedia:org=wiki=Curl (mathematics)
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ii) ∇× (ëF) = ë∇× F ãéá êÜèå ë ∈ R,

iii) ∇× (∇f) = 0, äçëáäÞ

ï óôñïâéëéóìüò ôçò êëßóçò åßíáé ìçäÝí,

iv) ∇ · (∇× F) = 0

ç áðüêëéóç ôïõ óôñïâéëéóìïý åßíáé ìçäÝí.

Ç áðüäåéîç áöÞíåôáé ùò Üóêçóç.

ÐáñÜäåéãìá 5.5.1 - 1

¸óôù F = yzi+ zxj+ 2xyk. Ôüôå

P (x; y; z) = yz; Q(x; y; z) = zx êáé R(x; y; z) = 2xy;

ïðüôå

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

yz xz 2xy

∣∣∣∣∣∣∣∣∣ = xi− yj;

äçëáäÞ ôï äéÜíõóìá ∇× F áíÞêåé óôï xy-åðßðåäï.

5.5.2 Áóôñüâéëá äéáíõóìáôéêÜ ðåäßá

Ïñéóìüò 5.5.2 - 1 (áóôñüâéëï ðåäßï). ¸óôù Ýíá äéáíõóìáôéêü ðåäßï ðïõ

ðåñéãñÜöåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç F. Ôüôå ôï ðåäßï èá ëÝãåôáé

áóôñüâéëï (irrotational vector �eld),16 üôáí éó÷ýåé

∇× F = 0: (5.5.2 - 1)

Óå ïðïéáäÞðïôå Üëëç ðåñßðôùóç ôï ðåäßï èá ëÝãåôáé óôñïâéëü (vortex �eld).

16ÂëÝðå http : ==en:wikipedia:org=wiki=Irrotational field]Irrotational vector fields
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ÐáñÜäåéãìá 5.5.2 - 1

Ôï äéáíõóìáôéêü ðåäßï

F = 4x3y3z2 i+ 3x4y2z2 j+ 2x4y3z k

åßíáé áóôñüâéëï, åðåéäÞ

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

4x3y3z2 3x4y2z2 2x4y3z

∣∣∣∣∣∣∣∣∣ = 0:

Áðïäåéêíýåôáé üôé éó÷ýåé ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 5.5.2 - 1. ¸íá äéáíõóìáôéêü ðåäßï åßíáé áóôñüâéëï, üôáí åßíáé

óõíôçñçôéêü êáé áíôßóôñïöá.

ÅöáñìïãÝò ôïõ èåùñÞìáôïò èá äïèïýí óôï ÌÜèçìá ôùí Åðéêáìðýëéùí êáé

Åðéöáíåéáêþí ÏëïêëçñùìÜôùí.

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ï óôñïâéëéóìüò ôùí äéáíõóìáôéêþí ðåäßùí ðïõ ðåñéãñÜöïíôáé

áðü ôéò ðáñáêÜôù äéáíõóìáôéêÝò óõíáñôÞóåéò F:

i) x2 i+ y2 j+ z2 k,

ii) x i+ yz j−
(
x2 + z2

)
k.

2. Äåßîôå üôé ôï ðáñáêÜôù ðåäßï åßíáé áóôñüâéëï

F = 6xy i+
(
3x2 − 3y2z2

)
j− 2y3z k:

ÁðáíôÞóåéò

1. (i) 0, (ii) −y i+ 2x j. 2. ÐñïöáíÞò.
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ÌÜèçìá 6

ÐÏËËÁÐËÁ

ÏËÏÊËÇÑÙÌÁÔÁ

6.1 ÄéðëÜ ïëïêëçñþìáôá

6.1.1 ÅéóáãùãÞ

Ãéá ôçí êáëýôåñç êáôáíüçóç ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò ìéáò óõíÜñôçóçò

äýï ìåôáâëçôþí, äçëáäÞ ôïõ äéðëïý ïëïêëçñþìáôïò, êñßíåôáé áðáñáßôçôï

áñ÷éêÜ íá ãßíåé ðåñéëçðôéêÜ ìéá õðåíèýìéóç ôïõ áíôßóôïé÷ïõ ïñéóìïý ôïõ

ïñéóìÝíïõ ïëïêëçñþìáôïò áðü ôï ÌÜèçìá ÏñéóìÝíï ÏëïêëÞñùìá ãéá ôç

óõíÜñôçóç, Ýóôù f(x) | [a; b], äçëáäÞ ôïõ

I(f) =

b∫
a

f(x) dx: (6.1.1 - 1)

Ôüôå õðïèÝôïíôáò üôé ç f(x) åßíáé óõíå÷Þò êáé ãéá åõêïëßá üôé f(x) ≥ 0 ãéá

êÜèå x ∈ [a; b], ãåùìåôñéêÜ ï áñéèìüò I(f) éóïýôáé ìå ôï åìâáäüí E ôïõ

êáìðõëüãñáììïõ ôñáðåæßïõ, ðïõ ïñßæåôáé áðü ôïí x-Üîïíá, ôï äéÜãñáììá ôçò

óõíÜñôçóçò y = f(x) êáé ôéò åõèåßåò x = a êáé x = b (Ó÷. 6.1.1 - 1).
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Ãéá ôçí ðñïóÝããéóç ôïõ E ôï [a; b] õðïäéáéñåßôáé óå äéáóôÞìáôá ðëÜôïõò

∆x ùò åîÞò:

a = x0 ≤ x1 ≤ x2 ≤ : : : ≤ xn−1 ≤ xn = b

êáé óôç óõíÝ÷åéá èåùñåßôáé ôï ðáñáêÜôù Üèñïéóìá ôùí åìâáäþí ôùí ó÷çìáôéæü-

ìåíùí ïñèïãùíßùí:

f (x∗1)∆x+ f (x∗2)∆x+ : : :+ f (x∗n)∆x;

üôáí x∗i ìéá åðéëïãÞ åíäéÜìåóùí óçìåßùí êáé f (x∗i ); i = 1; 2; : : : ; n ôá ýøç.

Ôüôå ôï åìâáäüí E, äçëáäÞ ç ôéìÞ ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò (6:1:1−1),

éóïýôáé ìå ôçí ïñéáêÞ

I(f) =

b∫
a

f(x) dx (6.1.1 - 2)

= lim
n→+∞

[f (x∗1)∆x+ f (x∗2)∆x+ : : :+ f (x∗n)∆x] ;

åöüóïí áõôÞ õðÜñ÷åé.

6.1.2 Ïñéóìüò

Ãåíéêåýïíôáò ôçí ðáñáðÜíù åéóáãùãÞ, Ýóôù ç óõíÜñôçóç f(x; y) ìå ðåäßï

ïñéóìïý ôï D = [a; b] × [c; d ] ⊆ R2, ðïõ åßíáé óõíå÷Þò êáé ãéá åõêïëßá

ìç áñíçôéêÞ ãéá êÜèå (x; y) ∈ [a; b] × [c; d ] (Ó÷. 6.1.2 - 1). ¼ðùò êáé

óôçí ðåñßðôùóç ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò (6:1:1− 1), ôï äéÜóôçìá [a; b]

õðïäéáéñåßôáé óå n-õðïäéáóôÞìáôá ðëÜôïõò∆x áðü ôá óçìåßá xi; i = 0; 1; : : : ; n

êáé ôï äéÜóôçìá [c; d ] óå m-õðïäéáóôÞìáôá ðëÜôïõò ∆y áðü ôá óçìåßá yj ;

i = 0; 1; : : : ; m (Ó÷. 6.1.2 - 2 a).

Ôüôå ÷ñçóéìïðïéþíôáò áíôßóôïé÷ç ãåùìåôñéêÞ åñìçíåßá ìå åêåßíç ôïõ

ïëïêëçñþìáôïò (6:1:1− 1), ôï äéðëü ïëïêëÞñùìá∫∫
D

f(x; y) dx dy (6.1.2 - 1)

èá éóïýôáé ìå ôïí üãêï V ôïõ óôåñåïý, ðïõ Ý÷åé âÜóåéò ôï [a; b] × [c; d ] êáé

ôçí åðéöÜíåéá S, åíþ ïé áêìÝò ôïõ åßíáé ðáñÜëëçëåò ðñïò ôïí z-Üîïíá. ¸óôù
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Ó÷Þìá 6.1.1 - 1: ãåùìåôñéêüò õðïëïãéóìüò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

(6:1:1− 1).

Ó÷Þìá 6.1.2 - 1: ôï ðåäßï ïñéóìïý D = [a; b]× [c; d ] êáé ç åðéöÜíåéá f(x; y).
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(a) (b)

Ó÷Þìá 6.1.2 - 2: (a) Ç äéáìÝñéóç ôïõ [a; b] × [c; d ] êáé ôá åíäéÜìåóá óçìåßá

(x∗i ; y
∗
i ). (b) Ôá ïñèïãþíéá ðáñáëëçëåðßðåäá ðïõ ðñïóåããßæïõí ôïí üãêï V

óôçí (6:1:2− 2).

∆A = ∆x∆y ôï åìâáäüí ôïõ óôïé÷åéþäïõò ïñèïãùíßïõ ðáñáëëçëïãñÜììïõ

ôçò ðáñáðÜíù äéáìÝñéóçò ôïõ [a; b]×[c; d ] êáé f
(
x∗i ; y

∗
j

)
ôï ýøïò ôïõ ïñèïãù-

íßïõ ðáñáëëçëåðéðÝäïõ ðïõ ðñïêýðôåé áðü ôá åíäéÜìåóá óçìåßá (x∗i ; y
∗
i ) êáé

áíôéóôïé÷åß óôá åðéìÝñïõò ïñèïãþíéá (Ó÷. 6.1.2 - 2 b).

Ôüôå ï üãêïò V (Ó÷. 6.1.2 - 2 b) ðñïóåããßæåôáé ùò åîÞò:

V ≈ f (x∗1; y
∗
1)∆A+ f (x∗2; y

∗
1)∆A+ : : :+ f (x∗n; y

∗
m)∆A: (6.1.2 - 2)

Áðïäåéêíýåôáé óôçí ÁíÜëõóç üôé, üôáí ç äéáãþíéïò ôùí ðáñáðÜíù ïñèïãùíßùí

ôåßíåé óôï ìçäÝí êáèþò ôá n; m → +∞, ôï Üèñïéóìá (6:1:2 − 2) óõãêëßíåé

ðñïò Ýíáí áñéèìü, Ýóôù I, ðïõ åßíáé áíåîÜñôçôïò áðü ôçí åðéëïãÞ ôùí óçìåßùí

(xi; yj).

1Óýìöùíá êáé ìå ôá ðáñáðÜíù Ý÷ïõìå ôïí ðáñáêÜôù ïñéóìü:

Ïñéóìüò 6.1.2 - 1 (äéðëïý ïëïêëçñþìáôïò). Ïñßæåôáé ùò äéðëü ïëïêëÞ-

1Ï áíáãíþóôçò, ãéá ìéá ðëçñÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4]

êáé: http : ==en:wikipedia:org=wiki=Double integral



Éäéüôçôåò 309

ñùìá (double integral) ôçò f(x; y) óôï D = [a; b]× [c; d ], ç ïñéáêÞ ôéìÞ

I =

∫∫
D

f(x; y) dx dy = lim
n;m→+∞

n∑
i=1

m∑
j=1

f
(
x∗i ; y

∗
j

)
∆A; (6.1.2 - 3)

åöüóïí áõôÞ õðÜñ÷åé.

Ï ðáñáðÜíù ïñéóìüò ãåíéêåýåôáé ãéá êÜèå öñáãìÝíï ðåäßï ïñéóìïý D ôçò

f .

6.1.3 Éäéüôçôåò

Ïé êõñéüôåñåò éäéüôçôåò ôïõ äéðëïý ïëïêëçñþìáôïò ðïõ äßíïíôáé óôç óõíÝ÷åéá

ìå ôç ìïñöÞ èåùñçìÜôùí åßíáé ãåíéêåýóåéò ôùí áíôßóôïé÷ùí éäéïôÞôùí ôïõ

ïñéóìÝíïõ ïëïêëçñþìáôïò ôùí óõíáñôÞóåùí ìéáò ìåôáâëçôÞò. Ôï ðåäßï

ïñéóìïý, ÝóôùD, ôùí óõíáñôÞóåùí õðïôßèåôáé üôé åßíáé êëåéóôü êáé öñáãìÝíï,

åíþ ãéá ôçí áðïöõãÞ ôåôñéììÝíùí ðåñéðôþóåùí ôï D õðïôßèåôáé üôé äåí åßíáé

óçìåßï Þ åõèýãñáììï ôìÞìá.

Èåþñçìá 6.1.3 - 1 (ãñáììéêÞ). Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóé-

ìåò åðß ôïõ D êáé k; � ∈ R, ôüôå∫∫
D

[k f(x; y) + � g(x; y)] dx dy = k

∫∫
D

f(x; y) dx dy

+�

∫∫
D

g(x; y) dx dy:

Ç éäéüôçôá ãåíéêåýåôáé.

Èåþñçìá 6.1.3 - 2 (áèñïéóôéêÞ). Áí ç ðåñéï÷Þ D áðïôåëåßôáé áðü ôéò

÷ùñéóôÝò ðåñéï÷Ýò D1 êáé D2, äçëáäÞ D = D1 ∪D2 êáé D1 ∩D2 ≠ 0, ôüôå∫∫
D

f(x; y) dx dy =

∫∫
D1

f(x; y) dx dy +

∫∫
D2

f(x; y) dx dy;
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åíþ, áí D1 ∩D2 = D̃, äçëáäÞ õðÜñ÷åé åðéêÜëõøç ôùí ðåñéï÷þí D1 êáé D2

óôçí ðåñéï÷Þ D̃, ôüôå∫∫
D

f(x; y) dx dy =

∫∫
D1

f(x; y) dx dy +

∫∫
D2

f(x; y) dx dy

−
∫∫
D̃

f(x; y) dx dy:

ÅöáñìïãÞ ôçò éäéüôçôáò èá ãßíåé óôï ÐáñÜäåéãìá 6.1.4 - 13.

Èåþñçìá 6.1.3 - 3 (óýãêñéóçò). Áí f(x; y) ≥ g(x; y) ãéá êÜèå (x; y) ∈ D

êáé ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóéìåò åðß ôïõ D, ôüôå∫∫
D

f(x; y) dx dy ≥
∫∫
D

g(x; y) dx dy:

ÅéäéêÜ, áí g(x; y) > 0 ãéá êÜèå (x; y) ∈ D, ôüôå∫∫
D

g(x; y) dx dy > 0:

Èåþñçìá 6.1.3 - 4. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç åðß ôïõ D, ôüôå∣∣∣∣∣∣
∫∫
D

f(x; y) dx dy

∣∣∣∣∣∣ ≤
∫∫
D

|f(x; y)| dx dy:

Èåþñçìá 6.1.3 - 5. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç åðß ôïõ D êáé

ôï D åßíáé áìåëçôÝïõ åìâáäïý, ôüôå∫∫
D

f(x; y) dx dy = 0:
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Èåþñçìá 6.1.3 - 6 (ìÝóçò ôéìÞò). Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç

åðß ôïõ D , ôüôå ∫∫
D

f(x; y) dx dy = f (x0; y0) A;

üðïõ A ôï åìâáäüí ôïõ ôüðïõ D êáé (x0; y0) ∈ D.

6.1.4 Õðïëïãéóìüò óå êáñôåóéáíÝò óõíôåôáãìÝíåò

Ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò (6:1:2 − 1) åîáñôÜôáé áðü ôç ìïñöÞ ôïõ

ðåäßïõ ïñéóìïý D. ÓõãêåêñéìÝíá Ý÷ïõìå ôéò ðáñáêÜôù ðåñéðôþóåéò:

I. D =
{
(x; y) ∈ R2 : a ≤ x ≤ b; c ≤ y ≤ d

}
,

äçëáäÞ êáé ïé äýï ìåôáâëçôÝò ìåôáâÜëëïíôáé óå äéáóôÞìáôá ìå óôáèåñÜ Üêñá

Þ äéáöïñåôéêÜ ôï ðåäßï ïñéóìïý D åßíáé Ýíá ïñèïãþíéï ðáñáëëçëüãñáììï.

Ï õðïëïãéóìüò óôçí ðåñßðôùóç áõôÞ ãßíåôáé óýìöùíá ìå ôï ðáñáêÜôù

èåþñçìá:

Èåþñçìá 6.1.4 - 1 (Fubini). Áí ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý

D = [a; b ]× [c; d ]

= { (x; y) : a ≤ x ≤ b; c ≤ y ≤ d }

åßíáé ïëïêëçñþóéìç åðß ôïõ D, ôüôå

∫∫
D

f (x; y) dx dy =

b∫
a

 d∫
c

f (x; y) dy

 dx
=

d∫
c

 b∫
a

f (x; y) dx

 dy: (6.1.4 - 1)
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ÐáñáôçñÞóåéò 6.1.4 - 1

i) Óýìöùíá ìå ôï Èåþñçìá (6:1:4− 1) ç ôéìÞ ôïõ äéðëïý ïëïêëçñþìáôïò

(6:1:2−1) åßíáé áíåîÜñôçôç áðü ôç óåéñÜ ïëïêëÞñùóçò óôçí (6:1:4−1).

ii) Óôïí ôýðï (6:1:4−1), üôáí ãßíåôáé ïëïêëÞñùóç ùò ðñïò ìéá ìåôáâëçôÞ,

Ýóôù ôçí y, ôüôå ç x èåùñåßôáé óôáèåñÜ.

ÐáñÜäåéãìá 6.1.4 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

(
x2y + y3

)
dx dy; üôáí D = [0; 1]× [0; 2]:

Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:1:4− 1) Ý÷ïõìå

I =

1∫
0


2∫

0

x óôáèåñÜ︷ ︸︸ ︷(
x2y + y3

)
dy

 dx =

1∫
0

[
1

2
x2 y2 +

1

4
y4
] y=2

y=0

dx

=

1∫
0

(
1

2
x2 22 +

1

4
24 − 0

)
dx =

1∫
0

(
2x2 + 4

)
dx

=

[
2
x3

3
+ 4x

] 1

0

=
14

3
:

ÅíáëëáêôéêÜ ï ðáñáðÜíù õðïëïãéóìüò åßíáé äõíáôüí íá ãßíåé áëëÜæïíôáò

ôç óåéñÜ ïëïêëÞñùóçò ùò åîÞò:

I =

2∫
0


1∫

0

y óôáèåñÜ︷ ︸︸ ︷(
x2y + y3

)
dx

 dy =

2∫
0

[
1

3
x3 y +

1

2
x y3

]x=1

x=0

dy

=

2∫
0

(
1

3
y + y3 − 0

)
dy =

[
y2

6
+
y4

4

] 2

0

=
14

3
:

Óôï åîÞò èá åöáñìüæåôáé ï åõêïëüôåñïò êáôÜ ðåñßðôùóç ôýðïò óôçí (6:1:4−
1).
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ÐáñÜäåéãìá 6.1.4 - 2

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫
D

x exy dx dy; üôáí D = [−1; 2]× [0; 1]:

Ëýóç. ¸÷ïõìå

I =

2∫
−1

 1∫
0

x exy dy

 dx =

2∫
−1

 1∫
0

x=(x y)y︷ ︸︸ ︷
(x y)y exy dy

 dx
åðåéäÞ ç ïëïêëÞñùóç ãßíåôáé ùò ðñïò y ðñÝðåé íá

äçìéïõñãçèåß ç ðáñÜãùãïò (xy)y ôçò exy;(
ìïñöÞ f ′(x)ef(x)

)

=

2∫
−1

 1∫
0

(x y)y e
xy dy

 dx =

2∫
−1

exy

∣∣∣∣∣∣
y=1

y=0

dx

=

2∫
−1

(ex − 1) dx = [ex − x] 2
− 1 = e2 − e−1 − 3:

Áí ç ïëïêëÞñùóç ãßíåé ðñþôá ùò ðñïò x, ôüôå áðáéôåßôáé ç åöáñìïãÞ ôçò

ðáñáãïíôéêÞò ïëïêëÞñùóçò ãéá ôïí õðïëïãéóìü ôïõ ïëïêëçñþìáôïò.

ÐáñÜäåéãìá 6.1.4 - 3

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫
D

dx dy

(2x+ 3y)2
; üôáí D = [0; 1]× [1; 2]:
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Ëýóç. ¸÷ïõìå

I =

2∫
1

 1∫
0

(2x+ 3y)−2dx

 dy

=

2∫
1

 1∫
0

1

2
(2x+ 3y)x(2x+ 3y)−2 dx

 dy
üìïéá åðåéäÞ ç ïëïêëÞñùóç ãßíåôáé ùò ðñïò x ðñÝðåé íá

äçìéïõñãçèåß ç ðáñÜãùãïò (2x+ 3y)x ôçò (2x+ 3y)−2;

(
ìïñöÞ f ′(x) fa(x)

)
=

2∫
1

[
1

2

(2x+ 3y)−2+1

−2 + 1
dx

]
dy =

2∫
1

[
− 1

2
(2x+ 3y)−1

]x=1

x=0

dy

= − 1

2

2∫
1

dy

2 + 3y
−
(
− 1

2

) 2∫
1

dy

3y

= − 1

2

2∫
1

1
3
ln |2+3y|︷ ︸︸ ︷
dy

2 + 3y
+
1

6

2∫
1

ln |y|︷︸︸︷
dy

y

= − 1

6
(ln 8− ln 2− ln 5) :
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¢óêçóç

Íá õðïëïãéóôïýí ôá ðáñáêÜôù äéðëÜ ïëïêëçñþìáôá:

i) ∫∫
D

xy(x2 + y2) dx dy; üôáí (x; y) ∈ D;

êáé D = [0; 1]× [0; 1];

ii) ∫∫
D

cos(x+ y) dx dy; üôáí D = [0; �]× [0; �];

iii) ∫∫
D

sin2 x cos y dx dy; üôáí D = [0; �=2 ]× [0; �];

iv) ∫∫
D

x dx dy

x+ y
; üôáí D = [−1; 1]× [−1; 1];

v) ∫∫
D

dx dy

4 + y2
; üôáí D = [−1; 1]× [0; �];

vi) ∫∫
D

y−3 ex=y dx dy; üôáí D = [0; 1]× [1; 2];

vii) ∫∫
D

xy ex
2+y2 dx dy; üôáí D = [0; 1]× [0; 1]:

ÁðáíôÞóåéò

i) 1
4
; ii) − 4, iii) 0, iv) 1, v) tan−1

(
�
2

)
, vi) − 1

2
−

√
e+ e,

vii) 1
4
(−1 + e)2.
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Ó÷Þìá 6.1.4 - 1: Ðåñßðôùóç II: ôï ðåäßï ïñéóìïý D =

{a ≤ x ≤ b; g1(x) ≤ y ≤ g2(x)} ôçò óõíÜñôçóçò f(x; y).

II. D =
{
(x; y) ∈ R2 : a ≤ x ≤ b; g1(x) ≤ y ≤ g2(x)

}
Ôüôå (Ó÷. 6.1.4 - 1)

∫∫
D

f(x; y) dx dy =

b∫
a

 g2(x)∫
g1(x)

x óôáèåñÜ︷ ︸︸ ︷
f(x; y) dy

 dx; (6.1.4 - 1)

äçëáäÞ ãßíåôáé ðñþôá ç ïëïêëÞñùóç ùò ðñïò ôç ìåôáâëçôÞ y, ðïõ ìåôáâÜëëåôáé

óõíáñôÞóåé ôçò x.

ÐáñÜäåéãìá 6.1.4 - 4

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

(
4xy − y3

)
dx dy; üôáí

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 1; x3 ≤ y ≤

√
x
}

(Ó÷. 6:1:4− 2):

Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:1:4− 1) Ý÷ïõìå
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Ó÷Þìá 6.1.4 - 2: ÐáñÜäåéãìá 6.1.4 - 6 ìå ðåäßï ïñéóìïý D ={
0 ≤ x ≤ 1; x3 ≤ y ≤

√
x
}
.

I =

1∫
0


√
x∫

x3

x óôáèåñÜ︷ ︸︸ ︷(
4xy − y3

)
dy

 dx =

1∫
0

[
2xy2 − y4

4

] y=√
x

y=x3
dx

=

1∫
0

(
7

4
x2 − 2x7 +

1

4
x12
)
dx

=

[
7

12
x3 − 1

4
x8 +

1

52
x13
] 1

0

=
55

156
:

ÐáñÜäåéãìá 6.1.4 - 5

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫
D

√
1 + x4 dx dy; üôáí

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 2; 0 ≤ y ≤ x3

}
(Ó÷. 6:1:4− 3):

Ëýóç. ¸÷ïõìå
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Ó÷Þìá 6.1.4 - 3: ÐáñÜäåéãìá 6.1.4 - 5 ìå ðåäßï ïñéóìïý D ={
0 ≤ x ≤ 2; 0 ≤ y ≤ x3

}
.

I =

2∫
0

 x3∫
0

√
1 + x4 dy

 dx =

2∫
0

√
1 + x4

 x3∫
0

dy

 dx

=

2∫
0

√
1 + x4 y

∣∣∣∣∣∣
y=x3

y=0

dx =

2∫
0

x3
√

1 + x4 dx

=

2∫
0

x3︷ ︸︸ ︷
1

4

(
1 + x4

)
x

(
1 + x4

)1=2
dx =

=
1

4

(
1 + x4

) 1
2
+1

1
2 + 1

=
1

6

(
1 + x4

)3=2 ∣∣∣∣ 2
0

=
1

6

(
173=2 − 1

)
≈ 11:51547:
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Ó÷Þìá 6.1.4 - 4: ôï ðåäßï ïñéóìïý D = {c ≤ x ≤ d; h1(x) ≤ y ≤ h2(x)}
ôçò óõíÜñôçóçò f(x; y).

III. D =
{
(x; y) ∈ R2 : c ≤ y ≤ d; h1(y) ≤ x ≤ h2(y)

}
Ôüôå (Ó÷. 6.1.4 - 4)

∫∫
D

f(x; y) dx dy =

d∫
c

 h2(y)∫
h1(y)

y óôáèåñÜ︷ ︸︸ ︷
f(x; y) dx

 dy; (6.1.4 - 2)

äçëáäÞ ãßíåôáé ðñþôá ç ïëïêëÞñùóç ùò ðñïò ôç ìåôáâëçôÞ x, ðïõ ìåôáâÜëëåôáé

óõíáñôÞóåé ôçò y.

ÐáñÜäåéãìá 6.1.4 - 6

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

e
x
y dx dy; üôáí D =

{
(x; y) ∈ R2 : 1 ≤ y ≤ 2; y ≤ x ≤ y3

}
:
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Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:1:4− 2) Ý÷ïõìå

I =

2∫
1

 y3∫
y

e
x
y dx

 dy =

2∫
1

 y3∫
y

y

(
x

y

)
x

e
x
y dx

 dy
ðñÝðåé íá äçìéïõñãçèåß ç ðáñÜãùãïò

(
x

y

)
x

ôçò e
x
y

=

2∫
1

[
y e

x
y

]x=y3
x=y

dy =

2∫
1

(
y ey

2 − y e1
)

=

[
1

2
ey

2 − e

2
y2
] 2

1

=
1

2
e4 − 2 e:

IV. ÃåíéêÞ ðåñßðôùóç: öñáãìÝíç ðåñéï÷Þ ôïõ R2

¸óôù D ôï ðåäßï ïñéóìïý. Ôüôå ãßíåôáé êáôÜëëçëç äéáìÝñéóç ôïõ D, Ýôóé

þóôå íá ðñïêýøåé ôåëéêÜ ìéá áðü ôéò Ðåñéðôþóåéò II Þ III. Ç ìåèïäïëïãßá ðïõ

åöáñìüæåôáé óôéò ðåñéðôþóåéò äßíåôáé óôç óõíÝ÷åéá.

ÐáñÜäåéãìá 6.1.4 - 7

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

(16xy + 200) dx dy;

üôáí D ç ðåñéï÷Þ ðïõ ðåñéïñßæåôáé áðü ôéò êáìðýëåò

y = x2 êáé y = 8− x2 (Ó÷. 6:1:4− 5):

Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ôá êïéíÜ óçìåßá ôùí äýï êáìðõëþí áðü ôéò

åîéóþóåéò ôïõò ùò åîÞò:

y = x2 êáé y = 8− x2 ïðüôå x2 = 8− x2;

äçëáäÞ x = ±2:
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(a) (b)

Ó÷Þìá 6.1.4 - 5: ÐáñÜäåéãìá 6.1.4 - 7. ¼ôáí −2 ≤ x ≤ 2, ôüôå ôï y

ìåôáâÜëëåôáé áðü ôçí y = x2 ìðëå Ýùò ôçí y = 8 − x2 êüêêéíç êáìðýëç,

äçëáäÞ x2 ≤ y ≤ 8− x2.

ÅðåéäÞ ôï x ðñÝðåé íá áíÞêåé óå öñáãìÝíï äéÜóôçìá, ðñïêýðôåé üôé

−2 ≤ x ≤ 2:

Åöüóïí Ý÷åé ðñïóäéïñéóôåß ôï ðåäßï ïñéóìïý ôçò ìåôáâëçôÞò x (Ðåñßðôùóç

II), èá ðñÝðåé ôï ðåäßï ïñéóìïý ôçò y íá åßíáé ôçò ìïñöÞò g1(x) ≤ y ≤ g2(x).

ÅðïìÝíùò óýìöùíá êáé ìå ôï Ó÷. 6.1.4 - 5 b ôï ðåäßï ïñéóìïý D ãñÜöåôáé

ùò åîÞò:

D =
{
(x; y) ∈ R2 : − 2 ≤ x ≤ 2; x2 ≤ y ≤ 8− x2

}
:

¢ñá

I =

2∫
−2

 8−x2∫
x2

(16xy + 200) dy

 dx =

2∫
−2

(
8x y2 + 200 y

) ∣∣∣∣∣∣
y=8−x2

y=x2

dx

=

2∫
−2

(
−128x3 − 400x2 + 512x+ 1600

)
dx

=

[
−32x4 − 400

3
x3 + 256x2 + 1600x

] 2

−2

=
12800

3
:
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Ó÷Þìá 6.1.4 - 6: ÐáñÜäåéãìá 6.1.4 - 12.

ÐáñÜäåéãìá 6.1.4 - 8

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫
D

x2 y dx dy;

üôáí D ç ðåñéï÷Þ ðïõ ðåñéïñßæåôáé áðü ôéò êáìðýëåò

y = 9 êáé y = x2 ìå x ≥ 0:

Ëýóç. Áðü ôéò åîéóþóåéò ôùí êáìðõëþí ðñïêýðôåé x2 = 9, ïðüôå, åðåéäÞ

x ≥ 0, åßíáé x = 3. ¢ñá ðñÝðåé

0 ≤ x ≤ 3:

¼ìïéá åöüóïí Ý÷åé ðñïóäéïñéóôåß ôï ðåäßï ïñéóìïý ôçò ìåôáâëçôÞò x

(Ðåñßðôùóç II), èá ðñÝðåé ôï ðåäßï ïñéóìïý ôçò y íá åßíáé ôçò ìïñöÞò g1(x) ≤
y ≤ g2(x). ¢ñá ôï ðåäßï ïñéóìïý D óýìöùíá êáé ìå ôï Ó÷. 6.1.4 - 7)

ãñÜöåôáé:

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 3; x2 ≤ y ≤ 9

}
:
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Ôüôå Ý÷ïõìå

I =

3∫
0

 9∫
x2

x2y dy

 dx =

3∫
0

x2y2

2

∣∣∣∣ y=9

y=x2
dx

=

3∫
0

(
81x2

2
− x6

2

)
dx =

27x3

2
− x7

14

∣∣∣∣ 3
0

=
1458

7
:

ÐáñÜäåéãìá 6.1.4 - 9

¼ìïéá ôï

I =

∫∫
D

(
x2 + y3

)
dx dy; üôáí D =

{
(x; y) ∈ R2 : y2 ≤ 9x; x ≤ 3

}
:

Ëýóç. ÅðåéäÞ y2 ≤ 9x, ðñÝðåé x ≥ 0. ¢ñá ðñÝðåé

0 ≤ x ≤ 3:

Åßíáé üìùò ãíùóôü üôé, áí

x2 ≤ a ìå a > 0; ôüôå −
√
a ≤ x ≤

√
a:

Åöáñìüæïíôáò ôá ðáñáðÜíù óôçí áíéóüôçôá y2 ≤ 9x ðñïêýðôåé üôé

−3
√
x ≤ y ≤ 3

√
x:

¢ñá ï ôüðïò D ãñÜöåôáé (Ðåñßðôùóç II)

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 3; −3

√
x ≤ y ≤ 3

√
x
}
:

Ôüôå

I =

3∫
0

 3
√
x∫

−3
√
x

(
x2 + y3

)
dy

 dx =

3∫
0

[
x2y +

y4

4

] y=3
√
x

y=−3
√
x

dx

= 6

3∫
0

x5=2 dx =
324

√
3

7
:
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ÐáñÜäåéãìá 6.1.4 - 10

¼ìïéá ôï

I =

∫∫
D

(
x4 + y2

)
dx dy; üôáí D =

{
(x; y) ∈ R2 : y ≥ x2; x ≥ y2

}
:

Ëýóç. Áñ÷éêÜ, åðåéäÞ

• x ≥ y2, ðñÝðåé x ≥ 0, åíþ üìïéá áðü ôçí

• y ≥ x2, ðñïêýðôåé üôé êáé y ≥ 0.

Óôç óõíÝ÷åéá åêöñÜæïíôáé ôá üñéá ôïõ x óõíáñôÞóåé ôïõ y ùò åîÞò:

áðü ôçí x2 ≤ y ðñïêýðôåé üôé x ≤ √
y, åíþ åßíáé x ≥ y2.

¢ñá (Ðåñßðôùóç III)

y2 ≤ x ≤ √
y:

Ãéá ôo äéÜóôçìá ìåôáâïëþí ôïõ y, ðïõ ðñÝðåé íá åßíáé ôçò ìïñöÞò c ≤ y ≤
d, áðü ôçí ðáñáðÜíù áíéóüôçôá Ý÷ïõìå

y2 ≤ √
y; ïðüôå y4 − y ≤ 0; äçëáäÞ y

(
y3 − 1

)
≤ 0:

ÅðåéäÞ y ≥ 0, ðñÝðåé y ≤ 1, . ÅðïìÝíùò ï ôüðïò D ãñÜöåôáé

D =
{
(x; y) ∈ R2 : 0 ≤ y ≤ 1; y2 ≤ x ≤ √

y
}
:

Ôüôå óýìöùíá ìå ôïí ôýðï (6:1:4− 2) Ý÷ïõìå

I =

1∫
0


√
y∫

y2

(
x4 + y2

)
dx

 dy

=

1∫
0

(
6

5
y5=2 − y4 − 1

5
y10
)
dy

=
48

385
:
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ÐáñÜäåéãìá 6.1.4 - 11

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

x dx dy;

üôáí D åßíáé ï êõêëéêüò äßóêïò x2 + y2 ≤ 1.

Ëýóç. Ðñïöáíþò ï ôüðïò D åßíáé ï ìïíáäéáßïò êýêëïò ìå êÝíôñï ôï óçìåßï

(0; 0) êáé áêôßíá R = 1, ðïõ åßíáé äõíáôüí íá ðåñéãñáöåß ùò åîÞò (Ðåñßðôùóç

II):

D =
{
(x; y) : −

√
1− x2 ≤ y ≤

√
1− x2; −1 ≤ x ≤ 1

}
:

ÅðïìÝíùò

I =

1∫
−1


√
1−x2∫

−
√
1−x2

x dy

 dx
ôï x óôï ìÝóá ïëïêëÞñùìá èåùñåßôáé óôáèåñÜ

=

1∫
−1

x


√
1−x2∫

−
√
1−x2

1 dy

 dx =

1∫
−1

x y

∣∣∣∣∣∣
y=

√
1−x2

y=−
√
1−x2

dx

=

1∫
−1

x
[√

1− x2 −
(
−
√

1− x2
) ]

dx

=

1∫
−1

2x
√

1− x2 dx =

1∫
−1

2x︷ ︸︸ ︷[
−
(
1− x2

)′] √
1− x2 dx

= −
1∫

−1

(
1− x2

)′ (
1− x2

)1=2
dx

= −
(
1− x2

) 1
2
+1

1
2 + 1

= − 1

3

(
1− x2

)3=2∣∣∣∣ 1
−1

= 0:
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Ìéá áíÜëïãç ðåñéãñáöÞ ôïõ ôüðïõ åßíáé åðßóçò ç åîÞò (Ðåñßðôùóç III):

D =
{
(x; y) : −

√
1− y2 ≤ x ≤

√
1− y2; −1 ≤ y ≤ 1

}
;

ïðüôå ôï ïëïêëÞñùìá óôçí ðåñßðôùóç áõôÞ èá ãñÜöåôáé

∫∫
D

x dx dy =

1∫
−1


√

1−y2∫
−
√

1−y2

x dx

 dy = · · · = 0:

ÐáñáôÞñçóç 6.1.4 - 1 (ìåèïäïëïãßá)

ÐïëëÝò öïñÝò áðáéôåßôáé ç äéáìÝñéóç ôïõ ôüðïõ D óå äýï Þ ðåñéóóüôåñïõò

ôüðïõò. Óôéò ðåñéðôþóåéò áõôÝò áêïëïõèåßôáé ç ðáñáêÜôù ìåèïäïëïãßá:

• Ýóôù üôé áðü ôïí ôüðï D ðñïêýðôåé üôé a ≤ x ≤ b (Ðåñßðôùóç II),

äéáöïñåôéêÜ ðñïóäéïñßæåôáé ôï äéÜóôçìá áõôü áðü ôá äåäïìÝíá ìå êáôÜë-

ëçëï óõíäõáóìü ôïõò.

• Áðü Ýíá óçìåßï x0 ∈ [a; b ], öÝñíïõìå êÜèåôç åõèåßá, ôÝôïéá þóôå íá

ôÝìíåôáé ï ôüðïò D óå äýï ôïõëÜ÷éóôïí óçìåßá, Ýóôù ôá Á êáé Â.

• Ôüôå ï ôüðïò D õðïäéáéñåßôáé óôïõò

D1 = {(x; y) : a ≤ x ≤ x0; g1(x) ≤ y ≤ g2(x) } ;

D2 = {(x; y) : x0 ≤ x ≤ b; g3(x) ≤ y ≤ g4(x) }

ÁíÜëïãá, üôáí ï ôüðïò D õðïäéáéñåßôáé áðü Ýíá óçìåßï y0 ∈ [c; d ] (Ðåñßðôùóç

III).

ÅöáñìïãÝò ôçò ðáñáðÜíù ìåèïäïëïãßáò äßíïíôáé óôç óõíÝ÷åéá.
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D1 D2

0.5 1.0 1.5 2.0
x

0.2

0.4

0.6

0.8

1.0

y

Ó÷Þìá 6.1.4 - 7: ÐáñÜäåéãìá 6.1.4 - 12.

ÐáñÜäåéãìá 6.1.4 - 12

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

y dx dy;

üôáí D ôï ôñßãùíï ìå êïñõöÝò ôá óçìåßá

(0; 0); (1; 1) êáé (2; 0):

Ëýóç. Ï ôüðïò D õðïäéáéñåßôáé óôïõò ôüðïõò D1 êáé D2 üðïõ D1∩D2 = ̸ 0,
ðïõ ðåñéãñÜöïíôáé ùò åîÞò (Ó÷. 6.1.4 - 7):

D1 = {(x; y) : 0 ≤ y ≤ x; 0 ≤ x ≤ 1 } ;

D1 = {(x; y) : 0 ≤ y ≤ 2− x; 1 ≤ x ≤ 2 } ;

äçëáäÞ x0 = 1 (Ðåñßðôùóç II).
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ÅðïìÝíùò

∫∫
D

y dx dy =

∫∫
D1

y dx dy +

∫∫
D2

y dx dy

=

1∫
0

 x∫
0

y dy

 dx+

2∫
1

 2−x∫
0

y dy

 dx

=

1∫
0

[
y2

2

]x
0

dx+

2∫
1

[
y2

2

] 2−x

0

dx

=

1∫
0

x2

2
dx+

2∫
1

(2− x)2

2
dx

=
1

2

1∫
0

x2 dx+
1

2

2∫
1

−(2−x)′(2−x)2︷ ︸︸ ︷
(2− x)2 dx

=
1

2

x3

3

∣∣∣∣ 1
0

− 1

2

(2− x)3

3

∣∣∣∣ 2
1

=
1

6
−
(
−1

6

)
=

1

3
:

ÐáñÜäåéãìá 6.1.4 - 13

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

(
6x2 − 40y

)
dx dy;

üôáí D ôï ôñßãùíï ìå êïñõöÝò (0; 3), (1; 1) êáé (5; 3) (Ó÷. 6.1.4 - 8).
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Ó÷Þìá 6.1.4 - 8: ÐáñÜäåéãìá 6.1.4 - 13.

Ëýóç. Ç ðåñéï÷Þ ïëïêëÞñùóçò D åßíáé äõíáôüí íá ðñïêýøåé óôéò åîÞò äýï

ðåñéï÷Ýò:2

D1 = { (x; y) : 0 ≤ x ≤ 1; −2x+ 3 ≤ y ≤ 3 } ;

D2 =

{
(x; y) : 1 ≤ x ≤ 5;

1

2
x+

1

2
≤ y ≤ 3

}
;

äçëáäÞ óôçí ðåñßðôùóç áõôÞ åßíáé x0 = 1.

2Õðåíèõìßæåôáé üôé ç åîßóùóç ôçò åõèåßáò ðïõ äéÝñ÷åôáé áðü ôá óçìåßá (x1; y1) êáé

(x2; y2) äßíåôáé áðü ôïí ôýðï

x− x1

x2 − x1
=

y − y1
y2 − y1

:
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Ôüôå óýìöùíá ìå ôçí áèñïéóôéêÞ éäéüôçôá ôçò ÐáñáãñÜöïõ 6.1.3 Ý÷ïõìå:

I =

∫∫
D1

(
6x2 − 40y

)
dx dy +

∫∫
D2

(
6x2 − 40y

)
dx dy

=

1∫
0

 3∫
−2x+3

(
6x2 − 40y

)
dy

 dx

+

5∫
1

 3∫
1
2
x+ 1

2

(
6x2 − 40y

)
dy

 dx

=

1∫
0

(
6x2y − 20 y2

)∣∣∣∣∣∣
y=3

y=−2x+3

dx+

1∫
0

(
6x2y − 20 y2

)∣∣∣∣∣∣
y=3

y= 1
2
x+ 1

2

dx

=

1∫
0

[
12x3 − 180 + 20 (3− 2x)2

]
dx

+

5∫
1

[
−3x3 + 15x2 − 180 + 5 (x+ 1)2

]
dx

= : : : = − 935

3
:

¸íáò Üëëïò ôñüðïò, ðïõ äåí áðáéôåß ôçí õðïäéáßñåóç ôïõ ôüðïõ D, áëëÜ

ðñïêýðôåé áðü ôéò åîéóþóåéò ôùí åõèåéþí ôïõ ôñéãþíïõ åßíáé ï åîÞò:

y = −2x+ 3; ïðüôå x = −1

2
y +

3

2

y =
1

2
x+

1

2
; x = 2y − 1:

¢ñá (Ðåñßðôùóç III)

D =

{
(x; y) : −1

2
y +

3

2
≤ x ≤ 2y − 1; 1 ≤ y ≤ 3

}
;
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ïðüôå

I =

3∫
1

 2y−1∫
− 1

2
y+ 3

2

(
6x2 − 40y

)
dx

 dy

=

3∫
1

(
2x3 − 40x y

)∣∣∣∣∣∣
x=2y−1

x=− 1
2
y+ 3

2

dy

=

3∫
1

[
100y − 100y2 + 2(2y − 1)3 − 2

(
−1

2
y +

3

2

)3
]
dy

[
50y2 − 100

3
y3 +

1

4
(2y − 1)4 +

(
−1

2
y +

3

2

)4
] 3

1

= − 935

3
:

6.1.5 ÁëëáãÞ óõóôÞìáôïò óõíôåôáãìÝíùí

Êáìðõëüãñáììåò óõíôåôáãìÝíåò

ÐïëëÝò öïñÝò ãéá ôçí åõêïëßá õðïëïãéóìïý ôïõ ïëïêëçñþìáôïò∫∫
D

f(x; y) dx dy

áðáéôåßôáé íá ãßíåé ìåôáó÷çìáôéóìüò áðü êáñôåóéáíÝò óå Üëëçò ìïñöÞò óõíôå-

ôáãìÝíåò. Áðïäåéêíýåôáé üôé óôçí ðåñßðôùóç ôùí äéðëþí ïëïêëçñùìÜôùí, ïé

ãåíéêüôåñåò äõíáôÝò åßíáé ïé êáìðõëüãñáììåò (curvilinear coordinates),3

ðïõ ïñßæïíôáé óôç óõíÝ÷åéá.

3ÂëÝðå: http : ==en:wikipedia:org=wiki=Curvilinear coordinates
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Ïñéóìüò 6.1.5 - 1 (êáìðõëüãñáììåò óõíôåôáãìÝíåò). Ï ìåôáó÷çìáôé-

óìüò óå êáìðõëüãñáììåò óõíôåôáãìÝíåò Ý÷åé ôç ìïñöÞ

x = x(u; v); y = y(u; v); üôáí (x; y) ∈ D ⊆ R2: (6.1.5 - 1)

Áí ïé óõíáñôÞóåéò x = x(u; v), y = y(u; v) ïñßæïíôáé ãéá êÜèå (u; v) ∈
D̃ ⊆ R2 êáé õðÜñ÷ïõí ïé 1çò ôÜîçò ìåñéêÝò ðáñÜãùãïé ôùí x, y ùò ðñïò u

êáé v êáé åßíáé óõíå÷åßò óõíáñôÞóåéò, åíþ ãéá ôçí ïñßæïõóá ôïõ Jacobi ôïõ

ìåôáó÷çìáôéóìïý (6:1:5− 1)

J(u; v) =
@(x; y)

@(u; v)
=

∣∣∣∣∣∣∣
xu yu

xv yv

∣∣∣∣∣∣∣ (6.1.5 - 2)

åßíáé J(u; v) > 0 Þ J(u; v) < 0, ôüôå ï ìåôáó÷çìáôéóìüò ôïõ ôüðïõ D ìÝóù

ôùí ó÷Ýóåùí (6:1:5−1) óôïí ôüðï D̃ åßíáé áìöéìïíïóÞìáíôïò êáé åöüóïí ôï

ïëïêëÞñùìá
∫
D f(x; y) dx dy õðÜñ÷åé, èá éó÷ýåé∫∫
D

f(x; y) dx dy =

∫∫
D̃

F (u; v) |J(u; v)| du dv: (6.1.5 - 3)

Óçìåßùóç 6.1.5 - 1

Åßíáé Þäç ãíùóôÞ óôïí áíáãíþóôç áðü ôï ÌÜèçìá Áüñéóôï ÏëïêëÞñùìá ç

ìÝèïäïò ôçò áíôéêáôÜóôáóçò ãéá ôïí õðïëïãéóìü ôïõ áüñéóôïõ ïëïêëçñþìáôïò∫
f(x) dx:

Óýìöùíá ìå ôç ìÝèïäï áõôÞ, áí ôåèåß u = g(x), ôüôå ðñÝðåé áöåíüò íá ãßíåé

áíôéêáôÜóôáóç ôçò u óôçí f êáé áöåôÝñïõ áíôéêáôÜóôáóç ôïõ dx ìå ôï du.

Ç äéáäéêáóßá áõôÞ äßíåôáé óôç óõíÝ÷åéá.

¸óôù üôé æçôåßôáé ï õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò∫
e3xdx:
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Ôüôå, áí

3x = u Þ x =
u

3
; ïðüôå

dx =
(u
3

)′
du =

1

3
du = J(u) du: (1)

¢ñá ∫
f(x) dx =

∫
e3xdx =

∫
eu

1

3
du

∫
F (u) J(u) du = : : : =

1

3
e3x + c: (2)

Ôüôå ç (6:1:5− 2) åßíáé ç áíôßóôïé÷ç ôçò J(u) óôçí (1) êáé ç (6:1:5− 3) ôçò∫
F (u) J(u) du óôçí (2).

Ïé êõñéüôåñïé êáìðõëüãñáììïé ìåôáó÷çìáôéóìïß, ðïõ óõíÞèùò ÷ñçóéìïðïé-

ïýíôáé óôéò åöáñìïãÝò, äßíïíôáé óôç óõíÝ÷åéá.

Ãñáììéêïß ìåôáó÷çìáôéóìïß

Ïñéóìüò 6.1.5 - 2 (ãñáììéêüò ìåôáó÷çìáôéóìüò).

¸íáò ãñáììéêüò ìåôáó÷çìáôéóìüò (linear transformation) Ý÷åé ãåíéêÜ ôç

ìïñöÞ

LT : x = au+ bv êáé y = cu+ dv; (6.1.5 - 4)

üôáí a; b; c; d ∈ R.

Óýìöùíá ìå ôçí (6:1:5− 2) ç ïñßæïõóá ôïõ Jacobi åßíáé

J(u; v) =

∣∣∣∣∣∣∣
xu yu

xv yv

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
a c

b d

∣∣∣∣∣∣∣ = ad− bc: (6.1.5 - 5)

Áí ad− bc ̸= 0, ôüôå ç (6:1:5− 4) áíôéóôñÝöåôáé, ïðüôå∫∫
D

f(x; y) dx dy = |ad− bc|
∫∫
D̃

F (u; v) du dv: (6.1.5 - 6)
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ÐáñáôçñÞóåéò 6.1.5 - 1

Ï ìåôáó÷çìáôéóìüò (6:1:5− 4)

i) áíÞêåé óôçí êáôçãïñßá ôùí ëåãüìåíùí ïìïãñáöéêþí ìåôáó÷çìáôéó-

ìþí (endomorphism Þ homomorphism), äçëáäÞ Ý÷åé ôçí éäéüôçôá íá

äéáôçñåß êáôÜ ôïí ìåôáó÷çìáôéóìü ôá ó÷Þìáôá, äçëáäÞ åõèåßåò óå åõèåßåò,

ôñßãùíá óå ôñßãùíá, ê.ëð.,

ii) ÷ñçóéìïðïéåßôáé ìüíïí, üôáí êÜíåé åõêïëüôåñï ôïí õðïëïãéóìü ôïõ

äéðëïý ïëïêëçñþìáôïò. Áõôü èá åßíáé êáé ôï ÷áñáêôçñéóôéêü ãíþñéóìá

êÜèå áíÜëïãïõ ìåôáó÷çìáôéóìïý, ðïõ ÷ñçóéìïðïéåßôáé óôïõò õðïëïãéó-

ìïýò ôçò ðáñáãñÜöïõ áõôÞò.

ÐáñÜäåéãìá 6.1.5 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

e
y−x
y+x dx dy;

üôáí D ôï ôñßãùíï ìå ðëåõñÝò ôïõò Üîïíåò óõíôåôáãìÝíùí êáé ôçí åõèåßá

x+ y − 2 = 0.

Ëýóç. ÅðåéäÞ ç ïëïêëÞñùóç ôçò óõíÜñôçóçò e
y−x
y+x åßíáé ðñáêôéêÜ áäýíáôç,

ãéá áðëïðïßçóç Ýóôù

u = y − x êáé v = y + x:

Ëýíïíôáò ùò ðñïò x êáé y, äçëáäÞ ëýíïíôáò ôï óýóôçìá

x − y = −u

x + y = v;

ðñïêýðôåé üôé ï ãñáììéêüò ìåôáó÷çìáôéóìüò (6:1:5 − 4) ãéá ôçí ðåñßðôùóç

áõôÞ ãñÜöåôáé ùò åîÞò:

LT : x =
v − u

2
êáé y =

v + u

2
:
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Ôüôå óýìöùíá ìå ôçí (6:1:5− 2) ç ïñßæïõóá ôïõ Jacobi åßíáé

J(u; v) =

∣∣∣∣∣∣∣
xu yu

xv yv

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
− 1

2
1
2

1
2

1
2

∣∣∣∣∣∣∣ = − 1

2
:

Ôï ôñßãùíï Ý÷åé ãéá åîéóþóåéò ôùí ðëåõñþí ôïõ ôïõò Üîïíåò ôùí óõíôåôáãìÝ-

íùí, äçëáäÞ ôéò åõèåßåò (Ó÷. 6.1.5 - 1a):

x = 0; y = 0 êáé ôçí x+ y − 2 = 0:

¢ñá ïé åîéóþóåéò ôùí ðëåõñþí ôïõ óýìöùíá ìå ôïí ãñáììéêü ìåôáó÷çìáôéóìü

(Ó÷. 6.1.5 - 1b) ôñïðïðïéïýíôáé ùò åîÞò:

• åõèåßá x = 0

LT :
u = y − 0 = y

v = y + 0 = y;

ïðüôå u = v, äçëáäÞ ç åõèåßá v − u = 0,

• åõèåßá y = 0

LT :
u = 0− x = −x

v = 0 + x = x;

ïðüôå u = −v, äçëáäÞ ç åõèåßá v + u = 0,

• åõèåßá x+ y + 2 = 0

LT : v =

x+y=2︷ ︸︸ ︷
y + x = 2;

ïðüôå v = 2, äçëáäÞ ç åõèåßá v − 2 = 0.

¢ìåóï óõìðÝñáóìá ôïõ ðáñáðÜíù ìåôáó÷çìáôéóìïý åßíáé ç åðáëÞèåõóç

ôùí ÐáñáôçñÞóåùí 6.1.5 - 1 (i).

Ôüôå áðü ôéò ìåôáó÷çìáôéóìÝíåò åîéóþóåéò ôùí ðëåõñþí ðñïêýðôåé üôé:

• v = −u êáé v = u, ïðüôå −u ≤ v ≤ u, åíþ

• u = 2.
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0.5 1.0 1.5 2.0
x

0.5

1.0

1.5

2.0

y

(a) -2 -1 1 2
v

0.5

1.0

1.5

2.0
u

(b)

Ó÷Þìá 6.1.5 - 1: (a) Ôï ôñßãùíï ôïõ ôüðïõ D êáé (b) ôï áíôßóôïé÷ï ôñßãùíï

ìåôÜ ôïí ãñáììéêü ìåôáó÷çìáôéóìü.

ÊáôÜ óõíÝðåéá ôï ðåäßï ïñéóìïý D ìåôáó÷çìáôßæåôáé óôï

D̃ = { (v; u) : −v ≤ u ≤ v; 0 ≤ u ≤ 2 }:

¢ñá áðü ôïí ôýðï (6:1:5− 6) Ý÷ïõìå

I =

∣∣∣∣−1

2

∣∣∣∣
2∫

0

 v∫
−v

e
u
v du

 dv

=
1

2

2∫
0

 v∫
−v

v
(u
v

)
u
e
u
v du

 dv

=
1

2

2∫
0

v
[
e
u
v

] u=v

u=−v
dv =

1

2

(
e− 1

e

) 2∫
0

v dv

= e− 1

e
:

ÐáñÜäåéãìá 6.1.5 - 2

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫
D

(x+ y) dx dy;
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Ó÷Þìá 6.1.5 - 2: ÐáñÜäåéãìá 6.1.5 - 2.

üôáí D ôï ôñßãùíï ôïõ Ó÷. 6.1.5 - 2. Íá ÷ñçóéìïðïéçèåß ï ãñáììéêüò

ìåôáó÷çìáôéóìüò

LT : x = 2u+ 3v êáé y = 2u− 3v:

Ëýóç. Áñ÷éêÜ óýìöùíá ìå ôçí (6:1:5− 2) ç ïñßæïõóá ôïõ Jacobi åßíáé

J(u; v) =

∣∣∣∣∣∣∣
xu yu

xv yv

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
2 3

2 −3

∣∣∣∣∣∣∣ = −12:

Ôï ôñßãùíï Ý÷åé ãéá åîéóþóåéò ôùí ðëåõñþí ôïõ ôéò åõèåßåò (Ó÷. 6.1.5 -

2):

x = 0; y = x êáé ôçí y = −x+ 5:

Ôüôå ïé åîéóþóåéò ôùí ðëåõñþí ôïõ óýìöùíá ìå ôïí ãñáììéêü ìåôáó÷çìáôéó-

ìü ôñïðïðïéïýíôáé ùò åîÞò:

• åõèåßá x = 0

LT : x = 2u+ 3v Þ 0 = 2u+ 3v;

äçëáäÞ ç åõèåßá 2u+ 3v = 0,
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• åõèåßá y = x

LT : 2u− 3v = 2u+ 3v;

äçëáäÞ ç åõèåßá u = 0,

• åõèåßá y = −x+ 5

LT : 2u− 3v = −(2u+ 3v) + 5 Þ 4u = 5;

äçëáäÞ ç åõèåßá u =
5

4
:

¼ìïéá áðü ôïí ðáñáðÜíù ìåôáó÷çìáôéóìü õðÜñ÷åé åðáëÞèåõóç ôùí Ðá-

ñáôçñÞóåùí 6.1.5 - 1 (i).

Ôüôå áðü ôéò ìåôáó÷çìáôéóìÝíåò åîéóþóåéò ôùí ðëåõñþí ðñïêýðôåé üôé:

• u = 0 êáé u = 5
4 , ïðüôå 0 ≤ u ≤ 5

4 , åíþ

• v = −2u
3 ,

ðïõ åðåéäÞ åßíáé u ≥ 0, ôåëéêÜ Ý÷ïõìå üôé ôï ðåäßï ïñéóìïý D ìåôáó÷çìáôßæå-

ôáé óôï

D̃ = { (v; u) : 0 ≤ u ≤ 5

4
; −2u

3
≤ v ≤ 0 };

åíþ ç ïëïêëçñùôÝá óõíÜñôçóç óôçí:

x+ y = (2u+ 3v) + (2u− 3v) = 4u:

¢ñá áðü ôïí ôýðï (6:1:5− 6) Ý÷ïõìå

I = |−12|
5=4∫
0

 0∫
−2u=3

4 dv

 u du = 48

5=4∫
0

(
2u

3

)
u du

=
96

3

5=4∫
0

u2 du =
125

6
:
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ÐïëéêÝò óõíôåôáãìÝíåò

¼ðùò åßíáé Þäç ãíùóôü ïé ðïëéêÝò (Ó÷. 6.1.5 - 3b) óõíôåôáãìÝíåò (r; �)

óõíäÝïíôáé ìå ôéò êáñôåóéáíÝò (Ó÷. 6.1.5 - 3a) óõíôåôáãìÝíåò (x; y) ìå ôéò

ó÷Ýóåéò

x = r cos � êáé y = r sin �; üôáí r ≥ 0 êáé 0 ≤ � < 2�: (6.1.5 - 7)

Ï ìåôáó÷çìáôéóìüò (6:1:5 − 7) åßíáé áìöéìïíïóÞìáíôïò ìå ôçí Ýííïéá üôé

(a) (b)

Ó÷Þìá 6.1.5 - 3: (a) ÊáñôåóéáíÝò êáé (b) ðïëéêÝò óõíôåôáãìÝíåò.

óå êÜèå óçìåßï (x; y) ∈ R2−{(0; 0)} áíôéóôïé÷åß áêñéâþò Ýíá óçìåßï (r; �) ∈
[0; +∞)×[0; 2�) êáé áíôßóôñïöá, åíþ ãéá ôçí ïñßæïõóá Jacobi ôïõ ìåôáó÷çìáôéóìïý

åßíáé

J(r; �) =

∣∣∣∣∣∣∣
xr yr

x� y�

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣ cos � sin �

−r sin � r cos �

∣∣∣∣∣∣ = r > 0:

Óýìöùíá ìå ôç ó÷Ýóç (6:1:5− 3) ôï ïëïêëÞñùìá
∫ ∫

D f(x; y) dx dy óôçí

ðåñßðôùóç áõôÞ ãñÜöåôáé∫∫
D

f(x; y) dx dy =

∫∫
D̃

F (r; �) r dr d�: (6.1.5 - 8)

ÐáñÜäåéãìá 6.1.5 - 3

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫
D

√
1− x2 − y2 dx dy;
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üôáí ï ôüðïò D åßíáé ôï Üíù çìéêýêëéï ìå êÝíôñï ôçí áñ÷Þ ôùí áîüíùí êáé

áêôßíá r = 1.

Ëýóç. Ìåôáó÷çìáôßæïíôáò óå ðïëéêÝò óõíôåôáãìÝíåò óýìöùíá ìå ôéò ó÷Ýóåéò

(6:1:5− 7) Ý÷ïõìå

f(x; y) =
√

1− x2 − y2 =
√

1− r2 = F (r; �);

åíþ åßíáé r ∈ [0; 1] êáé åðåéäÞ ðñüêåéôáé ãéá ôï Üíù çìéêýêëéï � ∈ [0; �].

¢ñá óýìöùíá ìå ôçí (6:1:5− 8) åßíáé

I =

�∫
0

 1∫
0

r
√

1− r2 dr

 d�

=

�∫
0

 1∫
0

−1

2

(
1− r2

)′ (
1− r2

)1=2
dr

 d�

=

�∫
0

− 1

2

(
1− r2

) 1
2
+1

1
2 + 1

 ∣∣∣∣∣∣
r=1

r=0

d�

= −1

3

�∫
0

(
1− r2

)3=2∣∣∣∣∣∣
r=1

r=0

d� =
1

3

∫ �

0
d� =

�

3
:

ÐáñÜäåéãìá 6.1.5 - 4

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫
D

2xy dx dy;

üôáí ï ôüðïò D åßíáé ï êõêëéêüò ôïìÝáò ôïõ 1ïõ ôåôáñôçìïñßïõ ìåôáîý ôùí

êýêëùí êÝíôñïõ (0; 0) êáé áêôßíùí 2 êáé 5 áíôßóôïé÷á.

Ëýóç. Ìåôáó÷çìáôßæïíôáò óå ðïëéêÝò óõíôåôáãìÝíåò ç ïëïêëçñùôÝá óõíÜñ-

ôçóç ãñÜöåôáé

f(x; y) = 2x y = 2 r2 sin � cos � = r2 sin 2� = F (r; �);
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üðïõ r ∈ [2; 5] êáé åðåéäÞ ðñüêåéôáé ãéá ôï 1ï ôåôáñôçìüñéï åßíáé � ∈ [0; �=2].

¢ñá óýìöùíá ìå ôçí (6:1:5− 8) åßíáé

I =

�=2∫
0

 5∫
2

r
(
r2 sin 2�

)
dr

 d�

=

�=2∫
0

 5∫
2

r3 dr

 sin 2� d� =

�=2∫
0

sin 2�

[
1

4
r4
] r=5

r=2

d�

=
609

4

�=2∫
0

sin 2� d� = −609

4

1

2
cos 2�

∣∣∣∣�=2
0

=
609

4
:

ÐáñÜäåéãìá 6.1.5 - 5

¼ìïéá ôï

I =

∫∫
D

ex
2+y2 dx dy;

üôáí ï ôüðïò D åßíáé ï ìïíáäéáßïò êýêëïò êÝíôñïõ (0; 0).

Ëýóç. ¼ìïéá ìåôáó÷çìáôßæïíôáò óå ðïëéêÝò óõíôåôáãìÝíåò ç ïëïêëçñùôÝá

óõíÜñôçóç ãñÜöåôáé

f(x; y) = er
2
= F (r; �);

üðïõ r ∈ [0; 1] êáé � ∈ [0; 2�].

¢ñá óýìöùíá ìå ôçí (6:1:5− 8) åßíáé

I =

2�∫
0

 1∫
0

r er
2
dr

 d� = 2�∫
0

[
1

2

(
r2
)
r
er

2
dr

]
d�

=

2�∫
0

1

2

[
er

2
] r=1

r=0
d� =

1

2
(e− 1)

2�∫
0

d� = � (e− 1) :
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ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï ïëïêëÞñùìá∫∫
D

xy dx dy;

üôáí ï ôüðïò D åßíáé:

i) ôï ôåôñÜãùíï ìå êïñõöÝò ôá óçìåßá

O(0; 0); A(1; 0); B(1; 1) êáé C(0; 1);

ii) ôï ôñßãùíï ìå êïñõöÝò

O(0; 0); A(2; 0) êáé B(2; 2);

iii) ï êõêëéêüò ôïìÝáò ìå êÝíôñï ôï óçìåßï O(0; 0) êáé Üêñá ôá óçìåßá

A(2; 2) êáé B(−2; 2) ôïõ êýêëïõ

x2 + y2 = 4:

2. ×ñçóéìïðïéþíôáò êáôÜëëçëï ìåôáó÷çìáôéóìü íá õðïëïãéóôåß ôï ïëïêëÞñù-

ìá ∫∫
D

xy dx dy;

üôáí D ï ôüðïò ðïõ ïñßæåôáé áðü ôïí Üîïíá ôùí x êáé ôï Üíù ìÝñïò ôïõ

êýêëïõ

(x− 1)2 + y2 = 4:

6.1.6 Õðïëïãéóìüò åìâáäþí åðßðåäùí ó÷çìÜôùí

Ïñéóìüò 6.1.6 - 1. Ôï åìâáäüí E åíüò åðßðåäïõ ó÷Þìáôïò D äßíåôáé áðü

ôïí ôýðï

E =

∫∫
D

dx dy: (6.1.6 - 1)
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Ôüôå, áí ôï D ïñßæåôáé óå

• êáñôåóéáíÝò óõíôåôáãìÝíåò áðü ôéò ó÷Ýóåéò

a ≤ x ≤ b êáé �(x) ≤ y ≤  (x);

åßíáé

E =

b∫
a

  (x)∫
�(x)

dy

 dx; (6.1.6 - 2)

åíþ, áí óå

• ðïëéêÝò óõíôåôáãìÝíåò áðü ôéò ó÷Ýóåéò

�1 ≤ � ≤ �2 êáé r1(�) ≤ r ≤ r2(�);

åßíáé

E =

�2∫
�1

 r2(�)∫
r1(�)

r dr

 d�: (6.1.6 - 3)

ÐáñÜäåéãìá 6.1.6 - 1

Íá õðïëïãéóôåß ôï åìâáäüí ôçò ðåñéï÷Þò D ðïõ âñßóêåôáé óôï åóùôåñéêü ôçò

ðåñéï÷Þò ìå åîßóùóç r = 3 + 2 sin � êáé óôï åîùôåñéêü ôïõ êýêëïõ êÝíôñïõ

(0; 9) êáé áêôßíáò r = 2 (Ó÷. 6.1.6 - 1a).

Ëýóç. Áñ÷éêÜ õðïëïãßæïíôáé ôá êïéíÜ óçìåßá ôùí äýï ðåñéï÷þí (Ó÷. 6.1.6

- 1b) èÝôïíôáò:

3 + 2 sin � = 2; ïðüôå sin � = − 1

2
= sin

(
−�
6

)
:

4¢ñá

� = − �

6
;

7�

6
;

4Õðåíèõìßæåôáé üôé

sinx = sin a ⇔ x = 2k� + a Þ x = 2k� + � − a; üôáí k ∈ Z:
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(a) (b)

Ó÷Þìá 6.1.6 - 1: ÐáñÜäåéãìá 6.1.6 - 1: (a) ç ðåñéï÷Þ D êáé (b) ôá êïéíÜ

óçìåßá.

ïðüôå óýìöùíá ìå ôçí (6:1:6− 3) åßíáé

E =

∫ �2

�1

[ ∫ r2(�)

r1(�)
dr

]
d� =

7�=6∫
−�=6

 3+2 sin �∫
2

r dr

 d�

=

7�=6∫
−�=6

[
1

2
r2
] 3+2 sin �

2

d�

=

7�=6∫
−�=6

 5

2
+ 6 cos � +

1−cos 2�︷ ︸︸ ︷
2 sin2 �

 d�

=

7�=6∫
−�=6

(
7

2
+ 6 cos � − cos 2�

)
d�

=

[
7

2
� − 6 cos � − 1

2
cos 2�

] 7�=6

−�=6

=
11

√
3

2
+

14�

3
≈ 24:187:
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6.1.7 Åìâáäüí åðéöÜíåéáò

Ïñéóìüò 6.1.7 - 1. Ôï åìâáäüí A ôçò åðéöÜíåéáò S, ðïõ ïñßæåôáé áðü ôç

óõíÜñôçóç z = f(x; y) ôçò ïðïßáò ç ðñïâïëÞ óôï åðßðåäï xy åßíáé ï ôüðïò

D, äßíåôáé áðü ôïí ôýðï

A =

∫∫
D

√
1 +

(
@f

@x

)2

+

(
@f

@y

)2

dx dy: (6.1.7 - 1)

ÐáñÜäåéãìá 6.1.7 - 1

Áí

f(x; y) = 1− y2

êáé

D = {−1 ≤ x ≤ 1; −0:5 ≤ y ≤ 0:5} ;

ôüôå

A =

1∫
−1

 0:5∫
−0:5

√
1 + 4y2 dy

 dx

=

1∫
−1

[
y

2

√
1 + 4y2 +

sinh−1 2y

4

] y=0:5

y=−0:5

dy

= 1:147794

1∫
−1

dx = 2:295 587:
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Õðïëïãéóìüò ôïõ ïëïêëçñþìáôïò I =
∫ √

1 + 4y2 dy

Åöáñìüæïíôáò ðáñáãïíôéêÞ ïëïêëÞñùóç Ý÷ïõìå

I =

∫ √
1 + 4y2 dy =

∫
(y)′
√

1 + 4y2 dy

= y
√

1 + 4y2 −
∫
y
[(
1 + 4y2

)1=2]′
dy

= y
√

1 + 4y2 −
∫
y

[
1

2

8y√
1 + 4y2

]
dy

= y
√

1 + 4y2 −
∫

4y2√
1 + 4y2

dy

= y
√

1 + 4y2 −
∫

4y2+1− 1√
1 + 4y2

dy

= y
√

1 + 4y2 −
∫

4y2 + 1√
1 + 4y2

dy −
∫

−1√
1 + 4y2

dy

= y
√

1 + 4y2 −
∫ √

1 + 4y2 dy +

1
2
sinh−1 2y︷ ︸︸ ︷∫
1√

1 + 4y2
dy

= y
√

1 + 4y2 − I +
1

2
sinh−1 2y

¢ñá ∫ √
1 + 4y2 dy =

1

2
y
√

1 + 4y2 +
1

4
sinh−1 2y: (6.1.7 - 2)

6.1.8 Õðïëïãéóìüò ìÜæáò

Ïñéóìüò 6.1.8 - 1. Áí �(x; y) ìå �(x; y) > 0 ãéá êÜèå (x; y) ∈ D ðáñéóôÜíåé

ôçí ðõêíüôçôá ôçò ìÜæáò, ðïõ êáôáíÝìåôáé ìå óõíå÷Þ ôñüðï óôï D, ôüôå ç

óõíïëéêÞ ìÜæá M ôïõ D äßíåôáé áðü ôïí ôýðï

M =

∫∫
D

�(x; y) dx dy: (6.1.8 - 1)



ÅöáñìïãÝò ôùí äéðëþí ïëïêëçñùìÜôùí 347

ÅðéðëÝïí ïé óõíôåôáãìÝíåò (x; y) ôïõ êÝíôñïõ ìÜæáò äßíïíôáé áðü ôéò

ó÷Ýóåéò

x =
My

M
êáé y =

Mx

M
;

üðïõ ïé

Mx =

∫∫
D

y �(x; y) dx dy êáé My =

∫∫
D

x �(x; y) dx dy

åßíáé ïé ñïðÝò 1çò ôÜîçò ôïõ D ùò ðñïò x êáé y-Üîïíá áíôßóôïé÷á.

Ôüôå ç ñïðÞ áäñÜíåéáò ùò ðñïò ôïí x-Üîïíá ïñßæåôáé íá åßíáé ç

Ix =

∫∫
D

x y2�(x; y) dx dy

êáé ùò ðñïò ôïí y-Üîïíá ç

Iy =

∫∫
D

x y2�(x; y) dx dy:

ÐáñÜäåéãìá 6.1.8 - 1

Íá õðïëïãéóôåß ôï êÝíôñï ìÜæáò êáé ïé ñïðÝò áäñÜíåéáò ùò ðñïò ôïõò x êáé

y-Üîïíåò ôçò ðåñéï÷Þò ðïõ ïñßæåôáé áðü ôï ôñßãùíï ìå êïñõöÝò óôá óçìåßá

(0; 0); (1; 0) êáé (1; 1);

üôáí ç ðõêíüôçôá åßíáé � = x+ y2.

Ëýóç. Ôï ôñßãùíï (Ó÷. 6.1.8 - 1) ðåñéãñÜöåôáé ùò åîÞò:

D = {(x; y) : 0 ≤ y ≤ x; 0 ≤ x ≤ 1 } ;

äçëáäÞ áíÞêåé óôçí Ðåñßðôùóç II.
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x

0.2

0.4

0.6

0.8
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y

Ó÷Þìá 6.1.8 - 1: ÐáñÜäåéãìá 6.1.8 - 1.

Ôüôå äéáäï÷éêÜ Ý÷ïõìå üôé

M =

1∫
0


x∫

0

x óôáèåñÜ︷ ︸︸ ︷(
x+ y2

)
dy

 dx =

1∫
0

[
xy +

y3

3

] y=x
y=0

dx

=

1∫
0

(
x2 +

x3

3

)
dx =

x3

3
+
x4

12

∣∣∣∣ 1
0

=
1

3
+

1

12
=

5

12
;

Mx =

1∫
0

 x∫
0

y
(
x+ y2

)
dy

 dx =

1∫
0

[
x
y2

2
+
y4

4

] y=x
y=0

dx

=

1∫
0

(
x3

2
+
x4

4

)
dx =

x4

8
+
x5

20

∣∣∣∣ 1
0

=
1

8
+

1

20
=

7

40
;

My =

1∫
0

 x∫
0

x
(
x+ y2

)
dy

 dx =

1∫
0

[
x2 y + x

y3

3

] y=x
y=0

dx

=

1∫
0

(
x3 +

x4

3

)
dx =

x4

4
+
x5

15

∣∣∣∣ 1
0

=
1

4
+

1

15
=

19

60
;

Ix =

1∫
0

 x∫
0

y2
(
x+ y2

)
dy

 dx =

1∫
0

[
x
y3

3
+
y5

5

] y=x
y=0

dx

=

1∫
0

(
x4

3
+
x5

5

)
dx =

x5

15
+
x6

30

∣∣∣∣ 1
0

=
1

15
+

1

30
=

1

10
;
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Ó÷Þìá 6.1.8 - 2: ÐáñÜäåéãìá 6.1.8 - 2.

Iy =

1∫
0

 x∫
0

x2
(
x+ y2

)
dy

 dx =

1∫
0

[
x3 y + x2

y3

3

] y=x
y=0

dx

=

1∫
0

(
x4 +

x5

3

)
dx =

x5

5
+
x6

18

∣∣∣∣ 1
0

=
1

5
+

1

18
=

23

90
:

¢ñá

x =
My

M
=

19

25
; y =

Mx

M
=

21

100
:

ÐáñÜäåéãìá 6.1.8 - 2

¼ìïéá ôï êÝíôñï ìÜæáò ôçò ôñéãùíéêÞò ðåñéï÷Þò ìå êïñõöÝò ôá óçìåßá

(0; 0); (1; 0) êáé (0; 2);

üôáí ç ðõêíüôçôá åßíáé � = 1 + x+ 3y.

Ëýóç. ¸óôù A(1; 0) êáé B(0; 2). ¢ñá ðñüêåéôáé ãéá ïñèïãþíéï ôñßãùíï

ìå êïñõöÞ ôï (0; 0) êáé õðïôåßíïõóá ôçí AB. Ãéá ôçí åîßóùóç ôçò ÁÂ
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÷ñçóéìïðïéåßôáé ï ôýðïò

x− x1
x2 − x1

=
y − y1
y2 − y1

;

üðïõ A(1; 0) = (x1; y1) êáé B(0; 2) = (x2; y2), ïðüôå

x− 1

0− 1
=
y − 0

2− 0
; äçëáäÞ y = 2− 2x:

¢ñá ôï ôñßãùíï (Ó÷. 6.1.8 - 2) ðåñéãñÜöåôáé ùò åîÞò:

D = {(x; y) : 0 ≤ y ≤ 2− 2x; 0 ≤ x ≤ 1 } ;

äçëáäÞ áíÞêåé üìïéá óôçí Ðåñßðôùóç II.

Ôüôå äéáäï÷éêÜ Ý÷ïõìå üôé

M =

1∫
0

 2−2x∫
0

(1 + x+ 3y) dy

 dx

=

1∫
0

[
y + x y +

3 y2

2

] y=2−2x

y=0

dx

=

1∫
0

[
2− 2x+ x(2− 2x) +

3(2− 2x)2

2

]
dx

=

1∫
0

(
8− 12x+ 4x2

)
dx =

= 8x− 6x2 +
4x3

3

∣∣∣∣ 1
0

=
10

3
;
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My =

1∫
0

 2−2x∫
0

x (1 + x+ 3y) dy

 dx

=

1∫
0

[
x(1 + x) y + 3

y3

3

] y=2−2x

y=0

dx

=

1∫
0

(
8x− 12x2 + 4x3

)
dx = 4x2 − 4x3 + x4

∣∣ 1
0
= 1 ;

Mx =

1∫
0

 2−2x∫
0

y (1 + x+ 3y) dy

 dx

=

1∫
0

[
(1 + x)

y2

2
+ 3

y3

3

] y=2−2x

y=0

dx

=

1∫
0

(
10− 26x+ 22x2 − 6x3

)
dx = 10x− 13x2 +

22x3

3
− 6x4

4

∣∣∣∣ 1
0

=
17

6
:

¢ñá

x =
My

M
=

3

10
; y =

Mx

M
=

17

20
:

ÐáñÜäåéãìá 6.1.8 - 3

Ìéá åðßðåäç ðëÜêá óôï xy-åðßðåäï ðåñéêëåßåôáé áðü ôçí êáìðýëç x = y2 êáé

ôçí åõèåßá x = 4. Áí ç ðõêíüôçôá óå êÜèå óçìåßï ôçò åßíáé áíÜëïãç áðü

ôçí áðüóôáóÞ ôçò áðü ôïí y-Üîïíá, íá õðïëïãéóôåß ç ìÜæá ôçò ðëÜêáò êáé ôï

êÝíôñï ìÜæáò ôçò.

Ëýóç. Ôá êïéíÜ óçìåßá ôçò êáìðýëçò êáé ôçò åõèåßáò õðïëïãßæïíôáé ùò åîÞò:

x = y2

x = 4;
ïðüôå y2 = 4; äçëáäÞ y = ±2:
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y

Ó÷Þìá 6.1.8 - 3: ÐáñÜäåéãìá 6.1.8 - 3.

¢ñá ï ôüðïò (Ó÷. 6.1.8 - 3) ðåñéãñÜöåôáé ùò åîÞò:

D =
{
(x; y) : y2 ≤ x ≤ 4; −2 ≤ y ≤ 2

}
;

äçëáäÞ áíÞêåé óôçí Ðåñßðôùóç III.

ÅðïìÝíùò äéáäï÷éêÜ Ý÷ïõìå

M =

2∫
−2

 4∫
y2

x dx

 dy =

2∫
−2

[
x2

2

]x=4

x=y2
dy

=

2∫
−2

1

2

[
42 −

(
y2
)2]

dy =

2∫
−2

1

2

(
16− y4

)
dy

=

(
8 y − y5

10

) ∣∣∣∣ 2

−2

=
128

5
;
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My =

2∫
−2

 4∫
y2

f(x;y)=x︷︸︸︷
x2 dx

 dy =

2∫
−2

[
x3

3

]x=4

x=y2
dy

=
1

3

2∫
−2

(
64− y6

)
dy =

1

3

[
64 y − y7

7

] 2

−2

=
512

7
;

Mx =

2∫
−2

 4∫
y2

f(x;y)=x︷︸︸︷
x y dx

 dy =

2∫
−2

[
y
x2

2

]x=4

x=y2
dy

=

2∫
−2

(
8y − y5

2

)
dy = 0:

¢ñá

x =
My

M
=

20

7
; y =

Mx

M
= 0:

¢óêçóç

Ìßá ëåðôÞ ðëÜêá ïñßæåôáé áðü ôçí ðáñáâïëÞ y = 2x−x2 êáé ôïí Üîïíá ôùí x.
Íá ðñïóäéïñéóôåß ç ïëéêÞ ìÜæá ôçò êáé ïé óõíôåôáãìÝíåò (x; y) ôïõ êÝíôñïõ

âÜñïõò ôçò ìÜæáò, üôáí ç ðõêíüôçôá óå êÜèå óçìåßï ôçò (x; y) åßíáé

1− y

1 + x
:

6.1.9 Õðïëïãéóìüò üãêùí

Ïñéóìüò 6.1.9 - 1. Ï üãêïò V ôïõ óôåñåïý ðïõ ïñßæåôáé áðü ôçí åðéöÜíåéá

S ìå åîßóùóç z = f(x; y), üôáí f(x; y) ≥ 0 ãéá êÜèå (x; y) ∈ D, ôï åðßðåäï

0xy êáé áðü ôçí êõëéíäñéêÞ åðéöÜíåéá ðïõ Ý÷åé ïäçãü ôï óýíïñï @D ôïõ D

êáé ãåíÝôåéñåò ðáñÜëëçëåò ðñïò ôïí z-Üîïíá äßíåôáé áðü ôïí ôýðï

V =

∫∫
D

f(x; y) dx dy: (6.1.9 - 1)
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Ó÷Þìá 6.1.9 - 1: ÐáñÜäåéãìá 6.1.9 - 1.

Ïñéóìüò 6.1.9 - 2. Áí f(x; y) ≥ g(x; y) ≥ 0 ãéá êÜèå (x; y) ∈ D, ôüôå

ï üãêïò V ôïõ óôåñåïý ðïõ öñÜóóåôáé áðü ôçí åðéöÜíåéá z = g(x; y) êáé

w = f(x; y), áðü ôçí êõëéíäñéêÞ åðéöÜíåéá ðïõ Ý÷åé ïäçãü ôï óýíïñï @D

ôïõ D êáé ãåíÝôåéñåò ðáñÜëëçëåò ðñïò ôïí z-Üîïíá äßíåôáé áðü ôïí ôýðï

V =

∫∫
D

f(x; y)− g(x; y) dx dy: (6.1.9 - 2)

ÐáñÜäåéãìá 6.1.9 - 1

Íá õðïëïãéóôåß ï üãêïò ôïõ óôåñåïý ðïõ ðåñéêëåßåôáé áðü ôï óôåñåü ìå

åîßóùóç z = x2 + y2 êáé ôï åðßðåäï z = 16 (Ó÷. 6.1.9 - 1).

Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:1:9 − 2) ï æçôïýìåíïò üãêïò, Ýóôù V , èá

ðñïêýøåé áðü ôç äéáöïñÜ ôïõ üãêïõ ôïõ åðéðÝäïõ êáé ôïõ óôåñåïý, äçëáäÞ

V =

∫∫
D

16 dx dy −
∫∫
D

(
x2 + y2

)
dx dy

=

∫∫
D

[
16−

(
x2 + y2

)]
dx dy =

∫∫
D

f(x; y) dx dy:

Áðü ôç ìïñöÞ ôçò ïëïêëçñùôÝáò óõíÜñôçóçò f(x; y) ðñïêýðôåé ôüôå üôé

ï ôüðïò åßíáé Ýíáò êýêëïò êÝíôñïõ (0; 0) êáé áêôßíáò r = 4.
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Ôüôå ìåôáó÷çìáôßæïíôáò óå ðïëéêÝò óõíôåôáãìÝíåò (x = r cos �, y =

r sin �) Ý÷ïõìå

f(x; y) = 16− r2 sin2 � − r2 cos2 � = 16− r2 = F (r; �);

üðïõ r ∈ [0; 4] êáé � ∈ [0; 2�] ïðüôå áðü ôéò (6:1:5 − 8) êáé (6:1:9 − 1)

ðñïêýðôåé üôé

V =

∫∫
D

[
16−

(
x2 + y2

)]
dx dy =

∫ 2�

0

[ ∫ 4

0
r
(
16− r2

)
dr

]
d�

=

2�∫
0

[
[ 8r2 − 1

4
r4
] r=4

r=0

d� = 64

2�∫
0

d� = 128�:

6.2 ÔñéðëÜ ïëïêëçñþìáôá

6.2.1 Ïñéóìüò

Åßíáé Þäç ãíùóôü áðü ôçí ÅéóáãùãÞ ôïõ ÌáèÞìáôïò (ÐáñÜãñáöïò 6.1.1) üôé

ôï ïñéóìÝíï ïëïêëÞñùìá
∫ b
a f(x) dx ðáñéóôÜíåé ãåùìåôñéêÜ ôï åìâáäüí ðïõ

ðåñéêëåßåôáé áðü ôçí êáìðýëç y = f(x), ôéò åõèåßåò x = a; b êáé ôïí x-Üîïíá

(Ó÷. 6.2.1 - 1), åíþ áðü ôïí ïñéóìü ôïõ äéðëïý ïëïêëçñþìáôïò (ÐáñÜãñáöïò

6.1.3) üôé ôï
∫∫
D f(x; y) dx dy ðáñéóôÜíåé ôïí üãêï ôïõ óôåñåïý ðïõ ðåñéêëåß-

åôáé áðü ôçí åðéöÜíåéá z = f(x; y), ôï ðåäßï ïñéóìïý D êáé ôïõ ïðïßïõ ïé

áêìÝò åßíáé ðáñÜëëçëåò ðñïò ôïí z-Üîïíá (Ó÷. 6.2.1 - 2).

Åðåêôåßíïíôáò ôéò ðáñáðÜíù ãåùìåôñéêÝò åñìçíåßåò Ýóôù ç óõíÜñôçóç

f(x; y; z) ìå ðåäßï ïñéóìïý

D = [a1; b1]× [a2; b2]× [a3; b3] ⊆ R3;

ðïõ õðïôßèåôáé üôé åßíáé öñáãìÝíç ãéá êÜèå (x; y; z) ∈ D. Áí óôçí ðåñßðôùóç
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æ æ

a b

x

fHxL

Ó÷Þìá 6.2.1 - 1: ãåùìåôñéêÞ åñìçíåßá ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò∫ b
a f(x) dx.

Ó÷Þìá 6.2.1 - 2: ãåùìåôñéêÞ åñìçíåßá ôïõ äéðëïý ïëïêëçñþìáôïò∫∫
D f(x; y) dx dy.
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áõôÞ ï ôüðïò D õðïäéáéñåèåß áðü ôá óçìåßá

xi ∈ [a1; b1] ; i = 1; 2; : : : ; n ìå ðëÜôïò äéáìÝñéóçò ∆x;

yj ∈ [a2; b2] ; j = 1; 2; : : : ; m : : : ∆y;

zk ∈ [a3; b3] ; k = 1; 2; : : : ; p : : : ∆z;

ôüôå, Ýóôù∆A = ∆x∆y∆z ï üãêïò ôïõ óôïé÷åéþäïõò ïñèïãùíßïõ ðáñáëëç-

ëåðéðÝäïõ ôçò ðáñáðÜíù äéáìÝñéóçò. Ç áðåéêüíéóç óå Üîïíá óõíôåôáãìÝíùí

ôçò ôéìÞò f
(
x∗i ; y

∗
j ; z

∗
k

)
ãßíåôáé ðñïóèÝôïíôáò óôéò Þäç ãíùóôÝò ôñåéò äéáóôÜóåéò

x; y; z ìéá åðéðëÝïí 4ç äéÜóôáóç. Ôüôå Ý÷åé Ýííïéá ôï ðáñáêÜôù Üèñïéóìá:

V ≈ f (x∗1; y
∗
1; z

∗
1) ∆A+ : : :+ f

(
x∗n; y

∗
m; z

∗
p

)
∆A: (6.2.1 - 1)

Áðïäåéêíýåôáé óôçí ÁíÜëõóç üôé, üôáí ç äéáãþíéïò ôùí ðáñáðÜíù ðáñá-

ëëçëåðéðÝäùí ôåßíåé óôï ìçäÝí êáèþò ôá n; m p→ +∞, ôï Üèñïéóìá (6:2:1−
1) óõãêëßíåé ðñïò Ýíáí áñéèìü, Ýóôù I, ðïõ åßíáé áíåîÜñôçôïò áðü ôçí åðéëïãÞ

ôùí óçìåßùí (xi; yj ; zk).
5Óýìöùíá ìå ôá ðáñáðÜíù äßíåôáé óôç óõíÝ÷åéá ï ðáñáêÜôù ïñéóìüò:

Ïñéóìüò 6.2.1 - 1 (ôñéðëïý ïëïêëçñþìáôïò).

Ïñßæåôáé ùò ôñéðëü ïëïêëÞñùìá (triple integral) ôçò f(x; y; z) óôï D =

[a1; b1]× [a2; b2]× [a3; b3] ç ïñéáêÞ ôéìÞ

I =

∫∫∫
D

f(x; y; z) dx dy dz

= lim
n;m p→+∞

n∑
i=1

m∑
j=1

p∑
k=1

f
(
x∗i ; y

∗
j ; y

∗
k

)
∆A; (6.2.1 - 2)

åöüóïí ç ïñéáêÞ ôéìÞ õðÜñ÷åé.

Ï ðáñáðÜíù ïñéóìüò ãåíéêåýåôáé ãéá êÜèå öñáãìÝíï ðåäßï ïñéóìïý D ôçò

f .

5¼ìïéá ï áíáãíþóôçò, ãéá ìéá ðëçñÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1,

2, 3, 4] êáé: http : ==en:wikipedia:org=wiki=Triple integral
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ÃåùìåôñéêÞ åñìçíåßá

Áí ç 4ç äéÜóôáóç óõìâïëßæåé ôïí ÷ñüíï t, ôüôå áëëÜæïíôáò ôç óåéñÜ ôùí

ìåôáâëçôþí, Ýóôù üôé ç óõíÜñôçóç ðïõ ïëïêëçñþíåôáé åßíáé ìå ìåôáâëçôÝò

x; y; t êáé ç ôÝôáñôç äéÜóôáóç åßíáé ç z. ÕðïèÝôïíôáò üôé ïé ìåôáâëçôÝò x,

y åßíáé åðßóçò óõíáñôÞóåéò ôïõ t, ôüôå äßíïíôáò ìéá ôéìÞ óôï t, Ýóôù t0, ôï

ïëïêëÞñùìá ôçò z = f̃ (x; y; t0) èá ïñßæåé óýìöùíá êáé ìå ôç ãåùìåôñéêÞ

åñìçíåßá ôïõ äéðëïý ïëïêëçñþìáôïò ôïí üãêï ôïõ áíôßóôïé÷ïõ ïñèïãùíßïõ

ðáñáëëçëåðéðÝäïõ.

Áðü ôá ðáñáðÜíù ðñïêýðôåé üôé:

Ðñüôáóç 6.2.1 - 1. Ôï ôñéðëü ïëïêëÞñùìá óõìâïëßæåé ãåùìåôñéêÜ ôçí ôéìÞ

ôïõ üãêïõ, ðïõ äçìéïõñãåßôáé óå äåäïìÝíç ÷ñïíéêÞ óôéãìÞ t áðü ôá áíôßóôïé÷á

(x; y; z) ∈ D.

6.2.2 Éäéüôçôåò

Äßíïíôáé óôç óõíÝ÷åéá ìå ôç ìïñöÞ èåùñçìÜôùí ïé êõñéüôåñåò éäéüôçôåò ôïõ

ôñéðëïý ïëïêëçñþìáôïò. Ôï ðåäßï ïñéóìïý, Ýóôù D, ôùí óõíáñôÞóåùí õðïôß-

èåôáé üôé åßíáé êëåéóôü êáé öñáãìÝíï.

Èåþñçìá 6.2.2 - 1 (ãñáììéêÞ). Áí ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóé-

ìåò åðß ôïõ D êáé k; � ∈ R, ôüôå∫∫∫
D

[k f(x; y; z) + � g(x; y; z)] dx dy dz

= k

∫∫∫
D

f(x; y; z) dx dy dz

+�

∫∫∫
D

g(x; y; z) dx dy dz:

Ç éäéüôçôá ãåíéêåýåôáé.
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Èåþñçìá 6.2.2 - 2 (áèñïéóôéêÞ). Áí ç ðåñéï÷Þ D áðïôåëåßôáé áðü ôéò

÷ùñéóôÝò ðåñéï÷Ýò D1 êáé D2, äçëáäÞ D = D1 ∪D2 êáé D1 ∩D2 ≠ 0, ôüôå∫∫∫
D

f(x; y; z) dx dy dz

=

∫∫∫
D1

f(x; y; z) dx dy dz +

∫∫∫
D2

f(x; y; z) dx dy dz;

åíþ, áí D1 ∩D2 = D̃, äçëáäÞ õðÜñ÷åé åðéêÜëõøç ôùí ðåñéï÷þí D1 êáé D2

óôçí ðåñéï÷Þ D̃, ôüôå ∫∫∫
D

f(x; y; z) dx dy dz

=

∫∫∫
D1

f(x; y; z) dx dy dz +

∫∫∫
D2

f(x; y; z) dx dy dz

−
∫∫∫
D̃

f(x; y; z) dx dy dz:

Èåþñçìá 6.2.2 - 3 (óýãêñéóçò). Áí f(x; y; z) ≥ g(x; y; z) ãéá êÜèå (x; y; z) ∈
D êáé ïé óõíáñôÞóåéò f; g åßíáé ïëïêëçñþóéìåò åðß ôïõ D, ôüôå∫∫∫

D

f(x; y; z) dx dy dz ≥
∫∫∫
D

g(x; y; z) dx dy dz:

ÅéäéêÜ, áí g(x; y; z) > 0 ãéá êÜèå (x; y; z) ∈ D, ôüôå∫∫∫
D

g(x; y; z) dx dy dz > 0:

Èåþñçìá 6.2.2 - 4. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç åðß ôïõ D, ôüôå∣∣∣∣∣∣
∫∫∫
D

f(x; y; z) dx dy dz

∣∣∣∣∣∣ ≤
∫∫∫
D

|f(x; y; z)| dx dy dz:
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Èåþñçìá 6.2.2 - 5. Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç åðß ôïõ D êáé

ôï D åßíáé áìåëçôÝïõ åìâáäïý, ôüôå∫∫∫
D

f(x; y; z) dx dy dz = 0:

Èåþñçìá 6.2.2 - 6 (ìÝóçò ôéìÞò). Áí ç óõíÜñôçóç f åßíáé ïëïêëçñþóéìç

åðß ôïõ D , ôüôå ∫∫∫
D

f(x; y; z) dx dy dz = f (x0; y0; z0) V;

üðïõ V ï üãêïò ôïõ ôüðïõ D êáé (x0; y0; z0) ∈ D.

6.2.3 ÌÝèïäïé õðïëïãéóìïý

Ï õðïëïãéóìüò ôïõ ôñéðëïý ïëïêëçñþìáôïò (6:2:1 − 2) åîáñôÜôáé áðü ôç

ìïñöÞ ôïõ ðåäßïõ ïñéóìïý. Áðü ôéò õðÜñ÷ïõóåò ìåèüäïõò õðïëïãéóìïý èá

åîåôáóôïýí ìüíïí ïé ðáñáêÜôù äýï.6

I. D =
{
(x; y; z) ∈ R3 : a1 ≤ x ≤ b1; a2 ≤ y ≤ b2; a3 ≤ z ≤ b3

}
,

äçëáäÞ êáé ïé ôñåéò ìåôáâëçôÝò ìåôáâÜëëïíôáé óå äéáóôÞìáôá ìå óôáèåñÜ Üêñá

Þ äéáöïñåôéêÜ ôï ðåäßï ïñéóìïý åßíáé Ýíá ïñèïãþíéï ðáñáëëçëåðßðåäï.

Ôüôå ï õðïëïãéóìüò ãßíåôáé óýìöùíá ìå ôï ðáñáêÜôù èåþñçìá:

Èåþñçìá 6.2.3 - 1 (Fubini). Áí ç óõíÜñôçóç f ìå ðåäßï ïñéóìïý

D = [a1; b1]× [a2; b2]× [a3; b3]

=
{
(x; y; z) ∈ R3 : a1 ≤ x ≤ b1; a2 ≤ y ≤ b2; a3 ≤ z ≤ b3

}
6Ï áíáãíþóôçò ãéá åêôåíÝóôåñç ìåëÝôç ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 4].
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åßíáé ïëïêëçñþóéìç åðß ôïõ D, ôüôå

∫∫∫
D

f (x; y; z) dx dy dz =

b1∫
a1


b2∫
a2

 b3∫
a3

f (x; y; z) dz

 dy
 dx

=

b2∫
a2


b3∫
a3

 b1∫
a1

f (x; y; z) dx

 dz
 dy

=

b3∫
a3


b1∫
a1

 b2∫
a2

f (x; y; z) dy

 dx
 dz:

Ôï èåþñçìá áõôü åßíáé ìéá ãåíßêåõóç ôïõ áíôßóôïé÷ïõ èåùñÞìáôïò ôïõ Fubini

ãéá ôá äéðëÜ ïëïêëçñþìáôá. Óýìöùíá ìå ôï èåþñçìá, ç ôéìÞ ôïõ ôñéðëïý

ïëïêëçñþìáôïò åßíáé áíåîÜñôçôç áðü ôç óåéñÜ ïëïêëÞñùóçò.

ÐáñÜäåéãìá 6.2.3 - 1

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫∫
D

8xyz dx dy dz;

üôáí

D =
{
(x; y; z) ∈ R3 2 ≤ x ≤ 3; 1 ≤ y ≤ 2; 0 ≤ z ≤ 1

}
:
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Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:2:3− 1) Ý÷ïõìå

I =

∫∫∫
D

8xyz dx dy dz

=

2∫
1


3∫

2

 1∫
0

xy óôáèåñÝò︷ ︸︸ ︷
8xyz dz

 dx
 dy

=

2∫
1


3∫

2

[
4xyz2

] z=1

z=0
dx

 dy =

2∫
1

 3∫
2

y óôáèåñÜ︷︸︸︷
4xy dx

 dy

=

2∫
1

[
2x2y

]x=3

x=2
dx =

2∫
1

10 y dy = 15:

II.

D = {(x; y; z) ∈ R3 : a1 ≤ x ≤ b1 ; �1(x) ≤ y ≤ �2(x)

z1(x; y) ≤ z ≤ z2(x; y)}

Ôüôå éó÷ýåé

I =

∫∫∫
D

f(x; y; z) dx dy dz (6.2.3 - 1)

=

b1∫
a1


�2(x)∫
�1(x)

 z2(x;y)∫
z1(x;y)

f(x; y; z) dz

 dy
 dx;

äçëáäÞ ç ïëïêëÞñùóç ãßíåôáé ðñþôá áðü ôç ìåôáâëçôÞ ðïõ åîáñôÜôáé áðü ôéò

Üëëåò äýï ìåôáâëçôÝò.
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ÐáñÜäåéãìá 6.2.3 - 2

Íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫∫∫
D

x3y2z dx dy dz;

üôáí

D =
{
(x; y; z) ∈ R3 0 ≤ x ≤ 1; 0 ≤ y ≤ x; 0 ≤ z ≤ xy

}
:

Ëýóç. Óýìöùíá ìå ôïí ôýðï (6:2:3− 3) Ý÷ïõìå

I =

∫∫∫
D

x3y2z dx dy dz =

1∫
0


x∫

0

 xy∫
0

x3y2z dz

 dy
 dx

=

1∫
0


x∫

0

[
1

2
x3y2z2

] z=xy
z=0

dy

 dx =
1

2

1∫
0

 x∫
0

x5y4 dy

 dx

=
1

2

1∫
0

[
1

5
x5y5

] y=x
y=0

dx =
1

2

1∫
0

x10 dx =
1

110
:

ÐáñÜäåéãìá 6.2.3 - 3

¼ìïéá ôï ïëïêëÞñùìá

I =

∫∫∫
D

(
x2 + y2 − z2

)
dx dy dz;

üôáí

D =
{
(x; y; z) ∈ R3 : x+ y + z ≤ 1; x; y; z ≥ 0

}
:
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Ó÷Þìá 6.2.3 - 1: Ï ôüðïò D ôïõ Ðáñáäåßãìáôïò 6.2.3 - 3.

Ëýóç. Ï ôüðïò D ðåñéãñÜöåôáé ùò åîÞò (Ó÷. 6.2.3 - 1):

D = {(x; y; z) ∈ R3 : 0 ≤ x ≤ 1 ; 0 ≤ y ≤ 1− x

0 ≤ z ≤ 1− x− y}:

Ôüôå üìïéá ìå ôïí ôýðï (6:2:3− 3) Ý÷ïõìå

I =

∫∫∫
D

(
x2 + y2 − z2

)
dx dy dz

=

1∫
0


1−x∫
0

 1−x−y∫
0

(
x2 + y2 − z2

)
dz

 dy
 dx

=

1∫
0


1−x∫
0

[
x2z + y2z − z3

3

] z=1−x−y

z=0

dy

 dx

=

1∫
0

(
x2

2
− x3 +

x4

2

)
dx =

1

60
:
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ÐáñáôÞñçóç 6.2.3 - 1

Óôçí êáôçãïñßá áõôÞ õðÜñ÷ïõí ïé ðáñáêÜôù Üëëïé äýï ôýðïé ðáñÜóôáóçò ôïõ

ôüðïõ D:

•

D = {(x; y; z) ∈ R3 : a1 ≤ y ≤ b1 ; �1(y) ≤ z ≤ �2(y)

z1(y; z) ≤ x ≤ z2(y; z)}

Ôüôå éó÷ýåé

I =

∫∫∫
D

f(x; y; z) dx dy dz (6.2.3 - 2)

=

b1∫
a1


�2(y)∫
�1(y)

 z2(y;z)∫
z1(y;z)

f(x; y; z) dx

 dz
 dy:

•

D = {(x; y; z) ∈ R3 : a1 ≤ z ≤ b1 ; �1(z) ≤ x ≤ �2(z)

z1(x; z) ≤ y ≤ z2(x; z)}

Ôüôå éó÷ýåé

I =

∫∫∫
D

f(x; y; z) dx dy dz (6.2.3 - 3)

=

b1∫
a1


�2(z)∫
�1(z)

 z2(x;z)∫
z1(x;z)

f(x; y; z) dy

 dx
 dz:

¢óêçóç

Íá õðïëïãéóôïýí ôá ôñéðëÜ ïëïêëçñþìáôá

I =

∫∫∫
D

f(x; y; z) dx dy dz;

üôáí ç óõíÜñôçóç f éóïýôáé ìå:



366 ÔñéðëÜ ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

i) xy êáé

D =
{
(x; y; z) ∈ R3 : −1 ≤ x ≤ 2; 0 ≤ y ≤ 1; −2 ≤ z ≤ 3

}
;

ii) (x+ y + z + 1)−1 êáé D ôï óôåñåü ìåôáîý ôùí åðéðÝäùí

x = 0; y = 0; z = 0; êáé x+ y + z = 1:

iii) z
√
x2 + y2 êáé D ôï óôåñåü ìåôáîý ôùí åðéöáíåéþí

x = z; z ≥ 0; êáé x2 + y2 = 1:

iv) x2 + y2 + z2 êáé D ôï åóùôåñéêü ôçò ìïíáäéáßáò óöáßñáò ìå êÝíôñï ôï

óçìåßï (0; 0; 0).

v) xyz êáé D ôï åóùôåñéêü ôïõ åëëåéøïåéäïýò

x2

a2
+
y2

b2
+
z2

c2
= 1; üôáí x; y; z ≥ 0:

ÁðáíôÞóåéò

(i) I =
1∫
0

3∫
−2

1∫
−1

xy dx dz dy = 15
4
;, (ii) 8 ln 2−5

16
;, (iii) �

20
; (iv) 4�

5
; (v) a2b2c2

48
:

6.2.4 ÅöáñìïãÝò ôùí ôñéðëþí ïëïêëçñùìÜôùí

Õðïëïãéóìüò üãêùí

Ïñéóìüò 6.2.4 - 1. Áí ï ôüðïò D åßíáé êëåéóôü êáé öñáãìÝíï óôåñåü, ôüôå

ï üãêïò V ôïõ D éóïýôáé ìå ôçí ôéìÞ ôïõ ôñéðëïý ïëïêëçñþìáôïò

V =

∫∫∫
D

1 dx dy dz: (6.2.4 - 1)
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Õðïëïãéóìüò ìÜæáò

Ïñéóìüò 6.2.4 - 2. Áí �(x; y; z) ìå �(x; y; z) > 0 ãéá êÜèå (x; y; z) ∈ D

ðáñéóôÜíåé ôçí ðõêíüôçôá ôçò ìÜæáò, ðïõ êáôáíÝìåôáé ìå óõíå÷Þ ôñüðï óôï

D, ôüôå ç óõíïëéêÞ ìÜæá M ôïõ D äßíåôáé áðü ôïí ôýðï

M =

∫∫∫
D

�(x; y; z) dx dy dz: (6.2.4 - 2)

Óôçí ðåñßðôùóç áõôÞ ôï êÝíôñï âÜñïõò (x0; y0) äßíåôáé áðü ôéò ó÷Ýóåéò

x =
Myz

M
; y =

Mxz

M
êáé z =

Mxy

M
;

üðïõ ïé

Myz =

∫∫∫
D

x �(x; y; z) dx dy dz;

Mxz =

∫∫∫
D

y �(x; y; z) dx dy dz; êáé

Mxy =

∫∫∫
D

z �(x; y; z) dx dy dz

åßíáé ïé ñïðÝò 1çò ôÜîçò ôïõ D.
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ÌÜèçìá 7

ÅÐÉÊÁÌÐÕËÉÁ ÊÁÉ

ÅÐÉÖÁÍÅÉÁÊÁ

ÏËÏÊËÇÑÙÌÁÔÁ

7.1 Åðéêáìðýëéá ïëïêëçñþìáôá

7.1.1 Ïñéóìüò óå äéáíõóìáôéêü ðåäßï

Óôï ìÜèçìá áõôü ãßíåôáé ìéá ãåíßêåõóç ôçò ìÝ÷ñé ôþñá ãíùóôÞò óôïí áíáãíþó-

ôç Ýííïéáò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

∫ â

á
f(x)dx;

óýìöùíá ìå ôçí ïðïßá ôï äéÜóôçìá ïëïêëÞñùóçò [á; â] áíôéêáèßóôáôáé áðü ìéá

êáìðýëç, Ýóôù C (Ó÷. 7.1.1 - 1a), ìå ðåðåñáóìÝíï ìÞêïò, ðïõ ðåñéãñÜöåôáé

áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç1 r(t), åíþ ç ïëïêëçñùôÝá óõíÜñôçóç f(x)

1ÂëÝðå ÌÜèçìá ÄéáíõóìáôéêÞ óõíÜñôçóç - ÐáñáìåôñéêÞ ðáñÜóôáóç êáìðõëþí.

371
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áðü Ýíá äéáíõóìáôéêü ðåäßï, ðïõ ðåñéãñÜöåôáé åðßóçò áðü ìßá 2äéáíõóìáôéêÞ

óõíÜñôçóç, Ýóôù F (Ó÷. 7.1.1 - 1b), ðïõ ïñßæåôáé åðß ôçò C (Ó÷. 7.1.1 - 2c),

äçëáäÞ ôá óçìåßá (x; y), áíôßóôïé÷á (x; y; z) óôá ïðïßá ïñßæåôáé ç F, åßíáé

åðßóçò óçìåßá ôçò C (Ó÷. 7.1.1 - 2d). Ôá ïëïêëçñþìáôá áõôÜ ëÝãïíôáé ôüôå

åðéêáìðýëéá êáé ç êáìðýëç C äñüìïò ïëïêëÞñùóçò.

(a) (b)

Ó÷Þìá 7.1.1 - 1: (a) ç êáìðýëç C êáé (b) ôï äéáíõóìáôéêü ðåäßï F.

Äßíåôáé óôç óõíÝ÷åéá ï ðáñáêÜôù ïñéóìüò ôïõ åðéêáìðýëéïõ ïëïêëçñþìá-

ôïò:

Ïñéóìüò 7.1.1 - 1 (åðéêáìðýëéï ïëïêëÞñùìá). ¸óôù C ìßá êáìðýëç ìå

ðåðåñáóìÝíï ìÞêïò ðïõ ðåñéãñÜöåôáé ìå ðáñáìåôñéêÞ ìïñöÞ áðü ôç äéáíõ-

óìáôéêÞ óõíÜñôçóç r(t) ãéá êÜèå t ∈ [á; â] êáé Ýíá äéáíõóìáôéêü ðåäßï,

Ýóôù F, ðïõ åßíáé ïñéóìÝíï åðß ôçò C (Ó÷. 7.1.1 - 2). Ôüôå ôï åðéêáìðýëéï

ïëïêëÞñùìá ôçò F åðß ôçò C, óõìâïëßæåôáé ìå∫
C

F · d r

2ÂëÝðå ÌÜèçìá Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò - ÂáèìùôÜ êáé äéáíõóìáôéêÜ

ðåäßá.
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(c) (d)

Ó÷Þìá 7.1.1 - 2: (c) ôï äéáíõóìáôéêü ðåäßï F ìå ôçí êáìðýëç C êáé (d)

ôï ðåäßï F åðß ôçò C, äçëáäÞ, üôáí ôá óçìåßá (x; y; z) óôá ïðïßá ïñßæåôáé ç

äéáíõóìáôéêÞ óõíÜñôçóç F, åßíáé åðßóçò óçìåßá ôçò C.

êáé ïñßæåôáé áðü ôïí ôýðï

∫
C

F · d r =
â∫
á

F [r(t)] · r′(t) dt; (7.1.1 - 1)

üôáí ôï ôåëåõôáßï ïëïêëÞñùìá õðÜñ÷åé.

Áí ç êáìðýëç C åßíáé êëåéóôÞ, ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá êáôÜ

ìÞêïò ôçò C óõìâïëßæåôáé ìå ∮
C

F · d r;

üðïõ óôï óýìâïëï ôçò ïëïêëÞñùóçò ôßèåôáé ðïëëÝò öïñÝò êáé âÝëïò ãéá íá

êáèïñéóôåß ç öïñÜ äéáãñáöÞò ôçò C.

Ôá åðéêáìðýëéá ïëïêëçñþìáôá Ý÷ïõí ðïëëÝò åöáñìïãÝò óôéò èåôéêÝò åðéóôÞ-

ìåò, üðùò:
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• óôï Ýñãï äõíÜìåùí,

• ôç äõíáìéêÞ åíÝñãåéá,

• ôç ñïÞ èåñìüôçôáò,

• ôçí åíôñïðßá,

• ôç ñïÞ ñåõóôþí ê.ëð.3

Óçìåßùóç 7.1.1 - 1

Óôç âéâëéïãñáößá ôá åðéêáìðýëéá ïëïêëçñþìáôá ðïõ ïñßæïíôáé áðü Ýíá äéáíõó-

ìáôéêü ðåäßï åðß ìéáò êáìðýëçò, åßíáé åðßóçò ãíùóôÜ êáé ùò åðéêáìðýëéá

ïëïêëçñþìáôá ôïõ 2ïõ åßäïõò.

7.1.2 Ôýðïò õðïëïãéóìïý

¸óôù üôé ç äéáíõóìáôéêÞ óõíÜñôçóç ðïõ ðåñéãñÜöåé ôï ðåäßï F, åêöñÜæåôáé

óõíáñôÞóåé ôùí óõíôåôáãìÝíùí ôïõ óôïí ÷þñï ôùí 3-äéáóôÜóåùí ùò åîÞò:

F(x; y; z) = P (x; y; z)i+Q(x; y; z)j+R(x; y; z)k

= ⟨P (x; y; z); Q(x; y; z); R(x; y; z); ⟩ (7.1.2 - 1)

åíþ ç 4äéáíõóìáôéêÞ óõíÜñôçóç r ùò

r = x i+ y j+ z k: (7.1.2 - 2)

Õðåíèõìßæåôáé óôï óçìåßï áõôü üôé: áí a = ⟨a1; a2; a3⟩ êáé b = ⟨b1; b2; b3⟩
åßíáé äýï ìç ìçäåíéêÜ äéáíýóìáôá, ôüôå ôï åóùôåñéêü ãéíüìåíï a·b õðïëïãß-
æåôáé áðü ôïí ôýðï

a · b = a1 b1 + a2 b2 + a3 b3: (7.1.2 - 3)

3Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4,

5, 6] êáé óôç ìáèçìáôéêÞ âÜóç äåäïìÝíùí http : ==en:wikipedia:org=wiki=Line integral
4ÂëÝðå ÌÜèçìá ÄéáíõóìáôéêÞ óõíÜñôçóç.



Ôýðïò õðïëïãéóìïý 375

Ôüôå óýìöùíá ìå ôéò (7:1:2− 1) êáé (7:1:2− 2) ëáìâÜíïíôáò õðüøç êáé ôïí

ôýðï (7:1:2− 3) ôï ïëïêëÞñùìá (7:1:1− 1) ãñÜöåôáé∫
C

F(t) · d r =

∫
C

(P i+Q j+Rk) · (dx i+ dy j+ dz k)

=

∫
C

P dx+Qdy +Rdz; (7.1.2 - 4)

åíþ, áí

F(x; y) = P (x; y)i+Q(x; y)j;

ç áíôßóôïé÷ç ôçò (7:1:2− 4) Ýêöñáóç óôïí ÷þñï ôùí 2-äéáóôÜóåùí åßíáé∫
C

F(t) · d r =

∫
C

(P i+Q j) · (dx i+ dy j)

=

∫
C

P dx+Qdy: (7.1.2 - 5)

Óýìöùíá ìå ôçí õðïóçìåßùóç 4 ç ðáñáìåôñéêÞ ðáñÜóôáóç ôçò êáìðýëçò

C èá ïñßæåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç r(t) êáé èá åßíáé ôçò ìïñöÞò

r(t) = x(t)i+ y(t)j+ z(t)k

= ⟨x(t); y(t); z(t)⟩ ; üôáí t ∈ [á; â]: (7.1.2 - 6)

Áíôéêáèéóôþíôáò óôçí (7:1:2−1) ôá x; y; z ìå ôéò áíôßóôïé÷åò ðáñáìåôñéêÝò

åêöñÜóåéò ôïõò x(t), y(t) êáé z(t), ðïõ äßíïíôáé áðü ôçí (7:1:2−6), ðñïêýðôåé

ç ðáñáêÜôù ðáñáìåôñéêÞ Ýêöñáóç ôïõ äéáíõóìáôéêïý ðåäßïõ:

F(t) = F(x(t); y(t); z(t)) = ⟨P (x(t); y(t); z(t)); Q(x(t); y(t); z(t));

= R(x(t); y(t); z(t))⟩ : (7.1.2 - 7)

ÕðïèÝôïíôáò üôé ïé óõíáñôÞóåéò x(t), y(t) êáé z(t) åßíáé ðáñáãùãßóéìåò

ãéá êÜèå t ∈ [á; â], áðü ôçí (7:1:2− 6) Ý÷ïõìå

r′(t) = x′(t)i+ y′(t)j+ z′(t)k

=
⟨
x′(t); y′(t); z′(t)

⟩
; üôáí t ∈ [á; â]: (7.1.2 - 8)



376 Åðéêáìðýëéá Ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

Óýìöùíá ìå ôéò (7:1:2 − 7) êáé (7:1:2 − 8), ëáìâÜíïíôáò õðüøç êáé ôïí Þäç

ãíùóôü ôýðï (7:1:2− 3) õðïëïãéóìïý ôïõ åóùôåñéêïý ãéíïìÝíïõ

a · b = a1 b1 + a2 b2 + a3 b3;

ç ïëïêëçñùôÝá óõíÜñôçóç óôçí (7:1:1− 1), äçëáäÞ óôçí

∫
C

F · d r =
â∫
á

F [r(t)] · r′(t) dt;

ãñÜöåôáé

F(t) · r′(t) = P (x(t); y(t); z(t))x′(t) +Q(x(t); y(t); z(t)) y′(t)

+R(x(t); y(t); z(t)) z′(t)

= P (t)x′(t) +Q(t) y′(t) +R(t) z′(t): (7.1.2 - 9)

Ôüôå áðü ôçí (7:1:2 − 9) ðñïêýðôåé ï ðáñáêÜôù ôýðïò õðïëïãéóìïý ôïõ

åðéêáìðýëéïõ ïëïêëçñþìáôïò (7:1:1− 1) ãéá ôïí ÷þñï ôùí 3-äéáóôÜóåùí

∫
C

F · d r =
â∫
á

[
P (t)x′(t) +Q(t)y′(t) +R(t)z′(t)

]
d t; (7.1.2 - 10)

åíþ, áí

F(x; y) = P (x; y)i+Q(x; y)j;

ï áíôßóôïé÷ïò ôýðïò ãéá ôïí ÷þñï ôùí 2-äéáóôÜóåùí åßíáé

∫
C

F · d r =
â∫
á

[
P (t)x′(t) +Q(t)y′(t)

]
d t: (7.1.2 - 11)

Êñßíåôáé áðáñáßôçôï óôï óçìåßï áõôü íá ãßíåé õðåíèýìéóç ôùí ðáñáêÜôù

÷ñÞóéìùí ãéá ôá åðüìåíá ðáñáìåôñéêþí ðáñáóôÜóåùí:
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Ó÷Þìá 7.1.2 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç åõèåßáò.

Åõèåßá

Ïé ðáñáìåôñéêÝò ìïñöÝò ôùí x(t), y(t), áíôßóôïé÷á x(t), y(t), z(t) ôçò ðáñáìå-

ôñéêÞò åîßóùóçò ôïõ åõèýãñáììïõ ôìÞìáôïò M1M2 ãéá ôçí ðåñßðôùóç ôïõ

÷þñïõ ôùí

• 2-äéáóôÜóåùí, üôáí M1 (x1; y1) ç áñ÷Þ êáé M2 (x2; y2) ôï ôÝëïò, åßíáé

x(t) = tx2 + (1− t)x1;

y(t) = ty2 + (1− t)y1 ìå t ∈ [0; 1]: (7.1.2 - 12)

• 3-äéáóôÜóåùí, üôáí M1 (x1; y1; z1) - áñ÷Þ êáé M2 (x2; y2; z2) - ôÝëïò

(Ó÷. 7.1.2 - 1), åßíáé

x(t) = tx2 + (1− t)x1;

y(t) = ty2 + (1− t)y1;

z(t) = tz2 + (1− t)z1 ìå t ∈ [0; 1]: (7.1.2 - 13)
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ÐåñéöÝñåéá êýêëïõ

¸óôù áñ÷éêÜ üôé ôï êÝíôñï ôïõ êýêëïõ óõìðßðôåé ìå ôçí áñ÷Þ ôùí áîüíùí.

Ôüôå, áí R ç áêôßíá, ç åîßóùóç ôùí óçìåßùí ôçò ðåñéöÝñåéáò ãñÜöåôáé

x2 + y2 = R2;

ïðüôå ðáñáìåôñéêÝò ìïñöÝò ôùí x(t) êáé y(t) åßíáé

x(t) = R cos t êáé

y(t) = R sin t ìå t ∈ [0; 2�): (7.1.2 - 14)

Áí ôï êÝíôñï ôïõ êýêëïõ åßíáé ôï óçìåßï (á; â), ôüôå ç åîßóùóç ôùí

óçìåßùí ôçò ðåñéöÝñåéáò ãñÜöåôáé

(x− á)2 + (y − â)2 = R2;

ïðüôå

x(t) = á +R cos t êáé

y(t) = â +R sin t ìå t ∈ [0; 2�): (7.1.2 - 15)

Óçìåßùóç 7.1.2 - 1

Óå êÜèå Üëëç äéáöïñåôéêÞ ôùí ðáñáðÜíù ðåñßðôùóç ç ðáñáìåôñéêÞ ðáñÜóôáóç

ôçò êáìðýëçò C èá äßíåôáé.

ÐáñÜäåéãìá 7.1.2 - 1

Íá õðïëïãéóôåß ôï åðéêáìðýëéï ïëïêëÞñùìá

∫
C
F · d r, üôáí

F = xi− yj+ (xz + y)k

êáé C ôï åõèýãñáììï ôìÞìáAB ìå áñ÷Þ ôïA(1;−1; 2) êáé ôÝëïò ôïB(3; 1;−1).

Ëýóç. ¸óôù

A (x1; y1; z1) ; üðïõ x1 = 1; y1 = −1; z1 = 2; êáé

B (x2; y2; z2) x2 = 3; y2 = 1; z2 = −1:
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Ôüôå ôï åõèýãñáììï ôìÞìá AB óýìöùíá ìå ôïí ôýðï (7:1:2− 13):

x(t) = tx2 + (1− t)x1;

y(t) = ty2 + (1− t)y1;

z(t) = tz2 + (1− t)z1 ìå t ∈ [0; 1]

åêöñÜæåôáé ðáñáìåôñéêÜ ùò åîÞò:

x(t) = t · 3 + (1− t) · 1 = 2t+ 1 (1)

y(t) = t · 1 + (1− t) · (−1) = 2t− 1 (2)

z(t) = t · (−1) + (1− t) · 2 = −3t+ 2; üôáí t ∈ [0; 1]: (3)

ÅðïìÝíùò

x′(t) = 2 (4)

y′(t) = 2 (5)

z′(t) = −3: (6)

Áðü ôï äéáíõóìáôéêü ðåäßï

F = xi− yj+ (xz + y)k = P (x; y; z)i+Q(x; y; z)j+R(x; y; z)k:

ðñïêýðôåé üôé: P = x, Q = −y êáé R = xz + y.

¢ñá óýìöùíá ìå ôéò (1)-(3) Ý÷ïõìå

P (t) = x = 2t+ 1;

Q(t) = −y = −2t+ 1; êáé

R(t) = xz + y = (2t+ 1)(−3t+ 2) + 2t− 1

= −6t2 + 3t+ 1:

Áíôéêáèéóôþíôáò ôéò ðáñáðÜíù åêöñÜóåéò óôïí ôýðï (7:1:2−10) ðñïêýðôåé
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üôé ∫
AB

F · d r =

1∫
0

[
P (t)x′(t) +Q(t)y′(t) +R(t)z′(t)

]
d t;

=

1∫
0

(2t+ 1) ·
Åî. (4)︷︸︸︷

2 +(−2t+ 1) ·
Åî. (5)︷︸︸︷

2

+
(
−6t2 + 3t+ 1

)
·

Åî. (6)︷︸︸︷
(−3)

 d t
= t− 9t2

2
+ 6t3

∣∣∣∣ 1
0

=
5

2
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 7.1.2 - 1 (åðéêáìðýëéïõ ïëïêëçñþìáôïò 2ïõ åßäïõò)

x1 = 1; y1 = 1; x2 = 2; y2 = 3;z1=2;z2=-1;

x[t_] := t x2 + (1 - t) x1

y[t_] := t y2 + (1 - t) y1

y[t_] := t z2 + (1 - t) z1

Print["x(t) = ", x[t]," , y(t) = ", y[t]," , z(t) =",z[t]]

xd[t_] := D[x[t], t];yd[t_] := D[y[t], t];zd[t_] := D[z[t], t];

Print["x'(t) = ", xd[t]," , y'(t) = ", yd[t]," , z'(t) = ", zd[t]]

P[t_] := y[t];Q[t_] :=- y[t];R[t_]:=x[t] z[t]+y[t]

Print["P(t) = ", Simplify[P[t]]]

Print["Q(t) = ", Simplify[Q[t]]]

Print["R(t) = ", Simplify[R[t]]]

Print["P(t)x'(t)+Q(t)y'(t) =",

Simplify[P[t] xd[t] + Q[t] yd[t] + R[t] zd[t]]]

w = Integrate[P[t] xd[t] + Q[t] yd[t] + R[t] zd[t], {t, 0, 1}];

Print["Linear Integral: ", w]
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ÐáñÜäåéãìá 7.1.2 - 2

¼ìïéá ôï åðéêáìðýëéï ïëïêëÞñùìá

∫
C
F · d r, üôáí

F = (x− y) i+ (x+ y) j

êáé C ç ðåñéöÝñåéá ôïõ ìïíáäéáßïõ êýêëïõ ìå êÝíôñï (0; 0), üôáí ç ðåñéöÝñåéá

äéáãñÜöåôáé äåîéüóôñïöá, äçëáäÞ áíôßèåôç ôçò êßíçóçò ôùí äåéêôþí ôïõ ñïëï-

ãéïý.

Ëýóç. ÅðåéäÞ ï êýêëïò åßíáé ìïíáäéáßïò, ðñÝðåé R = 1. Ôüôå óýìöùíá ìå

ôïí ôýðï (7:1:2−14) ç ðåñéöÝñåéá Ý÷åé ôçí ðáñáêÜôù ðáñáìåôñéêÞ ðáñÜóôáóç:

x(t) = cos t; êáé (1)

y(t) = sin t ìå t ∈ [0; 2�); (2)

ïðüôå

x′(t) = − sin t; êáé (3)

y′(t) = cos t: (4)

Ôï äéáíõóìáôéêü ðåäßï ãñÜöåôáé

F = (x− y) i+ (x+ y) j = P (x; y) i+Q(x; y) j;

ïðüôå P = x− y êáé Q = x+ y.

¢ñá óýìöùíá ìå ôéò (1) êáé (2) ðñïêýðôåé üôé

P (t) = x− y = cos t− sin t; êáé

Q(t) = x+ y = cos t+ sin t:
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Ôüôå áðü ôïí ôýðï (7:1:2− 11) Ý÷ïõìå∮
F · d r =

2�∫
0

[
P (t)x′(t) +Q(t)y′(t)

]
d t

=

2�∫
0

(cos t− sin t) ·

Åî. (3)︷ ︸︸ ︷
(− sin t)+ (cos t+ sin t) ·

Åî. (4)︷︸︸︷
cos t

 d t

=

2�∫
0

(
sin2 t+ cos2 t

)
d t =

2�∫
0

d t = 2�:

7.1.3 Éäéüôçôåò

Ôá åðéêáìðýëéá ïëïêëçñþìáôá Ý÷ïõí éäéüôçôåò áíÜëïãåò ìå åêåßíåò ôùí Þäç

ãíùóôþí ïëïêëçñùìÜôùí. Ïé âáóéêüôåñåò áðü áõôÝò ðïõ äßíïíôáé óôç óõíÝ÷åéá

ìå ôç ìïñöÞ èåùñçìÜôùí åßíáé:

Èåþñçìá 7.1.3 - 1 (ãñáììéêÞ). ¸óôù F êáé G äéáíõóìáôéêÜ ðåäßá, ðïõ

åßíáé ïñéóìÝíá åðß ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï ìÞêïò êáé ðáñáìåôñéêÞ

ðáñÜóôáóç r(t) ãéá êÜèå t ∈ [á; â]. Ôüôå, áí ôá åðéêáìðýëéá ïëïêëçñþìáôá

ôùí F êáé G åðß ôçò C õðÜñ÷ïõí, ãéá êÜèå k; � ∈ R éó÷ýåé üôé∫
C

(kF+ �G) · d r = k

∫
C

F · d r+ �

∫
C

G · dr

Ç éäéüôçôá ãåíéêåýåôáé.

Èåþñçìá 7.1.3 - 2 (ðñïóèåôéêÞ). ¸óôù F äéáíõóìáôéêü ðåäßï, ðïõ åßíáé

ïñéóìÝíï åðß ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï ìÞêïò êáé ðáñáìåôñéêÞ ðáñÜ-

óôáóç r(t) ãéá êÜèå t ∈ [á; â]. Ôüôå, áí C1 êáé C2 åßíáé äýï äéáöïñåôéêÜ

ôüîá ôçò C, ôÝôïéá þóôå ôï ÜèñïéóìÜ ôïõò íá åßíáé ç C êáé íá äéáãñÜöïíôáé

áðü ôï ßäéï äéÜíõóìá r(t) ðïõ äéáãñÜöåôáé êáé ç C, éó÷ýåé üôé∫
C

F · d r =
∫
C1

F · d r+
∫
C2

F · d r:
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Ç éäéüôçôá ãåíéêåýåôáé ãéá � ôï ðëÞèïò åðéìÝñïõò ôüîá ôçò C.

Èåþñçìá 7.1.3 - 3. ¸óôù F äéáíõóìáôéêÜ ðåäßï, ðïõ åßíáé ïñéóìÝíï åðß

ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï ìÞêïò êáé ðáñáìåôñéêÞ ðáñÜóôáóç r(t)

ãéá êÜèå t ∈ [á; â]. Ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá ðáñáìÝíåé áìåôÜâëçôï

óå ìßá áëëáãÞ ôçò ðáñáìÝôñïõ t, ðïõ äéáôçñåß ôïí ðñïóáíáôïëéóìü ôçò C

êáé áëëÜæåé ðñüóçìï, üôáí ç áëëáãÞ áõôÞ áíôéóôñÝøåé ôïí ðñïóáíáôïëéóìü,

äçëáäÞ ∫
−C

F · d r = −
∫
C

F · d r:

Ç éäéüôçôá áõôÞ åêöñÜæåé ôçí áíåîáñôçóßá ôïõ åðéêáìðýëéïõ ïëïêëçñþìáôïò

áðü ôçí åêëïãÞ ôçò ðáñáìÝôñïõ.

7.1.4 Ó÷Ýóç åðéêáìðýëéïõ ïëïêëçñþìáôïò êáé êëßóçò

Ôï åðéêáìðýëéï ïëïêëÞñùìá ∫
C

F · d r

äåí åßíáé ãåíéêÜ áíåîÜñôçôï áðü ôïí äñüìï ôçò ïëïêëÞñùóçò C, äçëáäÞ, áí

õðïôåèåß üôé ç C Ý÷åé áñ÷Þ ôï óçìåßï A êáé ôÝëïò ôï B, ôüôå ç ôéìÞ ôïõ, üôáí

ï äñüìïò åßíáé ôï åõèýãñáììï ôìÞìá AB, åßíáé äéáöïñåôéêÞ åêåßíçò, üôáí ï

äñüìïò åßíáé ìéá ïðïéáäÞðïôå Üëëç êáìðýëç ìå áñ÷Þ ôï A êáé ôÝëïò ôï B.

Ôá ðáñáðÜíù äåí éó÷ýïõí êáé ôï åðéêáìðýëéï ïëïêëÞñùìá Ý÷åé ôçí ßäéá

ôéìÞ áíåîÜñôçôá ôïõ ôñüðïõ äéáãñáöÞò ôçò C áðü ôï A óôï B, ìüíïí üôáí

ôï äéáíõóìáôéêü ðåäßï F åßíáé óõíôçñçôéêü.5

Ó÷åôéêÜ áðïäåéêíýåôáé ôï ðáñáêÜôù èåþñçìá:

5

Ïñéóìüò (óõíôçñçôéêü ðåäßï). Ôï äéáíõóìáôéêü ðåäßï ðïõ ðåñéãñÜöåôáé áðü ôç

äéáíõóìáôéêÞ óõíÜñôçóç F èá ëÝãåôáé óõíôçñçôéêü, üôáí

F = ∇ö:

ÂëÝðå ÌÜèçìá Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò - Óõíôçñïýìåíá ðåäßá.
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Èåþñçìá 7.1.4 - 1 (áíåîáñôçóßáò åðéêáìðýëéïõ ïëïêëçñþìáôïò).

¸óôù

F = ∇ö;

üðïõ ö âáèìùôÞ óõíÜñôçóç ôçò ïðïßáò õðÜñ÷ïõí ôïõëÜ÷éóôïí ïé 1çò ôÜîçò

ìåñéêÝò ðáñÜãùãïé êáé åßíáé óõíå÷åßò óõíáñôÞóåéò.

Ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá∫
C

F · d r; (7.1.4 - 1)

üôáí C ç êáìðýëç áðü ôï óçìåßï A (x1; y1; z1) óôï B (x2; y2; z2) ôïõ ðåäßïõ,

åßíáé áíåîÜñôçôï áðü ôïí äñüìï ôçò ïëïêëÞñùóçò êáé éó÷ýåé

∫
C

F · d r =
B(x2;y2;z2)∫
A(x1;y1;z1)

d� = � (x2; y2; z2)− � (x1; y1; z1) : (7.1.4 - 2)

Áíôßóôñïöá: áí ôï åðéêáìðýëéï ïëïêëÞñùìá (7:1:4−1) åßíáé áíåîÜñôçôï áðü

ôïí äñüìï ôçò ïëïêëÞñùóçò, ôüôå õðÜñ÷åé ìßá âáèìùôÞ óõíÜñôçóç, Ýóôù ö,

Ýôóé þóôå F = ∇ö.

¢ìåóç óõíÝðåéá ôïõ ðáñáðÜíù èåùñÞìáôïò åßíáé ôï:

Ðüñéóìá 7.1.4 - 1. Ôï åðéêáìðýëéï ïëïêëÞñùìá åíüò óõíôçñçôéêïý äéáíõ-

óìáôéêïý ðåäßïõ êáôÜ ìÞêïò ìéáò êëåéóôÞò êáìðýëçò åßíáé ìçäÝí.

Êñßíåôáé áðáñáßôçôï óôï óçìåßï áõôü ãéá åõêïëßá ôùí ðáñáêÜôù áóêÞóåùí,

íá ãßíåé õðåíèýìéóç ôùí ðáñáêÜôù åííïéþí:6

Ïñéóìüò 7.1.4 - 2. ¸óôù Ýíá äéáíõóìáôéêü ðåäßï ðïõ ðåñéãñÜöåôáé áðü ôç

äéáíõóìáôéêÞ óõíÜñôçóç F. Ôüôå ôï ðåäßï èá ëÝãåôáé áóôñüâéëï (irrota-

tional �eld), üôáí éó÷ýåé

∇× F = 0: (7.1.4 - 3)

Èåþñçìá 7.1.4 - 2. ¸íá äéáíõóìáôéêü ðåäßï åßíáé áóôñüâéëï, üôáí åßíáé

óõíôçñçôéêü êáé áíôßóôñïöá.

6ÂëÝðå åðßóçò ÌÜèçìá Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò - Áóôñüâéëá ðåäßá.
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ÐáñáôÞñçóç 7.1.4 - 1

Áí óôçí áíáëõôéêÞ ðåñéãñáöÞ ôïõ äéáíõóìáôéêïý ðåäßïõ F ëåßðåé êÜðïéá

óõíéóôþóá, ôüôå óôïí õðïëïãéóìü ôïõ óôñïâéëéóìïý ∇ × F ç óõíéóôþóá

áõôÞ õðïëïãßæåôáé ìå ôçí ôéìÞ ôçò ßóç ìå ôï 0.

ÐáñÜäåéãìá 7.1.4 - 1

¸óôù ôï äéáíõóìáôéêü ðåäßï (Ó÷. 7.1.4 - 1a)

F = 2x y i+
(
x2 + 2 y2

)
j:

Äåßîôå üôé

i) ôï ðåäßï F åßíáé óõíôçñçôéêü.

ii) Óôç óõíÝ÷åéá íá õðïëïãéóôåß ôï åðéêáìðýëéï ïëïêëÞñùìá∫
C

F · d r;

üôáí C ï äñüìïò ïëïêëÞñùóçò áðü ôï óçìåßï A(0;−1) óôï B(1; 2).

Ëýóç.

(a) (b)

Ó÷Þìá 7.1.4 - 1: (a) ôï äéáíõóìáôéêü ðåäßï F = 2x y i+
(
x2 + 2 y2

)
j êáé ôá

óçìåßá A(0;−1), B(1; 2) êáé (b) ôï äõíáìéêü �(x; y) = x2y + y3.
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i) Óýìöùíá ìå ôá ÈåùñÞìáôá 7.1.4 - 1 - 7.1.4 - 2 êáé ôïí Ïñéóìü 7.1.4 -

2 áñêåß íá äåé÷èåß üôé

∇× F = 0:

Áí

F = 2x y i+
(
x2 + 2 y2

)
j+ 0k

(õðï÷ñåùôéêÜ ç óõíéóôþóá ðïõ ëåßðåé ðñÝðåé íá åßíáé

ßóç ìå ìçäÝí - ÐáñáôÞñçóç 7:1:4− 1)

= P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k;

ôüôå

P = 2x y; Q = x2 + 2 y2 êáé R = 0: (1)

ÅðïìÝíùò

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

P Q R

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

i j k
@

@x

@

@y

@

@z

2x y x2 + 2 y2 0

∣∣∣∣∣∣∣∣∣
= (0−Qz) i+ (Pz − 0) j+ (Qx − Py)k = 0:

Ôüôå áðü ôï Èåþñçìá 7.1.4 - 2 ðñïêýðôåé üôé ôï ðåäßï F åßíáé

óõíôçñçôéêü, äçëáäÞ

F = ∇ö;

üðïõ ö ôï äõíáìéêü.

ii) Åöüóïí ôï ðåäßï åßíáé óõíôçñçôéêü, ãéá ôïí õðïëïãéóìü ôïõ åðéêáìðýëéïõ

ïëïêëçñþìáôïò ðñÝðåé íá õðïëïãéóôåß ôï äõíáìéêü ôïõ.
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Õðïëïãéóìüò ôïõ äõíáìéêïý

Óýìöùíá ìå ôçí (i), áí

F = P i+Q j+Rk

= ∇ö = öx i+ öy j+ öz k;

ôüôå áðü ôçí (1) ðñïêýðôåé üôé

öx = P = 2x y öy = Q = x2 + 3 y2 êáé öz = R = 0:

Ãéá íá ðñïóäéïñéóôåß ôï äõíáìéêü ö, ðñÝðåé íá ïëïêëçñùèïýí ïé

ðáñáðÜíù ó÷Ýóåéò ùò ðñïò x, y êáé z áíôßóôïé÷á. Áõôü ãßíåôáé ìå ôç

âïÞèåéá ôïõ ïëéêïý äéáöïñéêïý ôçò ö ùò åîÞò:

dö = öx dx+ öy dy + 0 dz

= 2x y dx+
(
x2 + 3 y2

)
dy

= dx
(
x2y
)
+ dy

(
x2y + y3

)

= dx(x
2y +

dx(y3)=0︷︸︸︷
y3 ) + dy

(
x2y + y3

)
= d

(
x2y + y3

)
:

ÅðïìÝíùò ôï äõíáìéêü ôïõ ðåäßïõ F åßíáé

�(x; y) = x2y + y3 + c;

üôáí c óôáèåñÜ (Ó÷. 7.1.4 - 1b).

¢ñá áðü ôï Èåþñçìá 7.1.4 - 1 êáé ôïí ôýðï (7:1:4− 2) Ý÷ïõìå

∫
C

F · d r =
B(1;2)∫

A(0;−1)

d ö = ö (1; 2)− ö (0;−1) = 11:
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ÐáñÜäåéãìá 7.1.4 - 2

¼ìïéá ôï åðéêáìðýëéï ïëïêëÞñùìá
∫
C
F · d r, üôáí

F = 3x2z i+ z2 j+
(
x3 + 2 y z

)
k:

êáé C ï äñüìïò ïëïêëÞñùóçò áðü ôï óçìåßï A(−1; 1; 2) óôï B(1; 2; 4).

Ëýóç. Óýìöùíá ìå ôï ÐáñÜäåéãìá 7.1.4 - 1, áí

F = 3x2z i+ z2 j+
(
x3 + 2 y z

)
k

= P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k;

ôüôå

P = 3x2z; Q = z2 êáé R = x3 + 2 y z: (2)

ÅðïìÝíùò

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

P Q R

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

i j k
@

@x

@

@y

@

@z

3x2z z2 x3 + 2 y z

∣∣∣∣∣∣∣∣∣
= (Ry −Qz) i+ (Pz −Rx) j+ (Qx − Py)k = 0;

ïðüôå üìïéá óýìöùíá ìå ôï ãíùóôü Èåþñçìá 7.1.4 - 2 ôï ðåäßï F åßíáé

óõíôçñçôéêü.

Õðïëïãéóìüò ôïõ äõíáìéêïý

¸óôù

F = P i+Q j+Rk = ∇ö = öx i+ öy j+ öz k;

ôüôå óýìöùíá ìå ôç (2) åßíáé

öx = 3x2z; öy = z2 êáé öz = x3 + 2 y z:
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Ïëïêëçñþíïíôáò ôéò ðáñáðÜíù ó÷Ýóåéò ùò ðñïò x, y êáé z ðñïêýðôåé üôé

dö = öx dx+ öy dy + öz dz

= 3x2z dx+ z2 dy +
(
x3 + 2 y z

)
dz

= dx
(
x3z
)
+ dy

(
y z2

)
+ dz

(
x3z + y2z

)

= dx(x
3z +

dx(y2z)=0︷︸︸︷
y2z ) + dy(y z

2 +

dy(x3z)=0︷︸︸︷
x3z ) + dz

(
x3z + y2z

)
= d

(
x3z + y2z

)
:

¢ñá ôï äõíáìéêü ôïõ ðåäßïõ F åßíáé

�(x; y; z) = x3z + y2z + c;

üôáí c óôáèåñÜ

Ôüôå óýìöùíá ìå ôï Èåþñçìá 7.1.4 - 1 êáé ôïí ôýðï (7:1:4− 2) Ý÷ïõìå

∫
C

F · d r =
B(1;2;4)∫

A(−1;1;2)

d ö = ö (1; 2; 4)− ö (−1; 1; 2) = 6:

ÁóêÞóåéò

1. Áöïý ðñþôá äåé÷èåß üôé ôá ðáñáêÜôù ðåäßá åßíáé óõíôçñïýìåíá, óôç

óõíÝ÷åéá íá õðïëïãéóôåß ôï åðéêáìðýëéï ïëïêëÞñùìá∫
C

F · d r;

üôáí ôï C åßíáé ôï åõèýãñáììï ôìÞìá AB êáé F:

i) y4z2 i+ 4xy3z2 j+ 2xy4z k áðü ôï óçìåßï A(−1; 2; 4) óôï B(3; 2; 2),

ii) (y i+ x j) exy áðü ôï A(1; 0) óôï B(2; 2),
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iii)
(
4xy − 3x2z2

)
i+ 2x2 j− 2x3z k áðü ôï A(0; 1; 1) óôï B(2; 2; 4),

iv) (2x cos y + z sin y) i+
(
xz cos y − x2 sin y

)
j+ x sin y k áðü ôï

(1; �; 3) óôï (−1; 0; 1),

v)
(
y2z3 cosx− 4x3z

)
i+ 2yz3 sinx j+

(
3y2z2 sinx− x4

)
k áðü ôï

(�=2; 1; 1) óôï (�; 3; 3).

2. Íá ðñïóäéïñéóôåß ôï äõíáìéêü ôùí ðåäßùí:

i) E = r r ii) E = r2 r,

üôáí r äéÜíõóìá èÝóçò. Óôç óõíÝ÷åéá íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫
C

E · d r;

üôáí C ôï Üíù ôìÞìá ôçò ðåñéöÝñåéáò x2 + y2 = 4.

ÁðáíôÞóåéò

1. Ôï áíôßóôïé÷ï äõíáìéêü � åßíáé:

(i) xy4z2, (ii) exy (áñ÷éêÜ P = yexy; Q = xexy; R = 0), (iii) 2x2y − x3z2,

(iv) x2 cos y + xz sin y, (v) y2z3 sinx− x4z.

2. Åßíáé r = x i+ y j+ z k, ïðüôå r =
√
x2 + y2 + z2. Ôüôå:

(i) �x = x
√
x2 + y2 + z2, �y = y

√
x2 + y2 + z2 êáé �z = z

√
x2 + y2 + z2, ïðüôå ôåëéêÜ

�(x; y; z) = 1
3

√
x2 + y2 + z2. Ãéá ôïí õðïëïãéóìü ôïõ ïëïêëçñþìáôïò Ý÷ïõìå ùò äñüìï

ïëïêëÞñùóçò ôï Üíù ìÝñïò ôçò ðåñéöÝñåéáò áêôßíáò R = 2 áðü ôï óçìåßï A(2; 0) óôï

B(−2; 0). ÅðåéäÞ z = 0, ðñÝðåé �(x; y) = 1
3

√
x2 + y2. Ôüôå óýìöùíá ìå ôï Èåþñçìá 7.1.4

- 1 êáé ôïí ôýðï (7:1:4− 2) Ý÷ïõìå

I =

∫
C

E · d r =
B(−2;0)∫
A(2;0)

d ö = ö (2; 0)− ö (−2; 0) = 0:

(ii) �x = x
(
x2 + y2 + z2

)
ê.ëð., ïðüôå ôåëéêÜ

� =
1

4

(
x4 + y4 + z4 + 2x2y2 + 2y2z2 + 2z2x2) :

Ãéá ôï ïëïêëÞñùìá åßíáé üìïéá z = 0, ïðüôå � = 1
4

(
x4 + y4 + 2x2y2

)
= 1

4

(
x2 + y2

)2
ìå

I = 0.
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7.1.5 Ïñéóìüò óå âáèìùôü ðåäßï

¸óôù C ìßá êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

r(t) = x(t) i+ y(t) j+ z(t)k; üôáí t ∈ [á; â ];

üðïõ ïé óõíáñôÞóåéò x(t), y(t) êáé z(t) åßíáé ðáñáãùãßóéìåò ãéá êÜèå t ∈
(á; â).

Åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìáÄéáíõóìáôéêÝò ÓõíáñôÞóåéò - Ãåùìåôñé-

êÞ óçìáóßá ðáñáãþãïõ üôé:

• ç ðáñÜãùãïò r′(t) ïñßæåé ôç äéåýèõíóç ôçò åöáðôïìÝíçò ôçò C, êáé

• ôï ìïíáäéáßï åöáðôüìåíï äéÜíõóìá T(t) ïñßæåôáé áðü ôç ó÷Ýóç

T(t) =
r′(t)

|r′(t)|
; üôáí r′(t) ̸= 0: (7.1.5 - 1)

ÅðïìÝíùò, áí ç ðáñÜìåôñïò t ðáñéóôÜíåé ôïí ÷ñüíï, åßíáé ðñïöáíÝò üôé

ç äéáíõóìáôéêÞ óõíÜñôçóç r′(t) èá ðáñéóôÜíåé ôï äéÜíõóìá ôçò ôá÷ýôçôáò,

Ýóôù v(t), ïðüôå

v(t) = r′(t)

óå êÜèå óçìåßï ôçò C êáé èá Ý÷åé ìÝôñï

v(t) =
∣∣r′(t)∣∣ = |v(t)| :

¸óôù s = s(t) ôï ìÞêïò ôïõ ôüîïõ åðß ôçò C ðïõ äéáãñÜöåôáé óå ÷ñüíï

t. Ôüôå óýìöùíá êáé ìå ôïõò ðáñáðÜíù ôýðïõò åßíáé:

ds(t)

dt
= v(t) =

∣∣r′(t)∣∣ ; ïðüôå ds(t) = v(t) dt =
∣∣r′(t)∣∣ d t: (7.1.5 - 2)

Ç (7:1:5− 1) óýìöùíá ìå ôçí (7:1:5− 2) äéáäï÷éêÜ ãñÜöåôáé

T =
r′(t)

|r′(t)|
=

1

|r′(t)|
dr(t)

d t

=
1

v(t)

d r(t)

d t
=

1

ds(t)

d t

d r(t)

d t
=
d r(t)

ds(t)
;
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äçëáäÞ

T =
d r(t)

ds(t)
:

¢ñá

d r = T ds: (7.1.5 - 3)

ÅðïìÝíùò óýìöùíá ìå ôçí (7:1:5−3) ôï åðéêáìðýëéï ïëïêëÞñùìá
∫
C F·d r

ôåëéêÜ ãñÜöåôáé ∫
C

F · d r =
∫
C

F ·T ds =
∫
C

f ds; (7.1.5 - 4)

üðïõ ç f = F·T ëüãù ôïõ åóùôåñéêïý ãéíïìÝíïõ åßíáé âáèìùôÞ óõíÜñôç-

óç.

Ç (7:1:5 − 4) äßíåé ìßá Üëëç Ýêöñáóç ôïõ åðéêáìðýëéïõ ïëïêëçñþìáôïò,

ðïõ áíáëõôéêÜ ïñßæåôáé ùò åîÞò:

Ïñéóìüò 7.1.5 - 1 (åðéêáìðýëéïõ ïëïêëçñþìáôïò). Áí ç f ðåñéãñÜöåé

Ýíá âáèìùôü ðåäßï, ðïõ åßíáé ïñéóìÝíï åðß ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï

ìÞêïò, ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá ôçò f ùò ðñïò Ýíá ôüîï s ôçò C,

óõìâïëßæåôáé ìå

∫
C
fds êáé éóïýôáé ìå

∫
C

f ds =

â∫
á

f [r(t)] ds(t) =

â∫
á

f [r(t)] s′(t) dt; (7.1.5 - 5)

üôáí ôï ôåëåõôáßï ïëïêëÞñùìá õðÜñ÷åé.

Óçìåßùóç 7.1.5 - 1

Óôç âéâëéïãñáößá ôá åðéêáìðýëéá ïëïêëçñþìáôá ðïõ ïñßæïíôáé áðü Ýíá âáèìùôü

ðåäßï åðß ìéáò êáìðýëçò, åßíáé åðßóçò ãíùóôÜ êáé ùò åðéêáìðýëéá ïëïêëçñþìáôá

ôïõ 1ïõ åßäïõò.

7.1.6 ÅöáñìïãÝò

Ïé óçìáíôéêüôåñåò åöáñìïãÝò áíÜëïãá ìå ôç öõóéêÞ óçìáóßá ôçò âáèìùôÞò

óõíÜñôçóçò f äßíïíôáé óôç óõíÝ÷åéá.
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• f = 1

Ôüôå ôï ïëïêëÞñùìá
∫
C ds ðáñéóôÜíåé ôï ìÞêïò ôçò êáìðýëçò C.

ÅðåéäÞ óýìöùíá ìå ôïí ôýðï (7:1:5− 5) åßíáé

ds

dt
= v(t) = |r′(t)| =

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2

ôï ìÞêïò L ôçò C èá äßíåôáé áðü ôïí ôýðï

L =

∫
C

ds =

â∫
á

s′(t) d t

=

â∫
á

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 d t: (7.1.6 - 1)

• Áí ç f ðáñéóôÜíåé ôçí ðõêíüôçôá � óå êÜèå óçìåßï ôçò C, ôüôå ç ïëéêÞ

ìÜæá M äßíåôáé áðü ôï åðéêáìðýëéï ïëïêëÞñùìá

M =

∫
C

� ds =

â∫
á

�(t)s′(t) d t: (7.1.6 - 2)

Óôçí ðåñßðôùóç áõôÞ ïé óõíôåôáãìÝíåò (x; y; z) ôïõ êÝíôñïõ ìÜæáò

åßíáé

x =
1

M

∫
C

x � ds =
1

M

â∫
á

x(t) �(t) s′(t) d t;

y =
1

M

∫
C

y � ds =
1

M

â∫
á

y(t) �(t) s′(t) d t; êáé

z =
1

M

∫
C

z � ds =
1

M

â∫
á

z(t) �(t) s′(t) d t; (7.1.6 - 3)

åíþ ç ñïðÞ áäñÜíåéáò Il ùò ðñïò Üîïíá l éóïýôáé ìå

Il =

∫
C

ä2� ds =

â∫
á

ä2(t) �(t)s′(t) d t; (7.1.6 - 4)
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üðïõ ìå ä = ä(x; y; z) óõìâïëßæåôáé ç áðüóôáóç ôïõ ôõ÷üíôïò óçìåßïõ

ôçò C áðü ôïí l.

ÐáñÜäåéãìá 7.1.6 - 1

¸óôù C ç óðåßñá åíüò åëáôçñßïõ ìå ó÷Þìá Ýíá ôüîï ôçò êõêëéêÞò Ýëéêáò ìå

ðáñáìåôñéêÞ åîßóùóç (Ó÷. 7.1.6 - 1a)

r(t) = á cos t i+ á sin t j+ âtk; üôáí á > 0 êáé t ∈ [0; 2�]:

Áí ç ðõêíüôçôá ôïõ åëáôçñßïõ åßíáé

�(x; y; z) = x2 + y2 + z2;

æçôåßôáé íá õðïëïãéóôåß ôï ìÞêïò, ç ìÜæá êáé ïé óõíôåôáãìÝíåò (x; y; z) ôïõ

êÝíôñïõ ìÜæáò ôïõ åëáôçñßïõ.

Ëýóç. ¸÷ïõìå

x(t) = á cos t; y(t) = á sin t êáé z(t) = ât;

ïðüôå

x′(t) = −á sin t; y′(t) = á cos t êáé z′(t) = â:

Ôüôå

s′(t) =
√

[x′(t)]2 + [y′(t)]2 + [z′(t)]2 =
√
á2 + â2;

Óýìöùíá ìå ôïí ôýðï (7:1:6− 1) ôï ìÞêïò L ôïõ åëáôçñßïõ åßíáé

L =

∫
C

ds =

â∫
á

s′(t) d t =

â∫
á

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt

=

2�∫
0

√
á2 + â2 d t =

√
á2 + â2

2�∫
0

d t = 2�
√
á2 + â2:

ÅðåéäÞ �(x; y; z) = x2 + y2 + z2 åßíáé

� [r(t)] = �(x(t); y(t); z(t)) = x2(t) + y2(t) + z2(t)

= á2 cos2 t+ á2 sin2 t+ â2t2

= á2
(
cos2 t+ sin2 t

)
+ â2t2 = á2 + â2t2:
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Ó÷Þìá 7.1.6 - 1: Ç êáìðýëç C óå: (a) ÐáñÜäåéãìá 7.1.6 - 1, üôáí á = 3; â =

1 êáé t ∈ [0; 4�], (b) ¢óêçóç 1 (i), üôáí á = 3; â = 1 êáé t ∈ [0; 2�].
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ÅðïìÝíùò ç ïëéêÞ ìÜæá M óýìöùíá ìå ôçí (7:1:6− 2) åßíáé

M =

∫
C

� ds =

2�∫
0

� [r(t)] s′(t) d t =

2�∫
0

�(t) s′(t) d t

=

2�∫
0

(
á2 + â2t2

)√
á2 + â2 d t

=
√
á2 + â2

2�∫
0

(
á2 + â2t2

)
d t

=
2�

3

√
á2 + â2

(
3á2 + 4�2â2

)
:

Åðßóçò áðü ôïõò ôýðïõò (7:1:6− 3) äéáäï÷éêÜ Ý÷ïõìå∫
C

x � ds = a
√
a2 + b2

2�∫
0

(
a2 + b2t2

)
cos t d t

= a
√
a2 + b2

{
2b2t cos t+

[
a2 + b2

(
t2 − 2

)]
sin t

}∣∣ 2�
0

= 4ab2 �
√
a2 + b2;

∫
C

y � ds = a
√
a2 + b2

2�∫
0

(
a2 + b2t2

)
sin t d t

= a
√
a2 + b2

{
2b2t sin t−

[
a2 + b2

(
t2 − 2

)]
cos t

}∣∣ 2�
0

= −4ab2 �2
√
a2 + b2; êáé

∫
C

z � ds = a
√
a2 + b2

2�∫
0

t
(
a2 + b2t2

)
d t

= b
√
a2 + b2

(
a2t2

2
+
b2t4

4

)∣∣∣∣ 2�
0

= 2b
(
a2 + 2b2�2

)
�2
√
a2 + b2;
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ïðüôå ôï êÝíôñï ìÜæáò èá åßíáé

(x; y; z) =

(
6ab2

3a2 + 4b2�2
;− 6ab2�

3a2 + 4b2�2
;
3b�

(
a2 + 2b2�2

)
3a2 + 4b2�2

)
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 7.1.6 - 2 (åðéêáìðýëéïõ ïëïêëçñþìáôïò 1ïõ åßäïõò)

x[t_] := a Cos[t]

y[t_] := a Sin[t]

z[t_] := b t

f[t_] := (x[t])^2 + (y[t])^2 + (z[t])^2

Print["x'(t) = ", D[x[t], t], " , ", "y'(t) = ",

D[y[t], t], " , ", "z'(t) = ", D[z[t], t]]

Print["s'(t) = ",

Simplify[Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2 + (D[z[t], t])^2]]]

Print["Length L = ",Integrate[Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t], t])^2], {t, 0,2 Pi}]]

Print["f(t) = ", Simplify[f[t]]]

M = Simplify[Integrate[f[t] Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t], t])^2], {t, 0,2 Pi}]];

Print["Mass M = ", M]

x1 = Simplify[Integrate[x[t] f[t] Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t],t])^2], {t, 0, 2 Pi}]];

y1 = Simplify[Integrate[y[t] f[t] Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t],t])^2], {t, 0, 2 Pi}]];

z1 = Simplify[Integrate[z[t] f[t] Sqrt[(D[x[t], t])^2

+ (D[y[t], t])^2 + (D[z[t],t])^2], {t, 0, 2 Pi}]];

Print["Center of mass x = ", Simplify[x1/M], " , y = ",

Simplify[y1/M], " , z = ", Simplify[z1/M]]

ParametricPlot3D[{x[t], y[t], z[t]}, {t, 0, 4 Pi},

PlotStyle -> {Red, Thick}, Boxed -> False,

AxesLabel -> {"x", "y ", "z"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 16}]

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï ìÞêïò L, ç ïëéêÞ ìÜæá M êáé ïé óõíôåôáãìÝíåò ôïõ

êÝíôñïõ ìÜæáò ôïõ óýñìáôïò óôéò ðáñáêÜôù ðåñéðôþóåéò:
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Ó÷Þìá 7.1.6 - 2: Ç êáìðýëç C óôçí: (a) ¢óêçóç 1 (ii), üôáí t ∈ [0; �] êáé

(b) ¢óêçóç 1 (iii), üôáí t ∈ [0; 2�].

i) r(t) = t i+cos t j+sin tk êáé t ∈ [0; 2�], üôáí ç ðõêíüôçôá ôïõ óýñìáôïò

åßíáé �(x; y; z) = x2 (Ó÷. 7.1.6 - 1b).

ii) r(t) = (cos t+ t sin t)i+ (sin t− t cos t)j ìå t ∈ [0; �] êáé ç ðõêíüôçôá

ôïõ óýñìáôïò åßíáé �(x; y) = x2 + y2 (Ó÷. 7.1.6 - 2a).

iii) r(t) = t cos ti + t sin tj ìå t ∈ [0; 2�] êáé �(x; y) = x2 (Ó÷. 7.1.6 -

2b).

2. Íá õðïëïãéóôåß ç ñïðÞ áäñÜíåéáò ùò ðñïò ôïí Üîïíá ôùí z ôçò óðåßñáò

ôïõ Ðáñáäåßãìáôïò 7.1.6 - 1.

3. Íá äåé÷èåß üôé ç ñïðÞ áäñÜíåéáò åíüò ïìïãåíïýò êõêëéêïý óýñìáôïò ìå

áêôßíá R ùò ðñïò Ýíáí Üîïíá ðïõ ðåñíÜ áðü ôï êÝíôñï ôïõ åßíáé MR2=2,

üôáí M ç ìÜæá ôïõ óýñìáôïò. Êáôüðéí íá õðïëïãéóôåß ç ñïðÞ áäñÜíåéáò ùò

ðñïò Üîïíá, ðïõ áðÝ÷åé áðü ôï êÝíôñï ôïõ áðüóôáóç ßóç ìå d.

ÁðáíôÞóåéò

1. (i) s′(t) =
√
2, L = 2

√
2�, �(t) = t2, M = 8

√
2�3

3
; (x; y; z) =

(
3�
2
; 3
2�2 ;− 3

2�

)
.

(ii) s′(t) = t, L = �2

2
, �(t) = 1 + t2, M = 1

4
�2

(
1 + 2�2

)
,
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(x; y) =

(
4(54−14�2+�4)

�2(�2+2)
;
4(5�2−27)
�(�2+2)

)
.

(iii) s′(t) =
√
1 + t2, L = �

√
1 + 4�2 + 1

2
sinh−1 2�, �(t) = t2 cos2 t. Ïé õðüëïéðïé

õðïëïãéóìïß ôùí ïëïêëçñùìÜôùí ãßíïíôáé ìüíïí ðñïóåããéóôéêÜ, üðùò ìå áíÜðôõãìá êáôÜ

Maclaurin Þ ìå ðñïóåããéóôéêÝò ìåèüäïõò (âëÝðå âéâëéïãñáößá). M = 214:42 ê.ëð.

ÁíÜëïãá ïé ÁóêÞóåéò 2 êáé 3.

7.1.7 Ó÷Ýóç åðéêáìðýëéïõ êáé äéðëïý ïëïêëçñþìáôïò

Óôçí ðáñÜãñáöï áõôÞ èá åîåôáóôåß ç ó÷Ýóç ðïõ õðÜñ÷åé ìåôáîý ôïõ åðéêáìðý-

ëéïõ êáé ôïõ äéðëïý ïëïêëçñþìáôïò.

Ó÷åôéêÜ éó÷ýåé ôï ðáñáêÜôù èåþñçìá:7

Èåþñçìá 7.1.7 - 1 (Green óôï åðßðåäï). ¸óôù D Ýíáò êëåéóôüò ôüðïò

ôïõ åðéðÝäïõ ðïõ ðåñéêëåßåôáé áðü ìßá êëåéóôÞ êáé áðëÞ êáìðýëç C ôïõ xy-

åðéðÝäïõ (Ó÷. 7.1.7 - 1). Ôüôå, áí P êáé Q åßíáé óõíå÷åßò óõíáñôÞóåéò óôï

D, éó÷ýåé ∮
C

P dx+Qdy =

∫∫
D

(
@Q

@x
− @P

@y

)
dx dy; (7.1.7 - 1)

üôáí ç êáìðýëç C äéáãñÜöåôáé êáôÜ ôç èåôéêÞ öïñÜ.

Óçìåéþóåéò 7.1.7 - 1

i) Õðåíèõìßæåôáé üôé ùò èåôéêÞ öïñÜ äéáãñáöÞò Þ äéáöïñåôéêÜ äåîéüóôñïöç

öïñÜ èåùñåßôáé áõôÞ ðïõ åßíáé áíôßèåôç ôçò êßíçóçò ôùí äåéêôþí ôïõ

ñïëïãéïý.

ii) Ìßá êáìðýëç C åßíáé êëåéóôÞ, üôáí ç áñ÷Þ êáé ôï ôÝëïò ôçò óõìðßðôïõí.

iii) Ìå ôïí üñï áðëÞ êáìðýëç åííïåßôáé üôé ç äéáãñáöÞ ôçò ãßíåôáé ìå

óõíå÷Þ ôñüðï êáé üôé ç C êáëýðôåé ðëÞñùò ôïí ôüðï D. Ôï èåþñçìá

ãåíéêåýåôáé êáé áðïäåéêíýåôáé óôç âéâëéïãñáößá üôé éó÷ýåé êáé ãéá Üëëåò

ìïñöÝò ôçò êáìðýëçò C êáé ôïõ ôüðïõ D.

7Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, êáé áðüäåéîç ôïõ èåùñÞìáôïò ðáñáðÝìðåôáé

óôç âéâëéïãñáößá êáé óôï âéâëßï Á. ÌðñÜôóïò [1] Êåö. 4.
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Ó÷Þìá 7.1.7 - 1: Èåþñçìá ôïõ Green.

¸óôù ôþñá üôé óôï äéáíõóìáôéêü ðåäßï F = P i+Q j, ïé óõíéóôþóåò ôïõ

P êáé Q åðáëçèåýïõí ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 7.1.7 - 1. Ôüôå Ý÷ïíôáò

õðüøç ôïí ôýðï (7:1:2− 10), ïðüôå ï ôýðïò (7:1:7− 1) ãñÜöåôáé∮
C

F · d r =

∮
C

P dx+Qdy

=

∫∫
D

(Qx − Py) dx dy: (7.1.7 - 2)

Ï ôýðïò (7:1:7− 2) èá ÷ñçóéìïðïéçèåß óôç óõíÝ÷åéá ãéá ôïõò õðïëïãéóìïýò.

ÐáñÜäåéãìá 7.1.7 - 1

Ìå ôï Èåþñçìá ôïõ Green íá õðïëïãéóôåß ôï ïëïêëÞñùìá
∮
C
F · d r, üôáí

F =
(
5− xy − y2

)
i+
(
x2 − 2xy

)
j

êáé C ôï ôåôñÜãùíï ìå êïñõöÝò (0; 0), (1; 0), (1; 0) êáé (1; 1), ðïõ äéáãñÜöåôáé

äåîéüóôñïöá.

Ëýóç. Áðü ôçí Ýêöñáóç ôïõ äéáíõóìáôéêïý ðåäßïõ Ý÷ïõìå üôé, áí

F = P i+Q j =
(
5− xy − y2

)
i+
(
x2 − 2xy

)
j;
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ôüôå

P = 5− xy − y2 êáé Q = x2 − 2xy: (1)

Ç êáìðýëç C ðñïöáíþò ðëçñïß ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 7.1.7 - 1,

åíþ ôï ôåôñÜãùíï D ðïõ ïñßæåé, ðåñéãñÜöåôáé ùò åîÞò:

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 1; 0 ≤ y ≤ 1

}
:

ÅðïìÝíùò óôï äéðëü ïëïêëÞñùìá Ý÷ïõìå ôçí ïëïêëçñùôÝá óõíÜñôçóç

Qx−Py íá ïñßæåôáé óå ïñèïãþíéï ðáñáëëçëüãñáììï8 áðü ôïõò ôýðïõò (7:1:7−
2) êáé (1) ðñïêýðôåé üôé∮

C

F · d r =

∫∫
D

(Qx − Py) dx dy

=

∫∫
D

[(2x− 2y)− (−x− 2y)] dx dy

= 3

1∫
0

 1∫
0

x dx

 dy = 3

1∫
0

x2

2

∣∣∣∣x=1

x=0

dy

=
3

2

1∫
0

dy =
3

2
:

ÐáñÜäåéãìá 7.1.7 - 2

¼ìïéá ìå ôï Èåþñçìá ôïõ Green íá õðïëïãéóôåß ôï ïëïêëÞñùìá∮
C

xy dx+ x2y3 dy;

üôáí C ôï ôñßãùíï ìå êïñõöÝò (0; 0), (1; 0) êáé (1; 2), ðïõ äéáãñÜöåôáé äåîéü-

óôñïöá (Ó÷. 7.1.7 - 2).

Ëýóç. Ðñïöáíþò åßíáé

P = xy êáé Q = x2y3: (2)

8ÂëÝðå ÌÜèçìá ÐïëëáðëÜ ïëïêëçñþìáôá Êåö. ÄéðëÜ ïëïêëçñþìáôá - ÌÝèïäïé

õðïëïãéóìïý Ðåñßðôùóç I.
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¼ìïéá ç êáìðýëç C ðëçñïß ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 7.1.7 - 1, åíþ ôï

ôñßãùíï D ðïõ ïñßæåé, óýìöùíá êáé ìå ôï (Ó÷. 7.1.7 - 2) ðåñéãñÜöåôáé ùò

åîÞò:

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 1; 0 ≤ y ≤ 2x

}
:

ÅðïìÝíùò áðü ôïõò ôýðïõò (7:1:7− 1) êáé (2) ðñïêýðôåé üôé9∮
C

xy dx+ x2y3 dy =

∫∫
D

(Qx − Py) dx dy

=

∫∫
D

(
2xy3 − x

)
dx dy

=

1∫
0

 2x∫
0

(
2xy3 − x

)
dy

 dx

=

1∫
0

[
1

2
xy4 − xy

] y=2x

y=0

dx

=

1∫
0

(
8x5 − 2x2

)
dx =

[
4

3
x6 − 2

3
x3
] 1

0

=
2

3
:

7.2 ÅðéöáíåéáêÜ ïëïêëçñþìáôá

7.2.1 Ðáñáìåôñéêüò ïñéóìüò åðéöÜíåéáò

10Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ç Ýííïéá ôçò êáìðýëçò ïñßóôçêå ìå

ôç âïÞèåéá ôçò êßíçóçò åíüò õëéêïý óçìåßïõ ðïõ Ý÷åé Ýíáí âáèìü åëåõèåñßáò.

Ìå ôç âïÞèåéá ôþñá ìéáò áíÜëïãçò êßíçóçò äßíåôáé ï ðáñáêÜôù ïñéóìüò ôçò

åðéöÜíåéáò:

9¼ìïéá âëÝðå ÌÜèçìá ÐïëëáðëÜ ïëïêëçñþìáôá Êåö. ÄéðëÜ ïëïêëçñþìáôá - ÌÝèïäïé

õðïëïãéóìïý Ðåñßðôùóç II.
10Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 3, 4, 5,

6] êáé óôç ìáèçìáôéêÞ âÜóç äåäïìÝíùí

http : ==en:wikipedia:org=wiki=Surface integral
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Ó÷Þìá 7.1.7 - 2: ÐáñÜäåéãìá 7.1.7 - 2.

Ïñéóìüò 7.2.1 - 1 (åðéöÜíåéáò). Ïñßæåôáé ùò åðéöÜíåéá ï ãåùìåôñéêüò

ôüðïò ôùí èÝóåùí åíüò õëéêïý óçìåßïõ, ðïõ êéíåßôáé óôïí ÷þñï êáé Ý÷åé äýï

âáèìïýò åëåõèåñßáò.

Áí ëïéðüí ãéá ôçí ðáñáìåôñéêÞ ðáñÜóôáóç ìéáò êáìðýëçò áðáéôåßôáé ç

÷ñÞóç ìéáò ðáñáìÝôñïõ, ôþñá ãéá ôçí ðáñáìåôñéêÞ ðáñÜóôáóç ìéáò åðéöÜíåéáò

(Ó÷. 7.2.1 - 1) áðáéôïýíôáé äýï ðáñÜìåôñïé, ðïõ óõíÞèùò óõìâïëßæïíôáé ìå

u êáé v. ÅðïìÝíùò, áí M(x; y; z) åßíáé Ýíá ôõ÷üí óçìåßï ìéáò åðéöÜíåéáò

S, ïé êáñôåóéáíÝò óõíôåôáãìÝíåò x, y êáé z èá åêöñÜæïíôáé óõíáñôÞóåé ôùí

ðáñáìÝôñùí u êáé v ùò åîÞò:

x = X(u; v); y = Y (u; v) êáé z = Z(u; v); (7.2.1 - 1)

ïðüôå ãéá ôï äéÜíõóìá èÝóçò r ôïõ óçìåßïõ M ðñÝðåé

r = r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; (7.2.1 - 2)

üôáí (u; v) ∈ T ìå T Ýíáí ôüðï ôïõ ÷þñïõ ôùí äýï äéáóôÜóåùí óôïí ïðïßï

ìåôáâÜëëïíôáé ïé ðáñÜìåôñïé u êáé v, áíôßóôïé÷á. Ç (7:2:1 − 2) ïñßæåé ôüôå

ôçí ðáñáìåôñéêÞ åîßóùóç ôùí óçìåßùí ôçò åðéöÜíåéáò S.
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Ó÷Þìá 7.2.1 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç åðéöÜíåéáò.

ÐáñÜäåéãìá 7.2.1 - 1

Æçôåßôáé ç ðáñáìåôñéêÞ åîßóùóç ôùí óçìåßùí ôçò åðéöÜíåéáò ôçò óöáßñáò ìå

åîßóùóç x2 + y2 + z2 = R2.

Ëýóç. Åßíáé ãíùóôü üôé ïé óöáéñéêÝò óõíôåôáãìÝíåò (r; è; ö) ïñßæïíôáé

áðü ôéò ó÷Ýóåéò (Ó÷. 7.2.1 - 2)

x = r cos � cos�; y = r cos � sin�; z = r sin �

ìå r ≥ 0 êáé � ∈ [0; 2�); � ∈
[
−�
2
;
�

2

]
:

(7.2.1 - 3)

ÅðïìÝíùò áíôéóôïé÷þíôáò ôïõò ôýðïõò (7:2:1−3) ìå ôïõò ôýðïõò (7:2:1−
1), äçëáäÞ

� → u êáé � → v

ðñïêýðôåé üôé

x = R cosu cos v = X(u; v);

y = R sinu cos v = Y (u; v);

z = R sin v = Z(u; v);

üôáí (u; v) ∈ [0; 2�]×
[
−�
2
;
�

2

]
:
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M
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Θ
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x

Ó÷Þìá 7.2.1 - 2: ïé óöáéñéêÝò óõíôåôáãìÝíåò (r; è; ö).

Ï ôüðïò ðïõ ìåôáâÜëëïíôáé ïé ðáñÜìåôñïé u êáé v åßíáé óôçí ðåñßðôùóç áõôÞ

ôï ïñèïãþíéï ðáñáëëçëüãñáììï ÁÂÃÄ (Ó÷. 7.2.1 - 3).

Ôüôå ç ðáñáìåôñéêÞ åîßóùóç ôçò åðéöÜíåéáò ôçò óöáßñáò èá åßíáé

r = r(u; v) = R cosu cos v i+R sinu cos v j+R sin v k: (7.2.1 - 4)

Óçìåßùóç 7.2.1 - 1

Óôçí ðåñßðôùóç ðïõ æçôåßôáé ç ðáñáìåôñéêÞ åîßóùóç ôùí óçìåßùí ôïõ Üíù

çìéóöáéñßïõ, ÷ñçóéìïðïéåßôáé üìïéá ï ôýðïò (7:2:1− 4) ìå

(u; v) ∈ [0; 2�]×
[
0;
�

2

]
:

7.2.2 Èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï

¸óôù ìßá åðéöÜíåéá S ìå ðáñáìåôñéêÞ åîßóùóç ôçò ìïñöÞò (7:2:1−2), äçëáäÞ

r = r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k:

ÕðïèÝôïíôáò üôé ïé óõíáñôÞóåéò X, Y êáé Z Ý÷ïõí ôïõëÜ÷éóôïí 1çò ôÜîçò

ìåñéêÝò ðáñáãþãïõò ùò ðñïò u êáé v, áðü ôçí ðáñáðÜíù ó÷Ýóç ðñïêýðôåé:

@r

@u
=
@X

@u
i+

@Y

@u
j+

@Z

@u
k;



406 ÅðéöáíåéáêÜ Ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

Ó÷Þìá 7.2.1 - 3: ðáñáìåôñéêÞ ðáñÜóôáóç óöáßñáò.

Þ

ru = Xu i+ Yu j+ Zu k:

Ôüôå óýìöùíá ìå ôç ãåùìåôñéêÞ óçìáóßá ôçò ðáñáãþãïõ ôï äéÜíõóìá ru

åßíáé êÜèåôï óôï r óôï óçìåßï M êáé ïñßæåé ôï äéÜíõóìá ôçò ôá÷ýôçôáò

êáôÜ ôçí u-êáìðýëç.

¼ìïéá õðïëïãßæåôáé ôï

rv = Xv i+ Yv j+ Zv k;

ðïõ åßíáé åðßóçò êÜèåôï óôï r óôï óçìåßïM êáé ïñßæåé ôï äéÜíõóìá ôá÷ýôçôáò

êáôÜ ôçí v-êáìðýëç.

¸óôù ôþñá ôï åîùôåñéêü ãéíüìåíï

w =
@r

@u
× @r

@v
= ru × rv (7.2.2 - 1)

ðïõ êáôÜ ôá ãíùóôÜ,11 üôáí

w ̸= 0;

äçëáäÞ ôá äéáíýóìáôá

ru êáé rv
11ÂëÝðå ÌÜèçìá Áíþôåñá ÌáèçìáôéêÜ - Äéáíýóìáôá.
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äåí åßíáé óõããñáììéêÜ, ïðüôå åßíáé ãñáììéêÜ áíåîÜñôçôá. Ôüôå ôï åîùôåñéêü

ãéíüìåíï

• ïñßæåé Ýíá äéÜíõóìá w êÜèåôï óôá äéáíýóìáôá ru êáé rv, ôÝôïéï þóôå

ìáæß ìå áõôÜ íá áðïôåëåß äåîéüóôñïöï óýóôçìá, êáé

• ôï ìÝôñï ôïõ |w| éóïýôáé ìå ôï åìâáäüí ôïõ ðáñáëëçëïãñÜììïõ ðïõ

ïñßæåôáé ìå ðëåõñÝò ôá ìÝôñá ôùí äéáíõóìÜôùí ru êáé rv.

Óôçí (7:2:2− 1) ôï w ëÝãåôáé èåìåëéþäåò äéÜíõóìá (fundamental vec-

tor), åíþ ôï åîùôåñéêü ãéíüìåíï ôïõ 2ïõ ìÝëïõò èåìåëéþäåò äéáíõóìáôéêü

ãéíüìåíï (fundamental vector product).

Áðïäåéêíýåôáé üôé:

Ðñüôáóç 7.2.2 - 1. Áí r = r(u; v) åßíáé ôï äéÜíõóìá èÝóçò ôõ÷üíôïò

óçìåßïõ M ôçò åðéöÜíåéáò S, ôüôå ôï èåìåëéþäåò äéÜíõóìá åßíáé êÜèåôï

óå êÜèå óõíå÷Þ êáìðýëç, ðïõ äéÝñ÷åôáé áðü ôï M .

Óýìöùíá ìå ôá ðáñáðÜíù Ý÷ïõìå ôïí ðáñáêÜôù ïñéóìü:

Ïñéóìüò 7.2.2 - 1 (åöáðôüìåíï åðßðåäï). ¸óôù üôé r = r(u; v) åßíáé

ôï äéÜíõóìá èÝóçò ôõ÷üíôïò óçìåßïõ M ôçò åðéöÜíåéáò S. Ôüôå ïñßæåôáé

ùò åöáðôüìåíï åðßðåäï (tangent plane) ôçò åðéöÜíåéáò S óôï óçìåßï ôçò

M(u; v) êáé óõìâïëßæåôáé ìå T (M), ôï åðßðåäï ðïõ ïñßæåôáé áðü ôéò äéåõèýí-

óåéò ôùí ru êáé rv óôï M .

Ôüôå ôï äéÜíõóìá ðïõ ïñßæåé ôï åîùôåñéêü ãéíüìåíï

w = ru × rv

èá åßíáé êÜèåôï óôï åðßðåäï T (M) êáé èá Ý÷åé áíôßóôïé÷ï ìïíáäéáßï äéÜíõóìá

(unit normal vector) ôï

n =
w

|w|
=

ru × rv
|ru × rv|

: (7.2.2 - 2)

¸óôù ôþñá üôé ç ðáñÜìåôñïò u åßíáé óôáèåñÞ êáé ç ðáñÜìåôñïò v ðáñéóôÜíåé

ôïí ÷ñüíï. Ôüôå



408 ÅðéöáíåéáêÜ Ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

• ôï

|rv|

ðáñéóôÜíåé ôçí åðéôñü÷éá ôá÷ýôçôá, åíþ

• ôï ãéíüìåíï

|rv|Äv

ôï äéáíõèÝí äéÜóôçìá êáôÜ ôç v-êáìðýëç.

• ¼ìïéá ôï

|ru|Äu

èá ðáñéóôÜíåé ôï äéáíõèÝí äéÜóôçìá êáôÜ ôçí u-êáìðýëç.

Óýìöùíá êáé ìå ôï Ó÷. 7.2.2 - 1 ðñÝðåé óôçí ðåñßðôùóç áõôÞ ôï ïñèïãþíéï

ðáñáëëçëüãñáììï ìå äéáóôÜóåéò Äu êáé Äv íá áðåéêïíßæåôáé ìÝóù ôçò r óå

Ýíá ðáñáëëçëüãñáììï - ìå ôçí åõñåßá Ýííïéá ôïõ üñïõ - åðß ôçò åðéöÜíåéáò S,

ðïõ ïñßæåôáé áðü ôá äéáíýóìáôá

ruÄu êáé rvÄv

êáé ôï ïðïßï Ý÷åé åìâáäüí

ÄS = |ru × rv| ÄuÄv: (7.2.2 - 3)

Ôï ÄS åßíáé äõíáôüí íá èåùñçèåß ôüôå ùò ôï óôïé÷åéþäåò åìâáäüí ôçò

åðéöÜíåéáò S.

ÐáñÜäåéãìá 7.2.2 - 1

Æçôåßôáé ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï ôçò åðéöÜíåéáò ìå äéáíõóìáôéêÞ

åîßóùóç (Ó÷. 7.2.2 - 2a)

r(u; v) = (u+ v) i+ (u− v) j+ v2 k:

Ëýóç. Åßíáé

X(u; v) = u+ v; Y (u; v) = u− v êáé Z(u; v) = v2:
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Ó÷Þìá 7.2.2 - 1: ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï w êáé áíôßóôïé÷ï

èåìåëéþäåò åìâáäüí.

Ôüôå
@r

@u
= i+ j êáé

@r

@v
= i− j+ 2v k;

ïðüôå

w = 2v i− 2v j− 2k:

¢óêçóç

Íá õðïëïãéóôåß ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï ôùí ðáñáêÜôù åðéöáíåéþí

ìå ðáñáìåôñéêÝò åîéóþóåéò:

i) r(u; v) = (x0 + a1u+ b1v) i+ (y0 + a2u+ b2v) j+ (z0 + a3u+ b3v) k

åðßðåäï - plane - (Ó÷. 7.2.2 - 2b).

ii) r(u; v) = au cos v i+ bu sin v j+ u2 k

åëëåéðôéêü ðáñáâïëïåéäÝò - elliptic paraboloid - (Ó÷. 7.2.2 - 3a),

åíþ ôï áíôßóôïé÷ï õðåñâïëéêü ðáñáâïëïåéäÝò - elliptic paraboloid
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(a) (b)

Ó÷Þìá 7.2.2 - 2: Ç åðéöÜíåéá S óôï: (a) ÐáñÜäåéãìá 7.2.2 - 1 êáé (b) óôçí

¢óêçóç (i), üôáí x0 = y0 = z0 = 0, a1 = a2 = a3 = b1 = 1, b2 = −1, êáé

b3 = 2.

r(u; v) = a(u+ v) i± bv j+
(
u2 + 2uv

)
k.

iii) r(u; v) = u i+ a sin v j+ a cos v k

êõêëéêüò êýëéíäñïò (cylinder) ìå âÜóç óôï yz-åðßðåäï áêôßíáò a (Ó÷.

7.2.2 - 3b). Ï áíôßóôïé÷ïò êõêëéêüò êýëéíäñïò ìå âÜóç óôï xy-åðßðåäï

áêôßíáò a Ý÷åé ðáñáìåôñéêÞ åîßóùóç r(u; v) = a sin v i+a cos v j+uk,

åíþ ï åëëåéðôéêüò êýëéíäñïò ìå âÜóç óôï xy-åðßðåäï êáé çìéÜîïíåò

a; b ôçí r(u; v) = a sin v i+ b cos v j+ uk

iv) r(u; v) = R cos v cosu i+R sinu cos v j+R sin v k

óöáßñá (sphere) áêôßíáò R - (Ó÷. 7.2.2 - 4a),

v) r(u; v) = a sinu cos v i+ b sinu sin v j+ c cosuk

åëëåéøïåéäÝò -ellipsoid - (Ó÷. 7.2.2 - 4b).
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(a) (b)

Ó÷Þìá 7.2.2 - 3: Ç åðéöÜíåéá S óôçí: (a) ¢óêçóç (ii), üôáí a3, b = 1 êáé

(b) ¢óêçóç (iii), üôáí a = 1.

(a) (b)

Ó÷Þìá 7.2.2 - 4: Ç åðéöÜíåéá S óôçí: (a) ¢óêçóç (iv), üôáí R = 1 êáé (b)

¢óêçóç (v), üôáí a = 2, b = 2 êáé c = 1.
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Ç åíôïëÞ õðïëïãéóìïý ôïõ èåìåëéþäïõò äéáíõóìáôéêïý ãéíïìÝíïõ ôçò
¢óêçóçò (v) ìå ôï MATHEMATICA åßíáé:

X[u_, v_] := a Sin[u] Cos[v]

Y[u_, v_] := b Sin[u] Sin[v]

Z[u_, v_] := c Cos[u]

Ru = {D[X[u, v], u], D[Y[u, v], u], D[Z[u, v], u]}

Rv = {D[X[u, v], v], D[Y[u, v], v], D[Z[u, v], v]}

w = Simplify[Cross[Ru, Rv]]

|w| = FullSimplify[Sqrt[vct.vct]]

åíþ ôïõ áíôßóôïé÷ïõ ôñéäéÜóôáôïõ ãñáöéêïý

a = 3; b = 2; c = 1;

ParametricPlot3D[{X[u, v], Y[u, v], Z[u, v]},

{u, 0,2 Pi}, {v, -Pi/2, Pi/2}, Boxed -> False,

AxesLabel -> {"x", "y ", "z "},

PlotStyle -> {LightYellow, Thick},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14}]

ÁðáíôÞóåéò

(i) w = (−a3b2 + a2b3) i+ (a3b1 − a1b3) j+ (−a2b1 + a1b2) k,

(ii) w = −2bu2 cos v i− 2au2 sin v j+ abuk, (iii) w = a sin v j+ a cos v k,

(iv) w = R2 cosu cos2 v i+R2 sinu cos2 j+R2 sinu cos v k,

(v) w = bc sin2 u cos v i+ ac sin2 u sin v j+ ab cosu sinuk.

7.2.3 ÖõóéêÞ åñìçíåßá êáé ïñéóìüò

Ãéá íá ãßíåé ðåñéóóüôåñï êáôáíïçôÞ ç Ýííïéá, ôï åðéöáíåéáêü ïëïêëÞñùìá

äßíåôáé ùò Ýíá ðáñÜäåéãìá áðü ôç ìåëÝôç ôçò ñïÞò ôùí ñåõóôþí.

Áí (x; y; z) åßíáé Ýíá ôõ÷üí óçìåßï ôïõ ñåõóôïý, ôüôå Ýóôù ñ = ñ(x; y; z)

ç ðõêíüôçôá êáé v = v(x; y; z) ç áíôßóôïé÷ç ôá÷ýôçôá, ðïõ èåùñåßôáé üôé

ìåôáâÜëëïíôáé óå êÜèå óçìåßï ôïõ ñåõóôïý êáé ïñßæïõí ç 1ç Ýíá âáèìùôü

ðåäßï (ðõêíïôÞôùí) êáé ç 2ç Ýíá äéáíõóìáôéêü ðåäßï (ôá÷õôÞôùí).

Ôüôå ïñßæåôáé ôï äéáíõóìáôéêü ðåäßï ðõêíïôÞôùí ñïÞò ôïõ ñåõóôïý ùò

F(x; y; z) = ñ(x; y; z)v(x; y; z)
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êáé ìåôñÜ ôç ìåôáâïëÞ ôçò ìÜæáò ôïõ ñåõóôïý áíÜ ìïíÜäá åìâáäïý óôï óçìåßï

(x; y; z).

¸óôù ôþñá üôé æçôåßôáé íá õðïëïãéóôåß ç ïëéêÞ ìÜæá ôïõ ñåõóôïý, ðïõ

äéÝñ÷åôáé áðü ìßá åðéöÜíåéá S óôç ìïíÜäá ôïõ ÷ñüíïõ. Õðïôßèåôáé üôé ç

ðáñáìåôñéêÞ åîßóùóç ôçò S åßíáé ôçò ìïñöÞò (7:2:1− 2), äçëáäÞ

r = r(u; v) = X(u; v) i+Y (u; v) j+Z(u; v)k; üôáí (u; v) ∈ T (7.2.3 - 1)

êáé üôé ï ôüðïò T Ý÷åé ôï ó÷Þìá ïñèïãþíéïõ ðáñáëëçëïãñÜììïõ, üðïõ ïé

óõíáñôÞóåéò X, Y êáé Z ðáñáãùãßæïíôáé ùò ðñïò u êáé v áíôßóôïé÷á.

¸óôù åðßóçò üôé ï ôüðïò T Ý÷åé äéáìåñéóôåß óôá åðéìÝñïõò ïñèïãþíéá

ðáñáëëçëüãñáììá

T1; T2; : : : ; T� : (7.2.3 - 2)

Ôüôå, åðåéäÞ ìÝóù ôçò r = r(u; v), üðùò áõôÞ ïñßæåôáé óôçí (7:2:3 − 1),

åßíáé

r : T −→ S;

óýìöùíá ìå ôéò äéáìåñßóåéò (7:2:3− 2) èá Ý÷ïõìå

r : T1 → S1; r : T2 → S2; : : : ; r : T� → S� ;

äçëáäÞ ç åðéöÜíåéá S äéáìåñßæåôáé óôéò åðéìÝñïõò åðéöÜíåéåò

S1; S2; : : : ; S�

ìå áíôßóôïé÷á åìâáäÜ

E1; E2; : : : ; E� :

ÕðïèÝôïíôáò üôé ç ðõêíüôçôá ñ êáé ç ôá÷ýôçôá v óôçí åðéöÜíåéá Sk ãéá

êÜèå k = 1; 2; : : : ; � åßíáé óôáèåñÝò, ï üãêïò ôïõ ñåõóôïý ðïõ äéÝñ÷åôáé

áðü ôçí åðéöÜíåéá Sk, èá éóïýôáé ìå ôïí üãêï ôïõ óôåñåïý, ðïõ Ý÷åé âÜóç

Ek ðáñÜðëåõñåò áêìÝò ðáñÜëëçëåò ðñïò ôï äéÜíõóìá v êáé ýøïò hk = V · n,
üðïõ n = w=|w| ôï ìïíáäéáßï äéÜíõóìá êáôÜ ôç äéåýèõíóç ôïõ èåìåëéþäïõò
äéáíýóìáôïò

w =
@r

@u
× @r

@v
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êáé ôï ïðïßï üðùò åßíáé Þäç ãíùóôü áðü ôçí ÐáñÜãñáöï 7.2.2 åßíáé êÜèåôï

óôçí åðéöÜíåéá Sk ãéá êÜèå k = 1; 2; : : : ; � (Ó÷. 7.2.3 - 1).

Ç ìÜæá ôïõ ñåõóôïý ðïõ äéÝñ÷åôáé áðü ôçí åðéöÜíåéá Sk óôçí ðåñßðôùóç

áõôÞ åßíáé

mk = ñVk = ñ (Ekhk) = ñEk (V · n) = Ek (ñV · n) = Ek (F · n)

ãéá êÜèå k = 1; 2; : : : ; � êáé êáôÜ óõíÝðåéá ç ïëéêÞ ìÜæá M éóïýôáé ìå

M =

�∑
k=1

mk =

�∑
k=1

Ek (F · n) :

¸óôù

F · n = ö;

üôáí ëüãù ôïõ åóùôåñéêïý ãéíïìÝíïõ ôï ö åßíáé âáèìùôü ìÝãåèïò. Ôüôå

óýìöùíá ìå ôïí ôýðï (7:2:2− 3) åßíáé

Ek =

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ ÄukÄvk;
ïðüôå ôåëéêÜ

M =

n∑
k=1

ö

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ ÄukÄvk: (7.2.3 - 3)

ÕðïèÝôïíôáò üôé ôï ãéíüìåíï

ö

∣∣∣∣ @r@u × @r

@v

∣∣∣∣
Ý÷åé óôáèåñÞ ôéìÞ óå êÜèå áíïéêôü ïñèïãþíéï Tk, ç ðïóüôçôá áõôÞ ïñßæåé ìßá

êëéìáêùôÞ óõíÜñôçóç, ïðüôå ìå áíÜëïãï óõëëïãéóìü åêåßíïõ ôïõ ïñéóìïý

ôïõ äéðëïý ïëïêëçñþìáôïò,12 üôáí ôï � ôåßíåé óôï Üðåéñï, äçëáäÞ ï äéáìåñéóìüò

ôïõ T ãßíåôáé, Ýôóé þóôå ïé áíôßóôïé÷åò ìÝóù ôçò r åðéöÜíåéåò Sk íá Ý÷ïõí

äéáãþíéï ðïõ ôåßíåé óôï ìçäÝí, äçëáäÞ áðåéñïóôÞ åðéöÜíåéá ds, ç (7:2:3−3)

åêöñÜæåôáé ìå ôç ìïñöÞ åíüò äéðëïý ïëïêëçñþìáôïò ìå ìåôáâëçôÝò u êáé v,

äçëáäÞ

M =

∫∫
T

ö

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv: (7.2.3 - 4)

12ÂëÝðå ÌÜèçìá ÐïëëáðëÜ Ïëïêëçñþìáôá - ÄéðëÜ ïëïêëçñþìáôá.
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Ó÷Þìá 7.2.3 - 1: öõóéêÞ åñìçíåßá åðéöáíåéáêïý ïëïêëçñþìáôïò.

Óýìöùíá êáé ìå ôçí (7:2:3 − 4) Ý÷ïõìå ôïõò ðáñáêÜôù ïñéóìïýò ôïõ

åðéöáíåéáêïý ïëïêëçñþìáôïò.

Óå âáèìùôü ðåäßï (1ï åßäïò)

Ïñéóìüò 7.2.3 - 1. ¸óôù S ìßá åðéöÜíåéá ìå ðáñáìåôñéêÞ åîßóùóç

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; üôáí (u; v) ∈ T

êáé ö ìßá âáèìùôÞ óõíÜñôçóç ðïõ ïñßæåôáé åðß ôçò S. Ôüôå ïñßæåôáé ùò

åðéöáíåéáêü ïëïêëÞñùìá ôïõ 1ïõ åßäïõò ôçò ö åðß ôçò S ôï∫∫
S

ö ds =

∫∫
T

ö [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv; (7.2.3 - 5)

üôáí ôï ôåëåõôáßï ïëïêëÞñùìá õðÜñ÷åé.

ÅöáñìïãÝò ôïõ åðéöáíåéáêïý ïëïêëçñþìáôïò ôïõ 1ïõ åßäïõò èá äïèïýí

óôçí ÐáñÜãñáöï 7.2.4, ðïõ áêïëïõèåß.
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Óå äéáíõóìáôéêü ðåäßï (2ï åßäïò)

Ïñéóìüò 7.2.3 - 2. ¸óôù S ìßá åðéöÜíåéá ìå ðáñáìåôñéêÞ åîßóùóç

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; üôáí (u; v) ∈ T

êáé F ìßá äéáíõóìáôéêÞ óõíÜñôçóç ðïõ ïñßæåôáé åðß ôçò S. Ôüôå ïñßæåôáé

ùò åðéöáíåéáêü ïëïêëÞñùìá ôïõ 2ïõ åßäïõò ôçò F åðß ôçò S ôï∫∫
S

F · d s =
∫∫
T

F [r(u; v)] ·w du dv; (7.2.3 - 6)

üôáí

w =
@r

@u
× @r

@v

ôï äéÜíõóìá ôïõ èåìåëéþäïõò ãéíïìÝíïõ êáé ôï ïëïêëÞñùìá (7:2:3−6) õðÜñ÷åé.

Óçìåéþóåéò 7.2.3 - 1

• Óôçí ðåñßðôùóç ðïõ ç åðéöÜíåéá åßíáé êëåéóôÞ, ôüôå ÷ñçóéìïðïéåßôáé ï

óõìâïëéóìüò ∮ ∮
S

F · d s: (7.2.3 - 7)

• Ôï åðéöáíåéáêü ïëïêëÞñùìá (7:2:3 − 6) åêöñÜæåé ôç ñïÞ (
ux) ôïõ

ðåäßïõ F óôçí åðéöÜíåéá S (âëÝðå ÐáñÜãñáöï 7.2.3).

ÐáñÜäåéãìá 7.2.3 - 1

Íá õðïëïãéóôåß ôï åðéöáíåéáêü ïëïêëÞñùìá∫∫
S

F · ds;

üôáí S ôï ðáñáâïëïåéäÝò (Ó÷. 7.2.3 - 2a)

y = x2 + z2; y ∈ [0; 1] êáé x2 + z2 ≤ 1; üôáí y = 1

êáé F ôï äéáíõóìáôéêü ðåäßï

F = y j− z k (Ó÷: 7:2:3− 2a):
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(a) (b)

Ó÷Þìá 7.2.3 - 2: ÐáñÜäåéãìá 7.2.3 - 1: (a) ç åðéöÜíåéá S - ðáñáâïëïåéäÝò

ìå âÜóç (êüêêéíç êáìðýëç) óôï xz-åðßðåäï êáé èåôéêÞ öïñÜ äéáãñáöÞò - ìå

ðáñáìåôñéêÞ åîßóùóç r(u; v) = v sinu i + v2 j + v cosuk êáé (b) ç ñïÞ ôïõ

äéáíõóìáôéêïý ðåäßïõ F = y j− z k óôçí S.

Ëýóç. Ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé ôçò ìïñöÞò y = g(x; z), ïðüôå

ìéá ðáñáìåôñéêÞ åîßóùóÞ ôïõ åßíáé äõíáôüí íá ðñïêýøåé áðü ôçí ðáñáìåôñéêÞ

åîßóùóç ôçò g(x; z), ðïõ åßíáé óôçí ðåñßðôùóç áõôÞ ï êõêëéêüò äßóêïò óôï

xz-åðßðåäï êÝíôñïõ (0; 0) êáé áêôßíáò R = 1.

¢ñá ÷ñçóéìïðïéþíôáò ôïõò ãíùóôïýò ôýðïõò ãéá ôçí ðáñáìåôñéêÞ ìïñöÞ

ðåñéöÝñåéáò (ðïëéêÝò óõíôåôáãìÝíåò)13 Ý÷ïõìå

x = R cos �; z = R sin �; üôáí � ∈ [0; 2�]; R ∈ [0; 1]:

¸óôù

� → u êáé R = v:

ÅðåéäÞ ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé y = x2 + z2, óýìöùíá ìå ôçí

ðáñáðÜíù ðáñáìåôñéêÞ ìïñöÞ ôùí x; y ðñÝðåé y = v2 sin2 u+ v2 cos2 u = v2,

ïðüôå ç ðáñáìåôñéêÞ åîßóùóç åßíáé

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k

= v sinu i+ v2 j+ v cosuk;

13ÂëÝðå ÌÜèçìá ÄéáíõóìáôéêÝò ÓõíáñôÞóåéò.
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üôáí

T = {(u; v) : u ∈ [0; 2�] êáé v ∈ [0; 1]} :

Ôüôå

x = X(u; v) = v sinu; y = Y (u; v) = v2 êáé

z = Z(u; v) = v cosu:

¢ñá

F [r(u; v)] = F = y j− z k

= v2 j− v cosuk =
⟨
0; v2;−v cosu

⟩
: (7.2.3 - 8)

Åßíáé

@r

@u
= v cosu i+ 0 j− v sinuk;

@r

@v
= sinu i+ 2v j+ cosuk;

ïðüôå ôï èåìåëéþäåò ãéíüìåíï èá éóïýôáé ìå

w =
@r

@u
× @r

@v
=

∣∣∣∣∣∣∣∣∣
i j k

v cosu 0 −v sinu

sinu 2v cosu

∣∣∣∣∣∣∣∣∣
= 2v2 sinu i− v j+ 2v2 cosuk

=
⟨
2v2 sinu;−v; 2v2 cosu

⟩
: (7.2.3 - 9)

Áðü ôéò (7:2:3− 8) êáé (7:2:3− 9) ðñïêýðôåé ôüôå üôé

F ·w =
⟨
0; v2;−v cosu

⟩
·
⟨
2v2 sinu;−v; 2v2 cosu

⟩
= −v3

(
1 + 2 cos2 u

)
; (7.2.3 - 10)
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ïðüôå áíôéêáèéóôþíôáò óôïí ôýðï (7:2:3− 6) äéáäï÷éêÜ Ý÷ïõìå∫∫
S

F · d s =

∫∫
T

F [r(u; v)] ·w du dv

= −
2�∫
0

(
1 + 2 cos2 u

) 1∫
0

v3 dv

 du

= −
2�∫
0

(
1 + 2 cos2 u

) [v4
4
dv

]
du

= −1

4

2�∫
0

(
1 + 2 cos2 u

)
du

= −1

4

2�∫
0

[
1 + 2

(
1 + cos 2u

2

)]
du

= −1

4

[
2u+

1

2
sin 2u

] 2�

0

= −�:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 7.2.3 - 1 (åðéöáíåéáêïý ïëïêëçñþìáôïò 2ïõ åßäïõò)

Z[u_, v_] := v Cos[ u]

X[u_, v_] := v Sin[u]

Y[u_, v_] := v^2

Ru = {D[X[u, v], u], D[Y[u, v], u], D[Z[u, v], u]};

Rv = {D[X[u, v], v], D[Y[u, v], v], D[Z[u, v], v]};

Print["r_u = ", Ru]; Print["r_v = ", Rv];

vct = Simplify[Cross[Ru, Rv]];

Print["Fundamental Product = ", Simplify[Cross[Ru, Rv]]]

F[u_, v_] := {0, Y[u, v], -Z[u, v]}

Print["F[r(u,v)].w = ", F[u, v].vct]

Integrate[F[u, v].vct, {u, 0, 2 Pi}, {v, 0, 1}]
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ôçò åðéöÜíåéáò S ìå ôçí åíôïëÞ:

S = ParametricPlot3D[{X[u, v], Y[u, v], Z[u, v]}, {u, 0, 2 Pi},

{v,0, 1}, Boxed -> False, AxesLabel -> {" x ", "y ", "z "},

PlotStyle -> {LightYellow, Thick},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14},

ViewPoint -> {0, -2, -4}, BoundaryStyle -> Directive[Red, Thick]]

êáé ôïõ äéáíõóìáôéêïý ðåäßïõ F åðß ôçò S:

F = VectorPlot3D[{0, y, -z}, {x, -1, 1}, {y, -1, 1}, {z, 0, 1},

AxesLabel -> {"x", "y", "z"}, BaseStyle -> {FontFamily -> "Arial",

FontSize -> 14}, VectorPoints -> 7, VectorScale -> Medium,

VectorColorFunction -> "Rainbow"]

Show[S,F]

¢óêçóç

Íá õðïëïãéóôåß ôï åðéöáíåéáêü ïëïêëÞñùìá∫∫
S

F · ds;

üôáí S ôï ðáñáâïëïåéäÝò z = 16−x2− y2 (Ó÷. 7.2.3 - 3a) ìå z ≥ 0 êáé F ôï

äéáíõóìáôéêü ðåäßï

F = y j+ x j+ z k (Ó÷: 7:2:3− 3b)

ìå êáôåýèõíóç ôçí áñíçôéêÞ öïñÜ ôïõ z-Üîïíá.

ÁðáíôÞóåéò

Èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï w = −2v2 cosu i− 2v2 sinu j − v k, ïðüôå

∫∫
T

F [r(u; v)] · w dudv =

4∫
0

2�∫
0

[
−v

(
16− v2

)
− 4v3 cosu sinu

]
du dv = −128�:
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(a) (b)

Ó÷Þìá 7.2.3 - 3: ÐáñÜäåéãìá 7.2.3 - 1: (a) ç åðéöÜíåéá S - ðáñáâïëïåéäÝò

ìå âÜóç óôï xy-åðßðåäï êáé èåôéêÞ öïñÜ äéáãñáöÞò - ìå ðáñáìåôñéêÞ åîßóùóç

r(u; v) = v cosu i + v sinu j +
(
16− v2

)
k êáé (b) ç ñïÞ ôïõ äéáíõóìáôéêïý

ðåäßïõ F = y j+ x j+ z k óôçí S.

7.2.4 ÅöáñìïãÝò åðéöáíåéáêïý ïëïêëçñþìáôïò

Ïé óçìáíôéêüôåñåò áíÜëïãá ìå ôç öõóéêÞ åñìçíåßá ôçò óõíÜñôçóçò ö äßíïíôáé

óôç óõíÝ÷åéá.

• åìâáäüí ö = 1

Ôüôå ï ôýðïò (7:2:3− 5) ãñÜöåôáé∫∫
S

ds =

∫∫
T

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ dudv (7.2.4 - 1)

êáé åêöñÜæåé ôï åìâáäüí ôçò åðéöÜíåéáò S.

• ïëéêÞ ìÜæá

Áí ç ö ðáñéóôÜíåé ôçí ðõêíüôçôá � ôçò ìÜæáò áíÜ ìïíÜäá åìâáäïý ãéá
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ôï õëéêü åíüò ëåðôïý êåëýöïõò, ðïõ Ý÷åé ôï ó÷Þìá ôçò åðéöáíåßáò S,

ôüôå ç ïëéêÞ ìÜæá M ôïõ êåëýöïõò äßíåôáé áðü ôïí ôýðï

M =

∫∫
S

� ds =

∫∫
T

� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv: (7.2.4 - 2)

Óôçí ðåñßðôùóç áõôÞ ïé óõíôåôáãìÝíåò (x; y; z) ôïõ êÝíôñïõ ìÜæáò

äßíïíôáé áðü ôïõò ôýðïõò

x =
1

M

∫∫
S

x�(x; y; z) ds

=
1

M

∫∫
T

X(u; v)� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv;

y =
1

M

∫∫
S

y�(x; y; z) ds

=
1

M

∫∫
T

Y (u; v)� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv;

z =
1

M

∫∫
S

z�(x; y; z) ds (7.2.4 - 3)

=
1

M

∫∫
T

Z(u; v)� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv:

• ñïðÞ áäñÜíåéáò

Áí d = d(x; y; z) åßíáé ç êÜèåôç áðüóôáóç áðü ôïí Üîïíá l ôõ÷üíôïò

óçìåßïõ M(x; y; z) ôçò åðéöÜíåéáò S, ôüôå ç ñïðÞ áäñÜíåéáò I ôçò S
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Ó÷Þìá 7.2.4 - 1: Ôï Üíù çìéóöáßñéï ôçò óöáßñáò ôïõ Ðáñáäåßãìáôïò 7.2.4 -

1, üôáí R = 2.

ùò ðñïò ôïí Üîïíá l åßíáé

Il =

∫∫
S

d 2(x; y; z)ö(x; y; z) ds (7.2.4 - 4)

=

∫∫
T

d 2 [r(u; v)]ö [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv:
ÐáñÜäåéãìá 7.2.4 - 1

Æçôåßôáé íá õðïëïãéóôåß ç åðéöÜíåéá S, ç ïëéêÞ ìÜæá M êáé ïé óõíôåôáãìÝíåò

(x; y; z) ôïõ êÝíôñïõ ôçò ìÜæáò ôïõ Üíù çìéóöáéñßïõ ôçò óöáßñáò (Ó÷. 7.2.4

- 1)

x2 + y2 + z2 = R2;

üôáí ç ðõêíüôçôá �(x; y; z) = c óôáèåñÜ.

Ëýóç. Ìéá ðáñáìåôñéêÞ åîßóùóç ôçò óöáßñáò äßíåôáé áðü ôïí ôýðï

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k

= R cosu cos v i+R sinu cos v j+R sin v k;
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üôáí u ∈ [0; 2�] êáé v ∈ [0; �=2], åðåéäÞ ðñüêåéôáé ãéá ôï Üíù çìéóöáßñéï.

¢ñá

x = X(u; v) = R cosu cos v;

y = Y (u; v) = R sinu cos v êáé

z = R sin v: (7.2.4 - 5)

Ôüôå

@r

@u
= −R sinu cos v i+R cosu cos v j

@r

@v
= −R cosu sin v i−R sinu sin v j+R cos v k;

ïðüôå

w =
@r

@u
× @r

@v
=

∣∣∣∣∣∣∣∣∣
i j k

−R sinu cos v R cosu cos v 0

−R cosu sin v −R sinu sin v R cos v

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣ R cosu cos v 0

−R sinu sin v R cos v

∣∣∣∣∣∣ i

−

∣∣∣∣∣∣ −R sinu cos v 0

−R sinu sin v R cos v

∣∣∣∣∣∣ j

+

∣∣∣∣∣∣ −R sinu cos v R cosu cos v

−R cosu sin v −R sinu sin v

∣∣∣∣∣∣ k
= R2 cosu cos2 v i+R2 sinu cos2 v j+R2 sin v cos v k:
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ÅðïìÝíùò

|w| =

∣∣∣∣ @r@u × @r

@v

∣∣∣∣
= R2

√
cos2 u cos4 v + sin2 u cos4 v + sin2 v cos2 v

= R2
√

cos4 v
(
cos2 u+ sin2 u

)
+ sin2 v cos2 v

= R2
√

cos2 v
(
cos2 v + sin2 v

)
= R2 cos v: (7.2.4 - 6)

Ôüôå ôï åìâáäüí E ôçò åðéöÜíåéáò S óýìöùíá ìå ôïí ôýðï (7:2:4 − 1)

åßíáé

E(s) =

∫∫
S

ds =

2�∫
0

ð=2∫
0

R2 cos v du dv

= R2

2�∫
0

 ð=2∫
0

cos v dv

 du = 2�R2

êáé ç ïëéêÞ ìÜæá M ìå ôïí ôýðï (7:2:4− 2)

M =

∫∫
S

�(x; y; z) ds = cR2

2�∫
0

�=2∫
0

cos v du dv = 2�R2c;

üðïõ �(x; y; z) = c óôáèåñÜ.

ÅðåéäÞ ðñüêåéôáé ãéá ôï Üíù çìéóöáßñéï, ëüãù óõììåôñßáò ðñÝðåé

x = y = 0;

ïðüôå áñêåß íá õðïëïãéóôåß ôï z. Ôüôå óýìöùíá ìå ôïí ôýðï (7:2:4−5) åßíáé

z = Z(u; v) = R sin v;

åíþ ìå ôïí (7:2:4− 6)

|w| = R2 cos v;
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äéáäï÷éêÜ Ý÷ïõìå

z =
1

M

∫∫
S

z

c óôáèåñÜ︷ ︸︸ ︷
�(x; y; z) ds =

c

M

∫∫
S

z ds

=
c

M

∫∫
T

Z(u; v)︸ ︷︷ ︸
R sin v

R2 cos v︷ ︸︸ ︷∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv

=
cR3

M

2�∫
0

 �=2∫
0

cos v sin v dv

 du =
cR3

2M

2�∫
0

1
2

�=2∫
0

sin 2v dv

 du

=
cR3

2M

2�∫
0

[
−1

2
cos 2v

]�=2
0

du =
cR3

2M

2�∫
0

1

2
du =

cR3

2M

2�∫
0

du

=
2�cR3

4M
=
R

2
; üôáí M = 2�R2c:

¢ñá

(x; y; z) =

(
0; 0;

R

2

)
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 7.2.4 - 2 (åðéöáíåéáêïý ïëïêëçñþìáôïò 1ïõ åßäïõò)

X[u_, v_] := R Cos[ u] Cos[v]

Y[u_, v_] := R Sin[u] Cos[v]

Z[u_, v_] := R Sin[v]

Ru = {D[X[u, v], u], D[Y[u, v], u], D[Z[u, v], u]}

Rv = {D[X[u, v], v], D[Y[u, v], v], D[Z[u, v], v]}

vct = Simplify[Cross[Ru, Rv]]

Print["Modulus Fundamental Product = ", Simplify[Sqrt[vct.vct]]]

f[u_, v_] := c

Print["Density = ", f[u, v]]

Print["Surface Area = ",
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Integrate[R^2 Cos[v], {u, 0, 2 Pi}, {v, 0, Pi/2}]]

Print["Mass = ",

Integrate[R^2 Cos[v] f[u, v], {u, 0, 2 Pi}, {v, 0, Pi/2}]]

Print["Centre of mass z = ",

Integrate[

Z[u, v] R^2 Cos[v] f[u, v], {u, 0, 2 Pi}, {v, 0,

Pi/2}]/(2 c Pi R^2)]

ParametricPlot3D[{X[u, v], Y[u, v], Z[u, v]}, {u, 0, 2 Pi}, {v, 0,

Pi/2}, Boxed -> False, AxesLabel -> {"x ", "y ", "z "},

PlotStyle -> {LightYellow, Thick},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14},

ViewPoint -> {Pi, Pi/2, 2}]

¢óêçóç

¸óôù S ôï ôìÞìá ôçò åðéöÜíåéáò ôçò óöáßñáò

x2 + y2 + z2 = 4

ðïõ ðåñéïñßæåôáé áðü ôïõò èåôéêïýò çìéÜîïíåò Ox, Oy êáé Oz (Ó÷. 7.2.4 - 2).

Áí ç ðõêíüôçôá ôçò ìÜæáò áíÜ ìïíÜäá åìâáäïý åßíáé

�(x; y; z) = x− 3y + 4;

íá õðïëïãéóôåß ôï åìâáäüí S, ç ìÜæá êáé ïé óõíôåôáãìÝíåò ôïõ êÝíôñïõ ìÜæáò.

ÁðáíôÞóåéò

Óýìöùíá ìå ôçí (7:2:4− 6) åßíáé |w| = R2 cos v, åíþ áðü ôçí ðáñáìåôñéêÞ ðáñÜóôáóç ôçò

óöáßñáò ðñïêýðôåé üôé

�(x; y; z) = x− 3y + 4 = 2 cosu cos v − 6 sinu cos v + 4:

¢ñá S = 2�, M = 4� êáé

(x; y; z) =

(
8

3
− 4

�
;
4

3�
; 2− 8

3�

)
:
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Ó÷Þìá 7.2.4 - 2: Ï ôüðïò ìåôáâïëÞò ôùí ðáñáìÝôñùí åßíáé u ∈
[
0; �2

]
êáé

v ∈
[
0; �2

]
.

7.2.5 Ó÷åôéêÜ èåùñÞìáôá

Äßíïíôáé óôç óõíÝ÷åéá ïñéóìÝíá âáóéêÜ èåùñÞìáôá ó÷åôéêÜ ìå ôá åðéêáìðýëéá

êáé ôá åðéöáíåéáêÜ ïëïêëçñþìáôá ìå óçìáíôéêÝò åöáñìïãÝò óôéò èåôéêÝò

åðéóôÞìåò, åíþ ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç

âéâëéïãñáößá.

Èåþñçìá 7.2.5 - 1 (Stokes). 14Áí S åßíáé ìßá åðéöÜíåéá, ðïõ Ý÷åé ãéá

óýíïñï ìßá áðëÞ êëåéóôÞ êáìðýëç C êáé F Ýíá äéáíõóìáôéêü ðåäßï, ðïõ

ïñßæåôáé ðÜíù óôçí S (Ó÷. 7.2.5 - 1) êáé Ý÷åé ðáñáãþãïõò 1çò ôÜîçò óõíå÷åßò

óõíáñôÞóåéò, ôüôå áí n åßíáé ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí åðéöÜíåéá

S êáé ç öïñÜ äéáãñáöÞò ôçò êáìðýëçò C åßíáé ç èåôéêÞ, éó÷ýåé∮
C

F · dr =
∫∫
S

(∇× F) · ds =
∫∫
S

(∇× F) · n ds: (7.2.5 - 1)

Ï ôýðïò (7:2:5− 1) åßíáé ãíùóôüò ùò ôýðïò ôïõ Stokes.

14ÂëÝðå åðßóçò http : ==en:wikipedia:org=wiki=Stoke%27 theorem êáé ãåíéêüôåñç

áíáæÞôçóç óå Stokes' theorem.
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Ó÷Þìá 7.2.5 - 1: Èåþñçìá ôïõ Stokes.

ÐáñáôçñÞóåéò 7.2.5 - 1

• ôï èåþñçìá åêöñÜæåé ìßá ó÷Ýóç ìåôáîý åíüò åðéöáíåéáêïý ïëïêëçñþìáôïò

ìå Ýíá Þ ðåñéóóüôåñá, óå ðéï ãåíéêÝò ðåñéðôþóåéò, åðéêáìðýëéá ïëïêëçñþ-

ìáôá, ðïõ ïñßæïíôáé åðÜíù óå ìßá Þ ðåñéóóüôåñåò êáìðýëåò, ðïõ áðïôåëïýí

ôï óýíïñï ôçò åðéöÜíåéáò,

• ôï èåþñçìá ôïõ Green áðïôåëåß ìßá åéäéêÞ ðåñßðôùóç ôïõ èåùñÞìáôïò

ôïõ Stokes.

Ôýðïò õðïëïãéóìïý

¸óôù

F = F(x; y; z) êáé G = G(x; y; z) = ∇× F:

Ôüôå

• áí ç åðéöÜíåéá S óôï åðéöáíåéáêü ïëïêëÞñùìá
∫∫
S (∇× F) · ds ôïõ

ôýðïõ ôïõ Stokes Ý÷åé ðáñáìåôñéêÞ åîßóùóç r(u; v), üôáí (u; v) ∈ T ìå

èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï w = ru × rv, åíþ

• ç êëåéóôÞ êáìðýëç C óôï åðéêáìðýëéï ïëïêëÞñùìá
∮
C F·dr Ý÷åé ðáñáìåô-

ñéêÞ åîßóùóç r(t),
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ï ôýðïò ôïõ Stokes ãñÜöåôáé∮
C

F[r(t)] · r′(t)d t =
∫∫
T

G[r(u; v)] ·w du dv: (7.2.5 - 2)

ÐáñÜäåéãìá 7.2.5 - 1

Íá åðáëçèåõôåß (7:2:5 − 2) ôïõ ÈåùñÞìáôïò ôïõ Stokes, üôáí S åßíáé ç

åðéöÜíåéá ôïõ ðáñáâïëïåéäïýò z = 16 − x2 − y2 ìå z ≥ 0 (Ó÷. 7.2.5 -

2a) êáé F ôï äéáíõóìáôéêü ðåäßï F = 3y i+ 4z j− 6xk.

(a) (b)

Ó÷Þìá 7.2.5 - 2: ÐáñÜäåéãìá 7.2.3 - 1: (a) ç åðéöÜíåéá S - ðáñáâïëïåéäÝò

óôï xy-åðßðåäï êáé èåôéêÞ öïñÜ äéáãñáöÞò - ìå ðáñáìåôñéêÞ åîßóùóç r(u; v) =

v cosu i + v sinu j +
(
16− v2

)
k êáé (b) ï êõêëéêüò äßóêïò êÝíôñïõ (0; 0)

áêôßíáò R = 4. Ç ðáñáìåôñéêÞ åîßóùóç ôçò ðåñéöÝñåéáò åßíáé r(t) = 4 cos t j+

4 sin t j, üôáí t ∈ [0; 2�).

Õðïëïãéóìüò ôïõ åðéêáìðýëéïõ ïëïêëçñþìáôïò

Óýìöùíá ìå ôç ìåèïäïëïãßá ëýóçò ôùí áíôßóôïé÷ùí åðéêáìðýëéùí ïëïêëç-

ñùìÜôùí ôïõ 2ïõ åßäïõò ôçò ÐáñáãñÜöïõ 7.1.1 óôçí ðåñßðôùóç áõôÞ ç êáìðýëç
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C, ðïõ åßíáé ç âÜóç ôïõ ðáñáâïëïåéäïýò åßíáé ðåñéöÝñåéá êýêëïõ êÝíôñïõ (0; 0)

áêôßíáò R = 4 (Ó÷. 7.2.5 - 2b), Ý÷åé ðáñáìåôñéêÞ åîßóùóç

r(t) = x(t) j+ y(t) j = 4 cos t j+ 4 sin t j; (7.2.5 - 3)

üôáí t ∈ [0; 2�).

ÅðïìÝíùò

x = x(t) = 4 cos t; y = y(t) = 4 sin t êáé z = z(t) = 0;

ïðüôå

x′(t) = −4 sin t; y′(t) = 4 cos t êáé z′(t) = 0: (7.2.5 - 4)

Ôï äéáíõóìáôéêü ðåäßï ãñÜöåôáé

F = F(x; y; z) = P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k

= 3y i+ 4z j− 6xk:

¢ñá óýìöùíá êáé ìå ôçí (7:2:5− 4) åßíáé

P (x; y; z) = 3y = 12 sin t = P (t); Q(x; y; z) = 4z = 16 sin t = Q(t)

R(x; y; z) = 0 = R(t);

ïðüôå óýìöùíá ìå ôï 1ï ìÝëïò ôïõ ôýðïõ (7:2:5− 2) åßíáé

∮
C

F · d r =

2�∫
0

F[r(t) · r′(t)d t

=

2�∫
0

[
P (t)x′(t) +Q(t)y′(t) +R(t)z′(t)

]
d t

= −48

2�∫
0

sin2 t d t = −48�: (7.2.5 - 5)
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Õðïëïãéóìüò ôïõ åðéöáíåéáêïý ïëïêëçñþìáôïò

Áñ÷éêÜ õðïëïãßæåôáé ï óôñïâéëéóìüò ôïõ äéáíõóìáôéêïý ðåäßïõ F = 3y i +

4z j− 6xk ùò åîÞò:

G = ∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

3y 4z −6x

∣∣∣∣∣∣∣∣∣ = −4 i+ 6 j− 3k:

15Ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé ôçò ìïñöÞò z = g(x; y), ïðüôå

ìéá ðáñáìåôñéêÞ åîßóùóÞ ôïõ åßíáé äõíáôüí íá ðñïêýøåé áðü ôçí ðáñáìåôñéêÞ

åîßóùóç ôçò g(x; y), ðïõ åßíáé óôçí ðåñßðôùóç áõôÞ ï êõêëéêüò äßóêïò óôï

xy-åðßðåäï êÝíôñïõ (0; 0) êáé áêôßíáò R = 4 (Ó÷. 7.2.5 - 2b).

¢ñá ÷ñçóéìïðïéþíôáò ôïõò ôýðïõò (7:2:5− 3) Ý÷ïõìå

x = R cos �; z = R sin �; üôáí � ∈ [0; 2�); R ∈ [0; 4]:

¸óôù

� → u êáé R = v:

ÅðåéäÞ ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé z = 16 − x2 − y2, óýìöùíá

ìå ôçí ðáñáðÜíù ðáñáìåôñéêÞ ìïñöÞ ôùí x; y ðñÝðåé

z = 16− v2 sin2 u− v2 cos2 u = 16− v2;

ïðüôå ç ðáñáìåôñéêÞ åîßóùóç åßíáé

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k

= v sinu i+ v cosu j+
(
16− v2

)
k;

üôáí

T = {(u; v) : u ∈ [0; 2�] êáé v ∈ [0; 4]} :

Ôüôå

x = X(u; v) = v sinu; y = Y (u; v) = v cosu; êáé

z = Z(u; v) = 16− v2:

15ÂëÝðå áíÜëïãç ëýóç óôï ÐáñÜäåéãìá 7.2.3 - 1.
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Ðñïöáíþò åßíáé

G [r(u; v)] = −4 i+ 6 j− 3k = ⟨−4; 6;−3⟩ : (7.2.5 - 6)

Åßíáé

@r

@u
= −v sinu i+ v cosu j+ 0k;

@r

@v
= cosu i+ sinuj− 2v k;

ïðüôå ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï èá éóïýôáé ìå

w =
@r

@u
× @r

@v
=

∣∣∣∣∣∣∣∣∣
i j k

−v sinu v cosu 0

cosu sinu −2v

∣∣∣∣∣∣∣∣∣
= −2v2 cosu i− 2v2 sinu j− vk

=
⟨
−2v2 cosu;−2v2 sinu;−v

⟩
: (7.2.5 - 7)

ÅðåéäÞ ðñÝðåé ôï äéÜíõóìá w íá Ý÷åé ôç èåôéêÞ äéåýèõíóç ôïõ z-Üîïíá,

áðü ôéò (7:2:5− 6) êáé (7:2:5− 7) ðñïêýðôåé ôüôå üôé

G · (−w) = ⟨−4; 6;−3⟩ ·
⟨
2v2 cosu; 2v2 sinu; v

⟩
= −8v2 cosu+ 12v2 sinu− 3v; (7.2.5 - 8)

ïðüôå áíôéêáèéóôþíôáò óôï 2ï ìÝëïò ôïõ ôýðïõ (7:2:5−2) äéáäï÷éêÜ Ý÷ïõìå:∫∫
S

G · d s =

∫∫
T

G [r(u; v)] · (−w) du dv

= −
2�∫
0

 4∫
0

(
−3v − 8v2 cosu+ 12v2 sinu

)
dv

 du

= −
2�∫
0

(
−24− 512

3
cosu+ 256 sinu

)
du (7.2.5 - 9)

= −48� (7.2.5 - 10)
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Áðü ôéò (7:2:5− 5) êáé (7:2:5− 10) ðñïêýðôåé ôüôå üôé éó÷ýåé ï ôýðïò ôïõ

Stokes.
Ç ãñáöéêÞ ðáñÜóôáóç ôïõ êõêëéêïý äßóêïõ óôï Ó÷. 7.2.5 - 2b Ýãéíå ìå

ôçí ðáñáêÜôù åíôïëÞ ôïõ MATHEMATICA:

ParametricPlot[{X[u, v], Y[u, v]}, {u, 0, 2 Pi}, {v, 0, 4},

AxesLabel -> {" y ", "x "},

PlotStyle -> Directive[Opacity[0.7], LightYellow],

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14}]

Èåþñçìá 7.2.5 - 2 (áðüêëéóçò). 16¸óôù V Ýíá 17óõìðáãÝò (compact)

óôåñåü ðïõ ðåñéâÜëëåôáé åîùôåñéêÜ áðü ìßá êëåéóôÞ êáôÜ ôìÞìáôá ëåßá åðéöÜíåéá

S. Ôüôå, áí F åßíáé Ýíá äéáíõóìáôéêü ðåäßï ðïõ ïñßæåôáé óôï V êáé Ý÷åé

ðáñáãþãïõò ðñþôçò ôÜîçò óõíå÷åßò óõíáñôÞóåéò, éó÷ýåé∫∫∫
V

∇ · F dV =

∮ ∮
S

F · d s =
∮ ∮

S

F · n ds; (7.2.5 - 11)

üôáí n ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí S ìå öïñÜ ðñïò ôï åîùôåñéêü ôçò

S.

Óçìåßùóç 7.2.5 - 1

Ôï èåþñçìá åêöñÜæåé ìßá ó÷Ýóç ìåôáîý åíüò ôñéðëïý ïëïêëçñþìáôïò, ðïõ

ïñßæåôáé óå Ýíá óôåñåü êáé åíüò ïëïêëçñþìáôïò ðïõ ïñßæåôáé óå ìßá åðéöÜíåéá

S êáé ðåñéâÜëëåé ôï óôåñåü.

Ôýðïò õðïëïãéóìïý

Áí

•

F = F(x; y; z) = P i+Q j+Rk; ôüôå ∇ · F = Px +Qy +Rz

âáèìùôÞ óõíÜñôçóç, äçëáäÞ ôï 1ï ìÝëïò åßíáé Ýíá ôñéðëü ïëïêëÞñùìá.

16ÂëÝðå åðßóçò http : ==en:wikipedia:org=wiki=Divergence theorem êáé ãåíéêüôåñç

áíáæÞôçóç óå divergence theorem. Åßíáé ãíùóôü åðßóçò êáé ùò èåþñçìá ôïõ Gauss

Þ êáé èåþñçìá ôïõ Ostrogradsky.
17ÓõìðáãÝò èåùñåßôáé Ýíá óôåñåü, üôáí åßíáé êëåéóôü êáé öñáãìÝíï.
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• Ç åðéöÜíåéá S óôï åðéöáíåéáêü ïëïêëÞñùìá
∫∫
S F·ds ôïõ ôýðïõ (7:2:5−

11) Ý÷åé ðáñáìåôñéêÞ åîßóùóç r(u; v), üôáí (u; v) ∈ T ìå èåìåëéþäåò

äéáíõóìáôéêü ãéíüìåíï w = ru × rv,

ôüôå ï ôýðïò (7:2:5− 11) ãñÜöåôáé∫∫∫
V

(Px +Qy +Rz) dV =

∫∫
T

F[r(u; v)] ·w du dv: (7.2.5 - 12)

ÐáñÜäåéãìá 7.2.5 - 2

Åöáñìüæïíôáò ôï Èåþñçìá ôçò áðüêëéóçò íá õðïëïãéóôåß ôï ïëïêëÞñùìá∮ ∮
S

F · d s; üôáí F = 2x i+ y2 j+ z2 k

êáé S ç ìïíáäéáßá óöáßñá ìå åîßóùóç S =
{
(x; y; z) ∈ R3 : x2 + y2 + z2 = 1

}
.

Ëýóç. ¸óôù

F = F(x; y; z) = P i+Q j+Qk = 2x i+ y2 j+ z2 k;

ïðüôå P = 2x, Q = y2 êáé R = z2.

Ôüôå

∇ · F = Px +Qy +Rz = 2 + 2y + 2z:

¢ñá óýìöùíá ìå ôïí ôýðï (7:2:5− 12) Ý÷ïõìå∮ ∮
S

F · d s =

∫∫∫
V

(Px +Qy +Rz) dV

= 2

∫∫∫
V

(1 + y + z) dV

= 2

∫∫∫
V

1 dV + 2

∫∫∫
V

y dV + 2

∫∫∫
V

z dV

= 2
4�

3
+ 2 · 0 + 2 · 0 =

8�

3
;
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åðåéäÞ ï üãêïò V ôçò óöáßñáò áêôßíáò r åßíáé18

V =

∫∫∫
V

1 dV =
4�r3

3

r=1︷︸︸︷
=

4�

3

êáé ëüãù óõììåôñßáò ∫∫∫
V

y dV =

∫∫∫
V

z dV = 0:

Ìå ôç âïÞèåéá ôïõ ÈåùñÞìáôïò 7.2.5 - 2 áðïäåéêíýåôáé ôï ðáñáêÜôù

óçìáíôéêü èåþñçìá:

Èåþñçìá 7.2.5 - 3 (Gauss). ¸óôù S ìßá ôõ÷ïýóá êëåéóôÞ åðéöÜíåéá.

Áí Oxyz åßíáé Ýíá ïñèïãþíéï óýóôçìá áîüíùí êáé r ôï äéÜíõóìá èÝóçò

ôõ÷üíôïò óçìåßïõ (x; y; z) ôçò S, ôüôå ôï åðéöáíåéáêü ïëïêëÞñùìá∫∫
S

r · n
r3

ds; (7.2.5 - 13)

üðïõ n ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí S, éóïýôáé ìå

i) ôï ìçäÝí, áí ôï O âñßóêåôáé Ýîù áðï ôçí S (Ó÷. 7.2.5 - 3),

ii) 4�, üôáí ôï O âñßóêåôáé óôï åóùôåñéêü ôçò S (Ó÷. 7.2.5 - 4).

ÃåùìåôñéêÞ åñìçíåßá ôïõ èåùñÞìáôïò ôïõ Gauss

Áí dS åßíáé ìßá óôïé÷åéþäçò åðéöÜíåéá, ôüôå åíþíïíôáé üëá ôá óçìåßá ðïõ

áðïôåëïýí ôï óýíïñü ôçò ìå ôçí áñ÷Þ O êáé ìå áõôüí ôïí ôñüðï äçìéïõñãåßôáé

Ýíáò êþíïò ìå âÜóç dS êáé êïñõöÞ ôï O (Ó÷. 7.2.5 - 5). Óôç óõíÝ÷åéá ï

êþíïò áõôüò ôÝìíåôáé ìå ìßá óöáßñá ðïõ Ý÷åé êÝíôñï ôï O êáé áêôßíá r êáé

óõìâïëßæåôáé ìå dÙ ç ôïìÞ áõôÞ. Ôüôå, üðùò åßíáé ãíùóôü, ç óôåñåÜ ãùíßá

d!, ðïõ áíôéóôïé÷åß óôçí åðéöÜíåéá dS êáé Ý÷åé êïñõöÞ ôï O, éóïýôáé ìå

18ÂëÝðå ÌÜèçìá ÐïëëáðëÜ Ïëïêëçñþìáôá - ÅöáñìïãÝò ôñéðëïý ïëïêëçñþìáôïò êáé

http : ==en:wikipedia=wiki=V olume
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Ó÷Þìá 7.2.5 - 3: Èåþñçìá 7.2.5 - 3 ôïõ Gauss - ðåñßðôùóç (i).

Ó÷Þìá 7.2.5 - 4: Èåþñçìá 7.2.5 - 3 ôïõ Gauss - ðåñßðôùóç (ii).
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Ó÷Þìá 7.2.5 - 5: ãåùìåôñéêÞ åñìçíåßá èåùñÞìáôïò 7.2.5 - 3 ôïõ Gauss.

dù =
dÙ

r2
; (7.2.5 - 14)

åíþ ç áñéèìçôéêÞ ôçò ôéìÞ èá åßíáé ßóç ìå ôï åìâáäüí ôçò ôïìÞò ôïõ êþíïõ

ìå ôç óöáßñá ðïõ Ý÷åé ãéá êÝíôñï ôï O êáé áêôßíá á = 1.

¸óôù n ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí åðéöÜíåéá dS êáé Ýóôù åðßóçò

üôé è åßíáé ç ãùíßá ðïõ ó÷çìáôßæïõí ôá äéáíýóìáôá r êáé n. Ôüôå áðü ôïí

ïñéóìü ôïõ åóùôåñéêïý ãéíïìÝíïõ Ý÷ïõìå

r · n = |r||n| cos è = r cos è;

äçëáäÞ

cos è =
r · n
r

;

ïðüôå

dÙ = ± cos è dS = ±n · r
r

dS:

Áíôéêáèéóôþíôáò ôçí ðáñáðÜíù ó÷Ýóç óôçí (7:2:5− 14) ðñïêýðôåé

dù = ±r · ç
r3

dS;

üðïõ ôï ðñüóçìï åîáñôÜôáé áðü ôï åßäïò ôçò ãùíßáò è (ôßèåôáé ôï +, áí ç

ãùíßá è åßíáé äåîéüóôñïöç, äéáöïñåôéêÜ ôï −).



Ó÷åôéêÜ èåùñÞìáôá 439

a) b)

Ó÷Þìá 7.2.5 - 6: ãåùìåôñéêÞ åñìçíåßá ÈåùñÞìáôïò 7.2.5 - 3 ôïõ Gauss -

ðåñéðôþóåéò: (i) Ó÷. (a) êáé (ii) Ó÷. (b).

Áí ôþñá ôï O âñßóêåôáé Ýîù áðü ôçí åðéöÜíåéá S (Ó÷. 7.2.5 - 6a), ôüôå ç

óôåñåÜ ãùíßá dù óôç èÝóç A åßíáé ßóç ìå

dù = −
(
r · n

r3

)
dS;

åíþ óôç èÝóç B ßóç ìå

dù =
r · n
r3

ds:

Ðñïöáíþò ôüôå ôï åðéöáíåéáêü ïëïêëÞñùìá õðåñÜíù ôùí åðéöáíåéþí áõôþí

åßíáé 0.

Áí, ôÝëïò, ôï óçìåßï O âñßóêåôáé óôï åóùôåñéêü ôçò S (Ó÷. 7.2.5 - 6b),

ôüôå óôéò èÝóåéò Ã êáé Ä åßíáé

dù =
(
r · n

r3

)
dS;

ïðüôå ôá åðéöáíåéáêÜ ïëïêëçñþìáôá õðåñÜíù êáé ôùí äýï áõôþí åðéöáíåéþí

èá ðñïóôßèåíôáé.

Ç ïëéêÞ óôåñåÜ ãùíßá, üôáí ç ïëïêëÞñùóç ãßíåôáé õðåñÜíù ôçò S, éóïýôáé

ìå ôï åìâáäüí ôçò åðéöÜíåéáò ìéáò óöáßñáò ìå êÝíôñï ôï O êáé áêôßíá á = 1,

äçëáäÞ åßíáé ßóç ìå 4�.
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19

19Áðáãïñåýåôáé ç áíáäçìïóßåõóç Þ áíáðáñáãùãÞ ôïõ ðáñüíôïò óôï óýíïëü ôïõ Þ

ôìçìÜôùí ôïõ ÷ùñßò ôç ãñáðôÞ Üäåéá ôïõ Êáè. Á. ÌðñÜôóïõ.

E-mail: bratsos@teiath.gr URL: http://users.teiath.gr/bratsos/
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áñ÷éêÞ, 97

óõíôåôáãìÝíåò

êáìðõëüãñáììåò, 332

ðïëéêÝò, 339

ó÷Þìá

ãåùìåôñéêÞò åñìçíåßáò

äéðëïý ïëïêëçñþìáôïò, 307, 356

ïñéóìÝíïõ ïëïêëçñþìáôïò, 307, 356

äéÜíõóìá
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êëßóçò, 290

èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï, 409

èåþñçìá

Gauss, 438, 439

Green, 400

Stokes, 429

êëßóç, 290

êëéìáêùôÞ óõíÜñôçóç, 206

ðáñáìåôñéêÞ åîßóùóç

åõèåßáò, 252

ðáñáìåôñéêÞ ðáñÜóôáóç

åðéöÜíåéáò, 404

åõèåßáò, 377

êáìðýëùí, 251

óöáßñáò, 406

ðåäßï

Coulomb, 294

ðïëéêÝò óõíôåôáãìÝíåò, 339

óõíôåôáãìÝíåò

êõëéíäñéêÝò, 56

ðïëéêÝò, 52

óöáéñéêÝò, 56, 405

öõóéêÞ åñìçíåßá

ÈåùñÞìáôïò ôïõ Gauss, 437

åðéöáíåéáêïý ïëïêëçñþìáôïò, 415

óýóôçìá

êáíïíéêþí åîéóþóåùí, 70, 73

ôáëÜíôùóç

áñìïíéêÞ

åëåýèåñç, 157, 161, 164, 165

åëåýèåñç ìå áðüóâåóç, 165

åîáíáãêáóìÝíç, 185

ôåëåóôÞò

Laplace

ïñéóìüò, 296

äéáöïñéêüò

ïñéóìüò, 282

ðáñáãþãïõ

�-ôÜîçò, 259

1çò, 258

2çò, 259

3çò, 259

ôåëåóôÞò Laplace

ïñéóìüò, 51

óõíôåôáãìÝíåò

êáñôåóéáíÝò, 51

êõëéíäñéêÝò, 55

ðïëéêÝò, 54

óöáéñéêÝò, 55

ôýðïò

Stokes, 428

öõóéêÞ åñìçíåßá

èåùñÞìáôïò

Gauss, 436

Stokes, 429

ïëïêëçñþìáôïò

åðéöáíåéáêïý, 412

öüñôéóç ðõêíùôÞ, 151
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ÏíïìÜôùí

del, 282

determinant

Jacobian, 332

di�erential equation, 95

Bernoulli, 140

characteristic equation, 101

Euler multiplier, 117

exact, 111

explicit, 102

homogeneous, 99, 125

initial value problem, 102

integrating factor, 117

linear, 99

linear 1st order, 131, 146

linear 2nd order, 155

potential function, 111

Riccati, 143

separation of variables, 102

trivial solution, 103

directional derivative, 277

divergence, 295

�eld

conservative, 292

scalar, 274

vector, 275

vortex, 300

function

Dirac, 211

gamma, 201

Heaviside, 202

real-valued, 9

absolute extremes, 76

chain rule, 45

conditional extremes, 80

continuity, 18

extremes, 57

limit, 16

local extremes, 57

partial derivative, 21

unit impulse, 211

unit step, 202

vector-valued

continuity, 249

de�nition, 245

di�erentiation, 258

integration, 268

limit, 248

gradient, 283

integral

double, 305

de�nition, 309

evaluation, 311, 331

properties, 309

linear, 371

applications, 392

de�nition, 371, 391

evaluation, 374
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Green theorem, 399

properties, 382

surface, 402

applications, 421

de�nition, 415

Gauss theorem, 434

Ostrogradsky theorem, 434

Stokes' theorem, 428

triple, 355

de�nition, 357

evaluation, 360

properties, 358

Lagrange multipliers, 81

Laplace

equation, 297

transform

de�nition, 189

inverse, 215

properties, 193

theorem, 190

Laplacian operator, 297

method

Lagrange, 81, 170

least squares, 67

name

Bernoulli, 140

Clairaut, 33

Dirac, 210

Dirichlet, 192

Euler, 117

Fubini, 311

Gauss, 434, 436

Green, 399

Heaviside, 202

Hooke, 164

Jacobi, 332

Lagrange, 81, 132, 170

Laplace, 190, 296

Newton, 164

Ostrogradsky, 434

Riccati, 143

Schwarz, 33

Stokes, 428

normal equations, 70

product

vector fundamental, 407

tangent plane, 37

transform

endomorphism, 334

homorphism, 334

Laplace, 190

inverse, 190, 215

linear, 333

vector

fundamental, 407


